21. Areas of Bounded Regions

Exercise 21.1

1. Question

Using integration, find the area of the region bounded between the line x = 2 and the parabola y = 8x.
Answer

Given equations are:

Equation (1) represents a line parallel to y - axis at a distance of 2 units and equation (2) represents a
parabola with vertex at origin and x - axis as its axis, A rough sketch is given as below: -
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We have to find the area of shaded region.

Required area

= shaded region OBAO

= 2 (shaded region OBCO) (as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 f;ydx (As x is between (0,2) and the value of y varies)
—2_[ /8x dx ( (as y? —8){::-}’—\."'_){)

2 1
= ZN@J- (x)zdx

0

On integrating we get,
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On applying the limits, we get,
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4”8[(2)2—(0) ]=—8va



Hence the area of the region bounded between the line x = 2 and the parabola Y = 8x is equal to % square
units.

2. Question

Using integration, find the area of the region bounded by the liney - 1 = x, the x - axis and the ordinates x =
-2and x = 3.

Answer
Given equations are:
y -1 = x (is a line that meets at axes at (0,1) and ( - 1,0))

x = - 2 (is line parallel to y - axis at a distance of 2 units to the left)

x = 3 (is line parallel to y - axis at a distance of 3 units to the right)

A rough sketch is given as below: -
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We have to find the area bounded by these three lines with the x - axis, i.e., area of the shaded region.
Required area

= shaded region ABCA + shaded region ADEA

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f_glydx + |f__21ydx| (As x is between ( - 1,3) for the region ABCA and it is between ( - 2, - 1) for the region
ADEA and the value of y varies)

= f_gl(x+ 1)dx+ |f__21[:X+ l)dxl (asy-l=x=2y=x+1)

= f_gl(x)dx—l— f_al( x®)dx+ |f__21(x) dx + f__zl(xc') dxl (as x% =1)

On integrating we get,
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On applying the limits, we get

-2 -2
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2 114

(Combining terms with same limits)
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Hence the area of the region bounded by the liney - 1 = x, the x - axis and the ordinates x =-2and x =3 is
equal to % square units.

3. Question
Find the area the region bounded by the parabola y? = 4ax and the line x = a.
Answer

Given equations are:

And y2 = 4ax ...... (2)

Equation (1) represents a line parallel to the y - axis at a distance of units and equation (2) represents a
parabola with vertex at origin and x - axis as its axis; A rough sketch is given as below: -

L1
We have to find the area of the shaded region.

Required area

= shaded region OBAO

= 2 (shaded region OBCO) (as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 foaydx (As x is between (0,a) and the value of y varies)

= ZI:\;@MX (asy? = 4ax =y = V4ax)

S |
= Zw@f (x)zdx
0



On integrating we get,

a

1 3
X§+1 Xa
B i I
2T 1], 2 1,

On applying the limits, we get,

4faap 3 3] 4/4a
= "3 [(a)z - (o)z] ALY
4%2ya 8a’
= % ava= —
3 Wa=T3

Hence the area of the region bounded between the line x = a and the parabola y? = 4ax is equal to 227
3

square units.

4. Question

Find the area lying above the x - axis and under the parabola y = 4x - X2.
Answer

Given equations are:

=y + 4 = - (x% - 4x - 4) (adding 4 on both sides)
=>-(y+4)=(x-2)

equation (2) represents a downward parabola with vertex at (2,4) and passing through (0,0) and (4,0) on the
X - axis, A rough sketch is given as below: -

¥
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We have to find the area of the shaded region.

Required area

= shaded region OABO (as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f;y dx (As x is between (0,4) and the value of y varies)



= f:(dfx— x?)dx (asy = 4x - x%)

= J:(*-}x) dx — J:(xg)dx

On integrating we get,

(x)1+1 4 (x)2+1 4 (x)2 4 (x)3 4
o]

1+1], 2+1 ], 2 |, 3 1,
On applying the limits, we get,

q_ 2 _;_1_ 3
Y 2 B (COMS

2 3

4%x16 64 64x3—64%x2
2 3 6

64 (3— 2) 32

2 3

Hence the area lying above the x - axis and under the parabola y = 4x - X is equal to gg—zsquare units.

5. Question

Draw a rough sketch to indicate the bounded between the curve y2 = 4x and the line x = 3. Also, find the
area of this region

Answer

Given equations are:

Equation (1) represents a line parallel to the y - axis at a distance of 3 units and equation (2) represents a
parabola with vertex at origin and x - axis as its axis; A rough sketch is given as below: -

by
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We have to find the area of shaded region.

Required area

shaded region OBCAO

2 (shaded region OBCO) (as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 _[Dgydx (As x is between (0,3) and the value of y varies)



22_[03\-@(1){(35312 = 4x =y= @)

3 4
= anJ- (x)zdx
0

On integrating we get,

- 113 33

x)z* X)z
o] @2 @

2+t 2 1

21, .33
— 4 ]
3_(){)20

On applying the limits, we get,

- g [(3)3 - (o)%] - g x /37

8
=§X3\,@=8\."§

Hence the area of the region bounded between the line x = 3 and the parabola y? = 4x is equal to 83
square units.

6. Question

Make a rough sketch of the graph of the function y = 4 - ¥, 0 < x < 2 and determine the area enclosed by
the curve, the x - axis and the lines x = 0 and x = 2.

Answer

Given equations are:

X - axis ...... (1)
Xx=0.... (2)
X=2.... (3)

Andy =4-x,0=x<2.... (4)
sy=-(x2-4)=>x2=-(y-4)

equation (4) represents a downward parabola with vertex at (0,4) and passing through (2,0) and ( - 2,0) on x
- axis, equation (3) represents a line parallel to y - axis at a distance of 2 units and equation (2) represents y
- axis.

A rough sketch is given as below: -
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We have to find the area of the shaded region.
Required area
= shaded region OABO

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f;ydx (As x is between (0,2) and the value of y varies)
= f;(-ﬂf —x¥)dx (asy =4-x%)

2 2
= fo (4x°)dx — fo (x?)dx (as x° = 1)

On integrating we get,

(X)0+1 2 (X)2+1 2 [(X)l 2 [(X)g 2
—4 _ — g2 2L
0+1 0 2+1 0 1 0 3 0
On applying the limits, we get,
2t 2)3
Y 1R (€A
1 3
8 8x3-—-8
B 3 3
(24—8) 16
A\ 3/ 3

Hence the area enclosed by the curve, the x - axis and the lines x = 0 and x = 2is equal to %square units.

7. Question

Sketch the graph of y = % +~1 in [0,4] and determine the area of the region enclosed by the curve, the x -
axis and the linesx =0, x =4

Answer

Given equations are:

X - axis ...... (1)
x=0.... (2)
X=4.... (3)

Andyz\jx—k ,0=x=4 ... (4)

equation (4) represents a half parabola with vertex at ( - 1,0) and passing through (4,0) on x - axis, equation
(3) represents a line parallel to y - axis at a distance of 4 units and equation (2) represents y - axis.

A rough sketch is given as below: -
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We have to find the area of the shaded region.
Required area
= shaded region AOBC

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f:y dx (As x is between (0,4) and the value of y varies)

—f\, +ldx(@asy=yx+1)

4 1
=J- (x+ 1)zdx
4]

Substituteu=x+1=dx =du

So the above equation becomes,
4 3

= J- (u)zdu
4]

On integrating we get,

1 14 R
(u)z** (x+ 1)z
1 = 3
2 0 2 0

On applying the limits we get,

3 3
2(4+ 1)z 2(0+1)3

3 3
2453 2 253 -2

] 3 3
2(V52 - 1)

N 3

Hence the area of the region enclosed by the curve, the x - axis and the lines x = 0, x = 4is equal to 2(/5°-1)
3

square units.

8. Question
Find the area under the curve y = ./Gx + 4 above x - axis from x = 0 to x = 2. Draw a sketch of curve also.

Answer

Given equations are:



Andy= Vex+4 ... (4)

equation (4) represents a half parabola with vertex at (—2,0) and passing through (2,0) on x - axis, equation
(3) represents a line parallel to y - axis at a distance of 2 units and equation (2) represents y - axis.

A rough sketch is given as below: -

4 -,

~ -
ABi2,4)

| © o)

We have to find the area of shaded region.
Required area
= shaded region OABC

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f;ydx (As x is between (0,2) and the value of y varies)
2

= [, Vex+4dx (asy = \6x + 4)
2 1

=J- (6x+ 4)zdx
1]

Substituteu =6x+ 4 = dx =édu

So the above equation becomes,
172 1

=— zd
6,[) (uw)zdu

On integrating we get,

1 .12 212
1| (uw)z* 1|(6x+4)z2
_+1 —-
2 0 2 0

On applying the limits we get,

2(6(2)+ 4)2  2(6(0) + 4)3
3 B 3

1
6
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9 9 9 9
64 8 56
T 9 9 9

Hence the area under the curve y = /gx + 4 above x - axis from x = 0 to x = 2is equal to ?square units.

9. Question
Draw the rough sketch of y2 + 1 = x, x < 2. Find the area enclosed by the curve and the line x = 2
Answer

Given equations are:

Andy2 +1=x,x=<2.... (2)

equation (2) represents a parabola with vertex at (1,0) and passing through (2,0) on x - axis, equation (1)
represents a line parallel to y - axis at a distance of 2 units.

A rough sketch is given as below: -

-1 4

We have to find the area of shaded region.

Required area

= shaded region ABCA

= 2 (shaded region ACDA) ( as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 ffydx (As x is between (1,2) and the value of y varies)

=2 [ Vx—ldx(asy*+1=x)

2

= ZJ; (x— l)ildx

Substituteu=x—1=dx=du

So the above equation becomes,
2 4

= ZJ- (u)zdu
1

On integrating we get,



112 32
u)zt x— 1)z
|wfe-o

1 3
2+ L], 2

On applying the limits we get,

3 3
42-1)2 4(1-1)z
3 3

4 \,"'F
3

0 4
3 3

Hence the area enclosed by the curve and the line x = 2is equal toi;square units.

10. Question

g ¥

Draw a rough sketch of the graph of the curve .y —1 and evaluate the area of the region under the
4 9

curve and above the x - axis

Answer

Given equations are:

equation (1) represents an eclipse that is symmetrical about the x - axis and also about the y - axis, with
center at origin and passes through (=2, 0) and (0, =3).

A rough sketch is given as below: -

We have to find the area of shaded region.

Required area

= shaded region ABCA

= 2 (shaded region OBCO) ( as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 _[Ozydx (As x is between (0,2) and the value of y varies)



2

2 x* 2 y? v :
2f03 1 q_dx( Tt =1=5=1-7=y

2
1 —
=6 E\.'"-}—dex

4]

2
=3J- V4 —x2dx
0

Substitute x = 2sinu = u = sin™* G),dx= 2cosudu

So the above equation becomes,

2
= 3J- J4 —(2sinu)? (2cosudu)
1]

2
=3J- 2cosu+4 —4sin2udu
o

We know, 4 — 4sin®u = 4(1—sin?u) = 4 cos?u

So the above equation becomes,

2
=3J- 2 cosu+/4 cos?zudu
o

2
=3J- 4 cos®udu
4]

Apply reduction formula:

n—1 ) (cos™ tusinu)
cos"udu = - cos" “udu+ —

On integrating we get,

1 (cosusinu)y®
=12 [—J- ldu+—]
2 2 0

2 [u N (cosusin u)]2 [ J’ 1d ]
B ) 2 o =
Undo the substituting, we get

1 [sin* (%) ) cos (sjn—l (%)) sin (sin—l (%D) 2
2 2

_ 2
2
sin~?! (%) fl—%x%
=12 +
2
L li]
2

2

=6 5111‘1(§)+§ l_x{

o]

On applying the limits we get,



P ,_1(2)+2 1 22 ._1(0)+0 L 02
= 51n 2 2 2 51 2

=6[(sin"}(1) +V1—1) - 0]

=6[g+0)]= 3

Hence the area of the region under the given curve and above the x - axisis equal to 3w square units.

11. Question

Sketch the region {(x,y):9x2 + 4y? = 36} and the find the area of the region enclosed by it, using integration
Answer

Given equation:

9x2 4+ 4y2 = 36 ...... (1)

equation (1) represents an eclipse that is symmetrical about the x - axis and also about the y - axis, with
center at origin and passes through (£2, 0) and (0, =3).

A rough sketch is given as below: -

&
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We have to find the area of the shaded region.

Required area

= shaded region ABCDA

= 4 (shaded region OBCO) ( as it is symmetrical about the x - axis as well as y - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=4 f;ydx (As x is between (0,2) and the value of y varies)

—afl3[1-TaxEst4l o1t o1 -Toyo3(1-T)

2
1 ——
= lZJ- E\f-‘-}—xzdx
0

2
=6f V4 —x2dx
0



Substitute x = 2sinu = u = sin™* (g),dx= 2cosudu

So the above equation becomes,

2
= 6J- V4 —(2sinu)? (2cosudu)
o

2
=6J- 2cosu+4 —4sin?udu
0

We know, 4 — 4sin?u = 4(1—sin®u) = 4cos?u

So the above equation becomes,

2
=6J- 2 cosuy4coszudu
0

2
=6f 4cos’udu
1]

Apply reduction formula:

n—1 - (cos®™ tusinu)
cos®udu = cos" fudu+———
n n

On integrating we get,

1 (cosusinu) :
=24 [—J- ldu+7]
2 2 0

_24[1,1_'_(l:osusinu)]2 ["J-ld B ]
-z 2 1)

Undo the substituting, we get

[sint @) cos (sin‘1 (%D sin (sin‘1 (%D) ’

=24 -

=24 -

=12 5111—1@+§ X

On applying the limits we get,

(st (B) 2 12 )~ (s 9 1S
= s5in 2 5 1 51N 2 2 )

=12[(sin"3(1) +V1—1) — 0]
= 12[@“‘)] = 6m

Hence the area of the region enclosed by it is equal to 6 square units.



12. Question

Draw a rough sketch of the graph of the function y=2v1-x%,x[0,1] and evaluate the are enclosed between the
curve and the x-axis.

Answer

Given equation:

y=2y1—-x%xe[01] .. (1)
2 2 2
y . X7 ¥
—=1- —+=—=1
= 1 X ::~1 2

equation (1) represents a half eclipse that is symmetrical about the x - axis and also about the y - axis with
center at origin and passes through (£1, 0) and (0, £2). And x€[0,1] is represented by region between y -
axis and line x = 1.

A rough sketch is given as below: -

B(0,2)

A Cc{1,0
L jdio)

We have to find the area of shaded region.
Required area
= (shaded region OBCO)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= foly dx (As x is between (0,1) and the value of y varies)
= folzx,*l—xzdx (asy = 241 —x2)
1
= ZJ- V1 —x2dx
1]

Substitute x = sinu = u = sin™*(x),dx = cosudu

So the above equation becomes,

1

= ZJ- y 1 —(sinu)? (cosudu)
1]
1

=2J- cosu4/1 —sinudu
0

We know, 1 —sin®u = (1— sin®u) = cos®u

So the above equation becomes,

1
= ZJ- cosu+/ cos?udu
0



1
=2f cos?udu
4]

Apply reduction formula:

n—1 S (cos™ tusinu)
cos"udu = - cos" fudu+ ——

n

On integrating we get,

_, [lj’ Ldu + (cosusimu)]1
—clz) 2 |,

) [u N (cosusin u)]1 [ J’ 1d ]
~“lz 2 ol H=
Undo the substituting, we get

1

[Sin‘l(x) . cos(sin~*(x))sin(sin"*(x)))
2 2

0

1

sin"i(x) V1-—-xZxx
=Tt

= [sin‘l(x) +x/1— XE]:

On applying the limits we get,
= [(sin™*(1) + V1= 1) — (sin™%(0) + 0v1—0)]

=[(sin* (1) +v1—1)—0]

- (G5

Hence the area enclosed between the curve and the x - axisis equal tog square units.
13. Question

Determine the area under the y _ «fa2 _X3 included between the linesx =0and x =1

Answer
Given equations are :

y =+aZ—x? (1)

sy'=al-—x*=sx*+y?=a’
x = 0 (y - axis)
x = 1 (represents a line parallel to y - axis at a distance 1 to the right)

equation (1) represents a half eclipse that is symmetrical about the x - axis and also about the y - axis with
center at origin.

A rough sketch is given as below: -



¥
We have to find the area of shaded region.
Required area

= (shaded region OABCO)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= foly dx (As x is between (0,1) and the value of y varies)

1
=f0 va? —x?2dx (asy = a2 — x2)
1
=f yar—x2dx
[}

H . . X
Substitute x = asinu = u = sin™* (;) dx = acosudu

So the above equation becomes,

1
B | R Serm—
= f Jaz—(asinu)?(acosudu)
]
1

52 _ 22ainZa
=J- acosu4a? —a?sin? udu
4]

We know, a? —a?sin?u = a?(1 —sin?u) = a cos?u
So the above equation becomes,

1
=J- acosu+/a? cos2udu
4]

1
=J- a? cos?udu
[}
Apply reduction formula:

n—1 _2 (cos®™ tusinu)
cos®™udu = cos* “udu+ ——
n n

On integrating we get,

1 cosusinu)1t
_ a2 HMHQ]
2 2 o

. 1
L (cosusmu)] [J’ B ]
=a [2+—2 L ldu=u

Undo the substituting, we get



[ X X 01
sin™! (—) cos (sin‘1 (—D sin (sin‘1 (—)))
= 32 ! + a a
2 2
o
2 1
(X x2  x
, 51111(5) I R
=a +
2 2
0
1
a’| | (x) WX x2
=—|sin}(-)+- [1—-—=
2 a’ a a2
s 0

On applying the limits we get,

a’ 1 1 1

_ S - o (e T —n
o || sin (a)+a ’1 " [:5111 (0)+ 041 0)
a2 1y 1 {(az—1

=— sin‘l(—)+— ! -0
2 a a a2

-l ) /6=

Hence the area under the y= vaZ — x2included between the lines x = 0 and x = 1is equal to
(st (H+ L /@E=D ] i
> Ksm (a) +2 (a 1)) square units.

14. Question

Using integration, find the area of the region bounded by the line 2y = 5x + 7, x - axis the lines x = 2 and x =
8.

Answer

Given equations are:

Equation (1) represents line passing through (_E,o) and (02) Equation (2), (3) shows line parallel to y -
axis passing through (2,0), (8,0) respectively.

A rough sketch of curves is as below:

vA Kc

20

k=
v

Ve

We have to find the area of shaded region.



Required area
= (shaded region ABCDA)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f;ydx (As x is between (2,8) and the value of y varies)

S3x+7
2

:_[f(sxw)dx(asZy:Sx—l—?=:-y= )

2

1 g
=—f (5x+ 7)dx
2 2

=% _ J; (5x)dx + J; “(7)dx

Now integrating by applying power rule, we get

1| [x? Sl
==|5|=
2 | 2

2 2
Now applying the limits we get

15 g2 22
T2 2 2
_1[5[64—4]+42]
2 2

= % [5[30] + 42] = 96

g8
+7

Xl

1

+7[8 — 2]]

Hence the area of the region bounded by the line 2y = 5x + 7, x - axis the lines x = 2 and x = 8 is equal to
96 square units.

15. Question
Using definite integrals, find the area of circle x2 + y2 = a2
Answer

Given equations are :

Equation (1) represents a circle with centre (0,0) and radius a, so it meets the axes at (xa,0), (0,xa). A rough
sketch of the curve is given below: -

We have to find the area of shaded region.

Required area



= (shaded region ABCDA)
= 4(shaded region OBCO) (as the circle is symmetrical about the x - axis as well as the y - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=4 _[andx (As x is between (0,a) and the value of y varies)
=4[ Va?—xZdx (asy = Va?—x2)

Substitute x = asinu = u = sin™* G) dx = acosudu

So the above equation becomes,

—4J- \,az—(a sinu)?(a cosudu)

a
(32 _ 22ainZn
= 4J- acosu4/a? — aZsinudu

We know, a? —a?sin*u = a®(1 —sin®u) = a® cos?u

So the above equation becomes,

a
=4f acosu4/a? cos?udu
0

a
=4J- a? cos?udu
4]

Apply reduction formula:

n—1 5 (cos
cos"udu = - cos™ “udu+

P~1ysinu)

n

On integrating we get,

‘1J’ Ldus (cosusinu)]®
2) - 2

(%]

=4a

(o]

u, (cosusmu)] [ J-ldu _ u]

Undo the substituting, we get

[sin~2 G) cos (sin‘l GD sin (Sill_l GD) )

=4a

= 4a? >+ 5
0
3 a
— 432 sin” (_)_'_\}l_x_ xx
2 2

X, X xZ
= 2a? sin‘l(g)+— 1——

On applying the limits we get,



a | a
= 2a2|( sin? (5) += [1-5 |- (sin™(0) + 0VT=0)

[(sin~(1) + 1v/0) — 0]

3)-re

Hence the area of circle x2 + y2 = a? is equal to Ta? square units.

=2a?
= 2a?

16. Question

Using integration, find the area of the region bounded by the following curves, after making a rough sketch: y
=14+ |x+1,x=-2,x=3,y=0.

Answer

Given equations are:
y=1+|x+1|
y=14+x+1ifx+1=0

Y2 =2+ X ...... (1), ifx=-1
Andy=1-(x+1),ifx+1<0

y=1-x-2,ifx<-1

X=-2 ... (3)
X=3... (4)
y=0.... (5)

So, equation (1) is straight line that passes thorough (0,2) and ( - 1,1). Equation (2) is a line passing through
(-1,1)and (-2,2) and it is enclosed by line x = - 2 and x = 3 which are lines parallel to y - axis and pass
through ( - 2,0) and (3,0) respectively, y = 0 is x - axis. So, a rough sketch of the curves is gives as: -

by Fa
3 1 D(3.5)
/.

\-\
[Bl22)

™ -
i,
c(1,1)

© | Fl-1.0) GGG
’ Tat20” ’ [

vy
We have to find the area of shaded region.
Required area

= (shaded region ABCDEA)

= shaded region ABCFA + Shaded region FCDEFC

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= _[__21 v dx + _[_glyz dx (As x is between ( - 2, - 1) in first shaded region and x is between ( - 1,3) for the second



shaded region)

= f__;(—x)dx—l— f_al(x—i— 2)dx (from equation (1) and (2))

=._l[;l(x)dx-%_[j(x)dx—%_[jﬁz)dx

Now integrating by applying power rule, we get

X2
o2

Now applying the limits we get

-1
_l_
-2

3 3

x? x?!

+2
2

1

-1 -1

(1% (=2)%]  [3* (-1)?

:_[ 2 2 ]+L§_ 7 | T2E- W
1-41 9-1

:_LTTJ+P7TJ+8

3.8 _ 3+8+8x2 27

A A S

Hence the area of the region bounded by the curves,y =1+ |[x + 1|, x=-2,x =3,y = 0 is equal tozg
square units.
17. Question

1

Sketch the graph y = |x - 5|. Evaluate J|x — 5| dx . What does this value of the integral represent on the

graph?

Answer

Given equations are:
y=|x-5|
y1=x-5,ifx-5=0

So, equation (1) is straight line that passes thorough (5,0). Equation (2) is a line passing through (5,0) and
(0,5). So, the graph of which is as follows:

\!
wAl05)

B{1,4)

y=1x-51

(1,0




1
f |x — 5|dx
0

= folyzdx (As when x is between (0,1) the given equation becomes y = - (x - 5) as shown in equation (2)
shown ass shaded region in the above graph)

- fol—(x— 5)dx (from equation (2))

=— J:(x)dx—i— J;l(S)dx

Now integrating by applying power rule, we get

1

+5
o

- 1
x? x!

1

| 2

o]

Now applying the limits we get

[(1)? (0)°

55|50 - ()

Hence the value of fol |x — 5|dx represents the area of the shaded region OABC (as shown in the graph) and is

9 .
equal to > square units.

18. Question

0
Sketch the graph y = |x + 3|. Evaluate ”x + 3| dx . What does this integral represent on the graph?
-6

Answer
Given equations are:
y = |x + 3|

yi=x+3,ifx+3=0

Andy, =-(x+3),ifx+3<0
yo =-(X+3)...... (2),ifx<-3

So, equation (1) is straight line that passes thorough ( - 3,0) and (0,3). Equation (2) is a line passing through
(- 3,0). So, the graph of which is as follows:

\ .
prelxed "



0
f [x + 3|dx
-6

= f__: yadx+ f_ogyldx (As x is between ( - 6, - 3) in first shaded region equation becomes as y, and when x is
between ( - 3,0) for the second shaded region equation becomes y)

-3 0 .
= [, —(x+3)dx+ [, (x+3)dx (from equation (2))

=— J-_j(x)dx— J:;Q(B)dx—i— J::(x)dx+ J-_:(B)dx

-3
+
-6

0
+3

Now integrating by applying power rule, we get
x2]° 5 [xl
—6 1

X1]
1 -3
Now applying the limits we get

(=3)2 (—6)2]_3[(—3)1_(—6)1]+[o_2_(—3)2]+3ol (—3)1]
1 2

2 2 1 2

XZ

2

| 2

1 1

__[? _236] —3[-3+6] + [—;] +3[3]

oo

Hence the value of _[_06|x + 3|dx represents the area of the shaded region (as shown in the graph) and is

equal to 9 square units.

19. Question

Sketch the graph y = |x + 1]|. Evaluate ”x +1|dx . What does the value of this integral represent on the

—4
graph?

Answer
Given equations are:
y =[x+ 1]

yi=x+1,ifx+1=0

So, equation (1) is straight line that passes thorough ( - 1,0) and (0,1). Equation (2) is a line passing through
(-1,0). So, the graph of which is as follows:



\ g
=|x+1]

2
f [x + 1]dx
—4

= f__: y,dx+ f_zlyldx (As x is between ( - 4, - 1) in first shaded region equation becomes as y, and when x is
between ( - 1,2) for the second shaded region equation becomes y)

= [, —(x+1)dx+ [” (x+ 1)dx (from equation (2))
-1 -1 2 2
=—J- (x)dx—J- (l)dx—l—f (x)dx+J- (1)dx
—4 —4 -1 -1
Now integrating by applying power rule, we get
—4 1
Now applying the limits we get

[(—D* (—9?] [D* D], [2*2 0?28 Ot
2P O P

-1
+
)

2
+

2

2 1

X

2

X

1

X
_2 —

-1

2 2

=—:1_216]—[—1+4]+[%]+[2+1]
[l Bl -5 5

Hence the value of f_24|x + 1|dx represents the area of the shaded region (as shown in the graph) and is
equal to 9 square units.

20. Question

Draw a rough sketch of the curve xy -3x - 2y - 10 = 0, x - axis and the lines x = 3, x = 4.
Answer

Given equations are:

Xy -3x-2y-10=0..... (i)

y(x-2)=3x+10

A rough sketch of the curves is given below: -



Xy -3x-2¢y-10=0

We have to find the area of shaded region.
Required area
= (shaded region ABCDA)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f:ydx (As x is between (3,4) and the value of y varies)

—f (aww)dx (from equation(ii))

Substitute u = x—2 — dx = du

(e,
G
AL
- f:(a)du+ f(?) dx

Now on integrating we get

= [3u + 16logu]?

Undo substitution, we get

=[3(x—2) +16log(x — 2)]3

=[3(x—2) + 16log(x —2)13

On applying the limits we get

= [3(4—2)+16 log(4—2)] - [3(3— 2) + 16 log(3 — 2)]
=[6+16 log(2)] — [3 + 16 log(1)]

=3+ 16(log2)

Hence the area of the region bounded by the curves, xy -3x - 2y - 10 = 0, x - axis and the lines x =3, x =4
is equal to 3 + 16(log2) square units.



21. Question

i

Draw a rough sketch of the curve y = — +2 sin® x and find the area between x - axis, the curve and the

(S|

ordinates x = 0, x = m.
Answer

Given equations are:

y=§+ 2sin?x .....(J0)

X 0 T |rr T |2 3m| 5w |
6 4’3 2 |34 &

T oein’y | 1.57 |2.07 [2.57 [3.57 [3.07 [2.07 [1.57

2 3.07 2.57

A rough sketch of the curves is given below: -

“Ay B

v
We have to find the area of shaded region.
Required area

= (shaded region ABCDOA)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f;ydx (As x is between (0, ) and the value of y varies)

=[r G+ 2 sin? x) dx (asy = 3 + 2sin’x)

M 10 m
— _ 22
—J; (z)dx+2J; (sin® x)dx

Apply reduction formula:

. n—-1( (sin"!x cosx)
sin"xdx = sin *xdg ———
n n

On integrating we get,



. s
SINX COSX

T
=—(x)g+2
Z(X)o 2

%J:(l)dx—

o
= 5 (9F + [x — sinx cosxf
=5 (x)g + [x —sinxcosx]g

On applying the limits we get

= g[:TII —0) + w—sin(m) cos(m) — (0 — sin(0) cos(0))
e 2
=?+TE— (l)[:O) =E+T[

2
Hence the area between x - axis, the curve and the ordinates x = 0, x =m is equal to “? + T square units.

22. Question

J

Draw a rough sketch of the curve y = — +2 gin? x and find the area between x - axis, the curve and the

2| A

ordinates x = 0, x = 1.
Answer

Given equations are:

y=g+ 2sin?x .....(0)

X 0 T |®r®r| T |2z 3m| 5m (g

6 4’3 2 |32 &
T an?y | 1.57 [2.07 2,57 [3.57 [3.07 [2.07 [1.57
2 3.07 2.57

A rough sketch of the curves is given below: -

“Ay B

vy

We have to find the area of shaded region.
Required area

= (shaded region ABCDOA)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)



= f;ydx (As x is between (0, 1) and the value of y varies)

m .
= G+ 2 sin? x) dx (asy = S+ 2sin’x)

N1 1T NI
— _ 22
—J; (z)dx+2J; (sin® x)dx

Apply reduction formula:

. n—-1( (sin® !x cosx)
sin"xdx = sin"“xdx - ————
n n

On integrating we get,

. s
SINX COSX

T
=—(x)g+2
Z(X)o 2

%J:(l)dx—

T
=3 ()7 + [x — sinx cosx]]

On applying the limits we get

= g[:TII —0) + w—sin(m) cos(m) — (0 — sin(0) cos(0))
e 2
=?+TE— (l)[:O) =E+T[

2
Hence the area between x - axis, the curve and the ordinates x = 0, x =n is equal to “? -+ 1 square units.

23. Question
Find the area bounded by the curve y = cosx, x - axis and the ordinates x = 0 and x = Zt.
Answer

Given equations are:

A table for values of y = cos x is: -

¥ 0 T m m T
64|32

cosx |1 |3|1|1]0 |1.57
2 | V2] 2

A rough sketch of the curves is given below: -



a
N

¥

We have to find the area of shaded region.
Required area
= (shaded region ABOA + shaded region BCDB + shaded region DEFD)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

= f;nydx (As x is between (0,2 ) and the value of y varies)

am

_fg?(cosx) dx

z

= ff(cosx) dx +

+ [om (cosx) dx (as y = cos X)
z

On integrating we get,

3m

[sinx]2
Fl

s
= [sinx]2 + + [sinx]3%
Z

On applying the limits we get

T 3m T 3m
= (sm (E) —sin 0) + |sm (?) — sin (§)| + (SIII(ZTII) —sin (?))
=1-0+]-1-1/+0-(-1)=4

Hence the area bounded by the curve y = cosx, x - axis and the ordinates x = 0 and x = 2t is equal to 4
square units.

24. Question

Show that the areas under the curves y = sin x and y = sin 2x between x = 0 andx = g are in the ration 2:3.

Answer

Given equations are:

A table for values of y = sin x and y = sin 2x is: -



X [ N I I
6 | 4 3|2

sinx |0 |1 ]1]3]1
2 |V2 |2

sin2x |0 |43 |1 |3]|0
2 2

A rough sketch of the curves is given below: -

Ay A
Y=5iM %

T

y=5in 2x

r r)-t

. T,
The area under the curvey =sin x, x = 0 andx = s

A; = (area of the region OPBCA)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

T
A= ffsinx dx (As x is between (02) and the value of y varies)

™
3

A= fo (sinx) dx (a@s 'y = sin x)

On integrating we get,

I
A, = [—cosx]}

On applying the limits we get

Ay =-— (cos (g) —COos 0)

A (1 1) !
R V) T2

The area under the curvey = sin 2x , x = 0 andx = g is
A, = (area of the region OABCO)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

1
A, = foism 2x dx (As x is between (02) and the value of y varies)

E .
Az = fﬂa(sirlzx) dx (asy = sin 2x)

On integrating we get,

A, = [(—cc;‘s 2x)]§



On applying the limits we get

e =5 (c0s() ~cos0)
2 =—5cos(3 cos

A 1 ( 1 1) 1 (3) 3
2 2\ 2 S 2\2/ 4
So the ratio of the areas under the curves y = sin x and y = sin 2x between x = 0 andx = g are

AjA, = =2:3

[SER I
e ]

Hence showed

25. Question

Compare the areas under the curves y = cos?x and y = sin? x between x = 0 and x = .
Answer

Given equations are:

A table for values of y = cos?x and y = sin?x is: -

X 0 T T T T
& 4 3 2

CosZx 1 0.5 |0.75]0.25|0

5in?x 0.25]0.5 |0.75]1

A rough sketch of the curves is given below: -

I |
¥ = gosix Fl
/,/-J‘“_ /a—D_“-H-.,\\\- = ginx /-" '.'_""H-.\
X XD
:\\o i SR R _G// -
0.5 0s 1 C- 2 25 3 =
)

The area under the curve y = cos?x, x = 0 and x = is
A; = (area of the region OABCO + area of the region CEFGC)
A, = 2(area of the region CEFGC)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

A, = 2 fr cos®xdx (As x is between Gn) and the value of y varies)
2

Apply reduction formula:



"1y sinx)

n n

n—1 5 (cos
cos"xdx = cos™ xdx +
On integrating we get,

A 5 1fn(1)d N sinxcosx "
T2k % 2

m
z
A; = [(x) +sinxcosx]a
2
On applying the limits we get
A, = (m+sinTcosm) — (E + sinEcosE)
L 2 22

A hs
)

The area under the curve y = cos?x, x = 0 and x =T is
A, = (area of the region OBDGEO)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

A, = f; sin” x dx (As x is between (0, 1) and the value of y varies)

Apply reduction formula:

. n—-1( (sin® !x cosx)
sin"xdx = - sin"“xdx + —

On integrating we get,

A lfﬂ(ljd sinxcosx
2= 2), 2

m

1
A, = 3 [(x) — sinx cosx]]
On applying the limits we get

1 1
A, = 3 (m— sinTcos ) — E(O +sin0cos0)

Hence A1 = Ay

Therefore the areas under the curves y = cos?x and y = sin? x between x = 0 and x =T are equal.

26. Question

Find the area bounded by the ellipse X__ 1 L —1 and the ordinates x = ae and x = 0, where B =a2(l-e?)
a-~ b
and e<1.

Answer

Given equations are:



And x =ae, x=0 ...... (2)

equation (1) represents an eclipse that is symmetrical about the x - axis and also about the y - axis, with
center at origin and passes through (+a, 0) and (0, £a).

A rough sketch is given as below: -

:

4y

A

&

.
We have to find the area of shaded region.

Required area

shaded region ABCDA

2 (shaded region OABO) ( as it is symmetrical about the x - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 f:ey dx (As x is between (0,ae) and the value of y varies)

H . . — X
Substitute x = asinu = u = sin* (E),dx = acosudu

So the above equation becomes,

2b ae
= ?J- Ja% — (asinu)? (acosudu)
0

Zb ae
22 _ 22 cin2ny
=— | acosu4a?—a?sin?udu
a Jo

We know, a2 —a?sin?u = a%(1 —sin?u) = a®cos?u
So the above equation becomes,

zb ae
=7 acosu+/a?cos?udu
0

aes
T,
= a“cos<udu
alJp

Apply reduction formula:



=1y sinu)

N n—1 - (cos
cos"udu = o cos" “udu+ o

On integrating we get,

1 (cosusinu)]*®
! a0
2 2 .

— 9ab E (cosu sin u)] [ J’ Ldu = u]

Undo the substituting, we get

5in = Cos | sln =] 5in|sin =
d + d d

2 2

r ae
2ab X X2 X
=——|sinT} =)+ [1-=x-
2 (a) az a

0

= 2ab

On applying the limits we get,

ae ae ae)? 0 0 02
=ab || sin™* (—)—l—— 1—[: )* ) _ sinTH =) +- [1-—
a a a2 a a

=ab [(Sill_l(e) +e1—e? )]

Hence the area bounded by the eIIipse§+:_;= 1 and the ordinates x = ae and x = 0, where K =a?(1-e?)
a

and e<1 is equal to ab[(sin~%(e) + ey/1 — e2 )] square units.

27. Question

Find the area of the minor segment of the circle X2 + y? = a2 cut off by the line x =

IJ|.-J

Answer

Given equations are :

Equation (1) represents a circle with centre (0,0) and radius a, so it meets the axes at (xa,0), (0,xa).
Equation (2) represents a line parallel to y axis.

A rough sketch of the circle is given below: -



.// \\.

- ]I ol n—t!‘ -
\ y
AN 4

— —" B

We have to find the area of shaded region.

Required area

= (shaded region BCDB)

= 2(shaded region ABCA) (as the circle is symmetrical about the x - axis as well as the y - axis)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 [ ydx (As x is between G,a) and the value of y varies)
2

=2 E‘\f’az —x2dx (as y = Vaz—x2)
2

H . . X
Substitute x = asinu=u = sin™* (;) dx = acosudu

So the above equation becomes,

a
= ZJ; Ja% — (a sinu)?(a cosudu)
2

a
3 s
= ZJ- acosu/az — a?sinZudu
a

2
We know, a? —a?sin®u = a?(1 —sin®u) = a®cos®u

So the above equation becomes,

a

= ZJ; acosu4/a? cos?udu
2
a

=2J; a? cos?udu

Apply reduction formula:

n—1 _2 (cos®™ tusinu)
cos®™udu = cos" “udu+ ——
n n

On integrating we get,

032 [lJ’ Ldus (cosusinu)r
I PN B 2 s

5 2[u_'_(-:l::osusinu)r ["fld B ]
=2a|3 5 NE u=u



Undo the substituting, we get

[sin (g) cos (sin‘1 (g)) sin (Sill_l @))) )

= 23% +

a

2

= 2a’ +

On applying the limits we get,

a a a2
=a%|| sin”? (—) +-/1——|—|sin?
a a a2

1y 1 1
= 2 in~! fo) - in~* {5 2 4
a [:5111 (1) + 1y 0) sin (2) + 5 J:

W)

a
=35 4m - 3V3)

Hence the area of the minor segment of the circle X2 + y2 = a2 cut off by the linex = g is equal to

j—Z(-’-hT— 34/3) square units.

28. Question

Find the area of the region bounded by the curve x = at, y = 2at between the ordinates corresponding t = 1
andt=2

Answer

Given equations are:

x=at? ..... (1)

y = 2at..... (2)
t=1...(3)
t=2...(4)

Equation (1) and (2) represents the parametric equation of the parabola.

Eliminating the parameter t, we get



x=at?= x=a(%)2=>y2=4ax

This represents the Cartesian equation of the parabola opening towards the positive x - axis with focus at
(a,0).

A rough sketch of the circle is given below: -

A P

A°
o/
;_/
I
/
= B E
- | .
\
\
N
A
;
-y S

Whent=1,x=a

Whent =2, x = 4a

We have to find the area of shaded region.
Required area

= (shaded region ABCDEF)

= 2(shaded region BCDEB)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=2 f:ay dx (As x is between (a,4a) and the value of y varies, here y is Cartesian equation of the parabola)

—Zf [4ax dx (as y? = 4ax )
4a
7| R

a

On integrating we get,
43

2x2

[ ] (by applying power rule)
On applying the limits we get,

-5 (V@) (V&)

3 B



Hence the area of the region bounded by the curve x = at?, y = 2at between the ordinates corresponding t =

56a°

landt=2is equal to square units.

29. Question

Find the area enclosed by the curve x = 3 cost, y = 2 sint
Answer

Given equations are x = 3 cost, y = 2 sint

These are the parametric equation of the eclipse.

Eliminating the parameter t, we get

X
X =3 cost= 3= cost.......(i)

y=2sint= % =sint........ (ii)

Squaring and adding equation (i) and (ii), we get

2

"

Y _ gin? 2t = in2t 2t=1
+7 = sin*t+cos t=1 (as sin“t + cos )

o |

This is Cartesian equation of the eclipse.

A rough sketch of the circle is given below: -

Ay
B
e
- -H"\-\.\_
/ \\\
\
4 \
o "
X )
=t : - - o
i o - ‘|o [ x
\ /
\.x ,,./
‘--\_""“-—__-_._———" i
D
v

We have to find the area of shaded region.
Required area

= (shaded region ABCDA)

= 4(shaded region OBCO)

(the area can be found by taking a small slice in each region of width Ax, then the area of that sliced part will
be yAx as it is a rectangle and then integrating it to get the area of the whole region)

=4 _[Dgydx (As x is between (0,3) and the value of y varies, here y is Cartesian equation of the eclipse)

=4fo32 l_fdx(asf+y_z=1=}_}’_z=l_f=}_y=2 ’l—f)
El 9 4 4 g9 g

3
1 —
=8 5-\;9—){2(1}{

o)

8 3
=—J- V9 —xZdx

3Jo



Substitute x = 3sinu = u = sin™* G),dx= 3cosudu

So the above equation becomes,

8 3
= EJ- V9 —(3sinu)? (3cosudu)
o

8 3
=§J- 3cosu49 —9sin?udu
0

We know, 9 — 9sin?u = 9(1—sin®u) = 9cos?u

So the above equation becomes,

8 3
=§J- 3cosu4/9cos?zudu
0

8 3
=—f 9 cos’udu
3 1]

Apply reduction formula:

n—1 - (cos®™ tusinu)
cos®udu = cos" fudu+———
n n

On integrating we get,

1 (cosusinu) :
=24 [—J- ldu+7]
2 2 0

_24[1,1_'_(l:osusinu)]g ["J-ld B ]
-z 2 1)

Undo the substituting, we get

a1 (3) con (s (3)) s (5)

=24 -

-12 5111—1(§)+ ’1—%2%

On applying the limits we get,

o (ss (2) 2 [1-2) - (st (§) 2 [1-2
= S 3 3 9 sin 3 3 9

= 12[(sin"(1) +0) — 0] = 6
Hence the area enclosed by the curve x = 3 cost, y = 2 sintis equal to 61 square units.

Exercise 21.2
1. Question

Find the area of the region in the first quadrant bounded by the parabola y = 4x% and the linesx =0,y = 1
andy = 4.

Answer



'S

-3 -2 -1 0 1 2 3 4

w
@

To find the area under two or more than two curves, the first crucial step is to find the INTERSECTION POINTS
of the curves.

= y = 4x? (Curve A),y = 1 (Line C)

= 1 = 4x°

== X

2

The coordinates (;, 1)

= y = 4x?(Curve A),y = 1 (Line B)

—y=4x3,y=4

— 4 = 4x?

= x=+1

Required Area can be calculated by breaking the problem into two parts.
I. Calculate Area under the curve A and Line C

Il. Subtract the area enclosed by curve A and Line B from the above area.

Therefore, the areas are:

l. fol(-ﬂf — 4x?).dx = Area enclosed by line C and curve A

ax3]*
= [4}{]% - I:?

o]

l
W oo

1
Il. _[05(1_ 4x?).dx = Area enclosed by curve A and Line B.

2

-]

0



o
Pl
%]

)

W= e
w‘

=

Now the required area under the curves:

8 1 7
= ———- ==
3 3

7
Area bounded = 3 Square units.

2. Question

Find the area of the region bounded by X2 = 16y, y = 1, y = 4 and the y - axis in the first quadrant.

Answer

\\

-5 -4 -2 L] 2 4 ] g 10 12 14

To find the area under two or more than two curves, the first crucial step is to find the INTERSECTION POINTS
of the curves.

XE
Y=1¢ (Curve A),

y = 4 (Line B),

v = 1(Line C)

Between Curve A and Line C
= 16 = x?

=X =4

Between Curve A and Line B

—a=
T 16

= x = /64

= X =8

Required Area can be calculated by breaking the problem into two parts.

I. Calculate Area under the curve A and Line B.



Il. Subtract the area enclosed by curve A and Line C from the above area.

l. fos (4 —E) .dx = Area under B and A

3 8

16 x 3

= [4x]8 — [

64
ﬁ_

3
4 xZ _
I, (1 —E).dx = Area under C and A

4

3
X
:}km_¢;6x3

o]

l
W o

The required area under the curve

64 8 56 .
_ — — — = — ) .
3 3 3 square units

3. Question

Find the area of the region bounded by x2 = 4ay and its latus rectum.

Answer

o

Il|:| 1116 a) y=a
(112, 1116 a) (172, 1716 a)

-4

% 5 4 3 =2 -t 0 1 2 3 3 5 [

-

This is a simple problem of the area under the two curves.

Step 1: Find the latus rectum and its intersection points with the parabola.
= x? = 4ay (1)
=y =—(2
y=72:@
Comparing it with the standard form of a parabola
Y =4Ax2

Where (0, A) is the coordinate of the focus of the parabola. And the latus rectum passes through this point
and is perpendicular to the axis of symmetry.

Therefore, the equation of latus rectum isy = a.



Comparing equation (1) and (2)

! 447
4a
A 1
= A = —
l6a

= The equation of the latus rectum:

1 x?
16a 4a
1
x? = -
= 4
1
X = +—
- 2

Step 2: Integrating the expression to find the area enclosed by the curves.

Since the latus rectum is above the parabola in the cartesian plane, the expression will be:

1

J’z 1 de
———|dx

-1|16a 4a

2

1
x 12 x? /2
=[] -
l6al-1,, [4ax3 -1
2
el ~[sea)
:} — — —
16a 48a
1
—
24a

4. Question

Find the area of the region bounded by x? + 16y = 0 and its latus rectum.

Answer
4
2
0 3 & 4 cuol T s [ 4 16 g

-2 y=-1/64

/ i

2 N
-G
\< + 16y =0
-8
7 4 \
4

This is a simple problem of the area under the two curves.

Step 1: Find the latus rectum and its intersection points with the parabola.



As following the above questions procedure:
We find the equation of latus rectum as

1

Y=—a

And the intersection points:

1
X = +—
T2

Step 2: Integrating the expression to find the area enclosed by the curves.
Y2 [—x? 1
— + —|dx
J-—lff 16 64
2
1

—_
96
5. Question

Find the area of the region bounded by the curve ay? = x3, they y-axis and the linesy = a and y = 2a.

Answer

Similarly as problem 1,
Area of the bounded region = Area under (y = 2a) and (ay? = x3) - Area under (y = a) and (ay? = x3)

Area under (y = 2) and (ay?2 = X3 ) =

1.58a %3
J; (2a— ;) dx

1.58a
2X=
= |[2ax ——
haz

0

5

2(1.58a)=z

= 2a(l.58a)— ————

baz

Area under (y = a) and (ay? = x3)

=@~ E)dx



E a

2Xz

= |ax ———
5a:

0

5

2az

= |a.a——7
baz

Required area:

5 5

2a(1.58a) — 72(1'5?3)5 —la? - Zaf
5az 5az

Simplify further and you will get the answer.

Exercise 21.3

1. Question

Calculate the area of the region bounded by the parabolas y? = 6x and x? =6y.

Answer

The given equations are,

y2 = 6x

y = Véx...(i)

And x2 = 6y.
Xz

Wheny = 0thenx =0,

Orx = -(6_3:

N

Putting x value on y? = 6x,

y? = 6,/6y

Or‘% =66
v

Ory% = 63

Ory=6

Wheny = 0 thenx =0,
And When y = 6 then x = 6,

On solving these two equations, we get point of intersections.

The points are O (0,0) and A(6,6). These are shown in the graph below



Now the bounded area is the required area to be calculated, Hence,

Bounded Area, A = [Area between the curve (i) and x axis from 0 to 6] - [Area between the curve (ii) and x
axis from 0 to 6]

6 GXE
A = f@dx—f X i
0 0 6
5 XE
A= J-(\!E—E)dx
i}

On integrating the above definite integration,

o= )

A 6

x/2  x? ¢
-5,

(6)7 _(8)?

- lv’_ 18

A = 12sq.units

Area of the region bounded by the parabolas y2 = 6x and x? = 6y is 12sq. units.
2. Question

Find the area of the region common to the parabolas 4y = 9x and 3 x2 =16y.
Answer

The given equations are,

4y? = 9x
3 .
= Eﬁ(l)
And 3x?2 = 16y.
3x?
Y= T¢ .. (ii)

Equating equation (i) and (ii)



VX =
2V 16
3 3
Oryxz = 42
Orx=4

When we put x = 4 in equation (i) theny = 3,
When we put x = 0 in equation (i) theny = 0,
On solving these two equations, we get the point of intersections.

The points are O (0, 0) and A(4,3). These are shown in the graph below

Now the bounded area is the required area to be calculated, Hence,

Bounded Area, A = [Area between the curve (i) and x axis from 0 to 4] - [Area between the curve (ii) and x
axis from 0 to 4]

43 +3y?
A= J- —xdx—| —dx
.2 . 16
‘3 3x?
A= | Cvx-2Hd
J;(Z\'X 1o

On integrating the above definite integration,

4‘ |
The required area = A = | [w—giz]dx
o L2 16
314
PP
16],
y, @°
= |(4 fo N
(4) T
64
- 16

= [8 — 4] = 4 sq.units

Area of the region common to the parabolas 4y?2 = 9x and 3 x2 = 16y is 4 sq. units
3. Question

Find the area of the region bounded by y = Vxandy = x

Answer



The given equations are,
y = \."'; (1)
And y = x ...(ii)

Solving equation (i) and (ii)

2

y =X=y
Ory?=y
Ory(y-1)=0

So,y=0o0ory=1landx=0o0orx=1
On solving these two equations, we get the points of intersection.

The points are O (0, 0) and A(1,1). These are shown in the graph below

Can

03

Now the bounded area is the required area to be calculated,

Hence, Bounded Area, A = [Area between the curve (i) and x axis from 0 to 1] - [Area between the curve (ii)
and x axis from 0 to 1]

1 1
f \&dx—f xdx
[i] 4]

J:(\& —x)dx

A

A

On integrating the above definite integration,
1
= fg. (1 — ¥ )dx

= fol(\a@— x)dx

1

2 x?
= |zxvx——=

3 2,
= -21 *’1_(1)2 0
=zt |~ [0
2 1] 1 .
= 3 5 = 65(].111115



Area of the region bounded by y = /x and Y = X is%sq.units.

4. Question

Find the area bounded by the curvey = 4 - ¥ and the linedy = 0, y = 3.

Answer

The given equations are,

Y =4-x2..()

Y =0 ...(ii)

And y = 3 ...(iii)

Equation (i) represents a parabola with vertex (0,4) and passes through (0,2),(0,02)
Equation (ii) is x - axis and cutting the parabola at C (2, 0)and D( - 2,0)

Equation (iii) is a line parallel to x - axis cutting the parabola at A(3,1)and B( - 3,1)
On solving these equations, we get point of intersections.

The points of intersections of a parabola with the other two lines are A(3,1), B( - 3,1), C(2,0) and D( - 2,0).
These are shown in the graph below

.
(]

A3
y=4 'l‘/ »

Now the bounded area is the required area to be calculated,

Hence, Bounded Area, A = 2 times [Area between the equation (i) and y axis fromy =0toy = 3]
3
A= J; Ji-—ydy

On integrating the above definite integration,

@—w%r
= —p|—_77
5]

- _22[43!'2 — 134"2]

28 .
= — 8 units
3 q

The area bounded by the curvey = 4 - x2 and the linedy =0, y = 3 is? sq units.

5. Question



st

|4

|4

=

] WY

L

X2 ’ X ¥
Find the area of the region I(xx | Eu
a

Answer

There are two equations involved in the question,

2 2

=+ % — 1 Represents an ellipse, symmetrical about both axis and cutting x - axis
a

at B (a,0) and ( - a,0)

xz

=+ :_:i: 1 Represents the area inside the ellipse

b ——
y = g\fa?—#...(i)

Wl

+ % = 1 Represents a straight line cutting x - axis at B(a,0)

b
y = -(@-x) (i)

a
% + z'—:g 1 Represents the area above the straight line.
a

Form the given these two equations; we get the point of intersections. The points are B(a,0) and A(0,b).
These are shown in the graph below

A{0,b)

B(0.a)

The common area is the smaller area of an ellipse.

A = [Area between the curve (i) and x axis from 0 to a] - [Area between the curve (ii) and x axis from 0 to al

a[b b
A=, [E\faz—xz—g(a—x)]dx

= gf:z[v’ﬂ—(a—x)]dx

b [x a? X x2]?

- —|= 2 %2 — i —1(_)_ —_

= a2 —x2 + —sin ax +
al2V 2 a 2

o]

W o

a —— a? a?
(—\faz—xz + Esin‘l(l)—a2 + 5 —(0+0+0+0)

Il
W o
pa| ™
NS
|
pa| &,
s

SO, the required area is % (m— 2) square units.



6. Question
Using integration find the area of the region bounded by the triangle whose vertices are (2,1), (3,4) and (5,2).
Answer

Here we have to find the area of the triangle whose triangle are A(2,1), B(3,4) and C(5,2) as shown below.

The equation of AB,

Y=V = (Q) (x—x4)

X2 7%

r—1= (5= e
3
1

y—1 (x—2)
Y =3x-5..()

The equation of BC,

roa - (55)e

=5 &x=3)
y = —x + 7..(i)

The equation of AC,
2—-1

1—:L 2
y-1=3(x-2)

= - 2+ 1
y=3%73
1 N 1
y=3x+g3 ... (iif)

Now the required area (A) =
[(Area between line AB and x - axis) - (Area between line AC and x - axis) from x = 2 to x = 3]

+ [(Area between line BC and x - axis) - (Area between line AC and x - axis) from x = 3 to x = 5]

A=) -ya)ax + [ (Vo-ya)ds



= f; [(3};—5)—@}{ + %)] dx + f;[(—x + 7)— @x + %)]dx
= f; [3}&—5—%}1 + %]dx + f;[—x + 7—%){ + %]dx

8x 16 s/ 4 20
= fg(—x——)dx+ I (—EX + ?)dx

- 3105 2)- 0]
SETEE SR

313

= 4 sq units.

The area of the region bounded by the triangle whose vertices are (2,1), (3,4) and (5,2) is 4 sq. units
7. Question

Using integration, find the area of the region bounded by the triangle ABC whose vertices A, B, C are ( - 1,1),
(0,5) and (3,2) respectively.

Answer

We have to find the area of the triangle whose vertices are A( - 1,1), B (0,5), C(3,2) as shown below.

B(0,5)

C(3,2)

4
y—1=i(x+ 1)

y=4ax+4+1

Y=4x + 5 ...(i)



The equation of BC,

s (Do

=5 &-0)
y—5=—=x
Y =5-x..(ii)

The equation of AC,

1 (2_1) +1
y-1=\337)&x+*D
1= L 1
y-1l=,(x+1)
1= e+l
e

1
y = Z(X + 5)...(iii)

Now the required area(A) =
[(Area between line AB and x - axis) - (Area between line AC and x - axis) from x = -1 to x = 0]
+ [(Area between line BC and x - axis) - (Area between line AC and x - axis) from x = 0 to x = 3]

Say, Area A = A, + A,
0 1
A = f_l[(4x + 5)—E(x+ 5)]dx
o X 5
= _[_1[4}{ + B—E—E dx

15 15
= -[f'l (TX + T) dx

15;;2Jr 0
TE\2 7))

< Sfo-G+)

15
T8

3
And, A, = fo (y2 — y3)dx

- o+



Il
e | o
P
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et

|
b2 | 4,
—
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Il
I
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Il
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So the enclosed area of the triangle is§ + ? = ?sq Units.

8. Question

Using integration, find the area of the triangular region, the equations of whose sidesarey = 2x + 1, y = 3x
+1and x = 4.

Answer

To find the area of the triangular region bounded by
y = 2x + 1 (Say, line AB) ...(i)

y = 3x + 1 (Say, line BC) ...(ii)

y = 4 (Say, line AC) ...(iii)

The sketch of the curves are drawn below,

8

T4

ci(4, 13)
12
A(4,9)

o

a4

2

B (0, 1)

4 2 1 [ 8 )

Equation (i) represents a line passing through points B(0,1) and (—3,0),

Equation (ii) represents a line passing through (0,1) and (—51,0).

Equation (ii) represents a line parallel to y - axis passing through (4, 0).
Solving equation (i) and (ii) gives point B (0, 1).

Solving equation (ii) and (iii) gives point C (4, 13).

Solving equation (i) and (iii) gives point A (4, 9).

So, the Required area, A = (Region ABCA) = [Area between line BC and x - axis from x = 0 to x = 4]- [Area
between line AB and x - axis from x = 0 to x = 4]

A= I:(YFYQ)dX
= [JI3x + 1)—(2x + 1)]dx

= ;xdx



= 8 sq.units

So the Required area is 8 sq. units.

9. Question

Find the area of the region {(x, y) : y2<8x, x? + y?< 9}
Answer

To find area {(x, y): y?< 8x, x% + y?<9}
yZ = 8x ...(J)

x? +y? =9 (i)

On solving the equation (i) and (ii),
or,x2 +8x =9

or, x> +8x-9=0
Oor,(x+9)(x-1)=0
Or,x=-9orx=1

And when x = 1 theny = £2v2

Equation (i) represents a parabola with vertex (0,0) and axis as x - axis, equation (ii) represents a circle with
centre (0,0) and radius 3 units, so it meets area at (£3, 0), (0,£3).

Point of intersection of parabola and circle is (1,2v2) and (1, - 2v2).

The sketch of the curves is as below:

.
m
o

Or, required area = 2(region ODCO + region DBCD)

2 [folm@dx + ff\f 9— xzdx]

1

’ 2 X —— 9 x\?
2 2 2.5}{\.& + (EVQ—XZ + 55111_15)1

0



[ (42 3 9 1 9 1
(%1 ﬁ) + {(E\,ﬁg—g + Esm-l(l]l)— (E\,ﬁg— 1+ Esin‘lg)}]

42 (9 T[) 22 9 _1(1)

Y A el B ok i -

3 22 2 2°M 3
(42  9m 9 1
Y R ALY S -1(—)
3 Tz VeTRt o3

Hence, the required area is 2 [”?2 + ?— gsm—l G)]sq units.

10. Question

Find the area of the region common to the circle X2 + y2 = 16 and the parabola y? = 6x.
Answer

There are two equations,

x2 4+ y2 =16 ...(i)

y2 = 6x ...(ii)

From (i) and (ii)

X? + 6x = 16

or, X? + 6x-16 =0
Or,(x+8)(x-2)=0
Or,x=-8orx=2

And when x = 2 theny = £2V3

Equation (i) represents a circle with centre (0,0) and radius 4 units, so it meets x - axis at (x4,0) and
equation (ii) represents a parabola with vertex (0,) and axis as x - axis

Points of intersection of parabola and circle are (2,2v3) and (2, - 2v3).

The sketch of the two curves are drawn below,




The shaded region represents the required area.
Required area = Region OBCAO

Required area = 2 (region ODAO + region DCAD)

A= Z(I;yldx + f;yzdx)

2 [f;»fexdx + f;\flt'; — x?dx]

4

[ 16 X
=2 [\,6 x\,&} [x\.'lé x2 + —sin 1—}
] 0 2 4),

2 ;v'ﬁ + {(0 + 8sin™(1)) — (Lv@ + 851“_1@))}]

[
%]
p——
2
Wl
+
s
=
|
Dy
|
|

Il
o]
p——

So, the required area is 2 [2"3 + }sq units.

11. Question

Find the area of the region between circles x2 + y2 = 4 and (x - 2)2 4+ y2 = 4.
Answer

The given equations are,

x2 +y2 =4 ..(i)

(x - 2)% + y? = 4 ..(ii)

Equation (i) is a circle with centre O at origin and radius 2.
Equation (ii) is a circle with centre C (2,0) and radius 2.
On solving these two equations, we have

(x-2)2 +y?=x2 +y?

Orx2-4x+4 +y> =x2 + y?

Or x = 1 which gives y + V3

Thus, the points of intersection of the given circles are A (1, v3) and A’ (1, - ¥v3) as show in the graph below



(1, —v3)

Now the bounded area is the required area to be calculated, Hence,
Required area of the enclosed region OACA’O between circle
= [area of the region ODCAO]

= 2 [area of the region ODAO + area of the region DCAD]
=2 Uolydx + ffydx)

=2 [_f JE4— (X—2)2dx + _f V4 dx] {from (i) and (ii)}
=2 E (x—2)/4— (X—2)2 + sin™* (%)]:

+ 2[ X4 —x2 + szm EL

= [(x— 2)/4—(X-2)2 + sin‘l( )] [x\; —-x2 + —xsm lg]j

-1
= [(—i@ + 4sin~! (?)) — 4sin

= [(—\,@—43{%) + 4x§] + [4}%—\,@—4:{2]

1
in11—+3— 45111‘151

2T 2T
(3= 2 4 2n) + (o V3 2)

8m
=3~ 2v/3squareunits

The area of the region between circles X2 + y2 = 4 and (x - 2)2 + y2 = 4 is % — 2v/3squareunits

12. Question

Find the area of the region included between the parabola y2 = x and the line x + y = 2.
Answer

To find region enclosed by

y2 = x ...(i)

And x +y = 2 ...(ii)

From equation (i) and (ii),



y2+y-2=0

Or,(y+2)(y-1)=0

Orby=-2,1

wX =41

Equation y? = x represents a parabola with vertex at origin and its axis as x - axis
Equation x + y = 2 represents a line passing through (2,0) and (0,2)

On solving these two equations, we get point of intersections. The points of intersection of line and parabola
are (1,1) and (4, - 2) These are shown in the graph below

-2

Shaded region represents the required area. We slice it in rectangles of width Ay and length = (x; - x3).
Area of rectangle = (x1 - x3)Ay.

Required area of Region AOBA
1
= .[_2 (%, — X, )dy

= [L2-y-y>dy

-[(2-3-3)- (-2 +3)
_ :(12—3—2)_(—12 —36 + 3)]

= — §(q.units

The area of the region included between the parabola y? = x and the line x + y = 2.
.9 .

IS £ sq. units

13. Question



Draw a rough sketch of the region {(x, y) : y2 = 3x, 3x2 + 3y2 < 16} and find the area enclosed by the region
using method of integration.

Answer

To find area of region{(x, y) : y? < 3x, 3x2 + 3y? < 16}

The given equations are,

yZ = 3x ...(J)

And 3x2 + 3y?2 = 16

x2 4+ y? = (i)

Equation (i) represents a parabola with vertex (0,0) and axis as x - axis,

Equation (ii) represents a circle with centre (0,0) and radius 4/v3 and meet at A (i %) and B (O,i
J ]

wl
o
>

rough sketch of the region{(x,y) : y* < 3x%,3x* + 3y? < 16 } is drawn below

=

(x1,y1)

= Qfx1.y2)

-
-

Required area = Region OCBAO

= 2(area of Region)

= 2(area of Region OBAO)

= 2(area of Region ODAO + area of Region DBAD)

2ol
=2 _f;\-@dx +[" (E) —x2dx

4 2 . 8m 6 16, V3a
= \.@az 3 a 3 a 3 sin 4
-9 + /273



The area enclosed by the region is wsq_ units

14. Question

Draw a rough sketch of the region {(x,y) : y? = 5%, 5x2 + 5y? < 36} and find the area enclosed by the region
using the method of integration.

Answer

To find the area enclosed by the region{(x,y) : y? < 5x, 5x2 + 5y2 < 36}
The given equations are,

yZ = 5x ...(J)

And 5x2 + 5y2 = 36 ...(ii)

3

=]

x4+ y? =

Ull

Substituting the value of y2 from (i) into (ii)
5x2 + 25x = 36
5x2 4+ 25x-36 =0

JRE—

—25+134
10

1]

X =
Equation (i) represents a parabola with vertex (0, 0) and axis as x - axis.

Equation (ii) represents a circle with centre (0, 0) and radius 6/v5 and meets axes at (iic, O)and (O,J_r

V2

-
o

al e
‘-___.-/
<

—25 +4/1345
10

ordinate of the point of intersection of circle and parabola is A where a =

A rough sketch of curves is: -

Qix1,¥2)

Required area = Region OCBAO
= 2 (Region OBAO)
= 2 (Region ODAO + Region DBAD)
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The area enclosed by the region {(x,y):y? < 5x,5x? + 5y% < 36} is sg. Units

15. Question

Draw a rough sketch and find the area of the region bounded by the two parabolas y? = 4x and x? = 4y by
using methods of integration.

Answer

To find the area bounded by

y2 = 4x

y = Z\I'{E...(l)
And x2 = 4y
y = ':...(n)

On solving the equation (i) and (ii),
2
(5)* = 4x

or, x*- 64x =0
or, x(x3-64) =0
Or,x=0,4
Theny =0,4

Equation (i) represents a parabola with vertex (0,0) and axis as x - axis. Equation (ii) represents a parabola
with vertex (0,0) and axis as y - axis.

Points of intersection of the parabola are (0,0) and (4,4).

A rough sketch is given as: -
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Now the bounded area is the required area to be calculated, Hence,

Bounded Area, A = [Area between the curve (i) and x axis from 0 to 4] - [Area between the curve (ii) and x
axis from 0 to 4]
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On integrating the above definite integration,

4 X
A= [2yx——dx
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32 16
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= 3 5q. units

Area of the region bounded by the parabolasy? = 4x and x2 = 4y is ?sq. units.

16. Question

Find the area included between the parabolasy? = 4ax and x2 = 4by.
Answer

To find area enclosed by

Y2 = 4ax

y = 2yax .00

And X2 = 4by
y = = i

On solving the equation (i) and (ii),



Or, x* - 64ab?x = 0

or, x(x3 - 64ab?) = 0

Or, x = 0 and x = 43/ah2

Theny = 0 and y = 43/a2h

Equation (i) represents a parabola with vertex (0,0) and axis as x-axis,
Equation (ii) represents a parabola with vertex (0,0) and axis as x - axis,

Points of intersection of parabolas are O (0,0) and c[:ar?\,fab{ﬁfaz b)

These are shown in the graph below: -
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The shaded region is required area, and it is sliced into rectangles of width and length (y! - y2)AX.

This approximation rectangle slides fromx = 0 x = 0tox = 43/aZh. so

Required area = Region OQCPO

e
= fg. U (y, — yo)dx

2
45/a%b X
= fo (ZNE\&_E)dX
2 Xg 4'3\."3.'3
= |2Ja-xx——
[‘“ 37V 12p
32/a 1,211 64ab?
=73 *3"3%°3 12
32 b 16 b
ERE
16
= ?ab sq. units

The area included between the parabolasy? = 4ax and x2 = 4by is ?ab $q.units

17. Question

Prove that the area in the first quadrant enclosed by the axis, the line x = v3y and the circle ¥ + y2 = 4 is
n/3.

Answer



To find an area in the first quadrant enclosed by the x - axis,
X =V3y
x2+y2=4

Or (vV3y)> + y* = 4

Or4y? = 4
Ory = +1
Andx = +4/3

Equation (i) represents a line passing through (0,0), ( - V3, - 1), (vV3,1).
Equation (ii) represents a circle centre (0,0) and passing through (x2,0), (0,£2).
Points of intersection of line and circle are ( - V3, - 1) and (v3,1).

These are shown in the graph below: -
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Required enclosed area = Region OABO

= Region OCBO + Region ABCA

3 2
= .[; yidx + fﬁhdx
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Hence proved that the area in the first quadrant enclosed by the axis, the linexy = \,@y and the circle
x* + y* = 4ism/3.

18. Question



Find the area of the region bounded by by y = Vx and x = 2y + 3 in the first quadrant and x - axis.
Answer

To find an area in the first quadrant enclosed by the x - axis

y = VX ..(i)

X =2y + 3...(ii)

On solving the equation (i) and (ii),

X—3
2

y:

y2=2y + 3
or,y2-2y-3=0
Or,(y-3)y+1)=0

Or,y=3o0ry=-1

These are shown in the graph below: -

Required area of the bounded region

2 ? x—3
=f\.@dx+f\,@—( )dX
0 0

2
B N PSP I
I%o AR
) l l(e) by L3O _@% @2 30
3/, 3, 4 23, 4 2
= 9 sq. units

The area of the region bounded by by y = vVx and x = 2y + 3 is9 sq.units

19. Question

Find the area common to the circle x2 + y2 = 16 a2 and the parabola y2 = 6ax.
OR

Find the area of the region {(x,y):y% < 6ax} and {(x,y):x2 + y? < 16a2}.
Answer

To find area given equations are

y2 = 6ax ...(i)



xZ2 4+ y2 =16 a2 ...(ii)

On solving Equation (i) and (ii)

Or x2 + (6ax)? = 16a?

Or x? + (6ax)? - 16a = 0

Or(x +8a)(x-2a)=0

Or x = 2a or x = - 8a is not possible solution.

Then y2 = 6a(2a) = 12a% = +2V3a

Equation (i) represents a parabola with vertex (0,0) and axis as x - axis.
Equation (ii) represents a with centre (0,0) and meets axes (+4a,0), (0,=4a).
Point of intersection of circle and parabola are (2a,2v3a), (2a, - 2V3a).

These are shown in the graph below: -

o
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A(2a3.43a)

Required area = 2[Region ODCO + Region BCDB]

2 [.[0233’1'[13 + .[:;dex]

2 [_foza‘v 6axdx + _[ J16az —x2d ]

X ———— 16a
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a

The area common to the circlex? + y2 = 16 a2 and the parabola y2 = 6ax is “TZ (41 + V3)sq.units

20. Question

Find the area, lying above x - axis and included between the circle circle X2 + y2 = 8x and the parabola y? =
4x.

Answer

To find area lying above x - axis and included in the circle
x2 + y? = 8x ...(i)

Or(x-4)2 +y?=16

And y? = 4x ...(ii)

On solving the equation (i) and (ii),

xZ2 4+ y2 = 8x
Orx2-4x =0
Orx(x-4)=0

Orx=0andx =4

Whenx=0,y=0

When x =4,y = x4

Equation (i) represents a circle with centre (4,0) and meets axes at (0,0) and (8,0).
Equation (ii) represent a parabola with vertex (0,0) and axis as x - axis.

They intersect at (4, - 4) and (4,4).

These are shown in the graph below: -
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Required area = Region OABO
Required area = Region ODBO + Region DABD ...(1)

Region ODBO = f:z\,&dx
2
= 2(_ a'_)
SX\.X
Region OBDO = 32/3 sq. units ...(2)

Region DABD = ff\flé —(x—4)2dx



[(x—-’-l) e e a% + 16 (3_4)]9
= 5 (x—4) 5 sin z )/,

1 8
= [(0 + 85)— (0 + 0)]4
Region DABD = 4n sq. units ...(3)
Using (1),(2) and (3), We get
Required area = (2—2 + 41‘[)
=4 (T[ + g) sq. units
The area lying above the x - axis and included between the circle x2 + y2 = 8x and the parabola y? = 4x is 4
(T[ + g) sq. Units
21. Question
Find the area enclosed by the parabolasy = 5x%2 and y = 2x% + 9.
Answer
To find the area enclosed by
y = 5x2...(i)
andy = 2x2 + 9 ...(ii)
On solving the equation (i) and (ii),

5x2=2x2+ 9

Or3x2=29
Orx =+4/3
Ory =15

Equation (i) represents a parabola with vertex O (0, 0) and axis as y - axis .
Equation (ii) represents a parabola with vertex C (0, 9) and axis as the y - axis.

Points of intersection of parabolas are A (v3, 15) and B( - v3,15)

These are shown in the graph below:

\

0.9

Required area = Region AOBCA
= 2(Region AOCA)



= ZIJ%tZXZ + 9 — 5x%)dx

= 2j;@(9—-3x2)dx

= [ox — x*])®

= 2[(9v3 -3v3) - (0)]

= 12v/3sq.units

The area enclosed by the parabolasy = 5x2and y = 2x2 + 9 is 1243 Sq. units

22. Question

Prove that the area common to the two parabolasy = 2x2 and y = x2 + 4 is 32/3 sq. Units.
Answer

To find the area enclosed by,

y = 2x2 ...(i)

Andy = X2 + 4 ...(ii)

On solving the equation (i) and (ii),

2x2=x%2+ 4
Orx? =
Orx =412
y=8

Equation (1) represents a parabola with vertex (0,0) and axis as y - axis.
Equation (2) represents a parabola with vertex (0,4) and axis as the y - axis.
Points of intersection of parabolas are A(2,8) and B( - 2,8).

These are shown in the graph below: -

Elal

Required area = Region AOBCA
= 2(Region AOCA)

= Zf; (x? + 4 —2x%)dx

= 2[ (4 —x?)dx



)
= 24X ——

3 [}
= 7[(s-3)- @)
- =) - ©
32 ,
= ?SQ.UIIItS

Hence, proved that the area common to the two parabolas y = 2x2 and y = X2 + 4 is 32/3 sq. Units.
23. Question

Using integration, find the area of the region bounded by the triangle whose vertices are
()(-1,2),(1,5)and (3, 4)

(ii) (-2, 1), (0, 4) and (2, 3)

Answer

Equation of side AB,

x+1 y—-2
1+1 5-2

Xx+1 -2
or ==
2 3

Or3x+3=2y-4

Or2y-3x=17
y _ 3:(2+'? (I)

Similarly, the equation of side BC,

x—1 y—5
3—-1 4—-5

x—1 ]
or= =7

Or-x+1=2y-10
Or2y =11-x

11-x ,..

(i)

And equation of side AC,

x+1 y—2
3+1 4-2
x+1_E
Or T = S
Orx+l_E

2 1
Orx+1=2y-4

3+x
2

.. (iii)

These are shown in the graph below: -
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Area of required region

= Area of EABFE + Area of BFGCB - Area of AEGCA

1 3 3
= J-YABdX + J-YBCdX_ J-YAch
-1 1 -1

1 3 3
J’3x+7d +J’11—xd f5+XdX
= 2 X 2 & 2

-1 1 -1

1[3;;2 St 2?1 2)?
= x| o+ S-S —Sfex + T
22 7, "2 2], 2 2],
s 1 +(3)2_12

|53 - (-1 + =2

= %[0 + 14] + %[22—4] —%[20 + 4]
=7+ E:x{lEi—}xZ-’-}
2 2
=7+ 9-12
= 4 sq. units
The area of the region bounded by the triangle is 4 sq. units.
24. Question
Find the area of the region bounded by y = Vx and y = x.
Answer
To find the area bounded by
y = vx ..(i)
y = X ...(ii)
On solving the equation (i) and (ii),
Or x2 = x
Or,x(x-1)=0
Or,x=0o0orx=1
Theny=0o0ory=1
Equation (i) represent a parabola with vertex (0,0) and axis as x - axis

Equation (ii) represents a line passing through origin.



Points of intersection are (0,0) and (1,1).

These are shown in the graph below: -

=1

Area of bounded region

1
= [ Vx—xdx
4]

lxafz lel
3,12 2 .

E_E]

32

! it
= —sq. units
6 q

The area of the region bounded by y = Vxandy = x isgsq. units

25. Question

Find the area of the region in the first quadrant enclosed by the x - axis, the line y = v3x and the circle ¥ +
2 _
yc = 16.

Answer

To find the area enclosed by

y = V3x...(i)

xZ2 4+ y2 =16 ...(ii)

On solving the equation (i) and (ii),

Or x2 + (/3x)? = 16

Or 4x2 =16

Orx2=14

Orx=4+2

nY = 12\,{5

Equation (i) represents a parabola with vertex (0,0) and axis as x - axis.
Equation (ii) represent axis a circle with centre (4,0) and meets axes at (0,0) and (4,0).

They intersect at A (2, 24/3) and C ( - 2, - 24/3).



These are shown in the graph below: -
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Area of the region OAB = Area OAC + Area ACB
= _f;\,@xdx + f;'\f 16 — x2dx

4

. N@Xz ? 1 | a— . _1(}{)
_( > )0+£[x\f16—x + 16sin E]

2

(\;@X-’-}

1 4 1 2
_ P _ _ |" — s —1 -
5 ) + 5 [165111 (4)] 5 [4\. 16 — 12 + 16sin (4)]

1 T 1 1
_ f=2 _ i [2 in—1 [
= 2v/3 + 2[16};2] 2[4\,3 + 16sin (2)]

4m
= 2V3 + 4n—-2d§-—?;
4 4m
= T ——
3
8m it
= 3 5q.units

Thse area of the region in the first quadrant enclosed by x - axis, the line y = v3x and the circle ¥ + y? = 16
is ?ﬂsq.units

26. Question

Find the area of the region bounded by the parabola y? = 2x + 1 and the linex -y -1 = 0.
Answer

To find area bounded by

y2 =2x+ 1..()

X-y-1=0...(ii)

On solving the equation (i) and (ii),

X-y=1

Ory?2=2(y-1)+1

Ory2=2y-1



Or(y+1)y-3)=0
Ory=3o0r-1
S x=4,0

Equation (i) is a parabola with vertex (—5,0) and passes through (0, 1), A (0, - 1)

Equation (ii) is a line passing through (1, 0) and (0O, - 1).
Points of intersection of parabola and line are B (4, 3) and A (0, - 1)

These are shown in the graph below: -

™

B(4,3)

o

Required area = Region ABCDA
2
2 vy —1
= f_l(l ty-— )dy

1.3
= if_l(z + 2y —y? + 1)dy

1
= 2156 + 2y —y)dy

- ygg
= —|3y + y2 ——
y+y -3
L -1
1_9+9 9 (3+1+1)]
_2_( ) 3
o ]
21 3
32 "
—GSQ.UIHS

Area of the region bounded by the parabola y2 = 2x + 1 and the line x -y - 1 = Ois % 5q. units.

27. Question

Find the area of the region bounded by the curvesy = x - 1 and (y - 1¥ = 4 (x + 1).
Answer

To find region bounded by curves

y=x-1..()



(y-12=4(x+1) ..

On solving the equation (i) and (ii),
Or(x-1-12=4(x+1)
Or(x-2)2=4(x+1)

Orx2+4-4x=4x+ 4

Orx2-8x=0
Orx=00r8
sy =-1or7

Equation (i) represents a line passing through (1,0) and (0, - 1)
Equation (ii) represents a parabola with vertex ( - 1,1) passes through (0,3),(0, - 1),(—%,0).

Their points of intersection A(O, - 1) and B(8,7).

These are shown in the graph below: -

o

B(8.7)

o
[=

2 Dy\g 0z 4 &
ALD,1)

It slides fromy=-1ltoy =7,

So, required area = Region ABCDA

= .[_?;L(X:L_Xz)dy
= _f_?l(y + 1—(37+T1)2 + l)dy

1

= fo1(4y+ 4—y2—1+ 2y + 4)dy
1 v\’

= _ 2 -

—4(33’ + 7y 3)_1

- %[(147 + 49—?)—(3_7 * %)]

1 [245 11

4

+
3 3

_ 64 "
=3 5q. units

The area of the region bounded by the curvesy = x-1and (y - 1f = 4 (x + 1) is%sq.units



28. Question

Find the area enclosed by the curve y = - X2 and the straight linex +y +2 =0
Answer

To find region enclosed by

y =-x2..(i)

X+y+2=0..(i)

On solving the equation (i) and (ii),

XxX-x2+2=0

Orx=2o0r-1

Ly =-4,-1

Equation (i) represents a parabola opening towards the negative y - axis.
Equation (ii) represents a line passing through ( - 2,0) and (0, - 2).

Their points of intersection A( - 1, - 1) and B(2, - 4).

These are shown in the graph below: -

Area of the bounded region

= _|g —x?— (-2 —x)dx

2

B +K12
3T HTR
-1

[8+6] (1+1 z)
I 3 2

i it
= —5(. units

554

The area enclosed by the curvey = - x% and the straight linex+y+2=20 isgsq.units

29. Question
Find the area enclosed by the curve Y = 2 - x2 and the straight line x + y = 0.

Answer



To find region enclosed by

Y=2-x2..()

And x +y = 0 ...(ii)

On solving the equation (i) and (ii),

X-x2+2=0

or,x2-x+2=0

Or,x=2or-1

ny=-2orl

Equation (i) represents a parabola with vertex (0, 2) and downward, meets axes at (xv2, 0).
Equation (2) represents a line passing through (0, 0) and (2, - 2).
The points of intersectionare A (2, -2)and C (- 1,1).

These are shown in the graph below: -

Required area = Region ABPCOA

= _[_21(2—}:;2 + x)dx

2

E 2

2 X +X
= X —— —
3 3],
1
[6-3+ )5
-10+7
T 13 6
27
6
2 it
—qu.ums

The area enclosed by the curve Y = 2 - x2 and the straight liney + x = 0 is;sq.units

30. Question

Using the method of integration, find the area of the region bounded by the following line 3x -y -3 =0, 2x +
y-12=0,x-2y-1=0.

Answer

To find region enclosed by



3x-y-3=0...(i)
2x +y-12 =0 ...(ii)
X -2y -1=0..(iii)

Solving (i) and (ii), we get,

5x-15=0
Orx=3

The points of intersection of (i) and (ii) is B (3,6)

Solving (i) and (iii), we get,

5x =5
Orx=1
sy =0

The points of intersection of (i) and (iii) is A (1,0)

Solving (ii) and (iii), we get,

5x =25
Orx=5
.'.y=2

The points of intersection of (ii) and (iii) is C (5,2) .

These are shown in the graph below: -

2 D A(1,0p 4 £\

Area of the bounded region

=fo—3— (=) ax + fu—zx— (=) ax

37 3 Xz+ 3+ 12 sz X2+15
B I TR T T
- [ 99+3+[60 25 25+5 36+9+9 3]
T2 4 3 4 2 4 2

= 11 sq. units



The area of the region bounded by the following line3x -y 3 =0,2x+y-12=0,x-2y-1=0is
11 sq.units

31. Question

Sketch the region bounded by the curvesy = + 2,y = x, x = 0 and x = 1. Also, find the area of the region.
Answer

To find area bounded x =0, x =1

Andy = x ...(i)

y = x% 4 2 ...(ii)

Putting x = 1 in equation (ii) we get,

Y=1+2=3

Putting x = 1 in equation (i) we get,

Y=1

So the point of intersection B (1,3), A(1,1)

Equation (i) is a line passing through (1,1) and (0, 0)
Equation (2) is a parabola upward with vertex at (0, 2).

These are shown in the graph below: -

B(1.3)

1 AlT1)

(¥]
Q)

B

Required area = Region OABCO

= .[01(3’1‘}’2 Jdx

_fol(xz + 2 —x)dx

1

x3 x?
=5 +x-=
3 3 0
G +2-3)-©]
_(2+12—3)
B 6
11

= —§(. units
6 q



The area of the region bounded by the curvesy = X + 2,y = x, x = 0 and x = 1is%sq.umts

32. Question

Find the area bounded by the curves x = y? and x = 3 - 2 y2.

Answer

To find area bounded by

X =y2..(i)

And

X =3 -2y2..(ii)

On solving the equation (i) and (ii),

y2 =3 -2y2

Or3y2 =3

Ory=+1

Wheny =1thenx =1and wheny =-1thenx =1

Equation (i) represents an upward parabola with vertex (0, 0) and axis - y.
Equation (ii) represents a parabola with vertex (3, 0) and axis as x - axis.
They intersectat A(1,-1)and C (1, 1)

These are shown in the graph below: -

-

(1-1)

Required area = Region OABCO
= 2 Region OBCO
2[Region ODCO + Region BDCB]

1 3
= 2[..[0 yldx + ..[1 yZdX]

_ 5 @_o) + [(o)—@.u. (—2)]]



_2[2+4]
Y13 3

= 4 sq.units
The area bounded by the curves x = y? and x = 3 - 2 y? is 4 sq. units

33. Question

Using integration, find the area of the triangle ABC coordinates of whose vertices are A (4, 1), B (6, 6) and C
(8, 4).

Answer
To find area of AABC with A (4,1), B(6,6) and C(8,4)

Equation of AB,

Y=V = l(%) (x—xy)

Equation of BC,

y-6= (8—6)(X_6)
y-6=-1(x-6)
y =-x+ 12 ..(ii)

Equation of AC,

4-1
y-1=(g=g)a-n
y=1=36:-4)

3
=>y=gx—3+l

y =X~ ... (iif)

These are shown in the graph below: -

o

an ]
®

2 0 ///, 6
-2

Clearly, Area of AABC = Area ADB + Area BDC



Area of ADB,

= [, —y)dx
6 5x 3
- 1 [5-9)- G-

6 bx 3
= _[4 (?—Q—EX + Z)dx
6 7x
= _[4_ (T_T) dx
7x2 ¢
=|—-7
(4x2 X)Jf
(7}{36 . 6) (7X16 . 4)
=g % g '

63

(—— 42 14 + 28]
2

(63 28)
2

Similarly, Area of BDC = [ (v, — y3)dx

= f: [(—x + 12) — (gx— 2)] dx

a T
=/, [_T + 14]dx
- 8

2

=|-—= + 14
8 X

6

 7x64 7x36
= -5+ 14x8]—[——8 + 14x6]

[ 63
= |-566 + 112 + -5~ 84]
(63 28)
S \2
Thus, Area ABC = Area ADB + Area BDC

=(5-28) + (F-28)

= 64 - 56

= 7 sq. units

The area of the triangle ABC coordinates of whose vertices are A (4, 1), B (6, 6) and C (8, 4) is 7 sqg. Units
34. Question

Using integration find the area of the region {(x,y)|x - 1| =y = V5 - x2}.

Answer

To find area of region

{(x,y)|x - 1|<y=V5 - x%}

[x-1] =y



B [l—x,ifx< 1 ..(1)
Y T lx—1ifk=1 ... (i)

And x2 + y2 =5 ...(iii)
Ix - 1|sy=V5 - x?

Ix - 1] = V5 - x2
X=2-1

Equation (i) and (ii) represent straight lines and equation (iii) is a circle with centre (0,0), meets axes at
(%xV5,0) and (0,=V5).

These are shown in the graph below: -

-

A(2,1}

[

-~

Required area = Region BCDB + Region CADC

1 2
A= f_l(Y1_Yz)dx+ fl(fh_}fz)dx

f_ll[\,m— 1+ x]dx + ff(\fS—xz—x + 1)dx

X —— b X x?
1a—1
[2" 2 2

V5 i
2
—— 5 O &
+ (55 —x2 + osin'—=x—— + x
270 5T 2 )

5
+ [(11 + > 1[ ) 2 + 2)
2SlI'l \,@
1 5 1 1
— (E 2+ iSlIl \‘."_E_ 2 + 1)]
5 1 5 1 3
= |1+ ESII] \.'"_E i + 1ESII1 \.II—,_ E
+ [1 - ° sin L 1  sin l]
2SlI'l NG 2 2SlI'l NG 2
et L 5, a2 5.1 1
= o5Iln "~ — —5In "———Z5In0 " ———
v 2 V5 2 V5 2
A [5( . 2 + . 1) 1 ;
= |zl 511 " — 5l " —= | — 7| s5Q. units
2 NG N ke



5

The area of the region {(x,y)|x - 1|sy=Vs - x?} is [2 (sim‘lic + sin™?!
=

35. Question

Find the area of the region bounded by y - |[x -1 andy = 1.

Answer

To find are bounded by
Y = |x - 1]

y=1

B [x—l,if'x =0 ..(i)
TV T ll-xifk<0 . (i)

y=x-1
or,1=x-1
or,x-2=0
or,x =2

C(2,1) is point of intersection of y =x-1andy = 1.

y=1-x
1=1-x
X=0

A(0,1) is point of intersectionofy =1 -xandy = 1.
Points of intersection are A (0, 1) and C(2,1)

These are shown in the graph below: -

s

A(0,1)

C(2,1)

o|® 18(1,0) 2 3

=1

Required area = Region ABCA

Region ABDA + Region BCDB
1 2
= fo (y; —y2)dx + fl (¥1 — ya)dx

= _[01(1—1 + x)dx + ff(l—x + 1dx

1 2
Joxdx + [(2—x)dx

(5, (=-%),
OV (e
2 0 2 1

Il
—~—
0 |

|

=
R —

+
—

—

5%

|

%]

et

|
.

%]

|
03|
s
el

=
Vo

1_) — 51] §q. units.



—1+(z z+1)
T2 2

=1 sqg. units

The area of the region bounded by y = |[x - 1| and y = 1 is1 sq.unit
36. Question

Find the area of the region bounded by y = x and circle ¥ + y2 = 32 in the 15t quadrant.
Answer

To find area of in first quadrant enclose by the circle

X2 +y2=32..(%)

And y = x ...(ii)

Solving these two equations, we get

Or 2X? = 32

Or X2 =16

Orx =414

Ly = +4

Equation (i) is a circle with centre (0, 0) and meets axes at A (x4v2, 0), (0,24v2). And y = x is a line passes
through (0, 0) and intersect circle at B (4, 4).

These are shown in the graph below:

=2

-4

Region OABO = Region OCBO + Region CABC
4 4
= IGY1dX+f4Y2dX

= f:xdx + f V32— [32 — x2dx

2 X 44/ 2
32 —x%% + —sin~ ]
( ) r‘\f 2 "'1"\"(E 4

8-0) + [(0+ 16.%} —(8+ 16.9]

8+ 8m—8—4m



= 4msq.units

The area of the region bounded by y = x and circle X2 + y2 = 32 is 41sq. units
37. Question

Find the area of the circle X2 + y2 = 16 which is exterior the parabola y? = 6x.
Answer

The given equations are

x2 4+ y2 =16 ..(i)

And y? = 6x ...(ii)

On solving the equation (i) and (ii),

Orx*> + 6x = 16

Orx?+6x-16=0

Or(x+38)(x-2)=0

Or x = 2 or - 8 is not possible solution

~Whenx =2,y =+ x 2 =%/12 = +2,/3

Equation (i) is a circle with centre (0, 0) and meets axes at (£4,0), (0,%4)
Equation (ii) represents a parabola with axis as x - axis.

Points of intersection are A (2,2+/3) and C (2,— 2+/3)

These are shown in the graph below:

=]

—6

-8

Area bounded by the circle and parabola

= 2[Area (OADO) + Area (ADBA)]
= 2[f Viexdx + [,16—x?dx]
2
x% 4

16 X
= 2|V6{5 + ZE\flé—xz + ?sin‘lg]z

2/o

21 372 T 1
— [ — _ — A4 i
— 24 6x3[x:]0 ¥ 2[8.2 /16 — % — 8sin (2)]



6 T
= —5—(2J§)4-2[4n—-fii—-86]

43 + 6m—3v3-2n
[

[\@ + \;@X]

Wl I ]

[-‘-hT + \,@]squareunits

Area of circle = n(r) 2

= n(4)?

= 16m sq. Units

Thus, required area = 16T — g [4m + V3]

= %[4:&31‘[ — 41 —+/3]

4
= -[8n—+3

~[sn V3]

32 43 "
= 3 T 3 5Q.uni

The area of the circle X2 + y2 = 16 which is exterior the parabola y? = 6x is

32 443 "
3 T 3 £q. units
38. Question

Find the area of the region enclosed by the parabola x2 = y and the liney = x + 2.
Answer

To Find the area of the region enclosed by

x2 =y ..()

y =X+ 2 ..(ii)

On solving the equation (i) and (ii),
Orx2-x-2=0

Or(x-2)(x+1)=0

Orx=2o0rx=-1

y=4ory=1

Points of intersection are A (2,4) and C (—1,1)

These are shown in the graph below: -



y=X+2

4 (2,4)

Area of the bounded region

2
= [x+ 2—x%dx
21

p) %3 2
— + 2x——
2 3

-1

4 8 1 1
= - +4———-+2—-

2 3 2 3
i it
= qu.um 5

The area of the region enclosed by the parabola x2 = y and the liney = x + 2 isg 5q. units

39. Question

Make a sketch of the region{(x,y): 0 =y =x?+ 3; 0 =y = 2x + 3; 0 = x = 3} and find its area using
integration.

Answer

To find area given equations are
Y =x2+3..(0)

Y =2x + 3 ...(ii)

And x = 3 ...(iii)

Solving the above three equations to get the intersection points,
x> +3=2x+3

Orx?-2x=0

Orx(x-2)=0

And x=0o0orx =2
ny=3ory=7

Equation (1) represents a parabola with vertex (3, 0) and axis as y - axis.



Equation (2) represents a line a passing through (0, 3) and ( - 3/2, 0)
The points of intersection are A (0,3) and B(2,7).

These are shown in the graph below:

w

y=2z+3

Required area =
3 2
= fzyldx+fgy2dx

= [J(2x + 3)dx + [ (2 + 3)dx
x3 :
= (x? + 3x)3 + (? + X)
4]

=[(9+9)—(4+6)]+ [(§+ 2)—(0)]

_ [18-10] + [?]

8+14
N 3

38 .
= —— §0. units
5 54

The area of the region{(x,y): Osy=x? + 3; 0 =y <2x + 3; 0 = x < 3} is 3—:’sq.umits

40. Question
Find the area of the region bounded by the curve y = v1 - ¥, line y = x and the positive x - axis.
Answer

To find the area of the region bounded by

y =v1-x2..(i)



X2+y?=1

X =y ...(ii)

On solving the equation (i) and (ii),
orxX2+x2=1

Oor2x?=1

Orx = i\,-_'li

Equation (i) represents a circle (0,0) and meets axes at (x1,0), (0,%x1).

Equation (ii) represents a line passing through B (i,_ir) and (—i_ir) and they are also points of
Va2 V2,42

intersection.

These are shown in the graph below:

4

Required area = Region OABO
= Region OCBO + Region CABC

il e

=J’0~'

ypdx + fil_yz dx

il

= [Pxdx + fivl—ﬂdx
Vva

1

x|z 1 !
- E X/A=%2 + =si —1]

[2 +BV1 X +251n Xi

0 vz

~[i-o [0+ 29)- G5+ 23)
e 2°2/ \2y2'y2 274
1+TII 1 =«
4 4 4 8

T it
—asq.ums

The area of the region bounded by the curvey = v1 - %, liney = x is%sq.units



41. Question

Find the area bounded by the linesy =4x + 5,y =5-xand 4y = x + 5.
Answer

To find the area bounded by

Y = 4x + 5 (Say AB) ...(i)

Y =5 - x (Say BC) (ii)

4y = x + 5 (Say AC) ...(iii)

By solving equation (i) and (ii), points of intersection is B (0, 5)

By solving equation (ii) and (iii), points of intersection is C (3, 2)

By solving equation (i) and (iii), we get points of intersectionis A(-1, 1)

These are shown in the graph below:

Required area = area of (AABD) + area of (ABDC) ...(1)

Area of (AABD) f ¥y — y3)dx
X
= _f_o (4:{ + 5—;——)(1:{

o (15X 15
=15 )

- +lo-G-1)

15 1

RN x —
4 2

15 .
= -, 5Q.units ...(2)

Area of (ABDC) f (y,— yp)dx

- 1305+ 5o



5 9 45
= —(9 - —) = Esq.units

Area of (ABDC) = Zsq.units ...(3)

Using equation (1), (2) and (3)

Required area = Area (AABD) + Area (ABDC)

_15+45
I 8
60 15
T8 2

Required bounded area of (AABC) = Area of (AABD) + Area of (ABDC) = ?sq.uni‘cs

42. Question

Find the area of the region enclosed between the two curves 32 + y2 = 9 and (x - 3)2 + y2 = 9.
Answer

To find area enclosed by

X2 +y2 =9 (j)

(x - 3)2 + y2 =9 (ii)

On solving equation (i) and (ii) we get,

q

(%)

X=Zandy = +2¥

2

ba |

Equation (i) represents a circle with centre (0,0) and meets axes at (+3,0),(0,£3).

Equation (ii) is a circle with centre (3,0) and meets axe at (0,0), (6,0).
. 3 343 3 343
They intersect each other at (E,T)and (5, _T)'

These are shown in the graph below:

“‘-\__\c/—-"—'_‘—‘—-

P




Required area = Region OABCO
= 2(Region OBCO)
= 2(Region ODCO + Region DBCD)

-

= 2[[02\,9— (x—3)2%dx + ff\f‘)—x?dx]

3

Xx—3 9 X+ 3z
=2 [( 5 )\#9—(}:—3)2 + Esin‘l%}
4]

+ g\;ﬁ + 9sin~! (E)}

2 399+9'-1( 3) 0+9'-1(1)
= 2 ;T osin . 5 sin
9 3 9 9 1
—gin—1 — | = - —ain~l(—
+ (0 + 5sin (1)) Z ’9 2 + 5 sin (2)

) 9y3 9 . 9 T . 93 9w
N 8 2 2°2 26
5 9Y3 3w 9w 9m 9vV3 3m
N 8 4 4 4 8 4
2'12n 18v3
] 4 8
9\."'5 .
= 6TII—T sq. units

The area of the region enclosed between the two curves curves ¥ + y2 =9 and (x - 32 + y2 =9 is

—

(61‘[—%) 5g. units

43. Question

Find the area of the region {(x,y): X% + y2 < 4, x + y = 2}
Answer

The equation of the given curves are

X2 +y2 =4(i)

X +y =2 (i)

Clearly X2 + y2 = 4 represents a circle X + y = 2 is the equation of a straight line cutting x and y axes at (0,
2) and (2, 0) respectively.

These are shown in the graph below:



The required area is given by
2
A= f (yz-y1)dx
4]
We havey; =2 -xandy, = /4 —x2
A=[l(Va—x-2 + x)dx

fuz (\f“l‘—xz)dX— Zfﬂzdx + fnzxdx

2

_ [L”fz—xz R (E)] PO (X_z)

2 2 2

4 2
—sin™! (—) -4+ 2

2 2
= 2sin™}(1)— 2
2 T 2
= 2% ——
2

= T — 2 5q. units
the area of the region {(x,y): ¥ + y?< 4, x + y = 2}is 1 — 2 sq.units

44. Question

(=]

x° -
Using integration, find the area of the following region-][(x. v }: LY. 1
) 4

.

|
| A

|

Answer
To find area of region

x2
9

2210
4

2| =



§+ = 1 (ii)

[N

Equation (1) represents an ellipse with centre at origin and meets axes at (3, 0), (0,£2).
Equation (2) is a line that meets axes at (3, 0), (0, 2).

The sketch of the two curves are shown below:

2x+3y=6 ?

(0.2)

wgyzﬂﬁ

-4

Required area =
3
= .fg (yl_YZ)dx

a2 ——, 2
= fo [Evo—xzdx—g(S—x)dx]

2[x —— X x?
=§—\;9—xz+—5111‘1(§)—3x+50
o +23-9+ -0
-3l 272 25 {0
29w 9]
T 3l4 2
31 .
= (? - 3) 5Q. units

The area of the region:[(;;y);% + 1":2 <1 gg + g} is (32—“— 3) Sq. units
45. Question

Using integration find the area of the region bounded by the curve y _ |I'4 _X3 , X2 + y2 - 4x = 0 and the x-

axis.

Answer



i3

-3
First, let us find the intersection points of the curve,
Given Equations are X2 + y2 = 4 and X2 + y?2 - 4 x = 0.
From both of the equations,

4x=4

x=1

Putting this value in x2 + y2 = 4, we get,

1+y?=4
y?=3
y =+v3

Thus the curves intersect at A(1, v3) and B(1, - V3)

The area to be found is shaded in the figure above.

Area of Shaded region = fol V4 —x2dx+ f121,'4 —(x—2)2dx
[ o (¢ [ (5]
=3 X s {5 . 5 (x—2) 5 sin 2 ),

xf§+'n \E+ﬂ
2 '3 2 3

2TII
73

Area of Shaded region = 2% square units.

46. Question

Find the area enclosed by the curvesy =[x -1l andy = - |[x - 1| + 1.
Answer

To find the area enclosed by

y =|x-1]



B [—(x—l),ifx—l< 0
Y= lx-1ik—1=0

B [1—x,ifx< 1 ..(i)
Y= lx-Lifk= 1 ...(i)

Andy =-|x-1]+1

_ [—i—(x—l) + 1ifxk—1<0
Y= l-(x-1) + 1ifx—1=0

B [x,ifx <1 ...(iii)
Tlx + 2ifx=1 ..(iv)

Solving both the equation for x<1

Y=1-xandy =X,

We get x =Eandy=E
2 2
And solving both the equations for x=1

Y=x-landy=2-x,

Wegetx=§andy=§

These are shown in the graph below:
\k 1,1)

08
06
{0.5, 0.5) 1.5,0.5)

04

0.2

y=[x-1

04 02 02 04 08 ne

=02

-0.4

Required area = Region ABCDA
Required area = Region BDCB + Region ABDA ...(1)

1 2
= fé (y; —y2)dx + ff(Ya —¥a)dx

_f;l(x— 1+ x)dx + [2(—x + 2—x + 1)dx

3
= [x®—x]i + [3x—x7]?

[a-0-G-2] + [G-3)- -]

y=-x-1]+1



L it
= —sq. units
254

The area enclosed by the curvesy = |[x-1|landy =-|x-1]| + 1 isisq.units

47. Question

Find the area enclosed by the curves 3x2 + 5y = 32 and y = |x - 2|.
Answer

To find area enclosed by

3x2 4+ 5y = 32

3x = —5(y—2) ..0)

Andy = |x - 2|

B [—(X—Z),ifx—2< 1
Y= lx-2)ik-2=1

2 —x,ifx < 2 _..(ii)
—2,ifx=2

Equation (i) represents a parabola with vertex (0, 32/5) and equation (ii) represents lines.

These are shown in the graph below:

Required area = Region ABECDA

Region ABEA + Region AECDA

= [y y)dx + [y —y2)dx

332 —3x° 2 (32 —3x°
= fz (T—x—i—z)dx—i— f_Z(T—2+ X |dx

3(32—3x*—-5x + 10 2 (32—3x—10 + 5x
| dx—l—f_z dx

2 5 5

1.3 ; ) ]
[/ 42— —swydx + [ 2,22 3 + 5x)ax]



1 5x2\’ 5x2\’
=—|l42x—x*-— | +|22x—x*——
5 2 ), 2 ),

[[(126‘27‘% — (84— 8—10)} +{(44—8 + 10) — (—44 + 8

+ 10)}]

[Sa N

= %[[%— 66} + {46 + 26}]

1[21
5

— + 72]
2
33 .
= 5 Q. units

The area enclosed by the curves 3x2 + 5y = 32 and y = |x - 2| is?sq.umts

48. Question

Find the area enclosed by the parabolasy = 4x - X2 and y = x? - x.
Answer

To area enclosed by

Y = 4x - x% (1)

232 _x

4x - X
2x2-5x =0

x=0o0rx=

[ R

15
y=0ory =
Andy = X2 - x
2
(r+3)+ (=2) -
Equation (1) represents a parabola downward with vertex at (2,4) and meets axes at (4,0), (0,0).

Equation (2) represents a parabola upward whose vertex is Gi) and meets axes at Q(1,0), (0,0).Points of

intersection of parabolas are O (0,0) and A G?)

These are shown in the graph below:



B_
5.
y=gz'—x
41 (5/2 ,15/4)
; C
2_
14
(0, 0)
3 2 S o 2 3 3 5 5
=14
_2.
N y =4z - x?

Required area = Region OQAP

A= IC.E(Yl_Yz)dX

5
= J2[4x—x*—x* + x]dx

= Jz2[5x—2x*]dx

5x? 2 35
=|——-=-x
2 3

0

-5 -%) - o)

4 125 "
= 24 5q. units

The area enclosed by the parabolasy = 4x - X2 and y = x% - x is lzi:sq.units.

49. Question

In what ratio does the x-axis divide the area of the region bounded by the parabolasy = 4x - X and y = x? -
x?

Answer



41 A(5/2, 15/4)

Let us find the intersection points first,

We have the equations of curves,

From (1) and (2) we can get,
X2 -x=4x-x
2x?-5x=0

X(2x-5)=0
x=0o0rx=>5/2

Putting these values of x in equation (2) we get,

At x =0,
Y=02-0=0
At x =5/2
25 5 15
Y=4 2%

Hence intersection points are (0, 0) and G%)

Area bounded by the curves is shown by the shaded region of the figure shown above.

Area of shaded region = fo‘z{[z} x —x2] - [x? —x]} dx

Area of shaded region = f§(5X— 2 x2)dx
5

Area of Shaded Region = [JT‘Z _ §X3]5
]

Area of Shaded Region =% Square units.



50. Question

Find the area of the figure bounded by the curvesy =[x - 1| andy = 3 - |x].
Answer

To find the area of the figure bounded by

y=|[x-1]

~ {(x— 1),ifx = 1
YT l—(x— 1), ifx<1

Y = x - 1 is a straight line passing through A(1,0)
Y = 1 - x is a straight line passing through A(1,0) and cutting y - axis at B(0,1)
y=3-1x|

. _{3—xmz1
Y= 13-(—x) = 3 + x ifx<l

Y = 3 - x is a straight line passing through C(0,3)and O(3,0)
Y = 3 + x is a straight line passing through C(0,3)and D( - 3,0)

Point of intersection for

Y=x-1
Andy =3 -x
We get
X-1=3-x
or,2x-4=0
or,x =2

or,y=2-1=1

Thus, point of intersection fory =x-1andy = 3 + x is B(2,1)
Point of intersection for

y=1-x

y=3+Xx

or,l-x=3+X

or,2x = -2

or,x=-1

or,y=1-(-1)=2

Thus, point of intersectionfory =1-xandy =3 + xis D(-1,2)

These are shown in the graph below:



y=Ix-1|

2,1)

Required area = Region ABCDA

= Region ABFA + Region AFCEA + Region CDEC
2 1 ]
= fl (V1 —y2)dx + fo (y1—ya)dx + f_l(}’4_}’a)dx
= flz(B—x—x + 1)dx + f01(3—x— 1+ x)dx + f_ol(B + x—1 + x)dx

[la—20dx + [ 2dx + [°(2 + 2x)dx

[4x — x?)2[2x]3 + [2x + x?]°,

[(B—4—-(4-D] +[2-0] + [(0)— (-2 + 1)]

(4-3)+2+1

A = 4sqg.unit

The area of the figure bounded by the curvesy = |[x - 1| and y = 3 - |x]| is 4 sq. units
51. Question

If the area bounded by the parabola y2 = 4ax and the line y = mx is a2/12 sq. Units, then using integration,
find the value of m.

Answer

Area of the bounded region = a%/12



0 5 0f(0,0)5 10 15 20 25 30

a
Mathematically the area in integral form will be, [ v/4ax — mxdx,
o]

So, on equating..

a a
— = 4ax — mxdx
12 £

a
a’ l x 2 le
— = |2J/ag——m—

3

12 '/2 2 .
a®  4a? a’
123 M3
m= 2

52. Question

If the area enclosed by the parabolas y2 = 16ax and x2 = 16ay, a>0 is 1024/3 square units, find the value of
a.

Answer

&0




Area of the bounded region - 1024/3

1024 162 x2
et Memm

3 J; v 16ax léadx

16

1024 l rxlf'z xgl :
— = |tVag— o=

3 /, 48a ,
1024  (16a)°x2 (16a)

3 3 48a
a=2

Exercise 21.4
1. Question
Find the area of the region between the parabola x = 4y - y? and the line x = 2y - 3.

Answer
Given: - Two equation; Parabola x = 4y - y2 and Line x = 2y - 3

Now to find an area between these two curves, we have to find a common area or the shaded part.

i i

A= (3.a]

From figure, we can see that,

X = dy -y

Area of shaded portion = Area under the parabolic curve - Area under line
Now, Intersection points;

From parabola and line equation equate x, we get

=4y -y2=2y-3

>y2-2y-3=0

=»y2-3y+y-3=0

=y(y-3)+ 1y-3)

=(y+ 1)(y-3)

sy=-1,3

So, by putting the value of x in any curve equation, we get,

=>XxX=2y-3



=2Xx=-5
For

y=3
=>x=2(3)-3
=X =3

Therefore two intersection points coordinates are (-5, - 1) and (3, 3)
Area of the bounded region
= (Area under the parabola curve from - 1 to 3) - (Area under line from - 1 to 3)

Tip: - Take limits as per strips. If strip is horizontal than take y limits or if integrating with
respect to y then limits are of y.
Here, limits are for y i.e from - 1 to 3.

2 E
= J- x dy {i.e curve under parabola} — f x dy {i. e curve under line}
-1 -1

= Lmy— y2)dy — L(Zy— 3)dy

- J:l(-ﬂry)dy— J-_l(yz)dy - J-_l(ZY)d.V + f_p)dy
4 5 Lo a3 E 213 3

= 5[3’ ]—1_5[3’ 124- 2[3’ 12; + 3yl

= 2[y2]il—%[yg]ir [y?12, + 3[y13,

Now putting limits, we get

2(32 —1) —%{33— (-1)3}—(32—1) + 3(3—(-1)}
=209-1) - %(27 +1)-(9-1) +3(3 + 1)

= 2(8) — %(28)—8 + 3(4)

1

=8+ 12 —=28
3

_ 60— 28

-3

32 "

= 3 5 units

2. Question
Find the area bounded by the parabola x = 8 + 2y - y%; the y - axis and the linesy = -1 and y = 3.
Answer

Given: - Two equation;



Parabola x = 8 + 2y - y?,

y - axis,

Linely =-1,and Line2y =3

Now to find the area between these four curves, we have to find a common area (ABDC) or the shaded part.
The 15t intersection of a parabola with liney = - 1, we get,

Putting the value of y = 1 in parabolic equation

=>x=8+2y-y

=>x=8+2(-1)-1

=2x=5

Hence intersection point is D(5, - 1)

The 2"d intersection of parabola with y = 3

Putting the value of y in parabola equation

=>x=8+2y-y

=>x=8+2(3)-3

=>x=8+6-9

=x=5

Hence, intersection point is C(5,3)

and other points are A(0,3), B(0, - 1)

From the figure, we can see that, By taking a horizontal strip

The area under shaded portion = Area under parabola fromy =-1toy = 3.

Tip: - Take limits as per strips. If strip is horizontal than take y limits or if integrating concerning
y then limits are of y.

Here, limits are fory i.e. from -1 to 3

3
= J- x dy {i.e curve under parabola}
-1

32
=f (8 + 2y —y*)dy
-1



[[@as+ [ @nay- [ e

3 2 5a L3
8[y]Z; + E[y 124- E[Y 124

1
oy

8(3 + 1) + [v2]3,— 3

Now putting limits, we get,

8(4) + (32— 1) — %{33— (—1)3}

32+ (9-1)— %(27 + 1)

1
32-5(28) + 8

40 L 28
3
120 — 28
3

92 .
— S5 Units
5 54

3. Question

Find the area bounded by the parabola y2 = 4x and the liney = 2x - 4.
(i) By using horizontal strips

(ii) By using vertical strips.

Answer

Given: - Two curves arey2 = 4x and y = 2x - 4

Now to find the area between these two curves, we have to find common area i.e. Shaded portion
Intersection of parabola y2 = 4x with liney = 2x - 4

Putting the value of y from the equation of a line in parabola equation, we get,



y2 = 4x

= (2x - 4)? = 4x

= 4x?% - 16x + 16 = 4x

= 4x%2-20x + 16 =0

=4x%2-16x-4x+16=0

=>4x(x-4)-4(x-4)=0

=24(x-1)(x-4)=0

=(x-1)(x-4)=0

=>x=1,4

When x = 1, y = V4x

>y =+ 2, - 2; we take - 2 as the intersection is in the 4N quadrant and when x = 4, y = v4x
=y = + 4, - 4; we take + 4 as the intersection is in 15t quadrant
Therefore intersection points are B(4,4) and C(1, - 2)

Area of the bounded region, taking strips

i) By using horizontal strips

Therefore, limits are for y and integrating with respect toy

Area bounded by region = {Area under line from - 2 to 4} -{Area under parabola from - 2 to 4}

4 4

= J- x dy{i. e curve under line} — J- x dy {i.e curve under parabola}
-2 -2

4 4 .,2
_[y*+4 _J'Y_
_.[2 2 W) Y

1[4 14 14
I - _ = 2
= ZL(y)dy + 2£24dy ,J_Z(y )dy

1 1
_ 274 4 314
= sz[y 12, + 2[y]Zs 4><3[y |

Putting limits, we get

1 1

= J(42-9) + 204 - (-2} - {43 (-1)3)
1 1

= J(16-4) +2(4 + 2)— (64 + 8)

1 1
= 1(12) + 2(6)~ 5 (72)

=3+ 12 -6

= 9 sq units

ii) By using vertical strips.

Therefore, limits are for x, and integrating with respect to x

Area bounded by region = {2(Area under parabola from 0 to 1) + (Area under parabola from 1 to 4)} -
{Area under line from 1 to 4}



Tip: - Parabola is symmetrical about x - axis therefore its area is twice the area above x - axis. So, till its
latus rectum i.e here a = 1, area is twice the area above x - axis.

1 4
= ZJ- v dx {i. e curve under Parabola} + J- v dx {i. e curve under parabola}
i} 1

4
- f v dx {i. e curve under Line}
1
1 4 4
= 2f 2(Vx)dy + f 2 (Vx)dy — f (2x — 4)dy
[} 1 1

- 4L1( Vx)dy + 2";4(\;’3{)(1}’ - ZJ-:(X)dY + ";4(4)(1}’

4x2

“ZIR)D + g Vel — 5 BRI+ 4t

Putting limits, we get,

8 4
=3(1-0) + 5{(»”4)3 —1}-(42-1) + 4(4—-1)

8 4
=—+-(8-1)—(16—1) + 4(3)
3 3
8—1—4>< 15 + 12
3 3
8+28 3
3 3
36—9
3
27
3
= 9 sq units

Hence from both methods we get same answer

4. Question

Find the area of the region bounded by the parabola y2 = 2x and the straight-line x - y = 4.
Answer

Given: -

Two equation;

Parabola y? = 2x and

Linex-y=4



Now to find an area between these two curves, we have to find a common area or the shaded part.
From figure we can see that,

Area of shaded portion = Area under line curve - Area under parabola; horizontal strip
Now, Intersection points;

From parabola and line equation equate y, x - 4 =y we get

= y2 = 2x

= (x - 4)2 = 2x

= x? - 8x + 16 = 2x

=x?-10x+16 =0

>x2-8x-2x+16=0

=>X(x-8)-2(x-8)=0

=(x-8)(x-2)=0

=X =8,2

So, by putting the value of x in any curve equation, we get,

2y=X-4
Forx =8
=>y=8-4
>y=4
Forx =2
>y=2-4
>y=-2

Therefore, two intersection points coordinates are (8, 4) and (2, - 2)
Area of the bounded region
= Area under the line curve from - 2 to 4 - Area under parabola from - 2 to 4

Tip: - Take limits as per strips. If the strip is horizontal than take y limits or if integrating with
respect to y then limits are of y.



Area bounded by region = {Area under line from - 2 to 4} - {Area under parabola from - 2 to 4}

4 4
= J- xdy {i.e curve under line} — J- xdy {i.e curve under parabaola}

2 -2

4 4 yz
= | w+oa- [ Tay
-2 -2

- f:(y)dy + f_}dy - %f:(yz)dy

Lo 4 _ 274
:E[Y 1% + 4[y]Z; 7% 3 v*1Z2

Putting limits, we get

= %(42—4) + 4{4—(-2)} - %{43—(—2)3}
1 1
= S(16-4) + 4(4 + 2)— (64 + 8)

1 1
= 5(12) + 4(6)_6(72)

=6+24-12
= 18 sq units
MCQ

1. Question

3

If the area above the x-axis, bounded by the curves y = 2*and x = 0, and x = 2 is .then the value of k

log. 2
is

A 1/2
B.1
C.-1
D.2
Answer

The area can be computed as -

x=2
A= ydx

x=0

=2

X
= f 28 dx
x=0

1 2k 77
- [E - log,.2

x=0

1 2%k 1
k- log,.2

3

Comparing with
loge2

2%k _ 1
k

=3



=4k=3K4+1
Using Binomial Theorem,
3¥+1=4"=(1+3)F

k(k—1
=1+k-3+¥-32+

k(k—1)
5 S T

3K 2 4 )3kt 4 3k

This equality holds only when k = 1, because only then you get two terms in the expansion.
Ans: k=1

2. Question

The area included between the parabolas y? = 4x and x? = 4y is (in square units)

A.4/3

B. 1/3

C. 16/3

D. 8/3

Answer

%= dy

The blue area is what we need to compute. To do that we need the bounds, i.e., where the area starts and
where it ends. At the points of intersection, both the equations are satisfied.

This means that at points of intersection

y2 = 4x
= (x_:)z = 4y (from the other equation)

Let us solve this.

x2\
) = ax
(7) =

x* = 64x

= x(x3-64)=0

>x=00rx>=64,ie,x=4

So the points of intersection are (0,0) and (4,4)
Now, let’s compute the area.

If we integrate w.r.t x, we’ll have to integrate the space between the two curves from x = 0 to x =4.



4 3 37
377 12]
4 Lo 4 0°
B ( 2T 2)_ 12 12
4 16]
13 3
32 16
13 3
=1 (Ans)
3

3. Question

The area bounded by the curve y = loge X and x-axis and the straight line x = e is
A. e sq. units

B. 1 sqg. units

C. '——I its
sS4 uni

D. '——. S nits
= q I

Answer

=T y=Inx

We need to find the area of the blue shaded region.
At, x =1,y =log(l)=0

And, atx =e,y = log.(e) =1

These are our bounds.

So, this will be computed as -

x=a
A= J- log, x dx
x=1
Using Integration by parts,
l X=a
A= [logexf dx—J-;-xdx]

x=1



= [xlog.x — xI7=8
=[e-e-0+1]
=1 (Ans)

4. Question

The area bounded byy =2 -x2andx +y =0 is

A. L sq units

o

B. Z sq units

C. 9 sq. units
D. none of these

Answer

X+y=0

L
/g N
.":. ' ..'\

.lII

- the blue shaded region above

To define the bounds, we need to find the points of intersection. We know that at the points of intersection,
both the equations are satisfied.

=>x+y=0

= X + (2 - x2) = 0 (from the other equation)
So,x?-x-2=0ie,(x-2)(x+1)=0o0rx=-1,.2
So, boundsarex =-1tox =2

Therefore, area shall be evaluated as -

x=2 3 y2 x=2
J- {(Z—xz)—(—x)}dx=[2x——+—
xr=-1 3 2 x=—1
2 2 (-0 (12
:[Z'Z_EJFE_Z'_” TR

=6— g—i— g = g sq.units (Ans)

5. Question

The area bounded by the parabola x = 4 - y2 and y-axis, in square units, is
A. 3/32

B. 32/3

C. 33/2



D. 16/3

Answer

F
==

1=

Is the blue shaded region.
At points of intersection on y-axis, x =0
So, equation becomes 0 = 4 -y2 ory = -2, 2

This becomes our bounds, and we integrate w.r.t. the y-axis -

31¥=2

y=2 y=2 v
A=J- xdyzf (4—y2)dy=[4y—“—
y=—2 y=-2

3
23 (_2)3
=|4.2-=—-4.-2+
[ 3 3

y=-2

=16 ——
3

= % sq.units (Ans)
6. Question

If A,, be the area bounded by the curve y = (tan x)" and the lines x = 0, y = 0 and x = n/4, then for x > 2

D. none of these

Answer
T T T
ar *=z =3
A, = J- (tanx)"dx = J- (tanx)™ ?(tan®x)dx = J- (tanx)™ %(sec®x — 1) dx
x=0 x=0 =0
T T T
X=I X=z X=1
= J- (tanx)™ %(sec?x)dx — J- (tanx)™" 2dx = J- (tanx)™ ?(sec®x)dx — 4,_,
x=0 x=0 x=0

T
r=—

1
= A, +4,,= J- (tanx)" 2 (sec®x)dx
x=0

Now, let u = tan x — du = sec? x dx

When x =0, u=0and whenx=m/4,u=1



u=1

SO, Ay +Ap_p = [ _, u"? du

[un_1]u=1

n—1 w=o0

11‘!—1 01‘!—1
:[n—l_n—l]

1
Tn—-1

. 1
Ans.An +4,-2 = —

7. Question

The area of the region formed by x2 + y2 - 6x -4y + 12 <0,y < x and x < 5/2 is

A 1B+t
) 3
B, 1.+l
6 3
c.r_ -t

| s
[==]

D. none of these

Answer

x2 4+ y2 - 6x - 4y + 12 < 0 can be written as -
x2-6x+9-9+y? -4y +4-4+12=<0

e, (x-3)2+(y-22%=<1

So, this indicates the area enclosed by a circle centred at (3,2) with radius 1.

Now, the area of the region formed by x2 + y2 -6x -4y + 12 <0,y < x and x < 5/2 is

x=5/2

So, our boundsarex =2tox =2.5

The equation for the ordinate of point on the circle from x = 2 to x = 2.5 -
(x-3)2+(y-22=1

=(y-22=1-(x-37

Ly 2= [T-(r=3) =Y =22 /T=(x=3)°

Since we are considering the lower value of y in x = 2 to x = 2.5 (the one iny = x),
y=2- - (x=3)7

So, the area is -



fmo[(x)_ (2-VT=G =32 )}ax = ﬁzza[l‘—z +{T= (=3 dx

x=2 =2
}\’.'2 x—3 1 x=2.5
_— — 2y 1 — (v —242 + _ein (v —
[2 2x + 7V 1—(x—3)2+ 5 sin (x—3) _
6.25 1 —— 1 4 j .
= T —5— E\' 1-025+ 55111_1[:—0.5) - E + 4 +E 1—-1-— ESiIl_l(—l)]

— =y =
_Z2s_ g _¥3_m,.m_ T ¥3T1l(Ans)
2 8 12 4 [ 2

8. Question

The area enclosed between the curves y =loge (X + €), X = l0gg| ? 'and the x-axis is

A2
B.1
C.4
D. none of these

Answer

y =loge (X + €) and x = Ioge;%; look like -

The curves intersect at (0, 1)
(Putting x = 0 in the 2 curves, y = log.(e) = 1 and 0 = logs(1/y),
ie.,y=1/e9=1)

So, bounds are x = 1 - e to x = 0 for the first curve and then x = 0 to apparently x = « for the second curve.

Therefore,
x=0 x=B

A= f log,(x + e) dx + lim f e dx
x=1-e E—w=Jy=0

=[(x+e){log,(x+e)— 1}]*=0__+ éi_l.]jo[_e_x]ﬁg
=[le{1 -1} - {-1}]+ lim[1 - e™?] = [1] + [1 — 0] = 2 (Ans)
1. Question

The area of the region bounded by the parabola (y - 2)?2 =x - 1, the tangent to it at the point with the
ordinate 3 and the x-axis is

A3
B. 6
C.7

D. none of these



Answer

The question describes something like -

b

B

Point 3 0 Point 2

To solve the problem, we need to find the points 1, 2, and 3 first. They are the key to setting up the bounds
of our integration and understanding what function to integrate.

For point 1:-

We know it is a point on the parabola with ordinate 3, at which the tangent to the parabola is taken.

Plugging in y = 3 into the equation for the parabola (y - 2)2 = x - 1,

(3-22=x-1
=21=x-1
=>Xx=2

So, Point 1 is (2, 3)

For point 2:-
We need to find the point of intersection of the parabola and the x - axis.

We know that ordinate at this point is 0.

Plugging in y = 0 into the equation for the parabola (y - 2)2 = x - 1,

(0-22=x-1
=24=x-1
=>X=5

So, Point 2 is (5, 0)

For point 3:-

Tangent at any point (X7, y7) for a curve is -

y-y1=2(x-x)
dx

For parabola (y - 2)2 = x - 1, differentiating both sides of the equation -
dy —

2(y - Z)H 1

dy 1
- &

dx  2(y-2)
So, slope at point 1, i.e., (2, 3) is -
dy 1 1
dx,s 2(3-2) 2
So, equation of tangent at (2, 3) is -

y-3=@ (x-2)



=22y-6=x-2

=>x-2y+4=0

The tangent intersects the x - axis at point 3. At this point, ordinate is 0.

So, plugging y = 0 in the equation of the tangent x -2y + 4 =0, -
x-290+4=0

=X =-4

So, point 3 is (-4, 0).

Now, that we have the 3 points, let’s figure out how to compute the area required.
The area we need can be divided into 3 sections -

i.x=-4tox=1

Here, area required = area enclosed by the tangent and the x - axis

ii.x=1tox =2

Here, area required = (area enclosed by the tangent and the x - axis) - (area enclosed within the parabola)
iii.x=2tox=5

Here, area required = area enclosed by the parabola and the x - axis

The parabolais (y-2)2=x-1

Solving fory,

y=2=xV(x-1)

So, area A we need is -

x=1 c+ 4 x=2 F+ 4 x=2
AzU 12 dxl+U 12 d;t'—J- (2+\,’x—1}—(2—\,’x—1}dxl
x=1 x=1

x=—4

+

J- 2—\,’x—1dx]
x=2

1 _ 1 _ 4 3 1%=2 . 2 3x=3
P G0 =S (Rl Eer e [ I Y9 E R (ORI
4 4 3 x=1 3 x=2
1 1 4 2
=—[25-0]+-[36—-25] —=[1—-0]+2[6—-2]-=-[8—1
4[ ] 4[ ] 3[ 1+2[ ] 3[ ]
P 4 14
B 3 3
9+6 18
B 3
=9+6—-6
=9 (Ans)
10. Question

The area bounded by the curves y = sin x between the ordinates x = 0, x = n and the x-axis is
A. 2 sQ. units
B. 4 sq. units
C. 3 sqg. units

D. 1 sqg. units



Answer

This is as simple as -
A= [ "sinxdx

= [—cosx]¥=F
=[-(-1) + 1]

= 2 (Ans)

11. Question

The area bounded by the parabola y? = 4ax and X2 = 4ay is

Answer
This problem is the generalized form of question 2.
Let’'s proceed to solve it similarly -

We need the bounds, i.e., where the area starts and where it ends. At the points of intersection, both the
equations are satisfied.

This means that at points of intersection

y2 = 4ax
2
s (g) — 4y (from the other equation)

Let us solve this.

a2\
(E) = 4ax
x* = 64a3x
= x(x3-64a3) =0
=x = 0orx3 = 64a3, i.e, x = 4a
So the points of intersection are (0,0) and (4a,4a)

Now, let’s compute the area.

If we integrate w.r.t x, we’'ll have to integrate the space between the two curves from x = 0 to x =4a.

ie.,
x=4a x?
a=| (z\fa— —) dx
=0 4a
4 3 Ig x=da
=|—(ax)z ——
Ba( ) 12a| _
x=0




(4a)®* 03
[ (102 - ) (12.: _ﬁ)

[4 16a?

3

_ [32 a®  1éa ] _ 16a (Ans)

12. Question

The area bounded by the curve y = ¥* - 2x3 + x2 + 3 with x-axis and ordinates corresponding to the minima
ofyis

Al

B. 91/30

C. 30/9

D. 4

Answer

y=x-2x3+x2+3

>y = 4x3 - 6x2 + 2x

At extrema ofy,y’ =0

e, 4x3-6x2+2x=0

or,2x3-3x2+x=0

=>x(2x-1)(x-1)=0

i.e.,, x=0,x=1/2 and x = 1 correspond to extrema of y
Now, y”’ = 12x2 - 12x + 2

y'o=2>0=x = 0 corresponds to a minima
y"1/2 = -1 < 0= x = 1/2 corresponds to a maxima
y'’'1=2>0=x =1 corresponds to a minima

So, x = 0 and x = 1 are the ordinates we need.
So, the area Ais -

A= ;:01(1'* —2x3+ x%+ 3)dx

x=1

=1 4 2
=[x__x_+x_+3l.]
3 x=0

13. Question
The area bounded by the parabola y? = 4ax, latus rectum and x-axis is

A. 0



B. 4/3 a2
C. 2/3 a?
D. a%/3

Answer

The area A is -

A= J:::Oa vVdax dx

2 )
=3 4a [(-‘-}ax)EL:D
=2a (Ans)
14. Question
The area of the region -:::x,w DX +ye S'_ix—y;'. is
A. /5
B. n/4
C.m/2-1/2
D. m?/2
Answer

We need to determine what region is being talked about.
x2 4+ y2 = 1 is a circle with centre at origin and unit radius.

So, x2 + y2 < 1 represents the region inside that circle.
x +y = 1is a line that intersects the 2 axes at unit distances from the origin, in the positive direction.

So x + y = 1 represents all the points, i.e., the region above the linex +y = 1.

So, the region {(x, y): x2 +y2 <1 <x + y} is -

(0, 1)

/

[ (1,0)

|/

=]

For each point (x, y) on circle in first quadrant, y = V(1 - x2)
For each point (x, y) on line,y =1 - x

So, area A of the region described is -

A= f;:ol [\,’ﬁ— (1— x)) dx



= E\.’ﬁ+ ésin‘lx —x +x?2]x:1
x=0
=T1/4 - 1/2 (Ans)
15. Question
The area common to the parabolay = 2x2andy = x2 + 4 is
A. 2/3 sq. units
B. 3/2 sq. units
C. 32/3 sq. units
D. 3/32 sqg. units
Answer

The area we need looks like -

y=x'+4

We need to find the points of intersection to set the bounds of integration.

At points of intersection, y = X2 + 4 = 2x2

or,x*-4=0

=(Xx+2)(x-2)=0

=>x=-2,2

= The points of intersection are (-2, 8) and (2, 8), which is also evident from the graph.
So, the area A of the shaded region is -

A= "7 ((x% +4) - 2x?}ax

= ;(:_22(4 —x3)dx

Since 4 - x2 is an even function,
A= ?.f;:;(ﬂl —x¥)dx
x=2
= 2[ax —";]FD
=2[s-]
= 32/3 (Ans)

16. Question

The area of the region bounded by the parabola y = X2 + 1 and the straight line x + y = 3 is given by



A. 45/7
B. 25/4
C. /18
D. 9/2
Answer

The situation looks like this -

[y=x"+1

At the intersection points,y =3 -x=x + 1
or,x*+x-2=0

=>(X+2)(x-1)=0

= X = -2, 1 - these are our bounds

So, area A enclosed is -

A= (B -x) - (x*+D)dx
= ;:_12{2 —x—x%}dx

2 2 x=1
=[x -2 -]
2 3dy=—12

=2-1/2-1/3+4+2-8/3

=8-9/3-1/2
=5-1/2
= 9/2 (Ans)

17. Question

The ratio of the areas between the curves y = cosx and y = cos 2x and x-axis from x = 0 to x = /3 is
A.1:2

B.2:1

C. .5:1

D. none of these

Answer

Let us call the corresponding areas A; and A,.

T
_ x=E
Ay = [ _Zcosxdx

(=R

= [sinx]i:



=V3/2

I
Az = [ =cos2x dx

T
r=—

= 51[511'121'])(:3
=V3/4

WAL Ay =2:1(Ans)

18. Question

The area between x-axis and curve 'y = cos x when 0 = x < 21 is
A. 0

B. 2

C.3

D. 4

Answer

Let area be A.

So, area A is -

=2
A= ;:0n|cosx| dx

Now, cos x is positive from x = 0 to x = /2 and from x = 31n/2 to x = 2n and negative from x = /2 to x =
3n/2.

T am
= = =2
So, A = _[;(:02 cosx dx + f;zgz (—cosx)dx + f;%rncos x dx
P =T
_ . x= . Ry s JX=2T
= [sinx]__2 + [ 51111])(;_;2 + [sinx =

=[1-0]+[-(-1)+ 1]+ [0-(-1)]
=14+1+1+1

= 4 (Ans)

19. Question

Area bounded by parabola y? = x and straight line 2y = x is
A. 43

B.1

C.23

D. 13

Answer

Construction:

The situation looks like this -



At the intersection points, x = 2y = y?
or,y2-2y =0

=yly-2)=0

=2y=0o0ry=2

So, intersection points are (0, 0) and (4, 2)

Hence, the area A enclosed is -

A= 2y —yH)dy

31¥=2
= |,z _¥ ]
=[y2 L
[" 3 y=0

=[4 - 8/3]
= 4/3 (Ans)
20. Question

The area bounded by the curve y = 4x - x2 and the x-axis is

A. Esq.units

B. isq.units

C. %sq.units

D. ST_-sq.units

Answer

y = 4x - X2

This is a parabola with negative co-efficient of x2, i.e., it's a downward parabola.
So, area A enclosed is the area of the peak of the parabola above the x - axis.

We need to find the bounds of this peak.

Now, at the point where the peak starts/ends, y = 0,



ie,d4x-x2=0
=2>x(4-x)=0

=>x=0o0rx=4

SA= [Ty - x7dx

-3
= [32 - 64/3]

= 32/3 sq. units (Ans)
21. Question
Area enclosed between the curve y? (2a - x) = x3 and the line x = 2a above x-axis is

A. ma?

B. l.a

C.2n a?

D. 31 a2

Answer

y2(2a - x) = x3

= .,2 _ ¥
Ve =
- Za—x
x3
Sy= =
- 2a-x

Since we are concerned with the area above the x - axis, we’ll be considering the positive root.

We canseethatatx =0,y = 0.

So,
A = x=2a J x3
'[XZU 2a—xdl
Putting vx = u
We get du = (1/2vx)dx

or, dx = 2u du

So,
—
u=+2a u*
A=2[ 7 =—=du
u= v 2Za-u?

Putting u = v2vasint

We get du = v2va cos t dt

t= Z i
A=2 [ :—=""_.\2acostdt

z
=0 [2a—2asin?t

o .
tZEsm" tcost

=0 dt

= 8a® —
v 1-sin®t

1
- =7 .
=8a’ |,_Z2sin*tdt



=2
=8a’ [,_2sin®t - sin® t dt
="
=8a® [,_2sin® t (1 —cos?t) dt

T T
= =7 t=7
=8a’ [,_2sin® tdt — 8a® [_>sin” t cos’tdt
t=

- 1]
= 4a* ::_02(1 — cos2t) dt —2a® [,_2sin® 2t dt

= _m

= 4q2 [t - %sin Zt];::; —a? ::_03(1 — cos4t)dt
_T T

= 4a® [t - ésin Zt]:j —a® [t - i sin 4t]:;;

=4a%(m/2-0-0+0)-2a%(n/2-0-0 + 0)

= Sna2 (Ans)

22. Question

The area of the region (in square units) bounded by the curve x2 = 4y, line x = 2 and x-axis is

Al

B. 2/3

C.4/3

D. 8/3

Answer

x2=4y,aty=0,x=0

So, our bounds are x = 0 and x = 2

Area A enclosed is -
— x=2 -
A= IXZO "Fdl

x=2 x2

dx

x=0 :
_ )(3 x=2
=[5l
= 8/12, i.e., 2/3 (Ans)

23. Question

The area bounded by the curve y = f(x), x-axis, and the ordinates x =1 and x = b is (b - 1) sin (3b + 4).
Then, f (x) is

A. (x - 1) cos (3x + 4)

B. sin (3x + 4)

C.sin (3x +4) +3 (x - 1) cos (3x + 4)

D. none of these

Answer

So, the area enclosed from x = 1 to x = x (say) is (x - 1) sin (3x + 4)
= A = [f(x) dx = F(x) = (x - 1) sin (3x + 4)

= f(x) = F'(x) = sin (3x + 4) + 3(x - 1) cos (3x + 4) (Using u-v rule of differentiation)



(Ans)

24. Question

The area bounded by the curve y? = 8x and x% = 8y is

A. ?sq. units
B. %sq. units
C. l'?_.sq. units
D. %sq. units
Answer

This problem is similar to Problem 2. So we’ll solve it in a similar way.
At points of intersection,

y2 = 8x
= (XT:)Z = gy (from the other equation)

Let us solve this.

xgzg_
5 =8

x4 = 512x

=>x(x3-512)=0
=>x=00rx>=512,i.e,x=8

So the points of intersection are (0,0) and (8,8)
Now, let’s compute the area.

If we integrate w.r.t x, we’ll have to integrate the space between the two curves from x = 0 to x = 8.

i.e.,
x=8 JL2
A =f (2{5— —) dx
x=0 8
2 3 13 x=8
= g(ZI)Z—E
| =0
.2 (163 OE) 83 03
3T T 2 2
2 64 64
13 3
= %% (Ans)
3

25. Question

The area bounded by the parabola y2 = 8x, the x-axis and the latusrectum is
A.16/3

B. 23/3



C.32/3
D. &8

Answer
Latus rectum of parabola y? = 4ax is x = a
So, latus rectum of parabola y? = 8x is x = 2

Therefore, area A enclosed is -

A= [i:fyﬁifdx

[N

51 [(81‘)%]:2

[N

-51[64—0]

16/3 (Ans)

26. Question

Area bounded by the curve y = x3, the x-axis and the ordinates x = -2 and x = 1 is
A -9

13

B. —

0
T

D.

Answer
The area A enclosed is -
A= "1 1x3 dx

x=—2

x=1 3

—f;(__oz( xdx + [ x3dx

ol S N S

=16/4 + 1/4

= 17/4 (Ans)

27. Question

The area bounded by the curve y = x |x| and the ordinates x = -1 and x = 1 is given by
A.0

B. 1/3

C. 2/3

D. 4/3

Answer

The area A enclosed is -

x=1
A= [ Ixlx||dx



—x%,forx<0
x4, forx=0

Now, y = X|x| = [
So, ly| = [x|x|| = x?
. _ rx=1 2 i
A= xPdx

_ xg x=1
=[5,

=1/3 -(-1/3)

= 2/3 (Ans)

28. Question

The area bounded by the y-axis, y = cos xandy =sin xwhen 0 = x = m/2 is

A, 24T -1

B. /-1
C. 741
D. .5
Answer

The area we want is -

We’'ll integrate w.r.t y, since area is enclosed by curves and y - axis.
Intersection point is at x = /4, i.e., y = 1/vV2

So, area A enclosed is -

[~

Y== . _ y=1 _
A= _Jsintydy + [ 1costydy

- B

tal

Using Integration by parts -

¥
A= [sin‘lyf dy— [ l"v—dy] !

J1-y®

e

y=1

+ [cos‘lyf dy— [ — l"v—dy]

/ =
11—y 1

=0 L ¥ y=—
TNz

Puttingu = 1 - y2

We get du = -2y dy



1
y=—
V2

A= [ysin‘ly-i-glf (é) du] - + [}’Cos—ljf—glf (é) du]yj

1
y=—
Yoz 1

= [ysin™ty+Vu]_ ¥ +[ycos™'y - \,fﬁ]:i_

) =7
1
= =1
=[ysinty+ /1 —yz]'zzgz +[ycos7ty - f1—y2] |
=m/4v2 +1V2-0-1+0-0-m/4v2 + 1/vV2
=+v2 -1 (Ans)
29. Question

The area of the circle x2 + y2 = 16 enterior to the parabola y2 = 6x is

A. (&= -
B. Z(2+45)
-5l
- {5
Answer

The area we want is -

At intersection points, y2 = 6x = 16 - x?

Or, x> + 6x-16=0

i.e., (x+8)(x-2)=0

i.e., x=-8,2

Now x = -8 = y2 = 16 - (-8)2 = 16 - 64 = -48 < 0, which is not possible for yE R
So, x=2

and y2 = 16 - 22

=16-4



=12
or,y =v12 = + 2V3
So, our bounds arey =-2v3toy = 2V3

The area A enclosed is -

A= fy=2u§ (\,—16 e v_:) dy

=243

Since both the functions are symmetrical about the x - axis,

A= ny:hﬁ(\,—lé m—_— _%) dy

¥=0
. p APRE
=2[X/T6—y2 +8sinI-L
2 - 4 18ly—g
8t 43
=2[2V3+—-—-0-0 + 0]
3 3
) 8m +2\,f§
I 3

4
= 5[4}'[ + \.'(5]

(Ans)

30. Question

Smaller area enclosed by the circle x2 + y2 = 4 and the linex + y = 2 is
A. 2(mt-2)

B.m-2

C.2n-1

D. 2(n + 2)

Answer

The area we need is -

o
|

This area A = area of quadrant OAB - area of triangle OAB



nr2/4 - € x base x height

MXx2%/4 -9 x2x2

m -2 (Ans)

31. Question

Area lying between the curves y2 = 4x and y = 2x is
A.2/3

B. 1/3

C.1/4

D. 3/4

Answer

At the points of intersection,

X =Yy%/4 = y/2
Or, y2 =2y
ie,y2-2y=0
ie,yly-2)=0
ie,y=0,2

So, area A enclosed is -

(Ans)

32. Question

Area lying in first quadrant and bounded by the circle x2 + y2 = 4 and the lines x = 0 and x = 2, is
A

B. /2

C.mn/3

D. /4

Answer

The part of the circle x2 + y2 = 4 in between x = 0 and x = 2 is the semicircle to the right of the y - axis.
And the part of this semicircle in the first quadrant is a quadrant of the circle.

So, area A of the portion is basically the area of a quadrant of the circle.

A =mnré/4

=1 x 2%/4



=1 (Ans)

33. Question

Area of the region bounded by the cure y? = 4x, y-axis and the liney = 3, is
A. 2

B. 9/4

C.9/3

D. 9/2

Answer

The area A is -

= Z
A= (Y7310
V=0 2

_ [ya]y:g
12 v=0

= 9/4 (Ans)
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