
4

Why is 0!=1?
Dr Richard Kenderdine

Kenderdine Maths Tutoring

Students working with the factorial function for the first time may be confused why 0!=1. School
students usually aren’t told why the statement is correct and this note attempts to do so.

The Factorial Function
The factorial function is defined for positive integers n as 

n ! = n(n - 1) (n - 2) ... .. (3) (2) (1) (1)

The function is not defined for non-integer positive numbers nor negative numbers.

The Gamma Function
The Gamma function extends the factorial function to non-integer positive and negative numbers. It is not defined for negative integers.

The definition of the Gamma function Γ(x) for all complex numbers x ≠ 0, -1, -2,... is

Γ(x) = lim
k→∞

k ! kx-1

(x)k

(2)

where (x)k  is the rising factorial:

(x)k = x(x + 1) (x + 2) ... .. (x + k - 1) (3)

A useful alternative is, for Re(x) > 0,

Γ(x) =
0

∞

tx-1 ⅇ-t ⅆ t (4)

which gives

Γ(1) =
0

∞

ⅇ-t ⅆ t = 1 (5)

We then have, from either (2) or (4),

Γ(x + 1) = x Γ(x) (6)

We obtain this from (4) using integration by parts:

Γ(x + 1) =
0

∞

tx ⅇ-t ⅆ t = -tx ⅇ-t
0
∞
+ x

0

ⅈ

tx-1 ⅇ-t ⅆ t = x Γ(x) (7)

Using (6) together with (5) gives Γ(2) = 1×Γ(1) = 1; Γ(3) = 2×Γ(2) = 2; Γ(4) = 3×Γ(3) = 3×2 = 6 and so on. Thus we see that

Γ(n) = (n - 1) ! (8)

and hence, using Γ(1) = 1 from (5), we see that

Γ(1) = (1 - 1) ! = 0 ! (9)

ie  we have the relationship 0! = 1

Extending the Gamma function

From (6) we have 

Γ(x) =
Γ(x + 1)

x
(10)



and so if we have Γ(x) for 0 < x < 1 then we can calculate Γ(x) for -1 < x < 0.   

For example

Γ -
1

2
= -2 Γ

1

2
(11)

The graph of Γ(x) is shown below:

-4 -2 2 4

-10

-5

5

10

Γ(x) for -5 < x < 5. Note asymptotes at x = -1, -2, -3,...
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