14. Differentials, Errors and Approximations

Exercise 14.1

1. Question

9

If y = sin x and x changes from T to
2 14

, what is the approximate change in y?

Answer
. . ‘I'l 22
Given y = sin x and x changes fromE to "

Letx = —s0 thatx+£;:a<;=E
2 14

Tr—l—ﬁ 22
Ty T AT
A 22 1
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On differentiating y with respect to x, we get

dy d
&—E(smx)

d, .
We know = (sinx) = cosx

L
o dx = COS8X

his d
Whenx =, we haved—}' = cos (ﬂ)
X

2
dy
= (&) =0
2

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (d—i) AX

Here,ﬁz 0and Ax = 2z =z
dx 14 2
22 1
= ay= (33 -3)
Ay =0

Thus, there is approximately no change iny.

2. Question

The radius of a sphere shrinks from 10 to 9.8 cm. Find approximately the decrease in its volume.
Answer

Given the radius of a sphere changes from 10 cm to 9.8 cm.

Let x be the radius of the sphere and Ax be the change in the value of x.

Hence, we have x = 10 and x + Ax = 9.8

=10 + Ax =9.8



= Ax =9.8-10
S Ax =-0.2
The volume of a sphere of radius x is given by

V=t

On differentiating V with respect to x, we get

dV_ d (4 3)
dx — dx Sm{

We know di (x™) = nx™*
X

dv 4w

[ 2
:bdx 3(3}{)
-dv_.or )
Tdx T

When x = 10, we have%: 4m(10)2

dv

(—) =41 x 100
dx/¢=10

(dV) 400
dx/ =10 B T

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (d—i) Ax

Here, ? = 4007 and Ax = -0.2
b 4

= AV = (400m)(-0.2)

“ AV = -80m

Thus, the approximate decrease in the volume of the sphere is 80m cn?.
3. Question

A circular metal plate expands under heating so that its radius increases by k%. Find the approximate
increase in the area of the plate, if the radius of the plate before heating is 10 cm.

Answer
Given the radius of a circular plate initially is 10 cm and it increases by k%.

Let x be the radius of the circular plate, and Ax is the change in the value of x.

Hence, we have x = 10 and Ax = % % 10

s Ax = 0.1k
The area of a circular plate of radius x is given by
A = nx?

On differentiating A with respect to x, we get



dA d

S 2

dx dx(m)
dA d
L (w2

= dx de(x)

We know di (x") = nxt1
X

dA
o
Tax ™

When x = 10, we have% = 2m(10).

dA
= (—) = 20m

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy

Ay =|—]A

Y (dx) X

Here,;iﬂ = 201 and Ax = 0.1k
X

= AA = (20m)(0.1k)

~ AA = 2kn

Thus, the approximate increase in the area of the circular plate is 2kn cm?.
4. Question

Find the percentage error in calculating the surface area of a cubical box if an error of 1% is made in
measuring the lengths of the edges of the cube.

Answer
Given the error in the measurement of the edge of a cubical box is 1%.

Let x be the edge of the cubical box, and Ax is the error in the value of x.

1
Hence, we have Ax = Too X X

S Ax = 0.01x
The surface area of a cubical box of radius x is given by
S = 6x?

On differentiating A with respect to x, we get

dS d

-~ _ )

dx dx(éx)
ds d
Ry g

=>Id 6dx(x)

We knowdi (x™) = nx»*
X

ds



S = 12
dx X

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (_) A
Y dx x
ds
Here, Pl 12x and Ax = 0.01x
X
= AS = (12x)(0.01x)

5 AS = 0.12x2

The percentage error is,

2

6x2

Error = x 100%

= Error = 0.02 x 100%

- Error = 2%

Thus, the error in calculating the surface area of the cubical box is 2%.
5. Question

If there is an error of 0.1% in the measurement of the radius of a sphere, find approximately the percentage
error in the calculation of the volume of the sphere.

Answer
Given the error in the measurement of the radius of a sphere is 0.1%.

Let x be the radius of the sphere and Ax be the error in the value of x.

0.1
Hence, we have Ax = Too X X

- Ax = 0.001x
The volume of a sphere of radius x is given by

‘V‘dra

On differentiating V with respect to x, we get
dv d (4 3)
dx  dx 3m

dv  4md

(3
= dx 3 dx(x)

We know di (x™) = nx* 1
X

dv 4w

SY _Fl a2
:dx 3(3}{)
_dV_4 5
Tdx b

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax



Here, ? = 4mx2 and Ax = 0.001x
X

= AV = (41x2)(0.001x)
- AV = 0.004nx3

The percentage error is,

0.004mx3
Error = —(— x 100%
— 3
3 X
0.004 % 3
= Error = — x 100%

= Error = 0.003 x 100%

-~ Error = 0.3%

Thus, the error in calculating the volume of the sphere is 0.3%.

6. Question

The pressure p and the volume v of a gas are connected by the relation pv}4 = const. Find the percentage

. . 1 .
error in p corresponding to a decrease of — 04 in v.
]

Answer

. . 1
Given pvl4 = constant and the decrease in v |SE%.

1
Hence, we have py — — 2wy
100

- Av = -0.005v

We have pvl4 = constant

Taking log on both sides, we get

log(pv1-4) = log(constant)

= log p + log V14 = 0 ['" log(ab) = log a + log b]
=logp + 1.4 logv =0F[ log(a™) = m log a]

On differentiating both sides with respect to v, we get

d dp d
@(logp) X 2o+ 35 (14logv) =0

d dp d
= @ (logp) x v + 1.45 (logv) =0

d 1
We know = (logx) = ,



dp 14

“av. v P

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (5{) Ax

Here, & _ —fp and Av = -0.005v
dv v

1.4
= Ap = (—?p) (—0.005v)
= Ap = (-1.4p)(-0.005)
-~ Ap = 0.007p
The percentage error is,

0.007p

Error = x 100%

= Error = 0.007 x 100%

-~ Error = 0.7%

Thus, the error in p corresponding to the decrease in v is 0.7%.
7. Question

The height of a cone increases by k%, its semi-vertical angle remaining the same. What is the approximate
percentage increase in (i) in total surface area, and (ii) in the volume, assuming that k is small.

Answer
Given the height of a cone increases by k%.

Let x be the height of the cone and Ax be the change in the value of x.
Hence, we have Ax = X X X
100

S Ax = 0.01kx

Let us assume the radius, the slant height and the semi-vertical angle of the cone to ber, | and a
respectively as shown in the figure below.

A

-
0] r B

From the above figure, using trigonometry, we have

; OB
ana =—
0A

r
= tanoa =—
X
L= xtan(a)

We also have



0A
cose =—
AB

= Cosd =+

—

X

=1=
coso

S = x sec(a)

(i) The total surface area of the cone is given by

S =nmr? + mrl

From above, we have r = x tan(a) and | = x sec(a).
=S = n(x tan(a))? + n(x tan(a))(x sec(a))

= S = nx?tan?a + nx%tan(a)sec(a)

= S = mx%tan(a)[tan(a) + sec(a)]

On differentiating S with respect to x, we get

ds

d
— — 2
= dx [mx*tan a(tanca + secca)]

ds d
>R mtan a(tana + sec a)ﬁ (x?)

We know di (x™) = nx™*

X
S
it mtana(tana + sec o) (2x)

ds
Fo= 2mxtan o (tan a + seca)

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
ay=(3)a
y dx X
Here, % = 2mxtan o (tan a + seca) and Ax = 0.01kx

= AS = (2nxtan(a)[tan(a) + sec(a)])(0.01kx)
= AS = 0.02knx2tan(a)[tan(a) + sec(a)]

The percentage increase in S'is,
AS
Increase = 5 x 100%

0.02kmx? tan a (tana + sec a)
= Increase = x 100%
mx2tana (tana + seca)

= Increase = 0.02k x 100%
-~ Increase = 2k%
Thus, the approximate increase in the total surface area of the cone is 2k%.

(ii) The volume of the cone is given by



V_l .2
—3TEIX

From above, we have r = x tan(a).

1
=V-= Eﬂ(xtana)zx
1 2 2
=V= gﬂ(x tan® a)x

= V=—-mx*tan’a

On differentiating V with respect to x, we get
dv d (1 3 tan? )
dx dx\zoAma

dv

d
= 3T[tan adx(x )

We know di (x™) = nxt
X

dv 1

== §T[taI12 a (3x%)
dv

n— = Tx tan’® a
dx

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (5{) Ax

Here, ? = mx2tan? ¢ and Ax = 0.01kx
X

= AV = (nx%tan?a)(0.01kx)
- AV = 0.01kmx3tan?a

The percentage increase in V is,

AV
Increase = v x 100%

0.01kmx®* tan® a
= Increase =——— x 100%
§Tm3 tan? o
.01k
= Increase = 1 * 100%
3

= Increase = 0.03k x 100%

-~ Increase = 3k%

Thus, the approximate increase in the volume of the cone is 3k%.
8. Question

Show that the relative error in computing the volume of a sphere, due to an error in measuring the radius, is
approximately equal to three times the relative error in the radius.

Answer



Let the error in measuring the radius of a sphere be k%.

Let x be the radius of the sphere and Ax be the error in the value of x.

Kk
Hence, we have Ax = o % X

- Ax = 0.01kx
The volume of a sphere of radius x is given by

V43

On differentiating V with respect to x, we get

dv_ d (4 3)
dx dx\3™

dv  4m

_/_ 2

dx 3 (3x%)
_dV_ a2
Tdx X

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—)a
Y dx X
av 2 -
Here, == 4mx? and Ax = 0.01kx
X

= AV = (4nx?2)(0.01kx)
~ AV = 0.04kmx3

The percentage error is,

0.04kmx?
Error = ———x 100%
— 3
3 X
0.04k x 3
= Error = —z x 100%

= Error = 0.03k x 100%
. Error = 3k%

Thus, the error in measuring the volume of the sphere is approximately three times the error in measuring its
radius.

9 A. Question

Using differentials, find the approximate values of the following:

+/25.02

Answer

Let us assume that f(x) = /x



Also, let x = 25 so that x + Ax = 25.02
=25 + Ax = 25.02
- Ax = 0.02
On differentiating f(x) with respect to x, we get
30
df dy:2
-2 2(4)

We knowdi (x™) = nx**
X

df_l 1,
=>dx—2X2

df_l 1
=>dx—2x2
_df_ 1
"dX_Z\.&

1
2 \.'ﬁ

When x = 25, we haveﬂ =
dx
(df) 1
= |— =
dx x=25 2x5

(df) o1
- dx x=25_ )

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

Ay = (g) Ax

Here, % = 0.1 and Ax = 0.02

= Af = (0.1)(0.02)

- Af = 0.002

Now, we have f(25.02) = f(25) + Af
= f(25.02) = V25 + 0.002

= f(25.02) = 5 + 0.002

- f(25.02) = 5.002

Thus, 4/25.02 ~ 5.002

9 B. Question

Using differentials, find the approximate values of the following:

(0.009)1/3

Answer

Let us assume that f(x) — x3

Also, let x = 0.008 so that x + Ax = 0.009



= 0.008 + Ax = 0.009
- Ax = 0.001

On differentiating f(x) with respect to x, we get

df_ d ( g)
dx  dx X

We knowdi (x™) = nx»*
X

df_ 11,
= = 3x3

df_ 1 =z
= dx 3X :
_ df 1
T = —2

dx 3x3

df 1
When x = 0.008, we havey = z
i 2(0.008)2

(df) 1

= h— = 72
dx/x=0008  3((0.2)7)3

(df) B 1
= dx/x=0.008 B 3(0.2)2

(df) B 1
= dX x=0.008 N 3(004)

(df) 1
= | — _—_—

dx x=0.008 0.12

df
= (—) = 8.3333
dx/ «=0.00e

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay — (—) A
Y dx X
Here, % — 83333 and Ax = 0.001
X
= Af = (8.3333)(0.001)

- Af = 0.0083333
Now, we have f(0.009) = f(0.008) + Af

1
= £(0.009) = (0.008)3 + 0.0083333

= f(0.009) = ((0.2)3)§ +0.0083333
= f(0.009) = 0.2 + 0.0083333

- f(0.009) = 0.2083333

Thus, (0.009)1/3 = 0.2083333

9 C. Question

Using differentials, find the approximate values of the following:



(0.007)/3

Answer

Let us assume that fx) — x5

Also, let x = 0.008 so that x + Ax = 0.007
= 0.008 + Ax = 0.007

~ Ax = -0.001

On differentiating f(x) with respect to x, we get

df_ d ( 1)
dx dx X3

We know di (x™) = nx™?
X

df 1 1_1
= — = —
dx 3X
df 1 2
= dx 3X :
df 1
e _2
dx 3x3
df 1
When x = 0.008, we have = 3
: 3(0.008)a
(df) 1
~ \ax
X/ x=0.008 3((0 2)3)3
(&
:b —
dx/«=0.00e 3(0 2)?
(&
:;. —
dx/ v=0.00e 3(0 04)
(&
N
X/ x=0.008 0 12

= ( ) =8.3333
dx/v=0.008

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—) A
Y dx x
Here, ? — 83333 and Ax = 0.001
X

= Af = (8.3333)(-0.001)
= -0.0083333
Now, we have f(0.007) = f(0.008) + Af

1
= f(0.007) = (0.008)z — 0.0083333

1
= (0.007) = ((0.2)%)3 — 0.0083333



= f(0.007) = 0.2 - 0.0083333
- £(0.007) = 0.1916667
Thus, (0.007)1/3 = 0.1916667
9 D. Question

Using differentials, find the approximate values of the following:

Jao1

Answer

Let us assume that f(x) = /x

Also, let x = 400 so that x + Ax = 401

= 400 + Ax = 401

SAx =1

On differentiating f(x) with respect to x, we get

df d

- — (%

dx dx("x}
df_ d ( 5)

Tax ax\

We know di (x™) = nxt1
X

df 1 1,
=>dx—2}{2
df 1 1
= dX_ ZX 2
df 1
"dX_Z\.Q

df
When x = 400, we have— = ——
dx  24/400

(df) 1
= _— =
dx x=400 2x 20
(df) 1
=|— S—
dx x=400 40

df
= (—) = 0.025
dx/ x=400

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—) A
Y dx X
df
Here, == 0.025and Ax =1
X

= Af = (0.025)(1)
- Af = 0.025
Now, we have f(401) = f(400) + Af



= f(401) = /400 + 0.025
= f(401) = 20 + 0.025

- f(401) = 20.025

Thus, /401 ~ 20.025

9 E. Question

Using differentials, find the approximate values of the following:

(15)1/4

Answer

Let us assume that gy) — }5

Also, let x = 16 so that x + Ax = 15

=16 + Ax = 15

On differentiating f(x) with respect to x, we get
daf d ( g)
ax  ax
i ny __ n—1
We know = (x™) = nx

1

df

_1
= = 4);4
df 1 =
dx 4X *
df 1
-'-_—_3
dx 4%

df 1
When x = 16, we have g, = (—]g
B 4{16)s

[=
=

=

[=H

Xets 4203

d
d x=16 4(23

Lagx ]

4
5

L]

U

dx
d

b

L]

=

(&)
(&)
(e 7®
&)

X11:5

df
= (—) =0.03125
dx/y=16

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
- ()

Here, ? = 0.03125 and Ax = -1
X



= Af = (0.03125)(-1)
- Af =-0.03125
Now, we have f(15) = f(16) + Af

1
= f(15) = (16)3 — 0.03125

= f(15) = (2“)%— 0.03125

= f(15) = 2 - 0.03125

- f(15) = 1.96875

Thus, (15)Y4 = 1.96875

9 F. Question

Using differentials, find the approximate values of the following:
(255)1/4

Answer

Let us assume that f(x) — x5

Also, let x = 256 so that x + Ax = 255
= 256 + Ax = 255
S AX = -1

On differentiating f(x) with respect to x, we get

df_ d ( g)
ax  dx\

We knowdi (x™) = nx**

X

df_ 11,
ax &
df_ 1 3
dx 4
) df 1
ey — = _3
dx 4x3
df 1
When x = 256, we have ;= 3
il 4(256)a
(df) 1
== | — =
dx/ =256 4(44)%
(df) 1
- dx/ =256 B 4(4%)
(df) 1
= dx/ =236 B 4(64)
(df) 1
= [— =—
dx x=256 256
df
= (—) = 0.00390625
dx/ =236



Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—) A
Y dx X
Here, ? — 0.00390625 and Ax = -1
X
= Af = (0.00390625)(-1)

- Af = -0.00390625
Now, we have f(255) = f(256) + Af

1
= f(255) = (256)3 — 0.00390625

= f(255) = (44):1 —0.00390625
= f(255) = 4 - 0.00390625

- f(255) = 3.99609375

Thus, (255)1/4 = 3.99609375

9 G. Question

Using differentials, find the approximate values of the following:

(2.002)
Answer
Let us assume that f(x) = Y—lz

Also, let x = 2 so that x + Ax = 2.002

=2 + Ax = 2.002

- Ax = 0.002

On differentiating f(x) with respect to x, we get
df d (1 )

dx dx\x?

df d
(g2
= dx  dx (x™)

We knowdi (x™) = nx**
X

df

o gp-2-1
:bdx 2X

df

 — _9y—3
:dx 2X
_ df B 2
Tdx x3

When x = 2, we have% -2

x 23
(df) 2
= |— = ——
dx x=2 8



(df) = —0.25
= dx :{22_ )

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (3{) AX

Here, ? = —(0.25 and Ax = 0.002
X

= Af = (-0.25)(0.002)
- Af = -0.0005
Now, we have f(2.002) = f(2) + Af

1
= f(2.002) = O 0.0005

1
= (2.002) = 7 — 0.0005

= f(2.002) = 0.25 - 0.0005
- f(2.002) = 0.2495

1

Thus, Z002"

&~ 0.2495

9 H. Question
Using differentials, find the approximate values of the following:
loge4.04, it being given that log;g4 = 0.6021 and log;ge = 0.4343

Answer

loge4.04, it being given that log;g4 = 0.6021 and log;ge = 0.4343
Let us assume that f(x) = logeX

Also, let x = 4 so that x + Ax = 4.04

=4 + Ax = 4.04

- Ax = 0.04

On differentiating f(x) with respect to x, we get

df

d
o I (log.x)

d 1
We know = (log.x) = -

df 1

“dx x

When x = 4, we haveﬂ 1
dx 4

(df) 0.25
= | = U.
dX x=4

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (d—g Ax



Here, ? =0.25 and Ax = 0.04
X

= Af = (0.25)(0.04)

- Af = 0.01

Now, we have f(4.04) = f(4) + Af
= f(4.04) = loge4 + 0.01

log,,4 [ log, a]
= f(4.04) = log,ge +0.01 |~ loga= og.b
f(4.04) = — 1+001
o AR = 04343 T

= f(4.04) = 1.3863689 + 0.01

- f(4.04) = 1.3963689

Thus, loge4.04 = 1.3963689

9 |. Question

Using differentials, find the approximate values of the following:
10g10.02, it being given that log,10 = 2.3026
Answer

10g10.02, it being given that log,10 = 2.3026
Let us assume that f(x) = logex

Also, let x = 10 so that x + Ax = 10.02

=10 + Ax = 10.02

- Ax = 0.02

On differentiating f(x) with respect to x, we get

df

d
prrei (log.x)

d 1
We know = (log.x) = -

df 1

Tax T x

When x = 10, we have? -1

X 10
(dx) —
x=10 )

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax

Here, % = 0.1 and Ax = 0.02
X

= Af = (0.1)(0.02)
- Af =0.002
Now, we have f(10.02) = f(10) + Af



= f(10.02) = loge10 + 0.002

= f(10.02) = 2.3026 + 0.002

- f(10.02) = 2.3046

Thus, 10g¢10.02 = 2.3046

9 J. Question

Using differentials, find the approximate values of the following:
0910910.1, it being given that log;ge = 0.4343
Answer

l0g71010.1, it being given that log;ge = 0.4343
Let us assume that f(x) = logygx

Also, let x = 10 so that x + Ax = 10.1

=10 + Ax = 10.1

S Ax=0.1

On differentiating f(x) with respect to x, we get

df d 1
&—&( 0810%)
df d (Iogex) [ 1 log, a]
- _
dx dx\log.10 O8b log b
df_ d a l ) [ 1 -1 ]
= dx_ dx Ogexx 0810® ) logab = 10gp4a
df | d l
= ax 0810® X&( 08.X)

df—04343d(1 )
=>dx— . dX 0g.X

d 1
We knowE (logex) =

df 1
= = 04343 %

dx
) df _ 0.4343
Tdx x
When x = 10, we havedf — 24343
dx 10

df
= (—) = 0.04343
dx/y=10

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax

Here, ? =0.04343 and Ax = 0.1
X

= Af = (0.04343)(0.1)
- Af = 0.004343



Now, we have f(10.1) = f(10) + Af

= f(10.1) = log1010 + 0.004343

= f(10.1) = 1 + 0.004343 [" logza = 1]

- f(10.1) = 1.004343

Thus, 109;¢10.1 = 1.004343

9 K. Question

Using differentials, find the approximate values of the following:

cos 61°, it being given that sin 60° = 0.86603 and 1° = 0.01745 radian
Answer

cos 61°, it being given that sin 60° = 0.86603 and 1° = 0.01745 radian
Let us assume that f(x) = cos x

Also, let x = 60° so that x + Ax = 61°

= 60° + Ax = 61°

“Ax = 1° = 0.01745 radian

On differentiating f(x) with respect to x, we get

df d
- i (cosx)

d :
We knowa (cosx) = —sinx

df ,
- dx = SInX

When x = 60°, we have% = —sin60°
df

= (—) = —0.86603
dx/y=e0"

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (d—i) AX

Here, ? — —0.86603 and Ax = 0.01745
X

= Af = (-0.86603)(0.01745)

- Af = -0.0151122

Now, we have f(61°) = f(60°) + Af
= f(61°) = cos(60°) - 0.0151122
= f(61°) = 0.5 - 0.0151122

- f(61°) = 0.4848878

Thus, cos 61° = 0.4848878

9 L. Question

Using differentials, find the approximate values of the following:



25.1
Answer

Let us assume that f(x) = =
VX

Also, let x = 25 sothat x + Ax = 25.1
=225+ Ax=25.1
L Ax=0.1

On differentiating f(x) with respect to x, we get

df_d(l)
dx  dx\Wx

df df1
= —=—
dx dx

1
X2
df_ d ( _g)
= dx  dx X2
df 1 1,
= —=—=X 2
dx ZX
df_ 1 s
= dX_ ZX 2
_ df 1
dx 2X2
df 1
When x = 25, we haveg = — 3
g 2(25)z
(df) 1
=\3% =7 3
X/ x=25 2(52)z
(df) 1
= | — N
dx/c—25 2(53)
(df) B 1
T \@x/mss T T 20125)
(df) B 1
“\ax/ oy | 250

(df) =—0.004
- dx x=25_ '

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—)a
Y dx X
df
Here, == —0.004and Ax = 0.1
X

= Af = (-0.004)(0.1)
- Af = -0.0004
Now, we have f(25.1) = f(25) + Af



= f(25.1) = — — 0.0004

S

2

= =

= f(25.1) = £ — 0.0004

- f(25.1) = 0.2 - 0.0004

- f(15) = 0.1996

Thus, —— ~ 0.1996
v25.1

9 M. Question

Using differentials, find the approximate values of the following:

22
5

Answer

sin

Let us assume that f(x) = sin x

Letx =—so that::;—i—,i‘;:&:E
2 14

Tr+ﬁ 22
= — = —
2 T T 1

A 22 T
TAXEIET 2

On differentiating f(x) with respect to x, we get

df d

- i (sinx)

d . .
We knowa (sinx) = cosx

- df—
o dx = C0SX

m
Whenx =, we have% = cos (“)
X

2
(df) 0
= | — =
dx ng

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
A =(—)ﬂ
Y dx X
Here,ﬂzﬂandm{=2—E
dx 14 2
22 T
- ar= ) (33 -3)

T

Now, we have f(g) = f(;) + Af

= f(%) = sin G) +0



= f(%) = sin (g)

) f(ZZ) _1
~f\1z) =

. 22 —
Thus, sin (E) &1
9 N. Question

Using differentials, find the approximate values of the following:

11’
36

Answer

cos

Let us assume that f(x) = cos x

Let:n;:ﬁT:Esothat;:;—l—,’_‘n&:m
36 3 36

"rr+ A 11m
= — _
377 36
A TT
= =——
X< " 3g
22
7
Ax = — L
= AX 36
- AX = —0.0873

On differentiating f(x) with respect to x, we get

af d
- i (cosx)

d :
We knowa (cosx) = —sinx

odf
s = sinx

m
Whenx =—, we haveE = —sin (E)
3 dx 3

df
= (—) = —0.86603
dx/ =1

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—) A
Y dx %
Here, ? = —0.86603 and Ax = —0.0873

= Af = (-0.86603)(-0.0873)
-~ Af = 0.07560442

Now, we have f(g) = f(g) + Af

f(llﬂ) (ﬂ) +0.07560442
= 36 = CQ08 3 .



11m
= f(ﬁ) = 0.5 +0.07560442

f(llﬂ) 0.57560442
~fl3g) =0

Thus, cos () » 0.57560442

9 0. Question

Using differentials, find the approximate values of the following:
(80)1/4

Answer

Let us assume that f(x) — x;

Also, let x = 81 so that x + Ax = 80

=81 + Ax =80

On differentiating f(x) with respect to x, we get

df_ d ( g)
ax  ax\

We know di (x™) = nxt1
X

df 1 1,
= = 4;{4
df 1 3
= = 4x i
df 1
.'.—=—g
dx 431

df 1
When x = 81, we haveg; = =
g 4(81)=

df
= (—) = 0.00926
dx/y=g1

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax



Here, ? = 0.00926 and Ax = -1
X

= Af = (0.00926)(-1)
- Af =-0.00926
Now, we have f(80) = f(81) + Af

1
= f(80) = (81)3 — 0.00926

= f(80) = (3*)% — 0.00926

= f(80) = 3 - 0.00926

-~ f(80) = 2.99074

Thus, (80)Y4 = 2.99074

9 P. Question

Using differentials, find the approximate values of the following:
(29)1/3

Answer

Let us assume that f(y) — x§

Also, let x = 27 so that x + Ax = 29

=27 + Ax = 29

SAX =2

On differentiating f(x) with respect to x, we get
df dys 1

& )

We know di (x™) = nx™*
X

df 1 1
= = 3x3
df 1 2
= = 3x 3
df 1
.'.—=—2
dx 3x3

df 1
When x = 27, we havea =

z
3(27)2




df
= (—) = 0.03704
dx/ =27

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (3{) AX

Here, ? — 0.03704 and Ax = 2
X

= Af = (0.03704)(2)
- Af =0.07408
Now, we have f(29) = f(27) + Af

1
= (29) = (27)3 + 0.07408

= f(29) = (33)§1+ 0.07408

= f(29) = 3+ 0.07408

- f(29) = 3.07408

Thus, (29)}/3 = 3.07408

9 Q. Question

Using differentials, find the approximate values of the following:
(66)1/3

Answer

Let us assume that f(x) — x;

Also, let x = 64 so that x + Ax = 66
=64 + Ax = 66
LAX =2

On differentiating f(x) with respect to x, we get

df_ d ( g)
dx  dx X

We knowdi (x™) = nx»*
X

df_l 1,
ldx_3Xa
df_l 2
:dx_?)
_df 1
..—:—2
dx 3x3

df 1
When x = 64, we have ;= (—]g
B 3led)2

(df) 1
= |— =—
dx/ =64 3(43)%



d
dXY54 3)(42

Lagx ]

=

L]

U

d

L]

=

(&
(%)x 6s 3(16)
(&

L

x=6b4

df
= (—) = 0.02083
dx x=64

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (_) A
Y dx X
Here, ? =0.02083 and Ax = 2
X

= Af = (0.02083)(2)
- Af = 0.04166
Now, we have f(66) = f(64) + Af

1
= f(66) = (64)3 + 0.04166

= f(66) = (43)51 + 0.04166

= f(66) = 4 + 0.04166

- f(66) = 4.04166

Thus, (66)Y/3 = 4.04166

9 R. Question

Using differentials, find the approximate values of the following:
26

Answer

Let us assume that f(x) = \f_x

Also, let x = 25 so that x + Ax = 26

=25+ Ax = 26

SAx =1

On differentiating f(x) with respect to x, we get

df d
dx dx( }

df_ d(g)
:bdx_dx X

We know di (x™) = nx™?
X



df 1 1

:EZEX
_ df_ 1
"dX_Z\.&

df 1
When x = 25, we have— = —
dx 2425

(df) 1

= | — [

dx x=25 2x5
(df) 1

= dx :(:25_10

(df) o1
- dx x=25_ ’

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E};) Ax

Here, af _ 0.1and Ax =1
dx

= Af = (0.1)(1)

~Af=0.1

Now, we have f(26) = f(25) + Af
= f(26) = V25 + 0.1

=f(26) =5+ 0.1

- f(26) = 5.1

Thus, V26 ¥ 5.1

9 S. Question

Using differentials, find the approximate values of the following:

37

Answer

Let us assume that f(x) = /x

Also, let x = 36 so that x + Ax = 37

= 36 + Ax = 37

SAx =1

On differentiating f(x) with respect to x, we get

df d
— — — (/%
dx dx ("X)

df_ d(g)
Tax ax\

We know di (x™) = nxt1
X



df_l 1

=D£ EXZ
df_l 1
=:.ldx_zx :
df 1
"dX_Z\.&

When x = 36, we have? ——
X

(df) 1

= | — =

dx x=36 2X6
(df) B 1

“\an) e 12

df
= (—) = 0.08333
dx/ =36

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E'D AX

Here, ? —0.08333and Ax = 1
X

—

243

= Af = (0.08333)(1)

- Af = 0.08333

Now, we have f(37) = f(36) + Af
= f(37) =+/36 + 0.08333

= f(37) = 6 + 0.08333

- f(37) = 6.08333

Thus, /37 ~ 6.08333

9 T. Question

Using differentials, find the approximate values of the following:

~0.48

Answer

Let us assume that f(x) = /x

Also, let x = 0.49 so that x + Ax = 0.48

=0.49 + Ax = 0.48

- Ax =-0.01

On differentiating f(x) with respect to x, we get

df d
TRl

df_ d(g)
Tax dx\C



We know di (x™) = nx"t
X

df 1 1
ax 27
df 1 1
Tax 27 ?
df 1
dX - 2\.&
When x = 0.49, we haveE = L
dx 24/ 0,49

(df) 1
= |— =
dx x=0.49 2x0.7

(df) B 1
T\ax g 14

df
= (—) = 0.7143
dx/ g9

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E};) Ax

Here, ? =0.7143 and Ax =-0.01
X

= Af = (0.7143)(-0.01)

- Af = -0.007143

Now, we have f(0.48) = f(0.49) + Af
= f(0.48) = /0.49 + 0.08333

= f(0.48) = 0.7 - 0.007143

. f(0.48) = 0.692857

Thus, /0.48 ~ 0.692857

9 U. Question

Using differentials, find the approximate values of the following:
(82)1/4

Answer

Let us assume that f(y) — xi

Also, let x = 81 so that x + Ax = 82
=81 + Ax = 82
SLAx =1

On differentiating f(x) with respect to x, we get

df_ d ( g)
ax  dx\

We know di (x™) = nx™*
X



df_l 1,
d —4}{4
df_l 3
Tax o4t
cdf 1
"_:_3

dx 4x3

df 1
When x = 81, we have ;= (—]g
B 4(81)s

df 1
=|— =—
X x=p1 108
df
— = 0.00926
dx/ =81

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy

Ay = (E) Ax

Here, ? =0.00926 and Ax =1
X

= Af = (0.00926)(1)

- Af = 0.00926
Now, we have f(82) = f(81) + Af

1
= f(82) = (81)3 + 0.00926

= f(82) = (3"*)% + 0.00926

= f(82) = 3 + 0.00926

-~ f(82) = 3.00926

Thus, (82)4 = 3.00926

9 V. Question

Using differentials, find the approximate values of the following:

[ 17 ]1 4
81
Answer

Let us assume that gy) — }5

Also, let x = 16 sothatx + Ax = Y
81 81



Z81 T
L
Y]

On differentiating f(x) with respect to x, we get

df_ d [ g)
ax  dx\

We know di (x™) = nx™*
X

df_l 1,
=>dx—4x4
df_l 3
Tdx 47
df 1
.'.—=—3
dx 4xs

df 1
1a — =
When x = o we have ax

df 1
= (E)FE =

(@Y

df 1
= (&)FE = 3

2740
-
df 27
ﬁ(ﬁ)ngzﬁ

df
= (&)FE = 0.84375
-8l

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay — (—) A
Y dx X
df 1
Here, - = 0.84375 and Ax = o
Af = (0.84375) ( L )
= = (0. P
81
- Af =0.0104166

Now, we have f(ﬁ) - f(g) A

f(l?) (16)1 +0.0104166
=fl—|=|— .
81 81



1

f(lé) 0.6778026
“i\g1)

Thus, (22) 7 & 06778026

9 W. Question

Using differentials, find the approximate values of the following:
(33)1/5

Answer

Let us assume that f(x) — x=

Also, let x = 32 so that x + Ax = 33

=32 + Ax = 33

S Ax =1

On differentiating f(x) with respect to x, we get

df d ( ;)
dx  dx x>

We know di (x") = nxt1
X

df_ 11,
= dx 5
df_ 1 4
= dx SX ?
_ df 1
e = —4
dx 5x5
df 1
When x = 32, we have = =
) 5(32)s
(df) 1
= | — =
dx/ =22 5(25)‘—;
(df) 1
= | — =—
dx/-3> 5(2%)
(df) 1
= | — R
dX x=372 5[:16)
(df) B 1
= dx x=32 N 80
df
= (—) =0.0125
dx/y=32



Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—)a
Y dx X
daf
Here, == 0.0125and Ax =1
X
= Af = (0.0125)(1)

S Af = 0.0125
Now, we have f(33) = f(32) + Af

1
= f(33) = (32)5+ 0.0125

s £(33) = (2)5 + 0.0125
= f(33) = 2 + 0.0125

- f(33) = 2.0125

Thus, (33)1> = 2.0125

9 X. Question

Using differentials, find the approximate values of the following:

+/36.6

Answer

Let us assume that f(x) = /x

Also, let x = 36 so that x + Ax = 36.6
=36 + Ax = 36.6
s Ax = 0.6
On differentiating f(x) with respect to x, we get
daf d ( }
dx  ax V¥
df d ( g)
Tax ax\C

We know di (x™) = nx"t

X

df 1 1
:bldx_zx2
df 1 1
= dX_ ZX 2
df 1
"dX_Z\.&

df 1
When x = 36, we have— = —
dx 24/ 36

(df) 1
= | — = —
dx x=26 2X6

(df) B 1
T\ax) s 12



df
= (—) = 0.0833333
dx/ =36

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (3{) AX

Here, ? — 0.0833333 and Ax = 0.6
X

= Af = (0.0833333)(0.6)

- Af = 0.05

Now, we have f(36.6) = f(36) + Af
= f(36.6) = /36 + 0.05

= f(36.6) = 6 + 0.05

- f(36.6) = 6.05

Thus, /36.6 ~ 6.05

9 Y. Question

Using differentials, find the approximate values of the following:
251/3

Answer

Let us assume that f(x) — x3

Also, let x = 27 so that x + Ax = 25
=27 + Ax =25
SAX = -2

On differentiating f(x) with respect to x, we get

df_ d ( g)
dx  dx X

We knowdi (x™) = nx»*
X

df_l 1,
ax 37
df_l 2
=)ldx_3
_df 1
..—:—2
dx 3x3

df 1
When x = 27, we have; = (—]g
B 3(27)=

(df) 1
= | — =
0x)xm27 3303

(df) 1
= dx 3:27_3><32



(df) 1
- dx/ =27 B 3(9)
(df) 1
= dx x=27 N 27
df
= (—) =0.03704
dx/ =27

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax

Here, ? =0.03704 and Ax = 2
X

= Af = (0.03704)(-2)
- Af = -0.07408
Now, we have f(25) = f(27) + Af

1
= f(25) = (27)3 — 0.07408

= f(25) = (33)51— 0.07408
= f(25) = 3-0.07408

-~ f(25) = 2.92592

Thus, (25)1/3 = 2.92592

9 Z. Question

Using differentials, find the approximate values of the following:

+f49.5

Answer

Let us assume that f(x) = x

Also, let x = 49 so that x + Ax = 49.5

=49 + Ax = 49.5

S Ax =0.5

On differentiating f(x) with respect to x, we get

df d

&= dx(\'X}

df_ d(g)
=>ldx_dx X2

We know di (x") = nxt1

X

df_l 1,
Tax 27
df 1 1
= = 2

=>£—2X



df 1
When x = 49, we have— = —
dx 24/49

(df) 1

= |— = —

dx w=ag9 2 X7
(df) 1

= |— = —
dx x=49 14

df
= (—) = 0.0714286
dx x=49

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

Ay = (g) Ax

Here, % =0.0714286 and Ax = 0.5
= Af = (0.0714286)(0.5)

- Af = 0.0357143

Now, we have f(49.5) = f(49) + Af
= f(49.5) = V49 + 0.0357143

= f(49.5) = 7 + 0.0357143

- f(49.5) = 7.0357143

Thus, 49,5 ~ 7.0357143

9 Al. Question

Using differentials, find the approximate values of the following:
(3.968)32

Answer

Let us assume that f(x) — x3

Also, let x = 4 so that x + Ax = 3.968

=4 + Ax = 3.968

- Ax = -0.032

On differentiating f(x) with respect to x, we get
df dy s

& w)

We know di (x") = nxt—1
X



df 3

.'.&zi\lx

When x = 4, we have% =>4
X
(df) 3>‘<2
= dx 3(:4__ 2

(df) _3
= dX x:=l-_

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax

Here, ? — 3 and Ax =-0.032
X

= Af = (3)(-0.032)
- Af = -0.096
Now, we have f(3.968) = f(4) + Af

3
= (3.968) = (4)z — 0.096

= f(3.968) = (22)% —0.096

= f(3.968) = 23- 0.096

= f(3.968) = 8 - 0.096

- f(3.968) = 7.904

Thus, (3.968)3/2 =~ 7.904

9 B1. Question

Using differentials, find the approximate values of the following:
(1.999)°

Answer

Let us assume that f(x) = x°

Also, let x = 2 so that x + Ax = 1.999

=2 + Ax = 1.999

~Ax = -0.001

On differentiating f(x) with respect to x, we get
df

d  _
&=&(X)

We knowdi (x™) = nx**
X

LR
=>dx— X

df

.'.—=5 4
dx x



When x = 2, we have% =5(2)*
X

(df) =hx16
= (5% = X

(df) _ 80
= dx x:z_

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (d—i) AX

Here, ? = 80 and Ax =-0.001
X

= Af = (80)(-0.001)

. Af = -0.08

Now, we have f(1.999) = f(2) + Af
= f(1.999) = 2> - 0.08

= f(1.999) = 32 - 0.08

- £(1.999) = 31.92

Thus, (1.999)° = 31.92

9 C1. Question

Using differentials, find the approximate values of the following:

+/0.082

Answer

Let us assume that f(x) = x

Also, let x = 0.09 so that x + Ax = 0.082

= 0.09 + Ax = 0.082

- Ax = -0.008

On differentiating f(x) with respect to x, we get

af d
&=&(MX)

df_ d(g)
=>ldx_dx X2

We know di (x") = nx™?
X

df 1 1,
= dx sz
df 1 1
= —=-X 2
dg 2
df 1
" dx B 2\.&
When x = 0.09, we have & — %
dx  24/0.09



(df) B
= dx x=0.09 N 0.6

df
= (—) = 1.6667
dx/ =009

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E{) Ax

Here, ? = 1.6667 and Ax = -0.008
X

= Af = (1.6667)(-0.008)
- Af = -0.013334
Now, we have f(0.082) = f(0.09) + Af

= f(0.082) = /0.09 — 0.013334

= f(0.082) = 0.3-0.013334
=~ f(0.082) = 0.286666

Thus, 1/0.082 ~ 0.286666
10. Question

Find the approximate value of f(2.01), where f(x) = 4x2 + 5% + 2.
Answer

Given f(x) = 4x2 + 5x + 2

Let x = 2 so that x + Ax = 2.01

=24+ Ax=2.01

- Ax = 0.01

On differentiating f(x) with respect to x, we get

df d
- 2
e (42 +5x+ 2)

df

d d d
o Dy Bl
== dx(ﬂrx )+dx (5x)+dx (2)

df d

d d
2 a4ty il el
= = 4dx(x )+5dx(x)+dx(2)

We knowdi (x™) = nx™ ! and derivative of a constant is 0.
X
df
—=4(2x)+5(1)+0
= — =429 +5(1)

A exts
fax o

When x = 2, we have% =8(2)+5
X



(df) _ o1
= dx :(22_

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (3{) AX

Here, ? =21 and Ax = 0.01
X

= Af = (21)(0.01)
S Af=0.21

Now, we have f(2.01) = f(2) + Af

= f(2.01) = 4(2)2 + 5(2) + 2 + 0.21
=f(2.01) =16 + 10 + 2 + 0.21

- f(2.01) = 28.21

Thus, f(2.01) = 28.21

11. Question

Find the approximate value of f(5.001), where f(x) = x3 - 7x2 + 15.
Answer

Given f(x) = x3 - 7x? + 15

Let x = 5 so that x + Ax = 5.001

=5+ Ax = 5.001

~Ax = 0.001

On differentiating f(x) with respect to x, we get

df d

o v3_ 2

= dx(x 7x* + 15)
df d d d
(3 Bl S _

= = dx(x )+dx( 7x )+dx(15)
df d d d
o (w3 T (2 _

:bdx dx(X) de(x )+dx(15)

We know di (x™) = nx™! and derivative of a constant is 0.

X

df
R 2_
= 3 —7(2x)+0

af 3x%— 14
o = 3X X

When x = 5, we have% = 3(5)% — 14(5)
X

(df) =75-70
= dx :<=5_

(df) _e
& w=s

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)



- f(x), is approximately given as

dy
Ay = (—) A
Y dx X
df
Here, == 5 and Ax = 0.001
X

= Af = (5)(0.001)

- Af = 0.005

Now, we have f(5.001) = f(5) + Af

= f(5.001) = 53 - 7(5)? + 15 + 0.005

= f(5.001) = 125 - 175 + 15 + 0.005

= f(5.001) = -35 + 0.005

- f(5.001) = -34.995

Thus, f(5.001) = -34.995

12. Question

Find the approximate value of log;31005, given that logjge = 0.4343.
Answer

Let us assume that f(x) = log;gx

Also, let x = 1000 so that x + Ax = 1005
= 1000 + Ax = 1005

LAx =5

On differentiating f(x) with respect to x, we get

df d 1
ax &( 0810%)
df d ( logex) [ 1 log, a]
- _
dx dx\log.10 O8pd log b
df d a l ) [ 1 1 ]
= — = — i —
dx dx Ogexx 0810 € logab 08pa
df | d 1
=4 081w0® x&( 08.X)

i _ 043438 (log.x)
= —=0,. —
dx dx 08X

d 1
We knowE (logex) =

df 1
= 5= 04343

dx
) df _ 0.4343
Tdx x

When x = 1000, we have & — 24342
dx 1000

df
= (—) = 0.0004343
dx/<=1000



Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
Ay = (—) A
Y dx X
Here, ? — 0.0004343 and Ax = 5
X

= Af = (0.0004343)(5)

- Af = 0.0021715

Now, we have f(1005) = f(1000) + Af
= f(1005) = log;¢1000 + 0.0021715

= f(1005) = log; 9103 + 0.0021715

= f(1005) = 3 x log;¢10 + 0.0021715

= f(1005) = 3 + 0.0021715 [ loga = 1]
- f(1005) = 3.0021715

Thus, 109191005 = 3.0021715

13. Question

If the radius of a sphere is measured as 9 cm with an error of 0.03 m, find the approximate error in
calculating its surface area.

Answer

Given the radius of a sphere is measured as 9 cm with an error of 0.03 m = 3 cm.
Let x be the radius of the sphere and Ax be the error in measuring the value of x.
Hence, we have x = 9 and Ax = 3

The surface area of a sphere of radius x is given by

S = 4nx?2

On differentiating S with respect to x, we get

dS d
-~ 2
dx dx (4mx?)

ds d
= (2
= = 41de(x )

We know di (x™) = nx*1
X

ds
>R 4m(2x)
~ds .
Tix O

When x = 9, we have? = 8m(9).
X
(dS) 7
= | — =
dX x=9 T

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as



d
Ay = (d—i) AX

Here, ? =72mand Ax = 3

x
= AS = (72n)(3)

~AS = 216n

Thus, the approximate error in calculating the surface area of the sphere is 216m cn?.
14. Question

Find the approximate change in the surface area of cube of side x meters caused by decreasing the side by
1%.

Answer
Given a cube whose side x is decreased by 1%.

Let Ax be the change in the value of x.

Hence, we have Ax = —ﬁ XX

~Ax = -0.01x

The surface area of a cube of radius x is given by
S = 6x°

On differentiating A with respect to x, we get

We know di (x™) = nx™*
X

ds
——6(2
:bdX (2x)
_dS_lZ
Tdx X

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (E};) Ax

Here, ? = 12x and Ax = -0.01x
X

= AS = (12x)(-0.01x)

. AS =-0.12x?

Thus, the approximate change in the surface area of the cube is 0.12x2 m?2.
15. Question

If the radius of a sphere is measured as 7 m with an error of 0.02m, find the approximate error in calculating
its volume.

Answer

Given the radius of a sphere is measured as 7 m with an error of 0.02 m.



Let x be the radius of the sphere and Ax be the error in measuring the value of x.
Hence, we have x = 7 and Ax = 0.02
The volume of a sphere of radius x is given by

V=t

On differentiating V with respect to x, we get

dV_ d (4 3)
dx — dx Sm{

We know di (x™) = nx™*
X

dv 4w

[ 2
:bdx 3(3}{)
-dv_.or )
Tdx T

When x = 7, we have%: 4mn(7)2

dv
(—) = 411 X 49
dx x=7
(dV) =196
dx/e=r T

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

d
Ay = (d—i) Ax

Here, ? = 1961 and Ax = 0.02
b 4

= AV = (196m)(0.02)

S AV = 3.92n

Thus, the approximate error in calculating the volume of the sphere is 3.92n m?.

16. Question

Find the approximate change in the volume of a cube of side x meters caused by increasing the side by 1%.
Answer

Given a cube whose side x is increased by 1%.

Let Ax be the change in the value of x.
Hence, we have Ax = ﬁ XX

- Ax = 0.01x

The volume of a cube of radius x is given by
V=x3

On differentiating A with respect to x, we get



We knowdi (x™) = nx»*

X

dv
— =3 3-1
= ax X
dv
T = 3 2
dx

Recall that if y = f(x) and Ax is a small increment in x, then the corresponding increment in y, Ay = f(x + Ax)
- f(x), is approximately given as

dy
= (2)a
Y dx %
Here, ? = 3x%and Ax = 0.01x
X

= AV = (3x?)(0.01x)

AV = 0.03x3

Thus, the approximate change in the volume of the cube is 0.03x3 m3.
MCQ

1. Question

Mark the correct alternative in the following:

If there is an error of 2% in measuring the length of a simple pendulum, then percentage error in its period
is:

A. 1%

B. 2%

C. 3%

D. 4%

Answer

given (AL/L)x100 = 2 (if we let the length of pendulum is L)

we all know the formula of period of a pendulum is T=2nxV(l/g)

By the formula of approximation in derivation ,we get-
(ﬂT) x 100 = L X (&L) x 100
T 27 \L

1
-3 @
=1%
2. Question
Mark the correct alternative in the following:
If there is an error of a% in measuring the edge of a cube, then percentage error in its surface is:

A. 2a%

w
by | =

o=

=



C. 3a%

D. none of these

Answer

given that

% Error in measuring the edge of a cube [(AL/L)x100] is = a (if L is edge of the cube)
We have to find out (AA/A)x100 = ? (IF let the surface of the cube is A)

By the formula of approximation of derivation we get,

AA AL
(I) ¥ 100 = 2 x (T) x 100
=2Xa

=2a

3. Question

Mark the correct alternative in the following:

If an error of k% is made in measuring the radius of a sphere, then percentage error in its volume is
A. k%

B. 3k%

C. 2k%
p. Ko
3

Answer
given % error in measuring the radius of a sphere Ar/rx100 =k (if let r is radius)
Find out : (Av/v)x100 = ?

We know by the formula of the volume of the sphere

Znx3ridr

AV

=7 _ 4 3
So, v 3 TIr

Av Ar

So, (%) x 100 = 3 x (%) x 100
=3xk
=3k%

4. Question
Mark the correct alternative in the following:

The height of a cylinder is equal to the radius. If an error of a% is made in the height, then percentage error
in its volume is:

A. 0%

B. 20%



C. 3a%

D. none of these

Answer

let height of a cylinder=h=radius of that cylinder=r
% error in height Ah/hx100 = a (given)

Volume of cylinder= v =(1/3)xnréh

We have given that h=r

Then
1 1
T2l — Dk 3
V—3Tr1h 31Th

S0,AV = ElTrhzdh

Finally

Av Ah
(?) x 100 =3 x (T) x 100
=3Xa
=3a%
5. Question
Mark the correct alternative in the following:
While measuring the side of an equilateral triangle an error of k% is made, the percentage error in its area is
A. k%
B. 2k%

| =

D. 3k%

Answer

we know that the area of a equilateral traiangle is =A =(v3/4)xa?
Where a= side of equilateral triangle

So by the formula of approximation of derivation, we get,
AA Aa

(I) 100 =2 x (;) » 100

=2xk

=2k% ans

6. Question

Mark the correct alternative in the following:

If loge 4 = 1.3868, then loge 4.01 =

A. 1.3968

B. 1.3898
C. 1.3893



D. none of these
Answer

let y=f(x)=logx
Let x=4,
X+Ax=4.01,
Ax=0.01,

For x=4,
Y=l0og4=1.3868,
y=logx

dy 1

1
dx x 4

Ay=dy

d

= (E};).dx
1

= (E) x 0.01

Ay=0.0025

So, log(4.01)=y+Ay

=1.3893

7. Question

Mark the correct alternative in the following:

A sphere of radius 100 mm shrinks to radius 98 mm, then the approximate decrease in its volume is

A. 120001 mm3

B. 800 mm?3

C. 80000m mm?3

D. 120m mm3

Answer

we know that volume of sphere = v = (4/3)xne (r is radius of sphere)

r=100mm

Av = G) X T X 3rZAr
=4nr?Ar

Ar = (98-100)

=-2

Av=4m(100)2x(-2)

Av = - 80,000m mm3ans

8. Question

Mark the correct alternative in the following:



If the ratio of base radius and height of a cone is 1 : 2 and percentage error in radius is A%, then the error in
its volume is:

A A%

B. 2A%

C. 3A\%

D. none of these

Answer

given that the radius is half then the height of the cone so
Let h = 2r (where r is radius and h is height of the cone)

Volume of the cone = v
(5)
=(=] xTr- x
3 T
= G) x Tire (because h = 2r)
2
Av = (E)TII % 3rZAr

Av = 2nr?Ar

So finally ,
Av Ar
(—) x 100 = 3.(—) x 100
v r
= 3XA
= 3A\%
9. Question
Mark the correct alternative in the following:

The pressure P and volume V of a gas are connected by the relation PV}/4 = constant. The percentage
increase in the pressure corresponding to a deminition of 1/2% in the volume is

0,

A 204

rd | —

w
| =

oo | =

D. none of these

Answer

let pv/4=k (constant)
Pvl/4=k

P=k.v1/4

log(p) = log(k.v'1/4)

log(p) = log(k) - (1/4)log(v)



P 4V
dP 1 1
F— —ZX —Eofo
=}%

8

10. Question

Mark the correct alternative in the following:

If y = X", then the ratio of relative errors in y and x is
A.l:1

B.2:1

C.1l:n

D.n:1

Answer

given y=x"

Ay = n.x"1.Ax = x

=

vy
v _Xhy
4 Ty AX
X

So finally ratio is = n:1

11. Question

Mark the correct alternative in the following:
The approximate value of (33)1/3 is
A. 2.0125

B.2.1

C.2.01

D. none of these

Answer

f(x) = x1/°

F'(x) = (1/5).x°4>

F(a+h) = f(a) + hxf'(a)

(a+ h)§= a5 +hx (%) X (a)“‘;

Now



Leta =32 & h=1
1 1 1 4
(32+ 1)5 = (32)5 + 1 X (g) x (32)5

=2+1><@)><(2)“L

()

161
~ 80

=2.0125
12. Question
Mark the correct alternative in the following:

The circumference of a circle is measured as 28 cm with an error of 0.01 cm. The percentage error in the
area is

Al

14
B. 0.01

cl

D. none of these

Answer

given that circumference is = C = 2nr = 28 cm
That's mean r=14/n

AC = 2nAr = 0.01

Ar = (0.01/2n)

We all know that area of a circle is = A =mnr?

AA= 2nirxdr
So finally,
0.01
AA S
(I) *x 100 = 2 X@X 100
s
=1/14

Very short answer

1. Question

For the function y = X2, if x = 10 and Ax = 0.1. Find Ay.
Answer

by the formula of differentiation we all know that-

dy _ 4y eq(1)
dx Ax

Ify=x2 then



? = 2%,50 put the value of? in eq(1l),we get-
X X

Ay
0.1

2x
Ay=2x10x(0.1)

Ay=2

2. Question

If y = loge X, then find Ay when x = 3 and Ax = 0.03.
Answer

given that

Y=logx then y'=1/x

Ay=7?

X=3

Ax=0.03

By putting the values of above in the formula ? = ? we get
X X

1_4&
x 003
1_4&
3 0.03
Ay=0.01

3. Question

If the relative error in measuring the radius of a circular plane is @, find the relative error measuring its area.
Answer

given that

ar _

= g (if let r is radius)
N

ﬂf‘ =7 (if let A is area of circle)

We know that the area of a circle(A)=nr? then

dA=2nrxdr
now

dA 2mrxdr
A A
dA B 2mr X dr
A mr?
dA o dr
A r

we know that if there is a little approximation in variables then,

dA AA
A A
Ar



=2Xa

=2a

4. Question

If the percentage error in the radius of a sphere is a, find the percentage error in its volume.
Answer

given that

(%) x 100 = a (if let r is a radius of a sphere)

Av
(—) % 100 =?
v
We know that v = (f)ﬂrg
2

Then, dv = (4nr?)xdr

. A Ar
Finally (2) x 100 = 3 x (%) x 100
=3Xa
=3a%
5. Question

A piece of ice is in the from of a cube melts so that the percentage error in the edge of cube is a, then find
the percentage error in its volume.

Answer

given that cube edge error %[(Ax/x)x100]=a
Volume %=7?

Let the edge of cube is x,

Volume; v=x3

Then, dv=3x2.dx

So finally % % 100 = {S%}M % 100

Ax
= 3. (—) x 100
X

=3Xa

=3a
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