Why is 0!=1?
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Students working with the factorial function for the first time may be confused why 0!=1. School
students usually aren’t told why the statement is correct and this note attempts to do so.

The Factorial Function

The factorial function is defined for positive integers n as
n!=nn-1)Mn-2)... 3)@2)(1)

The function is not defined for non-integer positive numbers nor negative numbers.

The Gamma Function

The Gamma function extends the factorial function to non-integer positive and negative numbers. It is not defined for negative integers.

The definition of the Gamma function I'(x) for all complex numbers x # 0, -1, -2,... is

k!

['(x) = lim
k—o0 (x)k

where (x), is the rising factorial:
O =xx+Dx+2) . (x+k-1)

A useful alternative is, for Re(x) > 0,

[(x) =f fletdt
0

r(1)=f eldt = 1
0

T'x+1) = xT'(x)

which gives

We then have, from either (2) or (4),

We obtain this from (4) using integration by parts:

I'x+1) :f:otxe_’dt = [—txe_’]go +x£iﬁ_1 e'dt = xT(x)
Using (6) together with (5) gives I'(2) = IxXI'(1) = 1; ['((3) = 2xI'(2) = 2; I'(4) = 3xI'(3) = 3x2 = 6 and so on. Thus we see that
F'm)=m-1)!
and hence, using I'(1) = 1 from (5), we see that
rH=1-n!=0!
ie we have the relationship 0! = 1
Extending the Gamma function
From (6) we have
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and so if we have I'(x) for 0 <x <1 then we can calculate I'(x) for -1 <x <0.
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For example

The graph of I'(x) is shown below:
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I(x) for -5 < x < 5. Note asymptotes at x = -1, -2, -3,...
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