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The topic of inequalities (linear, quadratic, and absolute
value) was previously introduced in section 1.11. Now, after the
study of polynomial equations and functions, it is appropriate to
continue with a more advanced section on inequalities, which
includes polynomial and fractional expressions.

The strategy, as before, is to:

1. find all endpoints
set the inequality to zero, and graph “Yl=_ .~
determine which intervals between the endpoints
are above or below the X-axis.
4. determine if the endpoints are included or not included

5. give the final solution in interval notation.

For polynomial inequalities, the endpoints are obtained by
simply solving the corresponding polynomial equation. For
fractional equations, the there will be “asymptotes” so the graphs
and the process in general is somewhat more complicated. More on

that later

, shade ABOVE the X-axis.
, shade ON or ABOVE the X-axis.
shade BELOW the X-axis.
, shade ON or BELOW the X-axis.

When graphing Y1 >

v

When graphing Y1
When graphing Y1 <

O O O o

IA

When graphing Y1
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EXAMPLE I. (X - 4)(X + 2)(X - 6) < 0  Bzrow Wty
Change to equation: (X -4)(X +2)(X-6) =0
Find endpoints: 4; X = -2; X =6
On numberline: fa’ \ O gg
-2 o 4 o

Test one point from each interval in the original inequality:
X=17: (7 - 4)(7 + 2)(7 - 6) <0

]
1

+ + + < 0 False
X = 5: (5 - 4)(5 + 2)(5 -6) <0

+ + - < 0 True
X = 3: (3 -4)(3 +2)(3-86)<0D0

- + - < 0 False
X =-3: (-3~ 4)(-3+ 2)(-3-6) <0

- - - < 0 True

Indicate the "True" intervals on the numberline:
,____JQFEIE;I;n-;Q+_4_Ei_+_+4§:§bli______
=2 © 4+ 27

Notice that endpoints are not included (because of "<").
Give answer in interval notation: CZEFES—Z)‘J 64/é§:>

Did you notice that in the above example, the intervals
alternated "False," "True," "False," "True." This alternating
occurred because each endpoint was a root of odd multiplicity.
Thus, it was only necessary to test one interval, and then

alternate "False," "True," "False,"”" etc.

Easier way to solve Example I:

Change to equation: (X -4)(X+2)(X-6)=0
Find endpoints: X=4;X=-2;X=6
Multiplicity: odd odd odd

On numberline: O ' e £}4_£?

- Iy 4

oﬁ odd  odd
Test X = 7: (7 - 4)(7 + 2)(7 - 6) < O False
Because of odd multiplicities, the intervals alternate:

On numberline: M A

d i

Interval notation: o 4 6 7
—o9, '7) v (4/
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EXAMPLE II. (X - 4)3(X + 2)(X - 6) <0 Onor Belau X-ax/s

Change to equation: (X - 4)2(X + 2)(X - 6) =0

Find endpoints: X=4;X=-2; X=26
On numberline: -+ lnﬁ. — ¢ } #
-2 o 4 [}

Test one point from each interval in the original inequality:
X=17: (7 - 4)%(7 + 2)(7 - 6) <0

+ + + < 0 False
X = 5: (5 - 4)2(5 + 2)(5 - 6) <0

+ + - < 0 True
X = 3: (3 -4)%2(3 +2)(3 ~686) <0

+ + - £ 0 True
X =-3: (-3- 4)%3(-3+ 2)(-3-6) <0

+ - - < 0 False

Indicate the "True" intervals on the numberline:
et 3’
-2 o 4 67

Notice that endpoints are included se of "<"),

Give answer in interval notatio
Did you notice that in this the intervals did not
alternate? The intervals did not alternate because of the even
multiplicity of the zroot at X = 4. Again, this provides a
shortcut, and again, it is not necessary to test a point in each
interval. Rather, just alternate "True/False" at endpoints of odd
multiplicity, and keep the truth value the same (True/True or
False/False) at endpoints of even multiplicity, as follows:

Rasier vay to solve Example II:

Change to equation: (X - 4)2(X +2)(X-6) =0
Find endpoints: X=4;X=-2;X=6
Multiplicity: even odd odd
On numberline: 1'4,{ T B | ¢
2 o 4 ¢
Test X = 7: (7 - 4)Y2(7 + 2)(7 - 6) < 0 False
Intervals alternate except at X = 4.
On numberline: Fr T T F
T
Interval notation: -2 0 4a &7
Eibé] odd Even Odd
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EXERCISES: A above -2 %{E“Sf ) below x- axis ,/
1. (X+2)(X-1)(X+5) >0 2. (X-2)(X+3)(X-4) <0

Endpts:
Mult:

Include endpts?

N'line:

Test X = 2: Test X = 5:
Interval notation:

[

3. (X-5)XX+2)(x-1) <0 4. (X + 2)(X +4)(X-3) 20
5. (X +2)(X-1)X+5)2>0 6. (X -2)2(X+ 3)(X~-4) <0
Endpts:

Mult:

Include endpts?

N'line:

- =2 ol 2

Test X = 2: Test X = 5:

Interval notation:
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7. (X - 5)3(X + 2)(X -1)2 <0 8. (X + 2)*(X + 4)*(X -3) 20

9. (X + 2)(X - 1)*(X +5) 20 10. (X - 2)(X + 3)*"(X - 4)2< 0

11. X* - 4X? - 4X + 16 < 0 12, X® + 2% - 9X - 18 > 0
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13. X® + 4X% - 16X - 64 < 0 14. X°® - 3X2 - 9X + 27 20

15. X' - 10>+ 9 >0 16. X' - 10X2 + 9< 0

For fractional inequalities, there are two sources of
endpoints:

1. solve corresponding equations (as before with
polynomial inequalities), and

2. set denominators not equal to zero.

Exercises and examples to illustrate these concepts continue on the
next page.
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xz_gso 18.

17. ¢  ER >0 F

: e Rwe
Denom endpt: On or r’l}g,/mA) S EE S 7
(Never included) X#O X o ! ’;4—4)(!%!
Other endpts: X -9=0
(Included!)

N'line: < r;lFlgrll%l l=
Test X=5: 259, 3 Y
T <° Ralse ——-->?

Intervals alternate! Yeg

Interval notation: ¢ , Ju( S ]

19. X2-9 4 20, X2 -4X
X? - aX Xz - 9
X(X +2) (X - 4)2
21, == =~ 20 22. —_—a 20
(X - 4)2 X(X +2)
Denom endpts: x¥4  In Jr,ﬁmaye_,/
Mult: —-ax /s !
Included? 5,\";” K-ARIE,
Other endpts: x=0 X==2
Mult: edd odd
Included? Yes YGS

Test X=¢ - s‘(s—&-?
N'line: ($‘~4 T 20 TRUE I
Int. notation:z "Z' ; g‘ 4 5
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23, X3(X -3)% ., 2. XX -3)%

. 0
X2 - 4 X2 -4

Consider the innocent-looking problem 74{ <2 . The obvious
approach (and wrong!!) is to multiply both sides of the equation by
- the variable X. Remember that if you multiply both sides of an
inequality by a negative number, then you must reverse the
direction of the inequality sign. However, if you multiply both
sides of an inequality by a positive number, then you do not
reﬁérse the direction of the inequality sign! So, what if you
multiply both sides of an inequality by a wvariable, which could be

either positive or negative? You just don't know!! Therefore, you

should never multiply both sides of an inequality by a variable,

unless you know that the variable is always positive (or negative)!
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Example III on the next page illustrates a correct method of

solving the problem < 2 following the general summary for

4
X

inequalities below.
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EXAMPLE III.

S >

I. Find all endpoints:

A. Set inequality to 0: —4}2 -2<0 BQ‘M X-“ﬁ}(f%.(

4 - 2X
—x <

Set numerator = 0: 4 -2X =0

0

X = 2 (Endpt not included!)

B. Set denominator # 0: X # 0 (Denom endpts never included!)
Summary of endpoints: X =2; X =0.
multiplicity: odd odd
Numberline: O— Q
. o2
Test X = 3: 3 < 2, True (Intervals alternate)
Numberline: \ , .

Interval notation,

—— 2 +
""Q/O) U (2, GQD

EXAMPLE IV.
I. Find all endpoints: % <X
A. Set inequality to O: % -X<0 Onor beim -2 zcit“s.f
9 - X2
—x <9
Set numerator = 0: X =+ 3 (Endpts included!)
B. Set denominator # 0: X # 0 (Denom endpts never included!)
Summary of endpoints: X=3; X=-3; X #0.
multiplicity: odd odd odd

Numberline: o ¢ O
-3 3
Test X = 4: % < 4, ?’f'}tg (ﬁ"tervoaﬁ alternate)

Numberline: F T F T
-3 0 4

[»]
1 i : %"—ﬂ_’_ddz
Interval notation E3,O> U D,

L Y44




25, % >2 26
Find endpts: (@ﬂwAm
A. Set to 0: ¢ 2 20
4-2X
>
x o 0

B. Denom # O:

12
27. X < 3X 28.

12

29, ——= _ > 1 30.

X2 - 4X

423
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—=_ <
X2 + 4X



31.

33.

X? + 4X

12

—_—t <
X2 + 4X

bl

32.

34.

424
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X2 - a4X

X2z - 4X

bl -



p.416-424:

10.
13.
16.
18.
21.
23.
26.
29,
5n.

ARSWERS 3.06

(-5, <2lwil,w) ¢y 2, (=e,=3ju{2 4)7 B. (==, =2]uw[l,5];
1-4,-2}ul3, =} ; 5. (== =-5)u{-5,-2)ull, =}

(-3, 2)ui2, 4); 7. [-2,5]; 8. (-=-2]u[3,=); 9. [-5,=)
(=w=3)u(=3,2}7 11, {-=,=2Jul2,8] 22. [-3,-2]u[3,=);
(== =4)u{-4,4); 14, [-3,=); 15, (== =3]Ju[-1,1]u]3,=];
=3.,-1)wi(l,3)7 17, (==, =3]0{0,3]r 18. (=3,00u(3, =;
(-3, 00u(3, 4}z 20. [-w=3}ul0, I)ufd, =) 7

(= -2]ul0,4luid,=) ; 22. (-==2)u(0,=;

(=2, 0)w(2, =) ; 24. (==, -2}u(0,2)r 25. (0,2) ;

(= 0)uid, =)y 27, (=2,0)ui{d,=}; 28. (-==2]uw(0,21;
(=2, 0)uid,6); 30, [~e, =Bju(-4,0)u(2, =)}

(==, -Elui-4, 00 ul2,=; 32. [-2,0)u(4,6);
{=e=, =4} wil0,2]; 3. (~=,0)u{4,10].
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