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O0f all the times the questicons are asked, "What good is
math? How can this possibly be used in real life?", logarithms
provides one of the best opportunities to answer! It can be
proven in higher mathematics (differential equations] that if
growth rate of a population v is proportional to the population
at any time t, where the initial population is vy, and the
constant of proportionality is k, then the population y may be
expressed as a function of time t as follows:

Y = Ye¥

This is an exponential growth egquation, wvalid for population
growth problems, where k is positive, and also for decay
problems, such as radicactive decay, carbon decay, or population
declines, where the wvalue of k is negative. Moreover, the
assumption that the growth rate be proportional to the population
at any time t 1s5; under normal circumstances, a reasonable
assumption. In a population of people, dogs, cats, bacteria, or
whatever, the more you have in the population, the more you have
reproducing. In other words, the more you have, the more you
get! More formally stated, population growth rate is
proportional te the population at any time t.

There are many other applications of this principle. In
buziness, where P is the principle invested, r is the rate of
interest per year, t iz the time [(number of years of investment),
I is the interesat, A is the compound amount, and A = P + I, the
compound amount may be regarded in the same way as the population
growth in the previous examples. In particular, interest may be
compounded annually, semi-annually, guarterly, monthly, daily, or
aven continuously. If interest is compounded continuously, then

A = P-gt,
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APPLICATION EXERCISES

In #1-10, the number of rabbits cn a farm is given by ¥= ¥Y,a" ",

where ¥, is the initial populaticn and £t is the time in
YEArs.

If the initial population ls 100, how many rabbits will
there be in one Yearc?

SOLUTION: Y = 100 ei"ooa

= 100 g%

If the initial population is 100, how many rabbits will
there be at the end of ten years?

If the initial population is 100, how many rabbits will
there be at the end of 50 yeara?

If the initial population is 200, how many rabbits will
there be at the end of 75 years?
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5. If the initial population is 100, how long will it take the
population of rabbits te reach 10007

SOLUTION: Y = ¥,e ™
1000 = 100-e" "

10 = ot Take 1n of hoth =ides.
1n 10 = 1n e

ln 10 = 0O,05& Since 1ln &* = ¥

im 10 ~
0.5 ‘

fae calculabtor to evaluate.

£t = Yaars

6. If the initial population is 100, how long will it take the
population to reach 10,0007

7. If the initial population iz 10, how long will it take the
population to reach 5007

B, If the initial populaticn is 1000, how long will it take the
population te reach 1,000,0007
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How long will it take this population of rabbits to double?

9.
[Hint: fthe population doubles when ¥ = 2:%,.]

SOLUTION : Y = Y et and Y = 2%,
E'T.g - Y.;."E'D st

2 = @
In 2 = 1n &"™*
ln 2 = ©O.058c
In2 _ t Use calculator to evaluate.
Q.05
t = years
How long will it take this population of rabbits to triple?

10,

In 11-16, the amount of radicactive substance present at any time
ig given by ¥ = Y, ", where Y. is the initial amount

in grams and t is the time in years.

11. If there are initially 1000 grams of the substance, how many
grams are left after 10 years?
12. If there are initially 1000 grams of the substance, how many

grams are left after 1000 years?
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13. If after 1000 years, thers remain 500 gram= of substance,
how much was there originally?

SOLUTION: Y = Y e 000t
500 = T a!™-0004 100k

-#.4 S00
500 = Y@ or e a
500 = Y 2a"" = ¥,
Y, = 500(a""%)
X, = Qgrams

14. If after Z000 years, there remain 500 grams of substance,
how much was there originally?

15. If there are 25 gram= of the substance left after 2000
years, how much was there originally?

16. If there are 25 grams of the substance left after 5000
vears, how much was there originally?
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In most problems, the exponential equation is not given.
What is usually given is some statement to the effect that “the
rate of growth is proportional to the population at any Time €.7
Thiz, of course, means that ¥ = ¥,~e", but the value of k, the
conatant of proporticnality, i3 not usually given. Instead, you
may be given the initial populatiom ¥,, and you must also be
given the population at some other given time t. There are two
ways to sclwve the problem as illustrated below. In Mathod I, use
the given infarmation and logarithms to solve for k. In Method
IXI, instead of using logarithms to sclwve for k, solve for e*. In

method II, logarithms are not required.

17. The population of a certain city in 2000 was 100,000, In
2002 the population of the city was 120,000. What will be
the population in the year 2010, assuming that the growth
rate is proporticnal to the populaticn at any given tima?

METHOD I: Solve for k.

4= Hhi!J*t o
g = foo,m0 e
At t=2 Y4=/30,07D

fiﬂ;@ = jop, 570 ] ‘aﬂi’ E‘J‘ﬂdﬂ. h&

2= E.:'i' ﬁhﬂﬁ-‘f#—ﬁd

M L2 = n .:.ﬂ
Rz Bl = 0906 [Ew.—.r., Ackure thé{ém

ﬁj._ ynﬂhlf
Let %= /0 ggq”;}:‘"} Do aloT" as m-”mfug
= /TP 2 |

4
S —
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17. The populaticn of a certain city in 2000 was 100,000, In
2002 the population of the ity was 120,000, What will be
the population in the year 2010, assuming that the growth
rate is proportional to the population at any given time?

METHOD II: Solve for a".

4= gﬁ EH #‘D(Eﬁ

20, a0 = jﬂ:im {tﬁ‘} o g 3 =120,070 n-&-—'ﬁ:l-..l
l.2 = @
ek - .J?__- Taka Sgeare rool bnﬁf sides

4 = foo, 0 fs‘);'n
vl

d = /0,00
r
=i, a0 (1.2 =
18. Use both methods to determine how Jlong will it take the
population in the previoua esxercize to reach 3I00,0007
Meretd I meTHep TC
/< £
300,570 = |ITPO0 & M,#ﬂ:lﬁfmme
3= L6 0t (E.j')

‘&3=J&£r-ml”ﬁ.-r}l* 3 = ("- N

b3 = Lome,,. Yt L3 = B (3

-+ = A3 = i-..ln.-"l'ﬁ
+ =

19, Use both methods to determine how long it will take the
population to reach 1,000,0007

mervean T meTHed IC
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In 20-25, the population of a city was 40,000 in 1990. In 1985,

20.

21.

22.

23

the population of the city was 50,000,

Find the wvalue of k or & (method T or method II, your

choice) . _.dEf

( Vedome

Use the value obtained in #20 to find the expected
population in 2005,

Find the expected population in 2008.

In what year will the population deoeuble (that is, reach
g0 ,000) 72
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24.

25.

26,

27T,

In what year will the population triple?

In what year will the population reach 200,0007

Tha population of a city was BE 000 in 2000 and BB, 000 in
2002. At this rate of growth, what population should be
expactad in Z005%

At this rate of growth, how long will it take the populaticon
in the city in the previous exercise to double?
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NOTE: Please forgive and skip over these OLD and OUTDATED problems!! Someone younger can revise

them!

28.

29.

30.

In 1980, the national debt was $914 billion. (In case you
don't realize how much this is, in silver dollars it would
cover an area of one square mile 45.4 inches deep!) 1In
1990, the national debt was $3.8 trillion. Assuming
exponential growth in the national debt, what would be the
debt in 1995? How deep was the debt (1 sq. mi. in silver
dollars) in 19907

Use the information in #28 to estimate the national debt in
the year 2000? (How far can they stretch a rubber band??)

According to data from the Center for Disease Control, up to
August, 1988, there had been 71,171 cases of AIDS reported
worldwide. By December, 1991, (40 months later) there had
been 206,392 cases reported. Assuming exponential growth
(the spread of the virus being proportional to the number of
cases), how many cases would you expect by March, 1992

(43 months from August, 1988)? [The actual number of
reported cases was 218,301, lower than expected. Can you
speculate why? See editorial on next page.]
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Editorial Page: COMING SOON!!
(maybe)



ANSWERS -- 4.05
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