A cubic inequality
Dr Richard Kenderdine

We are required to prove that, for x, y and z all positive,
(x+y+2)°%<9(xP+y3+2°)
To start, note that
(x+y+2°=xX+y* + 22+ 3(Py+ X z+xy’ +zy? +x22 +y ) +6xy z
Now we use the factorisation of the sum of two cubes:
X +y3=(x+y) (X -xy +y?)
= (x+y)(x2—2xy+y2+ xy)
= (x+y) ((x=y)*+ xy)

2 (x+Yy)(xy)

= X2y +xy?
Then also C+222xPz4x7?
and vi+ZB2y?z4y 22
giving Xy+x2z+xy?+zy?+x22+y 22 < 2(P+y3+ 2°)

Now we have to look at the xyz term.
We start with

X4y +22-3xyz=(x+y+2)(XP+y*+22 -xy - xz-y 2)
Now (x-y)?=20 so  xX’+y?’22xy
and similarly X>+72222xz v +2222yz
Adding these three gives

2(xX%+y*+2°) 2 2(xy + xz+y 2)

or X+y?+ 22 2 xy + xz+yz

) XP+y?+22 - xy - xz-yz=20
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and since x, y and z are all positive,

C+y*+22-3xyz=0

o] 3xyzs xX2+y+ 28
or 6xyz<s2(x*+y®+2°%)
Finally Xy +2+3(Cy+ X z+xy?+zy? +xZ2+y2?)+6xyz

SxX+y+ 2243203 +y2+2)+2(P + Y+ 2)
=9(X+y°+2%)

Giving the result
(x+y+2°<9(x®+y%+2%)



