18. Maxima and Minima

Exercise 18.1

1. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
f(x) = 4x? - 4x + 4 onR

Answer

f(x) = 4x2 - 4x + 4on R

=4x?-4x+1+3

=(2x-1)2+3

Since, (2x - 1)2 =20

=(2x-1)2 +3 =3

_ 1
= f(x) = f(a)
Thus, the minimum value of f(x) is 3 at x =51

Since, f(x) can be made large. Therefore maximum value does not exist.
2. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
f(x) =-(x-1)2+2o0onR

Answer

We have f(x) = - (x - 1)2 + 2

It can be observed that (x - 1)2=0 for every XER

Therefore, f(x) = - (x - 1)2 + 2<2 for every x€R

The maximum value of f is attained when (x-1) =0

(x - 1)=0, x=1

Since, Maximum value of f=f(1) = - (1 -1 +2 =2

Hence, function f does not have minimum value.

3. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
f(x) =|x+2|onR

Answer

|[x + 2|=0 forx € R

=f(x) =0forallx&eR

So the minimum value of f(x) is 0, which attains at x =2

Hence, f(x) = |x + 2| does not have the maximum value.

4. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:



f(x) =sin2x + 50onR

Answer

We know that-1 = sin2x =<1

=-14+5=<sin2x+5=<1+5

=4 =<sin2x+5=<6

Hence, the maximum and minimum value of h are 4 and 6 respectively.

5. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
f(x) = |sin 4x + 3| on R

Answer

We know that -1 = sindx <1

=2=<sindx+3 =<4

=2=<|sindx+ 3| =4

Hence, the maximum and minimum value of f are 4 and 2 respectively.

6. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
f(x) = 2x3+ 50nR

Answer

We have f(x) = 2x3 + 5 on R

Here, we observe that the values of f(x) increase when the values of x are increased and f(x) can be made
large,

So, f(x) does not have the maximum value

Similarly, f(x) can be made as small as we want by giving smaller values to x.

So, f(x) does not have the minimum value.

7. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
fix)=-|x+1+3o0nR

Answer

We know that - |[x + 1| = O for every x € R.

Therefore, g(x) = - |[x + 1| + 3 = 3 for every xE R.

The maximum value of g is attained when |[x + 1| =0

[x+ 1] =0
x=-1
Since, Maximum Valueofg=g(-1)=-|-1+1|+3 =3

Hence, function g does not have minimum value.
8. Question
Find the maximum and the minimum values, if any, without using derivatives of the following functions:

f(x) = 16x2 -16x + 28 on R



Answer

We have f(x) = 16x2 - 16x + 28 on R
=16x%2 - 16x + 4 + 24

= (4x-2)2 + 24

Now, (4x - 2)2 = 0 forallx €R

= (4x -2)2 + 24= 24 forall x ER

_ 1
= f(x) = f(E)
Thus, the minimum value of f(x) is 24 at x =G)

Hence, f(x) can be made large as possibly by giving difference value to x.

Thus, maximum values does not exist.

9. Question

Find the maximum and the minimum values, if any, without using derivatives of the following functions:
f(x) =x3-1onR

Answer

We have f(x) = x3-10onR

Here, we observe that the values of f(x) increase when the values of x are increased, and f(x) can be made
large, by giving large value.

So, f(x) does not have the maximum value
Similarly, f(x) can be made as small as we want by giving smaller values to x.

So, f(x) does not have the minimum value.
Exercise 18.2

1. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) = (x - 5)*
Answer
f(x) = (x - 5)*

Differentiate w.r.t x
f'(x) = 4(x - 5)3

for local maxima and minima

f'(x)=0
=4(x-53=0
=x-5=0
x=5

f* (x) changes from -ve to + ve as passes through 5.

So, x = 5 is the point of local minima



Thus, local minima value is f(5) = 0
2. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) = x3 - 3x

Answer

We have, g (x) = x3 - 3x

Differentiate w.r.t x then we get,

g’ (x) =3x2-3

Now, g‘(x) =0

=3x2=3=x=+1

Again differentiate g’(x) = 3x% - 3

g’ (x)= 6x

g'(l)=6>0

g"(-1)=-6>0

By second derivative test, x=1 is a point of local minima and local minimum value of g at
x=1isg(l)=13-3=1-3=-2

However, x = - 1 is a point of local maxima and local maxima value of g at
x=-1isg(-1)=(-1P-3(-1)

=-1+3

=2

Hence, The value of Minima is - 2 and Maxima is 2.

3. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) = x3 (x - 1)2

Answer

We have, f(x) = x3(x - 1)2
Differentiate w.r.t x, we get,
f(x) =3x%(x - 1)2 + 2x3(x - 1)
= (x - 1)(3x3(x - 1) + 2x3)
= (x - 1)(3x3 - 3x2 + 2x3)

= (x - 1)(5x3 - 3x?)

= x2 (x - 1)(5x - 3)

For all maxima and minima,
f'x)=0

=x2(x-1)(5x-3)=0



At x ==f’(x) changes from -ve to + ve

w | o

. 3. . ..
Since, x == is a point of Minima
=]

At x =1 f* (x) changes from -ve to + ve
Since, x =1 is point of maxima.
4. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) = (x - 1) (x + 2)?

Answer

We have, f(x) = (x - 1)(x + 2)?
Differentiate w.r.t x, we get,
fx) = (x +2)% + 2(x - 1)(x + 2)
=(X+2)(Xx+2+2x-2)

= (X + 2)(3x)

For all maxima and minima,
f'(x)=0

(x+2)(3x)=0

=x=0,-2

At x = -2 f’'(x) changes from -ve to + ve
Since, x = - 2 is a point of Maxima

At x =0 f * (x) changes from -ve to + ve
Since, x =0 is point of Minima.

Hence, local min value = f(0) = - 4

local max value = f( - 2) = 0.

5. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x)= 11
X" +2

Answer

We have, f(x) = (x - 1)3(x + 1)?
Differentiate w.r.t x, we get,

fx) = 3(x - 1)2(x + 1)2 + 2(x - 1)3(x + 1)
=(x-12(x+1)(3(x+1)+2(x-1)

= (x - 1)%(x + 1)(5x + 1)



For the point of local maxima and minima,
f'(x)=0

=(x-12(x+1)(5x + 1) =0
=x=1,-1,—

At x =-1f'(x) changes from -ve to + ve
Since, x = - 1 is a point of Maxima

At x =—% f* (x) changes from -ve to + ve

Since, x =—% is point of Minima.

3456
3125

Hence, local min value = —

local max value = 0.
6. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) = x3 - 6x% + 9x +15

Answer

We have, f(x) = x3 - 6x2 + 9x + 15

Differentiate w.r.t x, we get,

f(x) =3x>-12x + 9

= 3(x? - 4x + 3)

=3(x-3)(x-1)

For all maxima and minima,

f'(x)=0

=3(x-3)(x-1)=0

=x=3,1

At x =1 f '(x) changes from -ve to + ve

Since, x = - 1 is a point of Maxima

At x =3 f* (x) changes from -ve to + ve

Since, x =3 is point of Minima.

Hence, local max value f(1)= (1)3 - 6(1)% + 9(1) + 15 = 19
local min value f(3) = (3)3 - 6(3)% + 9(3) + 15 = 15
7. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) =sin2x,0<x<m
Answer

We have, f(x) = sin 2x



Differentiate w.r.t x, we get,
f‘(x) = 2cos 2x, 0 < x,m

For, the point of local maxima and minima,

T 3m
=2x===
272

m 3’
X=—,—
47 4

At x = Ef '"(x) changes from -ve to + ve
Since, x =E is a point of Maxima

At x =3T“ f * (x) changes from -ve to + ve
Since, x =%ﬂ is point of Minima.

Hence, local max value f (E) =1

local min value f(%ﬂ) =-1

8. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) =sinx-cosx, 0 <x<2n

Answer

We have, f(x) = sin x - cos x

Differentiate w.r.t x, we get,

f ‘(x) = cos x + sin x

For, the point of local maxima and minima,
f'(x)=0

. 3 Vi
=cosx=-smx=>tanx=—1=x=4—“,TﬂE(O,ZH)

Again differentiate w.r.t x

f"(x) =-sin x + cos x
" . 3 3 11
f (3—“)=—sm—ﬂ+cos—ﬂ=———_——_= —2<0
4 4 4 Iz
. .7 7 1 1
f (E)=—sm—ﬂ+cos—ﬂ=——_ +==v2>0
4 1 1 Iz

. . 3m . . . . 3m .
Therefore, by second derivative test, x = Tﬂ is a point of local maxima and the local maximum of f at x =:11 is

2 . 3m an 1 1
F” (—“)= sinZ=-cos ===+ —=+/2
4 4 L N
7 L Tm m 1 1
F” (—n)= sin—=-cos —=————=—2
4 4 4 VZ 42

9. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative



test. Also, find the local maximum or local minimum values, as the case may be:
f(x) =cosx,0<x<mn

Answer

f(x) = cos x

Differentiate w.r.t x

f'(x) = -sin x

for the point of local maxima and minima,

f'(x)=0
=-sinx=0
x=0,andn

But, these two interval lies outside the interval (0,m)

So, no local maxima and minima will exist in the interval (0, m)

10. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative

test. Also, find the local maximum or local minimum values, as the case may be:

f(x)=sin2x-X.——=x =

A
2| A

Answer

We have, f(x) = sin 2x - x

Differentiate w.r.t x, we get,

f‘(x) = 2cos 2x - 1,

For, the point of local maxima and minima,
f'(x)=0

2cos2x-1=0

1 i
COS 2X === COS —
2 3

= 2X =E,—E
3 3
m m
= X =—,——
& )
At x = —Ef'(x) changes from -ve to + ve

Since, x =—E is a point of Maxima
At x = Ef ‘ (x) changes from -ve to + ve
Since, x =E is point of local maxima

Hence, local max value f (E) — ‘2_3

L
6

wl

local min value f(—gj =¥

n |z
o | A

11. Question



Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x)=2sinx—x, ——<x =

2| A
(SR

Answer

We have, f(x) = 2 sin X - x
Differentiate w.r.t x, we get,
f‘(x) =2cosx-1=0

For, the point of local maxima and minima,

At x = —g f ’(x) changes from -ve to + ve

Since, x =_§ is a point of Minima with value = —\,@—g
At x = gf ‘ (x) changes from -ve to + ve
Since, x =g is point of local maxima with value = @—g

Hence, local max value f G) =43-— g

local min value f{—Z) = -3 - =
3 3

12. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x)=x1-x.x=>0

Answer
fflx)=4(1—-%) + x.——(—-1
(0 =JT=3%) + xg7==(-1)
= 1_X_ .‘{—

v 2,/0=9
_ 2(1—x)-x  2-3x
T o2yTx 241
Forf(0)=22%_p

24/1—x

So,2—3x=0=>x=§

- T )

1—x



= [\"Im(_aj + (2_33]{2\"%)]
2(1-x)

_ [[—5(1—x] + (z—ax]]l
4-(1—:;]%
3x—4

= E3
4(1-x)z

o (g) _ [3@ -

4] 2—4 1
3 N T

= = 5<0
+(1-3)

+(3)

Therefore, by second derivative test, x =§ is a point of local maxima and the local maxima value of F at x =§

ra|

is
Hence,fG)zg (1_2):? _ 2 _ 23

13. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

f(x) = x3(2x - 1)3

Answer

We have, f(x) = x3(2x - 1)3

Differentiate w.r.t x, we get,

f(x) = 3x%(2x - 1)3 + 3x3(2x - 1)22

= 3x%(2x - 1)2(2x - 1 + 2x)

= 3x%(4x - 1)

For the point of local maxima and minima,
f'(x)=0

=3x%(4x-1)=0

=x=0,

|

At x = i f’(x) changes from -ve to + ve

Since, x =?t is a point of Minima

1

Hence, local min value f (3) =—-—
4 512

14. Question

Find the points of local maxima or local minima, if any, of the following functions, using the first derivative
test. Also, find the local maximum or local minimum values, as the case may be:

fx)=—+=.x>0

1| 4

A

Answer



We have, f(x) ='§ + %,x> 0

Differentiate w.r.t x, we get,

1 2

2 k2’

x>0
For the point of local maxima and minima,
f'(x)=0

=0

2
x2

Il

x

|
-
Iy

|
-
=

=x=2,-2

At x = 2 f '(x) changes from -ve to + ve
Since, x = 2 is a point of Minima
Hence, local min value f (2) = 2
Exercise 18.3

1 A. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x) = x* - 62x% + 120x + 9
Answer

f(x) = x* - 62x% * 120x + 9

o f(x) = 4x3 - 124x + 120 = 4(x3 - 31x + 30)
f'(x) = 12x? - 124 = 4(3x? - 31)
for maxima and minima,
flx)=0

4(x3-31x +30) =0

So roots willbex =5,1,-6
Now,

f'(5) =176 > 0

x = 5 is point of local minima
f'(1) =-112<0

x = 1 is point of local maxima
f'(- 6) =308>0

X = - 6 is point of local minima
local max value = f(1) = 68
local min value = f(5) = - 316
and f(- 6) = - 1647

1 B. Question



Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x) = x3 - 6x2 + 9x + 15
Answer

f(x) = x3 - 6x% + 9x + 15

o f(x) = 3x% - 12x + 9 = 3(x? - 4x + 3)
f'(x) = 6x-12 = 6(x - 2)

for maxima and minima,

fi(x) =0

3(x?-4x+3)=0

So roots willbe x = 3, 1

Now,

f'(3)=6>0

x = 3 is point of local minima
f'(1)=-6<0

x = 1 is point of local maxima
local max value = f(1) = 19
local min value = f(3) = 15

1 C. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x) = (x - 1) (x + 2)?
Answer

f(x) = (x - 1) (x + 2)?

S f(X) = (X + 2)2 + 2(x - 1)(x + 2)
=(X+2)(x+ 2+ 2x-2)

= (X + 2)(3x)

And f''(x) = 3(x + 2) + 3x
=6X+ 6

for maxima and minima,
fx)=0

(x+2)3x)=0

So roots willbe x =0, - 2
Now,

f(0)=6>0

x = 0 is point of local minima
f'(-2)=-6<0

x = 1 is point of local maxima



local max value =f(-2) =0
local min value = f(0) = - 4
1 D. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x) = 2/x - 1/x2, x > 0

Answer
2 1

we havef(x) == _-—=, x>0
x xZ

2 4
A =-5te
12
=

4
And, f"(x) = + 5 —

for maxima and minima,

f'(x) =0
2 4
e
20x—2
_2x-2)
XB
X =2
now,
woy=2%_12__1 3 _ 1
f(z)_s 6 2 4 4<0

x = 2 is point of local maxima
local max value = f(2) = 1/2
1 E. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x) = x X

Answer

we have f(x) = x e*

fi(x) = eX + xeX = eX(x + 1)
f'(x) = eX(x + 1) + &
=eX(x + 2)

For maxima and minima,

fi(x) =0

nowf'(-1)=e"1=1/e>0

x = - 1 is point of local minima



hence, local min = f(- 1) = - 1/e
1 F. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x) =x/2+2/x, x>0

Answer

f(x)==24+ 5, x>0

[N
ENES

fi(x) =

ba | e
A

And f(x) = =

X

For maxima and minima,

f'(x) =0
1_2_9
2 x2
x*— 4
2x2
X=2,-2
now,
f'(2) =1/2>0

x = 2 is point of minima

we will not consider x =-2as x>0
local min value = f(2) = 2

1 G. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

fix) =(x+1)(x +2)13, x=-2
Answer
we have f(x) = (x + 1) (x + 213, x = -2
f(x) = (x + 2)13 + 1/3(x + 1)(x + 2)~ 23
=(x+2)"2B(x+ 2+ 1/3(x + 1))
=1/3(x +2) " 23(4x + 7)
And (00 = —2(x + 2)3(4x + 7) + S (x + 273 x 4
For maxima and minima,
f(x) =0
1/3(x +2)"2BM4x +7)=0

=-7/4

Now



P =27 2)‘3

3
x = - 7/4 is point of minima

local min value = f(- 7/4) = — 5
43

1 H. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x)=xv32-x".-5=x=<5
Answer
we have,
f(x) = x32 —x2
~ (%) = /32 —x2 + ——x(—2%)
v 232 —x2
2(32 —x?)— 2x?
232 —x?
64 — 4x?
2432 —x2
| — 64—ax2
And f'(x) = 2\,-zz—xzx(—s]—z(zyl,az_xzjx(—nj
4(32-x2)

_ —4(32 —x%) x (8x) + 4x(64— 4x?)

3
8(32 —x2)2
For maxima and minima,
f'(x) =0

64 — 4x>

2432 —x2
X==+4
Now

4x%4(64—16—8x32 + 8x16)

f(4) = <0

3
g8(32—x2)z
X = 4 is point of maxima
1 I. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

fix) =x3-2ax?+a?x,a>0,xER
Answer

local maximum value = f(4)
=4V(32 - 4?)

= 4v(32 - 16)



= 4V16
=16
Local minimumatx =-4

Local minimum value = f(- 4)

-4V(32 - (- 4)2)

- 4V(32 - 16)
- 4V16

=-16
1 ). Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

2

f(x):x—i.'&:v 0.x=0
X

Answer
f(x) =x + 2, a>0x=0
X

fi(x)=1_2

x2

and f'(x) =2_f

For maxima and minima,

now,

f'(@a)=2/a>0asa>0

X = a is point of minima
f'(-a)=-2/a<0asa=>0

X = - a is point of maxima
hence

local max value = f(- a) = - 2a
local min value = f(a) = 2a

1 K. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x):xxjﬁ—)f —V'EEXE\E

Answer



232 —x2
2 — 2x°
V2 —x2
— (z—2zx2)2x
£7(x) = V2—x2(—4x) + Y e
=)

C —(2-xP)4x + 4x— 4x°

(2— x?)g

For maxima and minima,

fi(x) =0

Now

(1) <0

x = 1 is point of local maxima
f'(-1)>0

X = - 1 is point of minima
hence

local max value =f(1) =1
local min value =f(-1)=-1
1 L. Question

Find the points of local maxima or local minima and corresponding local maximum and local minimum values
of each of the following functions. Also, find the points of inflection, if any:

f(x)=x++1-x.x=1

Answer

flx) =x+ v1—x

f (X) = . 1 _ 24/ 1-x-1
2WIx  2y1—=x
Fr(x) = (V) « )
4(1—x)

For maxima and minima,

fi(x) =0
2Wyl1—-x—-1

2V1—x



VT7% =
X=1-1/4=3/4

Now

f'(3/4) <0

x = 3/4 is point of local maxima
hence

local max value = f(3/4) = 5/4
2 A. Question

Find the local extremum values of the following functions:
f(x) = (x - 1) (x - 2)

Answer

f(x) = (x-1)(x -2)2

f(x) = (x-2)%2 + 2(x - 1)(x - 2)
=(x-2)(x-24+2x-2)
=(x-2)3x-4)

f'(x) = (3x - 4) + 3(x - 2)

For maxima and minima,

f(x) =0

(x-2)3x-4)=0

x=2,4/3

Now

f'(2) >0

x = 2 is point of local minima
f'(4/3) =-2<0

x = 4/3 is point of local maxima
hence

local max value = f(4/3) = 4/27
local min value = f(2) =0

2 B. Question

Find the local extremum values of the following functions:

f(x)=x+fl-x.x=1

Answer
f(x) = xWl—x

SF(x) = VI—X +

-1
2\;1—){( )

2(1—-x)—x
o 2Y1-x



2—3x
oW1 —x

fu(x) = zy'l(l_x](_SJ + f-_—ii

1
4{1—x)

For maxima and minima,
f'(x) =0
2—3x

2W1—x

X =2/3

Now

'(2/3) <0

x = 2/3 is point of maxima

hence

2
343

local max value = f(2/3) =
2 C. Question
Find the local extremum values of the following functions:
f(x) = - (x - 1)3(x + 1)
Answer
f(x) = - (x - 1)3(x + 1)2
f(x) =-3(x-1)2(x + 1)2 - 2(x - 1)3(x + 1)
=-(x-12(x +1)(3x + 3 + 2x - 2)
=~ (x-1)2(x + 1)(5x + 1)
f/(x) = - 2(x - 1)(x + 1)(5x + 1) - (x - 1P(5x + 1) - 5(x - 1)?(x - 1)
For maxima and minima,
fi(x)=0
-(x-12%(x+1)(5x+ 1) =0
x=1-1,-1/5
Now
f(1)=0
x = 1 is inflection point
f'(-1)=-4x-4=16>0
= - 1 is point of minima
f'(- 1/5) = - 5(36/25)*4/5 = - 144/25 < 0
x = - 1/5 is point of maxima
hence

local max value = f(- 1/5) = %3¢

23

local min value =f(-1) =0



3. Question

The function y = a log x + bx% + x has extreme values at x = 1 and x = 2. Find a and b.
Answer

we have

y = alog x + bx? + x

dy a
—=-+2bx+ 1
dx X
And &y _ _ 2

= xz—|r2b

For maxima and minima,

dy
E_O

a
- +2bx+1=0
X

Given that extreme value existatx =1, 2

fiab = 1
: _

a+8b=-2.... (2)
solving (1) and (2) we get
a=-2/3b=-1/6

4. Question

Show that IOgX has a maximum value at x = e

X

Answer

logx

the given function is f(x) =

X(%) —logx _ 1—logx

f'(x) = e =
Now f'(x) = 0

l-logx=0

logx=1

log x = log e

X=e

2(_}1;)_(1—105:{](23{]

W

NOW ¢rr(yy — x

—x —2x(1 —logx)

X‘l-

—3 + 2logx
XE

Nowfu(x) =—3+210g£‘ — —-3+2 — _i < 0
e? e? e?



Therefore, by second derivation test f is the maximum at x = e.

5. Question

Find the maximum and minimum values of the function f(x) = +X.
o)

X+s2

Answer

f(x)

f'(x) =

T 42

£(x) = —>

T x+2)°

For maxima and minima,
f'(x) =0

4
C(x + 2)2

+1=0
(x+22=4

x2 +4x =0

X(x+4)=0

x=0,-4

Now f’(0) =1 >0

x = 0 is point of minima
f'(-4)=-1<0

X = - 4 is point of maxima
Local max value =f(-4) =-6
Local min value = f(0) = 2
6. Question

Find the maximum and minimum values of f(x) = tan x - 2x.
Answer

we have

y = tanx - 2x

y' = secx - 2

y" = 2sec?xtanx

For maxima and minima,
y'=0

sec2x = 2

secx = V2

3n

T
X=_’_
4 4

y'()=4>0



X = E is the point of minima
y' ) =-4<0

4
X = STH is the point of maxima

hence

max value = f(%”) =-1 —32—'”

min value = f(E) =1-Z
4 2
7. Question

If f(x) = x3 + ax? + bx + c has a maximum at x = - 1 and minimum at x = 3. Determine a, b and c.

Answer
consider the function f(x) = x3 + ax?2 + bx + ¢

Then f(x) = 3x2 + 2ax + b
It is given that f(x) is maximum at x = -1
f(-1)=3(-1)2+2a(-1)+b=0
f(-1)=3-3a+b=0.... (1)
it is given that f(x) is minimum at x = 3
fi(x) =3(3)2+2a(3)+b=0
f(3)=27+6a+b=0.... (2)
solving equation (1) and (2) we have
=-3andb=-9
since f'(x) is independent of constant ¢, it can be any real number
8. Question
Prove that f(x) = sin x 4+ V3 cos x has maximum value at x = /6.
Answer
f(x) = sin x + V3 cos x
f'(x) = cos x - V3 sin x
Now,
f(x) =0
cosx-v3sinx=0
cos x = V3 sin x

cotx =vV3
R
X =-
(Y
Differentiate f"'(x), we get
f'’(x) = - sin X V3 cos x

f”(g) = —sin (E) — /3 cos (E) <0



Hence, at x = E is the point of local maxima.

Exercise 18.4
1 A. Question

Find the absolute maximum and the absolute minimum values of the following functions in the given
intervals:

f(x) = 4x - x2/2 in [-2, 45]

Answer

given function is f(x) = 4x — x*
2

f'(x) =4 -x
Now,
fi(x)=0
4-x=0
X=4

Then, we evaluate of f at critical points x = 4 and at the interval [ - 2,3]

f4) = 4(4) - " =8

f(-2) = 4(-2) - (_532 = —10

9 %"
f(5)=4(2)_Q - 13_% = 7.875

2 2

Hence, we can conclude that the absolute maximum value of fon [ - 2, 9/2] is 8 occurring at x = 4 and the
absolute minimum value of fon [ - 2, 9/2] is - 10 occurringat x = -2

1 B. Question

Find the absolute maximum and the absolute minimum values of the following functions in the given
intervals:

f(x) = (x - 1)> + 3in [-3, 1]
Answer

given function is f(x) = (x — 1)? + 3
Af(x) = 2(x - 1)

Now,

Then, we evaluate of f at critical points x = 1 and at the interval [ - 3, 1]
f(1)=(1-12+3=3
f(-3)=(-3-12+3=19

Hence, we can conclude that the absolute maximum value of fon [ - 3, 1] is 19 occurring at x = - 3 and the
minimum value of fon [ - 3, 1] is 3 occurringatx =1

1 C. Question



Find the absolute maximum and the absolute minimum values of the following functions in the given
intervals:

f(x) = 3x* - 8x3 + 12x% - 48x + 25in [0, 3]

Answer

given function is f(x) = 3x* — 8x® + 12x? —48x + 25
~f'(x) = 12x3 — 24x% + 24x — 48

f'(x) = 12(x*—2x? + 2x—4)

f'(x) = 12(x—2)(x% + 2)

Now,

fi(x)=0

x = 2 or X2 + 2 = 0 for which there are no real roots.
Therefore, we consider only x = 2 g[0, 3].

Then, we evaluate of f at critical points x = 2 and at the interval [0, 3]
f(2) = 3(2)*—8(2)% + 12(2)2—48(2) + 25

f(2) =48 -64 + 48 -96 + 25 = - 39

25

f(0) = 3(0)*—8(0)® + 12(0)2—48(0) + 25
f(3) = 3(3)*—8(3)% + 12(3)2—48(3) + 25 = 16

Hence, we can conclude that the absolute maximum value of f on [0, 3] is 25 occurring at x = 0 and the
minimum value of f on [0, 3] is - 39 occurring at x = 2

1 D. Question

Find the absolute maximum and the absolute minimum values of the following functions in the given
intervals:

F(x)=(x —2)}yx —1in[1,9]
Answer

fix)=(x-2)yx—1

f(x) = yx—1 4+ 22

2@;:3
put
f(x) =0

- Vx—1 + 22

24 1

- 2(x—1) + (x-2) _

24/x—1

0

In—4
=

2yx—1

=0




f(4/3) = (i _ 2) Jf_l __2 _ _23
3 3 343 9

Hence, we can conclude that the absolute maximum value of f is 144/2 occurring at x = 9 and the minimum

value of is —2¥3 occurring at x = 4/3

9

2. Question

Find the maximum value of 2x3 - 24x + 107 in the interval [1, 3]. Find the maximum value of the same
function in [-3, -1].

Answer
let f(x) = 2x3 - 24 x + 107

LX) = 6 X2 - 24 = 6(x2 - 4)

Now,

fi(x) =0
=6(x2-4)=0
>x2=4

=X =2

We first consider the interval [1, 3].

Then, we evaluate the value of f at the critical point x = 2 £[1, 3] and at the end points of the interval [1, 31].
f(2) = 2(23)- 24 (2) + 107 = 75

f(1) = 2(1)3 - 24(1) + 107 = 85

f(3) = 2(3)3- 24 (3) + 107 = 89

Hence, the absolute maximum value of f(x) in the interval [1, 3] is 89 occurring at x = 3,

Next, we consider te interval [ - 3, - 1].

Evaluate the value of f at the critical point x = -2 g[1, 3]

3. Question

Find the absolute maximum and minimum values of the function f given by f(x) = cos?x + sin x, x € [0, ).

Answer

2y + sin x

f(x) = cos
f'(x) = 2 cos x (-sin x) + cos x
= 2 sin X COS X + COS X

now, f'(x) =0

= 2 sin X COS X = COS X

= cos X(2sinx-1) =0

=sinx=1/2orcosx =0

=>x=360r32asxe[0,~n]

So, the critical points are x = Ez and x = Eﬁ and at the end point of the interval [0, 1] we have,

= con(5) + m(2) = ()



f(0) = cos?0 + sin0=1+0=1
f(n) = cos?m + sinr=(-12) +0=1
fC) =cos?Z + sin==0+1=1

2 2 2

Thus, we conclude that the absolute maximum value of f is 5/4 at x = 36, and absolute minimum value of fis

1 which occurs at x = 0, %and .

4. Question
Find absolute maximum and minimum values of a function f given by f(x) = 12x#3 - 6x1/3, x € [-1, 1].
Answer

We have,

f(X) = 1255 — 6x5

1 —
f(x) = 1653 — & = 28
X3 x3
Thus, f'(x) =0

Further note that f'(x) is not define at x = 0.

So, the critical points are x = 0 and x =§1 and at the end point of the interval x =-1land x =1

f- 1) = 12(—1)5 — 6(—1)3

_h

=
o

=
|

= 12(0)5 — 6(0)3
i) =126 - 62

f(1) = 12(1): — 6(1)z

Thus, we conclude that the absolute maximum value of fis 18 at x = 1, and absolute minimum value of f is
—g which occurs at x = Z:'

5. Question

Find the absolute maximum and minimum values of a function f given by f(x) = 2x3 - 15x2 + 36x + 1 on the
interval [1, 5].

Answer

Given,

f(x) =2x3-15x% + 36x + 1

f(x) = 6 x2 - 30 x + 36

f(x) = 6(x2-5x + 6) =6 (x - 2)(x - 3)

Note that f'(x) = 0 givesx =2 and x = 3

We shall now evaluate the value of f at these points and at the end points of the interval [1, 5],
i,e.atx=1,2,3and5

Atx =1, f(1) = 2(13) - 15(1)2 + 36(1) + 1 = 24



At x =2, f(2) = 2(23) - 15(2)2 + 36(2) + 1 = 29
At x = 3, f(3) = 2(3P- 15(3)2+ 36(3) + 1 = 28
At x = 5, f(5) = 2(5)3- 15(5)%+ 36(5) + 1 = 56

Thus, we conclude that the absolute maximum value of f on [1, 5] is 56, occurring at x = 5, and absolute
value of fon [1, 5] is 24 which occurs at x = 1.

Exercise 18.5

1. Question

Determine two positive numbers whose sum is 15 and the sum of whose squares is minimum.
Answer

Let the two positive numbers be a and b.
Given:a+b=15...1

Also, a2 + b2 is minima

Assume, S = a2 + b?

(from equation 1)

=S =a%+ (15-a)?

=S =a’ + 225 + a’ - 30a = 2a% - 30a + 225

- %= 4a-30
da

z

45 _

da®

: d?s ds - -
Since, > 0= = 0 will give minimum value of S.

da a

4a-30=0
=a=7.5

Hence, two numbers will be 7.5 and 7.5.

2. Question

Divide 64 into two parts such that the sum of the cubes of two parts is minimum.
Answer

Let the two positive numbers be a and b.

Given:a+b=64...1

Also, a3 + b3 is minima

Assume, S = a3 + b3

(from equation 1)

=S=2a3+(64-a)’

:}?=3a2+3(64—a)2x(-1)
a

as _ 0 (condition for maxima and minima)
Aa

=23a2+364-a)2x(-1)=0



= 3a2 + 3(4096 + a2-128a) x (-1) =0

=3a2-3x4096-3a%2+424a=0

=a =32

d2

FEvh 6a + 6(64-a) = 384

Since, 4S5 0= a= 32 will give minimum value

da?

Hence, two numbers will be 32 and 32.
3. Question

How should we choose two numbers, each greater than or equal to -2, whose sum is 1/2 so that the sum of
the first and the cube of the second is minimum?

Answer

Let a and b be two numbers such thata, b =-2

Given:a + b =§

Assume, S = a + b3
_ 1.3
= S—a+(5-a)

45 _ 1 a)2(-
= =1+3C-a)7(-1)

Condition maxima and minima is

ds
— =0
l 2
1+3(—— )—1:0
= 5 d
l 2
oo -
= 2 =

d?s 6(1 )

—_— —— a

da? 2

For S to minimum, ﬁ> 0
da?

D3| =
o

= a=
AY

il

W

1 1
Hence,a = -——=andb =
2 V3 v

4. Question

Divide 15 into two parts such that the square of one multiplied with the cube of the other is minimum.



Answer

Let the two numbers be a and b.
Given: a + b =15

Assume, S = aZb3

=S =a?(15 - a)3

25 = 2a(15 - a)3- 3a%(15 - a)2

da

Condition maxima and minima is

ds 0
- =

=2a(15-a)3-3a%(15-a)2=0
= a(l5-a)? {2(15-a)-3a} =0
= a(l5-a)2{30-5a} =0
=a=0,156

d2s

== 2(15 - a)3 - 6a(15 - a)2 - 6a(15 - a)2+ 3a2(15 - a)
a

:}i% (15 - a){2(15 - a)2 - 12a(15 - a)+ 3a?}

da’

:}i% (15 - a){2(15 - a)2 - 12a(15 - a)+ 3a?}

da’

- 2
For S to minimum, d f> 0

da’
I -
a=0 =z = 450 = minima
a
I .
a==6 :F = — 378 = mMaxima
a
a=15 :;-:izs = 0 = point of inflection
a’

Hence, two numbers are 0 and 15

5. Question

Of all the closed cylindrical cans (right circular), which enclose a given volume of 100 cm?3, which has the
minimum surface area?

Answer

Let the radius and height of right circular cylinder be r and h respectively.
Given: Volume of Cylindrical can = 100 cm3

Volume of a cylinder = nir?h

= nr?h = 100
100

Surface of a cylinder, S = 2nrh + 2nr?

From equation we get,



100 B
= S= Zm(ﬁ) + 2mr

200
= 8§ = T + 2']'[1'2

Condition for maxima and minima

ds 0
ﬂm =
00
—— t4mr=0
T
200
= 4Mr =-—-
T
3 _ 200
== 4m
L
&)
=r=|—
i
d*s 400
- T

1
So, for .. _ {50}z
r=(%)
d2s
g-_ >0
e 121
This is the condition for minima

From equation 1, h = 100

e

1
3

100 50
= h = s=2 (—)
CO
T\
1 1
Hence, required dimensions of cylinders are radius = (ﬂ)a and height = , (E)B
i m
6. Question

A beam is supported at the two ends and is uniformly loaded. The bending moment M at a distance x from
one end is given by

N Voo 17 17 o3
M=y Wy o WX WX
2 2 3 31L°

Find the point at which M is maximum in each case.

Answer

Condition for maxima and minima is i—M =0
X

And for M to maximum £¥< 0.
dx?
(hM= Ty Yy
2 2
dM
=0



= T—WX=0
= ﬂ=‘U"J}>{
2
L
= x=£
2o

Hence, for x = g M will be maximum.

" Wr W@
(M ==-717
aM_ W X
dx 2 L2
w x?
= E—WE=O
w sz
=3 e
LZ
2
= X*=—
3
L
= X=+—
V3
d*M X
dx2z L2
So,

d*M 2w

de2 3L

L
Forx=—==
V3

d*M
dx?

— < 0 (condition for maximum value)

dx? ~ 3L

d®M _ 2w
Forx =— —

L
\."§

d*M
dx?

o = (0 (condition for minimum value)

L . .
Therefore, for x = = M will have maximum value.
J

7. Question

A wire of length 28 m is to be cut into two pieces. One of the pieces is to be made into a square and the
other into a circle. What should be the lengths of the two pieces so that the combined area of the circle and
the square is minimum?

Answer

Let the length of side of square be a and radius of circle be r.

It is given that wire is cut into two parts to form a square and a circle
Therefore, perimeter of square + circumference of circle = length of wire
= 4a + 2nr = 28

_ 28-Zmr  14-mr
4 2

.1




Let us assume area of square + area of circle = S

=S=a2+mnr?
_ (14—mr 2 2 f
=S = (_) + mr< (from equation 1)
2

Condition for maxima and minima

ds
el 0
= 2(—5) (E) +2mr =0
2 2
T /14 —Tr
= 2(5) (—2 ) = 2Tr

=(14—1r) = 4r

= r=—
4+m
d?s m? o
= T
dr? 2
L 14 . d*s  =n?
SO,fOI’I—‘Hﬂ :§:?+2ﬂ>0

This is the condition for minima

From equation 1

1l4—mor
2

a=

Substituting from equation 2

14
—a= 14-—1'[—4_'_“
2
7
=2a=7——
4+m
28+7m-7n
=ad=———
4+m
28
= a4 =———
4+

. . 14 28 .
Hence, radius of circle and length of square be :and? respectively.
TL TL

8. Question

A wire of length 20 m is to be cut into two pieces. One of the pieces will be bent into shape of a square and
the other into shape of an equilateral triangle. Where the wire should be cut so that the sum of the areas of
the square and triangle is minimum?

Answer

Let the length of side of square and equilateral triangle be a and r respectively.

It is given that wire is cut into two parts to form a square and a equilateral triangle
Therefore, perimeter of square + perimeter of equilateral triangle = length of wire
= 4a + 3r=20

20-3r
= a=——..1
4



Let us assume area of square + area of circle = S

=>S=82+L31‘2
4

2 s
=S = (ﬁ) +‘“T3 r2 (from equation 1)
4

Condition for maxima and minima

ds
- =

> 2= (B)+ Sr=0

3\ 20 —3r, /3
4 4 2

= 60— 9r = 4+/3r

0

4

&0

= r=—-..
9+44/3
d?s (9) . V3
drz  \8 2
So,forrzi,_ :}ﬁ= (E)+L§>O
9+4vy3 dr? 8 2

This is the condition for minima
From equation 1

20 — 3r
T4

d

Substituting from equation 2

9+ 443
23=—
4
. 45
= = —_
9+ 443
45 + 2043 — 45
= =
9+ 44/3
20V3
= 3 =
9 +-mﬁ§

&0 3 .
and222 respectively.

Hence, side of equilateral triangle and length of square be —
9+44/3 9443

9. Question

Given the sum of the perimeters of a square and a circle, show that the sum of their areas is least when one
side of the square is equal to diameter of the circle.

Answer

Let us say the sum of perimeter of square and circumference of circle be L
Given: Sum of the perimeters of a square and a circle.

Assuming, side of square = a and radius of circle =r

Then, L = 4a + 2nr...1



Let the sum of area of square and circle be S

So, S = a2 + mr?

2
= 5= (L_zm) + Tir?

4
Condition for maxima and minima

ds 0
- =

L-2mr

= (2)(—2‘1‘[)( T )+ 2r =0

L—Zm‘) oy
16 = 2Tr

= @)
= L—2nr=8r

=(8+2mMr=1L

L

= r=

8+ 2w
d?s TII2+2
- T
drz 2

L d®s mw®

So, forr = — F=?+2H>O

This is the condition for minima

From equation 1

L—2mr

a
4

Substituting from equation 2

L
L— 2me—ae
- 3= 8+21m
4
8L + 21L — 21
= 4(8 + 21)
8L
= e
T 4B+ 20
=a=2r

Hence, proved.
10. Question
Find the largest possible area of a right angled triangle whose hypotenuse is 5 cm long.

Answer

r
Given: Hypotenuse = 5 cm.

Let the two sides of right angle triangle be a and r.



According to the Pythagoras theorem, a2 + r2 = 25 ...1

. . 1
Assuming, area of triangle be, A = Jar

1 —
= A =3 v2b—r?.r
Condition for maxima and minima

dA
==

= G) G) (—21‘)(2;1.2)iz T+ G) (25—12)z=0

1

25—

0

= (12)()i+ (25 —17)2 =0

1

)2 = (25— r2)z

1
= ()G

—r2 =25-12

= 2r2=25
52
Sr=t2C
2

Since, r cannot be negative

Therefore, r = %E
dEA_ L 1 1 §+ ‘ 1 g+ IR 1 1
2= DG+ (D) + DG =)

1

(%]

So, forp = ¥

’

~ |

2 . .
j—f‘c: 0 = Area will be maximum
N

From equation 1,
aZ+r2=25
5\;@

2

1 50

A = —ar = —sqg.units
2 4 %

= a=

11. Question

Two sides of a triangle have lengths ‘a’ and ‘b’ and the angle between them is 6. What value of 6 will
maximize the area of the triangle? Find the maximum area of the triangle also.

Answer

B C
a
B




It is given that Two sides of a triangle have lengths ‘a’ and ‘b’ and the angle between them is 6.

Let the area of triangle be A
Then, A = ZabSin®

da 1
—>—=-3abCos 8
de 2

Condition for maxima and minima is
dA 0
de

:Z»Elab(]ose =0

0 b
= 0==
2

dzA_ 1 b Sin B
qgz =~ —;bsin

So, for A to be maximum,

m . . .
Hence, 8 = Z will give maximum area.

. . 1
And maximum area will be A = Eab

12. Question

A square piece of tin of side 18 cm is to be made into a box without top by cutting a square from each corner
and folding up the flaps to form a box. What should be the side of the square to be cut off so that the volume
of the box is maximum? Also, find this maximum volume

Answer

-

Side length of big square is 18 cm

Let the side length of each small square be a.

If by cutting a square from each corner and folding up the flaps we will get a cuboidal box with
Length, L =18 - 2a

Breadth, B = 18 - 2a and

Height, H = a

Assuming,

Volume of box, V = LBH = a(18 - 2a)?

Condition for maxima and minima is



da "

= (18 -2a)2 + (a)(- 2)(2)(18 -2a) =0
= (18 -2a)[(18-2a)-4al=0
= (18-2a)[18-6a] =0

= a=3,9

&V _ (-2)(18 - 6a) + (- 6)(18 - 2a)

da?

2
= = 24a — 144
A

_ o 43V _ dZA
Fora—Q,E—D, :}@>0

So for A to maximum

d?A

a0z <0

Hence, a = 3 will give maximum volume.

And maximum volume, V = a(18 - 2a)? = 432 cm3
13. Question

A rectangular sheet of tin 45 cm by 24 cm is to be made into a box without top, by cutting off squares from
each corners and folding up the flaps. What should be the side of the square to be cut off so that the volume
of the box is maximum possible?

Answer

A 45 B

24

o

lo

Length of rectangle sheet = 45 cm

Breath of rectangle sheet = 24 cm

Let the side length of each small square be a.

If by cutting a square from each corner and folding up the flaps we will get a cuboidal box with
Length, L = 45 - 2a

Breadth, B = 24 - 2a and

Height, H = a

Assuming,

Volume of box, V = LBH = (45 - 2a)(24 - 2a)(a)

Condition for maxima and minima is



dV_
i
= (45-2a)(24-2a) + (-2)(24 - 2a)(a) + (45-2a)(-2)(a) =0

0

= 4a2-138a + 1080 + 4a?-48a + 4a2-90a =0
= 12a2-276a + 1080=0
= a2-23a+90=0

= a=>5,18

2y 4
Fora=18,%"= +156, =94
d :dez =0

a2
So for A to maximum

dZA

q02 <0

Hence, a = 5 will give maximum volume.

And maximum volume V = (45 - 2a)(24 - 2a)(a) = 2450 cm3
14. Question

A tank with rectangular base and rectangular sides, open at the top is to be constructed so that its depth is 2

m and volume is 8 m3. If building of tank cost Rs 70 per square metre for the base and Rs 45 per square
matre for sides, what is the cost of least expensive tank?

Answer

Let the length, breath and height of tank be |, b and h respectively.
Also, assume volume of tank as V

h =2 m (given)

V=8cm3

= |lbh =38

= 2lb = 8 (given)

Cost for building base = Rs 70/m?
Cost for building sides = Rs 45/m?
Cost for building the tank, C = Cost for base + cost for sides

= C=1lbx70+2(I+b)h x 45
= C=Ixi:x70+2(l+;f)x2x45

- C=280+ 180(I+;f) L2

Condition for maxima and minima



Z>]—2=l
=12=4

=|=%2cm

Since, | cannot be negative

So,l=2cm

d?C 180 (8)

diz 12

For|=23C_ a’c

or = =180 =>>0

Therefore, cost will be minimum for | =2

From equation 2
C =280+ 180(I+%)
= C = Rs 1000

15. Question

A window in the form of a rectangle is surmounted by a semi-circular opening. The total perimeter of the
window is 10 m. Find the dimensions of the rectangular part of the window to admit maximum light through
the whole opening.

Answer

c

Let the radius of semicircle, length and breadth of rectangle be r, x and y respectively
AE=r

AB = x = 2r (semicircle is mounted over rectangle) ...1

AD =y

Given: Perimeter of window = 10 m

X+ 2y +mr=10

= 2r+ 2y +nr =10

= 2y =10-(n + 2).r

— 10- (m+ 2)r 2

=Y 2

To admit maximum amount of light, area of window should be maximum

Assuming area of window as A



A=xy+”_r2
2
= A = (2r) (Lo~ (m+ 2y | o
2 2
—A=10r-mr2-2r2 + 17
2

—~A=10r-2r2-"
2

Condition for maxima and minima is
dA 0

dr

=10-4r-r=20

10
=T ="
4+1

2
A- _4-n<o0
drz

10 . .
For r = — A will be maximum.
4+m

Length of rectangular part = ﬁm (from equation 1)

Breath of rectangular part = %”]rm (from equation 2)
(m+ 2)10
10 - —5—F7—
_ 4+
10
Y= 4+n

16. Question

A large window has the shape of a rectangle surmounted by an equilateral triangle. If the perimeter of the
window is 12 metres find the dimensions of the rectangle that will produce the largest area of the window.

Answer

L

Let the side of equilateral triangle, length and breadth of rectangle be a, x and y respectively
AE = AB = a (ABE is equilateral triangle)

AB = x = a (triangle is mounted over rectangle) ...1

AD =y

Perimeter of window = 12 m (given)

= AE+ EB +BC+ CD + DA =12



= at+a+y+x+y=10
= 2a+2y+x=10

= 3x + 2y = 12 (from equation 1)

12- 3x 2

=y ="

To admit maximum amount of light, area of window should be maximum

Assuming area of window as A

A=xy+L§a2
4

= A = (x)(u_—gx)Jr LEX? (from equation 1 & 2)
2 4
3 3
v

A=6x+|——=|x2
A= 6 (4 Z)X

Condition for maxima and minima is

dA_
dx

=X =63

_ 12 (6+v3) 4(6+/3)
=X= (6—3) " (643 11 )
FA_(B3), 214 < 0
az \z 2)@ =%

For x = *(5*Y3) A will be maximum.
11

Length of rectangular part = Mm (from equation 1)
11

12- 3x

Breath of rectangular part = m (from equation 2)

4(6 ++/3)
12-3.——7—
= =
y 2
132 — 72 — 124/3
y = 22
30 — 63
Y=
17. Question

Show that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius R is

Answer

-

NE)



C

Let the radius, height and volume of cylinder be r, h and V respectively
Radius of sphere = R (Given)

Volume of cylinder, V = nr?h ...1

OB h

2
OC=R
BC=r

In triangle OBC,

)+ =¥

= r2=R2- @)2 2

Replacing equation 2 in equation 1, we get

V=r(R2- G)z)(h) = nR2h - Trh_:

Condition for maxima and minima is

ﬂ:
dh
R? 3’ 0
= — e
T Tr4
R? 3h?
= MR* =m1—"o
4
2 _4n2
—h —SR
h +2R
= h=+—
V3

Since, h cannot be negative

Hence, h = éR
v 3
d2v 6h
anz - "4
2 dzv
For h = ER E< 0

. . 2
= V will be maximum for h = —ﬁR
J

18. Question

A rectangle is inscribed in a semi-circle of radius r with one of its sides on diameter of semi-circle. Find the
dimensions of the rectangle so that its area is maximum. Find also the area.



Answer

o B

Let the length and breadth of rectangle ABCD be 2x and y respectively
Radius of semicircle = r (given)

In triangle OBA

r2 = x2 + y2 (Pythagoras theorem)

o y2=r2-x2

= y=+rz2—x2..1

Let us say, area of rectangle = A =xy
= A = x (/rz — x2) (from equation 1)
Condition for maxima and minima is
dA
==

— 1 1
= \,11-2— X2+X(ﬁ)(§' [:—2X))= 0
VT2 —

2
=2 — x2— (‘_) —

VrE—x?

0

=r2-x2=x?

= 2x2=r2
X=+—

= Xx=fz

Since, x cannot be negative

r
Hence, x = =
v 2

5 _en
d“A 2 B Vr2 — x2
27 3 a3 2
dx VI — x2 (Vfrz _ x2)
- 2
Forx=—, %4<0
V2 dx?

. . r
= A will be maximum for x = =
N

From equation 1
y = \.JI-E — XE =

r
V2

Length of rectangle = /2y

7l =

b3

Breadth of rectangle =
J



Area of rectangle = 2

19. Question

Prove that a conical tent of given capacity will require the least amount of canvas when the height is v2
times the radius of the base.

Answer

[
Let the radius and height of cone be r and h respectively
It is given that volume of cone is fixed.

1
Volume of cone, V = Em'zh

v
=h=22..1
1-[1‘2

Curved surface area of cone, S = 1irl (I is slant height)

Since,] = \rz+ h?

2

3wV

= 1= |r2+ (—2)

r

mré +9V?2

1= e
VT2re 4+ 9Vv2

=2 l=————

T

S0, ¢ —_ e  TEre+9V2

S=Tr ———

S VTIZre + 9V?2

= =

r

Condition for maxima and minima is

ds 0
dr
3,“:721‘5 N .'Tl—Zré 4+ 9V2
- Vm2reé + 9v2 v -0

r2

3,“-2 1‘6 _ T[Eré _ gv2
r2\/m2re 4+ 9y2

= 2mr®* —9v? = 0

= 2mré =9v?...2



1
9VZ\6
()

Z a2s
For . (ﬂz)b, 950

= \oqz dr?

1
= S will be minimum for . _ (ﬂz)ﬁ
2m2

From equation 1

3 2nr?

h =— (from equation 3)
.1.[1.2

=h=Vv2r

20. Question

Show that the cone of the greatest volume which can be inscribed in a given sphere has an altitude equal to
2/3 of the diameter of the sphere.

Answer
Let the radius and height of cone be r and h respectively

Radius of sphere = R

d

S
RZ=r2+ (h-R)?
= RZ2=r?+h%+R%2-2hR
= r2=2hR-h?..1
Assuming volume of cone be V

Volume of cone, V = EIT[[:?.hR — h?)h (from equation 1)

1
= V= ET[[:thR — h?)

Condition for maxima and minima is

dV_O
dh

1
= Sm(4hR —3h%) = 0

= 4hR -3 h2= 0

4R

= h 3

4R 432V
Forh=_,‘”’<0
3 dh?

= V will be maximum for h = 'J‘?R



h_2
—5(2R)

21. Question

Prove that the semi - vertical angle of the right circular cone of given volume and least curved surface is
cot™ (\5)

Answer

i

S

s

r

Let ‘r’ be the radius of the base circle of the cone and ‘I’ be the slant length and ‘h’ be the height of the cone:

Let us assume ‘g’ be the semi - vertical angle of the cone.

We know that Volume of a right circular cone is given by:

SV = nr?h

3
Let us assume r¢h = k(constant) ...... (1)
>V = n_k

Sh = = ... 2)

Substituting (4) in (3), we get

=5 = mr(yrZ + h?)

From (2)

oo n([T)
1ol )

.'1~6+ kz
=S5 = Tr (“ )




18 + K2
¢ — (‘T[X\.l +k)

N
Let us consider S as a function of R and We find the value of ‘r’ for its extremum,

Differentiating S w.r.t r we get

ds _ d (11\."1‘6 + kz)

r

dr dr

Differentiating using U/V rule

dlvre + k2
n(l‘x [-,r + }_(V.'1.6+sz%)

= 45 dr
E - r2
1 dr® + k2) r——
7| r¥——x———— —/r® + k%x1
=ds ( s (v ))
dr r2
rxer P
~Jr% + K
= dSs _ (2»“r6+ k2 i )
dr r2
arf —_—
_Jre 1 K2
=ds _ ﬂ(v“r°+k2 v )
dar r2
o ar—(ré+ k?)
=d5 Jr6 + K2
dr r2
6_12
=§ _ 11{21 k ]I
dr r2re + k2

Equating the differentiate to zero to get the relation between h and r.

ds
= -
dr

B2
- m(2r®—k*)

23,18 + K2 B
Since the remainder is greater than zero only the remainder gets equal to zero
= 2r% = k2
From(1)
= 2r® = (r?h)?
= 2r6 = r%h?

=2r2 =h2

Since height and radius cannot be negative,
=>h = 2r e (5)

From the figure

= cota = —
From(5)

= cota = V2
=q = cot™ 12

. Thus proved.



22. Question

An isosceles triangle of vertical angle 26 is inscribed in a circle of radius a. Show that the area of the triangle

. . T
is maximum when g = .

6

Answer

A ABC is an isosceles triangle such that AB = AC.

The vertical angle BAC = 26

Triangle is inscribed in the circle with center O and radius a.

Draw AM perpendicular to BC.

Since, A ABC is an isosceles triangle, the circumcenter of the circle will lie on the perpendicular from A to BC.
Let O be the circumcenter.

BOC = 2x26 = 40 (Using central angle theorem)

COM = 26 (Since, A OMB and A OMC are congruent triangles)

OA = OB = OC = a (radius of the cicle)

In A OMC,
CM = asin26
OM = acos26

BC = 2CM (Perpendicular from the center bisects the chord)
BC = 2asin26
Height of A ABC = AM = AO + OM

AM = a + acos20
1
Area of AABC = 2 x AM x BC
Differentiation this equation with respect to 6

da d [%x (a + acos28) x (23511128)]

) de

dA

® - (2asin20)(—2asin28) + (a + acos28)(2acos28)
dA

= (—2a?sin?20) + (2a%cos20 + 2acos?20)



dA

= = 2a%(cos?20 — sin?28) + 2a%cos28
dA 2 2 2 22

=3 = 2a”(cos468) + 2a°cos20 (cos*x— sin“x = c0s2x)
dzA 2 . 2 a3

= a0z = —2 x 4% a*(sin48) + (—4a’sin28)

Maxima or minima exists when:

dA 0
de
Therefore,

2a%(cos40) + 2a%cos20 = 0
= cos48 + cos206 = 0
= 2c08’0—1 + cos28 = 0

= (2c0520 — 1)(cos28 + 1) = 0

1 s
Therefore,= cgs?28 = E=> 20 = 5

andcos28 = —1=20=m

m T

8=~
6'2

To check whether which point has a maxima, we have to check the double differentiate.

Therefore, at 6 = E:

FA_ s 2(sinax =) + (—4a%sin2 x—
02 = x4 x a“|sin ><6 (—4a“sin ><6)
d’A _— 2(.21‘[)_’_ sa?sinT
102 = x4 xa sin— (—4a 51113)

Both the sin values are positive. So the entire expression is negative. Hence there is a maxima at this point.
0= g will not form a triangle. Hence it is discarded.

There fore the maxima exits at:

5 T
6
23. Question

Prove that the least perimeter of an isosceles triangle in which a circle of radius r can be inscribed is 6v3r.

Answer



et
-

Q V¥ x Y R

Let PQR is the triangle with inscribed circle of radius ‘r’, touching sides PQ atY, QR at X and PR at Z.
0Z, OX, QY are perpendicular to the sides PR,QR,PQ.

Here PQR is an isosceles triangle with sides PQ = PR and also from the figure,

= PY =PZ=x

=2YQ=QX=XR=RZ=y

From the figure we can see that,

= Area(APQR) = Area(APOR) + Area(APOQ) + Area(AQOR)

We know that area of a triangle = gx basexheight

=2xQRxPX = (2x0zxPR) + (x 0YxPQ) + (3x QR x 0X)

=51><2y(1‘ + \,W) = (§><1‘><(x+ y)) + erx(x—l— y)) +
Gx 2y X 1‘)

=y(r + VX2 + 1Z) = r(x +y) + yr

=y(VxZ + 12) = r(x + y)

=>XZ + 12 = rlx+y)

y
S
=x>+r2 =1+ 1‘2:2 IZL:}']

y y
Sx(1-5) -2
x(e(a-2)-22) -
=S¥ = ;;ffz ...... (1)

We know that perimeter of the triangle is Per = PQ + QR + RP

=>PER=(x+vy)+ (X +vy)+ 2y



= PER = 2X + 4y ...... (2)

From(1)
_ 41‘2_1,1'
=PER = ——: + 4y
4y(r® +y°—r?)
=PER = =5
4}'3
=PER = -~

We need perimeter to be minimum and let us PER as the function of y,

We know that for maxima and minima dciERj = 0,
y

a2 ]
= d(PER} Z_r2
dy o dr

oydley?) 1d(y2-r?)
S apEry -t g—(4°)

d}" - @2_1-2]2
_ dPER) _ (r*-r)12y?)-((4y*)2y)
d.}" (},2_1.2]2

4_g9u2n2
:>d(PER] _ 4yt-1Zyr

d}, (,’,2_1.2]2

= 4y*-12y?%r2 =0

= 4y%(y?-3r%) =0

=y = 3r
Differentiating PER again,

N d*(PER) _ d (6}1"’—12_1;21‘2)
dy? - dy & (y2-r2)2

disy*- z d
L, 42 (PER) {yz_l.z]zwd%;fr)_{é},a_ lzyzl.z}d_y{{},z_rz}zJ

d},z @2_1.2]4

— dZ(PER) _ ({yz—rz}2{24}'3—24}&‘2}]—({6}!"—12}'21‘2}(2{)'2—1‘2}(2}!])]

dy? (y2-r2)*
_, &*(PER) ({31-2—1-2}2{72 Jard-2 4-,-'§1-3}J—({54r4—3 61-4}(2(31-2—1-2]{2 ﬁr}]j]
dy? I}' =43r — (3r2—r2)*
_, d%(PER) B ({41-“}(49 \,'El‘a})—(( 18r4)( sﬁra})
dy? ly=var = 1612
_, 4*(PER) _483r’
dy? ly=var = 16r°
2 =
=42 (PER]| _ = = 2250(minima)
dy? ¥ =4/3r r

We got minima aty = ,/3r.

Let’s find the value of X,

2.3
by — 2r {;31]
I[\."El'} -2

=X =,/3r



= PER = 2(,/3r) + 4(/31)

= PER = 6,/3r

v
. Thus proved
24. Question

Find the dimensions of the rectangle of perimeter 36 cm which will sweep out a volume as large as possible
when revolved about one of its sides.

Answer

I
The perimeter of the rectangle with length L and breadth b is 2(I + b)
Therefore,
2(L+ b) =36
L+b=18
b=18-L

Let the rectangle be rotated about its breadth. Then the resulting cylinder formed will be of radius L and
height b.

Volume of cylinder formed V = nL2b = n(18L2 - L3)

To find the dimensions that will result in the maximum volume:

dv
— =m(18x2xL—-3x%x(L?) =0

dL
36L = 3 x (12)
L = 12,0

L cannot be 0. L is taken as 12 cm.

Therefore b = 24.

v 18x2—-3x2x(L)
iz = (18 X x 2 x (L)
AtL =12,

v = —36m = 1

dL2 = T = 4a—Vvevalue

Therefore a maxima exists at L = 12, meaning the volume of the constructed cylinder will be maximum at L
=12 cm.

25. Question

Show that the height of the cone of maximum volume that can be inscribed in a sphere of radius 12 cm is 16
cm.



Answer

1
Volume of cone = g"rrrzh,r is the radius of the cone

Let h and r be height and radius of the required cone.
R be the radius of the sphere.

Now, it must be understood that for the cone to have maximum volume, the axis of cone and sphere must be
the same.

Let OD = x
In A BOD,

BD = JRZ—x2 = /144 —x2

AD =A0 +0OD =12 + x

1 1 1 2
Volume of cone = V = gnrzh = g’lTBDEAD = grwl-fl--’-l-—xz (12 + x)

v d(%n(lﬂrd:—xz){lz + x))

dx dx

qv d(%ﬂ(l?ZB + 144x— 12x% — x%)

dx dx

v T (144—24x—3x%) = 0
:}dx_B X — 3x°) =

The roots of this quadratic equation is - 12 and 4. As - 12 is not possible, we have x = 4.
Therefore, the volume is maximum when the x = 4.

Therefore the height of the cone =R + x =12 + 4 = 16cm.

26. Question

A closed cylinder has volume 2156 cm3. What will be the radius of its base so that its total surface area is
minimum?

Answer



Volume of the cylinder = 2156 cm3
Formula for volume: V = nr2h
Therefore,

2156
o2

We need to find the value of r for which the total surface area will be minimum. Hence we rewrite the value
of hin terms of r.

Total surface area = 2nr? + 2nrh

Therefore,
, 2T 2156 . 2x2156
TSA =S = 2mr +72=2m' I ——
mr r
Hence,
ds 4312 ) o
e 2m(2r) + [—1’2] = 0 (For maxima and minima)
3 _ 4312
4n
34312 7
r = o~ m
d2s 4312 x 2 ) N
=i 2m(2) + [—] at 7cm is a positive value

Therefore, r = 7cm is the answer

27. Question

Show what the maximum volume of the cylinder which can be inscribed in a sphere of radius 5\,’57 cm is 500

ncm3.

Answer




The maximum volume cylinder will be carved when the diameter of sphere and the axis of cylinder coincide.
Let h be the height of our cylinder.
r be the radius of the cylinder.

R = 53 radius of the sphere

OL = x

H = 2x

In A AOL,

AL = JAO? — OL?AL = /75 — x2Volume of cylinder V = nr2h
V = m(AL%)LM

V = m(75—x?)(2x)

=V = m(150x — 2x?)

Therefore,

\'
il (150 — 6x%) = 0 (Since we need maximum volume)

6x% = 150x = +5
x = - 5 cannot be taken as the length cannot be negative.

At x = 5, we have to check whether maxima exits or not.

Therefore,
dv?
E = T[(—lZX)

2z . . . .
At x = 5,% is negative. Hence, maxima exits at x = 5.
X

Therefore, at x =5
Volume of Cylinder = n(75 - x2)(2x)
Volume = n(75 - 25)(10) = 500m

28. Question

.
Show that among all positive numbers x and y with x2 + y2 = r2, the sum x + y is largest when x = y = —.

o

Answer

X,y are positive numbers

xZ2 4+ y2 = r2 is the given condition

Therefore,
y = \fﬂ (Note that the — \."W isnot considered as thex and y are + ve)
Let
f=x+y=x+r2-x2
df 1
1+ ———=x(-2x) =0

& - 2\:'1‘2 — XZ



=1
2yr? —x?2
2X I —s
T = 2\.' r2 —x2

X = —
V2
And,
2
2 — (\In'rg —_ XQ + Xi) I'
d=f JTZ —x2/atx = —=
dx2 r?2 —x? vz
1.2
— 1‘2 — E 4 E
*\’ 2 , 2
d—zf = - < 0 (Maxima)
ax? L
2
29. Question

Determine the points on the curve x? = 4y which are nearest to the point (0, 5).

Answer

Given Curve is x2 = 4y ...... (1)
Let us assume the point on the curve which is nearest to the point (0, 5) be (x, y)
The (x, y) satisfies the relation(1)

Let us find the distance(S) between the points (x, y) and (0, 5)

We know that distance between two points (x3,y1) and (x3,y>) is \M”h —%,)2 + (y; — v, )%

=S

JG=07 + G-5)°

=S5 = /x2+y2—-10y + 25
Squaring on both sides we get,
=52 =x2+y2-10y + 25

From (1)



=52 = x2 + (92—10(9 + 25

-52 = X (%) 4 25
16 4
We know that distance is an positive number so, for a minimum distance S, S will also be minimum

Let us S? as the function of x.

For maxima and minima,

ds2 .

dx
(ﬂ_“_12+2-]
= "lis & 5 =0
dx

4x? 12

= = _0
16 4

X 12x
i
4 4

=>x3-12x =0

= x(x?-12) =0

On solving we get

=x =0,x = Zn@,x = —2»@

Now differentiating again

4252 d (xa 12 x)
= | _ =
dx2 dx \ 4 4

- d*52 3x® 12

dx? 4 4

= dZ52 2x?

dx? 4

Atx =0

22
=>dS
dx?

3{0)®
lx=0 = ———3

2c2
=>d5|
dxz 1x=0

= —3 < 0(maxima)
At x = 2,3
-, d2s? 3(2y3)°

o k=2 = =, 3

Zg2
Lo a2
dx2 lx=2423 4

Z¢c2
:>dS I =
dx? 1x=242

Z¢c2
:>d 5 I _
dx? 1x=242

= 6 > 0(Minima)

Atx =-2y3
d2s? o=

- _ a2
dx2 Ix:—2\."§ - 4

-, d°§* 3(12)

dx2 Ix:—2\."§ = 4 -3



2¢c2
- 475 _
di2 lx=-243

=9-3

d2s? o
= a lx=-23 = 6 > 0(Minima)
We get minimum distance at x = +2,/3

Let find the value of y at these x values

2y3)°
:yz{\;}
=2y =

-2y3)°
=>y={ :}
>y =23

~. The nearest points to the point (0,5) on the curve are (+2,/3,3).
30. Question

Find the point on the curve y2 = 4x which is nearest to the point (2, -8).

Answer

Given Curve is y2 = 4x ...... (1)
Let us assume the point on the curve which is nearest to the point (2, - 8) be (x, y)
The (x, y) satisfies the relation(1)

Let us find the distance(S) between the points (x, y) and (2, - 8)

We know that distance between two points (x;3,y;) and (x3,y3) is vf(xl —%,)2 + (y; —v2)%

=S

JE=2)2 + (y + 8)2

=S = /x?—4x + 4 +y? + 16y + 64

=S = /x2—4x + y2 + 16y + 68
Squaring on both sides we get,
=52 =x2+vy2-4x + 16y + 68
From (1)

=52 — (1';)2 + yZ—-’-}(};) + 16y + 68



},4
=8% = + ley + 68

We know that distance is an positive number so, for a minimum distance S, S2 will also be minimum
Let us S? as the function of y.

For maxima and minima,

ds?
=

dy

yd
d.(— + 16y + 68]
= 16 — 0
dy

=3
=2 _16 = 0
16

=L _16=0
4
=>y3-64=0
1
y = (64):

On solving we get
ﬁy = 4
Now differentiating again

dzs? d 2
== = _(1"__ 16)
dy dy \ 4

| ais? _ 3y?

dy? 4
Aty =4
LES R,
dl-'z y=4 4
a2s? .
Ay ly=4 = 9 > 0(minima)

We get minimum distance aty = 4

Let find the value of x at these y values

. The nearest point to the point (2, - 8) on the curve is (4,4).
31. Question
Find the point on the curve x2 = 8y which is nearest to the point (2, 4).

Answer



Given Curve is x2 = 8y ...... (1)
Let us assume the point on the curve which is nearest to the point (2, 4) be (x, y)
The (x, y) satisfies the relation(1)

Let us find the distance(S) between the points (x, y) and (2, 4)

We know that distance between two points (x1,y1) and (x2,y2) is \[(x; —x,)% + (y, — y,)*

=85

JG=D2 + -4

=S = /x2-4x+ 4 +y>2—-8y + 16

=S = Jx2 + y2—4x—8y + 20
Squaring on both sides we get,
=52 =x2+y2-4x -8y + 20

From (1)

=>g2 _ y2 4 (5)2—4){—8(§) + 25

= g2

xd

——4x + 20

64

We know that distance is an positive number so, for a minimum distance S, S2 will also be minimum

Let us S2 as the function of x.
For maxima and minima,

=
- 45

dx

dx =0
4%
=>E_ =0
=X _4 -
16
=x3-64=0
1
®x = (64):

On solving we get



=>X=4

Now differentiating again

LEE a2

dx2 dx \16
Les s
dx2 16
Atx =4
= dzszl _ 3(a)®
dx2 1X= 4 16
d2s? n
el PRSI 3 > 0(minima)
el P

We get minimum distance at x = 4

Let find the value of y at these x values

= y = 2
.. The nearest point to the point (2,4) on the curve is (4,2).
32. Question

Find the point on the parabolas x2 = 2y which is closest to the point (0, 5).

Answer

Given Curve is x2 = 2y ...... (1)
Let us assume the point on the curve which is nearest to the point (0, 5) be (x, y)
The (x, y) satisfies the relation(1)

Let us find the distance(S) between the points (x, y) and (0, 5)

We know that distance between two points (x3,y1) and (x3,y>) is vf(xl — Xz)z + (yl -V, )2.

=5

JGE=O0Z F -5

=S = Jx2 4+ y2—10y + 25
Squaring on both sides we get,
=52 =x2 +y2-10y + 25

From (1)



=52 = x% + (g)z—m@) + 25

2 x* 2
=S5 = - —4x? + 25

We know that distance is an positive number so, for a minimum distance S, S? will also be minimum
Let us S2 as the function of x.

For maxima and minima,

2
=>dS

dx

= x(x?-8)=0
On solving we get
=x =0,x = 2V2,x = —2y2

Now differentiating again

d*s® d
= = — 3 p—
dx2 dx (X 8){)
dzs?
= — 2 _
e 3x 8
Atx =0
dZSZ
= dx2 x=0 — 3(0)2_8
dzs? .
® a2 lxk=0 = 78 < 0(maxima)
At x = 2.‘?@
_, 42§*

2
dx? |3{=2\."5 = 3(2\'6) -8

2¢2
=d. g I _
dx2 lx=2y2

— 3(8)—8

2¢2
=d. g I _
dx2 lx=2y2

= 16 > 0(Minima)
Atx =-2,/2

Zg2
=>dS

2
T lx=ayz = 3(-2V2) -8

g2
=>dS

ﬁlx:—Q\;’E = 3(8)_ 8

Zg2
=>dS

e lx=—2yz = 16 > 0(Minima)
We get minimum distance at x = +2,/2

Let find the value of y at these x values



2y3)°
:}’:{;}
=>y=4

—2y3)°
=y={ 2\'}
=>y=4

- The nearest points to the point (0,5) on the curve are (+2,/2,4).
33. Question

Find the coordinates of a point on the parabola y = x2 + 7x + 2 which is closest to the straight line y = 3x -
3.

Answer

Given equation of the parabola is y = x2 + 7x + 2 and straight lineisy = 3x-30r3x-y-3=0
Equation of parabolay = x2 + 7x + 2 ...... (1)

Let us assume the point on parabola which is closest to the line be (x, y)

We know that distance between the point (xg, yg) and the lineax + by + c=0is

X, +b +
=95 = |axg Yo + ¢l

'\:Iaz + bz

Now we find the distance between the line and point on parabola

g — _Bxy3l
J@?2+ 02
From(1)
>3 = |3x—{x2+7x}+2|
vo9+1
-5 — |x® +4x-2|
V10
2 —
=9 = X + 4x—-2
V10

Let us assume S be the function of x

®Z+ax—2
=d5 _ d( V18 ]

dx dx




ds 2x+4
= —

dx V10
For maxima and minima

ds
= =
dx

2x + 4
= —
v 10

=0

=22x+4=0
22X =-4
:X=-2

Now differentiating again

ds d (2x+4—)
= — =

dx? E V1o
d2s 2
= — = —
dx? \."ﬁ
Atx =-2
d*s 2
= —|. = = — > 0(minima
dx2 Ix— -2 \’,vﬁ ( )

We get the minimum distance at x = -2

Let’s find the value of y at this x value

Ssy=(-2P+7(-2)+2

=2y=4-14+2

>y=-8

. The point ( - 2, - 8) is the nearest point on the parabola to the liney = 3x - 3.

34. Question

Find the point on the curve y2 = 2x which is at a minimum distance from the point (1, 4).

Answer

Given Curve is y2 = 2X ...... (1)
Let us assume the point on the curve which is nearest to the point (1, 4) be (X, y)
The (x, y) satisfies the relation(1)

Let us find the distance(S) between the points (x, y) and (1,4)



We know that distance between two points (x1,y1) and (x2,y2) is \/[(x; —x,)% + (y, — y.)*

=5 = (G=D2 + G-

=S =J/x2-2x+1+y2-8y + 16

=S =/x2-2x + y2-8y + 17
Squaring on both sides we get,
=52 =x2+y2-2x-8y + 17

From (1)

=52

(£) +y2-2(2) -8y + 17
-5 =¥ _gy 4 17
4

We know that distance is an positive number so, for a minimum distance S, S? will also be minimum
Let us S? as the function of y.

For maxima and minima,

ds?
= —
dy

dy
=3
=2 _8=0
5 1
y = (8)=

On solving we get
=2y =2
Now differentiating again

d*s? . i 3
= d},z - d},(y 8)

d*s? 2
= ay? = 3y

Aty =2

4252

? y=2 = 3(2)2

dZSZ .
=?Iy:2 = 12 > 0(minima)

We get minimum distance aty = 2
Let find the value of x at these y values

_ @
T2

=X
=>2X=2

.. The nearest point to the point (2, 2) on the curve is (4,4).



35. Question

Find the maximum slope of the curve y = -x3 + 3x2 + 2x - 27

Answer

%=—3x2+6x+2=sloe
dx P

We need to find the maximum value of the slope, meaning we have to double differentiate the value of slope
to find the maximum value of slope

d(slope
Q=—6x+6=0>{=1
dx
d? (slope .
% = —6 = Maxima exists atx = 1.Maximum slope:

Slope (max) =-3(1) + 6(1) +2 =5

36. Question

7

X
The total cost of producing x radio sets per daysisRs | — + 35x + 27 Jand the price per set at which they
4

X
may be solid is Rs [ 50 —_J . Find the daily output to maximize the total profit.
-

e

Answer

Cost Price (CP) for producing x amount = L + 35x + 25
4
Selling Price (SP) per producing x amount = 50 —;—‘
12

Selling Price (SP) for producing x amount = 50x — ?

Profit P = SP - CP

x?  [x?
P = 50X———(I + 3b6x + 25)

2
dP
—=50—xXxX—=—-35=15—=x =10
dx
Xx = 10
Therefore,
d?P 3
dxz 2

Maxima exits, therefore we will get maximum profit at x = 10.

37. Question

X X
Manufactures can sell x items at a price of Rs [ 5 —_J each. The cost price is Rs [_ + SOOJ. Find the
100 5

number of items he should sell to earn maximum profit.

Answer

X
Cost Price (CP) for producing x amount = 500 + 3



X
Selling Price (SP) per producing xamount = 5 — —

100
2
Selling Price (SP) for producing x amount = 5x — Too
Profit P = SP - CP
P o sxo X (£ + s00)
00 \s

P 52 22X (o find max
dx 50 5 & 50 (to find maxima )
X =240
Therefore,
e : <0
dx2 50

Thus x = 240 is a point of maxima.
Thus for maximum profit, x should be 240.
38. Question

An open tank is to be constructed with a square base and vertical sides so as to contain a given quantity of
water. Show that the expenses of lining with lead will be least, if depth is made half of width.

Answer

I
Let L be the length of the square base and h be the height/depth of the tank.

Expenses of lining implies the cost for lining the entire inner surface area of the tank; a base and four vertical
sides.

If we have minimum area to cover, we will have minimum costs incurred.
Internal area of the tank = L2 + 4Lh

Volume of the tank = L2h = V

Therefore,

A=12+ 4%y
L

dA2L4V0(F" d minima)
dL = XLZ = O mMaxima and minima

213 = 4V = 4L°h

We get two outcomes here.



L =0,2h

We discard L = 0, as it makes no sense.

So;

L = 2h.

Now to check whether a maxima or a minima exists

d?—A =2+ 4x2x E =0

dL? L3

Therefore a minima exists for all non zero values of L.
Hence for the tank lining costs to be minimum, h = L/2.
39. Question

A box of constant volume c is to be twice as long as it is wide. The material on the top and four sides cost
three times as much per square metre as that in the bottom. What are the most economic dimensions?

Answer

Let,

Width = b

Length L = 2b

Height = h

Cost of material on top and 4 sides = 3 x cost of material at bottom.

Here we do not have individual cost per area of different materials. But we can use the total surface area of
individual parts as replacement for the cost.

bx2b + 2(hxb) + 2(hx2b) = 3(bx2b)
2b2 + 2hb + 4hb = 612

6hb = 4b?
2
h = §b (Neglectb = 0)

Volume of the box = ¢ = bx2bxh = 2k?h

Therefore,
h C
~ 2b2

We want the optimum dimensions of the box. We find this by optimizing the total surface area to be
minimum. This is because the majority of the surface costs more.

Surface area(total) = S = 2(bh + 2bh + 2b?) = 2(2b? + 3bh)

s =2(20% + 3b><;?)

s = 2(2b% + 3><2—Cb)

ds—2(4b BC) =0
dx 2b2)

1
3c 3

b® = b = (E)
8 8



d*s

3c .
Fei 2 (-’-} + @) = 0 for all values of b. Therefore minima.

1
A minima exists at b = (ﬁ)B

8
Therefore:
1
h Zb 2(3c)§
3 3\8
And Length = 2b
1
3

L—2b—2(3c)
B B 8

40. Question

The sum of the surface areas of a sphere and a cube is given. Show that when the sum of their volumes is
least, the diameter of the sphere is equal to the edge of the cube.

Answer

Let us assume radius of sphere be ‘r’ and length of side of cube is ‘I’

We know that,
= Surface area of sphere = 4xr2

= Surface area of cube = 6/2

According the problem, the sum of surface areas of a sphere and cube is known. Let us assume the sum be S

We also know that,

4
= Volume of sphere = 51‘[1"3

= Volume of cube = I

We need the sum of volumes to be least. Let us assume the sum of volumes be V



>V = gm‘a + 13

From (1)

32
S—al-'r[rz)z
&

=

V=2t (
3
We assume V as a function of r.

For maxima and minima,

dv
= — =
dr
1
dfa S—4mrdlyz
=—(—m‘3 + (—) ) =0
dr\ 3 6
- fd(S—‘”U'z:l
= 3 fS—4mrey\z
e+ 2 (= )
2 [ dr

1

o 1 (EE () - o

= 2 - s—4mr®yz _
4 (ZTIII)( < ) =0

1
= amr? + 512—4-m'2)5 —0

4mr? — (2mr) ( -

=4mr? — (2mrl) = 0

=2mr(2r—1) = 0

Differentiating V again

1
d*v d 2 - s—dnryz
== E(-’-}m (21r) ( < ) )

1 -1
= d*V _ . (5—41-[1-2)5 B ] 1 (5_4,.“1.2)? d (S—:erz)
ae = BT 2m\ Ty (2mr) X 2\ Xa\ 6
L 1
=SV _ gy g ((mireiemt)E g (ameeloamtyE g
pe oo 2m s (nr) 5 X (—8r)
dazv g
=52 Y _ .
oz 8mr — 2m + .
Atr=20
dzv z
=2z l=0 = 8m(0) —2nl + @
dzv .
= ——lr=o = —2nl < 0(Maxima)
At I = l
2
z
dazv gml-
Szl = STE(‘)—ZTIII + )
dx? 'r =g 1
12
- & en()

1
dx? r=g 1



z
v 1 = 2ml + 2ml

zlp=2
dx p

2
V= am 0(Minima)

dxz 1‘:E
We get the sum of values least forr = %

We know that diameter(d) is twice of radius. So,

ﬁd=2x§

=d=I

. Thus proved.

41. Question

A given quantity of metal is to be cast into a half cylinder with a rectangular base and semi - circular ends.
Show that in order that the total surface area may be minimum the ratio of the length of the cylinder to the
diameter of its semi - circular ends is 1 : (1T + 2).

Answer

Let ‘h’ be the height ‘or’ length of half cylinder, ‘r’ be the radius of half cylinder and ‘d’ be the diameter.

We know that,

= Volume of half cylinder (V) = Elm‘zh

Now we find the Total surface area (TSA) of the half cylinder,

= TSA = Lateral surface area of the half cylinder + Area of two semi - circular ends + Area of the rectangular
base

=TSA = Trh +“Tr2+“71‘2+ (hxd)
From (1)

= TSA = T[I'Xj—:; + mr? + j—:;er
>TsA = Z(n + 2) + m?

We need total surface area to be minimum and let us take the TSA as the function of r,

For maxima and minima,

d(Tsa)
= dr =0

4d/2v 2\ _
:dr(m‘(ﬂf-i- 2) + mr ) =0

-2V
=m(ﬂ+ 2)+ 2nr =0

—2(3ar?h)m + 2)
- Zgmr)m+2) z)n +2mr =0
mr
=—(m+ 2)h+ 2r = 0

_ [m+2)h

2m

Differentiating TSA again,



d2TSA d (—2V(ﬂ+2]
= - + Zm‘)
dr? dr mr?

d*TSA aVim +2
= = ErD 4 oon

dr? e

L=
d2TSA 4| =mr®h J(m+ 2)
= (Gror*t) + 2m

dr? r?

z
= d*TSA 2h(m + 2}

- ¢ T2

Aty — (m+2)h
2m

d*TSA 2him + 2)

= arZ = “Tn+zh + 2m
2T

- TSR 4T + 2T

darz

z . .
=47 T5A 6m=>0(Minima)

dl.Z

. (m+2)h
We have got Total surface area minimum forr = —
T

We know that diameter is twice of radius

»d = 2r = 2x T228
2m
ﬁd:('l'[+2].'n
s
h ™
= - =
d ™+ 2

. Thus proved.
42. Question

The strength of a beam varies as the product of its breadth and square of its depth. Find the dimensions of
the strongest beam which can be cut from a circular log of radius a.

Answer

Let us assume ABCD be the cross section of beam that need to cut from the circular log of radius ‘a’.

Let us assume ‘b’ be the depth of the rectangle, ‘I’ be the length of the rectangle and ‘d’ be the diameter of
circular log.

From the AABC,

=d? =P+ b?



From (1)

= (2a)2 = 12 + p?

From(2) and (3)

=S =1(4a’-1?)

=S =4a-P

We need strength of the beam to be maximum, let us take S as a function of |

For maxima and minima,

ds
= —

a =0

- d(2a"1-1%) _
dl

= 312 = 432
»] = [*
3
=] = 23
NS

Differentiating S again,

a’s  d
= _ 42 o2
B dl(-ﬂra 31%)
azs
=" _ _
= 6l
2
Atl = =,
V3
d?s 2a
S8 e = —6(%)
di2 1—\‘:5 V3
azs .
= |22 = —4+y/3a<0(Maxima)

Va

We get maximum strength for length 1 = 2—; lets find the depth ‘b’ for this I:
J

= b2 = (2a)2— (?)2

2
>h? = 432 -2
3
2
=)b2 — 8a
3
2\,"53
=>h = —
V3

ral

24/2a

Let’s find the strength of beam for] = 2—; andp =
J

wl

\

2

=g = (Za) (2 \."Ea)
W V3
3
=g — 16a

3 \."i



The dimensions of beam of maximum strength is (Q_f 2”?).
37 43
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43. Question

A straight line is drawn through a given point P (1, 4). Determine the least value of the sum of the intercepts
on the coordinate axes.

Answer

Let us the slope of the line passing through the point P(1,4) be m.

We know that equation of a straight line passing through the point (x;,y;) and having slope m is given by:
=y-y1=mx-x)

The equation of the straight line is:

=>y-4=m(x-1)

>mx-y=m-4

mx v

=1

=

m—4 m—4

X ¥
= mw== T =
—_— 4—m
m

This resembles the standard form z + % = 1, where a is x - intercept and b is y - intercept.

Here x - intercepta = 2= andb =4-m

m

According to the problem, we need sum of intercepts to be minimum,
Let us take the sum of intercepts to be S,

=S=a+b

s =224 (4-m)

mi

4
=5 =5—-———m
m

Let us assume S is the function of m,

We know that for maxima and minima,

ds
= - —

dm

- d(S—%—m) -0

dm



4
>——1=0
m

=4-m2 =0 (- m2>0)
>m= %2

Differentiating S again

d?s d ( 4 )
= = —|——-1
dm? dm \m?2

2
- 4°s )
dm? m?
Atm=-2
dzs -8
= —

dm? (=2)3

z
s _ s
dm? -8
2 . .
95 _ 1>0(Minima)
dm?
Atm=+2
2
L& _ e
dm? 22
2
LS _ e
dm? 2
2 .
45 _ —1<0(Maxima)

dm?
We have got minima form = - 2

Using this value we find the sum of intercepts:

—2-4

= Smin = 5 + (4_ (_2))

—6
= Spnin = S + 6

=Smpin=3+6

= Smin =9

.. The least value of sum of intercepts is 9.
44. Question

The total area of a page is 150 cm?. The combined width of the margin at the top and bottom is 3 cm and the
side 2 cm. What must be the dimensions of the page in order that the area of the printed matter may be
maximum?

Answer



A B
T_ Q 1
i X Y z
| P
R
ﬁ.— I' 1
0 S | c

Let ABCD be the total page and A'B’C’'D’ be the area in which the matter is printed.
Let ‘I’ and ‘b’ be the length and breadth of the total page.

We know that area of the rectangle is Ixb

From the problem,

= Ib = 150cm? ...... (1)

= PQ + RS = 3cm

=>WX + YZ = 2cm

Let ‘I'’ and ‘b”’ be the length and breadth of the area in which the matter is printed,
From the figure,

=|"=(-2)cm

=b" = (b-3)cm

= Area of the printed matter (A) = (I - 2)(b - 3)cm?

From (1)

(1—2)(?—3)

=A

300

= A lBO_T_31+6

300

= A 156_T_31

We need Area of the printed matter maximum and let us take A as the function of |

We know that for maxima and minima,

dA
= — =10
dl

- d(i:‘;s—?—zl) B
dl o

:@—3 =0

2
=300 - 31> = 0 (~1°>0)

=12 = 100

= | = 10cm (since length is an positive quantity)

Differentiating A again,



Lea_ )
diz dl

2
= d<A —600

di® 12

Atl =10

- dZA —600

diz =10 = 1000

z
=>dAll_
qe '1=10

= —0.6<0(Maxima)

We get the area of the printed matter maximum for | = 10cm

Let’s find the corresponding breadth using eq(1)

= 10b = 150

= b =15cm

. The dimensions required for the printed area to be maximum is | = 10cm and b = 15cm.

45. Question

The space s described in time t by a particle moving in a straight line is given by s = t> - 40t3 + 30t2 + 80t -
250 Find the minimum value of acceleration.

Answer

Given:

The Distance(S) covered by a particle in time t is given by
=S = t> - 40t3 + 30t% + 80t - 250

We know that acceleration of a particle is given by %.
t

3 3 2 c
_, d5 _ d(t*-40t® + 30t? + g0t-250)

dt dt
ds 4 2
:a = 5t® — 120t° + 60t + 80
- 9°5 _ d(5t*-120t® + 60t + 80)
dez dt
d?s
=a = — = 20t* — 240t + 60
dt

We need acceleration to be minimum,

We know that for maxima and minima,

da
= =

dt=0

_, d(20t®-240t + 60) -0
dt

= 60t2—240 = 0

>t2=4

=t = 2 (" Time cannot be negative)
Differentiating ‘a’ again,

_, d%a _ d(s0t®-240)

di? dt



d%a
= = 120t

Att=2

d%a
=F|t:2 = 120x2

dza .
=F|t:2 = 240>0(Minima)

We get minimum for t = 2 sec,
The corresponding acceleration at t = 2 sec is,
= a = 20(2)3 - 240(2) + 60

=a

160 - 480 + 60

=a=-260
.. The minimum acceleration is - 260.
46. Question

4
A particle is moving in a straight line such that its distance s at any time t is given by ¢ :t_ 234482 =7

Find when its velocity is maximum and acceleration minimum.
Answer
Given:

The distance covered by a particle at time ‘t’ is given by,
£ 3 2
=S = :—Zt + 4t° -7
We know that velocity of a particle is given by % and acceleration of a particle is given by %.

4
= as d(:—zta + 4-t2—?J
vy-=--"==--————
de dt

=v =t —6t* + 8t
We need velocity to be maximum,

We know that for maxima and minima,

dw
=

x =0

_, d(e®—st® +8t)

dr =0

=3t2 12t + 8=0

12tv'(—12]2—4(3](9]

ﬁt p—
2x3
ot = 12 +144—96
6
_
ot = 12+448
6
_
ot = 12+44/3
6

St=2+ o t=2-



Differentiating ‘v’ again,

4 ' 4 Z_
4% _ d(3t?-12t +8)
di? dt
dv
= — = 6t—12
di?
2
Att = 2 + =
V3
d*v

2
=,z —6(2+%)-12
va
dv =12 + 4/3-12
“aglt=2+2 7 TS~
Va
dv
Tae lt=2+2
va

= 4/3>0(Minima)

Att = 2—

-
Ll.ﬂ|m

dZv ( 2)
= — z = 6l2——]—12
di? |t=2——_ e
Va
dv
=g le=2-2

12— 43— 12

d*v
=@ =22
va

—4+/3<0(Maxima)

We get the velocity maximum att = 2 —

-
uﬂ|“

Now, we find the acceleration:

-4 = a’s _ d(t®-st? + 8t)

dt2 dt
»a=23t2-12t+8

We need acceleration to be minimum,

We know that for maxima and minima,

da
= -

a = 0
o d(3t*-12t+8) _ 0
dt
=6t—12 =0
>t=2

Differentiating ‘a’ again,

z
- d%a d(6t-12)
dt? dt

2
ﬁd.a

dt?
Att =2

d*a

FIt: , = 6>0(Minima)

We get minimum fort =2,

~. we get maximum velocity att = 2 — % and minimum acceleration att = 2
J



MCQ
1. Question

#Mark the correct alternative in each of the following
The maximum value of x/X, x > 0 is

A. el/e
e

D. None of these

=

C.1

Answer
1
flx)=xw
1
Let y = xx

therefore,zogy = élogg X.

Differentiating w.r.t x

SO,

(1) (dy) B ( 1 Iong
y/\dx/ \x2  x2
dy _i(l Iog;t‘)_ ,
ax T\ k2 ) 7Y

Now, lets put y’'=0

11 logx
xx(x_E_ x? ):0

1

X
) (1—-logx) =0
50,5~ — g OR (1-log x) =0

therefore,x=1/e and x=0
Hence by second derivative test

f’'(1/e)<0 so it’s a point of maximum

. . e
and maximum value IS(E) .
e

2. Question
#Mark the correct alternative in each of the following

If ax + E = ¢ for all positive x where a, b, > 0, then
X

L3

A ab «



(]

o3}
ja]
o
N

(]

4

C. ab

[

e

D. none of these
Answer
let f(x)=ax+(b/x)-c;

x>0 where a,b>0

F=a-=
f'(x)=0
flix)=a——=0
x? =E

a

b
f \F = 0...(Given)
a
ﬁ -
a|—-+b|-—c=0
a b

1 o2
2(ab)z=zc=ab = T

3. Question

#Mark the correct alternative in each of the following

The minimum value of

log_x

A. e
B. 1l/e
C.1

D. none of these

Answer

L X
F0 =30

.oy logx—1
PO~ Gogae

f'(x)=0



logx—1
(logx)?

logx-1=0
= Xx=e

for second derivative we find f'(x)

-1 N 2
x(logx)? x(logx)?3

HOE
Hence by second derivative test

f’(x)>0 so it’'s a point of minimum.

therefore, f"(e) = —— 2

—-()+6)

=—->0
e

e(loge)®  e(loge)?

x=e is a point of minimum
so minimum value is f(e)=e
4. Question

#Mark the correct alternative in each of the following

For the function f(x)=x+ i
X

A. x = 1 is a point of maximum

B. x = -1 is a point of minimum

C maximum value > minimum value
D. maximum value < minimum value
Answer

In such type of questions

find both the maximum and minimum value to compare the options.
first,f(x) = x + =
sofirst,f(x)=x+ -

so.f'()=1-7

put f'(x)=0;

= x=%*1
Hence by second derivative test
f’(x)>0 or f"(x)<0

so it’s a point of minimum or maximum respecctively.



2
) =13
f'(-1)=-2<0;
f"(1)=2>0
so x=1 is a point of minimum
and x=-1 is a point of maximum
f(1)=2 is minimum value.
f(-1)=-2 is maximum value.
therefore,
maximum value<minimum value.
5. Question
#Mark the correct alternative in each of the following
Let f(x) = x3 + 3x? - 9x + 2. Then f(x) has
A.amaximumatx =1
B. a minimumatx =1
C. neither a maximum nor a minimum at x = 3
D. none of these
Answer
f(x)=x3+3x2-9x+2
f'(x)=3x2+6x%-9
f'(x)=0
3x246x-9=0
by solving the quadratic we get roots as follows
x=-3 and x=1
Hence by second derivative test
f’'(x)>0 or f"(x)<0 so it's a point of minimum or maximum respecctively.
f’(x)= 6x+6
f"(-3)=6(-3)+6
=-12<0
so At x=-3 maximum value.
f’(1)=6+6
=12>0
so At x=1 minimum value.
Option=(B)
6. Question
#Mark the correct alternative in each of the following

The minimum value of f(x) = x* - x2 - 2x + 6 is



A.6

B. 4

C.8

D. none of these

Answer

f(x)=x*-x2-2x+6

f(x)=4x3-2x-2

so here put f'(x)=0

4x3-2x-2=0

2(x-1)(2x2+2x+1)=0

x=1 and other roots are complex.
so we will consider x=1

Hence by second derivative test
f"’(x)>0 so it's a point of minimum.
" (x)=12x2-1

7 (1) =12(1)-2

=10>0

At x=1 minimum

So, f (1) =1-1-2(1) +6

=4

Option(B)

7. Question

#Mark the correct alternative in each of the following

The number which exceeds its square by the greatest possible quantity is

A.

I.J|1v—l

S e

| W

D. none of these

Answer

Let the function be according to the question,
f(x)=x-x2

Here,it is asked “greatest possible quantity” so indirectly they are asking for the maximum value at which
point x=7?

so,f'(x)=1-2x



f'(x)=0

=>1-2x=0
x= @
f’(x)=-2<0

So for x= € maximum value of the function.

Option(A).

8. Question

#Mark the correct alternative in each of the following

Let f(x) = (x - a)2 + (x - b)2 + (x - ¢)2. Then, f(x) has a minimum at x =
a+b+c

3

B. 3. /abc

A.

C. 1

d

1
C

=l I Y]

D. none of these

Answer

f(x)=(x-a)? +(x-b)? +(x - ¢)?
fi(x)=2[x-a+x-b + x-c]
f'(x)=2[3x-a-b-c]

f'(x)=0

2[3x-a-b-c] =0

3x-a-b-c=0

3x=a+b+c

I_a+b+c

3
Hence by second derivative test
f"’(x)>0 so it's a point of minimum.
7 (x)=2(3(1))
=6>0

50 x = Z*2*¢ point of minimum.
3

Option(A).
9. Question
#Mark the correct alternative in each of the following

The sum of two non-zero numbers is 8, the minimum value of the sum of their reciprocals is

A

| =



w
rJ|.—n

D. none of these

Answer

Let the two non zero numbers be x and y.
S0, X+y=8

y=8-x

and.f(x,y) = S+

put y=8-x in f(x,y)

therefore it will become a function in f(x) = 2y (81 ]
X —X

. -1 1
P =ate—o

= x=4

. 2 . 2
= X)) —4+ —
fe) x? (8—x)3
Hence by second derivative test
f’(x)>0 so it's a point of minimum.

2 2
f"[:"-l-)z E-FW}O

Hence at x=4 minimum value

1
f(4) = i TG-D

Option(B)
10. Question

#Mark the correct alternative in each of the following

2 T
The function f(x) ZZ (X —r)” assumes minimum value at x =

r=1

A5



@
b | n

C.3
D.2

Answer

(e’

f(X)=(X-1)2+(x-2)2+(x-3)2+(x-4)%+(x-5)?
f'(x)=2[5x-15]

f'(x)=0;x=3

Hence by second derivative test

f’(x)>0 so it's a point of minimum.

f"(x)=1>0 so At x=3 minimum value.Option(C)

11. Question

#Mark the correct alternative in each of the following

5w
6

At x = _f(x) = 2sin 3x + 3 cos 3x is

A.0

B. maximum

C. minimum

D. none of these
Answer

f(x) = 2sin3x + 3cos3x
f'(x) = 6cos3x — 9sin3x
f'(x)=0

=6 cos 3x-9sin3x =0

=6 cos 3x = 9 sin 3x

6
= 5 = tan3x
2
= 5 = tan3x
1 _12
=x= Etan -

5T
So,atx = Y neither is maximum nor minimum

Option(D)
12. Question

#Mark the correct alternative in each of the following

If x lies in the interval [0, 1], then the least value of ¥ + x + 1 is



A3

B. 3.
4

C.1

D. none of these

Answer

fX)=x?+x+1

fX)=2x+1

f(x)=0

=2x+1=0

=x=-@

At extreme points,

f(0)=0

f(1)=1+1+1>0

so,x=1 is a least value.

Option(C)

13. Question

#Mark the correct alternative in each of the following

The least value of the function f(x) = x3 - 18x2 + 96x in the interval [0, 9] is

A. 126

B. 135

C 160

D.0

Answer

f(x)=x3-18x2+96X

f(x)=3x2-36Xx+96

f'(x)=0

3x2-36x+96=0

x2-12x+32=0

x?-8x-4x+32=0

X(x-8)-4(x-8)=0

Now we have f(0)=0,f(4)=160,f(9)=135

Hence in the given interval least value is f(0)=0

Option(D)

14. Question

#Mark the correct alternative in each of the following



) X
The least value of the function f(x)=—————on|[-1, 1]is

4—-x+x"
a1
4
B. 1
3
c.-1
6
p. 1
5
Answer
fe0 = 4—x+x?
o 4—x+x2+x—2x
= 4—x+x2
e 47 —
f [:l) - (4—x+x2)2
=4-x[]~2=0

=> X=+2 but [-1,1]

=>f(-1)=-1/6 Option(C)

15. Question

#Mark the correct alternative in each of the following

The point on the curve y2 = 4x which is nearest to the point (2, 1) is
A (L ZV'E)

B. (1, 2)
C.(1,-2)
D. (-2, 1)

Answer

If we consider the above figure as for getting it,their will be many points on the curve.

If the normal to the point B passes through the point(2,1) then point B will be the point having nearest
distance from point (2,1).

Let B(x,y)

dy _2

dx ¥



slope at the point B is (2/y) and normal’s slope will be m=(-y/2) so by point slope formula.
= (y-yl)=m(x-x1);(x1=2,y1=1)

= (y-1)=(-y/2)(x-2)

=22y-2=-Xy+2y

=xy=2; y2 — 4x

=from above to equations y* = g

=y=2 and x=1

so the nearest point is (1,2).

Option(B)

16. Question

#Mark the correct alternative in each of the following
If x + y = 8, then the maximum value of xy is

A. 8

B. 16

C. 20

D. 24

Answer

X+y=8 = y=8-x

xy=X(8-x)

Let f(x)=8x-x?

Differentiating f(x) with respect to x, we get
f'(x)=8-2x

Differentiating f'(x) with respect to x, we get
f"(x)=-2<0

For maxima at x=c, f'(c)=0 and f"’(c)<0

f'(x)=0 = x=4

Also f''(4)=-2<0

Hence, x=4 is a point of maxima for f(x) and f(4)=16 is the maximum value of f(x).
17. Question

#Mark the correct alternative in each of the following
The least and greatest values of f(x) = x3 - 6x2 + 9x in [0, 6], are
A. 3,4

B.0, 6

c.0,3

D.3,6

Answer

f(x) = x3 - 6x2 + 9x, X€[0,6]



Differentiating f(x) with respect to x, we get
f'(x)= 3x2 - 12x + 9=3(x-3)(x-1)
For extreme points, f'(x)=0 = x=1 or x=3

For least and greatest value of f(x) in [0,6], we will have to check at extreme points as well as interval
extremes

Hence the least value of f(x) in [0,6] is O and it's greatest value is 54.
18. Question
#Mark the correct alternative in each of the following

f(x) = sin+ 45 ;s x IS Maximum when x =

A Z

C. 2

D.0

Answer

f(x) = sinx + \/3cosx

Differentiating f(x) with respect to x, we get
f'(x) = cosx — \/3sinx

Differentiating f'(x) with respect to x, we get
f'"(x) = —sinx —\/3cosx

For maxima at x=c, f'(c)=0 and f"’(c)<0

y 1 T T
f'(x)=0= tanxy =—=orx = — or —
v 3 [ [

f”(’%) = -2 < 0and f”(ﬂ) =2>0

6

Hence, x = ’% is a point of maxima for f(x).

19. Question
#Mark the correct alternative in each of the following

If a cone of maximum volume is inscribed in a given sphere, then the ratio of the he the cone to the diameter
of the sphere is

Al
4

o
| =

e |



D.

L] b

Answer

In the figure, APQR represents the 2D view of the cone and the circle represents the sphere. PA is
perpendicular to QR and PS is diameter of circle. C will lie on PA due to symmetry.

Let the radius and height of cone be r and h and the radius of sphere be R. Also, the semi vertical angle of
cone is a.

In APAR

tanP = tana = = =~ -(1)
PA h

LAPR=a

/PAR=90°

Hence, £ PRA=180° -90° -a =90° -a
Also £PRS=90° (Angle in a semicircle)
Hence LARS=/PRS-4ZPRA=qa

In ARAS

AS=PS-PA=2R-h

tanRk = tana = ir_h -(2)

From (1) and (2), we get

r2=2Rh-h?

The volume of cone will be

V—l 'zh—l h(2Rh — h?
=3m —3n( )

Differentiating V with respect to h, we get
1

V= gn(-ﬂr}?h —3h?)

Differentiating V' with respect to h, we get
1

V' = gr[(-ﬂrR —6h)

For maxima at h=c, V’(c)=0 and v”’(c)<0

V'=O = i — E

3

2R

o 4R 4
V (h=?)=—§ﬂ!R<0



Hence, the ratio of height of cone to diameter of sphere is 2

20. Question

#Mark the correct alternative in each of the following

The minimum value of | x* —TU | is

A. 75
B. 50
C.25
D. 55

Answer

fO)=x2+22

Differentiating f(x) with respect to x, we get

250
f’[:l') = 2x —?

Differentiating f'(x) with respect to x, we get

500
f”(l') =2+ l—g

for minima at x=c, f'(c)=0 and f'’(c)>0

f'(x)=0 = x3=125 or x=5

f’(5)=7>0

Hence, x=5 is a point of minima for f(x) and f(5)=75 is the minimum value of (x).
21. Question

#Mark the correct alternative in each of the following

If flx)=x —l,x -0, then its greatest value is
X

A -2
B. 0
C.3
D. none of these
Answer
fx)= x+i,x> 0
Differentiating f(x) with respect to x, we get
Foo=1-=
X
Also, differentiating f'(x) with respect to x, we get
0 ==

For maxima at x=c, f'(c)=0 and f"’(c)<0



=»1——==0ory=1 (Since x>0)
X

f’(1)=2>0
Since f"’(1)>0 therefore x=1 is not a point of maxima and hence no maximum value of f(x) exists for x>0.
122. Question

#Mark the correct alternative in each of the following

If f(x)=ﬁ;then its maximum value is
X+ 2x+

.

A

e |

@
[FEY ]

C.

[

D. 2
4

Answer
flx)=

Differentiating g(x) with respect to x, we get

1

- achieves it’s maximum value when g(x)=4x2+2x+1 achieves it's minimum value.
dx<+2x+1

g’(x)=8x+2
Differentiating g’(x) with respect to x, we get
g”(x)=8

For minima at x=c, g’'(c)=0 and g"’(c)>0

"(x)= o _1
g'(x)=0=x = "
1
"[-=]=8>0
g ( 4)
Hence x = —:t is a point of minima for g(x) and g (— i) = z is the minimum value of g(x).

: 1 4
Hence the maximum value of f(x)= — =-
fx)=-5=3

23. Question

#Mark the correct alternative in each of the following

Let x, y be two variables and x > 0, xy = 1, then minimum value of x + y is
Al

B.2

Answer
xy=1, x>0, y>0

1
=Sy ==
J x



X+Y=x+i
Let f(x) = x+ 2,2 >0

Differentiating f(x) with respect to x, we get

o 1
f=1-
Also, differentiating f'(x) with respect to x, we get

2
100 = =

For minima at x=c, f'(c)=0 and f"’(c)<0

= 1—x—12= 0 or ¥y = 1 (Since x>0)

f'(1)=2>0

Hence, x=1 is a point of minima for f(x) and f(1)=2 is the minimum value of f(x) for x>0.

24. Question

#Mark the correct alternative in each of the following

f(x) = 1 + 2 sinx + 3cos? x, 0 = x = 2Zis

]

A. Minimum at x = =

2

B. Maximum at X = x = sin™ (1/-3]

C. Minimum at x =%

D. Maximum at sin™ (1/6}

Answer

f(x)=1+2sinx+3cos?x, x € [0,23—”]

Differentiating f(x) with respect to x, we get

f'(x)=2cosx-6cosxsinx

Also, differentiating f'(x) with respect to x, we get

'’ (x)=-2sinXx-6C0s2x+65in2x=-2sinx+12sin2x-6 (Since sin?x+cos2x=1)
For extreme points, f'(x)=0

= 2cosx(1-3sinx)=0 or x = Z or gin~1 (3)
2 3

LA L " - _ _1s
f (2)—4>Oandf (sm (3)]— ;<0
Hence, x = % is a point of minima and x = sin™?! G) is a point of maxima.
25. Question

#Mark the correct alternative in each of the following

The function f(x) = 2x3 - 15x2 + 36X + 4 is maximum at x =

A3



B.0

C.4

D. 2

Answer

f(x) = 2x3 - 15x% + 36x + 4

Differentiating f(x) with respect to x, we get
f'(x)= 6x2 - 30x + 36=6(x-2)(x-3)
Differentiating f'(x) with respect to x, we get
f'(x)=12x - 30

for maxima at x=c, f'(c)=0 and f’(c)<0
f'(x)=0 = x=2 or x=3

f''(2)=-6<0 and f""(3)=6>0

Hence x=2 is a point of maxima.

26. Question

#Mark the correct alternative in each of the following

The maximum value of f(x) = ; il on[-1, 1]is
+ X+ ®
A L
B. -1
c. L
"5
D. L
Answer
AV x* - _
f(l)_ 4-+J(+J(2’l € [ 111]
Differentiating f(x) with respect to x, we get
o) (4+x+x?)x1—xx(1+2x) 4 —x?
xX)= =
I (4+x +x2)? (4+x+x2)?

Since 4-x2>0 V xE[-1,1] and (4+x+x2)2>0 V¥ xER

Therefore, f'(x)>0V x€[-1,1]

Hence, f(x) is increasing in [-1,1] and therefore the maximum value of f(x) occurs at x=1 and f(1) = é
27. Question

#Mark the correct alternative in each of the following

Let f(x) = 2x3 - 3x2 - 12x + 5 on [-2, 4]. The relative maximum occurs at x =

A -2

B. -1

C.2



D. 4

Answer

f(x) = 2x3 - 3x? - 12x + 5, x€[-2,4]
Differentiating f(x) with respect to x, we get
f'(x)= 6x? - 6x - 12=6(x+1)(x-2)
Differentiating f’(x) with respect to x, we get
f''(x)=12x-6

For maxima at x=c, f'(c)=0 and f"’(c)<0
f'(x)=0 = x=-1or 2

f’(-1)=-18<0 and f"'(2)=18>0

Hence, x=-1 is the point of local maxima.
28. Question

#Mark the correct alternative in each of the following

The minimum value of x loge X is equal to

A e

B.

L

e

c.-1

e

D. 2e

Answer

f(x)=xlog.x

Differentiating f(x) with respect to x, we get

flix)=x x%+10g3x x1=1+log,x

Differentiating f’(x) with respect to x, we get
1

HORS

for minima at x=c, f'(c)=0 and f"’(c)>0

f(x)=0=y =1

e
1

F(g)=e>o0

Hence, x = ;1 is a point of minima for f(x) and f G) = —é is the minimum value of f(x).

29. Question

#Mark the correct alternative in each of the following

The minimum value of the function f(x) = 2x3 - 21x? + 36x - 20 is

A. -128
B.-126



C.-120

D. none of these

Answer

f(x) = 2x3 - 21x2 + 36x - 20

Differentiating f(x) with respect to x, we get

f'(x)= 6x2 - 42x + 36=6(x-1)(x-6)

Differentiating f'(x) with respect to x, we get

f'(x)=12x-42

for minima at x=c, f'(c)=0 and f'’(c)>0

f'(x)=0 = x=1 or x=6

f’(1)=-30<0 and f’(6)=30>0

Hence, x=6 is the point of minima for f(x) and f(6)=-128 is the local minimum value of f(x).
Very short answer

1. Question

Write necessary condition for a point y = ¢ to be an extreme point of the function fx).
Answer

Condition 1:- If f (x) is continuous and f'(x) and ' (x) exists then all points where (f'(x)=0 and f”( X)>0) or
(f'(x)=0 and f"( x)<0) are extreme points.

Condition 2:- If f(x) is continuous and defined in [a,b] and condition 1 is not satisfied, then points a and b are
extreme points.

2. Question
Write sufficient conditions for a point y = c to be a point of local maximum.
Answer

For x=c to be a local maximum of f (x), f'(x)=0 & f"’(x)<0 (when f(x) is defined at c).If f(x) is not defined at c,
we need to check values of f(x) at all extreme points.

3. Question
If f(x) attains a local minimum at y = ¢, then write the values off’(c) and f" ().

Answer
If f (x) has a local minima at x =c means f(c)=0 and f"’(c)>0

4. Question

Write the minimum value of f(x)=x + lx = 0.
Answer

Since x >0. By AM>=GM property;

o4 1 w1
(l+x) =X * Ix
So minimum value of ( X +3) is 1 which occurs when x = e x=1.

x X

5. Question



Write the maximum value of f(x)=x + lx =0

Answer

Since x< Let f (x) = (x+§ )

f)=1- (i)

;\._-2
o
X
For maximum value f'(x)=0
- x2=1
=X = -1 (as x<0)
Since f'(x)=0 and f''(x)<0 for x=-1. Hence maximum value occurs at x =-1. f (-1)= -2.

6. Question

Write the point where f (x) =« loge x attains minimum value.

Answer

Let f (x)= x loge x. Clearly f (x) is only defined for x >0.

For minimum value; f'(x)=0 and f"’(x)>0.

f'(x)= 1+Inx

= x=1/e

f’(x)= 1/x, Clearly f”’(x)>0 for all x. So only minima is defined.
1 1

S0, minima of f (x) is at x = 1/e f(-) = —

e

7. Question

Find the least value of f(x)=ax _E_ where a>0, b>0 and y >0.
X

Answer

Since x >0, a>0,b>0. By AM>=GM property: (ax +E) = Ja x+b.
X
So minimum value of f (x) is \/a x y/bwhich occurs when ax = b
X

i.e.y =

- -
==

8. Question

Write the minimum value off (x) =x %
Answer

Let y= x X. Take antilog on both sides

Iny =x X In x. Let us differentiate and find f'(x)=0

1 d
= -X==[nx+1
y odx



dy .
= a—yx(lm+ 1)

=f(x)=xXx (Inx + 1)

But In x is not defined at x =0

.. o E 1
Therefore, minima occur at x = - . So, f(;) _ (

mo|
po—
LA

9. Question
Write the minimum value of‘;r (x) = x X
Answer

Let ), _ +(5)- Take antilog on both sides

1
= Iny= - X Inx

Let us differentiate and find f'(;t-)=0

- Ao L Inxx(i)
y Tdx x% x2

dy (y*(l—!nx])

dx x?

=>f'(x)=0=>x=0,¢

But Inx is not defined at x =0 £(;) = ¢z

Therefore, minima occur at x = e.

So, fle) = eg is the minimum value of this function.
10. Question

Write the maximum value of f(x) = logx _if it exists.

X

Answer

Let f(x) = 2% Clearly f (x) only defined for x>0. f'(x) = % and f"(x) = M.(

x 4

f"(x) <0 forall x)
So, f"'(x) = 0
= x=e and f"' (e)<0

So, x=e is a point of maxima. Therefore, f(e) = 2
=3
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