29. The Plane

Exercise 29.1

1 B. Question

Find the equation of the plane passing through the following points:
(2,1,0),(3,-2,-2),and (3,1, 7)

Answer

If the given points are (x,,v,,Z;),(X,,V2,2Z, ), (X3,¥3, Z3) then the equation of the plane passing through these
three points is given by the following equation.

X—%, YW &4

X=Xy YVa—=V1 227%
Xz =Xy Va—V1 237244

=0

Now substitute the values given

x—2 y-—-1 z—0
3-2 -2-1 -2-0|/=0
3-2 1-1 7—0
x—2 y—1 z-0
1 -3 -21=0
1 0 7

Now apply the determinant

a b c

d e f| = a(ei—hf) —b(di—fg) + c(dh—eg)

g h i

x—2 y—1 z—0
1 -3 2| =Ex-2)(21-0)—-(y— 17 + 2) + (2)(0 + 3)
1 0 7

(x=2)(-21-0)=-(y=1(7 + 2) + (z)(0 + 3) = 0....(given)
-21x+42-9y +9+3z2=0

-21x-9y +3z+51=0

-3(7x+3y-z-17=0)

X+ 3y-z-17=0

This is the equation of the plane.

1 B. Question

Find the equation of the plane passing through the following points:
(-5,0,-6),(-3,10,-9)and (- 2, 6, - 6)

Answer

If the given points are (xy,v,.2,),(X5,¥2.2, ), (¥3,¥5,25) then the equation of the plane passing through these
three points is given by the following equation.
X% V=W 2744
¥z =% V2= V1 Z27 %1 =10
¥z =% YVa—V1 Z37%4

Now substitute the values given



Xx+5 y—20 Z+ 6
-3+5 10—-0 -9+ 6
-2+5 6-0 —-6+6

=0

X+5 y—-0 z+6
2 10 -3
3 6 0

-0

Now apply the determinant

a b c
d e f

g h i
(x+5)(0+18)-y(0+9)+(z+6)(12-30)=0

= a(ei— hf) —b(di—fg) + c(dh-— eg)

(x +5)(18)-y(9) + (z+ 6)(-18) =0

18x +90-9y-18z-108=0

Now divide both sides 9 then we get the plane equation as
2Xx-y-22-2=0

1 C. Question

Find the equation of the plane passing through the following points:
(1,1,1),(1,-1,2)and (- 2, -2, 2)

Answer

If the given points are (x,,v,.2,),(X5,V..2, ), (X3,¥5,2;) then the equation of the plane passing through these
three points is given by the following equation.

X—%, VYW &4

X=Xy YVa—=V1 227%
Xz =Xy Va—V1 237244

=0

Now substitute the values given

x—1 y—1 z-—-1
1-1 -1-1 2-1] =20
-2-1 -2-1 2-1
X+5 y—0 z+6

0 -2 1 =0
-3 -3 1

Now apply the determinant

a b c
d e f
g h i

= a(ei—hf) —b(di—fg) + c(dh—eg)

x-1)(-2+3)-(y-1)(0+3)+(z-1)(0-6)=0
(x-1)1-(y-1)3+(z-1)(-6)=0

Xx-3y-6z+8=0

this is the equation of plane.

1 D. Question

Find the equation of the plane passing through the following points:
(2,3,4),(-3,5,1)and (4, -1, 2)

Answer



If the given points are (x,,y,,2z,),(X,,V2.2,), (%3,¥3.23) then the equation of the plane passing through these
three points is given by the following equation.

X=Xy V="V 2L
7% Vo= V1 2272
g~ Xy Va—=V1 23— %4

=0

Now substitute the values given

x—2 y—3 z—4

—-3-2 5-3 1-4=020
4-2 -1-3 2-4

X+5 y—-0 z+6

-5 2 -3 |=0
2 —4 —2

Now apply the determinant

a b c
d e f
g h i

= a(ei—hf) —b(di—fg) + c(dh—eg)

(x-2)(-4-12)-(y-3)(10+6) + (z-4)(20-4)=0

(x-2)(-16) - (y - 3)(16) + (z-4)(16) =0

-16x +32-16y + 48 + 16z2-64 =0

-16x-16y + 162+ 16 =0

(x+y-z-1)x-16=0

The equation of planeisx + y—z—1 = 0

1 E. Question

Find the equation of the plane passing through the following points:
(0,-1,0),(3,3,0)and (1,1, 1)

Answer

If the given points are (xy,v,.2,),(X,¥2.2, ), (¥3,¥5,25) then the equation of the plane passing through these
three points is given by the following equation.

X=Xy YW &4

7% Yo V1 22724
X3—X Va—V1 23744

=0

Now substitute the values given

Now apply the determinant

a b c
d e f
g h i

= a(ei— hf) —b(di—fg) + c(dh—eg)

(x)(4-0)-(y+1)(3-0)+2z(6-4)=0
4x - (y +1)(3) +z(2) =0



4x-3y-3+2z=0
This is the equation of the plane.
2. Question

Show that the four point (0, -1, - 1), (4, 5, 1), (3,9, 4) and (- 4, 4, 4) are coplanar and find the equation of
the common plane.

Answer
Given that these four points are coplanar so these four points lie on the same plane.

So first let us take three points and find the equation of the plane passing through these four points and then
let us substitute the fourth point in it. If it is O then the point lies on the plane formed by these three points
then they are coplanar.

The equation of the plane passing through these three points is given by the following equation.

X=X V=¥V 2%
7K YoV 2274
X3 =Xy Va=V1 2372

Now let us take (0, - 1, - 1), (4, 5, 1), (3, 9, 4) and find plane equation.

x—0 y+1 z+1
4—-0 5+1 1+1] =20
3-0 9+1 4+1

X y+1 z+1

4 6 2 =|=0
3 10 5

Now apply the determinant

a b c
d e f| = a(ei—hf) —b(di—fg) + c(dh— eg)
g h i

x(30-20)-(y+1)(20-6) + (z+ 1)(40-18) =0

10x - (y + 1)(14) + (z+ 1)(22) =0

10x - 14y + 22z + 8 = 0 now divide by 2 on both sides
The equationis 5x -7y + 11z+ 4 =0

Now let us substitute fourth point (- 4, 4, 4) we get
5(-4)-7(4) + 11(4) +4 =0

-20-28+44+4=0

-48+48=0

0=0

L.H.S =R.H.S

So as said above this fourth point satisfies so this point also lies on the same plane.
Hence they are coplanar.

3 A. Question

Show that the following points are coplanar.
(0,-1,0),(2,1,-1),(1,1,1)and (3, 3, 0)

Answer

Given that these four points are coplanar so these four points lie on the same plane



So first let us take three points and find the equation of plane passing through these four points and then let
us substitute the fourth point in it. If it is O then the point lies on the plane formed by these three points then
they are coplanar.

the equation of the plane passing through these three points is given by the following equation.

X=Xy V=¥V Z—L
7% Vo= V1 2272
g~ Xy Va—=V1 23— %4

Now let us take (0, - 1, 0), (2, 1, - 1), (1, 1, 1) and find plane equation.

=0

x—0 y+1 z+1
2-0 1+1 -1+0/=0
1-0 1+1 1-0

X y+1 z

2 2 -1 =0

1 2 1

Now apply the determinant

a b c
d e f| = a(ei—hf) —b(di—fg) + c(dh—eg)
g h i

X2+2)-(y+1)2+1)+2z4-2)=0
4x-3y-3+2z2=0

4x -3y +2z2-3=0

Now let us substitute (3, 3, 0) in plane equation
4x -3y +22-3=0

4(3)-3(3)+2(0)-3=0

12-94+0-3=0

12-12=0

0=0

So this point lies on the plane

Hence they are coplanar.

3 B. Question

Show that the following points are coplanar.
(0,4,3),(-1,-5,-3),(-2,-2,1)and (1,1, - 1)
Answer

Given that these four points are coplanar so these four points lie on the same plane

So first let us take three points and find the equation of plane passing through these four points and then let
us substitute the fourth point in it. If it is O then the point lies on the plane formed by these three points then
they are coplanar.

the equation of the plane passing through these three points is given by the following equation.

X=X V=¥V 2%
7% Vo=V1 L2744 =0
X3~ Xy Va=V1 237 %4

Now let us take (0, 4, 3), (-1, -5, - 3), (- 2, - 2, 1) and find plane equation.



x—0 y—4 z—3
-1-0 -5—-4 —-3-3
-2-0 -2—-4 1-3

=0

X y+1 =z
-1 -9 -6
-2 -6 -2

=0

Now apply the determinant

= a(ei— hf) —b(di—fg) + c(dh—eg)

x(18-36)-(y-4)(2-12)+ (z-3)(6-18)=0

X(-18) - (y -4)(-10) + (z-3)(-12) =0

-18x+10y-40-12z2+36 =0

-18x+10y-12z-4=0

Now let us substitute (1, 1, - 1) in plane equation

-18x +10y-12z-4=0

-18(1) + 10(1) -12(-1)-4=0

-18+10+12-4=0

-22+22=0

0=0

Lhs = rhs

So this point lies on the plane

Hence they are coplanar.

4. Question

Find the coordinates of the point P where the line through A(3, - 4, - 5) and B(2, - 3, 1) crosses the plane
passing through three points L(2, 2, 1), M(3, 0, 1) and N(4, - 1, 0). Also, find the ratio in which P divides the
line segment AB.

Answer

We know that the equation passing through two point (a, b, ¢) and (d, e, f) is given by

x—a y-b z-c
d—a e—-b f-c

the line through A(3, - 4, - 5)and B(2,-3, 1) is

x—3 y+ 4 z+5
2—-3 -3+4 6

x—3 y+4 z+5
-1 1 6

Now let us see how a point is going to be on the line

x—3 y+4 z+5

—1 1 6
X=-k+3,y=k-4,z=6k-5

So now let a point P be the point of the intersection of a line and the plane so let the coordinates of P = (- k +
3, k-4,6k-5)



Now let us find the equation of the plane passing through L(2, 2, 1), M(3, 0, 1) and N(4, - 1, 0).
The equation of the plane passing through these three points is given by the following equation.

X=X V¥V 2%
7K YoV 2274
X3 =Xy Va=V1 2372

-2 y—-2 z-—1
2 0-2 1-1
4—-2 —-1-2 0-1

(x-2)2-(y-2)(-1)+(z-1)(-3+4)=0

=0

2X-4+4+y-2-z+1=0
2X+y-z=5

Now point P lies on this plane so
2(3-k)+ (k-4)-(6k-5)=5
6-2k+k-4-6k+5=5
-7k =-2

kz
7

So point P is = (?,?,_723)

Now we have to find the ration in which this P divides AB
Let the ratio b m:1
We know the section formula

That is if a line AB is divided by P in ratio m:1 then

mx, + X; my, + y; mz, + z;
m+1 m+1 m+1

)

(19 -26 —23) m2 + 3 m(-3)—4 ml +5

77 7 m+1" m+1 m+1
Solving

19 m2 + 3

7 m+1

We get 19m + 19 = 14m + 21
5m=-2

-2
m= —
5

So point P divides line in ration 2:5 externally since ratio is negative.

Exercise 29.2

1. Question

Write the equation of the plane whose intercepts on the coordinate axes are 2, - 3 and 4.
Answer

Given

intercepts on the coordinate axes are 2, - 3 and 4.



The equation of the plane whose intercepts on the coordinate axes a, b, c is given by the equation

Z
y % _
C

iYy
a b
Herea=2,b=-3,c=4

So now let us substitute in the equation of the plane

X y z
S+ =+ =1
2 -3 4

LC.Mof2, 3,4is12

6x —4y + 3z
12 B

So the equationis 6x -4y + 3z =0
2 A. Question

Reduce the equations of the following planes in the intercept form and find its intercepts on the coordinate
axes:

4x +3y-6z-12=0

Answer

given equationis4x + 3y -6z-12=0
4x + 3y - 6z =12

Now let us divide both sides by 12

We get,

4x + 3y — 6z 12
12 T 12

X ¥V zZ

e i |

3 4 2

X ¥ Z

- +-+—==1

3 4 -2

We know that, the equation of the plane whose intercepts on the coordinate axes a, b, c is given by the
equation

Z
y % _
C

X
Stp Y
So by comparinga=3,b=4,c=-2
So the intercepts are 3, 4, - 2

2 B. Question

Reduce the equations of the following planes in the intercept form and find its intercepts on the coordinate
axes:

2Xx+3y-z=6
Answer

given equationis2x + 3y -z =6
Now let us divide both sides by 6
We get,
2X+3y—z 6

6 T 6



+
bl pot
ol N

A

=+ —_— =
—6

+ 1

[ NI ) ]

We know that, the equation of the plane whose intercepts on the coordinate axes a, b, c is given by the
equation

X A
N % +o=1

So by comparinga=3,b=2,c=-6
So the intercepts are 3, 2, - 6.

2 C. Question

Reduce the equations of the following planes in the intercept form and find its intercepts on the coordinate
axes:

2x-y+z=5

Answer

given equationis2x -y +z=5
Now let us divide both sides by 5
We get,

2Zx—y + z
5

I
]

y
+ =+
-5

el |
[Sa N |

We know that, the equation of the plane whose intercepts on the coordinate axes a, b, c is given by the
equation

X y zZ
- +-+-=1

a b ¢

So by comparinga = g,b = —-5c=5
So the intercepts are. = _:3‘.—5.5

3. Question

Find the equation of a plane which meets the axes in A, B and C, given that the centroid of the triangle ABC
is the point (a, B, v).

Answer

It is given in the question that the plane meets the axes in A, B, C

So now let us assume that A = (a, 0, 0), B = (0, b, 0) and C = (0, O, c)

Given that the centroid is (e, 3, ¥) and we know the formula of the centroid of

AABC = 3 s 3 s 3
So,

a+0+00+b+00+0+c
(a.By) =

3 ' 3 ' 3



a

wlo

(WBY) = == =
By = '3

wl

So we have now

a
§=a,a=3rx
b
§=I3-b=3l3
C
§=Y:C=3Y

We know that, The equation of the plane whose intercepts on the coordinate axes a, b, c is given by the
equation

X Vv z
-+ +-=1
a b C

Now substitute a, b, ¢

so this is the equation.
4. Question

Find the equation of the plane passing through the point (2, 4, 6) and making equal intercepts of the
coordinate axes.

Answer
It is given that untercepts on the axes are equal

We know that, the equation of the plane whose intercepts on the coordinate axes a, b, c is given by the
equation

X y z
—+-+-=1
a b C

Now we havea=b =c
So now let us substitute a in place of b and ¢

X VvV z
Soweget—- += 4+ - =1
a a a

X+y+zZz=a

And it is given that (2, 4, 6) is on the plane so by substituting it we get
2+4+6=a

A=12

So the equationisx +y +z =12

5. Question

A plane meets the coordinate axes at A, B and C respectively such that the centroid of the triangle ABC is (1,
- 2, 3). Find the equation of the plane.

Answer
It is given in the question that the plane meets the axes in A, B, C

And the centroid is (1, - 2, 3)



We know that, the equation of the plane whose intercepts on the coordinate axes a, b, c is given by the
equation

X y z
—+-+-=1
a b C
Xy X + X3 Yy + ¥V v V3 2 +2Z, +2
centroid of AABC = — = g 22 y2 }3, 4 2 2
3 3 3
(1.—2,3) a+0+00+b+00+0+c¢c
el 3 3 ' 3
(1.-2.3) abc
IR - 3

So we have now

l1,a =3

wlg Wl
]

|

b

(<3

]

|

o

6x—3y + 2z = 18
Hence this is the equation.
Exercise 29.3

1. Question

Find the vector equation of a plane passing through a point having position vector ji _:i _]_:; and

perpendicular to the vector 41 + j:i — 3L

Answer

Given: Position vector of the point -3 =21 — j+ k
Point is perpendicular to the vector ii = 4i + 2j — 3k

To find: the vector equation of a plane passing through a point

We know that, vector equation of a plane passing through a point 3 and normal to 1i is given by
(F—3)H=0...()
Substituting the values from given criteria, we get

(#- (2i-7+k)).(4i+2)-3k) =0

=i

=1 (4i+2]—3k)— (20— +k).(41+ 2§ -3k) =0

=T (4T +2j— 3R} —[(2)(4) + (—1)(2) + (1)(—3)] = 0 (by multiplying the two vectors using the formula



A-B =AQB, + AB, +AB,)
=>T(41+2j-3k)-[8-2-3]=0
=T (4T +2j— 3R} = 3 is the vector equation of a plane passing through the given point.

2. Question

Find the Cartesian form of the equation of a plane whose vector equation is

L1 (121-3]+4k)+5=0

i T-(~1+7+2k)=9

Answer

i 7 (121— 3]+ 4k)+5=0

Given the vector equation of a plane,

t(12i-3/+4k)+5=0

Let ¥ = (xi + yj + zk)

Then, the given vector equation becomes,

(xi+yj+zk). (121 — 3]+ 4k) + 5 =0

Now multiplying the two vectors using the formulaaA - B = AB, + A;B, + A,B,, we get
= (x)(12)+ (¥(-3)+(2)(9)+5=0

= 12x—3y+4z+5=0

This is the Cartesian form of equation of a plane whose vector equation is T. [:12? -3+ 4&) +5=0
i. . (—1+j+2k)=9

Given the vector equation of a plane,

t(-i+j+2k)=9

Let ¥ = (xi + yj + zk)

Then, the given vector equation becomes,

(xi+yj+zk).(—i+j+2k)=9

Now multiplying the two vectors using the formulad - B = A_B, + A;B, + A,B,, we get
= @XED+ MM+ (2(2)=9

= —X+y+2z=9

This is the Cartesian form of equation of a plane whose vector equation is T. (—T +ij+ Zf{) =9

3. Question
Find the vector equation of the coordinates planes.

Answer



Here we need to find the vector equation of the xy-plane, xz-plane and yz-plane.
For xy-plane

We know the xy-plane passes through the pointi.e., origin and is perpendicular to the z-axis, so
Letd =01+ 0j+ Okand i =k .......(I)

We know that, vector equation of a plane passing through a point 2 and normal to 1i is given by
(f-3)d=0

Substituting the values from equation (i), we get

(- (0i+0j+0k)).k=0

(k) — (0i+0j+0k).(k) = 0

=l

=

= .k = 0...(ii) (by multiplying the two vectors using the formula A-B-= AB, + A;B, + A,B,)
For xz-plane

We know the xz-plane passes through the pointi.e., origin and is perpendicular to the y-axis, so
Let3=0i+ 0j+ Okand =7 ...... (iii)

We know that, vector equation of a plane passing through a point 3 and normal to 1 is given by
(f—3).n=0

Substituting the values from equation (iii), we get

(- (0i+0j+0K)) j=0

= 1.())— (01 +0j + 0k).(j) =0

= T.j = 0...(iv) (by multiplying the two vectors using the formula A-B-= AB, + A/B, + A,B,)
For yz-plane

We know the yz-plane passes through the point i.e., origin and is perpendicular to the x-axis, so
let3=0i+ 0j+ OkandH=1...... (v)

We know that, vector equation of a plane passing through a point @ and normal to 1i is given by
(f—-3)a=0

Substituting the values from equation (v), we get

(¥~ (01 +0j+0k)).i=0

= T.(1) — (0i + 0 + 0k). () =0

= 1.1 = 0...(vi) (by multiplying the two vectors using the formulaA - B = A_B, + A,B, + A,B,)
Hence from equation (ii), (iv) and (vi), we get

The equation of xy, yz and yz plane as

tk=0%j=07%i=0

4. Question

Find the vector equation of each one of the following planes:



i.2x-y+2z2=28

ii.x+y-z=5

ii.x+y=3

Answer

i. The given equation of the planeis 2x -y + 2z =8

This is in Cartesian form, to convert this to vector form, this can be done as shown below:
(xi+yj+zk). (21— +2k) =8

We know xi +yj +zk =T

Hence the above equation becomes,

t.(21—j+2k)=8

The vector equation of the plane whose Cartesian form 2x -y + 2z = 8 is given isT. (2‘1‘— i+ Zﬁ) =8
ii.x+y-z=5

This is in Cartesian form, to convert this to vector form, this can be done as shown below:
(xi+yj+zk).(i+7—-k)=5

We know xi +yj +zk = ¥

Hence the above equation becomes,

t(i+j—-k) =5

o~

The vector equation of the plane whose Cartesian form x + y - z = 5 is given isT. (i +i- k) =5
ii.x+y=3

This is in Cartesian form, to convert this to vector form, this can be done as shown below:
(xi+yj+zk).(i+7) =3

We know xi +yj +zk = ¥

Hence the above equation becomes,

L+ =3

The vector equation of the plane whose Cartesian form x + y =3 is given isT. (i +j) = 3

5. Question

Find the vector and Cartesian equation of a plane passing through the point (1, -1, 1) and normal to the line
joining the point (1, 2, 5) and (-1, 3, 1).

Answer

The plane is passing through the point (1, -1, 1). Let the position vector of this point be
i=i-j+ke..()

And it is also given the plane is normal to the line joining the points A(1, 2, 5) and B(-1, 3, 1).
Thenf = AB

—

= Ti = Position vector of B - position vector of &



—

=>0=(-1+37+k)—(i+2]+5k)
=T=—-2i+j—4k....(ii)

We know that the vector equation of a plane passing through the pointa and perpendicular/normal to the
vector 1 is given by

(r-3a)1i=0

Substituting the values from eqn(i) and eqn(ii) in the above equation, we get

(- (-j+K).(-2i+j-4k) =0

=T (-21+7—4k) - (I—-j+k).(-21+j-4k) =0
(=21 +7— 4k) — [(1D(—2) + (=1 (1) + (1)(—4)] = 0 (by multiplying the two vectors using the formula
-B = AB, + A;B, + A,B)

=t (-2i+j—4k)—[-2—-1—-4] =0

=Tt (-21+j-4k)+7=0

Multiplying by (-1) on both sides we get,

= f.(2i— {+ 4k) = 7 is the vector equation of a plane passing through the point (1, -1, 1) and normal to the
line joining the point (1, 2, 5) and (-1, 3, 1).

Let T = (xi +yj +zk)

Then, the above vector equation of the plane becomes,

(xi+yj+zk). (21 -7+ 4k) =7

Now multiplying the two vectors using the formulajA - B = AB, + A;B, + A,B,, we get

= @2+ MED+ @ =7

=22x—-v+4z2=7

This is the Cartesian form of equation of a plane passing through the point (1, -1, 1) and normal to the line
joining the point (1, 2, 5) and (-1, 3, 1).

6. Question

If {1 is a vector of magnitude v3 is equally inclined with an acute with the coordinate axes. Find the vector
and Cartesian forms of the equation of a plane which passes through (2, 1, -1) and is normal to {7 .

Answer

Given: jj = /3 and T is equally inclined with an acute with the coordinate axes

To find: the vector and Cartesian forms of the equation of a plane which passes through (2, 1, -1) and is
normal to i

Let i has direction cosines as |, m and n and it makes an angle of a, B and y with the coordinate axes. So as
per the given condition

a=B=y
= COS 0 =CO0S B =cosy
= |l=m=n=p (let assume)

We know that,



24+m2+n2=1

= p?+p?+p?=1

= 3p?=1
=p= —i—i
t5
So,=l=m=n= ii
\;‘%
= cosa = cosP = cosy = (—l—i)
5

For the negative value of cos the angles are obtuse so that we will neglect it

So we have
: &
= cosa = cosf3 = cosy =|—
Y 73

Hencel=m=n=

So the vector equation of the normal becomes,

= [46](11 + mj + nk)

1 1 1.
TN [N T Ty

V3 V3 V3
A=i+j+ka..(D)

The plane is passing through the point (2, 1, -1). Let the position vector of this point be
=2i+] .. (ii)

We know that vector equation of a plane passing through point3 and perpendicular/normal to the vector 1 is
given by

(r—3a)n=0

Substituting the values from eqgn(i) and eqn(ii) in the above equation, we get

(i-

"'Hw

21+7-k)).(1+j+k) =0

=t(+j+k)-(21+j-k).(i+j+k)=0
= (1+7+k)—[(2)(1) + (1)(1) + (—1)(1)] = 0 (by multiplying the two vectors using the formula
A-B =AB, +AB, +AB,)

>t(i+j+k)-[2+1-1]=0

=T (i +ij+ f{) = 2 is the vector and Cartesian forms of the equation of a plane which passes through (2, 1, -
1) and is normal to 1.

Let ¥ = (xi + yj + zk)
Then, the above vector equation of the plane becomes,

(xi+yj+zk).(i+]+k)=2



Now multiplying the two vectors using the formulaA - B = A,_B, + AyB, + A,B, we get

= X)W+ ML) +@(1)=2
=2xtyt+tz=2
This is the Cartesian form of the equation of a plane which passes through (2, 1, -1) and is normal toT.

7. Question

The coordinates of the foot of the perpendicular drawn from the origin to a plane are (12, -4, 3). Find the
equation of the plane.

Answer

Given: the coordinates of the foot of the perpendicular drawn from the origin to a plane are (12, -4, 3)
To find: the equation of the plane

As it is given that the foot of the perpendicular drawn from origin O to the plane is P(12, -4, 3)

This means that the required plane is passing through P(12, -4, 3) and is perpendicular to OP. Let the position
vector of this point P be

i=121—4+3k.....(0)
And it is also given the plane is normal to the line joining the points 0(0,0,0) and P(12, -4, 3).
Then §{ = OP

—

= 1 = Position vector of P - position vector of §

—

=1 = (121 — 4j + 3k) — (01 + 0f + 0k)

—

1= 12i — 4j + 3k..... (ii)

4

We know that the vector equation of a plane passing through the pointa and perpendicular/normal to the
vector 1 is given by

(f—-3)a=0
Substituting the values from eqgn(i) and eqn(ii) in the above equation, we get

(#- (121—4)+3k)).(121- 4§ +3K) =0

= T.(121 — 47 + 3k) — (121 — 4j + 3k). (121 — 4§+ 3k) = 0
=T (12? — 4]+ 3E) —[(12)(12) + (—4)(—4) + (3)(3)] = 0 (by multiplying the two vectors using the formula
A-B = AB, + AB, + A,B,)

=

=T (121 — 4§ +3k) - [144 + 16 +9] =0
=T (121 —4j+3k) - 169 =0

= £.(12i— 4j+ 3k) = 169 is the vector equation of a required plane.

Let ¥ = (xi +yj + zk)
Then, the above vector equation of the plane becomes,
(xi +yj + zk). (121 — 4j + 3k) = 169

Now multiplying the two vectors using the formulad - B = A_B, + A;B, + A,B,, we get



= (x)(12)+ (¥)(—4) + (2)(3) = 169

=12x—4y+ 372 =169

This is the Cartesian form of the equation of the required plane.
8. Question

Find the equation of the plane passing through the point (2, 3, 1) given that the direction ratios of normal to
the plane are proportional to 5, 3, 2.

Answer

Given: The plane is passing through P(2, 3, 1) and perpendicular to the line having 5, 3, 2 as the direction
ratios.

To find: the equation of the plane

Let the position vector of this point P be

a=21+3j+k.....(0)

And it is also given the plane is normal having 5, 3, 2 as the direction ratios.
Then

= 1 = 51 + 3j + 2k..... (ii)

We know that the vector equation of a plane passing through the point3 and perpendicular/normal to the
vector 1 is given by

(f-3)1=0

Substituting the values from eqn(i) and eqn(ii) in the above equation, we get

(- (2i+3j+K)).(5i+ 37 +2K) = 0

=T (51 +3j+2k) — (20 + 3] +k).(51 + 3j + 2k) = 0

=T (BT +37+ ZR} —[(2)(5)+ (3)(3) + (1)(2)] = 0 (by multiplying the two vectors using the formula
A-B =AB, + AB, +AB)

=T (51 +37+2k)—[10+9+2] =0
=T (51+3j+2k)—21=0

= .(5i+ 3]+ 2k) = 21 is the vector equation of a required plane.

Let ¥ = (xi + yj + zk)
Then, the above vector equation of the plane becomes,
(xi +yj + zk). (51 + 3 + 2k) = 21

Now multiplying the two vectors using the formulaA - B = AB, + AB, + A,B,, we get

z -z’

= X))+ (VE) +(@)(2) =21

= 5x+3v+2z=21

This is the Cartesian form of the equation of the required plane.
9. Question

If the axes are rectangular and P is the point (2, 3, -1), find the equation of the plane through P at right



angles to OP.

Answer

Given: P is the point (2, 3, -1) and the required plane is passing through P at right angles to OP.
To find: the equation of the plane.

As per the given criteria, it means that the plane is passing through P and OP is the vector normal to the
plane

Let the position vector of this point P be
=20+ 3] — k... (D)
And it is also given the plane is normal to the line joining the points 0(0,0,0) and P(2, 3, -1).
Then [ = OP
= Ti = Position vector of P - position vector of §
=1 = (21 + 37— k) — (01 + 0] + 0k)
=1 =2i+3j—k....(i)

We know that vector equation of a plane passing through point 3 and perpendicular/normal to the vector 1 is
given by

(F-3).10=0
Substituting the values from eqn(i) and eqn(ii) in the above equation, we get
(- (21+3j-K)).(2i+31-k) =0

(21+37—k)—(21+37—k).(21+37-k) =0

I. (ZT +3]— E) —[(2)(2) + (3)(3) + (—1)(—1)] = 0 (by multiplying the two vectors using the formula
-B = AB, + A,B, + A,B,)

=1 (21+37-k)-[4+9+1]=0
t(21+3-k)-14=0

= .(2i+ 31— k) = 14 s the vector equation of a required plane.

Let T = (xi +yj +zk)

Then, the above vector equation of the plane becomes,

(xi+yj+zk). (21 +3]—k) = 14

Now multiplying the two vectors using the formulajA - B = AB, + A;B, + A,B,, we get

= (9(2) + ()B) + @ (-1) = 14

=22x+3yv—z2=14

This is the Cartesian form of equation of the required plane.
10. Question

Find the intercepts made on the coordinate axes by the plane 2x + y - 2z = 3 and also find the direction
cosines of the normal to the plane.

Answer



The given equation of the plane is 2x + y -2z =3

Dividing by 3 on both the sides, we get

2Xx 'y 2z 3
3 '3 3 3

X z

3,¥ 3_ -
:>2+3 2—1.......(1)

We know that, if a, b, c are the intercepts by the plane on the coordinate axes, new equation of the plane is

—+i+—= .. (ii)

Comparing the equation (i) and (ii), we get

S b=3
2T T

Again the given equation of the plane is
2x+y-2z=3

Writing this in the vector form, we get
= (xi+yj+zk)(21+7 - 2k) = 3

=7 (21 +]—2K) =

So vector normal to the plane is given by

~

=21+7—2k

El

> [l = @7+ (D2 + (-2)2

=|0=v4+1+4

Direction vectorof i =2, 1, —2

2 1 -2 21 -2
Direction vectorof i = =, =, == 0 ==>,-,—
ENCIE] 3'3 3
So,
3 3
Intercepts by the plane on the coordinate axes are = o .3, -3

Direction cosines of normal to the plane are =

»

mlm
mlr—-
w | ra

11. Question

A plane passes through the point (1, -2, 5) and is perpendicular to the line joining the origin to the point
3i+ j—k - Find the vector and Cartesian forms of the equation of the plane.

Answer

As per the given criteria the required plane is passing through Q (1, -2, 5) and is perpendicular to OP, where
point O is the origin and position vector of point P is 3i + — k. Let the position vector of this point Q be

-

a=1i—2]+5k.....(0)

And it is also given the plane is normal to the line joining the points O(0,0,0) and position vector of point P is
3i+j—k



Then § = OP

= T = Position vector of P - position vector of

-

(31 +j— k) — (0i + 0j + 0k)

4
sl
Il

=T =31+j— k... (i)

—

We know that vector equation of a plane passing through point3 and perpendicular/normal to the vector 1 is
given by

(f—-3)a=0
Substituting the values from eqgn(i) and eqn(ii) in the above equation, we get
(-

L (3i+7—k)—(i—2j+5k).(3i+7-k) =0

i—2j+5k)).(31+j-k) =0

T. (3T +j— R) —[(1)(3) + (=2)(1) + (5)(—1)] = 0 (by multiplying the two vectors using the formula
-B = AB, + A,B, + A,B,)

4

t.(3i+j—k)—-[3-2-5]=0
>T(3i+]-k)+4=0

= £.(3i+i—k)+4 = 0is the vector equation of a required plane.

Let ¥ = (xi + yj + zk)

Then, the above vector equation of the plane becomes,

(xi+yj+zk).(3i+7—-k)—4=0

Now multiplying the two vectors using the formulad - B = A_B, + A;B, + A,B,, we get

= @B+ WL +(@=(-1)-4=0

=23x+v—z2—4=20

This is the Cartesian form of equation of the required plane.
12. Question

Find the equation of the plane that bisects the line segment joining points (1, 2, 3) and (3, 4, 5) and is at
right angle to it.

Answer

The given plane bisects the line segment joining points A(1, 2, 3) and B(3, 4, 5) and is at right angle to it.
This means the plane passes through the midpoint of the line AB

Therefore,

position vector ofA + Position vector of B
B 2

ml

(i+2j+ 3k) + (31 + 4j + 5k)
2

I
il
Il

4i + 6] + 8k
2

i
m
Il



>3a=2i+3]+4k.....(>1)

And it is also given the plane is normal to the line joining the points A(1, 2, 3) and B(3, 4, 5)
Thenf = AB

= T = Position vector of B - position vector of &

=T =(31+4j+5k) — (1+2]+3k)

=1 = 2i + 2j + 2k..... (ii)

We know that vector equation of a plane passing through pointd and perpendicular/normal to the vector 1 is
given by
(r—-3).1=0

Substituting the values from eqn(i) and eqn(ii) in the above equation, we get

(i-

3j+4k)). (21 + 2j + 2k) = 0

(21 +
(

=T (21 + 2§+ 2k) — (21 + 3] + 4k). (21 + 2] + 2k) = 0
=T (2 +2]+ 21{) —[(2)(2)+ (3)(2) + (4)(2)] = 0 (by multiplying the two vectors using the formula
A-B = AB, + AB, + A,B,)

=

=T (21+2j+2k)-[4+6+8] =0
=T (2i+2j+2k)—-18=0

= F.(2i+ 2j+ 2k) = 18is the vector equation of a required plane.

Let ¥ = (xi +yj + zk)

Then, the above vector equation of the plane becomes,

(xi+yj + zk). (21 + 2 + 2k) = 18

Now multiplying the two vectors using the formulad - B = A_B, + A;B, + A,B,, we get

= ()(2)+ (¥)(2) + (2)(2) =18

=2x+2v+272=18

This is the Cartesian form of equation of the required plane.
13. Question
Show that the normal to the following pairs of planes are perpendicular to each other:

i.X-y+2z-2=0and3x + 2y -2z +4=0

"

ii. 1-(21-]+3k)=5 and .(21-2j-2k)=5
Answer
i. The vector equation of the plane x-y+z-2=0 can be written as

(xi+yj+zk)(i—j+k) =2

Li-j+k) =



—

The normal to this planeisn; =i—§

+k....

(i)

The vector equation of the plane 3x + 2y - z +4=0 can be written as

(xi+yj+zk)(31+2j—k) = —4

=T (31+2f—k)=—4

The normal to this plane is T, = 3i +2j — k...
Now

n,.n, =(i-j+k)(31+ 2] - k)

=00, = (DE)+(-D@)+ (D=1 =0

Hence n; is perpendicular to n,

s (D)

Therefore, the normal to the given pairs of planes are perpendicular to each other.

ii. The equation of the first plane is

t.(2i—-j+3k)=5

The normal to this plane isT; = 2i —j+ 3k .. ..

The equation of the first plane is
t.(2i—2j—2k) =5

The normal to this plane is T = 21 — 2j — 2k
Now
n,.m, = (21—§+ 3k)(21 — 2j— 2k)

=n.0; = (2)(2)+ (D (-2)+(3)(-2) =0

Hence 7; is perpendicular to n,

(i)

e (i)

Therefore, the normal to the given pairs of planes are perpendicular to each other.

14. Question

Show that the normal vector to the plane 2x + 2y + 2z = 3 is equally inclined with the coordinate axes.

Answer

The vector equation of the plane 2x + 2y + 2z = 3 can be written as

(xi+yj+zk)(21 + 2§+ 2k) = 3

=T (21 +2§+2k) =3

The normal to this plane is § = 2i + 2j + 2k ..

Direction ratio of i = 2,2, 2

2
P
n

|
s

Direction cosine of i =

[ [

=]

=]

5l = V(2)2 + (2)2 + (2)?

= [[l=v4+4+4=23

e (D)



. . . 2 2
Direction cosine of [1i| = —,—,—==
24437 24/37 24/ f

|.u
wl
-
-
.
-
ol
-
-
r.xﬂl"'

1 1
So,l=—m=—=,n=
e Va3

Let o, B, y be the angle that normal i makes with the coordinate axes respectively

l 1
=Ccosa=—=
V3
=>a= cos‘l( L ) (ii)
=)
Similarly,
B = cos™ (=) ... i)
=B =cos —] ... (i
V3
()
=vy=cos —=]....(iv
Y 73

Hencea=[p =y

So the normal vector to the plane 2x + 2y + 2z = 3 is equally inclined with the coordinate axes.
15. Question

Find a vector of magnitude 26 units normal to the plane 12x - 3y + 4z = 1.

Answer

The vector equation of the plane 12x - 3y + 4z = 1 can be written as
(xi+yj+zk)(12i - 37+ 4k) = 1

=1 (121 -3 +4k) =1

The normal to this plane isTi = 121 — 3j + 4k... ... (D)

Its magnitude is

6] = /(12)2+ (—3)2 + (4)?

= [i]=V144 + 9+ 16

= || = V169 = 13

The unit vector becomes fj — 1221tk _ 12, 242k
13

13 13

Now a vector normal to the plane with the magnitude 26 will be

== 241 — 6] + 8k
Therefore, a vector of magnitude 26 units normal to the plane 12x - 3y + 4z = 1 is 24i — 6j + 8k

16. Question

If the line drawn from (4, -1, 2) meets a plane at right angles at the point (-10,5,4), find the equation of the
plane.



Answer

It means the plane passes through the point B (-10, 5, 4). Therefore the position vector of this point is,
= 3= —10i+ 5]+ 4k...... (D)

And also given the line segment joining points A(4, -1, 2) and B (-10, 5, 4) and is at right angle to it.
Thenf = AB

—

= 11 = Position vector of_B’ - position vector ofﬁ

=1 = (—101 + 5] + 4k) — (4i — j + 2k)
=1 =—14i+ 6] + 2k.....(ii)

We know that vector equation of a plane passing through point 3 and perpendicular/normal to the vector 1 is
given by

[ 1

(f-3)d=0

Substituting the values from eqn(i) and eqn(ii) in the above equation, we get
(- (~10 + 5+ 4k)). (~14i + 6] +2k) = 0

=T.(—141 + 6]+ 2k) — (—101 + 5]+ 4k). (141 + 67 + 2k) = 0

I. (—14T + 6]+ Zﬁ) — [(—10)(—14) + (5)(6) + (4)(2)] = 0 (by multiplying the two vectors using the formula
-B = AB, + A,B, + A,B,)

=T (—14i+ 6]+ 2k) — [140 +30 + 8] = 0
=T.(-141+ 6]+ 2k) — 178 = 0

= f.(—14i + 6]+ 2k) = 178 s the vector equation of a required plane.

Let T = (xi +yj +zk)

Then, the above vector equation of the plane becomes,

(xi +yj + zk). (141 + 6] + 2k) = 178

Now multiplying the two vectors using the formulajA - B = AB, + A;B, + A,B,, we get
= (x)(-14) + (y)(6) + (2)(2) = 178

=—-14x+6vy+2z2=178

This is the Cartesian form of the equation of the required plane.
17. Question

Find the equation of the plane which bisects the line segment joining the points (-1, 2, 3) and (3, -5, 6) at
right angles.

Answer
The given plane bisects the line segment joining points A(-1, 2, 3) and B(3, -5, 6) and is at a right angle to it.
This means the plane passes through the midpoint of the line AB

Therefore,



position vectar ofA + Position vector of B

d 2
. (-i+2j+3k)+ (31— 5] + 6k)
= a=
2

. 2i-3j+9k
=a=—

2
4. 3., 9% ,
=a=1-7j+5 e (1)

And it is also given the plane is normal to the line joining the points A(-1, 2, 3) and B(3, -5, 6)
Then [ = AB

—

= 11 = Position vector of_B’ - position vector ofﬁ

=1 = (31— 5]+ 6k) — (-1 + 2§+ 3k)

=1 = 41— 7]+ 3k..... (ii)

We know that the vector equation of a plane passing through the point3 and perpendicular/normal to the
vector 1 is given by

(f-3)1=0

Substituting the values from eqgn(i) and egn(ii) in the above equation, we get
iy ( 3“+9R) (4i—77+3k)=0
I i 2] 2 (41 ] =
- 3 9. I -
= 1'.(41—7]+3k}—(1—51+£k).(41—71+3k}= 0

T (41— 77+ 3k) - [(1) (4) + (— g) (-7 + G) (3)] = 0 (by multiplying the two vectors using the formula

=

A-B =AB, +AB, +AB,)

P 21 27

=>1‘.(41—7]+3k}—[4+—+—]=0
2 2

.y [8+21+427

=>1‘.(41—7]+3k}—[f]=0

=1 (41—-7j+3k)—28=0

= I.(4i— 7j+ 3k) = 28 s the vector equation of a required plane.

Let ¥ = (xi + yj + zk)

Then, the above vector equation of the plane becomes,

(xi +yj + zk). (41 — 7] + 3k) = 28

Now multiplying the two vectors using the formulaA - B = A,_B, + A,B, + A,B,, we get

= (X)(4)+ (¥)(=7)+ (2)(3) = 28

=24x—-T7v+3z =28

This is the Cartesian form of equation of the required plane.



18. Question

Find the vector and Cartesian equation of the plane which passes through the point (5, 2, -4) and
perpendicular to the line with direction ratios 2, 3, -1.

Answer

Given: The plane is passing through P(5, 2, -4) and perpendicular to the line having 2, 3, -1 as the direction
ratios.

To find: the equation of the plane

Let the position vector of this point P be
i=5i+2j—4k.....(0)
And it is also given the plane is normal having 2, 3, -1 as the direction ratios.

Then

We know that the vector equation of a plane passing through the pointd and perpendicular/normal to the
vector 1 is given by

(f—-3)i=0
Substituting the values from eqn(i) and eqn(ii) in the above equation, we get
(-

=T (20 +37—k) — (51 + 2] —4k).(21+ 3] —k) =0

5i+2j—4k)).(21+3]-k) =0

=T (2i+3j—k)—[10+6+4] =0
=T (21+37-k)—20=0

= .(2i+ 31— k) = 20is the vector equation of a required plane.

Let ¥ = (xi + yj + zk)

Then, the above vector equation of the plane becomes,

(xi+yj+zk). (21 +3—k) =20

Now multiplying the two vectors using the formulad - B = A _B, + A;B, + A,B,, we get

= @2+ ) +(=)(-1)=20

2x + 3y-z=20

This is the Cartesian form of the equation of the required plane.
19. Question

If O be the origin and the coordinates of P be (1, 2, -3), then find the equation of the plane passing through P
and perpendicular to OP.

Answer

As it is given that the required plane is passing through P(1, 2, -3) and is perpendicular to OP. Let the position
vector of this point P be



-

a=i+2j—3k.....(0)

And it is also given the plane is normal to the line joining the points 0(0,0,0) and P(1, 2, -3).
Then 1 = OP

= T = Position vector of P - position vector of §

=1 = (i+2j- 3k) — (0 + 0]+ 0k)

=T =1+ 2] 3k.....(ii)

We know that the vector equation of a plane passing through the pointa and perpendicular/normal to the
vector 1 is given by

(r—3a).

Substituting the values from eqgn(i) and eqn(ii) in the above equation, we get

=il

=0

=l

(- (1+2-3K)).(1+2)-3k) =0
—)(,1\

+2§—3k)—(i+2j-3k).(i+2j-3k) =0

U

TI.

+2j— 3?{) —[(1)(D) + (2)(2) + (—3)(—3)] = 0 (by multiplying the two vectors using the formula
= AB, + A/B, + A,B,)

=

(i
B

=Ll

>t (1+2/—-3k)—[1+4+9]=0
=>Tt(i+2/—-3k)-14=0

= £.(i+2j— 3Kk) = 14 s the vector equation of a required plane.

Let ¥ = (xi +yj + zk)

Then, the above vector equation of the plane becomes,

(xi+yj+zk). (1+2] - 3k) = 14

Now multiplying the two vectors using the formulaj - B = AB, + AyB, + A,B,, we get

= (1) + @) + (@) (-3) = 14

=x+2v—3z=14

This is the Cartesian form of the equation of the required plane.
20. Question

If O is the origin and the coordinates of A are (a, b, c). Find the direction cosines of OA and the equation of
the plane through A at right angles to OA.

Answer

As it is given that the required plane is passing through A(a, b, c) and is perpendicular to OA. Let the position
vector of this point A be

i=al+bj+ck.... (1)
And it is also given the plane is normal to the line joining the points 0(0,0,0) and A(a, b, ¢)
Then § = 0A

—

= Ti = Position vector of & - position vector of §



= 1 = (ai + bj + ck) — (01 + 0j + 0k)
=T =ai +bj+ck....(ii)
Therefore the direction ratios of OA are proportional to a, b, ¢

Hence the direction cosines are

a b C
VaZ+bZ +c2'\aZ+ b2+ c2'aZ + b? + 2

We know that the vector equation of a plane passing through the pointa and perpendicular/normal to the
vector 1 is given by

(f—3).0=0
Substituting the values from eqgn(i) and eqn(ii) in the above equation, we get

(¥ (ai +bj +ck)). (ai +bj + ck) = 0
(al +bj + ck) — (ai + bj + ck). (ai + bj + ck) = 0

>
=T
5

= T.(al + bj + ck) — [a% + b? + c?] = 0 (by multiplying the two vectors using the formula

—

A-B = AB, + AB, + A,B,)

= £.(ai+ bj+ ck) = a% + b® + c2 is the vector equation of a required plane.

Let ¥ = (xi +yj + zk)

Then, the above vector equation of the plane becomes,

(xi +yj + zk). (ai + bj + ck) = a® + b? + ¢?

Now multiplying the two vectors using the formulad - B = A _B, + A;B, + A,B,, we get
= (x)(a) + (y)(b) + (z)(c) = a®> + b* + ¢?

= ax+by+cz=a*+b®+c?

This is the Cartesian form of equation of the required plane.

21. Question

Find the vector equation of the plane with intercepts 3, -4 and 2 on x, y and z axes respectively.
Answer

Let the equation of the plane be

Ax + By + Cz + D=0........... (i) (where D#0)

As per the given criteria, the plane makes 3, -4, 2 intercepts on X, y, z axes respectively.

Hence the plane meets the x, y, z axes (3, 0, 0), (0, -4, 0) and (0, 0, 2) respectively.

Therefore by putting (0, 0, 2), we get
D

A(0)+B(D)+C(2)+D=0 =C= -3

Similarly by putting (0, -4, 0) we get

A(0)+B(—4)+C(0)+D=0 =>B=§



And by putting (3, 0, 0) we get
D
A(3)+B(0)+C(0)+D=0 = A= 3

Substituting the values of A, B, C in equation (i), we get
by putting B(0, -4, 0) we get
(-3)x+3v+(5)z+D=0

3)X T YT )RS

—4Dx + 3Dy — 6Dz + 12D o
12 N

=

= (—-D)(4x—3y+6z—12)=10

=4x—3y+6z=12

This is the Cartesian form of equation of the required plane

Now the vector equation of the plane 4x - 3y + 6z = 12 can be written as

(xi+ yj + zk)(41 — 3] + 6k) = 12

= 1. (41— 37 +6k) = 12

This is the required vector equation of the plane with intercepts 3, -4 and 2 on x, y and z axes respectively.
Exercise 29.4

1. Question

Find the vector equation of a plane which is at a distance of 3 units from the origin and has k as the unit
vector normal to it.

Answer

Given: Normal vector, i = i

o n
Now, i = = =
|m|

| &

=k

)
=

The equation of a plane in normal form is . i = d (where d is the distance of the plane from the origin)
Substituting n = k and d = 3 in the relation, we get

k=3

2. Question

Find the ve‘ctor ‘equa‘tion of a plane which is at a distance of 5 units from the origin and which is normal to
the vectorj — 27— 2k .

Answer

It is given that the normal vectorii = i— 2j— 2k

Now, i — & — i-zj-zk i—z;‘;zE _ i-zjzk
[l Vit+4+4 Ve 3

a

11 2.
3 3‘]

k

(ISl 81

The equation of a plane in normal form is ¥.fi = d (where d is the distance of the plane from the origin)
Substituting fi = 51’1‘—2]‘— ER and d =

We get,



= -
I. -

k=5

i—

w | =
w
w |

3. Question

Reduce the equation 2x - 3y - 6z = 14 to the normal form and hence find the length of the perpendicular
from the origin to the plane. Also, find the direction cosines of the normal to the plane.

Answer
The given equation of the plane is

2x-3y-6z=14 ...... (i)

Now, /22 + (=3)2 + (—6)2 = V& + 9 + 36 = V49 = 7

Dividing (i) by 7, we get

2 3 & 14 o
;X—;y_;Z:7:2 ...... (Il)

The Cartesian Equation of the normal form of a plane is
IX+my+nz=p...... (iii)

where |, m and n are direction cosines of normal to the plane and p is the length of the perpendicular from
the origin to the plane.

Comparing (ii) and (iii), we get

. . . -3 -6
Direction cosine: | ==, m = — n= - and

=11 ra

Length of the perpendicular from the origin to the plane: p = 2.

4. Question

Reduce the equation 1_(1 — jj' +21:;) +6=0 to normal form and hence find the length of perpendicular from
the origin to the plane.
Answer

The given equation of the plane is

t(i-21+2k)+6=0

-

t.(1—2j + 2k) = —60ori.ii = —6, wheredi = (i—2j + 2k)
i =+v1+4+4=3
For reducing the given equation to normal form, we need to divide it by |i].

Then, we get,

Dividing both sides by - 1, we get

R(=21+3-2k) = 2.0

The equation of a plane in normal form is



Where d is the distance of the plane from the origin

Comparing (i) and (ii)

Length of the perpendicular from the origin to the plane = d = 2 units.
5. Question

Write the normal form of the equation of the plane

2x-3y + 62 + 14 = 0.

Answer

The given equation of the plane

2x-3y + 62+ 14 =0

2x-3y + 6z=-14 ...... (i)

Now, /22 + (=3)2 + (6)2 = V& + 9 + 36 = V49 = 7
Dividing (i) by 7, we get,

2 3 6 _-l&
A A

Multiplying both sides by - 1, we get

2 3. 6
77X T TR

This is the normal form of the given equation of the plane.
6. Question

The direction ratios of the perpendicular from the origin to a plane are 12, - 3, 4 and the length of the
perpendicular is 5. Find the equation of the plane.

Answer

It is given that the direction ratios of the normal vectorii is 12, - 3, and 4.

So, i = 121 — 3] + 4k

[l =122 + (—3)2 + (4)2 = V144 + 9 + 16 = 169 = 13

. b 12i-3f + 4k 12, 3. 4 -~
Now, fi = = = —L"= = =f——f + —k
5] 13 13 13 13

Length of the perpendicular from the origin to the plane, d =5
The equation of the plane in normal form is
ri=d
12 3 4 .
i’.(ﬁi—ﬁj‘ + —k) =5
7. Question
Find a normal unit vector to the plane x + 2y + 3z-6 = 0.
Answer
The given equation of the planeis x + 2y + 3z-6 = 0

X+2y+32=6



t(i+2j+3k =6

or, .1 = 6,

wherefi =1 + 2j + 3k..... (i)

Now, [i| = V12 + 22 +32 = 1 + 4 + 9 = 14

Unit vector to the plane, fi = — — w = L_T + i_]“ + i_ﬁ
] Vi Jis Vid N

8. Question

Find the equation of a plane which is at a distance of 3v3 units from the origin and the normal to which is
equally inclined with the coordinate axes.

Answer

Let a, B and y be the angles made by T with x, y and z - axes respectively.
It is given that

a=p=y

COS O = COS B =cosy

| = m =n, where |, m, n are direction cosines ofT.

ButlP+m2+n2=1

or,P+RP+12=1

Oor,31P=1
or, 1?2 = =
or,]l ==
\-'3
So,I=m=n=é

W

(18]

It is given that the length of the perpendicular of the plane from the origin, p =34/3.

The normal form of the planeis Ix + my + nz = p.

! + L + L 343
_x —_— _Z:
N RN AN S
x+y+z=3\."§><\f§

Xt+ty+z=29
9. Question

Find the equation of the plane passing through the point (1,2,1) and perpendicular to the line joining the
points (1,4,2) and (2,3,5). Find also the perpendicular distance of the origin from this plane.

Answer

We know that the vector equation of the plane passing through a point3d and normal to 1 is



And, 3 = BC

(21 + 37 + 5k) — (i + 4 + 2k)

=1}
I

=1
I

2 + 3j + 5k—i + 4j + 2k
i=(i—j+ 3k)
Putting the value of i and 3" in (i)

[f-(G-2] +K)].(1—-7 + 3k) = 0.

=l

G = Y12+ (-D2+ 32 =V1+1+9 =11

Dividing (ii) by 11

11

L1 1 3 . 2

1(!_1— —j + !_)=—

V11 V11 V11 V11
ri=d

So the perpendicular distance of plane from origin = % units
J

Equation of plane: T.(i—] + 3k) = 2
Equation of plane: x -y + 3z-2 = 0.

10. Question

Find the vector equation of the plane which is at a distance of

from the origin and its normal vector

29
from the originis 2j —3j + 4k . Also, find its Cartesian form.
Answer
Given, normal vector i = 2i— 3j + 4k
- o 2i-3j + 4k 2i-3j + 4k 2i-3 + 4k 2., 3., 4 ~
Now, =2 = = = = —1—— —
1 |7 V224 (-3)% + 47 VE+ o+ 16 V29 \,-'2_91 \,'EJ + \,'Ek

The equation of the plane in normal form is

Substituting i = —=1— —j + —kand d = —= in (i)
V29 v2g v 29 v 29



Cartesian Form

For Cartesian Form, substituting ¥ = xi + yj + zk in (i), we get

(“+“+R)(2" 3A+4r{) 6

X1 ZK . 1— =

Yl V29 V29 V2o 29
6

9 v
2Xx—3y + 4z
V29 V29

So, 2x - 3y + 4z = 6, is the Cartesian form

11. Question

Find the distance of the plane 2x - 3y + 4z - 6 = 0 from the origin.
Answer

The given equation of the plane is

2Xx-3y+4z-6=0

Or,2x-3y+4z=6...... (i)

Now, /22 + (=3)2 + 42 = V& + 9 + 16 = v29
Dividing (i) by /29, we get

(i_x — ,i_y + i_z) = i_, which is the normal form of the plane (i).
V29 V29 V29 v 29

So, the length of the perpendicular from the origin to the plane =%.
J

Exercise 29.5

1. Question

Find the vector equation of the plane passing through the points (1, 1, 1), (1,-1, 1) and (- 7, - 3, - 5).

Answer
Y
& (1.1, 1)
X
Be 4 4 9
(-7.-3.-5)

We know that the vector equation of the plane passing through three points having position vectorsg}ﬁp and
¢is

F—2).[b-3)x@—3)] = 0 (D)

According to the question, 3 — § + § + kb = i—-j+ ké=—-71—3j—5k



= i j k
[(b—é’)x(ﬁ—é’)]= 0 -2 ol|l=0
-8 —4 —6
= —2(—6i + 8k)
= 12i— 16k

From (i), the vector equation of the required plane is

[f—(G+7+Kk)](12i—16k) = 0

or,#31—4k) + 1 = 0
2. Question
Find the vector equation of the plane passing through the points P(2, 5, - 3), Q(- 2, - 3, 5) and R(5, 3, - 3).

Answer

P(2, -5, 3}
L]

R(5, 3\-3)
P X

Zz

The required plane passes through the point P(2, 5, - 3) whose position vectorisz — 21 + 5] — 3kandis
normal to the vector 3 given by

T = PQ x PR

Clearly,

3 3
[
Qo
o
I
Q
o
Il

ol

i+ 3)—3k)-(21 +5)—3k) = 31—2j—0

. i j k .
m=PQxPR = |-4 —_g g| = 161 + 24j + 32k
3 -2 0

The vector equation of the required plane is,



1—3—) —

m =a.n
or, 7. (161 + 24j + 32k) = (21 + 5 —3k).(161 + 24§ + 32k)

or,7.[8(21 + 3f + 4k)] = 32 + 12096

or,T.[8(21 + 3f + 4k)] = 56

or, 7. (21 + 3j + 4k) = 7

3. Question

Find the vector equation of the plane passing through point A(a, 0, 0), B(0, b, 0) and C(0, 0, c). Reduce it to

1 1 1 1
normal form. If plane ABC is at a distance p from the origin, prove that —=—+—+— .

p- a- b~ ¢

Answer

o

&0.b,0)

Ala, 0, 0)
a

C{0,0,¢)

The required plane passes through the point A(a,0,0) whose position vectoris 3 = ai + 0j + ok and is
normal to the vector 1 given by

n = AB xAC
Clearly,
AB = OB— OA = (0i + bj + Ok)-(ai + 0j— 0k) = —ai—bj + Ok

AC = OC—0A = (0i + 0j—3c) —(ai + 0j— Ok) = —ai + 0j + ck

-~

N i j k -
n =ABXAC = |—3 b 0| = bl + acj + abk
—a 0 ¢

The vector equation of the required plane is,

— —
r.

—
n =a.

=l

or, 7. (bci + acj + abk) = (ai + 0j + 0k).(bci + acj + abk)
or, ¥ (bci + acj + abk) = abc + 0

or, ¥.(bci + acj + abk) = abc - (1)

Now, |n’| = ,/(bc)?Z + (ac)? + (ab)? = vVbZc? + aZc? + a?b?
v

For reducing (i) to normal form, we need to divide both sides of (i) by \/bZ¢Z + aZcZ + aZb?

Then, we get,



1_)( {bci+acj+ab£} )_ ( abe

_——— _—————
Vb2c? +a%c® +3%b? vbZc® +3%c? +a%b?

), which is the normal form of plane (i)

So, the distance of the plane (i) from the origin is,

B ( abc )
P =\ + a2 + a2

1 vb2cZ + a?c? + a?bh? . |
or,— = reciproca
> be {reciprocal}
1 b*c* + a%c? + a*b? e both sid
or,— = squaring both sides
> pic [sq g ]
1 b?c? b*c? b?c?
OI’F = 2b2ez T azbzcz | a2bicl
1 1 1 1
e

Hence, Proved.
4. Question
Find the vector equation of the plane passing through the points (1, 1, - 1), (6, 4, - 5) and (- 4, - 2, 3).

Answer

A1, 1, 1)
@ B(E, 4, -5)
L

&4, -2,3)

Let A(1,1, - 1), B(6,4, -5), C(-4,-2 - 3).

The required plane passes through the point A(1,1, - 1), whose position vectorisz = § + j— j and is normal
to the vector 1 given by

m = AB xAC
Clearly,
AB = OB—0A = (61 + 4j—5k)-(i + j—k) = 51 + 3j—4k

—_— —

AC = OC—0A = (—4i—2j—3c)-(i + j—k) = —51— 3] + 4k

—_— —_— T T R -
T =ABXAC =|5 3 —4/ =0i+0j+0k=0
-5 —3 4



So, the given points are collinear.

Thus there will be an infinite number of planes passing through these points.
Their equations (passing through (1,1, - 1) are given by,
a(x-1)+b(y-1)+c(z+1)=0...... (i)

Since this passes through B(6,4, - 5),

a(6-1)+b(4-1)+c(-54+1)=0

or,5a +3b-4c=0...... (i)

From (i) and (ii), the equations of the infinite planes are
a(x-1)+b(y-1)+c(z+ 1) =0, where5a + 3b-4c = 0.

5. Question
Find the vector equation of the plane passing through the points 31T + 4:i_j£;, 217 _2:]' _L and -'1 —61:;-

Answer

=¥

—_ —
= AB = AC

p
v

Let A(3,4,2), B(2, - 2, - 1), C(7,0,6).

The required plane passes through the point A(3,4,2), whose position vectoris3 = 3f + 4f + 2k and is
normal to the vector i given by

AB = OB—0A = (—-2i-2j—1k)-(31 + 4§ + 2k) = -i—6j—3k

—

AC = OC—0A = (7i + 0§ —3c)-(31 + 4j + 2k) = 41— 4j + 4k

-~

— T j k )
n = ABXAC = |-1 —¢ —3| = —361—8j + 28k
4 -4 4

The vector equation of the required plane is,
r.m=an
or, ¥.(—361—8] + 28k) = (31 + 4j + 2k).(—361— 8] + 28k)
or, ¥.[-4(91— 2] + 4k)] = —108 —32 + 56

or, 7. [-4(91— 2] + 4k)] = —84



or, ¥ (91— 2j + 4k) = 21
Exercise 29.6

1 A. Question

Find the angle between the planes :
r(2i-3j+4k)=land 1 (-i+j)=4

Answer

Given planes, . (21— 3§ + 4k) = 1and (-1 +§) = 1
£.(21-3] + 4k) = 1......(3)

F(—+1) = 1.0n(b)

We know that the angle between two planes,

—

I.n, = d, and .1, = d, is given by

n,.n
1-4°2
cosh = —=
1, | 1]
Here we havey, — 21— 3j + 4kandn, = -1 +

((21-3j + 4K).(=i + )
|21 — 3] + 4k || + il

(-1 + (=3)(1) + (4)(0))
V22 + 32 + 42412 + 12

~cosB =

-2-3+0

V2942

V58

Hence the angle between the two planesisg = .;05—1(_ %)
=1

1 B. Question

Find the angle between the planes :

r-(2i-j+2k)=6andr.(3i+6j-2k)=9

Answer

Given planes, . (21 —j + 2k) = 6and 7. (31 + 6j— 2k) = 9

t.(21—7+ 2k) = 6......(a)

(31 + 6j—2k) = 9......(D)

We know that the angle between two planes,



I.n, = d, and .1, = d, is given by

—= =
n,.0,
|y | 1|

cosf =

Here we havey, = 21— + 2kandd, = 3i + 6] — 2k
((21-7 + 2K).(31 + 61— 2K))
|21 —7 + 2k|[31 + 6] — 2k]

(23 + (—1)(6) + (2)(-2))
V22 + 12 + 22432 + 62 + 22

~cosB =

6-6—14
T Vovas
4 4
T T3x7 21
Now, as
cosf = —i
21
=8 = cos‘l(—i)
21

Hence the angle between the two planes is g = CDS_l(— 2—“1)

1 C. Question

Find the angle between the planes :
r-(2i+3j-6k)=5and r-(i-2j+2k)=9

Answer

Given planes, t.(2i + 3j—6k) = 6and . (i—2j + 2k) = 9
.(2i + 3j—6k) = 5......(3)

(1—2j + 2k) = 9......(b)

We know that the angle between two planes,

I.n, = d, and 1, = d, is given by

Here we havey, — 2i + 3j—6kandn, = i—2j + 2k
((21 + 35— 6K).(i—2j + 2K))

|21 + 3j—6k|[i— 2] + 2k

(1) + 3)(-2) + (—6)(2))
V22 + 32 + 6212 + 22 + 22

~cosB =

2-6—12
V49y9

16 16

3Ix7 21



Now, as

16

cosf = 321
=0 = cos‘l( 16)
21

Hence the angle between the two planesisf = .305—1(— E)

2 A. Question
Find the angle between the planes :
2x-y+z=4andx+y+2z=3
Answer
Given planes are2x-y+z=4andx+y+2z=3
We know that angle between two planes,
a;x+byy+cz+dy=0
asx + byy + ¢z + dy = 0 is given as

a;a, + byb, + ¢y,

JaZ + b2 + c2yal + b2 + 2

cosf =

Here we have,

a1=2,b1=—1,c1=

a2=1,b2=1,c2—2
058 — (2)(1) + (-1(1) + (1(2)
V22 + 12 + 12412 4+ 12 4 22
2—1+2
T Jeve
3 1
6 2
0 1
< COS = 2
0 = cos7i(3) = 3
= = —_l = —
cos 2 3

Hence, the angle between planes 2x -y +z=4and x+y +2z=3 isg.

2 B. Question

Find the angle between the planes :
X+y-2z=3and2x-2y+z=5

Answer

Given planesarex+y-2z=3and2x-2y+z=5
We know that angle between two planes,
aXx+byy+cz+d =0

a)x + byy + ¢z + dy = 0 is given as



a,a, + b;b, + cyc,

Jal + b2 + c2yJaZ + b2 + 2

cosf =

Here we have,
a1=1,b1=1,C1=—2
a2=2,b2=—2,c2=1

(D) + (1)(=2) + (=2)(1)

58 =
V12 + 12 4+ 22422 + 22 4 12
2—-2-2
RGER
2 2
T T V6x3 36
~cosfh = 2
3V6
=0 = cos‘l(—i)
3V6
Hence, the angle between planes x + y-2z=3and 2x -2y + z=5isf = .;05-1(_ %}
!

2 C. Question
Find the angle between the planes :
X-y+z=5andx+2y+z=9
Answer
Given planesarex-y+z=5andx+2y+z=9
We know that angle between two planes,
a;x+byy+cz+d =0
ayX + byy + ¢z + dy, = 0 is given as

a;a, + byb; + cyc

\fazl + bl + cf\fag + b3 + c2

cosB =

Here we have,
a1=1,b1=—1,c1=

a2=1,b2—

I
N
&

I

=

(D) + (V@) + (V)
CVIZ 17 + 1212 + 22 + 12

1-2+1

V3va

0 0
\;@XZ -

~cos8 =0

0 i
=0==
2



Hence, the angle between planes x -y +z=5and x+ 2y +z=9isg = g

2 D. Question

Find the angle between the planes :
2x-3y+4z=1land-x+y=4

Answer

Given planesare2x -3y +4z=1land-x+y =4
We know that angle between two planes,
a;x+byy+cz+d =0

asX + byy + ¢z + dy, = 0 is given as

a;a; + byb; + cyc

cosB =

\fazl + bl + cf\fag + b3 + c2
Here we have,

a1=2,b1=—3,c1=4

ar —1,b2=1,C2=0

(2)(=1D + (=3)(1) + (4)(0)
V22 + 32 + 42412 + 12 + 02
_"2-3+0

V2942

050 =

Hence, the angle between planes 2x -3y +4z=1and-x+y =4isg = .;05—1(__5)
V58

2 E. Question

Find the angle between the planes :

2Xx+y-2z=5and3x-6y-2z=7

Answer

Given planes are 2x +y-2z=5and 3x-6y-2z=7

We know that angle between two planes,

a;x+byy+cz+d =0

ayx + byy + ¢z + dy = 0 is given as

a;a, + byb, + ¢y,

cosf =

Jaf + b7 + cf\fag + b3 + 2
Here we have,

a1=2,b1=1,c1=—2



a2=3,b2=—6,c2=—2

(2)(3) + (D(=6) + (-2)(-2)
058 =
V22 + 12 + 224/32 + 62 + 22

6—6+4

4
— -1 "
=0 = cos (21)

Hence, the angle between planes 2x +y-2z=5and 3x -6y -2z=7isg = cos™? (i)
21

3 A. Question

Show that the following planes are at right angles :
r-(2i-j+k)=5and 1-(-i-j+k)=3
Answer

Given planes, f.(2i—j + k) = 5andf.(—i—j + k) = 3

We know that planest.1i, = d, and .1, = d, are perpendicular if .

L =
Wehaveq, — 2i—j+ kandg, = —i—j + k
Now, §i, ., = (2i—7 + k).(-i—j + k)
=(-2+1+1) =0

Hence, the two given planes are perpendicular.

3 B. Question

Show that the following planes are at right angles :
X-2y+4z=10and 18x + 17y + 4z = 49
Answer

Given planes, x - 2y + 4z =10 and 18x + 17y + 4z = 49

We know that planes a;x + b1y + ¢;z + d; = 0 and a)x + byy + ¢,z + dy = 0 are at right angles if,

a;ay + bibo + o =0 ... (a)

We have,a;=1,bj=-2,¢cg=4anda, =18, b, =17, ¢, =4
Using (a) we have,

ajaz + biby + ¢3¢ = (1)(18) + (- 2)(17) + (4)(4)
=18-34+16=0

Hence, the planes are at right angle to each other.

4 A. Question

2:0

Determine the value of A for which the following planes are perpendicular to each other.



r-(i+2j+3k)=7 and 1-(2i+2j-7k)=26

Answer

Given planes, 1 (1 + 2j + 3k) = 7and & (Al + 2j— 7k) = 26

We know that planes ?_ﬁl =d, and f-_ﬁz = d, are perpendicular if 1‘1’1_1‘1’2 =0
Wehaveq, — i+ 2j + 3kandn, = Ai + 2j— 7k

Now, 1i,. [, = (i + 2j + 3k).(Ai + 2§ —7k) = 0

sA+4-21)=0

SA=21-4=17

Hence, for A = 17 the given planes are perpendicular.

4 B. Question

Determine the value of A for which the following planes are perpendicular to each other.
2x-4y+3z=5andx+2y+Az=5

Answer

Given planes, 2x -4y +3z=5and x+ 2y + Az=5

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy, = 0 are at right angles if,
a;ay + bibo + ;o =0 ... (a)

We have,a;=2,byj=-4,cy=3anda,=1,by,=2,¢c,=A

Using (a) we have,

ajaz + biby + c1c = (2)(1) + (- 4)(2) + (3)(A) =0

=22-8+3A=0

Hence, for A = 2 the given planes are perpendicular.

4 C. Question

Determine the value of A for which the following planes are perpendicular to each other.
3x-6y-2z=7and2x+y-Az=5

Answer

Given planes, 3x -6y -2z=7and2x+y-Az=5

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy = 0 are at right angles if,
a;ay + bibs + o =0 ... (a)

We have,a; =3,b;j=-6,cy=-2anday=2,by,=1,¢c=-A

Using (a) we have,

ajaz + biby + cyc = (3)(2) + (-6)(1) + (- 2)(-A) =0

=26-6+2A=0

=>0=-2A



- For A = 0 the given planes are perpendicular to each other.
5. Question

Find the equation of a plane passing through the point (- 1, - 1, 2) and perpendicular to the planes 3x + 2y -
3z=1and5x-4y +z=05.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -
a(x-x7)+bly-y1) +c(z-2)=0

The required plane passes through (- 1, - 1,2), so the equation of plane is
ax+1)+bly+1)+c(z-2)=0

=>ax+by+cz=2c-a-b.... (1)

Now, the required plane is also perpendicular to the planes,
3x+2y-3z=1and5x-4y+z=5

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy = 0 are at right angles if,
ajay + biby + ;o =0...... (a)

Using (a) we have,

33 +2b-3c=0...... (b)

5a-4b+c=0...... (c)

Solving (b) and (c) we get,

a b C
@M - (34  G(3) -3 34— (@206
a B b B C
212 "15-3  “12-10
a b C
=10~ 18 ~ =2z ~ Msa)

sa=-10A, b=-18Ac=-22A

Putting values of a,b,c in equation (1) we get,

(- LOA)X + (- 18A)y + (- 22A\)z = 2(- 22)A - (- 10A) - (- 18A)
= - 10AX - 18Ay - 22Az = - 44\ + 10A + 18A

= - 10Ax - 18Ay - 22Az = - 16A

Dividing both sides by (- 2A) we get

5x + 9y + 11z =8

So, the equation of the required planes is 5x + 9y + 11z =8
6. Question

Obtain the equation of the plane passing through the point (1, - 3, - 2) and perpendicular to the planes x +
2y + 2z =5and 3x + 3y + 2z = 8.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -

a(x-x7)+bly-y1) +c(z-2z)=0



The required plane passes through (1, - 3, - 2), so the equation of the plane is
a(x-1)+bly+3)+c(z+2)=0

=>ax+by+cz=a-3b-2c...... (1)

Now, the required plane is also perpendicular to the planes,
X+2y+2z=5and3x+3y +2z2=8

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy = 0 are at right angles if,
aja; + biby + o =0 ...... (a)

Using (a) we have,

a+2b+2c=0...... (b)

3a+3b+2c=0.... (c)

Solving (b) and (c) we get,

a b C
2 -3)@ -0 OB -2)03)
a b o c
“3-6 6-2 3-6
a b C
:__2=Z= = Alsay)

ra=-2\b=4Ac=-3A

Putting values of a,b,c in equation (1) we get,

(- 2A)x + (4N)y + (- 3N)z = (- 2)A - 3(4A) - 2(- 3A)

= -2AX + 4Ay - 3Az = - 2A - 12\ + 6A

= -2AX + 4Ay - 3Az = - 8A

Dividing both sides by (- A) we get

2x -4y +3z=18

So, the equation of the required planes is 2x -4y + 3z = 8
7. Question

Find the equation of the plane passing through the origin and perpendicular to each of the planes x + 2y - z
=land3x-4y +z=>5.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -

a(x-x1) +bly-y;) +c(z-2)=0

The required plane passes through (0,0,0), so the equation of plane is
a(x-0)+bly-0)+c(z-0)=0

=>ax+by+cz=0...... (1)

Now, the required plane is also perpendicular to the planes,

X+2y-z=1land3x-4y+z=5

We know that planes a;x + b;y + ¢;z + d; = 0 and ayx + byy + ¢,z + dy = 0 are at right angles if,

aap + b1b2 + C1Cp = 0...... (a)



Using (a) we have,

Solving (b) and (c) we get,

a b C
@M -(9-D ~ B)ED-(MD) ~ (WEH-@26)
a b B C
T2-2 “3-1 “1-6
= 2 b L A(say)

2 —4 —10
ra=-2\,b=-4Ac=-10A
Putting values of a,b,c in equation (1) we get,
(-2AM)x + (-4AN)y + (-10A)z=0
Dividing both sides by (- 2A) we get
X+2y+5z2=0
So, the equation of the required planesis x + 2y + 5z =0
8. Question

Find the equation of the plane passing through the point (1, - 1, 2) and (2, - 2, 2) and which is perpendicular
to the plane 6x - 2y + 2z = 9.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -

a(x-x1) + bly-y1) +c(z-2)=0

The required plane passes through (1, - 1, 2), so the equation of plane is
a(x-1)+b(y+1)+c(z-2)=0...... (i)

Plane (i) is also passing through (2, - 2, 2), so(2, - 2, 2) must satisfy the equation of plane, so we have

a2-1)+b(-2+1)+c(2-2)=0

Plane 6x - 2y + 2z = 9 is perpendicular to the required plane

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy, = 0 are at right angles if,
a;ay + bibo + ;o =0 ... (a)

Using (a) we have,

a(6) + b(-2)+c(2) =0

=6a-2b+2c=0...... (iii)

Solving (ii) and (iii) we get,

a b C
—D@)- (20  GO)- M2 M) - 6D

a b C
—-2—-0 0-2 -24+6

=>—=_—=§=Msay)



ra=-2Nb=-2\c=4A

Putting values of a,b,c in equation (i) we get,
(-2M(x-1) + (-2N)(y + 1) + (4N\)(z-2) =0
= -2AX +2A-2A\y -2A +4Az-8\A =0

= -2A\X-2Ay +4Az-8A =0

Dividing by - 2A we get,

X+y-22+4=0

So, the required planeisx +y-2z+4=0
9. Question

Find the equation of the plane passing through the points (2, 2, 1) and (9, 3, 6) and perpendicular to the
plane 2x + 6y + 6z = 1.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -

a(x-x7) +bly-y;) +c(z-2)=0

The required plane passes through (2,2,1), so the equation of the plane is
a(x-2)+bly-2)+c(z-1)=0...... (i)

Plane (i) is also passing through (9,3,6), so(9,3,6) must satisfy the equation of plane, so we have
a(9-2)+b(3-2)+c(6-1)=0

=7a+b+5c=0.... (ii)

Plane 2x + 6y + 6z = 1 is perpendicular to the required plane

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy, = 0 are at right angles if,
a;ay + bibo + ;o =0 ... (a)

Using (a) we have,

a(2) + b(6) +c(6) =0

=2a+6b+6c=0..... (iii)

Solving (ii) and (iii) we get,

a b C
(D) —(GI6) @B - (M6 (NE) - (2)(D
a b C
T 6—30 10-42 42-2
a b C
=52~ T3z~ a0~ W)

sa=-24A b =-32A,c=-40A

Putting values of a,b,c in equation (i) we get,
(-24M)(x - 2) + (- 32A\)(y - 2) + (-40M\)(z-1) =0
= - 24AX + 48\ - 32Ay + 64A - 40Az + 40A =0
= - 24A\X - 32A\y - 40Az + 152A =0

Dividing by - 8A we get,



3x+4y +52-19=0
So, the required plane is 3x + 4y + 5z = 19
10. Question

Find the equation of the plane passing through the points whose coordinates are (- 1, 1, 1) and (1, - 1, 1) and
perpendicular to the plane x + 2y + 2z = 5.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -

a(x-x7)+bly-y1) +c(z-2)=0

The required plane passes through (- 1,1,1), so the equation of plane is
alx+1)+b(y-1)+c(z-1)=0...... (i)

Plane (i) is also passing through (1, - 1,1), so(1, - 1,1) must satisfy the equation of plane, so we have
a(l+1)+b(-1-1)+c(l-1)=0

=2a-2b=0...... (ii)

Plane x + 2y + 2z = 5 is perpendicular to the required plane

We know that planes a;x + b1y + ¢;z + d; = 0 and a)x + byy + ¢,z + dy = 0 are at right angles if,
a;ay + bibo + o =0 ... (a)

Using (a) we have,

a(l) + b(2) +c(2)=0

=2a+2b+2c=0.... (iii)

Solving (ii) and (iii) we get,

a b C
(—2)@)- @O0 WO -2 @@ - 102

a b C

Putting values of a,b,c in equation (i) we get,

(4N (x+ 1)+ (-4 (y-1) + (6A)(z-1)=0

= -4AX -4N-4Ay + 4N+ 6Az-6A =0

= -4AX -4Ay + 6Az-6A =0

Dividing by - 2A we get,

2X+2y-3z+3=0

So, the required plane is2x + 2y -3z + 3 =0

11. Question

Find the equation of the plane with intercept 3 on the y - axis and parallel to ZOX plane.
Answer

We know that the equation of ZOX plane is y = 0 so a plane parallel to plane ZOX will have the equationy =
constant



Now, it is given that the plane makes an intercept of 3 on y - axis so the value of constant is equal to 3.
Therefore, the equation of the required plane isy = 3.
12. Question

Find the equation of the plane that contains the point (1, - 1, 2) and is perpendicular to each of the planes 2x
+ 3y-2z = 5and x + 2y - 3z = 8.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -
a(x-x7)+bly-y1) +c(z-2)=0

The required plane passes through (1, - 1,2), so the equation of plane is
a(x-1)+bly+1)+c(z-2)=0

=>ax+by+cz=a-b+2c..... (1)

Now, the required plane is also perpendicular to the planes,
2Xx+3y-2z=5andx+2y-3z2=8

We know that planes a;x + byy + ¢;z + d; = 0 and ayx + byy + ¢,z + dy = 0 are at right angles if,
ajay + biby + ;o =0...... (a)

Using (a) we have,

2a+3b-2c=0...... (b)

a+2b-3c=0...... (c)

Solving (b) and (c) we get,

a b C
B3 - @2 WED-@E3) - @ - (M6)
a B b o«
“9+4 —2+6 4-3
b
:_15=E=§=Msay)

ra=-5\b=4Ac=A

Putting values of a,b,c in equation (1) we get,

(-5A)X + (4N)y + (A)z =-5A - 4A + 2A
=>-5AX+4Ay + Az=-TA

Dividing both sides by (- A) we get

5x-4y-z=17

So, the equation of the required planes is 5x -4y -z =7

13. Question

Find the equation of the plane passing through (a, b, c) and parallel to the planef.(-i +j +k) =2.

Answer
The required plane is parallel to the plane . (’1‘ + 7+ ﬁ) = 2
Any plane parallel to 7. (1 + j + k) = 2isgivenast (i + j+ k) = k

Further, it is given that the plane is passing through (a,b,c). So, point (a,b,c) should satisfy the equation of



the plane,

" we have

(ai + bj + ck).(1+7+ k) =k

=a+b+c=k

Hence, the equation of the required plane is
t(i+j+k=a+b+corx+y=z=a+b+c
14. Question

Find the equation of the plane passing through the point (- 1, 3, 2) and perpendicular to each of planes x +
2y +3x=5and 3x + 3y +z=0.

Answer

We know that solution of a plane passing through (x;,y1,27) is given as -
a(x-x3) +bly-y1) +c(z-2)=0

The required plane passes through (- 1,3,2), so the equation of plane is
alx+1)+bly-3)+c(z-2)=0

=>ax+by+cz=3b+2c-a.... (1)

Now, the required plane is also perpendicular to the planes,
X+2y+3z=5and3x+3y+z=0

We know that planes a;x + b;y + ¢;z + d; = 0 and ayx + byy + ¢,z + dy = 0 are at right angles if,
aja; + biby + o =0 ...... (a)

Using (a) we have,

a+2b+3c=0...... (b)

3a+3b+c=0.... (c)

Solving (b) and (c) we get,

a b C
20 -B3)B) B -0 OB -06B)2)
a b o c
®2-9 7 9-1 3-6¢
a b C
=>_—7=§= = Alsay)

ra=-7A\b=8Ac=-3A

Putting values of a,b,c in equation (1) we get,

(- 7A)x + (BA)y + (- 3A)z = 3(8A) + 2(- 3A) + 7A

=-7TAX + 8Ay - 3Az = 24X - 6A + 7A

= - 7AX + 8Ay - 3Az = 25\

Dividing both sides by (- A) we get

7x-8y+3z-25=0

So, the equation of required planesis 7x -8y + 3z-25=0

15. Question



Find the vector equation of the plane through the points (2, 1, - 1) and (- 1, 3, 4) and perpendicular to the
plane

X -2y + 4z =10.

Answer

Vector equation of a plane is given as (t —3).1 = 0

Where 3 is any point on the plane and 1 is a vector perpendicular to the plane.

Now, the given plane x - 2y + 4z = 10 is perpendicular to required plane. So, the normal vector of x - 2y +
4z = 10 will be parallel to the required plane. Hence, { — 2] + 4k is parallel to the required plane.

Points say A(2,1, - 1) and B(- 1,3,4) are on the plane hence the vector AR is also parallel to the required
plane so,

(-1-2)i+ (3-1)j + (4 — (_1))ﬁ — —3i + 2j + 5k is parallel to the required plane.

Hence as both § — 2] + 4k and —37 + 2] + 5k are parallel to the plane so the direction of7f is the cross
product of the two vectors.

~7 = (1—2] + 4k) x (31 + 2f + 5k) = —181—17] — 4k
So, the equation of required plane is,

(- (1-2j + 4K)).(-181 - 17) - 4k) = 0

=T (—181— 17§ — 4k) — (1—2j + 4k).(—181—17j—4k) = 0
=T (-18i—17j—4k) — (—18 + 34—16) = 0

=T (-181—17j—4k) = 0

=1 (181 + 17) + 4k) = 0

Hence, the vector equation of required plane is

(181 + 17 + 4k) = 0

Exercise 29.7

1 A. Question

Find the vector equation of the following planes in scalar product form

r=(21-k)+ni+p(i-2j-k)

Answer

Here,# = (21—k) + Al + p(i—2j—k)

We know that — 3 + 3b + uc represents a plane passing through a point having position vector 3 and
parallel to the vectors j and &

-~

Clearly, 3 — 21— kb =i¢ = i-2j— k

—

Now, the plane is perpendicular toj x 2,

-

. i j k
Henced = bx¢é =|1 ¢ 0
1 -2 -1

=1 =10-0)—-j(-1-0) + k(-2 —0)

=1 =j-2k



We know that vector equation of a plane in scalar product form is givenas# 41 = 3.1
Put 3 and 7 in equation (a) we get,

£ (j—2k) = (21— K).(j— 2K)

=1 (7—2k) = (2)(0) + (0)(1) + (-1)(-2)

>t (j-2k) = 2

Hence, the required equation is f_(:j‘_ gf{) = 2.

1 B. Question

Find the vector equation of the following planes in scalar product form
r=(l+s—t)i+(2-5)j+(3-2s+20)k

Answer

Wehave, = (1 + s—1)i + (2—5)] + (3—2s + 20k

=7 =1+ si—t +2j—sj + 3k—2sk + 2tk

=T =1+ 2]+ 3k + si—sj—2sk—ti + 2tk
=>7T=(1+2+3k)+ (1-7-2k)s + (-1 + 2k)t

Now, we know thaty — 3 + 2b + ut represents a plane passing through a point having position vector 3
and parallel to the vectorsj and -

Clearly, 3 = 1 + 2 + 3kb = 1—-7—2k e = -1 + 2k
Now, the plane is perpendicular to E’ % G

-~

- i j k
Henced =bxé =1 -1 -2
-1 0 2
=1 =1i(-2-0)-j(2-2) + k(0—1)
=0 =-21—k

We know that vector equation of a plane in scalar product form is givenas+ 1 = 3.1
Put 3 and 7 in equation (a) we get,

t.(-21—-k) = (1 + 2] + 3k).(-21-k)

>t (-2i-k) = (D(-2) + (2)(0) + 3)(-1)

=>T(-2i—-k) = -5

=>t(21+k) =5

Hence, the required equation is 7, [: 2% + ﬁ) = 5.

1 C. Question

Find the vector equation of the following planes in scalar product form

~

f:('i+j)+}-.(i+2j—f()+.u(-—i+j'—2k‘)

Answer



Here,? — (1 + ) + A(i + 2j—k) + p(—i + j—2k

We know that — 3 + b + uc represents a plane passing through a point having position vector 3 and

parallel to the vectors ;; apnd -

Clearly, 3 = 1 + )b =1+ 2j— k¢ = -1 +j—2k

Now, the plane is perpendicular to i x z

-

. i k
Hencey =bxé=|1 2 —1
-1 1 -2
=0 =1i-4+1)-j(—2-1) + k(1 + 2)
-1 = -3 + 3] + 3k

We know that vector equation of a plane in scalar product form is givenast 4§ = 3.0
Put 3 and 3 in equation (a) we get,

t.(—31 + 3] + 3k) = (1 + }).(-31 + 3j + 3k)

=l

=T (-31 + 37 + 3k) = (1)(=3) + (1)(3) + (0)(3)

=% (-31+3)+3k) =0

=>t(i—-7-k) =0

Hence, the required equation is ¢, (:T— j— '“) = 0.

1 D. Question

Find the vector equation of the following planes in scalar product form
r=i-j+a(i+j+k)+p(4i-2j+3k)

Answer

Here,# = (i—§) + A(i + 7+ k) + p(4i—2j + 3k)

We know that — 3 + 3b + uc represents a plane passing through a point having position vector 3 and

parallel to the vectors j and &

Clearly, 3 = i—jb =1+ j+ k¢ = 4i—2j + 3k
Now, the plane is perpendicular toj x z

-~

. i i k
Henceqd = bhx ¢ = 1 1 1
4 -2 3

i(3—(-2))—j(3—4) + k(—2—4)

-
=1

=T = 5 + j— 6k

We know that vector equation of a plane in scalar product form is givenas+ 1 = 3.1
Put 3 and 1 in equation (a) we get,

t.(51 +j—6k) = (i—7).(51 + j—6k)

=1.(51 + j—6k) = (1)(5) + (—-1)(1) + (0)(—6)

2%

=T (51 +j—6k) =4

-



Hence, the required equation is (: 51 + j— ef{) = 4
2 A. Question

Find the Cartesian form of the equation of the following planes :
r= (1 —J) +s(—i +] +21:;) +t('i“ +2] +1:;)

Answer

(i) Wehave, ¥ = (i—) + (-1 +7 + 2k)s + (1 + 2§ + k)t

Now, we know thaty — 3 + b + uc represents a plane passing through a point having position vector 3
and parallel to the vectors§ and -

-

Clearly, 3 — i—j+ 3kb = -1 +j+2k¢ =1+ 2j + k
Now, the plane is perpendicular toj x 2,

-~

- i 7 k
Henceqgd = bx ¢ = -1 1 2
1 2 1

=T =i(1-4)—j(-1-2) + k(-2 —-1)

=1 =31 + 3j-3k

We know that vector equation of a plane in scalar product form is givenas 4§ = 3.5 ...... (a)
Put 3 and 7 in equation (a) we get,

t.(—31 + 3]—3k) = (i—7).(-31 + 37— 3k)

(D(=3) + (DA + (0)(=3)

—6

28

4

(=31 + 3j— 3k)

28

=t (-31 + 37— 3k)

.

>t (i-]+k) =2

Puty = xi + yj + zk

= We have, (xi + yj + zk).(i—j + k) = 2

2X-y+z=2

Hence, the required equationisx -y +z =2

2 B. Question

Find the Cartesian form of the equation of the following planes :
r=(l+s+t)i+(2-s+t) j+(3-25+2t)k

Answer

Wehave,f = (1 + s+ )i+ (2—s+ t)j + (3—2s + 20k
=T =1+si+t+2)—sj+tj+ 3k—2sk + 2tk

=7 =1+ 2+ 3k + si—sj—2sk + i + tj + 2tk
>F=0+2 +3k)+ (-7-2k)s+ (1+]+ 2k)t

Now, we know thaty — 3 + b + uc represents a plane passing through a point having position vector 3
and parallel to the vectors§ and &



-

Clearly, 3 = § + 2j + 3kb =1—-j— 2k =1 +] + 2k

Now, the plane is perpendicular toj x z

-

- I j k
Henceqd = bhx ¢ = 1 —1 =2
1 1 2
sn=i-2+2)-j2+2) +k(1+1
>0 = —4f + 2k

We know that vector equation of a plane in scalar product form is givenast 4§ = 3.0
Put 3 and 3 in equation (a) we get,

(-4 + 2k) = (1 + 2] + 3k).(—4] + 2k)

=1 (—4j + 2k) = (1)(0) + (D(—4) + (3)(2)

=T (-4 + 2k) = -2

>t (21-k) =1

Puty# = xi + yj + zk

- We have, (xi + yj + zk). (2] —k) = 1

=22y-z=1

Hence, the required equation of planeis2y -z=1

3 A. Question

Find the vector equation of the following planes in non - parametric form :
I=(h-2u)i+(3-p)j+(2n+n)k

Answer

Given equation of plane ist = (A —2w)i + (3 —p)j + (24 + Wk

=T = A—2pf + 3] —f + 22k + pk
=T = 3] + A1 + 20k—2ui— j + pk
=7 =37+ A1+ 2k) + (21— + Ku

Now, ¥ = 3j + A(i + 2k) + (—2i—j + k)u

We know that — 3 + b + uc represents a plane passing through a point having position vector 3 and

parallel to the vectors ;; and -

~

Clearly, 3 = 3j,b = 1 + 2k¢ = —2i—j + k

Now, the plane is perpendicular toj x z

-~

. i i k
Hencey = bxé = |1 0 2
-2 -1 1

i(0—(-2))-j(1—(-4) + k(-1-0)

~

=T = 2i—5]—k

-
=1

We know that vector equation of a plane in scalar product form is givenas 1 = 3.1 ... ... (a)



Put 3 and 7 in equation (a) we get,

t.(21-5—k) = (37).(21— 51— k)

=1 (21-5-k) = (0)(2) + (3)(-5) + (0)(-1)

=t (21-5]-k) = —

Hence, the required equation is ¥, (21 — 5§ — k) + 15 = 0
3 B. Question

Find the vector equation of the following planes in non - parametric form :

r=(21+2j-k)+n(1+2j+3k)+p (51-2j+7k)
Answer

Here, ¥ = (21 + 2§ —k) + A(1 + 2§ + 3k) + p(5i—2j + 7k

We know that — 3 + b + uc represents a plane passing through a point having position vector 3 and
parallel to the vectors iy and -

Clearly, 3 = 2§ + 2j— kb =1+ 2j + 3k ¢ = 5i—2] + 7k

Now, the plane is perpendicular to i x 2

. i j k
Henceg =bxé =1 2 3
5 =2 7

=1 = i(14 + 6) —j(7—15) + k(-2—- 10)

=1 = 20f + 8 — 12k

We know that vector equation of a plane in scalar product form is givenast 1 = a.1
Put 3 and 7 in equation (a) we get,

(20 + 8—12k) = (21 + 2j—k).(201 + 8 —12k)
= T.(201 + 8/ —12k) = (2)(20) + (2)(8) + (—1)(-12)
= T.(201 + 8/ —12k) = 40 + 16 + 12

= 1. (201 + 8 —12k) =

=1 (51 + 2§ —3k) =

Hence, the required equation is 7, (:51 + 25— 3k)
Exercise 29.8

1. Question

Find the equation of plane parallel to 2x - 3y + z = 0 and passing through the point (1, - 1,2)?
Answer

Given Eq. of plane is2x -3y +z =0 ...... (1)

We know that equation of a plane parallel to given plane (1) is

2x-3y+z+k=0...... (2)

As given that, plane (2) is passing through the point (1, - 1,2) so it satisfy the plane (2),



2(1)-3(-1)+(2)+ k=0

2+3+2+k=0

7+k=0

k=-7

put the value of k in equation (2),

2x-3y+z-7=0

So, equation of the required planeis ,2x -3y +z=7

2. Question
Find the equation of the plane through (3, 4, -1) which is parallel to the planef-(j' — 3j + Sk) +2=0.

Answer

given equation of the plane is

£(21-3)+ 5k) + 2 =0..... (1)

We know that the equation of a plane parallel to given plane (1) is
£.(21-3]+ 5k) + k = 0...... (2)

As given that, plane (2) is passing through the point 3i + 4j — ik so it satisfy the equation (2),
31 + 4j—k(21-3j + 5k) + k =0

32+ @)(-3)+(-1)(5)+k=0

6-12-5+k=0

k=11

put the value of k in equation (2),

t.(21—3f + 5k) + 11 = 0

So, the equation of the required plane is, T. (2?— 3 + SR) + 11 =20
3. Question

Find the equation of the plane through the intersection of the planes2x -7y + 4z-3 =0and 3x -5y + 4z +
11 = 0 and the point ( - 2,1,3)?

Answer

we know that, equation of a plane passing through the line of intersection of two planes
a;xX + by + ¢z + dy = 0 and a;x + byy + ¢;z + d, = 0 is given by

(a1x + by + gz + d7) + k(aox + by + ¢z + dy) =0

Given , equation of plane is,

2x-7y+4z-3=0and3x-5y+4z+11=0

So equation of plane passing through the line of intersection of given two planes is

(2x -7y +4z-3)+ k(3x-5y +4z+11)=0

2x -7y + 4z -3 + 3kx - 5ky + 4kz + 11k =0

x(2 +3k) +y(-7-5k)+2z(4 +4k)-3 + 11k =0...... (1)



As given that, plane (1) is passing through the point ( - 2,1,3) so it satisfy the equation (1),
(-2)22+3k)+(1)(-7-5k)+(3)(4+4k)-3 +11k=0

-2+412k=0
12k = 2
" 2
12
" 1
6

put the value of k in equation (1)

x(2 +3k) +y(-7-5k)+2z(4+4k)-3 + 11k =0
3 5 4 11 _
x(2+g)+y(—7—g)+z(4+g)—3+?—0

12+3 —42-5 24+ 4

X(E2) +y(—) + 25 -2 =0
15 =47 28 7
X(Z) +y() + 20— =0

multiplying by 6 , we get

15x -47y +28z2-7=0

Therefore , equation of required plane is 15x - 47y + 28z-7 =0

4. Question

Find the equation of the plane through the point 2{ + J _L"; and passing through the line of intersection of the
planes 1_(1 +3] —1::) =0 and I_(J + 212:) = 0.

Answer

we know that, the equation of a plane passing through the line of intersection of two planes
LN, =d,and .o, = d,

isgiven by . (n; + kn;) = d; + kd,

So the equation of the plane passing through the line of intersection of given two planes

t.(i+3—k) = 0andf.(j + 2k) = 0is given by

As given that, plane (1) is passing through the point 2 + j— kso
(21 +7—-K)(E + 37—k + k(21 + |- K)(§ + 2k) = 0

(2)(1) + (1)(3) + (- 1)(-1) + k[(2)(0) + (1)(1) + (- 1)(2)]=0
(2+3+1)+k(1-2)=0

6-k=0

k=6

put the value of k in equation (1)

L(i+3-k+k(j+2k) =0



=i

(i+3—-k+6(+2k)=0

—

t(i+3—k+ 6+ 12k) =0

=

I.

—

i+ 95+ 11k) = 0
So, the equation of the required plane is T. (’1‘ + 9j + llﬁ) =0

5. Question

Find the equation of the plane through the line of intersection of the planes2x -y = 0 and 3z - y = Owhich is
perpendicular to the plane 4x + 5y -3z =87

Answer

we know that, equation of a plane passing through the line of intersection of two planes
a;xX + by + ¢z + dy = 0 and a;x + byy + oz + d, = 0 is given by

(a1x + by + 3z + d7) + k(aox + by + ¢z + dy) =0

So equation of plane passing through the line of intersection of given two planes
2x-y=0and3z-y=0is

(2x-y) +k(3z-y)=0

2x -y +3kz-ky =0

x(2) +y(-1-k)+2z(3k)=0...... (1)

we know that, two planes are perpendicular if

ajay + biby + o =0 ... (2)

given, plane (1) is perpendicular to plane

4x +5y-3z=8...... (3)

Using (1) and (3) in equation (2)

(2)(4) + (-1-Kk)(5)+(3k)(-3)=0

8-5-5k-9k=0

3-14k=0
-14k =-3
. 3
14

put the value of k in equation (1)

x(2) +y(-1-k) +2(3k) = 0
X(2) +y(-1-2) +23(3) = 0

14-3 9

X(2) + Y= +2Z) =0
X(2) +y() +22) =0

multiplying with 14 we get
28x-17y +9z2=0
Equation of required plane is, 28x - 17y + 92 =0

6. Question



Find the equation of the plane through the line of intersection of the planesx + 2y + 3z-4=0and 2x + y -
z + 5 = 0 which is perpendicular to the plane 5x + 3y - 6z + 8 = 07?

Answer

we know that, equation of a plane passing through the line of intersection of two planes
a1X + by + c;z + dy = 0 and ayx + byy + ¢z + dy = 0 is given by

(a;x + by + 3z + dq) + k(aox + by + ¢z +dy) =0

So equation of plane passing through the line of intersection of given two planes
X+2y+3z-4=0and2x+y-z+5=0is given by,
(Xx+2y+3z-4)+k(2x+y-z+5 =0
X+2y+3z2-4+2kx+ky-kz+k5=0
x(1+2k)+y(2+k)+2z3-k)-4+5k=0...... (1)

we know that, two planes are perpendicular if

a;ay + bibo + ;o =0 ... (2)

given, plane (1) is perpendicular to plane,

5X +3y-62+8=0...... (3)

Using (1) and (3) in equation (2)

5)1+2k)+ (3)(2+Kk)+(-6)(3-k)=0

5+ 10k+6+3k-18+6k=0

-7+19% =0

K 7
19
put the value of k in equation (1)

X(1+2k) +y(2+k)+2z(3-k)-4+5k=0

14 7 7 35

19+ 14-) + y(38+7) + Z(

X
( 19 19 19 19

33
19

20 _H_p

x( 19 19

45
)+ YD) + =

multiplying with 19 we get

33x + 45y + 50z-41 =0

Equation of required plane is, 33x + 45y + 50z-41 =0
7. Question

Find the equation of the plane through the line of intersection of the planesx + 2y + 3z+ 4 =0and x-y + z
+ 3 = 0 and passing through the origin ?

Answer

we know that, equation of a plane passing through the line of intersection of two planes
a;xX + byy + ¢z + dy = 0 and axx + byy + ¢;z + dy = 0 is given by

(a1x + by + c;z + d7) + k(apx + boy + coz+ dy) =0

So equation of plane passing through the line of intersection of given two planes



X+2y+3z+4=0andx-y+z+3=0is
(X+2y+3z+4)+kix-y+z+3)=0
X(1+k)+y(2-k)+z(3+k)+4+3k=0...... (1)
Equation (1) is passing through origin , so
OL+Kk)+(0)2-k)+(0)(3+k)+4+3k=0
0+0+0+4+3k=0

3k=-4
. 4
T3

Put the value of k in equation (1),

X(1+k)+y(2-k)+z(3+k)+4+3k=0
4 4 4 12
x(l—;) + y(2 +§) +z(3—5) +4—?—0

vy + 2 +4-4=0

X_
(3 3 3

X 10y 5z

3 N 3 * 3
Multiplying by 3, we get
-x+ 10y +5z=0
x-10y-5z=0
the equation of required planeis, x - 10y -5z =0
8. Question

Find the equation of the plane through the line of intersection of the planes x -3y + 2z-5=0and 2x -y +
3z -1 = 0 and passing through (1, - 2, 3)?

Answer

We know that equation of plane passing through the line of intersection of planes
(a1x + byy + c;z + d7) + k(apx + boy + coz+ dy) =0

So equation of plane passing through the line of intersection of planes
x-3y+2z-5=0and2x-y + 3z-1=0is given by
(x-3y+2z-5)+k(2x-y+3z-1)=0

x(1-2k) +y(-3-k)+2z(2+3k)-5-k=0...... (1)

plane (1) is passing the through the point(1, - 2, 3) so,
L(1+2k)+(-2)(-3-k)+3)2+3k)-5-k=0
1+2k+6+2k+6+9-5-k=0

8+ 12k=0
12k =-8
K 8
12
2
k= ——



Put value of kin eq.(1),

X(1+2k)+y(-3-k)+2z(2+3k)-5-k=0

(1 4)+ (3+2)+(2 6) 15+2
L Y 3) TEH T3 3

1 7 13

R A T

Multiplying by( - 13),

X+7y+13=0

(xi +yj +zk)i +7)) + 13 =0
Mi+7)+13=0

Equation of required planeis, 7(i + 7j) + 13 = 0
9. Question

Find the equation of the plane through the line of intersection of the planes x -3y + 2z-5=0and 2x -y +
3z -1 = 0 which is perpendicular to the plane 5x + 3y -6z +8 =07

Answer

We know that equation of plane passing through the line of intersection of planes
(a1x + by + 3z + dq7) + k(aox + by + ¢z +dy) =0

So equation of plane passing through the line of intersection of planes
X-3y+2z-5=0and2x-y + 3z-1=0is given by
(x-3y+2z-5)+k(2x-y+3z-1)=0
x(1-2k)+y(-3-k)+2z(2+3k)-5-k=0...... (1)

Given that plane (1) is perpendicular if

a;ay + bibo + ;o =0 ... (2)

We know that two planes are perpendicular to plane,
5x+3y+6z2+8=0...... (3)

Using (1) and (3) in equation (2),

5(1+2k)+3(2+k)+6(3-k)=0

54+ 10k+6+3k+18-6k=0

29+7k=0

7k = -29

. 29
-7

Put the value of k in equation (1),

x(1+2k) +y(2+ Kk +z(3-k)—4+5k=0

(1 58)+ (2 29)+ (3+39) L 145
X 7) 7Y 7) 7" 7 7

(51)+ ( 15)+ (50) 173 _
7)Y T AT ) T T



51x+15y-50z+ 173 =0

10. Question

Find the equation of the plane through the line of intersection of the planes f_(.in+3j)+6:0 and

1_(31 —j' — 41}_):0, which is at a unit distance from the origin?

Answer
t.(1+3)+6=0andi(3i—j—4k) = 0
XxX+3y+6=0and3x-y-4z=0
X+3y+6+k(3x-y-4z)=0
x(1+3k)+y(3-k)-4zk+6=0

Distance from origin to plane = c 2 = 1
V@ +3kF+(E-k)P+(4k)21

36 = (1 + 3k)2 + (3 - k)2 + (4k)?

36 =1+ 6k + 9k + 9 - 6k + k2 + 16k2

26 = 26k2
k2 =1
k=41

case:l1k=1
X+3y+6+1(3x-y-42)=0
A4x+2y-4z+6=0
Case:2k=-1
X+3y+6-13x-y-42)=0
2x-4y-4z-6=0

11. Question

Find the equation of the plane through the line of intersection of the planes2x + 3y -z+ 1 =0and x + vy -
2z + 3 = 0 which is perpendicular to the plane 3x -y -2z-4=07

Answer

We know that equation of plane passing through the line of intersection of planes
(a1X + byy + iz + d7) + k(apx + boy + coz+ dy) =0

So equation of plane passing through the line of intersection of planes
2Xx+3y-z+1=0andx+y-2z+3=0is
(2x+3y-z+ 1)+ kix+y-2z+3)=0
x2+k)+yB3+k)+z(-1-2k)+1+3k=0...... (1)

Given that plane (1) is perpendicular if

ajay + biby + o =0 ... (2)

We know that two planes are perpendicular to plane,

3x-y-2z2-4=0...... (3)



Using (1) and (3) in eq. (2),
32+ k) +(-1)3+k)+(-2)(-1-2k)=0
6+3k-3-k+2+4k=0

6k +5=0

6k =-5

- 5
6

Put the value of k in equation (1),

XR2+K)+yB+k)+2z2(-1-2k)+1+3k=0

(2 5)+ (3 5)+ (1+10)+1 15 _ o
\=27%) TV T T F 6 6

/x 13y 4z 9

6+6+66

7x+13y+42z-9=0

12. Question
Find the equation of the plane through the line of intersection of the planes 1_(1 +2j' +31;;) —4=( and
1_(21+_| — k) +5=0 and which is perpendicular to the plane f.(Si“—i—Sji — 6k) +8=07?

Answer

We know that, the equation of a plane through the line of intersection of the planes
LD, —d, = 0andfn, = d, = 0

is given by %.(n; + kn;) —d, + kd, = 0

So, equation of the plane passing through the line of intersection of the planef. (i + 2j + 3&) —4 =0
andt.(21 + j—k) + 5 = 0isgiven by

[F(i+ 2j + 3k)— 4] + k[ (21 + j—k) + 51=0

EI(i + 2§ + 3k) + k[(2i + j—K)]1-4+5k=0...... (1)

We know that two planes perpendicular if

ni.nZ =0

Given that plane (1) is perpendicular to the plane

t.(51 + 3j—6k) + 8 = 0

Using (1)and (3) in equation (2),

[(i + 2f + 3k) + k(21 + j—R1(51 + 3j—6k)=0
(1+2k)(5)+(2+Kk)@3B)+(3-k)(-6)=0

54+ 10k+6+3k-18+6k=0

19k-7=0

k=L
19



Put the value of k in equation (1),

-~

7. 7 7y _
—J—E]{)]—4+5(ﬁ)—0

RI( + 2) + 3k) + (D1 + &

45, 50~ 76+ 35

33.
=1+ =j— —kI- =0
19 19 19 19
33. 43 . 205 41
i+ Sj—=kl-— =0
19 19 19 19

Multiplying by 19,

1.(331 + 45§ + 50k)—41 =0
Equation of required plane is,
(331 + 45] + 50k)—41 = 0
33x + 45y + 50z-41 =0
13. Question

Find the vector equation of the plane passing through the intersection of the planesf-(-i“ +j +k) =6 and
f.(zi" +3j+41;] = - 5 and the point (1, 1, 1).

Answer

The equation of the plane passing through the intersection of
t(i+]+k =6andi (21 + 3] + 4k) = —5is
F(i+7+k—6] +kE(21+ 37+ 4k) + 5 =0

£[(1+ 201 + (1 + 3K + (1 + 4kk] = (6—5K) ...... (1)

[xi + yj + zk]. [(1 + 2K)i + (1 + 3K)] + (1 + 4Kk| = (6 —5k)
(1 + 2k) + (1 + 3Ky + (1 + 4k)z] = (6 —5k) ...... (2)

The required plane also passes through the point (1,1,1)
Substitutingx =1,y =1,z=1ineq. (2),we have,

1(1+ 2k) + (1 + 3k)1 + (1 + 4k)1 = (6 - 5k)
1+2k+1+3k+1+4k=6-5k

3+ 9k =6-5k

14k =3

k=—
14

Substituting the value k = % in equation (1),We have,

20, 23 26,\] 69
Flig' m1a) T 1N T 1

i.[201 + 23] + 26k] = 69
14. Question

Find the equation of the plane passing through the intersection of the planes



~

r(2i+]+3k)=7.1:(21+5]+3k) =9 and the point (2, 1, 3).

Answer

We know that, the equation of a plane through the line of intersection of the plane
tn,—d;, = 0andtn, =d, =0

is given by . (n; + kn;)—d, + kd, = 0

So, equation of plane passing through the line of intersection of planeT, (21 +§ + 3R) —7 = 0 and
.(21 + 5] + 3k) —9 = 0is given by

[£.(21 +§ + 3k)—7] + k[F.(21 + 5] + 3k)—9] = 0

(2 + 2K+ (1 +5kj+ (3+3Kk-7-9 =0.... (1)
Given that plane (1) is passing through 2i + j + 3k so

(2i + 7+ 3k)[(2 + 20 + (1 + 5K)j + (3 + 3Kk] -7—-9k = 0

(2)(2+2k) + (1)(A +5k) + 3)(3+3k)-7-9k =0
44+4k+1+5k+9+9%-7-9k=0

9k = -7
. 7
T 9

Put the value of k in equation (1),

(2 + 20)i+ (1 +5Kj+ (3+30k-7-9%k =0

_(2 14)“+(1 35)”+(3 21)1&] 7+8
\* "9/ 9/ 9 9 =

“(18—14)A+(9—35)A+(27—21)R] B
A 9 /! 9 =

18-~ B9 -«

Multiplying by (g), we get

L 1Y

—

—

E[(2i-(13)] + (3)k] = 0
Equation of required plane is , 1‘[(2)T— (13)] + (B)R] =10

15. Question

Find the equation of family of planes through the line of intersection of the planes3x -y +2z=4and x +vy
+ z = 2 which is passing through (2, 2, 1)?

Answer

The equation of the family of planes through the line of intersection of planes
3x-y+2z=4andx+y+z=2is,
Bx-y+2z-4)+kix+y+z-2)=0...... (1)

If it passes through (2, 2, 1) then,

(6-2+2-4)+k(2+2+1-2)=0



~
Il
I
w |

Substituting k = —§ in eq.(1) We get,

7x - 5y + 4z = 0 as the equation of the required plane.
16. Question

Find the equation of family of planes through the line of intersection of the planesx + y + z=1 and 2x + 3y

+ 4z = 5 which is perpendicular to the plane x -y + z = 0 and parallel to f_('i“+j+1;;):0 ?

Answer

The equation of the family of planes through the line of intersection of planes
X+y+z=1land2x + 3y +4z=>5is,
(x+y+z-1)+k(2x+3y+4z-5)=0...... (1)

2k + I)x + Bk + 1)y + (4k + 1)z =5k + 1

It is perpendicular to the planex-y +z=0

(2k + 1)(1) + Bk + 1)(-1) + (4k + 1)(1) =5k + 1
2k+1-3k-1+4k+1=5k+1

Sustiuting k = —é in eq.(1) , We get, x - z + 2 = 0 as the equation of the required plane
And its vector equationis T.(i—k) + 2 = 0

The equation of the family of a plane parallel tot. (’1‘ +j+ ﬁ} = 0is,
ti+ji+k=d... (1)

If it passes through (a, b, c) then

(@i +bj + cki+j+ k=d

atb+c=d

Substitutinga + b + c = d in eq.(1), we get,

ti+j+k =a+b+c

X +y + z=a+ b+ cas the equation of the required plane.

17. Question

Find the equation of the plane passing through (a, b, c) and parallel to the plane f_(i“+j+1“():2 ?

Answer

Given that equation is parallel to T. (i + j + k) = 2 so that

The normal vector to that plane willberi = 1 + j + k...... (1)

And equation of the plane passing through the point is
a1(x-x7) + bily-yq) + ci(z-27) =0

and point is (a, b, ¢) so that,



aj(x-a)+by(y-b)+ci(z-c)=0
by equation (1)a; = by =c; =1
X+y+z-a-b-c=0
X+y+z=a+b+c

18. Question

Find the equation of the plane which contains the line of intersection of the plane x + 2y + 3z -4 = 0 and 2x
+y-z+5=0and whose x - intercept is twice of z - intercept. Hence, write the equation of the plane
passing through the point (2,3, - 1) and parallel to the plane obtained above?

Answer

We know that equation of plane passing through the line of intersection of planes
(a;x + by + 1z + dq) + k(aox + by + ¢z +dy) =0

So equation of plane passing through the line of intersection of planes
X+2y+3z-4=0and2x+y-z+5=0is
X+2y+3z-4+k(2x+y-z+5)=0
x(1+2k)+y(2+k)+2z33-k)-4+5k=0

X y z
Z-8K T Z—_BkK T A—BK
T+2k 2+k 3-K

1

as given that x-intercept is twice of z intercept

4-5k 4-5
Otz = 2(3—:)

3-k=2(1+ 2k)

3-k=2+4k
5k =1
. 1
5

Put this value in equation (1)

X(L+2k) +y(2+k)+2(3-k)-4+5k=0

X(1+2)+y2+3)+23-)-4+2=0

|

x(

| =3

) +Y(E) +2(2)-3=0

multiply by 5

7x + 11y + 14z =15 ...... (2)

And equation of the plane passing through the point is
ay(x-xq1) + byly -y1) +c1(z-27) =0

and point is (2,3, - 1) so that,
a1(x-2)+byly-3)+c(z+1)=0

by equation (2) a; = 7,b; = 11,¢; = 14
sO7(x-2)+11(y-3)+14(z+1)=0

7x+ 11y +14z-14-33+14=0



7x + 11y + 14z-33 =0
19. Question

Find the equation of the plane through the line of intersection of the planex + y +z=1and 2x + 3y + 4z =
5 and twice of its y-intercept is equals to the three times its z intercept?

Answer

We know that equation of plane passing through the line of intersection of planes
(a1x + by + 3z + d7) + k(aox + byy + ¢z + dy) =0

So equation of plane passing through the line of intersection of planes
X+y+z=1land2x + 3y +4z=>5is

X+y+z-1+k(2x+3y+4z-5)=0

X(1+2k) +y(1 +3k)+2z(1 +4k)-1-5k=0...... (1)

X ¥ z
so, T#sk T T#sk T T¥s8 = las given that twice of its y intercept is equals to the three times its z intercept
1+zk 1+z2k 1+ak

1+ 5 1 +5k
s02(;20) = 3G

2(1 + 4k) = 3(1 + 3k)

2+ 8k=3+9k

k=-1

put this in equation (1)

xX(1+2k) +y(l +3k)+2z(1 +4k)-1-5k=0
X[1+2(-D1+y[1+3(-1)]1+2z[1+4(-1)]-1-5(-1)=0
-X-2y-3z+4=0

X+2y+3z=4

Exercise 29.9

1. Question
Find the distance of the point ji _ J — 4L from the plane 1_(31 —4j + 121“{) —-9=1.

Answer

Given:

Point given by the equation: 3 = 21 —j — 4k

Plane given by the equation: . (3i — 4j + 12k) — 9 = 0, where the normal vector is: § = 3i — 4j + 12k

We know, the distance of 3 from the plane .11 — d = 0 is given by:

p:

||

é’.ﬁ’—d|

Putting the values of 3 and i :

(2f —j—4k).(3i-4j+12k)-9
|3i-4j+12K|

:>p=

47
=p =Eunlts



the distance of the point 21 —-j- 4k from the plane

= " " ~ . 47 .

I.(3i—4j+ 12k) -9 = 0 is  units

2. Question

Show that the points 1 _ J + 3]_:; and 317 + 3:i _3L"; are equidistant from the plane 1_(51 + Zj' — ?k) +9 =0,

Answer

Given:
* Points given by the equation: 3 = —j+ 3k b = 3i + 3j+ 3k
* Plane given by the equation: T, (51 + 2j— 7k) + 9 = 0, where the normal vector is: i = 5i + 2j — 7k

We know, the distance of 3 from the plane .11 — d = 0 is given by:

an-d
||

(f—j+3k)(51+2j-7k)+9

= Distance of { —j + 3k from the plane =

|5i+2j-7K|

= ,i_ units

v78
And,
— Distance of 3i + 3j + 3k from the plane = (3i+3j+3k)(Si+2j~7k}+9

|5i+2j-7k|

= ,i_ units

v 78

- the points j _ J + 3k and 3j + 3:]' + 3k are equidistant from the plane t. (51+2j— 7k) + 9 = 0.

3. Question

Find the distance of the point (2, 3, -5) from the plane x + 2y -2z -9 = 0.
Answer

Given:

* Point : A(2, 3, -5)

*Plane:m=x+2y-22-9=0

We know, the distance of point (x;,y1,2z7) from the plane

m:ax+by+ cz+d = 0is given by:

ax, +by, +cz, +d

vaz+b? +c?

- |
Putting the necessary values

| )2)+(2)(E)+H(=2)(-5)-9

= Distance of the plane from A =
V(1% +224(-2)2

= 3 units
.. the distance of the point (2, 3, -5) from the plane
X+ 2y -2z-9=0is 3 units

4. Question



Find the equations of the planes parallel to the plane x + 2y - 2z + 8 = 0 which are at distance of 2 units
from the point (2, 1, 1).

Answer

Since the planes are parallel to x + 2y - 2z + 8 = 0, they must be of the form:
X+2y-22+06=0

We know, the distance of point (x;,y1,27) from the plane

m:ax+by+ cz+d = 0is given by:

ax, + by, +cz; + d|

vaZz +b? +¢c?

- |
According to the question, the distance of the planes from (2, 1, 1) is 2 units.

_, |[W@+@a+2)0)+e
V12+224(-2)2

=2

= 0=4o0r-8

= The required planes are:

X+2y-2z+4=0andx+2y-2z-8=0

5. Question

Show that the points (1, 1, 1) and (-3, 0, 1) are equidistant from the plane 3x + 4y - 12z + 13 = 0.
Answer

Given:

* Points: A(1, 1, 1) and B(-3, 0, 1)

*Plane:m=3x+4y-122+13 =0

We know, the distance of point (x;,y1,2z7) from the plane
m:ax+by+ cz+d = 0is given by:

[ax; + by, +cz, +d
P=| vaz+b? +c?

(3)(A)+(4)(2)+(-12)(1)+13
324424 (—12)2

= Distance of (1,1,1) from the plane =

8 .
= — units
13

(3)(=3)+(4)(0)+(-12)(1)+13
V3%+aZ4(-12)

= Distance of (-3,0,1) from the plane =

= 1% units

. the points (1, 1, 1) and (-3, 0, 1) are equidistant from the plane
3x +4y-12z+ 13 = 0.

6. Question

Find the equations of the planes parallel to the plane x - 2y + 2z - 3 = 0 and which are at a unit distance
from the point (1, 1, 1).



Answer

Since the planes are parallel to x - 2y + 2z - 3 = 0, they must be of the form:
X-2y+22+06=0

We know, the distance of point (x;,y1,27) from the plane

m:ax+by+ cz+d = 0is given by:

|ax1+by1+czl+ d|
P=] vaZz +b? +¢c?

According to the question, the distance of the planes from (1, 1, 1) is 1 unit.

_, |[®@+=2)m)+@))+8
V12 H(-2)2+22

=1

|1+E|

= |—| =

3

L e B
= 0=20r-4

= The required planes are:
X-2y+2z+2=0andx-2y+2z-4=0

7. Question

Find the distance of the point (2, 3, 5) from the xy-plane.
Answer

Given:

* Points: A(2, 3, 5)

*Plane: z=10

We know, the distance of point (x;,y1,2z7) from the plane

m:ax+by+ cz+d = 0is given by:

ax, + by, +cz, + d|

vaz+b? +c?

- |
Putting the values

_ [L0)2)+(0)(3)+(1)(5)+0

V02+0Z+12

=P

= p = 5 units
.. the distance of the point (2, 3, 5) from the xy-plane is 5 units
8. Question

Find the distance of the point (3, 3, 3) from the plane 1_-.(51 +2j_ ?k] +9=(

Answer

Given:

* Points: A(3, 3, 3)

* Plane: 7. (5T+ 2j— ?R} 4+ 9 =0, which in cartesian form is:

5x+2y-7z+9=0



We know, the distance of point (x;,y1,27) from the plane

m:ax+by+ cz+d = 0is given by:

X, + by, +cz; + d|

vaZz +b? +¢c?

E
p= |
Putting the values

(51(3)+(2)(3)+(-7)(3)+2

V52 4+224(-7)%

=p=

—s p = — units

p= \.l"ﬁ
.. the distance of the point (3, 3, 3) from the plane
= - - o~ . -l .
L(5i+2j—7k)+9=01s — units.

9. Question

If the product of distances of the point (1, 1, 1) from the origin and the plane x -y + z + A = 0 be 5, find the
value of A.

Answer
The distance of the point (1, 1, 1) from the origin

We know, distance of (X1, y1, z1) form the origin is :

[x2+y2 + 22

Putting values of X1, y1, 1= 1
= Required Distance = v3
Distance of the point (1, 1, 1) from planex-y+z+A =0

We know, the distance of point (x;,y1,2z7) from the plane

m:ax+by+ cz+d = 0is given by:

[ax, + by, +cz, + d|
P=] vaZz +b? +¢?

Putting the necessary values,

—p= W1 0)+H) 0+
Y 1E+(-1)%+12
—p = 22
p= V3

=>|1L,_}‘ X\;‘E=5
V3
—1+A =5

=1+A=50r1+A=-5
= A=40rA=-6
10. Question

Find an equation for the set of all points that are equidistant from the planes 3x - 4y + 12z = 6 and 4x + 3z
=7.



Answer

Let the set of points be denoted by (x;,y1,27)
Distance of (x;,y¥3,2;) from 3x -4y + 122 =6
We know, the distance of point (x7,y1,2z7) from the plane

m:ax+by + cz +d = 0is given by:

[axy + by, +cz; +d
p-| |

——
vaZz +b? +¢c?
—p= Blxy +(—4)y, +(12)z, -6
V32 +(—4)2+122
—p= le—4}rl+1221—6|
13
Similarly,

Distance of (x3,y¥3,2;) from 4x + 3z = 7:

. (4)x, + (0)y, + (3)z, — 7|
Va2 402+ 32
4= 5

According to the question, p = g

|3xl—4}rl+12zl—6| _ |#xut3z,-7

| 13

=1

3x,—4y,+127, -6 + 4x, +3%, -7

13 5
3x, 4y, +12z, -6  4x,+3z, -7 or 3x, -4y, +12z, -6  —4x, 32,47
13 - 5 13 o 5

= 37x1 + 20y; - 2127 -61 = 0 or 67x7 -20 y; + 992z; -121 =0

. Equations of set of points equidistant from planes 3x - 4y + 12z = 6 and 4x + 3z = 7 is 37x; + 20y; - 212,
-61 =00r67x; -20y; + 99z; -121 =0

11. Question

Find the distance between the point (7, 2, 4) and the plane determined by the points A(2, 5, -3), B(-2, -3, 5)
and (5, 3, -3).

Answer

The equation of the plane passing through (xq, y1, z1), (X2, Y2, Z2) and (X3, y3, z3) is given by the following
equation:

X=Xy YW &4

Xp— Xy YVa=V1 Z27Z10=0
X3—X Va—V1 23744
According to question,
(Xl, Y1, Z]_) = (2, 5, —3)
(X2, Y2, Zz) = (—2, —3, 5)
(X3, Y3, 23) = (5, 3, —3)

Putting these values,



x—2 y—-5 z—(-3)
= | —4 -8 8 =0
3 -2 0

= (x-2)(16) + (y-5)(24) + (z+ 3)(32) =0
= 2Xx+3y+4z-7=0
Distance of 2x + 3y + 4z -7 = 0 from (7, 2, 4)

We know, the distance of point (x;,y1,2z7) from the plane

max+by+ cz+d = 0is given by:

[axy + by, +czy + d|
P=] vaZz +b? +¢?

_ |2+E)E)+ )7

=P PEICLIVE
V23437442

= p = V29 units

.. the distance between the point (7, 2, 4) and the plane determined by the points A(2, 5, -3), B(-2, -3, 5) and
(5, 3, -3) is V29 units.

12. Question

A plane makes intercepts -6, 3, 4 respectively on the coordinate axes. Find the length of the perpendicular
from the origin on it.

Answer

The equation of the plane which makes intercepts a, b, and c with the x, y , and z axis respectively is :
X Z

X V. Z_

+-=1
a b «c

Putting the values of a, b and ¢

Required equation of the plane:

=+l =1

= -2X+ 4y + 3z =12

We know, the distance of point (x7,y1,2z7) from the plane

m:ax+by + cz +d = 0is given by:

[axy + by, +cz, + d|
Pl vaZz +b? +¢c?
= Distance from the origini.e. (0, 0, 0) : %
ya?+bZ+c?

—12

= Required Distance = | ———
V(=22 +42 432

= The length of the perpendicular from the origin on the plane = % units
J

13. Question

Find the distance of the point (1, -2, 4) from a plane passing through the point (1, 2, 2) and perpendicular to
the planes x -y +2z=3and 2x -2y +z+ 12 = 0.

Answer

We know, equation of plane passing through (x3, y1. z1):



a(x-xq)+bly-y1)+c(z-2)=0

= Equation of plane passing through (1, 2, 2):
a(x-1)+b(y-2)+c(z-2)=0

i.e.ax + by + cz = a +2b +2c eq(i)

We know, if two planes a;x + byy + ¢z + d; = 0 and
asx + byy + ¢,z + dy = 0 are perpendicular, then:
aj.a + b;.by + ¢c;.c2 =0

According to question,

= (1)(a) + (-1)(b) + (2)(c) =0

= (2)(@) + (-2)(b) + (1)(c) =0

i.e.

= a-b+2c=0

=2a-2b+c=0

Solving the above equations using cross multiplication method:

a b c
— - —

—1+4  4-1 —2+2

=a=30,b=306,c=0

Putting this in eq(i)

Equation of plane:

36(x) + 36(y) + (0)z=30+2(36) + 0
i.e.

xX+y=3

Distance of (1, -2, 4) from x + y =3

We know, the distance of point (x;,y1,2z7) from the plane

m:ax+by+ cz+d = 0is given by:

_ |axy + by, +czy + d|
| VaZ+bz +c2

Putting the necessary values,

— 1y — |WW+I2)+(0)(4)+0
V12+124+07
1
ES p = —

.. the distance of the point (1, -2, 4) from plane passing through the point (1, 2, 2) and perpendicular to the
planes x -y + 2z = 3 and

2Xx-2y+2z+12=0 isi3 units.
N
Exercise 29.10

1. Question

Find the distance between the parallel planes 2x -y + 3z-4 =0and 6x - 3y + 92+ 13 = 0.



Answer

Let P(xq1,y1,21) be any pointon 2x -y + 3z-4 = 0.

= 2X1_.Y1+32;-4=0

= 2X3 _y1 + 327 = 4 eq(i)

Distance between (x;3,y1,2;) and the plane

6x -3y +9z+ 13 =0:

We know, the distance of point (x;,y1,21) from the plane

m:ax+by + cz +d = 0is given by:

X, + by, +cz, + d|

fa? + b? + 2

_ 2
P—| N

Putting the necessary values,

— oy = |©)x+(3)yy)+(9)(z, ) 413
P B2 +(—3)2 407
— 3(2x, vy, +3z, 413
P= " oo
__|3(@)+13 . .
=p= | Ners | (using eq (i) )
25
p - 3\-"ﬁ

.. the distance between the parallel planes 2x -y + 3z-4 = 0 and

6x-3y+9z2+13=0 isz—i units.
314
2. Question

Find the equation of the plane which passes through the point (3, 4, -1) and is parallel to the plane 2x - 3y +
5z + 7 = 0. Also, find the distance between the two planes.

Answer

Since the plane is parallel to 2x - 3y + 5z + 7 = 0, it must be of the form:
2x-3y+5z24+6=0

According to question,

The plane passes through (3, 4, -1)

= 2(3)-3(4) +5(-1) + 6 =0

= 0=11

So, the equation of the plane is as follows:

2x-3y+5z2+11=0

Distance of the plane 2x - 3y + 5z + 7 = 0 from (3, 4, -1):

We know, the distance of point (x7,y1,2z7) from the plane
m:ax+by + cz +d = 0is given by:

_ |axy + by, +czy +d
| VaZz+bp2 +c2

Putting the necessary values,



_ |@)E+{=3))+(5)(-1)+7

W 22+(-3)2452

.. the distance of the plane 2x -3y + 52+ 7 = 0 from (3, 4, -1) is

% units

3. Question

Find the equation of the plane mid-parallel to the planes 2x -2y +z+ 3 =0and 2x-2y +z+ 9 =0.
Answer

Given:

* Equation of planes: mj=2x -2y +z+ 3 =0m=2x-2y+z2+9=0
Let the equation of the plane mid-parallel to these planes be:
M3:2x-2y+z+6=0

Now,

Let P(xq1,y1,21) be any point on this plane,

= 2(x1) - 2(y1) + (z) + 6 = 0 eq(i)

We know, the distance of point (x;,y;,2z7) from the plane

m:ax+by+ cz+d = 0is given by:

_ |axy + by, +czy + d|

P=| vaz+b? +c?

= Distance of P from my:

(2%, — 2y, +2,)+ 3

V22 +(-2)2+12

.
—p= |¥| (using eq(i) )

Similarly

= Distance of P from 15 :

(2%, — 2y, +z,)+9

V224 (-2)2+ 12
= q= |?| (using eq(i) )

As 113 is mid-parallel to m; and 15 .
pP=q

|(—E]+3| |—B+9|
= [ | = |—=
3 3

Squaring both sides,

- 2 _ 2
— () (e

— (3-6)2=(9-6)°



—9-60+62=281-180+6
. equation of the mid-parallel plane is 2x -2y +z+ 6 =0

4. Question

Find the distance between the planes 1_(1 + Zj' +31:;) +7 =0 and 1_(21 + 4J + 61{) +7=0.
Answer

Let 3 be the position vector of any point P on the plane

L(i+2j+3k)+7=0:

= 3. (1+2j+3k)+7=0eq()

We know, the distance of 3 from the plane .11 — d = 0 is given by:

é’.ﬁ’—d|

P= 1

Putting the values of 3 and 1 :

— - _ |F(zirajrek)+7
p= |2i+4j+6k]
— o _ |23 G2ie3K)+7
P V22 +4% 467
2(-7)+7
—p -2

V56
— — 7
p - v‘ﬁ

- the distance between the planes . (i+ 2j+ 3k) + 7 =0and ¥ (2i + 4+ 6k) + 7 =0 is i_é units.
Vv
Exercise 29.11
1. Question
Find the angle between the line f: (21 +3j +91;:) +}._(2i“ +3j +41::)and the plane 1_(1 -|-j +k) =5.

Answer

Equation of line is

t = (2 + 37 + 9k) + k(2i + 3§ + 9k)
And the equation of the plane is

t(i+j+k =5

As we know that the angle 6 between the line x;xl = % = z;zl and a plane axx + by + ¢;z + dy =0 is
1 1 1
given by
. a;a, + b;b, + cyc;
sinf =

Jaz + b2 + c2yal + b2 + 2
Here,a;=1,by=1landc =1

anda,=2,b,=3andc;, =4



The angle between them is given by

- 1x2+ 1x3 + 1x4 2+3+4 9
sino = = =
J1+1+1D#+9 + 16) V3 x 29 \87

2. Question

x—-1 v-2 z+1

Find the angle between the line == = and the plane 2x +y -z = 4.
1 -1 1
Answer
As we know that the angle 6 between the Iine% = 3”:’” = % and a plane aox + boy + ¢z +dy, =0 is
1 1 1
given by
sinf — , a,8, +bybs + 2,00

T
|af+bf+cf\|'a§+b§+cg

v
Now, given equation of the line is

x—1 y-—-2 z+ 1
1 -1 1

So,a;=1,bj=-1landc =1
Equation of planeis2x +y-z-4=0
So,a,=2,bb=1,c=-1landdy, =-4

1%2 + (—1)x1 + 1x{—1)

- 8inB =
JIZ+(-1)2 #1322 + 1% 4 (1)
. 2-1-1
= ginf = _—
Vitl+Ja+1+1
=3inf = 0 =
T Vivi+nariel
=sin6=0

. the angle between the plane and the line is 0°
3. Question

Find the angle between the line joining the points (3, - 4, - 2) and (12, 2, 0) and the plane 3x -y + z = 1.

Answer

As we know that the angle 6 between the line x;x* = % = z;z* and a plane a;x + by + ¢z +dy =0 is
1 1 1

given by

sinf — , a,8, +bybs + €00

i epiec e eniec
Given that the line is passing through A(3, - 4, - 2) and (12, 2, 0)
- the direction ratios of line AB are

=(12-3,2-(-4),0-(-2))

=(12-3,24+4,0+ 2)

=(9, 6, 2)

So,

a;=9,bj=6andc; =2 ...... (2)

Given equation of planeis3x -y +z=1



So,
a=3,bb=-1landc=1...... (3)

IXG+6x—1 +2x1

~osinf = -
V9% +6% +22,/3% +1% + (—1)°
. 27-6+2
=35in = ———
VBI+36+40+1+1
= sinf = ia = =
V12111 114/11

23)

Therefore the required angle is sin ~ 1 (ll =
J

4. Question
The line is parallel to the plane f_(mi +3j +k) =4 Find m.

Answer

We know that line3 — 3 4+ Kp is parallel to the plane. 5§ = d if

ol
=1
|
=
—

Given the equation of the line is
t =1+ k(21 —mj—3k)

and the equation of the plane is
t(mi+ 35+ k) = 4

So,b = (21— mj— 3Kk)
i=(m+3+k)

Putting the values in equation (1)
(21— mj—3k).(mi + 3 + k) = 0
=22m-3m-3=0

=>-m=3

=>m=-3

5. Question

Show that the line whose vector equation is 1_ = 2{ +5j + ?f{ +f(1 +3] +41:;)is parallel to the plane whose

vector equation is 1_(1 +j — k) = 7.Also, find the distance between them.

Answer

We know that line§ — 3 4+ kp and plane .3 = d is parallel if

Given, the equation of the line} = (:2‘1‘ + 5] + 71&) + k(i + 3j + 4k) and equation of plane is the

ti+j-k =7

SO,h =1+ 3j+ 4kanddi =1+ j-k

=
Now, 1 .4



=(1+35+4k)(i+i-k)
=1+3-4=0
So, the line and the plane are parallel

We know that the distance (D) of a plane? 11 = d from a point 3 is given by

an-—d

n

D =
i=(21+5 +7k)

(21 + 57+ 7k).(i+ -k —7

b= J12 + 12 + (-1)2
p_2+5-7-7
VI+1+1
D= _i
V3

We take the mod value

7
SO, D = —F=
V3
6. Question
Find the vector equation of the line through the origin which is perpendicular to the plane
r.(i+2j+3k)=3.
Answer
The required line is perpendicular to the planet. (:f +2i + 3R) =3
So line is parallel to normal vectorj = (f + 2f + 3&) of plane.
And it is also passing through3z = (:()"1 + 0j + oﬁ)

We know that the equation of the line passing through3 and parallel tof ist = 3 + Kb -
b=1=(i+2+3k)

t = (01 +0f+0k) + k(i+ 2+ 3k

Hence equation of the required line is

F=k(+ 2+ 3k

7. Question

Find the equation of the plane through (2, 3, - 4) and (1, - 1, 3) and parallel to the x - axis.
Answer

We know that the equation of plane passing through (x;,y1.,27) is given by

a(x-x7) +bly-y1) +c(z-2)=0...... (1)

So, equation of plane passing through (2,3, - 4) is

a(x-2)+bly-3)+c(z+4)=0...... (2)

It also passes through (1, - 1, - 3)

So, equation (2) must satisfy the point (1, - 1, - 3)



Sa(l-2)+b(-1-3)+c(-3+4)=0
=>-a-4b+c=0
=a+4b-7c=0...... (3)

. X—X — Z—Zy .
We know that line — L = % = = L is parallel to plane
1 1 1

arx + b2y + Gz + d2 =0if ajap + b1b2 + C1Cr = 0..... (4)
Here, equation(2) is parallel to x axis,

X ¥
1 o]

Using (2) and (5) in equation (4)
aXl +bx0+cx0=0

=2a=0

Putting the value of a in equation (3)
a-4b+7c=0

=0-4b+7c=0

=-4b=-7c

>pb=1¢

Now, putting the value of a and b in equation (2)
a(x-2)+bly-3)+c(z+4)
=>0(x—2)+?(y—3)+c(z+4)=0

Tcy
4

=0+ —2—i°+cz+4c=0

=7¢cy-21c+4cz+16c =0

Dividing by c we have,

7y -21+4z+16=0

=7y +4z-5=0

Equation of required planeis 7y + 4z-5=0
8. Question

Find the equation of a plane passing through the points (0, 0, 0) and (3, - 1, 2) and parallel to the line
x-4 y+3 z+1
1 —4 7

Answer

We know that the equation of plane passing through (x;,y1,27) is given by
a(x-x1) +bly-y1) +c(z-2)=0...... (1)

So, equation of plane passing through (0,0,0) is
a(x-0)+b(y-0)+c(z-0)=0

ax +by+cz=0...... (2)

It also passes through (3, - 1,2)

So, equation (2) must satisfy the point (3, - 1,2)



L3a-b+2c=0.... (3)

We know that line —2* = ™1 — ? is parallel to plane a;x + byy + ¢z + dy = 0 if ajay + biby + c1c5 =0

a; by 1

Here, the plane is parallel to line,
x—4 y+3 z+1

1T -4 7
So,

axl+bx-4+cx7=0
=a-4b+7c=0...... (5)
Solving equation (3) and (5) by cross multiplication we have,

a b C
—1x7—(—4)x2 1x2-3x7 3x—-4—-1x-1

- a _L_ C

—-7+8  2-21  —12+1

a b c
RESariria G
La=k b=--19%andc=-11k

Putting the value in equation (2)

ax+by+cz=0

kx - 19ky - 11kz = 0

Dividing by k we have

x-19y-11z=0

The required equationis x - 19y - 11z =0

9. Question

Find the vector and Cartesian equations of the line passing through (1, 2, 3) and parallel to the planes
r(i-j+2k)=5and r.(3i+j+2k)=6

Answer

We know that the equation of line passing through (1,2,3) is given by

x—1 —2 z—3

— ===

a1 by €1

We know that line ::xl = % = z;zl is parallel to plane a;x + byy + ¢;z + dy = 0 if ajay + byby + ¢3¢, =0
1 1 1

Here, line (1) is parallel to plane,
X-y+2z=5

So,

axl+bx-14+cx2=0
=a-b+2c=0...... (3)

Also, line (1) is parallel to plane,
3X+y+z=6

So,



ax3+bxl+cx1=0
=23a+b+c=0.... (4)
Solving equation (3) and (4) by cross multiplication we have,

a b C

Ax1-(Dx2 3x2—-1x1 1x1-3x-1

= - = _ _=£

b
—1-2 6-1  1+3

w
w |

c
=5 = k(let)
~.a=-3k, b=>5kandc =4k
Putting the value in equation (1)

x—1 y—2 z—3
-3k 5k 4k
Multiplying by k we have

x—1 y—2 z—3
-3 5 4

The required equation is X — 1_ _
-3 5 4

t=(1+2]+3k)+ k(-3 + 5 + 4k)
10. Question

Prove that the line of section of the planes 5x + 2y -4z + 2 = 0 and 2x + 8y + 2z - 1 = 0 parallel to the
plane 4x - 2y - 5z-2 = 0.

Answer

Let a;,b; and c; be the direction ratios of the line 5x + 2y -4z + 2 =0and 2x + 8y + 2z-1 = 0.

As we know that if two planes are perpendicular with direction ratios as a;, b; and ¢ and a5 , b, and ¢, then
ajay + biby + o =0

Since, line lies in both the planes, so it is perpendicular to both planes

5a; + 2b;-4¢c; =0 ...... (1)

2a; +8by +2c; =0...... (2)

Solving equation (1) and (2) by cross multiplication we have,

dy by €
2%x2—(—4)x8 2x—-4—-5x2 5x8—-2x2

36 —-18 36
=31 _ ﬂ — &
2 -1 2

La=2k,b=-kandc=2k

We know that line == = == = Z=* s parallel to plane axx + byy + ¢z + dp = 0 if a3 + biby + ¢3¢, = 0

a; by 1

Here, line with direction ratios a;,b; and c; is parallel to plane,



4x -2y -5z=5

So,

2x4 +(-1)x-2+2x-5=0

=28+4+2-10=0

Therefore, the line of section is parallel to the plane.
11. Question

Find the vector equation of the line passing through the point (1, - 1, 2) and perpendicular to the plane 2x -y
+3z-5=0.

Answer

Equation of line passing through 3 and parallel to g is given by # — 3 + kb ------(1)

Given that the line passes through (1, - 1,2) is

P=(i-7+ 2k) + kb - (2)

Since, line (1) is perpendicular to the plane 2x -y + 3z -5 = 0, so normal to plane is parallel to the line.
In vector form,

bisparalleltof = 21 —j + 3k

So, b = 1(2i—f + 3k)aslisany scalar

Thus, the equation of required line,

t=(i—-§+ 2k) + k(1(2i—j + 3k)

5
I

(-7 + 2k) + m(2i—j + 3k)
12. Question

Find the equation of the plane through the points (2, 2, - 1) and (3, 4, 2) and parallel to the line whose
direction ratios are 7, 0, 6.

Answer

We know that the equation of plane passing through (x;,y1,27) is given by
a(x-xq1) +bly-y1) +c(z-2)=0...... (1)
So, equation of plane passing through (2,2, - 1) is
a(x-2)+b(y-2)+c(z+1)=0...... (2)
It also passes through (3,4,2)
So, equation (2) must satisfy the point (3,4,2)
~a(3-2)+b(4-2)+c(2+1)=0
=a+2b+3c=0.... (3)

X=X _ ¥y

We know that line == = ? is parallel to plane a;x + byy + ¢oz + dy = 0 if ajay + byby + ¢, =0
1

a; by

Here, the plane (2) is parallel to line having direction ratios 7,0,6 ,
So,
ax7 +bx0+cx6=0

=7a+6c=0



Putting the value of a in equation (3)

a+2b+3c=0
=_§+2b+3c=o

=-6C+ 14b + 21c=0

=14b + 15c =0

=a = _IJC
14

Putting the value of a and b in equation (2)
a(x-2)+bly-2)+c(z+1)=0

15¢

6C _
=_7(X_2)+(_Z)(y_2)+c(z+1)_0

Geox 12¢ 15 30c
== =T g+ =0
7 7 14 14

Multiplying by 1% we have,
c

-12x+24-15y+30+14z+14=0
=-12x+ 15y + 142+ 68 =0

= 12x-15y-14z-68 =0

Equation of required plane is 12x - 15y - 14z-68 =0

13. Question

. . -2 v+ -3
Find the angle between the line X == L = z and the plane3x + 4y +z+ 5= 0.
3 -1 2
Answer
We know that line x:* = % = z;zl is parallel to plane ayx + byy + ¢z + dy, = 0 if ajay + byby, + ¢, =0
1 1 1
is given by
sinf — a,3, +bybs + 2,00

I
|af+bf+cf\|'a§+b§+cg

v
Now, given equation of line is
x-2 y+1 z-3
3 -1 2
So,al=3,bl=-1landcl=2

Equation of planeis3x +4y +z+5=0
So,a2=3,b2=4,c2=1andd2 =-5

3x3 + (—1)x4 + 2x(1)

~.sinf =
VETH(-1)7 + 2232 +47 + (1)7
. 9—4 +2
= ginf = _—
VI+1+4V9+1e+1
= sin® — 7 % V7 _ 77 _ V7
V14vZ6 7 74/52 W52

=sin0="Y"0=sin" 1(L7)
V52 V52



—

.. the angle between the plane and the line is sin - 1(Li)
v32

14. Question

Find the equation of the plane passing through the intersection of the planes x -2y +z=1and2x +y +z =
8 and parallel to the line with direction ratios proportional to 1, 2, 1. Find also the perpendicular distance of
(1, 1, 1) from this plane.

Answer

We know that equation of plane passing through the intersection of planes a;x + byy + ¢;z + d; = 0 and a)Xx
+ byy + ¢oz + dy = 0 is given by

(a1x + by + 3z + dq7) + k(aox + by + ¢z + dy) =0

So, equation of plane passing through the intersection of planes
X-2y+z-1=0and2x+y+z-8=0is
(x-2y+z-1)+k(2x+y+z-8)=0...... (1)
=>x(1+2k)+y(-2+k)+2z2(1+k)+(-1-8k)=0

| ¥=¥a -z

We know that line === = is parallel to plane ax + byy + ¢z + dy = 0 if ajay + byby + c;c5 =0

a; by €1

Given the plane is parallel to line with direction ratios 1,2,1
I1x(1+2k) +2%x(-2+k)+1x(1L+k)=0
=214+2k-44+2k+1+k=0

=>k=

b

Putting the value of k in equation (1)

2
(x—2y+z—l)+g(2x+y+z—8) =0

=>x+‘—_bx—?.y+§y+z+§z—l—£= 0
= = =

=]
9x g 7z 21
R - |

=290x-8y+7z-21=0
We know that the distance (D) of point (xq,yq1,2z7) from plane ax + by + cz- d = 0 is given by

ax, + by, + cz; + d;

vaZz + b? + 2

5o, distance of point (1,1,1) from plane (1) is

9x1 +(-8)x1 + Tx1-21

=>D =
JOZ+ (-8 +72
=D = 9-8+7-21
vE81+ 64 +49
—13
ﬂD = —
V194

Taking the mod value we have

13

V194

15. Question

State when the line  — 5 + 3} is parallel to the plane .11 = d_Show that the line 1 = +] +}.,(3i —j+2k)is



~ ~

parallel to the plane 1_( jj +k) =3 Also, find the distance between the line and the plane.

Answer

We know thatlineg = 3 + RE’ and planet nn = dis parallel if

Given, equation of line — (i + {) + k(3i—j + 2k) and equation of plane is
£(25 + &) = 3

SO, b = 3i—j + 2kand i = 2§ + k
Now, ; #

=(31—7 + 2k)(2§ + k)
=-2+42=0

So, the line and the plane are parallel

We know that the distance (D) of a planet 11 = d from a point 37 is given by

in—d
D =
n
a=0{0+79
5 G+D.2j+ k-3
V22 + (1)?
2—3
D =
VI+4
D 1
- -

We take the mod value

So,D = i
V5

16. Question
Show that the plane whose vector equation is 1_(1 + jj — k) =]and the line whose vector equation is
I = ('_i +] +k) + (.Zi +]+ 4k)are parallel. Also, find the distance between them.

Answer

We know that line3 = 3 4 kp and plane .5 = d is parallel if
Given, equation of linef = [:_f + i+ R) + k(2i + j + 4k) and equation of plane is
R+ 21—k =1

SO,h =21 +j+ 4kandf =1+ 2j—k

—
Now, j 1



=(2i +§+ 4k)(i + 2j— k)
=24+2-4=0
So, the line and the plane are parallel
We know that the distance (D) of a plane? 11 = d from a point 3 is given by
if-d
n

i=(-1+j+k)

D =

C(H+jrk)r2g-B-1

b= J—12 + 22 + (1)?
L Tl+2-1-1
Ny
D=+
V6

We take the mod value

So,[):i

N3
17. Question

Find the equation of the plane through the intersection of the planes 3x -4y + 5z=10and 2x + 2y -3z =4
and parallel to the line x = 2y = 3z.

Answer

We know that equation of plane passing through the intersection of planes a;x + byy + ¢;z + d; = 0 and ayx
+ boy + oz + dy = 0 is given by

(a1x + by + c1z + dq) + k(axx + by + ¢z +dy) =0
So, equation of plane passing through the intersection of planes
3x-4y +5z-10=0and2x +2y-3z-4=0is
(3x -4y +5z-10) + k(2x + 2y -3z-4) =0 ...... (1)
=>Xx(3+2k) +y(-4+2k)+2(5-3k)+(-10-4k)=0

X=X _ YW

We know that line == = ? is parallel to plane ayx + byy + c;z + dy, = 0 ifajay + byby, + ¢, =0

a; by 1

Given the plane is parallel to linex = 2y = 3z m-z = g = g
6X(3 + 2k) + 3x (-4 + 2k) + 2x(5-3k)=0
=18 + 12k-12 + 6k +10-6k =0

>k=_—2"2 = _

16 4
12 3

Putting the value of k in equation (1)

4
(3x- 4y + 5z —10)—5(2}&—1— 2y-3z— 4) =10
ﬁ3x—§x—4y—§y + 5z + 4z—10 + % =0
=2 1920

3

=2>Xx-20y+272-14=0



The required equation is x - 20y + 27z-14 =0

18. Question

Find the vector and Cartesian forms of the equation of the plane passing through the point (1, 2, - 4) and
parallel to the lines 1_ = (1 +jj— 41{) +}-.(2i +Sj +61;)and 1_ = (1 —3j +51“() +1 (1 +j —R)_Also, find the
distance of the point (9, - 8, - 10) from the plane thus obtained.

Answer

The plane passes through the point (1,2, - 4)

A vector in a direction perpendicular to

= (1 + 2)—4k) + m(2i + 3] + 6k)and

=

=

=(i-3 +5k) + n(i +j-k)is

= (2 + 37+ 6k)x (1 +j—k)

=18

-

= -9 + 8j—k

L

=18

Il

S I
L) =
(s -]

1 1 -1
Equation of the plane is ¢t —3).1 = 0
(r—(i + 2j—4k)).(—9 + 8j—k) = 0
=7 (-9 + 8j—k) = 11
Substituting = xj + Vi + 7k, we get the Cartesian form as
-9x+8y-z=11
The distance of the point (9, - 8, - 10) from the plane

—-9%x9 +8x—-8—(—10)—11 —81—64 + 10—11 146
= (F10) = = /126

— — =V
V92 + 82 + 12 VB8l + 64 + 1 V146

19. Question

Find the equation of the plane passing through the point (3, 4, 1) and (0, 1, 0) and parallel to the line
X+3 yv-3 z-2

2 7 5

Answer
We know that the equation of plane passing through (x;,y1,27) is given by
a(x-x1) +bly-y1) +c(z-2)=0...... (1)
So, equation of plane passing through (3,4,1) is
a(x-3)+bly-4)+c(z-1)=0...... (2)
It also passes through (0,1,0)
So, equation (2) must satisfy the point (0,1,0)
~a(0-3)+b(l-4)+c(0-1)=0
=-3a-3b-c=0
=3a+3b+c=0..... (3)

X%y _ ¥-¥i _ 2%

We know that line === = is parallel to plane ax + byy + ¢z + dy = 0 if ajay + byby + c;c5, =0

a; by €1




So,

ax2 +bx7+cx5=0

=2a+7b+5c=0.... (5)

Solving equation (3) and (5) by cross multiplication we have,

a b C
3x5—(7)x1 2x1—-3x5 3x7—-2x3

- _a _ b _ c

15-7  2-15  21-€

a b c
T T s ke
sa=8k b=--13kand c = 15k

Putting the value in equation (2)

8k(x - 3) - 13k(y - 4) + 15k(z-1) =0

8kx - 24k - 13ky + 52k + 15kz - 15k = 0

Dividing by k we have

8x-13y + 152+ 13 =0

Equation of required plane is 8x - 13y + 15z + 13 =0

20. Question

Ny 7 1 e
Find the coordinates of the point where the line X-- = y+1 = Z7- intersects the planex -y +z-5=0.

3 4 2

Also find the angle between the line and the plane
Answer
y+1 _ z—2

2

. . x—2
Given line*f = ¥*2 _
3 4

3 2

=2>2X=3r+2,y=4r-1,z=2r+ 2

Substituting in the equation of the planex -y +z-5=0
Weget, (3r+2)-(4r-1)+(2r+2)-5=0
=>3r+2-4r+14+2r+2-5=0

=2r=0

SX=3X04+2,y=4%x0-1,z=2x0+2
2x=2,y=-1,z=2

Direction ratios of the line are 3, 4, 2

Direction ratios of the line perpendicular to the planeare1,-1,1

3x1 +4x—1 + 2x(1)

- 8inB =
V3TH(4)2 42217+ 124 (1)2
3-4+2
= ginf = —_—
VIt 16 +aVi+1+1
. 1 1
=35inf = == = —

w
=]
=1

W29 v

=sinB = —=0 =sin " }(—=)
W87 VBT



. the angle between the plane and the line is sin ~ 1(i)

V87
21. Question
Find the vector equation of the line passing through (1, 2, 3) and perpendicular to the plane

r.(i+2j-5k)+9=0.

Answer

We know that equation of line passing through point 3 and parallel to vectorE’ is given by

Given that, the line is passing through (1,2,3)

So,3 =1+ 2j + 3k

It is given that line is perpendicular to plane #(i + 2j—5k) + 9 = 0
So, normal to plane (i) is parallel to j

So, lety — I§ = 1(i + 2j—5k)

Putting 3 and B’ in (1) , equation of line is

t=(1+2]+3k) +kQ(+ 27— 5k))

=% = (i+ 2] +3k) + m(i + 2j—5k)

22. Question

4 7 -3
Find the angle between the line X +1 - = Z7- and the plane 10x + 2y - 11z = 3.

¥
2 3 6

Answer

Direction ratios of the line x;’ _ % = ? are (2,3,6)

Direction ratio of a line perpendicular to the plane

10x + 2y - 11z =3 are 10, 2, - 11

As we know that the angle 6 between the Iine% = % = % and a plane a;x + by + ¢z +dy =0 is
1 1 1
given by
. a;a, + byb, + ¢yc,
5inf =

Jaz + b2 + c2Jal + b2 + 2
If © is the angle between the line and the plane, then

2x10+ 32+ 6x—11

- 8inB =
V2Z+(3)% +6%,/10% + 22 + (11)2
) 20 + 6-66
= sinf = — ,
JVE+ 9 +36/100+ 4 + 121
S sind — —40  —40 g
T Jas2z5  7x1s 21
. ] P g
=sind = ——=6 =sin~"}(-2)
21 21

. the angle between the plane and the line is sin~ 1(—231)

23. Question



Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes 1_(1 —j + jk) =5and

f.('3i“+j+1%]:6.

Answer

We know that the equation of line passing through (1,2,3) is given by

x-1  y-2 _ z-3 (1)
ai b1 e1 T
. X—Xx — Z—Zy . .
We know that line — L = % == * is parallel to plane ayx + byy + ¢z + dy = 0 if ajay + byby + c;c; =0
1 1 1

Here, line (1) is parallel to plane,
X-y+2z=5

So,

axl+bx-14+cx2=0
=a-b+2c=0..... (3)

Also, line (1) is parallel to plane,
3X+y+z=6

So,

ax3 +bx1l+cx1=0
=23a+b+c=0.... (4)

Solving equation (3) and (4) by cross multiplication we have,

a b C
—1x1—(1)x2 3x2—-1x1 1x1—-3x-1

=»_3 _ b _ _c
—-1-2 6—1 1+3
a b c

=2 P _ ke
-3 5 4

..a=-3k,b=5kandc =4k
Putting the value in equation (1)

x—1 y-2 Z—3
-3k 5k 4k
Multiplying by k we have

x—1 y—2 z—3
-3 5 4

The required equation is >~ _ _
-3 5 4

The vector equation is
t=(1+2]+3k)+ k(-3 + 5 + 4k)

24. Question

— +5
Find the value of k such that the line — == = " is perpendicular to the plane 3x -y -2z =7.

Answer



Here, given midline ¥=2 — 1"_: — Z*3 s perpendicular to plane 3x -y - 2z = 7.
6 —4
. xex - -z, . . . b
We know that line =% = ™1 — %1 ig harpendicular to plane a)x + by + Gz + dy = 0if2 + 22 + 52 —
a, by cy az by Cz

So, normal vector of plane is parallel to line .

So, direction ratios of normal to plane are proportional to the direction ratios of line .

Here & — & _ #
3 -1 —2

By cross multiplying the last two we have
-2k=4

>k=-2

25. Question

Find the equation of the plane passing through the points (- 1, 2, 0), (2, 2, - 1) and parallel to the line
x-1 2y+1 z+1
1 2 -1

Answer

We know that the equation of plane passing through (x3,y1,27) is given by
a(x-xq1) +bly-y1) +c(z-2)=0...... (1)

So, equation of plane passing through (- 1,2,0) is

a(x+ 1)+ b(y-2)+c(z-0)=0...... (2)

It also passes through (2,2, - 1)

So, equation (2) must satisfy the point (2,2, - 1)

a2+ 1)+b(2-2)+c(-1)=0

=3a-c=0.... (3)
. X-Xy ¥V, E-Ey _ . _
We know that line =, = . Is parallel to plane a>x + byy + ¢,z + dy, = 0 if aja + biby + ¢ =0
1 1 1
...... (4)

Here, the plane is parallel to line,
x—1 2y + 1 z+ 1

T 2 -1
So,

axl+bx2+cx1=0
=a+2b+c=0...... (5)
Solving equation (3) and (5) by cross multiplication we have,

a b C
0—(-1)x2 1x-1-3x1 3%x2-0

-a_ b _¢
2 —4 &
a b c
=2 - 2 = £ = (et
1 -2 3 ( )

~a=k b=-2kandc =3k
Putting the value in equation (2)

kix +1) -2k(y -2) + 3k(z-0)=0



kx + k-2ky + 4k + 3kz=10

Dividing by k we have

X-2y+3z+5=0

The required equationis x-2y +3z+5=0

Exercise 29.12
1. Question

Find the coordinates of the point where the line through (5, 1, 6) and (3, 4, 1) crosses thda) yz -plane(b) zx -
planeAlso, Find the angle which this line makes with these planes?

Answer
(a) Direction ratio of given lineare (5-3,1-4,6-1) = (2, - 3, 5Hence, equation of line is
x—5b y-—1 Z—06

2 -3
17 13

5(—2)+6 = —?Hence, the coordinates of this point are (0, =, — ).
2

_ For any point on the yz -plane x = O0x = 2r + 5 = Or = _gy =- 3(_3) +l="z=

(b): Direction ratio of given lineare (5-3,1-4,6-1) =(2,-3,5)

Hence, equation of line is

x—5 y-—1 Z—6

2 3 5 T

For any point on zx -planey = 0

=-3r+1=0
1
r=-
3

1 17

X—2(§)+5—?

1 23

Hence, the coordinates of this point are (g, 0, ?).
2. Question

Find the coordinates of the point where the line through (3, - 4, - 5) and (2, - 3, 1) crosses the plane 2x +y +
z=177

Answer
Let the coordinates of the points A and B be (3, - 4, - 5) and (2, - 3, 1) respectively.
The equation of the line joining the points (x,,v,,z,) and (%,,¥,,2Z,) is

=% _ ¥V . oEZy .
— = = = I',whereris a constant
Xz —Xy ¥z2—¥1 Zz— 2y

Thus, the equation of AB is

x=3  y—(4 z—-(-5
2-3 (-3)-(-4) 1-(-5

r

Xx—3 y+4 z+ 5
-1 1 6

r

Any point on the line AB is the form
-r+3,r-4,6r-5

Let p be the point of intersection of the line AB and the plane2x +y +z =7



Thus, we have,

2(-r+3)+r-4+6r-5=7

=>-2r+6+r-4+6r-5=7

=5r=10

=>r=2

Substituting the value of rin-r + 3, r- 4, 6r - 5, the coordinates of P are:
(-2+4+3,2-4,12-5)=(1,-2,7)

3. Question

Find the distance of the point (- 1, - 5, - 10) from the point of intersection of the line and the
T(20-j+2k)+ A(31+4)+2k)plane 1 (i-j+k)=5.

Answer

The equation of the given line is

L(21—7 + 2k) + A(31 + 4] + 2k) ... (1)

The equation of the given plane is

t(i-j+k =5...@)

Substituting the value of from equation (1) in equation (2), We obtain
[2i—§ + 2k + A(31 + 4] + 2k)].(i—-7 + k) = 5
BA+2)-(4A-1)+ (2L +2)=5

A=0

Substituting the value of equation (1), We obtain the equation of the line as
t=(21—7+ 2k)

This means that the position vector of the point of intersection of the line and the
planeist = (2i—7 + 2k)

This shows that the point of intersection of the given plane and line is given by the coordinates, (2, - 1, 2).
The pointis (-1, -5, - 10) .

The distance d between the points, (2,-1,2)and (-1, -5, -10) is

d=y9 + 16 + 144

d=13

4. Question

Find the distance of the point (2, 12, 5) from the point of intersection of the line
r=2i-4j+2k+2(31+4j+2k) and the plane 1.(1-2j+k) =0.

Answer

To find the point of intersection of the line

t = (21—4j + 2k) + A(31 + 4§ + 2k) and the plane



We are substituting T of line in the plane.

[21—4 + 2k + (31 + 4§ + 2k)]. (i—-2f + k) = 0
=2+3L+8-8.+2+24=0

=3\ = 12

-2 =4

t=(21—4 + 2k) + 4(31 + 4 + 2k) = 141 + 12] + 10k

Hence, the distance of the point 2i + 12j + 5k from 141 + 12j + 10kis

\,f(14—2)2 + (12—12)2 + (10—5)2 = V169 = 13
5. Question

Find the distance of the point P(- 1, - 5, - 10) from the point of intersection of the line joining the points A(2,
-1, 2) and B(5, 3, 4) withthe planex-y+z=57?

Answer
Equation of line through the point A(2, - 1, 2) and B (5, 3, 4) is

Xx—2 y+1 z—2 ]
52 3+1 4-2 !

+1 z—2
¥ =
2

x—2
=2 = — =
3 4
=>X=3r+ 2, y=4r—1z =2r + 2
Substituting these in the plane equation, We get
3r+2)-4r-1)+(2r+2)=5
=1 = 0

2x=2,y=-1,z=2
Distance of (2, -1, 2) from (- 1,-5,-10)is

=\f(2—(—1j|)2 +(-1-(=5)" + (2-(-10))" = VI69

=13
6. Question

Find the distance of the point P (3, 4, 4) from the point, where the line joining the points A(3, - 4, - 5) and
B(2, - 3, 1) intersects the plane2x +y + z= 77

Answer
Equation of line through the point A(3,-4,-5)and B (2,-3,1)is

XxX—3 y+ 4 Z+5

2-3 -3+4 1+5

T

x—3 V+4 Z+5
22— = = = =7
-1 1 6

=x=-r+3y=r—4z=6r—-5

Substituting these in the plane equation, We get



2(-r+3)+(r-4)+ (6r-5) =7
=s>r=2

=>2x=1y=-4,z=7

Distance of (1, - 2, 7) from (3, 4, 4) is

=J/B-12+ (4 +2)2+ (4-7)2 = V49

=7

7. Question

Find the distance of the point (1, - 5, 9) from the plane x -y + z = 5 measured along the linex =y =27
Answer

The given planeisx-y+z=5...... (1)

We have to find the distance of the point (1, - 5, 9) from this plane measured along a line to

X=y=2

So, the direction ratio of the line from the point (1, - 5, 9) to the given plane will be the same as that

of given line.

The equation of line passing through (1, - 5, 9) and having direction ratio is

x—1 y+5 z—9
T -1 1 7 fF
X=r+1l,y=r-52z=r+9

put in equation (1)

r+l-r+5+r+9=5

=>r+15=5

=r=-10

Coordinates are (-10 + 1, -10 - 5, -10 + 9) is (-9, -8, -1)

Distance of (-9, -15, -1) from (1, - 5, 9)

=/ +9)2 + (-5 + 15)2 + (9 + 1)2

= /300

Exercise 29.13

1. Question

Show that the lines 1 = (2]_ 31{) + 2 (1 + 2:|'+ 31{) and 1 = (21 +6j + 3k) +u (21 +3j 3 41{) are coplanar.
Also, find the equation of the plane containing them.

Answer

o
T

(2§ —3k) + A(1 + 2§ + 3k

t = (21 + 6] + 3k) + u(2i + 3j + 4k)

We know that the lines,

F=a, + )Lb_; andf = a, + )Lb_; are coplanar if



a;.(b; xb;) = &;.(b, x by)

And the equation of the plane containing them is

(b, xb;) = a;.(b; xb;)

Here,a; = 2j—3kb, =1+ 2j + 3k3 = 21 + 6] + 3k b, = 21 + 3j + 4k

e e i‘ T R -~

b,xb, = [1 2 3| =18-9—-j4—-6) + k(3—14)
2 3 4

b,xb, = -1 + 2j—k

And

aG.(b; xb,) = (21 + 6] + 3k).(-1 +2j—k) = 2+12-3 =7
b

Since 37. (b_; X _2)) = a,. (b_; X b_;), the lines are coplanar Now the equation of the plane containing the given

lines is
t.(b, xb,) = a,. (b, xb,)
T

(
i (
(

-i+2)-k) =7

o]
—

+ k) = -7

§—
r(i—2

+k)+7=0

—_—

2. Question

. X+l v-3 z+2 X
Show that the lines == = and = =
-3 2 1
plane containing them.
Answer
. X—X y=y Z—Z X—X,
we know that line—— = "=~ = — and —/—
1 m, n; 1o
X=X Va=V1 22724
14 m, n, (=0
1, m, n,

And equation of the plane containing them is

X=X V=V 271
1, m, n, |[=o
1, m, n,

Here, equation of lines are

y-7 _ z+7

-3 2

(x+1)  (y-3) _ zzzand

-3 2

X
1

SO,X1=—1,y1=3,21=—2,I1=—3,m1=2,n1=1

x2=0,y2=7,22=—7,I2=1,m2=—3,n2=2

SO,

ng

-

" ' are coplanar. Also, find the equation of the

—z )
are coplanar if



X—X V2=V 2724
1, m, n,
1, m, n,

=0

0+1 7—-3 -7+ 2

-3 2 1
1 -3 2
1 4 =5
-3 2 1
1 -3 2

=1(4+3)-4(-6-1)-5(9-2)
=7+28-35

=0

So, lines are coplanar

Equation of plane containing line is

x+1 y—3 z +2
-3 2 1 =0
1 -3 2

(x+1)(4+3)-(y-3)(-6-1)+(z+2)(9-2)=0
IX+7+7y-21+72+14=0

IX+7y+7z2=0

X+y+z=0

3. Question

-
|

¥
]

Find the equation of the plane containing the line x+1 = Y = £T- and the point (0, 7, -7) and show

- -

that the line X = y=/7 = £ also lies in the same plane.
1 -3 2

Answer

we know that equation of plane passing through (x1, y1, z7) is given by
a(x-x1) +bly-y1) +c(z-2)=0...... (1)

Required plane is passing through (0, 7, - 7) so
a(x-0)+bly-7)+c(z+7)=0

ax+bly-7)+c(z+7)=0...... (2)

plane (2) also contain Iine% == = Z—J;z so, it passes through point (- 1, 3, - 2),

a-1)+b(3-7)+c(-2+7)=0
-a-4b +5c=0...... (3)

Also plane (2) will be parallel to line so,
ajap + biby, + c;co =0

(@)(-3) + (b)(2) + (c)(1) =0
-3a+2b+c=0..... (4)

Solution (3) and (4) by cross - multiplication,



a b C
M- ®2@) 3G -CDM - DR - D3

a b C

—4-10 -15+1 -2-12

a b C
-14  —14 14

a=-14)b=-14}, c=-14}

put a, b, c in equation (2),
ax+bly-7)+c(z+7)=0
-14M)x+(-140(y-7)+(-140)(z+7)=0
Dividing by (- 14 A) we get
X+y-74+z+7=0

X+y+z=0

so, equation of plane containing the given point and lineisx +y +z =0

. . X -7 +7
the other line |s§ = ""—3 = zz

so, ajay + biby + c;co =0

(@) + (D(=3)+(1)(2) =0

1-3+2=0
0=0
LHS = RHS

Find the equation of the plane which contains two parallel lines = y = and
1 -1 3
X-3 y+2 z
1 -4 5
Answer

we know that equation of plane passing through (x;, y1. z1) is given by
a(x-x7) +bly-y1) +c(z-2)=0...... (1)
since, required plane contain lines

=< - =—"and— = =

x—4 y—3 z2—2 x—3 y+2
1 —4 ] 1 —4

|

So, required plane passes through (4, 3, 2) and (3, - 2, 0) so equation of required plane is
a(x-4)+bly-3)+c(z-2)=0...... (2)

plane (2) also passes through (3, - 2, 0), so

a(3-4)+Db(-2-3)+c(0-2)

-a-5b-2c=0

a+5b+2c=0...... (3)



now plane (2) is also parallel to line with direction ratios 1, - 4, 5 so,
a;a; + biby + 15 =0

(@)(1) + (b)(- 4) + (c)(5) =0

a-4b+5c=0.... (4)

solving equation (3) and (4) by cross - multiplication,

a b C

56 - 92 M) -MG)  WEH-MG)

a b c
33 -3 -9

Multiplying by 3,

a b C )
1 -1 -3

a=11Ab=-Ac=-3A

put a, b, c in equation (2),
a(x-4)+b(y-3)+c(z-2)=0

(I1MXx-4)+ (-My-3)+(-3AN)(z-2)=0
11AX-44A-Ay+3A-3A2+6A=0

11 Ax-Ay-3Az-35A=0

Dividing by A,

11x-y-3z-35=0

So, equation of required planeis 11x-y-3z-35=0

5. Question

X+4_y+6_z-1 and 3x -2y + z+ 5 = 0 = 2x + 3y + 4z - 4 intersect. Find the
3 5 =2

equation of the plane in which they lie a-nd also their point of intersection.

Show that the lines

Answer
. . . x+4
we have, equation of the line IS— =70 =7 = b

General point on the line is given by (3A-4,5A-6,-2A+ 1) ...... (1)

Another equation of line is
3x-2y+z+5=0
2X+3y+4z-4=0

Let a, b, c be the direction ratio of the line so, it will be perpendicular to normal of 3x -2y + z + 5 = 0 and 2x
+3y+4z-4=0

So, using ala2 + blb2 + clc2 =0
(3)a) + (- 2)(b) + (1)(c) =0
3a-2b+c=0...... (2)

Again, (2)(a) + (3)(b) + (4)(c) =0



2a+3b+4c=0...... (3)
Solving (2) and (3) by cross - multiplication,

a b C

2@-3F0) @OO-3)® B -(-2@)

a b C
—-8—-3 2-12 9+ 4

a b C

—11 ~ —10 13
Direction ratios are proportional to - 11, - 10, 13

Letz=0so0

Solving (i) and (ii) by eliminations method,
6x—4y = —10

+6x+ 9y = +12

-13y =-22

22

Y=E

Put y in equation (i)

3x-2y=-5
3x-22=-5
13
3x-2=_5
13
3x=-5+=
12
3x=ﬂ

so, the equation of the line (2) in symmetrical form,

L L 22
*T13_Y~13_z-0
—-11 -10 13

Put the general point of a line from equation (1)

7 22
3 —4 + E: BA—G—E _ —23 + 1

—11 —10 13

390\ —52 + 7 65A—78-22 —2A+1
—11x13  —-10x13 13

390 —45 65A— 100 —2A + 1
-1 =10 1

The equation of the plane is 45x - 17y + 25z + 53 =0



Their point of intersection is (2, 4, - 3)

6. Question
Show that the plane whose vector equation is 1_(1 +2j- k) =3 contains the line whose vector equation is

f:i+j+}-.(2i“+]+41;].

Answer

we know that planer.n = d contains theliner = a + Ab if

bn =20

an =d

Given, equation of plane®. (i + 2j—k) = 3 and equation of line¥ = i + j + A(2i + | + 4k)

Sofi =i+ 2j—k

ful

=1+

d=3b = 2i + j + 4k

ol
=l

= (21 +7+ 4K)( + 2§— k)

=(2)(1) + (1)(2) + (4)(- 1)

=2+2-4
b.i =0
in=0G+PiE+2-k)

= (1)(1) + (1)(2) + (0)(- 1)
=1+2-0

=3

=d

Since,b.i = pandaid = d

So, Given line is on the given plane.
Hence, Proved.

7. Question

vl

Find the equation of the plane determined by the intersection of the lines X7 = J = £ and
3 —2 6

X+6 y+5 z-1

1 -3 2
Answer
LetL: 22 = ¥ — 2 5nd

3 -2 &

Ly : XJ; ¢ = 1"_+35 = %1 be the equations of two lines

Let the planebeax + by + cz+d=0...... (1)

Given that the required plane through the intersection of the lines Ly and L,

Hence the normal to the plane is perpendicular to the lines L and L,



~3a-2b+6c=0
a-3b+2c=0
Using cross multiplication, we get

a b C
-4+ 18 6-6 -9+ 2

a b C
14 0 -1
a_b_ ¢
2 o0 -1

8. Question

Find the vector equation of the plane passing through the points (3, 4, 2) and (7, 0, 6) and perpendicular to
the plane 2x - 5y - 15 = 0. Also, show that the plane thus obtained contains the line

r=i+3j-2k+i(1-j+k).
Answer
Let the equation of the plane bez + % + E = 1.... (1)

Plane is passing through (3, 4, 2) and (7, 0, 6)

S
a b ¢
7 0 6
—+-+-=1
a b C

Required plane is perpendicularto 2x -5y -15 =10

2 -5 0
—+—+-=0
a b C

2b = 5a

~b = 2.5a

34 17
6 2

X y z
Ttmwt-mT!
5 2 3

5x 2 3z

5x 2y 3z _

17 17 17

5x + 2y -3z =17
(xi + ¥ + zk). (51 + 2] —3k) = 17

(51 + 2j—3k) = 17



Vector equation of the plane is . (BT + 2]— 3ﬁ) = 17

The line passes through B(1, 3, - 2)

5(1) + 2(3)—3(- 2) = 17

The point B lies on the plane .

~thelinef = 1 + 3j—2k + A(i—] + k) lies on the planeT. (5i + 2j— 3k) = 17
9. Question

— I | -3 _ I | —3
If the lines 1:3' Z7- x-1_y-2_z-3

-3 2k 2 k 1 5
find the equation of the plane containing these lines.

o
=
o
Il
Il

are perpendicular, find the value of k and hence

Answer

The direction ratio of the Iine% vz _ ? isr; = (-3, -2k, 2)

. . . . x—1 -2 -3 .
The direction ratio of the Ime‘T = }'T =Zisr,=(k 1,5)
=]
. . x—1 —2 -3 x—1 —2 -3 .
Since the line== = = = Z=3nd == = ¥= = Z= 3re perpendicular so
-3 -2k 2 k 1 5

rl.r2=0
(-3,-2k,2).(k,1,5)=0
-3k-2k+10=0

-5k =-10
k=2
- the equation of the line are X2 = ¥=2 — 22 gpg 22 _ ¥=2 _ 222
-3 —4 2 2 1 3
The equation of the plane containing the perpendicular Iinesx_;l = % = ? and %1 = }'—:2 =jis
X y Z
-3 —4 2| =d
2 1 5

(-20-2)x-y(-15-4)+2z(-3+8)=d
-22x+ 19y + 5z=d

The line \_;31 = % = 2;—3 pass through the point (1, 2, 3) so puttingx =1,y = 2, z = 3 in the equation -22x

+ 19y + 5z = d we get

-22(1) + 19(2) + 5(3) =d

d=-22+38+15

d=31

~ The equation of the plane containing the lines is - 22x + 19y + 5z = 31

10. Question

Find the coordinates of the point where the line X-- 7 =2~ intersect the planex-y +z-5=0.
3 4 2
Also, find the angle between the line and the plane.

Answer



vl ? = k is of the form,

Any point on the line %2 =< - =

(3k + 2,4k -1, 2k + 2)

If the point p(3k + 2, 4k - 1, 2k + 2) lies in the planex -y + z-5 = 0, we have,
Bk+2)-(4k-1)+(2k+2)-5=0

3k+2-4k+1+2k+2-5=0

k=0

thus, the coordinates of the point of intersection of the line and the plane are :
{3(0) + 2, 4(0) - 1, 2(0) + 2}

P(2,-1,,2)

Let 6 be the angle between the line and the plane . thus

al+bm+cn

sinf = , , where |, m and n are the direction ratios of the line and a, b and c are the
V(@2 +b? + 212+ m? +n?

direction ratios of the normal to the plane

Here, =3, m=4,n=2,a=1,b=-1,and c =1 hence,

1x3+(-1)x4+ 1x2

sin@ =
J12 + (-1)2 + 12432 + 42 + 22
ne 1
sin® =
V3y29
_ ain—1f_1
0 = sin (ﬁvﬁ)

11. Question

Find the vector equation of the plane passing through three points with position vectors j _:]' _2k.2i _:i Lk

and 1 + j:i_ L Also, find the coordinates of the point of intersection of this plane and the line

~ "

r=3i—j-k+x(2i-2j+k}.
Answer

Let A, B and C be three point with position vectori + j— 2k, 21—§ + kandi + 2i + k

-~

Thus,AB = b—3 = (2i—j+ k) — (i + j—2k) = i—2j + 3k

AC=¢-a=(+21+k-(i+j-2k) =j+ 3k

As we know that cross product of two vectors gives a perpendicular vector so

. i j k
i=ABxAC=|1 -2 3
0 1 3

n=1(-6-3-3+k=-9-3+k

So, the equation of the required plane is
(f-3d)d=0
(£1) = (3.0)

(E(-91-3] + k) = (1 + ]—2k).(—91-3] + k)



t(-91-3] + k) = 14

Also we have to find the coordinates of the point of intersection of this plane and the line
F=3i—-j—k+A20—2] + k)

Any pointon the line ¥ = 3i—j—k + A(2i—2j + k)is of the form, p(3 + 24, -1-23, -1 +2)
Pointp(3 +2X,-1-24 -1+ 1) liesin the plane,
t.(—91—3] + k) = 14 5o,
93+2A)-3(-1-2)-(-1+}) =14

27 +18A-3-6A+1-A=14

11A=-11

A=-1

Thus the required point of intersection is
P3+2X4 -1-24-1+42)

put value of A in this equation
p[3+2(-1),-1-2(-1),-1+ (-1)]

p(1, 1, -2)

12. Question

X y-7 z+3 x-8 2y-8 z-

Show that the lines S - = = and

4 4 5 7 2

are coplanar.

Answer

5—-x y—7 zZ+ 3

a;=4,by=4,c;=-5
a,=7,bpb=1,¢c=3
X1=5vy1=7,21=-3
X=8,yp=4,2=5

the condition for two line to be coplanar,

7% VoW1 22724
d; b, C1
dp b, Cz

8—5 4—7 5+3
4 4 -5
7 1 3




3 -3 8
4 4 -5
7 1 3

= 3(12 + 5) + 3(12 + 35) + 8(4 - 28)
=3 X 17 + 3 x 47 + 8 x (-24)

=51+ 141 -192

=192 -192

=0

- The lines are coplanar to each other.
13. Question

Find the equation of a plane which passes through the point (3, 2, 0) and contains the line
X-3 y-6_z-4
1 5 4

Answer

Given that, a plane is passes through the point (3, 2, 0) so equation will be
a(x-3)+bly-2)+c(z-0)=0

a(x-3)+b(y-2)+cz=0...... (1)

. . x-3 -6 -4
plane also contains the Ime“T = ¥2 _ ZT

so it pass through the point (3, 2, 0)
a(3-3)+b(6-2)+c(4)=0

4b +4c=0...... (2)

Also plane will be parallel to,

a(l) + b(5) +c(4)=0

6-20 4-0 o0-1 &
a b C K
4 4 4

a=-k b=k c=-k

puta =-k, b=k, c=-kin equation (i) we get

(-K)(x-3)+ (ky-2)+(-kK)z=0

-X+3+y-2-z=0

X-y+z-1=0

14. Question

Show that the lines X+3 = y = and = y = z-3 are coplanar. Hence, find the equation

-3 1 5 -1 2
of the plane containing these lines.

th

Answer



. X—X v=y Z—Z X—X V=¥ Z—Z .
We know that the lines— = 2 = * and 2 =22 = % are coplanar if
L

1 m, n, I, ms, n,

X=X Y=V 272
1, m, n, |=0
1, m, n,
Here,

X1=—3,X1=—1,y1=1,yZ=2,Zl=5,22=5

h=-3,b=-1,m =1, my=2,n=5n,=5

X=X V"V Z2—44
1, m, n,
1, m, n,
2 1 0
-3 1 5| =2(5-10)-1(-15—-(-5)) + 0(-6—(-1))
-1 2 5

= 2(-5) - 1(-10) =-10 + 10
=0
So the given line are coplanar .

x+3 y—1 z-5
The equation of plane contains linesis| —3 1 5 =0
-1 2 5

(x+3)(5-10)-(y-1)(-15-(-5) + (z-5)(-6-(-1))=0
-5x-15+4+10y-10-5z2+25=0
-5x+10y-5z=0

Divided by - 5
X-2y+z=0
15. Question
If the line X 3 . 2 _Zr 4 lies in the plane Ix + my - z = 9, then find the value of # + m?2?
-1
Answer
. XXy _ ¥¥Vy _ Z7Zy .
We know that the lines—— = ~ = = —— liesin plane ax + by + cz + d = 0, then
1 1 1

ax, + by; +cz; +d = 0Oandal + bm + cn = 0

Here,

X1=3,y17=-2,z17=-4andl=2, m=-1,n=3
a=l,b=m,c=-1,d=-9
ie,3l+(-2m+(-4)(-1)-9=0and2l-m-3=0
3l-2m=5and 2l-m =3

3l-2m =5 ...... (1)

2l-m=3 ... (2)

Multiply eq.(1) by 2 and eq.(2) by 3 and then subtract we get

m=-1



=1
12+ m2=2

16. Question

Find the values of A for which the lines x -1 =7 = and —7 — = z-1 are coplanar.

Answer

. X—X -y z—% X=X, y—y z—% .
We know that the lines—— = "= = — and —— = "= = —are coplanar if
1

m, n; I, Mg Ng

X=X V=V 27124
1, m, n,
1, m, n,

=0

Here,
¥y = 1% =3y, =2y, = 2,2, = 3,2, = 1

l, =11, =1m, = 2m, = A%n, = A%,n, = 2

X=X V=V 27124
1, m, n, |=0
1, m, n,

2 0 -2

1 2 A|=0

1 A% 2

24— —-0(2-23)—-2(32-2) =0

8—22*—-2A2+4 =0

M+AM-6=0

Let A2 = tthen

t+3)(t—2)=0

Put value of t

(AR+3)®-2)=0

AZ = —3is neglected because direction cosine can not be imaginary
~N=+42

17. Question

are coplanar, find the values of a.

. v v
If the lines x =5, _ % and X =0, — =
3—a -2

Answer

. X—X V=¥ z—z XX, V=¥ z—z .
We know that the Imesl—L ="—% ="—"tand — = ~—= = — gre coplanar if
1

my n; I, Mo No

X=Xy V=V Z2—1Z4
14 m, n, |=0
1, m, n,



L=1L,=1m;=3-am, = -1n, =-2,n, =2—a

X=X V=¥ 2744
1, m, n, |=0
1, m, n,

a—>5 0 0
1 3—-a -2 (=20
1 -1 2-a

(a-5)[(3-a)2-a)-2]=0
(@-5)(6-3a-2a+a?-2)=0
o —10a? + 29 —20 = 0
(a-1)(a-4)(a-5)=0
a=1,45

18. Question

. . - vy + + v+ ' :
If the straight lines x—1 == ! = z and X_l = 1 = z are coplanar, find the equations of the planes
2 k 2 5 2 '
containing them.
Answer
We know that the lines x_lxl =0 = 2R gnd == = 2 o 2,00 coplanar if
1 m, n, 1o My No
X% V"V 2744

1, m, n, |=0

1, m, n,
Here,
Xl = 1,X2 = _l,yl = _1,y2 = _1,21 = O,Zz = 0

, =21, =5m; =km, =2,n, =2n, =k

X% V"V 2744
1, m, n,
1, m, n,
-2 0 0
2 k 2[=0
5 2 k
—2(k*—4) =0
k==2
x—1 y+1 z
The equation of plane contains linesis| 2 2 2l=0
5 2 2
when k = 2
(x-1)(4-4)-(y+1)(4-10)+ (2)(4-10)=0
6y-6z+6=0
y-z+1=0
x—1 y+1 =z
The equation of plane contains linesis| 2 -2 21 =0
5 2 -2




When k =-2

(x-1)(4-4)-(y+1)(-4-10)+ (2)(4+10)=0
14y + 14z + 14 =0

y+z+1=0

Exercise 29.14

1. Question

. . . -2 y-5 - - v+ —
Find the shortest distance between the lines X = = z=0 and x—0 = L = z—1
-1 2 3 2 -1 2
Answer
Let the two lines be |; and I5.
S0,1,. X2 _¥5 _Z05ng, .20yt _z1
"4 T 2 T 3 2" 3 2
We need to find the shortest distance between | and |,.
Recall the shortest distance between the lines: —= = Y791 — 2721 gng %2 - Y92 _ 2722 5 given by
a, by c, ag by Cz
=% Va=™V1 Za—%4
d by Cy
d; b, Ca

\r”:bﬂ:z —b,cy)?+ (cia, — cpa1)% + (a;by, —ayby )2

Here, (X1, Y1, 1) = (2, 5, 0) and (x, y», z3) = (0, -1, 1)
Also (a1, by, 1) = (-1, 2, 3) and (&, by, ¢3) = (2, -1, 2)

We will evaluate the numerator first.

X=X Va=V¥V1 22724
Let| a; b, c; |=N
dz b, Ca
0—-2 —-1-5 1-0
=2N=| -1 2 3
2 -1 2
-2 -6 1
=N=|-1 2 3
2 -1 2

=N = (-2)[(2)(2) - (-1)(3)] - (-6)[(-1)(2) - (2)(3)] + (1)[(-1)(-1) - (2)(2)]

>N=-2(4+3)+6(-2-6)+(1-4)
>N=-14-48-3

-65

Now, we will evaluate the denominator.

Let xri[:bﬂ:z —byc)? + (cja, —cpa;)% + (ayby; —a,by)2 =D
bicy - byc; = (2)(2) - (-1)(3) =4 -(-3) =7

C1ay - Coay = (3)(2) - (2)(-1) = 6 - (-2) = 8

a1b2 - a2b1 = (—1)(—1) - (2)(2) =1-4 -3



=D=,72+82+(-3)2

=D=v49+64+9

~D=+122
So, shortest distance = |'£ =
v122 v122
Thus, the required shortest distance is % units.
J

2. Question

4 P a4 _ . _5 _7
Find the shortest distance between the lines x+1 = y+1 = z+1 and x—3 = y—o = z

7 —0 1 1 2 1

Answer

Let the two lines be |; and I5.

x+1 +1 +1 - - -
Solll:LszLandl:ﬁzuzﬁ
7 -6 1 2" 3 1

We need to find the shortest distance between | and |,.

. . —Xx — Z—Z X—x — Z—Zo , .
Recall the shortest distance between the lines: —= = ¥ = 221 gng %2 Y%z _ 2722 45 given by
a; by €y ag by €z

B—X Vo=V 22724
4, by ¢
a; b, Gy

\r”:bﬂ:z —b,cy)?+ (cia, — cpa1)% + (a;by, —ayby )2

Here, (X1, Y1, 1) = (-1, -1, -1) and (x5, ¥2, 23) = (3, 5, 7)
Also (a1, by, ¢1) = (7, -6, 1) and (&, by, ¢3) = (1, -2, 1)

We will evaluate the numerator first.

=% Vo=¥V1 227 %4

Let| a, b, c; |=N

az b, Ca

3—(-1) 5—-(-1) 7-(-1)
=N=| 7 -6 1

1 -2 1

4 6 8
=2N=|7 -6 1

1 -2 1

= N = (4)[(-6)(1) - (-2)(1)] - (6)[(7)(1) - (1)(1)] + (8)[(7)(-2) - (1)(-6)]
>N =4(-6 +2)-6(7-1) + 8(-14 + 6)

- N=-16 - 36 - 64

~N=-116

Now, we will evaluate the denominator.

Let J(bycs —Dbycy)2+ (i3, —cya,)2 + (agby —a,by)2=D
bicy - bycy = (-6)(1) - (-2)(1) = -6 + 2 = -4

ciaz-cap = (1)(1)-(1)(7)=1-7=-6



ajby - ajby = (7)(-2) - (1)(-6) = -14 + 6 = -8

=D =/(-9)2+(-6)2 + (-8)?

= D=+16+36+ 64

~D=+v116

So, shortest distance = |_ﬂ5 =116 = 2429

v1le

Thus, the required shortest distance is 2./29 units.

3. Question

Find the shortest distance between the lines “1_3 —C T and3x-y-2z+4=0=2x+y+z+1.

[
fa
—

Answer

Let the two lines be |; and I5.

-%:%3:$andI2:3x-y-22+4=0=2x+y+z+1

So, 1;:

We need to find the shortest distance between |; and |,.
The equation of a plane containing the line | is given by
Bx-y-2z+4)+AM2x+y+z+1)=0
>B+2A)X+A-1)y+(A-2)z+(4+A) =0

Direction ratios of |I; are 2, 4, 1 and those of the line containing the shortest distance are proportional to 3 +
2\, A-1and A - 2.

We know that if two lines with direction ratios (a;, b1, ¢1) and (a5, by, ¢) are perpendicular to each other,
then a;a, + byby + c1c, = 0.

>(B3+2M02)+A-1)4)+(A-2)(1)=0
=26+4AN+4N-4+2-2=0

=29A=0

“A=0

Thus, the plane containing line b is 3x -y -2z + 4 = 0.

x-1 -3 Z+2
We have ll:T = FT = - =0 (Say)

Whena =0, (x,y, 2) = (1, 3, -2)

So, the point (1, 3, -2) lies on the line |;.

Hence, the shortest distance between the two lines is same as the distance of the perpendicular from (1, 3, -
2) ontothe plane 3x -y -2z + 4 = 0.

Recall the length of the perpendicular drawn from (X, y1, z1) to the plane Ax + By + Cz + D = 0 is given by

|AX1 + By, +Cz; + D|
VAZ +B% +C?

Here, (X1, ¥1, 21) = (1, 3, -2) and (A, B, C, D) = (3, -1, -2, 4)

(3)(1) + (=1)(3) + (=2)(=2) + 4|
JE+Dr+ (22 |

=d=




. 3—3+4+4|
=2d=|—
VvI9+1+4
q 8
=>d=|—
V14
8
.'.d=—
W14

Thus, the required shortest distance is % units.
J

Exercise 29.15

1. Question

Find the image of the point (0, 0, 0) in the plane 3x + 4y -6z + 1 = 0.

Answer

Let point P = (0, 0, 0) and M be the image of P in the plane 3x + 4y - 6z + 1 = 0.
Direction ratios of PM are proportional to 3, 4, - 6 as PM is normal to the plane.

Recall the equation of the line passing through (x;, y1. z1) and having direction ratios proportional to I, m, n
is given by

X_X:L:.V_}’:L: Z— 12y
1 m n
Here, (X1, Y1, z1) = (0, 0, 0) and (I, m, n) = (3, 4, -6)

Hence, the equation of PM is

x—0 y—-0 z-0

3 4 —6
X vV zZ
=>3_4__6—a(say)

=X = 3a, y = 4da, z = -6a
Let M = (3qa, 4a, -60).
As M is the image of P in the given plane, the midpoint of PM lies on the plane.

Using the midpoint formula, we have

0+3a 0+4a 0—6&)
2 2 " 2

Midpoint of PM = (
3a

= Midpoint of PM = (7 2a, —3(1)

This point lies on the given plane, which means this point satisfies the plane equation.

3a
=3 (7) +4(20) — 6(~30)+1=0
9a
:?+8a+18a+ 1=0

9 + l6a + 36




We have M = (3q, 4a, -6a)

== (s (-5 ()
~ M= (_%’_%’g)

Thus, the image of (0, 0, 0) inthe plane3x +4y-6z+1=0 is(—i,—i,g).

2. Question

Find the reflection of the point (1, 2, -1) in the plane 3x - 5y + 4z = 5.
Answer

Let point P = (1, 2, -1) and M be the image of P in the plane 3x - 5y + 4z = 5.
Direction ratios of PM are proportional to 3, -5, 4 as PM is normal to the plane.

Recall the equation of the line passing through (x;, y1, z1) and having direction ratios proportional to I, m, n
is given by

=% ¥y=n ZI-Z
1 m n

Here, (X1, Y1, 21) = (1, 2, -1) and (I, m, n) = (3, -5, 4)

Hence, the equation of PM is

x—l_y—?._z—(—l)

3 -5 4
x—1 y—2 z+1
== = = =
3 5 7~ a(ay)

=>2x=3a+1,y=-50a0+2,z=4a-1
LetM = (3a + 1, -5a + 2, 4a - 1).
As M is the image of P in the given plane, the midpoint of PM lies on the plane.

Using the midpoint formula, we have

o 1+(3a+1) 2+ (—ba+2) -1+ (4a—1)
Midpoint of PM = > , 2 , >

Ja+2 —ha+ 4
TSR )

Mid 'tfPM=( .
= Midpointo 2 2

This point lies on the given plane, which means this point satisfies the plane equation.

= 3(3a+2)—5(_5a+4)+4(2a—1)=5

2 2
9a+6 —250+ 20
= - +8a—-4=5
2 2
9t + 6 + 250 — 20 + 16a
= > =9

= 500 — 14 =18

= 50q = 32
32 16
“=50 725

We have M = Ba + 1, -5a + 2, 4a -1)



M=(3(50)+ 1-5(52) +24(50) - 1)
= = —_— —_ —_— _ ] =
25 ’ 25 "T\25

M (48+1 16+2 64 1)
= = | — _—— [
25 77 B "25
(73 6 39)
~\25" 5725
Thus, the image of (1, 2, -1) in the plane 3x -5y + 4z =5 is(?,—g,?).

3. Question

Find the coordinates of the foot of the perpendicular drawn from the point (5, 4, 2) to the line
4 r—3 —

X +1 = y—s = z 1, Hence or otherwise deduce the length of the perpendicular.
2 3 -1

Answer

Let point P = (5, 4, 2) and Q be the foot of the perpendicular drawn from to P the Iine% =Y3_

z—1
-1

Q is a point on the given line. So, for some a, Q is given by

x+1 y—-3 z-1

=>2x=2a-1,y=3a+3,z=-a+1
Thus, Q = (2a-1, 3o+ 3, -a + 1)
Now, we find the direction ratios of PQ.

Recall the direction ratios of a line joining two points (X1, y1, 1) and (X3, Y2, z5) are given by (X5 - X1, Y2 - Y1,
Zy - Zl)'

Here, (X1, Y1, 1) = (5, 4, 2) and (X, Y3, 23) = (2a - 1, 3a + 3, -a + 1)

= Direction Ratios of PQ are ((2a - 1) - (5), (3a + 3) - (4), (-a + 1) - (2))
= Direction Ratios of PQ are (2a -6, 3o -1, -a - 1)

PQ is perpendicular to the given line, whose direction ratios are (2, 3, -1).

We know that if two lines with direction ratios (a;, b1, ¢1) and (a;, by, ¢) are perpendicular to each other,
then a;a; + byby + c1c, = 0.

= (2)(2a-6) + (3)(3a-1) + (-1)(-a-1) =0
=240-12+9-3+a+1=0

=140 -14=0

=140 = 14

La=1

We have Q = (2a -1, 3a + 3, -a + 1)
=2Q=(2%x1-1,3x1+3,-1+1)
~Q=(1,6,0)

Using the distance formula, we have

PQ=(1-5)2+(6—4)2+(0—2)2

= PQ =,/(—4)2 + 22 + (-2)2

=PQ=+16+4+4



~PQ=+24=2/6
Thus, the required foot of perpendicular is (1, 6, 0) and the length of the perpendicular is2./g units.
4. Question

Find the image of the point with position vector 3{ _:i_ 21:; in the plane 1_(21 — _] +k) = 4. Also, find the
position vectors of the foot of the perpendicular and the equation of the perpendicular line through
3i+j+2k.

Answer

Let P be the point with position vector § = 31 + j + 2k and M be the image of P in the planet, (zf —j+ R) = 4.
In addition, let Q be the foot of the perpendicular from P on to the given plane. So, Q is the midpoint of PM.

Direction ratios of PM are proportional to 2, -1, 1 as PM is normal to the plane and parallel topj —j + i

Recall the vector equation of the line passing through the point with position vectorf and parallel to vectorj,
is given by

T=3+1b

Here,3 — 3i+j+2kandp = 21— j+ k

Hence, the equation of PM is

t=(31+j+2k)+A(2i—]+k)

~T=03+20i+(1-Vj+(2+Mk

Let the position vector of M bexi. As M is a point on this line, for some scalar a, we have
sm=3+20)i+(1-aj+(2+ak

Now, let us find the position vector of Q, the midpoint of PM.

Let this be q’

Using the midpoint formula, we have

. p+m
1=
_,_[3T+j+zﬁ]+[(3+2a)i+(1—a)j+(2+a)f{]
_,_[:3+(3+2a))f+(1+(1—a))j‘+(2+(2+a))ﬁ
=q= 2
L (6+20)i+ (22— )j+ (4+ 0k
=q=
2

2— 4+ ).

G= G+ 2“)1‘+( 2“)1{

This point lies on the given plane, which means this point satisfies the plane equation . (2“1‘ —j+ ﬁ) = 4.

(2—0:)A+ (4+ ) ~

= [(3+a)i+ 5 > k|.(2i—j+k) =4

o
2

~26+0) - (SN + (5 m =4



4+a—-(2-a)

=26+2a+
2

4

=2a+(1+a)=-2

= 3a=-3

~a=-—1

We have the image 1ij = (3 + 2a)i + (1— a)j + (2 + 0)k
=>m=[3+2(-D]i+[1- (-D]j+[2+(-1D]k
~m=1+2j+k

Therefore, image is (1, 2, 1)

Foot of the perpendicularg = (3 + a)i‘—l—@j—l—@ﬁ
2—(—1 44 (—1)]-
=q=[B+(-D)i+ ( )J“+ ( )k
2 2
G- 2i+o7+ok
A=A

Thus, the position vector of the image ist + 2§ + i; and that of the foot of perpendicular is 21 +§j‘+ gf{.

5. Question

Find the coordinates of the foot of the perpendicular drawn from the point (1, 1, 2) to the plane 2x - 2y + 4z
+ 5 = 0. Also, find the length of the perpendicular.

Answer
Let point P = (1, 1, 2) and Q be the foot of the perpendicular drawn from P to the plane 2x - 2y + 4z + 5 = 0.
Direction ratios of PQ are proportional to 2, -2, 4 as PQ is normal to the plane.

Recall the equation of the line passing through (x;, y1. z1) and having direction ratios proportional to I, m, n
is given by

X_Xlzy_Y1: Z— 12y
1 m n
Here, (X1, ¥1,z1) = (1,1, 2) and (I, m, n) = (2, -2, 4)

Hence, the equation of PQ is

x—1 y—1 z-2
2 -2 4

x—1 y—1 z-2
= = =
2 -2 4

= o (say)

=>2Xx=2a+1,y=-20+1,z=40 + 2

LetQ=Ra+ 1, -20 + 1, 4a + 2).

This point lies on the given plane, which means this point satisfies the plane equation.
=22a+1)-2(-2a+1)+4(4a+2)+5=0

=240 +2+4a-2+16a+8+5=0

=224a+13=0

- 240 = -13



13
24

We have Q = (2a + 1, -2a + 1, 4a + 2)

o (a5

( l3+113+1_13+2)
= = _— _ _
Q 12 712 76

( 1 25 1)
T\ 127127 6

Recall the length of the perpendicular drawn from (xy, y1, z1) to the plane Ax + By + Cz + D = 0 is given by

S =

|AX1 + By, +Cz, + D|

VAZ +BZ + (2

Here, (X1, ¥1,21) = (1,1, 2) and (A, B, C, D) = (2, -2, 4, 5)

L, pQ— (2)(W)+(=2)(1)+(4)(2) +5
J2+ (22t &
PO = 2—2+8+5|
VAta+16
13
=PQ = E
13
PQ = 2‘\;_@
Thus, the required foot of perpendicular is (_le%_é) and the length of the perpendicular is% units.

6. Question

Find the distance of the point (1, -2, 3) from the plane x - y + z = 5 measured along a line parallel to

X y_ Z
2 3 -6
Answer

Let point P = (1, -2, 3).
We need to find distance from P to the plane x -y + z = 5 measured along a line parallel to§ = %: =,

Let the line drawn from P parallel to the given line meet the plane at Q.
Direction ratios of PQ are proportional to 2, 3, -6 as PQ is parallel to the given line.

Recall the equation of the line passing through (x;, y1, z1) and having direction ratios proportional to I, m, n
is given by

X% ¥ f0i4
1 m n

Here, (X1, ¥1,21) = (1, -2, 3) and (I, m, n) = (2, 3, -6)

Hence, the equation of PQ is
x—1 y—(-2) z-3
2 3 -6

x—1 y+2 z-—-3

=




=>x=2a+1,y=3a-2,z=-6a+ 3

LetQ = (2a + 1, 3a - 2, -6a + 3).

This point lies on the given plane, which means this point satisfies the plane equation.
=>(2a+1)-(3a-2)+(-6a+3)=5

=220+1-3a+2-6a+3=5

=>-7Ta+6=5

We have Q = (2a + 1, 3a - 2, -6a + 3)

- 1)-2-e)

2 3 6
ﬁqz(—+L——z——+ﬂ

7 7 7
(9 11 15)
A7 77

Using the distance formula, we have

- [B- () o

2

2 2

ra= |(2) () +(-3)
= = — — PR
Q= {7 7 7
. $ 9 36
=PQ= 19t 9T 1o
. 49
=PQ= I35
~PQ=+1=1

Thus, the required distance is 1 unit.
7. Question

Find the coordinates of the foot of the perpendicular drawn from the point (2, 3, 7) to the plane 3 x -y -z =7.
Also, find the length of the perpendicular.

Answer
Let point P = (2, 3, 7) and Q be the foot of the perpendicular drawn from P to the plane 3x -y -z = 7.
Direction ratios of PQ are proportional to 3, -1, -1 as PQ is normal to the plane.

Recall the equation of the line passing through (x;, y1. z1) and having direction ratios proportional to I, m, n
is given by

X=X Y= I—7%
1 m n

Here, (X1, ¥1,21) = (2,3, 7)and (I, m, n) = (3, -1, -1)

Hence, the equation of PQ is



x—2 y—3 z-—7
3 -1 -1
X— 2

:T=3—y=7—z=ﬁ(say)

=>x=3a+2,y=3-0,z=7-q

LetQ=(CBa+2,3-0,7-a).

This point lies on the given plane, which means this point satisfies the plane equation.
=23Ba+2)-3-a)-(7-a)=7

=290+6-3+a-7+a=7

=1la-4=7
= 1la =11
La=1

WehaveQ=3Ba+2,3-qa,7-a)
2Q=(3%x1+2,3-1,7-1)
~Q=(52,6)

Using the distance formula, we have

PQ=(5—2)2+(2—3)2+(6—7)2

= PQ =,/32+ (-1)2+ (-1)2

=>PQ=+v9+1+1

~PQ =411

Thus, the required foot of perpendicular is (5, 2, 6) and the length of the perpendicular is\/171 units.
8. Question

Find the image of the point (1, 3, 4) inthe plane2x -y +z+ 3 = 0.

Answer

Let point P = (1, 3, 4) and M be the image of P in the plane2x-y +z+ 3 = 0.

Direction ratios of PM are proportional to 2, -1, 1 as PM is normal to the plane.

Recall the equation of the line passing through (x;, y1. z1) and having direction ratios proportional to I, m, n
is given by

X—X% ¥V I
1 m n

Here, (X1, ¥1,2z1) = (1, 3,4)and (I, m, n) = (2, -1, 1)

Hence, the equation of PM is
x—1 y—-3 z-4
2 -1 1
x—1
2

= =3-y=z—4=ua(say)

>2x=20+1,y=3-a,z=a+4
LetM=R2a+1,3-0a a+4).

As M is the image of P in the given plane, the midpoint of PM lies on the plane.



Using the midpoint formula, we have

1+(2a+1) 3+(G3—a) 4+ (a+4
MidpointofPM:( (2a+1) 3+(83-0a) 4+ (a ))

2 ’ 2 ! 2

6—a a+8
= Midpoint of PM = (a—i— l’T’ 2 )

This point lies on the given plane, which means this point satisfies the plane equation.

oo (5 (559 30

a+8—(6—a
at8-(6-a@ .

2a0+2+
= 40 5

=0

=2a+(a+1)+5=0

=3a=—-6

Al =—— =2
=73

We have M = 2a + 1,3 -, a + 4)

=>M=(2(-2) + 1, 3-(-2), (-2) + 4)

M= (-3,5, 2)

Thus, the image of (1, 3, 4) inthe plane2x -y +z+ 3 =0is (-3, 5, 2).

9. Question

Find the distance of the point with position vector _i - RJ - 101:; from the point of intersection of the line

;:('jf_j+31;)+;,_('3{+4j+131;) with the plane f-('i—j'+1%):5.

Answer

Let P be the point with position vectorp = —j — 57 — 10k and Q be the point of intersection of the given line
and the plane.

We have the line equation as

t=(21—7+2k) +A(31+ 4 + 12k)

AT =(2+30i+ (—1+40j+ (2 + 120k

Let the position vector of Q beg. As Q is a point on this line, for some scalar a, we have
=q=(2+30)i+ (-1 + 4a)j + (2 + 120)k

This point Q also lies on the given plane, which means this point satisfies the plane equation, (‘1‘ —j+ R) = 5.
= [(2+30)i+ (-1 +4a)j+ (2 + 120k]. (-7 +k) =5

= (2 + 30)(1) + (-1 + 4a)(-1) + (2 + 12a)(1) =5

=22+3a+1-4a+ 2+ 12a=5

=1la+5=5

=1la=0

La=0

We haveq = (2 + 3a)i + (—1 + 4a)j + (2 + 120k

=>q=[2+3(0)]i+[-1+4(0)]j+ [2+ 12(0)]k



~g=2i—-j+2k

Using the distance formula, we have

PQ — J(z — (D) + (1) = (-5)" + (2 - (-10))°
= PQ =432 + 42 + 122

= PQ =9 + 16 + 144

~PQ =169 =13

Thus, the required distance is 13 units.

10. Question

P

Find the length and the foot of the perpendicular from the point (1, 1, 2) to the planef-(l — 2] +4l:{) +5=0.

Answer

Let point P = (1, 1, 2) and Q be the foot of the perpendicular drawn from to P the planef. (T — 2+ 4R} +5=0

= Position Vector of P = p =1+ + 2k
Direction ratios of PQ are proportional to 1, -2, 4 as PQ is normal to the plane and parallel toj — 2] + 4k

Recall the vector equation of the line passing through the point with position vectorf and parallel to vectorj
is given by

P=3+2b
Here,3 =i+ j+2kandp =i 2j+ 4k

Hence, the equation of PQ is

t=(i+7+2k) +A(i— 2]+ 4k)

AT =(1+Ni+ (1-20j+ (2 + 40k

Let the position vector of Q be q’ As Q is a point on this line, for some scalar a, we have

>g=(1+ i+ (1- 20+ (2+ 4a)k

This point lies on the given plane, which means this point satisfies the plane equation#, (f —2j+ 4&) +5=0.
= [(1+ i+ (1 -2+ (2+40)k].(1— 2§ +4k) + 5 =0

=(1+a)(D+(1-200(-2)+(2+4a)(4)=-5

=(1+ a)(1) + (1-20)(-2) + (2 + 4a)(4) =-5

=21+a-2+4a+ 8+ 16a=-5

=22la+7=-5

=2la=-12
12 4
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~m=4i+4)+7k

Foot of the perpendicularg = (1 + a)i + (1 — 2a)j + (2 + 4a)k



e
=q= (1—i)i+(1+§)j+ (2—%)1‘{

7 7 7
S 3. 15 2.
1=7177173

315 2
ThUS,Q:(;,?,—;)

Using the distance formula, we have

2

e (G- () 4 (-

336 421
49 7

~PQ =

31_; — %) and the length of the perpendicular is

4 \."ﬁ

Thus, the required foot of perpendicular is( units.

11. Question

Find the coordinates of the foot of the perpendicular and the perpendicular distance of the point (3, 2, 1)
from the plane 2x -y + z + 1 = 0. Find also the image of the point in the plane.

Answer
Let point P = (3, 2, 1) and M be the image of Pinthe plane2x-y+z+ 1 =0.

In addition, let Q be the foot of the perpendicular from P on to the given plane so that Q is the midpoint of
PM.

Direction ratios of PM are proportional to 2, -1, 1 as PM is normal to the plane.

Recall the equation of the line passing through (x;, y1, z1) and having direction ratios proportional to I, m, n
is given by

X=X Y= f04
1 m n

Here, (X1, ¥1,21) =(3,2,1)and (I, m, n) = (2, -1, 1)

Hence, the equation of PM is
Xx—3 y—2 z-1
2 -1 1
X—3
2

= =2—-y=z—1=ua(say)

=2Xx=20+3,y=2-a,z=a+1
LetM=(2a+3,2-0a, a+ 1).
Now, we will find Q, the midpoint of PM.

Using the midpoint formula, we have



3 34(2a+3) 2+(2—a) 1+ (a+ 1)
_( 2 ’ 2 ’ 2 )

(+34—aa+2)
= =
Q=\a+3—5——

This point Q lies on the given plane, which means Q satisfies the plane equation 2x -y +z+ 1 = 0.

o= () 5 1m0

at+t2—(4—a
at2-(¢-0

2a0+6+
= 40 2

=0

=2a+(a—1)=-7

=3a=—-6

s=-=2

We haveM = (2a+ 3,2 -a, a + 1)
=>M=(2(-2) +3,2-(-2),(-2) + 1)
~M=(-1,4,-1)

We have Q = (0:+ 3?‘%2)

4—(-2) (-2)+2
=>Q=<(—2)+3, 2( ),( ; )
6
=>Q=(1,E,0)
~Q=1(1,3,0)

Using the distance formula, we have

PQ=(1-3)2+(3—-2)2+(0—1)2

=PQ=,/(-2)2+12+ (-1)?
=PQ=V4+1+1
~PQ =6

Thus, the required foot of perpendicular is (1, 3, 0) and the length of the perpendicular is,/g units. Also, the
image of the given point is (-1, 4, -1)

12. Question

Find the direction cosines of the unit vector perpendicular to the plane 1_(61 — Sj' — Zk) + 1 = 0 passing
through the origin.

Answer

The given plane equation is ¥, (61 — 3 — 2k) + 1 =0

=T (61 —37—2k) =—1

=T (—61+3]+2k) =1

Now, we calculate the magnitude of the vector _gj + 37+ 2k

|61 + 37+ 2k| = \/(—6)2 + 32 + 22



= |-61+37+2k|=V36+9+4
~ |61+ 3j+2k| =49 =7
On dividing both sides of the plane equation by 7, we get

L(-6i+3j+2k) 1
=1 — = —
7 7

. ( 6A+3A+2ﬁ) 1
=T. 71 7] 7 —7

Recall that the equation of the plane in normal form is given by { fi = 4 where § is a unit vector
perpendicular to the plane through the origin.
k

So, hereﬁ=_§f+ i+

=1 | w
=1 | b3

This is a unit vector normal to the plane¥, [:6’1‘— 37— gﬁ) +1=0

Thus, the direction cosines of the unit vector perpendicular to the given plane are—

»

=11

=1 | by
=1 | ba

13. Question
Find the coordinates of the foot of the perpendicular drawn from the origin to the plane 2x - 3y + 4z -6 = 0.
Answer
Let point P = (0, 0, 0) and Q be the foot of the perpendicular drawn from P to the plane 2x - 3y + 4z -6 = 0.
Direction ratios of PQ are proportional to 2, -3, 4 as PQ is normal to the plane.

Recall the equation of the line passing through (x;, y1. z1) and having direction ratios proportional to I, m, n
is given by
TX% YT 7T

1 m n

Here, (X1, Y1, z1) = (0, 0, 0) and (I, m, n) = (2, -3, 4)

Hence, the equation of PQ is

x—0 y—-0 z-0
2 -3 4

=X =2,y =-3a, Zz = 4a

Let Q = (2a, -3a, 4a).

This point lies on the given plane, which means this point satisfies the plane equation.
=2(2a) - 3(-30) + 4(40) -6 =0

=40 + 9a + 16a-6 =0

=290 =6

6
T 29

We have Q = (2a, -3a, 4a)
- 0= (2(55) 3(35)4(35))

(12 18 24)
“Q= 29’ 29'29

s



Thus, the required foot of perpendicular is (ﬁ - E,E).

14. Question

Find the length and the foot of the perpendicular from the point (1, 3/2, 2) to the plane 2x -2y + 4z + 5 = 0.
Answer

Let point P = (1, 3/2, 2) and Q be the foot of the perpendicular drawn from P to the plane 2x - 2y + 4z + 5 =
0.

Direction ratios of PQ are proportional to 2, -2, 4 as PQ is normal to the plane.

Recall the equation of the line passing through (x;, y1, z1) and having direction ratios proportional to I, m, n
is given by
X=X VY= E0L4

1 m n

Here, (X1, Y1, 71) = (1,2, 2)and (I, m, n) = (2, -2, 4)

Hence, the equation of PQ is

3
x—1 ¥—35 z-2

2 -2 4
Xx—1 2y—3 z-—2

= T3 3 ~ oW

—4a+3
=x=2a+ 1,y=T,z=40:+2

—4a+3
2

LetQ = (2a+1, , 4o+ 2).

This point lies on the given plane, which means this point satisfies the plane equation.

—4a+ 3
=2(2a+1) - Z(T

=240+2-(-4a+3)+1600+8+5=0

)+4(4(x+2)+5=0

-»200 +4a-3+15=0
=240 = -12

1

S =——

2

—4o+3
2

—a(-3)+3 ;1
—

We have Q = (2a + 1,

Lo+ 2)
=0Q= 2(——)—#— 1,

2+3
= Q= (—1+ 1,7,—2+2)

Using the distance formula, we have

2

PQ=j(0—l)2+(g—g) +(0—2)2

= PQ=/(-1)2 + 1%+ (-2)°



=PQ=+1+1+4
~PQ =46
Thus, the required foot of perpendicular is (030) and the length of the perpendicular is /g units.

15. Question

Find the position vector of the foot of the perpendicular and the perpendicular distance from the point P with
position vector 7 + 33_ 4k to the plane 1_( 21+] +3k) — 26 =0. Also, find the image of P in the plane.
Answer

Let the position vector of P bep so that § = 21 + 37 + 4k and M be the image of P in the plane
t.(2i+j+3k)— 26 = 0.

In addition, let Q be the foot of the perpendicular from P on to the given plane so that Q is the midpoint of
PM.

Direction ratios of PM are proportional to 2, 1, 3 as PM is normal to the plane and parallel togj +j + 3k

Recall the vector equation of the line passing through the point with position vector and parallel to vector}
is given by

P=3+2b

Here, 3 — 21 + 3]+ 4k andp = 21 + j + 3k

Hence, the equation of PM is

t=(21+3]+4k) + A(2i + ]+ 3k)

AT =(2+20i+ (3+1)j+ (4 +30k

Let the position vector of M be ;. As M is a point on this line, for some scalar a, we have

Sm=(2+20)i+ (3 +a)j+(4+3a)k

Now, let us find the position vector of Q, the midpoint of PM.

Let this be q’

Using the midpoint formula, we have

. p+m

1=

L [21 + 37+ 4k] + [(2+ 20)1 + (3 + Q)] + (4 + 30)K]
=q= >
_,_(2+(2+2(x))i+(3—1—(34—&))]‘—1—(4—1—(44—3&))?{
~ (4+ 20+ (6+ a)j+ (8+ 30k

=Dq=

2
6+ 8+ 3a) .

.-.ﬁ=(2+a)T+( Za)]‘+( 5 a)k

This point lies on the given plane, which means this point satisfies the plane equation?. (zi +i+ 3&) —26=0

(6+ oz)ﬁ_'_ (8+3|0:)E

> 5 (21+j+3k)—26=0

= [(2+a)i+




L 2(2+a) + (6 ; “) (1) + (8 +23“) (3) = 26

6+ a+ 3(8+ 3a)
> =26

30 + 10
T %

=4+ 2a+

= 2a+

= 14a+ 30 = 44

= 140 =14

=1

We have the image 7ii = (2 + 2a)i + (3 + a)j + (4 + 3a)k
>m=[2+2(D+[3+ D)+ [4+3(D]k
~m=4i+4)+7k

(6+o),.  (8+3o)

Foot of the perpendicularg = (2 + a)'H_T] +— k
6+ (1 8+ 3(1)]-
~a-r+ w250+ Y
2 2
_,_3A+7A+11,\
A=173175

Using the distance formula, we have

pQ:j(B_z)u@_g)Z(g_g
- i) -

1 9
= PQ = ’1+Z+Z
.-.PQ:J%:%\,@

Thus, the position vector of the image of the given point is4j + 47 + 7k and that of the foot of perpendicular is

2

31+ gj+ %E Also, the length of this perpendicular isi\;ﬁ units.

Very Short Answer

1. Question

Write the equation of the plane parallel to XOY - plane and passing through the point (2, -3, 5)
Answer

Equation of XOY plane is z=0.

Since the required plane should pass through the point (2, - 3, 5).

We know, the vector equation of a plane perpendicular to a given direction(xy) and passing through a given
point(3) is given by,

(r—3)-n=0



be [(x—x)i + (y—y)i + (z—2z)K] - k=0
= [x-2i+ (y—(-3))j + (z—5)k] - k=0

= (z-5)=0
+ We know, 1k = |i||k|cos90° = 0,
j-k = |jl|k|cos90° = 0,
k-k= |k||k|c050° 0
= 7z=5

here i is given by k, as it is perpendicular to XOY plane, and here

i=2i—-3j + 5k

Hence, the desired equation for the plane is z=5.

2. Question

Write the equation of the plane parallel to YOZ - plane and passing through (-4, 1, 0).
Answer

Equation of YOZ plane is x=0.

Since the required plane should pass through the point ( - 4, 1, 0).

We know, the vector equation of a plane perpendicular to a given direction(f) and passing through a given
point(3) is given by,

(f—-3)-n=0
he [(x—x)t + (y—y)i + (z—z)k]-1=0
= [x-(-9)i+ -]+ -0k -i=
= (X + 4)=0

v We l{nom i-1=|illilcos0° = 1,
= [j||ilcos90° = 0,
= |k||i|cos0° =

= x=-4

hereiis given by k, as it is perpendicular to YOZ plane, and here

=—4i + 1j + 0k
Hence, the desired equation for the plane is x= - 4.
3. Question
Write the equation of the plane passing through point (a, 0, 0), (0, b, 0) and (0, 0, ¢).
Answer
We know that the general equation of a plane is given by,

Ax + By + Cz + D=0, wherep =0 ......... (1)

Here, A, B, C are the co - ordinates of a normal vector to the plane, while (x, y, z) are the co - ordinates of
any general point through which the plane passes.

Now let us say, this plane is making intercepts at points P, Q, and R on the x, y, and z - axes respectively at
(a, 0, 0), (0, b, 0) and (0, 0, c).

So, the plane cuts the x - axis, y - axis and z - axis at three points P(a, 0, 0), Q(0, b, 0) and R(0, 0, ¢)
respectively.



Since the plane also passes through each of these three points, we can substitute them into equation (1) i.e.
general equation of the plane and we have,

(i) Aa + D=0
D
=2A=——
a

(ii) Bb + D=0
B D
ZPT T

(iii) Cc + D=0
D
=2C=——

C

Substituting these values of A, B, and C in equation (1) of the plane, we shall get the equation of a plane in
intercept form, which is given by,

X y z
—+=-+-=1
a b C

if the plane makes intercepts at (a, 0, 0), (0, b, 0) and (0, 0, c) with the x -, y - and z - axes respectively.
4. Question

Write the general equation of a plane parallel to X - axis.

Answer

The required plane is parallel to X - axis i.e. the normal of the plane is perpendicular to X - axis so, the
component of the normal vector along X - axis is zero (0).

We know that the general equation of a plane is given by,
Ax + By + Cz + D=0, wherep =@ ......... (1)

Here, A, B, C are the coordinates of a normal vector to the plane, while (x, y, z) are the co - ordinates of any
point through which the plane passes.

Putting A=0 [ the component of the normal vector along X - axis is zero (0)] in the general equation i.e. in
equation (1) of plane we get,

By + Cz + D=0, wherep =0 ......... (2)

Hence, By + Cz + D=0 is the general equation of a plane parallel to X - axis.

5. Question

Write the value of k for which the planes x - 2y + kz = 4 and 2x + 5y - z = 9 are perpendicular.
Answer

Equation of the first plane is given as,

So, the normal vector of plane (1) is given by,

n, =1-2] + kk

Similarly, the normal vector of plane (2) is given by,
n,=2i +5j—k

When the two planes are perpendicular to each other, we should have,



n;-m; =0

=(1-2f + kk)- (21 + 5j—-k) =0

=(1x2) + ((-2)x5) + (kx (-1))=0

2-10-k=0

k= - 8.

Hence, the planes x-2y + kz=4 and 2x + 5y-z=9 will be perpendicular to each other ifk= - 8.
6. Question

Write the intercepts made by the plane 2x - 3y + 4z = 12 on the coordinate axes.

Answer

We know, that the general equation of a plane is given by,

Ax + By + Cz + D=0, wherep =0 ......... (1)

Here, A, B, C are the coordinates of a normal vector to the plane, while (x, y, z) are the co - ordinates of any
point through which the plane passes.

Again, we know the intercept form of plane, which is given by,
X y z
C

—+-+-=1

a b
D D

Where, A = —;,B = and C = —% and the plane makes intercepts at (a, 0, 0), (0, b, 0) and (0, 0, c) with
the x -, y - and z - axes respectively.

The equation of the plane is given as,

2x-3y + 4z=12

i.e.2X-3y +4z-12=0 ....ccovvevennennnn. (2)

Comparing equation (2) with in the general equation i.e. in equation (1) of plane we get,

A=2,B=-3and C=4 and D=-12.

The given plane (given by equation (2)) makes intercepts at (6, 0, 0), (0, - 4, 0) and (0, 0, 3)withthe x -, vy -
and z - axes respectively.




7. Question

Write the ratio in which the plane 4x + 5y - 3z = 8 divides the line segment joining points (-2, 1, 5) and (3, 3,
2).

Answer

We know that, the ratio in which the plane Ax + By + Cz + D=0 (where p = ) divides the line segment
joining (X1, y1. 1) and (xy, y», ) then is given as,

(Ax, + By, + Cz, + D)

Ax, + By, + Cz, + D

Here, the equation of the given plane is, 4x + 5y-3z=8 i.e. 4x + 5y-3z - 8=0 and the co - ordinates of the
two points are (-2, 1, 5) and (3, 3, 2).

Comparing with the general formula, we get,
A=4,B=5,C=-3, D= -8, x1= -2, y1=1, z1=5and x»=3, y,=3 and z,=2.
So, the required ratio is

~ (Ax; + By, + Cz; + D)
~ AX, + By, + Cz, + D

((4x =2 + (5x 1) + ((-3) x5) - 8))
((4 x3) + (5x3) + ((—3) x 2)_ 8))

(-8 + 5—15—18)
 (12+15-6-8)

(—26)

13

26
13

Hence, the plane 4x + 5y-3z=8 divides the line segment joining points (-2, 1, 5) and (3, 3, 2) in2:1 ratio.
8. Question

Write the distance between the parallel planes 2x -y + 3z =4 and 2x -y + 3z = 18.

Answer

We know that, distance between two parallel planes:

Ax + By + Cz + D;=0...... (1) and Ax + By + Cz + D,=0...... (2) is given by,

|D2 - D1|
VAZ + BZ + (2

Here, the two parallel planes are given as,

2x-y + 3z=4i.e. 2x-y + 3z-4=0 ............... (3)

and 2x-y + 3z=18i.e. 2x-y + 3z-18=0 ............ (4)

Comparing equation (3) with equation (1) and equation (4) with equation (2) we get,
A=2,B=-1, C=3,D;=-4 and D,= - 18.

So, the distance between the given two parallel planes are,



|D2 - D1|
VAZ + BZ + (2

|(-18) — (4|
J22 + (-1)2 + 32

|-18 + 4]
TViiiio

=
-
s

=D =414
Hence, the distance between the parallel planes 2x-y + 3z=4 and 2x-y + 3z=18 is+/14.

9. Question
Write the plane 1_(21 +3j — 6k) =14 in normal form.

Answer

The plane is given as, 7. (zi + 3j— GR) = 14.

We can write the equation of the plane in general form as,
2X + 3y -6z-14=0 ............... (1)

[« TF=xi + vj + 2]

Now, to get the normal form of a plane given in general form as, Ax + By + Cz + D=0 wherep =0 -.....
we have to divide the equation (1) by |fj|, where 7 is the normal vector given as, § = 2 + 35— 6k

Now, [fi| = |21 + 3j— 6k|

=,/22 +32 + (-6)?
=V4+9 +36

— V49
=[n=7
Comparing equation (1) with equation (2), we get, D= - 14

—-D

[where p is the distance between the plane and the origin]
Normal form of the equation is given as,
Ax + By + Cz

E

Here, normal form of the given plane is,



. (2. 3 6. ..
or,T - (—1 + = —?L{) =2 [ r=xi + vy + zk]
10. Question

Write the distance of the plane 1_(21 — J + jk) =12 from the origin.

Answer

The plane is given as, . (gf_j s gﬁ) =12.

We can write the equation of the plane in general form as,
2X -y +22-12=0 ...cccenenenn (1)

[+T=xi + yj + zk]

Now, to get the normal form of a plane given in general form as, Ax + By + Cz + D=0 wherep = ¢ ...... (2),
we have to divide the equation (1) by |5|, where 7 is the normal vector given as, 1 = 2i —j+ 2k

Now, [fi| = |21 — + 2k|

=22+ (-1)2 + 22
=Va+1+4

= |n| =3
Comparing equation (1) with equation (2), we get, D=-12

So, the distance between the plane and the origin (using formula)

-D
=p= il
—(-12)
3
12
3
p=4

The distance between the plane and the origin is 4 units.

11. Question

Write the equation of the plane ¥ =3 + ,E +uc in scalar product form.
Answer

The given plane is# =3 + b + ué

So, it is clear from the given equation of plane, that the plane passing through a point(3) and parallel to two
vectors i and ¢.

So, the equation of the vector normal to the plane is given as,
i=(bx0o

So, in scalar product form the vector equation of the plane is given as,



:>?-(E><E)=§-[:E><E}-

—

Hence, the equation of the plane} = 3 + Ab + pg in scalar product form is given as, (f —3) - (E’ x¢)=o0o0r,
i-(bx?)=3-(bxd)
12. Question

Write a vector normal to the plane ; = (b - mc -

Answer

We have the plane as, 7 — |b + m¢

So, it is clear from the given equation of plane, that the plane passing through origin and parallel to two
vectors i and ¢.

Hence, a vector normal to the plane = b + mZ IS & = (b x ©)

13. Question
Write the equation of the plane passing through (2, -1,1) and parallel to the plane 3x + 2y -z = 7.
Answer

The required plane is parallel to 3x + 2y - z=7, so required plane and the given plane must have the same
normal vector.

Vector normal to the plane 3x + 2y - z=7 is3 = 3] + zj‘_ﬁ

We know that, equation of plane perpendicular to a given direction (1) & passing through a given point (3) is
given by,

(f-3)-i=0

Here, it is given that, the plane passes through (2, - 1, 1) so in this case, in vector form, 3 can be denoted as,

-

F=2i—j+ k

Equation of the required plane is,

P-(2i-7+ k) (3 + 21-K) =0

= (x-2i+y+ 1)+ (z— l)ﬁ)-(3T+ 2j—k) =0 [-F=xi + yj + zk]
3(x-2)+2(y+1)-(z-1)=0

3x-6+2y+2-z+1=0

3X + 2y - z=3

Hence, the equation of the plane passing through (2, -1, 1) and parallel to the plane 3x + 2y-z=7 is 3x + 2y -
z=3.

14. Question
Write the equation of the plane containing the linesy —3 +3p and T =a +'L|E.
Answer

The, required plane should contain the lines, — 3 + jpand =3 + ue



So, it is clear from the given equation of lines, that both the lines are passing through a point(3) and one of
the line is parallel to }; and the other one is parallel to ¢.

So, the equation of the vector normal to the plane is given as,
i=(bx0

So, in scalar product form the vector equation of the plane is given as,

—

Hence, the equation of the plane containing the lines¢ = 3 + }b and ¥ =3 + puc is given as,
#-3)-(bxe)=o0ort - (bxe)=3-(bxd)
15. Question

Write the position vector of the point where the line T =a+3h meets the plane T .11.

Answer

Let, the the position vector of the point where the line T = 3 + Ab meets the plane ! "2 =0 pe To,

As o is the position vector of the point of intersection of the line and the plane, so it must satisfy both of the

equation of line and the equation of plane.

Substituting, '@ in place of ! in both the equations, we

get,
fg=a+2Ab (1), and
L-i=0 (2)



- - P 2 = = any o
The position vector of the point where the lineT =a + Ab meets the plane! 1= 0js 2 ( )b .

15. Question

Write the value of k for which the line —1 _J —1 _Z —1 is perpendicular to the normal to the plane

[
S

r.(2i+3j+4k)=4.

Answer
Equation of the line in Cartesian form is given as,

x—1 y—1 z-1
2 3  k

So, the direction cosines of the line are given as, {2 3 k)
The equation of the planeis, t. (ZT + 3 + 4&) — 4 50, we have the vector normal to the plane as,
n=2i + 3j + 4k

It is required that, the line should be perpendicular to the normal to the plane 7. (ZT + 3] + 4&) = 4, S0, we
should have,

(2%2) + (3x3) + (kx4)=0
4 + 9 + 4k=0

13 + 4k=0

4k=-13

13

K —
= 4

Hence, for k = —1—f the line %1 = 1"%1 = z;kl will be perpendicular to the normal to the plane

- (21 + 3] + 4k) = 4.

16. Question

— 7 43
Write the angle between the line x -1 = = ~ andtheplanex +y + 4 =0.
2 1 -2

Answer

XX ¥ ¥o Z7%g

We know, the angle between the line == and the plane Ax + By + Cz + D=0 is given as,
n

mi

Al + Bm + Cn

o1
= sin N )
® VA2 + B2 + €212 + m? + n?

In this case, =2, m=1, n=- 2, A=1, B=1, C=0 and D=4.
Putting these values in equation (1) we get,
) Al + Bm + Cn
VAZ + B2 + C2-4/12 + m? + n?
L (ax2) + (1x D) + (0% (-2))
V12 + 12 + 02-,/22 + 12 + (-2)2

@ = sin”

= sin

L,@2+1+0)

= sin
V249



, 3

=sin~

V2
1
=sin!—
V2
=45°

Hence, the angle between the Iine? = % _z

+23 and the plane x + y + 4=0is45

17. Question

Write the intercept cut off by the plane 2x + y -z = 5 on x - axis.
Answer

We know, that the general equation of a plane is given by,

Ax + By + Cz + D=0, wherep =0 ......... (1)

Here, A, B, C are the coordinates of a normal vector to the plane, while (x, y, z) are the co - ordinates of any
point through which the plane passes.

Again, we know the intercept form of plane which is given by,
X y z
C

-+ =+

a b =1

Where, A = _E,B = —E and C = _g and the plane makes intercepts at (a, 0, 0), (0, b, 0) and (0, 0, ¢) with
the x -, y - and z - axes respectively.

The equation of the plane is given as,

2X +y-2z=5

€. 2X+y-z2-5=0.ccciiiiiininnnn. (2)

Comparing equation (2) with in the general equation i.e. in equation (1) of plane we get,

A=2,B=1and C=-1and D= -5.

Hence, the intercept cut off by the plane 2x + y-z=5 on x - axis is of 2.5 units.

18. Question

Find the length of the perpendicular drawn from the origin to the plane 2x - 3y + 6z + 21 = 0.
Answer

We know the distance of a point (Xg, Yo, zg) from a plane Ax + By + Cz + D=0 ............... (1)is
_ |Ax, + By, + Czp + D|

VAZ + BZ + C2

On comparing, the equation of the given plane i.e.
2x - 3y + 6z + 21=0 with equation (1) we get,
A=2, B=- 3, C=6, D=21.



Again, we know that, the co - ordinates of the origin are

(0, 0, 0).

So, the length of the perpendicular drawn from the origin is
_ |Ax, + By, + Czp + D|

VA2 + B2 + C2

(2% 0) + ((=3) x0) + (6x0) + 21)|

J22 + (—3)2 + 62
[(%0,¥0,20) ® (0,0,0)]

(2% 0) + ((=3) x0) + (6x0) + 21)|

V& ¥ 9 + 36
[21]
- V49
21
=3

Hence, the length of the perpendicular drawn from the origin to the plane 2x-3y + 6z + 21=0 is = 3 units.
19. Question

Write the vector equation of the line passing through the point (1, -2, -3) and normal to the plane
F.(2i+]j+2k)=5.

Answer

Equation of the given plane is, 7. (2’1‘ +7+ gﬁ) =5

So, the equation of the vector normal to the plane is given as,

i=(2i +7+ 2k

As the required line should be normal to the given plane, so, the line should be parallel to the normal vector
i.e. 1.

The line should pass through the point (1, -2, -3).

We can write the position vector of the point as,

Wl

—i—2j—3k

So, the vector equation of the line passing through the point (1, -2, -3) and normal to the plane i.e. parallel
tori = (21 + j + 2k) is given by,

=3 + i@, where } is a scalar(constant).
(1—-2j—3k) + A(21 + ] + 2k)
Hence, equation of the required line is
t=(i—2j—3k) + A(2i +  + 2k)where, } is a scalar(constant)
20. Question

Write the vector equation of the plane, passing through the point (a, b, c) and parallel to the plane
r.(i+j+k)=2.



Answer

The required plane is parallel to ©-. (T +j+ R) = 2, so required plane and the given plane must have the
same normal vector.

Vector normal to the planet. (‘1‘ +§+ R) =2 is

n=3+2j—k

The required plane is passing through a given point

(a, b, ¢), so can write the position vector of the point ast = ai + bj + ck

Now, the equation of the required plane is given by,

(F-Tg)-n=0

= (i’—(af—i— bj + cﬁ))(

—
+
—
+
Na
I
=]

:>((x—a)i+ (y—b)j + (z—c)ﬁ)-ﬁ—i— j+k)=0[-F=xi+y + zK]
(x-a)+ (y-b)+(z-c)=0

XxX+y+z-(a+b+c)=0

X+y+z=a+b+c

Hence, the equation of the plane passing through (a, b, c) and parallel to the planet. (‘1‘ ++ R) =2is
(f_ (ai + bj + cﬁ)) (i+j+k=0ie® (i+j+k)=a+b + c(invectorform), or, in general form x
+y+z=a+b+c

21. Question

Find the vector equation of a plane which is at a distance of 5 units from the origin and its normal vector is
2i—3j+6k-

Answer

From the given vector normal to the required plane, we can write the equation of the plane as,

P (21-3f + 6K) —d ;‘E;jﬁ:w;_cg

[where, d is a constant]

=2x—3y + 6z=d

=2X— 3y + 62— d =0 e (1)

We know, that the distance of a point (xg, Yg. Zg) from a plane Ax + By + Cz + D=0 ............... (2)is

|Ax, + By, + Cz, + D|

VA + BZ + C2

On comparing, equation (1) i.e. 2x - 3y + 6z + D=0 with
equation (2) we get,

A=2,B=-3,C=6, D= -d.

Again, we know that, the co - ordinates of the origin are
(0, 0, 0).

So, the length of the perpendicular drawn from the origin is



|Ax, + By, + Cz, + D|

VA2 + B2 + C2

Here, it is given that, the plane is at a distance of 5 units from the origin, so, we have,

|Ax, + By, + Czy, + D|

VAZ + BZ + C2

5

[(2x0) + ((=3)x 0) + (6x0) + D))
=

J22 + (=3)2 + 62

[(%0,¥0,Z0) * (0,0,0)]

[(2x0) + ((=3)x0) + (6 x0) + D)
—

Vi + 9 + 36
:>ﬂ: 5
V49
ID|
= = =5
|D|=35
D=+35

~d== 35 [ D= -d]

Hence, the vector equation of a plane which is at a distance of 5 units from the origin and whose normal
vector is 21 — 3j + 6k is, 2x-3y + 6z-(-35)=0i.e. 2x - 3y + 6z + 35=0 or 2x - 3y + 6z - 35=0.

Hence, required equation of the plane, is 7. (2’1‘— 3 + GR} = —135i.e. 2x -3y + 6z + 35=0 or,
. (ZT— 3f + eﬁ) — 35i.e.2x - 3y + 6z - 35=0.
22. Question

Write the equation of a plane which is at a distance of 5,/3 units from the origin and the normal to which is
equally inclined to coordinate axes.

Answer

Given, the plane is at a distance of 5,/3 units form the origin and the normal to the plane is equally inclined
with the co - ordinates axis, so, its direction cosines are

1 1
ERE

al =

v

We know, for a plane having direction cosines as |, m and n, and p be the distance of the plane from the
origin, the equation of the plane is given as, Ix + my + nz=p

So, in this problem, the equation of the required equation of the plane is given by,
1 1

_.(§X+

1
—z = 5v/3 [here p = 5v/3]
v v

—y +
B3T3
:>x+y+z=5\,"§><\f§
=15

Hence, the equation of the required plane which is at a distance of 5\5 units from the origin and the normal
to which is equally inclined to co - ordinate axes is

X +y + z=15.

MCQ



1. Question

Mark the correct alternative in the following:

The plane 2x - (1 + A)y + 3Az = 0 passes through the intersection of the planes.
A.2x-y=0andy-3x=0

B.2x+3y=0andy =0
C.2x-y+3z=0andy-3z=0

D. none of these

Answer

The given equation plane is, 2x- (1 + A)y + 3Az= 0
We can rewrite the equation of the given plane as,
2x-(1 + A)y + 3Az=0

2x -y - Ay -32)=0

So, the given plane passes through the intersection of
the planes 2x - y=0 and y - 3z=0.

2. Question

Mark the correct alternative in the following:

The acute angle between the planes 2x -y +z=6andx +y + 2z=3is
A. 45°

B. 60°

C. 30°

D. 75°

Answer

We know, the angle between two planes,

21X + byy + ¢3z + dy=0 and ayx + byy + ¢z + dy=0is,

) a;a, + byb; + ¢,

B =cos”

Jaf +b% + clz-\]az12 + by + ;2
Here, a;=2, b;=-1, c;=1, d1= - 6 and a,=1, by=1, c5,=2,
dy,= - 3.
So, the acute angle between the planes 2x-y + z=6 and
X+y+2z=3is

(@xD) + (D x1) + (1x2))

B =cos™?!
J22 + (—1)2 + 12412 + 12 + 22

(2—-1+2)
VE+ 1 +1-V1+1+ 4

3
\.6-\;’%

1

=05~

1

=05~



3

-1
=cCos =
6
1

-1
=C0s =
2

=60

the acute angle between the planes 2x-y + z=6 and
X+y+2z=3is60.

3. Question

Mark the correct alternative in the following:

The equation of the plane through the intersection of the planes x + 2y + 3z=4and 2x + y -z = -5 and
perpendicular to the plane 5x + 3y + 6z + 8 =0 is

A.7x-2y+3z+81=0

B.23x + 14y -92+48 =0

C.51x-15y-50z+173 =0

D. none of these

Answer

The equation of the plane through the intersection of
the planes x + 2y + 3z=4 or, x + 2y + 3z - 4=0 and
2Xx + y-z=-5 or, 2x + y-z + 5=0 is given as,

(X +2y +3z-4) + A(2x + y-z + 5)=0

[where A is a scalar]

X(1+2N) +y(2+ AN +2z(3-A)-4+5A=0

Given, that the required plane is perpendicular to the plane 5x + 3y + 6z + 8=0 so, we should have,
5(1+2A) +3(2+ A) +6(3-A)=0

54+ 10A + 6 + 3A + 18 - 6A=0

29 + 7A=0
L2
—AETy

Therefore, the equation of the required plane is,
29
(x + 2y + 32—4)—7(2){ +y-z+ 5)=0

7(x + 2y +3z-4)-29(2x + y-z + 5)=0

7X + 14y + 21z - 28 - 58x - 29y + 29z - 145=0

-51x-15y + 50z-173=0

51x + 15y - 50z + 173=0

4. Question

Mark the correct alternative in the following:

The distance between the planes 2x + 2y -z+2=0and4x +4y-2z2+5=0is

A 1/2



B. 1/4

C.1/6

D. none of these

Answer

We know that, distance between two parallel planes:

AX + By + Cz + D;=0...... (1) and Ax + By + Cz + D,=0...... (2) is given by,

|D2 - D1|
VAZ + BZ + (2

Here, the two parallel planes are given as,

2X+2y-z24+2=0.ccciinnnnn. (3)
and4x + 4y -2z + 5=0i.e. 2x + 2y-z+§=0 ............ (4)
Comparing equation (3) with equation (1) and equation (4) with equation (2) we get,
A=2,B=2, C=-1, D;=2 and D2=§.
So, the distance between the given two parallel planes are,
5
52|
vAZ + B2 + C2
B
2

J22 + 22 + (-1)2

Hence, the distance between the parallel planes 2x + 2y - z + 2=0 and 4x + 4y - 6z

5. Question

Mark the correct alternative in the following:

The image of the point (1, 3, 4) inthe plane2x -y +z+ 3 =0is
A.(3,5,2)

B. (-3, 5, 2)

C.(3,5,-2)

D. (3, -5, 2)

Answer

We know, if the image of a point P (Xq, Yg. Zg) on a plane Ax + By + Cz + D=0.........

1
+ =is-.
]

(1) is Q (X1, y1, z7) then,



X3 —Xo Yi—Vo Z1—Z —2(Axy, + By, + Czp + D)

A B C A2 + B2 + (2
The given plane is, 2x-y +z + 3=0 ............. (2)

Comparing equation (2) with equation (1) we get,
A=2,B=-1,C=1, D=3

And, here xg=1, yp=3, zp=4

o X1 yi—3 z,—4 —2(2xD + (-0 x3) + (1x4) + 3)

2 -1 1 22 + (—1)2 + 12
_—2(2-3+4+3)
4+ 141
—2x%x6
6
=-2
Xl 1 yl_B Z1_4 2
=2 -1 1

x 1=(2x(-2))+1
=-4+1

X 1=-3,
y_1=((-1)x(-2)) + 3
=243

y _1=5and

z 1=(1x(-2))+ 4
=-2+4

z 1=2

So, the image of the point (1, 3, 4) inthe plane2x -y +z+3=0is(-3,5, 2)
6. Question

Mark the correct alternative in the following:

The equation of the plane containing the two lines

x-1 v+1 z-0 X y—-2 z+1.
= and — = —_ " is

2 -1 3 =2 -3 -1

A.8x+y-5z2-7=0
B.8x+y+5z-7=0
C.8-y-5z-7=0

D. none of these

Answer

We know, the two lines given as,

3_31:3’_3’123_31 2 X—X; :Y_Yz Z— 14
Ay B, Cy Ay B, C,




N VoV 274
Ay B, Cy
A, B, C,

will be co - planar if =0

Here, X1=1, y1= - l, Z]_=0, X2=0, Yy 02=2, 22= -1 and, A1=2, B @1= - l, C1=3, A2= - 2, B 02= - 3, C2= - 1.

0-1 2—(-1) —-1-0

2 -1 3
-2 -3 -1
-1 3 -1

=2 -1 3
-2 -3 -1

=[{((- 1)x(-1)x(-1)) + (3x3x(-2)) + ((-1)x2x(-3))} - {((-1)x(-1)x(-2)) + (3x2x(-1)) + ((-1)x(-
3)x3)}]

=[{(-1)-18+6}-{(-2)+(-6) +9}]
=-13-1

=-14

#0

Hence, the two lines are not co - planar.
7. Question

Mark the correct alternative in the following:

The equation of the plane T =1 —j+}-_(i +j+k) +1 (.i — 2_]'-4-31() in scalar product from is

A T(51-2j-3k)=7

C. 1(51-2j+3k)=7

D. none of these

Answer

t=i—j+A0+7+k +pi-2]+
3k)

So, itis clear from the given equation of plane, that the plane passing through a point(j— i) and parallel to
two vectors ('f +7 + ﬁ} and ('1‘_ 2j + 3&).

The given plane is

So, the equation of the vector normal to the plane is given as,

o ((1—1—]—1— k) (1—2f + 3&))

-

i § k
=1 1 1
1 -2 3

=(1x3)-(2x1)i-(@x3)-1xD)ji+ ((1x(-2) -1 x 1)k

=(B3-(-2)-G-1j+ ((-2) —1)k
= (51-2j-3k)

So, in scalar product form the vector equation of the plane is given as,



=7-(51—2j—3k) = (i—) - (51— 2] — 3k)
=7-(5i—-2]-3k)=5 + 2
=T (5i—2j—3k)=7

Hence, the equation of the plane
t=i—-J+AMi+7+k +p(i-27+
3k)

form is given as,

in scalar product

i-(51—2j—3k) =7
8. Question

Mark the correct alternative in the following:

"

The distance of the line T = Zi — Zj +31:; —H(l +j' +41::) from the plane 1_(1 —Sj +1<;) =5 is

A.

D. none of these

Answer

We have the, straight line given as,

I=2i-2j + 3k + A1 + j + 4k) and the plane as,
t-(i—5] + k) =5i.e.x-5y + z=5x-5y +z-5=0

Let us, check whether the plane and the straight line are parallel using the scalar product between the
governing vector of the straight line, = 21 — 2j + 3k + A(T +§+ 41‘{), and the normal vector of the plane

given as, {j = (T -5 + ﬁ) If the straight line and the plane are parallel the scalar product will be zero.
(1+7+4k)-(1—5 + k)

=1+ (1x(-5) + (4x 1)

=1-54+4

=0

From the given equation of the line, it is clear that, (2, - 2, 3) is a point on the straight line.

Distance from point (2, - 2, 3) to the plane, will be equal to the distance of the line from the plane.

We know, that the distance of a point (xg, Yg. Zg) from a plane Ax + By + Cz + D=0 ............... (2)is

_ |Axy + By, + Cz, + D|

VAZ + BZ + C2

On comparing, equation (1) i.e. x - 5y + z - 5=0 with



equation (2) we get,
A=1,B=-5,C=1,D=-5.

So, the distance from point (2, - 2, 3) to the plane

|Ax, + By, + Cz, + D|

VA2 + B2 + C2

(ax2) + (-5) x (=) + (1x3) + (-9))|
J12 + (-5)2 + 12

[(%0,¥0,20) ® (2,-2,3)]

[(2 + 10 + 3—5)|

vi+ 256+ 1

10

3V3
9. Question
Mark the correct alternative in the following:
The equation of the plane through the linex +y +z+ 3 =0 = 2x -y + 3z + 1 and parallel to the line

X Y Z .
— = =_IS

1 2 3
A.x-5y+3z=7

B.x-5y +3z=-7

C.X+5y+3z=7

D.x+ 5y + 3z=-7

Answer

Equation of line passing through the line x +y + z + 3=0 and 2x-y + 3z + 1=0 is given by,
(X+y+z+3)+k(2x-y +3z+1)=0..ccccceiiiiiiiannnnn. (1)

x(1 + 2k) + y(1 - k) + z(1 + 3k) + 3 + k=0 [k is a constant]

Again, the required plane is parallel to the line

So, we should have,

[1x(1 + 2k)] + [2%x(1 - k)] + [3x(1 + 3k)]=0
1+2k+2-2k+ 3+ 9k=0

9= -6

6
—K= g

2
—K= T3



Putting k = —2 in equation (1) we get,

2
(x+y+z+3)—§(2x—y+3z+ 1)=0

3x+y+z+3)-2(2x-y + 32+ 1)=0

3X+3y+3z+9-4x + 2y -62-2=0

-X+5y-3z2+7=0

X -5y +3z-7=0

X - 5y + 3z=7

~.The equation of the plane through thelinex+y +z+ 3 =0 =2x-y + 3z + 1 and parallel to the line

f=E=Eisx-5y+ 3z=7.
1 2 3
10. Question

Mark the correct alternative in the following:
The vector equation of the plane containing the line T = (—Zi -3+ 41{) +}.,(3i -2 —k) and the point

i+2j+3kis

A.

=

“(1+3k) =10

B. 7.(1-3k) =10

P

c.1.(3i+k)=10

D. none of these

Answer

The plane contains the line = [:—ZT -3f + 41}} 14 )L[:'gﬁ -2j— f{) and the point [:T + 2§ + 3ﬁ)
As, the plane contains the line,

= (—21‘ —3f + 4R} + 1(3‘1‘_ 2] — R) so, the plane contains the (_2‘1‘_ 3 + 41‘{) point also.

On putting A=1, we get another point on the plane which is {_zi —3j + 4&) 4+ 1% (3i —2j— R) i.e.
(i— 5§ + 3k)

So, we got three points on the plane, they are, (i + 2j + 3k), (—2i—3j + 4k) and (i - 5] + 3k)
Let,3=(1—5] + 3k)— (1 + 2j + 3Kk)

andb = (i — 5 + 3Kk) — (—2i— 3j + 4k)

So,i=-7jand b =3i—2j— k

Now, the normal of these two vectors i.e.3 and f is,

i=((-7) x (3121 - K))

i j k
=0 -7 0
3 2 -1



= (=7 % (=)= ((=2) x 0) )i~ ((0 x (-1)) - (0 x 3))
+((0x(=2) - (-7 x3))k

=(7-0)i-0j + 21k

= (71 + 21k)

The general equation of plane is,

~ the plane contains

[[:X_ Di+ (y-2)j+ (z- B)R] =0 the point {T + 2f + 3&)

=[x-1Di+ (y—2)] + (z—3)k]- (71 + 21k) =0

7(x-1) + 21(z- 3)=0

7x-7 + 21z -63=0

7x + 21z=70

X + 3z=10

or,- (i +3k)=10[F=(xi + yj + zK)]

Hence, the vector equation of the plane containing the line§ = (_gf -3j + 4@) I 1(3T -2j— R) and the
point (i + 2j + 3k)ist- (i + 3k) = 10.

11. Question

Mark the correct alternative in the following:

A plane meets the coordinate axes at A, B, C such that the centroid of AABC is the point (a, b, c). If the

equation of the plane is then ..z —k k=
a b ¢

Al

B. 2

C.3

D. none of these

Answer

A plane meets the co - ordinate axes at A, B, C such that the centroid of AABC is the point (a, b, ¢).
Let, the co - ordinates of the point A (a, 0, 0), B (0, B, 0) and C (0, 0O, y).

According to the centroid formula,

o+ 0+0
AT 3
= o= 3a
0+p3+0
RS R
3
=B =3b
0+0+ vy
andc=———
3
=Yy = 3cC

We know the intercept form of a plane is given as,



=

if the plane makes intercepts at (p, 0, 0), (0, g, 0) and (0, 0, r) with the x -, y - and z - axes respectively.
Here, p=a=3a, q=B=3b and r=y=3c

So, the equation of the plane is,

X v Z
3a 3 T3t
X y Z
:>E + b + E= S (1)

Equation of the given plane is
X y z
—_ + —_ + -
a b ¢

On comparing, we get, k=3.

=k

12. Question

Mark the correct alternative in the following:

The distance between the point (3, 4, 5) and the point where the line = 3 = Y — = 5 meets the plane
X+y+z=17,is

Al

B. 2

C.3

D. none of these

Answer

Let, the point of intersection of the line

x—3 y—4 z-5
1 2 2

and the plane x +y + z=17 be (X, Yo, Zg)-
As (Xg, Yo, Zp) is the point of intersection of the line and

the plane, so it must satisfy both of the equation of
line and the equation of plane.

Substituting, (Xq, Yo. Zg) in place of (x, y, z) in both the equations, we get,

XO:L—BZyOZ—"—}:zoZ—B:kUet)
:>X01_3=k,

Yo =kand

z0—5:k




i.e. xp=k + 3,

Yo=2k + 4 and

zp=2k + 5

Putting this values in the equation of plane we get,
Xo + Yo + =17

(k +3) + (2k + 4) + (2k + 5)=17

5k + 12=17

5k=5

k=1

S Xo=k + 3

=1+3

=4

Yo=2k + 4

=(2x1) + 4

=6

zg=2k + 5

=(2x1)+5

=7

Hence, the point of intersection is, (4, 6, 7).

Now, the distance between the point (3, 4, 5) and (4, 6, 7) is,

=J(4-3)2 + (6—4) + (7-5)2

—_—
J12 + 22 + 22

=Vi+4+4

Il
S

Il
w

x—3 v—&4 z—5
1

Hence, the distance between the point (3, 4, 5) the point where the line "2 T 72 meets the plane x +

y + z =17, is 3 units.

13. Question

Mark the correct alternative in the following:

A vector parallel to the line of intersection of planes 1_(31 —j' +1<;) =1 and 1_(1 —4] - 21{) =2is

A —2i+7j-13k



B. 2i+7j—13k

C. —2i—7j+13k

D. 2i+7j+13k

Answer

The two planes are, 7. (31‘-]‘ + ﬁ) — 1 and
t-(1—4-2k)=2

The line of intersection of planes¥- (31 —j + k) = 1 and
- (i—4j—2k) = 2 is parallel to

(3i—7 + k) x (1—4§—2k)

i j k
3 -1 1
1 —4 -2

=(((~1) x (2) = (9 x 1))1- (3 x (-2)) - (1 x D)j
+((Bx(-9)-((-Dx 1))k

=2-(-9)i-((-6)— 1) + ((-12) - (-1))k

= (61 + 77— 11k)

The line of intersection of planes 7. (3T -+ R) —1and

P (i—4j—2k) = 2 is parallel to (6i + 7j — 11k)
Alternative:

The two planes are, 7. (3f_j‘ + ﬁ) =1 and
i-(i—4j—2k)=2

or,3x-y +z=1and x -4y - 2z=2

Putting, z=k, we get,

and x -4y -2k=2 ..o (2)

Multiplying equation (2) by 3 and then subtracting equation (1) from it, we get,
3(x-4y-2k)- (3x -y + k)=(3x2) -1

3x-12y-6k-3x+y-k=6-1

- 11y - 7k=5
LSy 5+ Tk
= K= —7 anay = 11

Substituting y, in equation (1) we get,
3 (5 + 7k) ket
T =
5+ 7k
11

3x + + k=1




33x + 5+ 7k + 11k=11
18k=11-5 - 33x
6—33x 2-11x

=k

18 6
2-11x_5+1ly_
6 —7
2 5
:>X+_11_y+ﬁ=5=k
6 _ 7
11 11
2 5
X—5- ¥Vt z
11 _ 11 Z_
=g =7 = =k
11 1
2 _6 .
=X 1T
REAETEET]
Z_k
==

Equation of the line of intersection,

(2 6k)A+( 5 7k)“+kﬁ—0
11 11/ 11 11/’ =

(2“ 5“) k(6“+7“+ﬁ)—0
RACTREETE 11 T 11 =

= (2i—5)) — k(61 + 7] + 11k) =0
The line of intersection of planes 7. (3T —j + R) =1 and

i (i—4j—2k) =2 is parallel to (6i + 7j— 11k).

14. Question

Mark the correct alternative in the following:

If a plane passes through the point (1, 1, 1) and is perpendicular to the line =~ — - = _1_ then its

perpendicular distance from the origin is

A. 3/4

B. 4/3

C.7/5

D.1

Answer

y-1_z-1

= — S0,

Let, the equation of the plane be, Ax + By + Cz + D=0, as the plane is perpendicular to,% = n

we have,
A=3, B=0 and C=4
As the plane passes through (1, 1, 1) we have, (Ax1) + (Bx1) + (Cx1) + D=0

A+B+C+ D=0



3+40+4+D=0
D=-7
So, the equation of the plane becomes, 3x + 4z - 7=0

Now, the perpendicular distance of the plane from the origin is

|[Ax, + By, + Czy + D|

VAZ + B2 + C2

[((3x0) + (0x0) + (4x0)—7)|

V32 + 07 + 42

[+ (X0.¥0,2Z0) ® (0,0,0)]
[0—7|
“V9 + 16
[—7
5

5l

|~

Hence, the perpendicular distance from the origin to the plane is = - units.

| =1

15. Question
Mark the correct alternative in the following:

The equation of the plane parallel to the lines x -1 =2y -5 =2z and 3x = 4y - 11 = 3z - 4 and passing
through the point (2, 3, 3) is

A x-4y+22+4=0
B.x+4y+2z+4=0
C.x-4y+2z-4=0

D. none of these

Answer

The required plane is parallel to the lines
x-1=2y-5=2z and 3x=4y-11=3z-4.
Equation of the lines can be re - written as,

x—1 2y—-5 2z

1 1 1
1 ¥ >
X— -5 z
= 1 ZTZIZ)L[:IETC)
2 2
And,
3x 4y—11 3z—4
1 11
11 . 4
% _ _=x
:>I=7£4 = 13=u(let)
3 4 3

So, we have the straight lines as,



:>1+Ej‘+1(i+ij‘+}ﬁ)=0
2 2! 7 2
And,

1 1 1 4 1\
3+ (G qu)i+ 5+ 30)R=0
11, 4. 1 1.
:>Tj+§k+u(§1+gj+§k)=0

We have the normal vector of the plane as,

n= (”+l“+lﬁ) (1"+1“+1ﬁ)
PE T TRt T TS

— Wk e E

So, the equation of plane is (¥ —3) - 11 = 0, Where

a=2i+ 3]+ 3k ['"the plane passes through the point (2, 3, 3)]

=
= (xi + yj + zk).ii = (21 + 3§ + 3k) -1
[ 7= (xi + yj + zk)]

. . ~ 1, 1, ~ . . ~ 1, 1, ~
= (xi + ¥ +Zk).(ﬂl—g] + 1 k)=(21+3] +3k)'(ﬂ1_gl +—k)

2
111 111
24" 6y TP 12 27

111 2
Z 2 e TP T

X-4y + 2z=-4

X-4y + 2z + 4=0

The equation of the plane parallel to the lines

x-1=2y-5=2z and 3x=4y-11=3z-4 and passing through the point (2, 3, 3) is x-4y + 2z + 4=0
16. Question

Mark the correct alternative in the following:

The distance of the point (-1, -5, -10) from the point of intersection of the line



-

T=2i—]+2k+2(31+4)+12k) and the plane T.(i—j+ k) =5 is

A.9

B. 13

C.17

D. none of these
Answer

Let, the point of intersection of the line

F=2i—7 + 2k + A(31 + 4 + 12k) 3nq the plane

-

r-(i-j+k)=5 be (xq, Yo, 20)-

As (Xq, Yor Zg) is the point of intersection of the line and the plane, so the position vector of this point i.e.

-

=Xol + Yol + ZoK must satisfy both of the equation of

—
I'y

line and the equation of plane.

Substituting, '@ in place of ! in both the equations, we

get,

(%01 + vof + zok) =2i—j + 2k + A(31 + 4] + 12k)

i.exg =2+ 3A

Yo=-1+4A

zg =2+ 12A

Substituting, these values in equation (2) we get,
((2 + 3A)x1) - (Ix(-1+ 4AN) + (1x(2 + 12A))=5
2+3A+1-4M+ 2+ 12A=5

11A=0

A=0

“Xg =2 + 3A

z 0=2 + 12A
=2
Hence, the point of intersection is, (2, - 2, 2).

Now, the distance between the point (-1, -5,-10) and (2, - 1, 2) is,



=J(2—(—1J|)2 +((D-5) + 2-(-10)°

—
V32 + 4 + 122
=9 + 16 + 144
/169

=13

Hence, the required distance between the point ( - 1, - 5, - 10) the point where the line
F=2i—j+ 2k + A(31 + 4 + 12K) tpe plane - (=7 + k) =5 is 13 units.

17. Question
Mark the correct alternative in the following:

The equation of the plane through the intersection of the planesax + by + cz+d=0andIXx+ my + nz + p
= 0 and parallel to the liney =0,z=0

A.(bl-am)y + (cl-an)z+dl-ap=0

B. (@am-bl)x+ (mc-bm)z+ md-bp =0
C.(ha-ch)x+(bm-cm)y+nd-cp=0

D. none of these

Answer

The equation of the plane through the intersection of

the planes ax + by + cz + d=0 and Ix + my + nz + p=0 is given as,
(ax + by + cz+ d) + A(Ix + my + nz + p)=0

[where A is a scalar]

x(@a + IA) + y(b + mA) + z(c + nA) + d + pA=0

Given, that the required plane is parallel to the line y=0, z=0 i.e. x - axis so, we should have,
1(a + IA) + O(b + mA) + 0(c + nA)=0

a+ IA=0

a
:>;'-.=—T

Substituting the value of A we get,
a
(ax + by + cz + d)—T(Ix +my +nz+p) =0

(alx + bly + clz + dl) - a(lx + my + nz + p)=0
alx + bly + clz + dl - alx + amy + anz + ap=0
bly + clz + dl - amy - anz - ap=0

(bl -an)y + (cl -an)z + dl - ap=0

Therefore, the equation of the required plane is

(bl-am)y + (cl-an)z + dl-ap=0



18. Question

Mark the correct alternative in the following:

The equation of the plane which cuts equal intercepts of unit length on the coordinate axes is
AXxX+y+z=1

B.x+y+z=0

C.x+y-z=0

D.x+y+z=2

Answer

We know, that the general equation of a plane is given by,

Ax + By + Cz + D=0, wherep =0 ......... (1)

Here, A, B, C are the coordinates of a normal vector to the plane, while (x, y, z) are the co - ordinates of any
point through which the plane passes.

Again, we know the intercept form of plane which is given by,

X A
_+z+_
C

e =1 (2)

Where, A = —E,B = —E and C = —% and the plane makes intercepts at (a, 0, 0), (0, b, 0) and (0, 0, c) with
the x -, y - and z - axes respectively.

Here, a=b=c=1.

Putting, the value of a, b, c in equation (2), we are getting,

X ¥ z

—+>-+-=1
1 1 1
X+y+z=1

Hence, the equation of the plane which cuts equal intercepts of unit length on the coordinate axes is, x +y +
z=1.
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