Expressing integers in the form a* — b*
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One of the problems given in ‘Teaching Problem-solving in Undergraduate Mathematics’ [A] is the follow-
ing:

Which numbers can be written as the difference of two perfect squares, e.g. 6> — 2% = 32?
I interpret ‘number’ to mean integer (whole number).

An initial investigation of the values of @> — b*> for2 < a < 12 and 1 < b < a-1 yielded the output:

b=a-1 a-2 a-3 a-4 a-5 a-6 a-7 a-8 a-9 a-10 a-11
a=2 3
3 5 8
4 7 12 15
5 9 16 21 24
6 11 20 27 32 35
7 13 24 33 40 45 48
8 15 28 39 48 55 60 63
9 17 32 45 56 65 72 77 80
10 19 36 51 64 75 84 91 96 99
11 21 40 57 72 85 96 105 112 117 120
12 23 44 63 80 95 108 119 128 135 140 143

For example, the entries in the third row, where a = 4, are obtained from42 — 32 =7, 4> —22=12and 4*> - 1> = 15.

The first column consists of all the odd numbers greater than 1. Hence the numbers differ by 2. The numbers in the second column differ by
4, those in the third column by 6 and so on. Note that some numbers can be represented in more than one way eg 24 = 52-12 = 72 — 52,

We can see from the table that all the odd numbers greater then 1 and all even numbers greater than 4 that are multiples of 4 can be
expressed as the difference of two squares.

This leaves us with the question: why cannot even numbers that are not multiples of 4 be expressed as the difference of two squares?
Consider these points:

(1) even numbers can be expressed as 2n and odd numbers as 2n + 1, for integer n > 0.

(2) multiples of 4 can be expressed as 4n, even numbers that are not multiples of 4 can be expressed as 4n + 2 and odd numbers as one of
4n + 1 or 4n - 1, for integer n = 0. Note that numbers of the form 4n - 1 have a remainder of 3 when divided by 4 (in the language of
modulus arithmetic they are said to be congruent to 3 mod 4).

Now consider the forms that > — b? can take for the possible combinations of parity of a and b:

(1) both @ and b even. Let a = 2n and b = 2m then a® — b* = 4(n®> — m?)

(2)aevenand b odd. Let a = 2n and b = 2m + 1 then a® — b> = 4(n* —m — m?) - 1

(3) a odd and b even. Let a = 2n + 1 and b = 2m then a® — b> =4(n> + n —m?) + 1

(4)bothaandbodd. Leta =2n+1 and b =2m + 1 thena® — b*> =4 -m)(n + m+ 1)
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We see that when both a and b have the same parity a> — b? is a multiple of 4 greater than 4, whereas when they are of different parity
a* — b? is an odd number. None of the expressions were of the form 4n + 2.

Note that the first even number that can be expressed in the form a® — b? is 8, using combination (4) with n =1 and m = 0, giving 4(1 - 0)(1
+0+1)=4(1)2)=8.

Hence we agree with the conclusion given above:

All odd numbers greater than 1 and multiples of 4 greater than 4 can be expressed in the form a’ — b*.
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