3. Binary Operations

Exercise 3.1

1 A. Question

Determine whether each of the following operations define a binary operation on the given set or not:
“* on N defined by a * b = aP for all a,b N.

Answer

Given that “*' is an operation that is valid in the Natural Numbers ‘N’ and it is defined as given:

= a*b = aP, where a,bEN

Since a€N and beN,

According to the problem it is given that on applying the operation “*' for two given natural numbers it gives
a natural number as a result of the operation,

We also know that p9>0 if p>0 and g>0.
So, we can state that,

= ab>0

From (1) and (2) we can see that both L.H.S and R.H.S gave only Natural numbers as a result.

Thus we can clearly state that ‘¥’ is a Binary Operation on ‘N’.

1 B. Question

Determine whether each of the following operations define a binary operation on the given set or not:
‘0’ on Z defined by a O b = aP for all a,b Z.

Answer

Given that ‘O’ is an operation that is valid in the Integers ‘Z’ and it is defined as given:

= aOb = aP, where a,b€Z

Since a€Z and beZ,

According to the problem it is given that on applying the operation ‘*’ for two given integers it gives Integers
as a result of the operation,

= a0Ob&zZ ...... (1)

Let us values of a = 2 and b = - 2 on substituting in the R.H.S side we get,

ﬁab_2—2
= qb :i
= abgz ... (2)

From (2), we can see that aP doesn’t give only Integers as a result. So, this cannot be stated as a binary
function.

.. The operation ‘O’ does not define a binary function on Z.
1 C. Question

Determine whether each of the following operations define a binary operation on the given set or not:



“*" on N defined bya*b =a+ b-2forall a,bN.

Answer

Given that “*' is an operation that is valid in the Natural Numbers ‘N’ and it is defined as given:
=a*b =a + b - 2, where a,beEN

Since a€N and beN,

According to the problem it is given that on applying the operation ‘*’ for two given natural numbers it gives
a natural number as a result of the operation,

Let us take the values of a = 1 and b = 1, substituting in the R.H.S side we get,
2a+b-2=1+1-2
=a+b-2=0&N.... (2)

From (2), we can see that a + b - 2 doesn’t give only Natural numbers as a result. So, this cannot be stated
as a binary function.

. The operation “*' does not define a binary operation on N.

1 D. Question

Determine whether each of the following operations define a binary operation on the given set or not:
‘Xg" on S={1,2,3,4,5} defined by a xg b = Remainder when ab is divided by 6.

Answer

Given that ‘xg" is an operation that is valid for the numbers in the Set S = {1,2,3,4,5} and it is defined as
given:

= aXgb = Remainder when ab is divided by 6, where a,beS
Since a€S and bEs,

According to the problem it is given that on applying the operation ‘*’ for two given numbers in the set ‘'S’ it
gives one of the numbers in the set ‘S’ as a result of the operation,

= axgh€s ...... (1)

Let us take the values of a = 3, b = 4,
= ab = 3x4

=ab =12

We know that 12 is a multiple of 6. So, on dividing 12 with 6 we get 0 as remainder which is not in the given
set ‘S’.

The operation ‘xg’ does not define a binary operation on set S.

1 E. Question

Determine whether each of the following operations define a binary operation on the given set or not:
fa—b ifa+b<6

1 atb-6,ifatb =6

.

‘+¢'on S = {0,1,2,3,4,5} defined by a +¢ b= -

Answer

Given that ‘¥’ is an operation that is valid for the numbers in the set S = {0,1,2,3,4,5} and it is defined as
given:

a+ bifa+b<é

, where a,beS
a+b—6ifa+b=6

ﬁa+6b={



Since a€S and b&s,

According to the problem it is given that on applying the operation “*’ for two given numbers in the set ‘'S’ it
gives the number that present in the set ‘'S’ as a result of the operation,

Since the addition of any two whole numbers must give a whole number, we can say that,

=a+ b=0

For a + b<6, a + beS

=a+b=6=a+b-6=0eW

But according to the numbers given in the problem, the maximum value of the sum we can attain is 6.
So, we can say that a + b - 6€S.

. The operation * + g’ defines a binary operation on S.

1 F. Question

Determine whether each of the following operations define a binary operation on the given set or not:
‘0’ on N defined by a O b = aP + b2 for all a,b N.

Answer

Given that ‘O’ is an operation that is valid in the Natural Numbers ‘N’ and it is defined as given:

= aOb = aP + b3, where a,bEN

Since a€EN and beN,

According to the problem it is given that on applying the operation ‘O’ for two given natural numbers it gives
a natural number as a result of the operation,

= aObeN ...... (1)

We know that p9>0 if p>0 and g>0.

= aP>0 and b2>0.

We also know that the sum of two natural numbers is a natural number.
= aP + b2EN

.. The operation ‘O’ defines the binary operation on N.

1 G. Question

Determine whether each of the following operations define a binary operation on the given set or not:

a-—1 for all a,b Q.

b+l

*’ on Q defined by 3 *bh =

Answer

Given that “*' is an operation that is valid in the Rational Numbers ‘Q’ and it is defined as given:

a—1

T where a,beQ

=>a=xh =

Since a€Q and bEqQ,

According to the problem it is given that on applying the operation ‘*’ for two given rational numbers it gives
a rational number as a result of the operation,

Let the valueofb=-1anda=2



a-1 2-1
b+1  —1+1

1
= =5 = undefined

a-1
b+1

=

£Q
. the operation “*' does not define a binary operation on Q.
2 A. Question

Determine whether or not each definition * given below gives a binary operation. In the event that * is not a
binary operation give justification of this.

Onz*, defined*bya*b=a-b

Here, Z * denotes the set of all non - negative integers.

Answer

Given that “*' is an operation that is valid in the Positive integers ‘Z* * and it is defined as given:
=a*b =a-b, wherea,bez +

Since a€Z * and bez *,

According to the problem it is given that on applying the operation ‘*’ for two given positive integers it gives
a positive integer as a result of the operation,

Let us take the valuesa=1and b =2

=a-b=1-2

sa-b=-1¢z*

. The operation * does not define a binary operation on Z *
2 B. Question

Determine whether or not each definition * given below gives a binary operation. In the event that * is not a
binary operation give justification of this.

On Z *, defined * by a*b = ab

Here, Z * denotes the set of all non - negative integers.

Answer

Given that “*' is an operation that is valid in the Positive integers ‘Z* * and it is defined as given:
= a*b = ab, where a,bez *,

Since a€Z * and bez *,

According to the problem it is given that on applying the operation “*' for two given positive integers it gives
a Positive integer as a result of the operation,

=a*beEZ T ... (1)

We know that p g>0 if p>0 and g>0.

= ab>0€N

=abez*

. The operation * defines a binary operation on Z *.

2 C. Question



Determine whether or not each definition * given below gives a binary operation. In the event that * is not a
binary operation give justification of this.

On R, defined * by a*b = ab?

Here, Z * denotes the set of all non - negative integers.

Answer

Given that “*' is an operation that is valid in the Real Numbers ‘R’ and it is defined as given:
= a*b = ab?, where a,b€ER

Since a€R and bER,

According to the problem it is given that on applying the operation “*' for two given real numbers it gives a
real number as a result of the operation,

We know that ab&R if a€R and b&R
. The operation * defines a binary operation on R.
2 D. Question

Determine whether or not each definition * given below gives a binary operation. In the event that * is not a
binary operation give justification of this.

On Z *, defined * by a*b = |a - b|

Here, Z * denotes the set of all non - negative integers.

Answer

Given that “*' is an operation that is valid in the Positive integers ‘Z* ’ and it is defined as given:
= a*b = |a - b|, where a,b€ez +,

Since a€Z * and bez *,

According to the problem it is given that on applying the operation ‘*’ for two given positive integers it gives
a Positive integer as a result of the operation,

Letustakea=2andb =2,

=la-b|l=|2-2|

=la-b|=|0]

=|a-b|=0¢zZ*

. The operation * does not define a binary functionon Z * .
2 E. Question

Determine whether or not each definition * given below gives a binary operation. In the event that * is not a
binary operation give justification of this.

On zZ *, defined * by a*b = a

Here, Z * denotes the set of all non - negative integers.

Answer

Given that “*' is an operation that is valid in the Positive integers ‘Z* ’ and it is defined as given:

= a*b = a, where a,b€Z *,



Since a€Z * and bez

According to the problem it is given that on applying the operation “*’ for two given positive integers it gives
a Positive integer as a result of the operation,

It is told from the problem a€zZ * .
The operation ‘*' defines a binary operation on Z *.
2 F. Question

Determine whether or not each definition * given below gives a binary operation. In the event that * is not a
binary operation give justification of this.

On R, defined * by a*b = a + 4b?

Here, Z * denotes the set of all non - negative integers.

Answer

Given that “*' is an operation that is valid in the Real Numbers ‘R’ and it is defined as given:
= a*b = a + 4b?, where a,bER,

Since a€R and bER,

According to the problem it is given that on applying the operation “*' for two given real numbers it gives a
Real number as a result of the operation,

Since bER then b%€R,

We also know that the sum of two real numbers gives a real number. So,

=a + 4b%ER ...... (2)

From (1) and (2),

. The operation ‘*' defines a binary operation on R.

3. Question

Let * be a binary operation on the set | of integers, defined by a*b = 2a + b - 3. Find the value of 3*4.
Answer

Given that * is a binary operation on the set | of integers.

The operation is defined by a*b = 2a + b - 3.

We need to find the value of 3*4.

Since 3 and 4 belongs to the set of integers we can use the binary operation.

= 3*4 = (2x3) + 4-3

=3 =6+1

=3*¥4 =7

. the value of 3*4 is 7.

4. Question

Is * defined on the set {1,2,3,4,5} by a*b = LCM of a and b a binary operation? Justify your answer.
Answer

Given that * is an operation that is valid on the set S = {1,2,3,4,5} defined by a*b = LCM of a and b.



According to the problem it is given that on applying the operation * for two given numbers in the set ‘S’ it
gives a number in the set ‘S’ as a result of the operation.

Let us take the values ofa =2 and b = 3.

We know that L.C.M of two prime numbers is given by the product of that two prime numbers.

= L.C.Mofaandbis2x3 = 6.

= 6€&S

.. The operation * does not define a binary operation on ‘S’.

5. Question

Let S = {a,b,c}. Find the total number of binary operations on S.

Answer

Given set S = {a,b,c}, we need to find the total number of binary operations possible for the set ‘S’.

We know that the total number of binary operations on a set ‘S’ with ‘n’ elements is given by p»°.

Here n = 3,
= = 3%
= = 3°

= The total number of binary operations possible on set ‘S’ is 3°.

6. Question

Find the total number of binary operations on {a,b}

Answer

Given set S = {a,b}, we need to find the total number of binary operations possible for the set ‘S’.

We know that the total number of binary operations on a set ‘S’ with ‘n’ elements is given by p»°.

Here n = 2,

=>n = 27

> = 2%
2

=n" = 16

.. The total number of binary operations possible on set ‘S’ is 16.
7. Question

Prove that the operation * on the set

[a 07
M :J ‘ ) |:b eR —{0} ;defined by A*B=AB is a binary operation.
)

|

8

Answer

a o0

Given that * is an operation that is valid on the setM = {(0 b

) :beR— {0}} and it is defined as given:A*B
= A B.

According to the problem it is given that on applying the operation * for two given numbers in the set ‘M’ it
gives a number in the set ‘M’ as a result of the operation.

= A*BEM ...... (1)



a 0
0 b

a8 = (5 )= (G o)

c 0

0 d) here a€R, bER, cER and dER then,

Let us take A = ( ) andB = (

AR - (((axc)+(0x0)} {(ax0)+(0><d)))
\((0x0) + (bx0) ((0x0) + (bxd)

< AB = (((aoc N (?)) ((00: bod)))
~a8 = (T )

Since a€R and c&R then aceR

And also b€R and dER then bdER.

= ABER

. The operation ‘*' defines a binary operation on ‘M’.
8. Question

Let S be the set of all rational numbers of the form m/n, where m&Z and n = 1,2,3. Prove that * on S defined
by a*b = ab is not a binary operation.

Answer

Given that * is an operation that is valid on the set S which consists of all rational numbers of the form%
here m&Z and n = 1,2,3 and is defined by a*b = ab.

According to the problem it is given that on applying the operation * for two given numbers in the set ‘S’ it
gives a number in the set ‘S’ as a result of the operation.

Since a€S and b&s,

Let us take the values ofa = g andb = g then,

=>ab = -x

w
w | m

= ab %ESas9$n.

. The operation “*" does not define a binary operation on ‘S’.

9. Question

The binary operation * defined on RXR — R is defined as a*b = 2a + b. Find (2*3)*4.
Answer

Given that * is an operation that is valid for the following Domain and Range RxR=R and is defined by a*b =
2ab.

We need to find the value of (2*3)*4

According to the problem the binary operation involving * is true for all real values of a and b.
= (2*%3)*4 = ((2x2) + 3)*4

= (2*3)¥4 = (4 + 3)*4

= (2*%3)*4 = 7*4

= (2*¥3)*4 = (2x7) + 4



= (2¥3)*4 =14 + 4

= (2*3)*4 = 18

.. The value of (2*3)*4 is 18.

10. Question

Let * be a binary operation on N given by a*b = LCM(a,b) for all a,b€N. Find 5*7.
Answer

Given that * is an operation that is valid for the natural numbers ‘N’ and is defined by a*b = LCM(a,b).
We need to find the value of 5*7.

According to the Problem, Binary operation is assumed to be true for the values of a and b to be natural.
= 5*%7 = LCM(5,7)

We know that LCM of two prime numbers is the product of that given two prime numbers.
= 5*7 = 5x7

= 5*%7 = 35

. The value of 5*7 is 35.

Exercise 3.2

1 A. Question

Let “*' be a binary operation on N defined by a*b = L.C.M(a,b) for all a,bE€N.

Find 2*4, 3*5, 1*6.

Answer

Given that * is an operation that is valid on all natural numbers ‘N” and is defined by a*b = L.C.M(a,b)
According to the problem, binary operation given is assumed to be true.

Let us find the values of 2*¥4,3*5,1*6

=2*4 =L.CM(2,4) =4

= 3*5 = L.C.m(3,5)

= 3*5 = 3x5 =15

= 1*6 = L.C.M(1,6)

= 1% =1x6=6

The values of 2*4 is 4 , 3*5 is 15 and 1*6 is 6

1 B. Question

Let “*' be a binary operation on N defined by a*b = L.C.M(a,b) for all a,bEN.

Check the commutativity and associativity of “*' on N.

Answer

We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

= a*b = L.C.M(a,b)

= b*a

L.C.M(b,a) = L.C.M(a,b)

= b*a = a*b



. Commutative property holds for given binary operation “*' on ‘N’.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (L.C.M(a,b))*c

= (a*b)*c = L.C.M(a,b)*c

= (a*b)*c = L.C.M(L.C.M(a,b),c)

= (a*b)*c = L.C.M(a,b,c) ...... (1)

= a*(b*c) = a*(L.C.M(b,c))

= a*(b*c) = a*L.C.M(b,c)

= a*(b*c) = L.C.M(a,L.C.M(b,c))

= a*(b*c) = L.C.M(a,b,c) ...... (2)

From(1l) and (2) we can say that associative property holds for binary function ‘*’ on ‘N’.
2 A. Question

Determine which of the following binary operations are associative and which are commutative:
* on N defined by a*b=1 forall a,b N

Answer

Given that * is a binary operation on N defined by a*b = 1 for all a,b&N.
We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=1

=b*a=1

= b*a = a*b

. The commutative property holds for given binary operation *' on ‘N’.
We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (1)*c

= (a*b)*c = 1*c

= (a*b)*c=1...... (1)

= a*(b*c) = a*(1)

= a*(b*c) = a*1

= a*(b*c)=1...... (2)

From (1) and (2) we can clearly say that,

Associative property holds for given binary operation ‘*' on ‘N’.

2 B. Question

Determine which of the following binary operations are associative and which are commutative:

a+b

*on Q defined by 3 %b = for all a,b Q.




Answer

Given that * is a binary operation on N defined by g «b = a;’ ® for all a,bEN.

We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

+b
=a=xbh = az
>hsa = b+a _ a+b
2 2

= b*a = a*b
. The commutative property holds for given binary operation “*' on ‘N’.
We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a=b)=*c = (a;b)*c

a+h+C
=(a*b)*c=—22—
= (axh)+c = 2E2FZ (1)

=ax+(b=*c) = a*(b”)

a+h+c
Zax(b+c) = —=
sax(bc) = 22 (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation ‘*" on ‘N’.

3. Question

Let A be any set containing more than one element. Let ‘*’ be a binary operation on A defined by a*b = b for

all a,b€A. Is “*" commutative or associative on A?

Answer

Given that * is a binary operation on set A defined by a*b = b for all a,bEA.

We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

=a*b=0>Db
= b*a = a
= b*aza*b

.. The commutative property does not hold for given binary operation ‘*’ on ‘A’.
We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (b)*c

= (a*b)*c = b*c

= (a*b)*c =

I
(@]
—
=
-

= a*(b*c)

I
4]

*
=
0
-



= a*(b*c) = a*c

= a*(b*c) = c...... (2)

From (1) and (2) we can clearly say that associativity holds for the binary operation *' on ‘A’.
4 A. Question

Check the commutativity and associativity of each of the following binary operations:
“*' on Z defined by a*b = a + b + ab for all a,b€z

Answer

Given that * is a binary operation on Z defined by a*b = a + b + ab for all a,b€Z.

We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=a+b+ab

= b*a

b+ a+ ba

=>b*a=a+b+ab

= b*a = a*b

. Commutative property holds for given binary operation *’ on ‘Z’".

We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + b + ab)*c

= (a*b)*c =(a+ b+ ab + c+ ((a + b + ab)xc))

= (a*b)*c=a+ b+ c+ab +ac+ac+abc... (1)

= a*(b*c) = a*(b + ¢ + bc)

= a*(b*c) =(a+ b+ c+ bc + (ax(b + c + bc)))
=a*(b*c)=a+ b+ c+ab + bc+ ac+ abc..... (2)

From (1) and (2) we can clearly say that associativity holds for the binary operation ‘*' on ‘Z’.
4 B. Question

Check the commutativity and associativity of each of the following binary operations:
*" on N defined by a*b = 22P for all a,bEN

Answer

Given that * is a binary operation on N defined by a*b = 22P for all a,bEN.

We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

= g*p = 2ab

= p*g = 2ba = pab

= b*a = a*b

. The commutative property holds for given binary operation “*’ on ‘N’.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:



= (a*b)*c = (zab)*c

= (asb)*c = 22%%e ... (1)

= a*(b*c) = a*(2°°)

= ax(brc) = 2225 .. (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation ‘*' on ‘N’.
4 C. Question

Check the commutativity and associativity of each of the following binary operations:
“*' on Q defined by a*b = a - b for all a,b€Q

Answer

Given that * is a binary operation on Q defined by a*b = a - b for all a,b€Q.

We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*h=a-b

=>b*ta=b=a

= b*a=za*b

. The commutative property doesn’t hold for given binary operation “*' on ‘Q’.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a - b)*c

= (a*b)*c=a-b-c.... (1)

= a*(b*c) = a*(b - ¢)

= a*(b*c) =a-(b-c¢)

=a¥(b*c)=a-b+c..... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation “*' on ‘Q’.
4 D. Question

Check the commutativity and associativity of each of the following binary operations:
‘0’ on Q defined by aOb = a2 + b? for all a,b€Q

Answer

Given that O is a binary operation on Q defined by aOb = a2 + b? for all a,b€Q.

We know that commutative property is pOq = qOp, where O is a binary operation.
Let’s check the commutativity of given binary operation:

= a0b = a2 + b?

=bOa =b% + a2 =a2+ b2

= bOa = aOb
. Commutative property holds for given binary operation ‘O’ on ‘Q’.

We know that associative property is (pOq)Or = pO(qOr)



Let’s check the associativity of given binary operation:

= (aOb)Oc = (a2 + b?)Oc

= (a0b)0Oc = (a% + b?)% + ¢?

= (a0b)Oc = a* + b* + 2a%b? + 2 ...... (1)

= a0(bOc) = aO(b? + c?)

= a0(b0c) = a% + (b? + c?)?

= a0(b0Oc) = a2 + b* + ¢* + 2b%c? ...... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation “*’ on ‘Q’.
4 E. Question

Check the commutativity and associativity of each of the following binary operations:
‘o’ on Q defined by a o b = ab/2 for all a,b Q.

Answer

Given that o is a binary operation on Q defined by agbh = %bfor all a,b€qQ.

We know that commutative property is poq = qop, where o is a binary operation.

Let’s check the commutativity of given binary operation:

ab
=aoh = =

2

ba ab
=boa=—=—

2 2
= b*a = a*b

. The commutative property holds for given binary operation ‘o’ on ‘Q’.
We know that associative property is (poqg)or = po(qor)

Let’s check the associativity of given binary operation:

= (aob)oc = (%) ocC
ab
= (aob)oc = @
= (aob)oc = sbe . (1)

= ao(boc) = ao (E)

= ao(boc) = )

= ao(boc) = — ...... (2)

From (1) and (2) we can clearly say that associativity hold for the binary operation ‘0" on ‘Q’.
4 F. Question

Check the commutativity and associativity of each of the following binary operations:

“*" on Q defined by a*b = ab? for all a,b€Q

Answer



Given that * is a binary operation on Q defined by a*b = ab? for all a,b€Q.
We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

= a*b = ab?
= b*a = ba?
= b*aza*b

. Commutative property doesn’t holds for given binary operation “*' on ‘Q’.

We know that associative property is (p*q)*r = p*(q*r)

Let’'s check the associativity of given binary operation:

= (a*b)*c = (ab?)*c

= (a*b)*c = ab?c? ...... (1)

= a*(b*c) = a*(bc?)

=ax*(b*c) = a(bc?)?

= a*(b*c) = ab’c? ...... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation “*’ on ‘Q’.
4 G. Question

Check the commutativity and associativity of each of the following binary operations:
*” on Q defined by a*b = a + ab for all a,b€Q

Answer

Given that * is a binary operation on Q defined by a*b = a + ab for all a,b€Q.

We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=a+ ab

=>b*a=Db+ba=b+ab

= b*a=za*b

. Commutative property doesn’t holds for given binary operation “*' on ‘Q’.

We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + ab)*c

= (a*b)*c = a + ab + ((a + ab)xc)

= (a*b)*c = a + ab + ac + abc ...... (1)

= a*(b*c) = a*(b + bc)

= a*(b*c) = a + (ax(b + bc))

= a*(b*c) = a + ab + abc ...... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation ‘¥’ on ‘Q’.
4 H. Question

Check the commutativity and associativity of each of the following binary operations:



“*' on R defined by a*b = a + b - 7 for all a,b€Q

Answer

Given that * is a binary operation on R defined by a*b = a + b - 7 for all a,bER.
We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*h=a+b-7

=>b*ta=b+a-7=a+b-7

= b*a = a*b

. Commutative property holds for given binary operation *’ on ‘R’.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + b - 7)*c

= (a*b)*c=a+b-7+c-7

= (a*b)*c=a+b+c-14 ... (1)

= a*(b*c) = a*(b + c-7)

=sa*(b*c)=a+b+c-7-7

=sa*(b*c)=a+b+c-14 ... (2)

From (1) and (2) we can clearly say that associativity holds for the binary operation *’ on ‘R’.
4 |. Question

Check the commutativity and associativity of each of the following binary operations:
“*" on Q defined by a*b = (a - b)? for all a,b€Q

Answer

Given that * is a binary operation on Q defined by a*b = (a - b)? for all a,b€Q.
We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

= a*b = (a - b)?

= b*a = (b - a)’ = (a - b)?

= b*a = a*b

. Commutative property holds for given binary operation ‘*" on ‘Q’.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = ((a - b)?)*c

=(a*b)xc = ((@a—-b)*-0)?

= (a*b)*c = (a® + b? - 2ab - ¢)? ...... (1)

= a*(b*c) = a*((b - ¢)?)

=ax(bxc) = (@a>—(b—0)?)?



= a*(b*c) = (a? - b% - ¢ + 2bc)? ...... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation “*’ on ‘Q’.
4 ). Question

Check the commutativity and associativity of each of the following binary operations:
*" on Q defined by a*b = ab + 1 for all a,b€Q

Answer

Given that * is a binary operation on Q defined by a*b = ab + 1 for all a,b€Q.

We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=ab+1

=b*a=ba+l=ab+1

= b*a = a*b

. Commutative property holds for given binary operation “*' on ‘Q’.

We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (ab + 1)*c

= (a*b)*c = ((ab + 1)xc) + 1

= (a*b)*c =abc+c+1.... (1)

= a*(b*c) = a*(bc + 1)

= a*(b*c) = (ax(bc + 1)) +1

= a*(b*c) =abc+a+1.... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation ‘¥’ on ‘Q’.
4 K. Question

Check the commutativity and associativity of each of the following binary operations:
“* on N defined by a*b = aP for all a,bEN

Answer

Given that * is a binary operation on N defined by a*b = aP for all a,bEN.

We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

= a*b = aP
= pb*a = b?
= b*aza*b

. Commutative property doen’t holds for given binary operation ‘*’ on ‘N’.
We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (aP)*c

= (a*b)*c = (ab)c



= (a*b)*c = aPc ...... (1)

= a*(b*c) = a*(b®)

Sas(bxc) = a® .. (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation *' on ‘N’.
4 L. Question

Check the commutativity and associativity of each of the following binary operations:
*” on Z defined by a*b = a - b for all a,b€Z

Answer

Given that * is a binary operation on Z defined by a*b = a - b for all a,b€Z.

We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=a-b

=>b*a=Db-a

= b*a=za*b

. Commutative property doesn’t holds for given binary operation “*' on ‘Z’".

We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a - b)*c

= (a*tb)*c=(a-b)-c

= (a*b)*c

Il
Q
1
O
I
0

= a*(b*c) = a*(b - ¢)

= a*(b*c)=a-(b-0)

= a¥(b*c)=a-b+c.... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation *’ on ‘Z’.
4 M. Question

Check the commutativity and associativity of each of the following binary operations:

“*" on Q defined by a*b = ab/4 for all a,b€Q

Answer

Given that * is a binary operation on Q defined by a «b = % for all a,b€Q.

We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

=>a:~kb = —

=>hxa = — = =

= b*a = a*b
. Commutative property holds for given binary operation “*' on ‘Q’.

We know that associative property is (p*q)*r = p*(g*r)



Let’s check the associativity of given binary operation:

ab

= (a+b)*c = (T)*C

=’(a*b)*c=@

= (a=b)=*c

=ax+(b=c)

Il

o

*
—_
gt
~—

=’a=«(b=«c) — a‘(:)

=2ax(bxc) = —...... 2

From (1) and (2) we can clearly say that associativity hold for the binary operation **' on ‘Q’.
4 N. Question

Check the commutativity and associativity of each of the following binary operations:

“*' on Z defined by a*b = a + b - ab for all a,b€Z

Answer

Given that * is a binary operation on Z defined by a*b = a + b - ab for all a,b&EZ.

We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

=a*b=a+b-ab

s>b*a=b+a-ba=a+b-ab

= b*a = a*b

. Commutative property holds for given binary operation *’ on ‘Z’".

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + b - ab)*c

= (a*b)*c=a+ b-ab + c-((a + b-ab)xc)

= (a*b)*c=a+ b+ c-ab-ac-bc+ abc...... (1)

= a*(b*c) = a*(b + c - bc)

= a*(b*c)=a+ b+ c-bc-(ax(b+ c-bc))

= a*(b*c)=a+ b+ c-ab-ac-bc+ abc..... (2)

From (1) and (2) we can clearly say that associativity hold for the binary operation ¥’ on ‘Z’.
4 0. Question

Check the commutativity and associativity of each of the following binary operations:
“*’ on Q defined by a*b = gcd(a,b) for all a,b€Q

Answer

Given that * is a binary operation on Q defined by a*b = g.c.d(a,b) for all a,b€Q.

We know that commutative property is p*q = g*p, where * is a binary operation.



Let’s check the commutativity of given binary operation:
= a*b = g.c.d(a,b)

= b*a = g.c.d(b,a) = g.c.d(a,b)

= b*a = a*b

. Commutative property holds for given binary operation *’ on ‘Q’.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (g.c.d(a,b))*c

= (a*b)*c = g.c.d(g.c.d(a,b),c)

= (a*b)*c = g.c.d(a,b,c) ...... (1)

= a*(b*c) = a*(g.c.d(b,c))

= a*(b*c) = g.c.d(a,g.c.d(b,c))

= a*(b*c) = g.c.d(a,b,c) ...... (2)

From (1) and (2) we can clearly say that associativity hold for the binary operation *’ on ‘Q’.
5. Question

If the binary operation o is defined by aob = a + b - ab on the set Q - { - 1} of all rational numbers other
than - 1. Show that o is commutative on Q - { - 1}.

Answer

Given that o is a binary operationon Q - { - 1} defined by aob =a + b-ab foralla,beQ-{-1}.
We know that commutative property is poq = qop, where o is a binary operation.

Let’s check the commutativity of given binary operation:

=aob=a+b-ab

=>boa=b+a-ba=a+b-ab

= b*a = a*b

. Commutative property holds for given binary operation ‘0’ on ‘Q - { - 1}".

We know that associative property is (pog)or = po(qor)

Let’s check the associativity of given binary operation:

= (aob)oc = (a + b - ab)oc

= (aob)oc=a+b-ab + c-((a + b-ab)xc)

= (aob)oc=a+ b+ c-ab-ac-ab + abc...... (1)

= ao(boc) = ao(b + c - bc)

= ao(boc) =a+ b + c-bc-(ax(b+ c-bc))

= a*(b*c) =a+ b+ c-ab-bc-ac+ abc...... (2)

From (1) and (2) we can clearly say that associativity hold for the binary operation *" on ‘Q - { - 1}".
6. Question

Show that the binary operation * on Z defined by a*b = 3a + 7b is not commutative.

Answer

Given that * is a binary operation on Z defined by a*b = 3a + 7b for all a,b&EZ.



We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=3a+7b

= b*a =3b + 7a

= b*a=za*b

. Commutative property doesn’t holds for given binary operation “*' on ‘Z’".

7. Question

On the set Z of integers a binary operation * is defined by a*b = ab + 1 for all a,b€Z. Prove that * is not
associative on Z.

Answer

Given that * is a binary operation on Z defined by a*b = ab + 1 for all a,b€Z.

We know that associative property is (p*q)*r = p*(g*r), where x is a binary operation.
Let’s check the associativity of given binary operation:

= (a*b)*c = (ab + 1)*c

= (a*b)*c = ((ab + 1)xc) + 1

= (a*b)*c =1+ c + abc...... (1)

= a*(b*c) = a*(bc + 1)

= a*(b*c) = (ax(bc + 1)) + 1

= a*(b*c) =abc+a+1.... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation *' on ‘Z’.
8. Question

Let S be the set of all real numbers except - 1 and let ‘“*' be an operation defined by a*b = a + b + ab for all
ab€&S. Determine whether ‘*' is a binary operation on ‘S’. if yes, Check its commutativity and associativity.
Also, solve the equation (2*x)*3 = 7.

Answer

Given that ‘¥’ is an operation that is valid on the set S which consists of all real numbers except-1i.e.,,R-{
-1} definedasa*b=a + b + ab

Letusassumea+b+ab=-1

=a+ab+b+1=0

=a(l+b)+(1+b)=0

=2(a+1)b+1)=0

=2a=-lorb=-1

But according to the problem, it is given that a= - 1 and b= - 1 so,

a + b + ab= - 1, so we can say that the operation *' defines a binary operation on set ‘S’.
We know that commutative property is p*q = g*p, where * is a binary operation.

Let’s check the commutativity of given binary operation:

=satb=a+b+ab

s>b*a=b+a+ba=a+b+ab

= b*a = a*b



. Commutative property holds for given binary operation *' on ‘S’.
We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + b + ab)*c

= (a*b)*c

at+b+ab+c+ ((a+b+ab)xc)

= (a*b)*c=a+ b+ c+ ab + ac + bc + abc ...... (1)
= a*(b*c) = a*(b + ¢ + bc)

= a*(b*c)=a+ b + c+ bc + (ax(b + c + bc))

= a*(b*c)=a+ b+ c+ab + bc+ ac+ abc...... (2)
From (1) and (2) we can clearly say that associativity holds for the binary operation *’ on ‘N’.
We need to also solve for x in the given expression:
= (2*¥x)*3 =7

2+ Xx+2x)X33=7

=2+ 3x)*3=7

=22+ 3x+ 3+ ((2+3x)x3)=7
=25+3x+6+9x=7

=11+ 12x =7

»>12x=-4

—4
12

=X =

-1
=2¥ = —
3

-1
. the value of x is <

9. Question

a—>b

On Q, the set of all rational numbers, * is defined by 3 ¥*b = , show that * is not associative.

e

Answer

Given that * is a binary operation on Q defined by a «bh = a;—b for all a,b€Qq.

We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:
a-b
()

ﬂ(a*b)*'::(%)_c

= (a+b)=*c

=(a*b)*c =

= (a+b)+c = ——...... (1)

=a=(b=*c) = a*(E)



ax(b=xc) = -
=a*(b*c) _ Qa—ib—c]
sax(bxc) = 225 . (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation ‘¥’ on ‘Q’.
10. Question

On Z, the set of all integers, a binary operation * is defined by a*b = a + 3b - 4. Prove that * is neither
commutative nor associative on Z.

Answer

Given that * is a binary operation on Z defined by a*b = a + 3b - 4 for all a,b€EZ.
We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:

=a*b=a+3b-4

s>b*a=b+3a-4

= b*a = a*b

. The commutative property doesn’t hold for given binary operation “*' on ‘Z’.
We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + 3b - 4)*c

= (a*b)*c=a+3b-4+3c-4

= (a*b)*c=a+3b + 3c-8...... (1)

= a*(b*c) = a*(b + 3c - 4)

= a*(b*c) =a + 3x(b+3c-4))-4
= a*(b*c)=a+3b+9c-12-4

= a*(b*c) =a+ 3b+9c-16...... (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation *' on ‘Z’.

11. Question

On the set Q of all rational numbers if a binary operation * is defined by g *b :i, prove that * is
q

associative on Q.

Answer
Given that * is a binary operation on Q defined by 3 +h = i for all a,b€Q.

We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:
(3=
5

2

=(a=b)=*c

Z(axb)*c =



= (a*b)*c =2—; ...... (1)

=ax*(b=c)

Il

o

®
—_
w | &
—

carbee =

Il
|m
=2
L5}
—
N
—

=a#(b=c)

From (1) and (2) we can clearly say that associativity hold for the binary operation ‘*' on ‘Q’.

12. Question

The binary operation * is defined by g * [ :ﬂ on the set Q if all rational numbers. Show that * is

g

associative.

Answer

Given that * is a binary operation on Q defined by a +h = % for all a,b€Q.

We know that associative property is (p*q)*r = p*(g*r)
Let’s check the associativity of given binary operation:

=(a*b)*c = (%)*C

ab
Z(a=b)=*c = @
=(a:tb):tc=— ...... (1)

=ax(bx*c) = a*(?)

:’a*(b*c) — a(;)

=ax(b*c) = — ... (2)
From (1) and (2) we can clearly say that associativity hold for the binary operation *' on ‘Q’.
13. Question

a+h . Show that * is not
A

-

On Q, the set of all rational numbers a binary operation * is defined by 3 *h =

associative on Q.

Answer

Given that * is a binary operation on Q defined by a +h = a:b for all a,b€Q.

We know that associative property is (p*q)*r = p*(q*r)

Let’s check the associativity of given binary operation:

a+b
= (a=b)*c = ( . )*c
a+b
- apee = E2)e
= (axb)»c = 2EREZC (1)




=a=(b=*c) = am(b”)

b+c
ﬂa*(b*c) — a+{22 )
=>a-««(b-««c) _ 2::.+4b+c
sax(bsc) = 22 (2)

From (1) and (2) we can clearly say that associativity doesn’t hold for the binary operation *' on ‘N’.

14. Question

Let S be the set of all rational numbers except 1 and * be defined on S by a*b = a + b - ab, for all a,beS.
Prove that:

i. *is a binary operation on S

ii. * is commutative as well as associative.

Answer

Given that “*' is an operation that is valid on the set S which consists of all real numbers except1i.e., R -
{1} defined asa*b=a + b -ab

Letus assumea+b-ab=1

=a-ab+b-1=0

=a(l-b)-1(1-b)=0

=(l-a)l-b)=0

sa=1lorb=1

But according to the problem, it is given that a=1 and b=1 so,

a + b + ab=1, so we can say that the operation ‘¥’ defines a binary operation on set ‘S’.
We know that commutative property is p*q = g*p, where * is a binary operation.
Let’s check the commutativity of given binary operation:
=a*h=a+b-ab

=>b*a=b+a-ba=a+b-ab

= b*a = a*b

. Commutative property holds for given binary operation ‘*’ on ‘S’.
We know that associative property is (p*q)*r = p*(g*r)

Let’s check the associativity of given binary operation:

= (a*b)*c = (a + b - ab)*c

= (a*b)*c=a+b-ab+c-((a+ b-ab)xc)

= (a*b)*c=a+ b +c-ab-ac-bc+abc...... (1)

= a*(b*c) = a*(b + c - bc)

= a*(b*c) =a + b + c-bc-(ax(b + c + bc))

= a*(b*c)=a+ b+ c-ab-bc-ac+abc...... (2)

From (1) and (2) we can clearly say that associativity holds for the binary operation “*' on ‘S’.

Exercise 3.3



1. Question
Find the identity element in the set | * of all positive integers defined by a*b = a + b for all a,b€l *.
Answer

Given that binary operation “*' is valid for set ‘| * * of all positive integers defined by a*b = a + b for all a,b&l
+

Let us assume a€l * and the identity element that we need to compute be e€l *.
We know that he Identity property is defined as follows:

= a*e=e*a=a

>at+e=a
=>e=a-a
=2e=0

. The required Identity element w.r.t * is 0.
2. Question

Find the identity element in the set of all rational numbers except - 1 with respect to * defined by a*b = a +
b+ ab

Answer

Given that binary operation ‘*' is valid for set of all rational numbers Q defined by a*b = a + b + ab for all
a,beR.

Let us assume a€R and the identity element that we need to compute be e€R.
We know that he Identity property is defined as follows:

=>a*e=e*a=a

=at+etea=a

>e+ae=a-a

se(l+a)=0

=2e=0

.. The required Identity element w.r.t * is 0.

3. Question

If the binary operation * on the set Z is defined by a*b = a + b - 5, then find the identity element with
respect to *.

Answer

Given that binary operation ‘¥’ is valid for set ‘Z’ defined by a*b = a + b - 5 for all a,b&Z.
Let us assume a€Z and the identity element that we need to compute be e€Z.

We know that he Identity property is defined as follows:

= a*e=e*¥a=a

=a+e-5=a

=2e-5=a-a

=2e=5

. The required Identity element w.r.t * is 5.

4. Question



On the set Z of integers, if the binary operation * is defined by a*b = a + b + 2, then find the identity
element.

Answer

Given that binary operation *’ is valid for set ‘Z’ of integers defined by a*b = a + b for all a,beZ.
Let us assume a€Z and the identity element that we need to compute be e€Z.
We know that he Identity property is defined as follows:

= a*e=e*a=a

=2a+e+2=a

>e+2=a-a

=2e=-2

. The required Identity element w.r.t * is - 2.

Exercise 3.4

1. Question

Let * be a binary operation on Z definedbya*b=a+ b -4foralla, be Z.

i. Show that * * " is both commutative and associative.

ii. Find the identity element in Z.

iii. Find the invertible elements in Z

Answer

i. We are given with the set Z which is the set of integers.

A general binary operation is nothing but association of any pair of elements a, b from an arbitrary set X to
another element of X. This gives rise to a general definition as follows:

A binary operation * on a set is a function * : A X A - A. We denote * (a, b) as a * b.

Here the function *: Z X Z—» Z isgiven by a *b = a + b - 4For the * *’' to be commutative, a * b = b * a must
be true for all a, b belong to Z. Let’s check.

l.a*b=a+b-4

2.b*a

b+a-4

a*b=>b*a(as shown by 1 and?2)

Hence * * ' is commutative.

For the ‘ * ' to be associative, a * (b * ¢) = (a * b) * ¢ must hold for every a, b, c€ Z.

.a*(b*c)=a*(b+c-4)=a+(b+c-4)-4=a+b+c-8

4. (a*b)*c=(@a+b-4)*c=(a+b-4)+c-4=a+b+c-8
=a*(b*c)=(a*b)*c
Hence ‘ * ' is associative.

ii. Identity Element: Given a binary operation *: Z X Z = Z, an element e €Z, if it exists, is called an identity
of the operation * ,ifa*e=a=e*aVa€&Z

Let e be the identity element of Z.
Therefore,a*e=a=a+e-4=a=2e-4=0>e=4

iii. Given a binary operation + : ZXZ — Z with the identity element e in A, an element a € Z is said to be
invertible with respect to the operation, if there exists an element b in Zsuchthata*b=e=b*aandbis
called the inverse of a and is denoted by a™1.



Let us proceed with the solution.

Let b € Z be the invertible elements in Z of a, here a € Z.

a *b = e (We know the identity element from previous)»a+b-4=4=b=8-a
2. Question

Let * be a binary operation on Qg (Set of non - zero rational numbers) defined by a * b = 3ab/5 for all a, b €
Qo.

Show that * is commutative as well as associative. Also, find its identity element, if it exists.
Answer

We are given with the set Qg which is the set of non - zero rational numbers.

A general binary operation is nothing but association of any pair of elements a, b from an arbitrary set X to
another element of X. This gives rise to a general definition as follows:

A binary operation * on a set is a function * : AX A— A. We denote * (a, b) as a * b.

3ab

Here the function*: Q,XQ, — Q,isgivenbya+b = —,a,b € Q,For the ‘' *’' to be commutative, a *b = b *
a must be true for all a, b € Qq. Let’s check.
l.a*bh = iibz_b*a = B?ba = 3éib=>a*b=b*a(asshown by 1 and 2)

Hence ‘ * ' is commutative on Qg

For the * * ' to be associative, a * (b * ¢c) = (a * b) * ¢ must hold for every a, b, c&€ Q.

3bc)

3.ax(b=c) = a*( c

3 [3abc] 9abc
5 25

5
3ab
4.(a*b)*c=[5]*c
B 3 [3abc] B [Qabc]
~5Ls51 1Ll25
= 3. =4.

Hence * *’ is associative on Qg

Identity Element: Given a binary operation*: A X A = A, an element e €A, if it exists, is called an identity of
the operation*, if a*e = a = e*a V a €A.

Let e be the identity element of Q.

Therefore, a * e = a (a €Qq)

iii. Given a binary operation + : AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandbis
called the inverse of a and is denoted by a1



Let us proceed with the solution.
. b
Here the function*: QoXQq — Qpisgivenbya=b = 3Ta,a,];) € Qq

Let b £ Qg be the invertible elements in Qg of a, where a € Qq.

~.a*b = e (We know the identity element from previous)

3ab 5

5 3

25
=b = % (Required inverse of a)

3. Question

Let * be a binary operationon Q - {- 1} definedbya*b=a+ b + abforall,a,b&e Q- {-1}. Then,
i. Show that ‘ * ' is both commutative and associative on Q - {- 1}.

ii. Find the identity element in Q - {- 1}.

iii. Show that every element of Q - {- 1}. Is invertible. Also, find the inverse of an arbitrary element.
Answer

i. We are given with the set Q - {- 1}.

A general binary operation is nothing but association of any pair of elements a, b from an arbitrary set X to
another element of X. This gives rise to a general definition as follows:

A binary operation * on a set is a function * : AX A— A. We denote * (a, b) as a * b.

Here the function *: Q - {-1}XQ-{-1}>Q-{-1}isgivenbya*b=a+ b + ab

For the ‘' * ' to be commutative, a * b = b * a must be true for all a, b belong to Q - {- 1}. Let’s check.
l.a*b=a+b+ab2.b*a=b+a+ab=a+b+ab>a*b=>b*a(asshownbyland?2)

Hence ‘ * ' is commutative on Q - {- 1}

For the ‘ * ' to be associative, a * (b * ¢) = (a * b) * ¢ must hold for every a, b, c€ Q - {- 1}.

3.a*(b*c)=a*(b+c+ bc)

a+(b+c+bc)+alb+c+ be)

a+b+c+ab+ bc+ ac+ abc

4. (a*b)y*c=(a+b+ab)*c
=a+b+ab+c+(a+b+ab)c

a+b+c+ab+ bc+ ac+ abe 3. =4.

Hence ‘' * ' is associativeon Q - {- 1}

ii. Identity Element: Given a binary operation*: A X A = A, an element e €A, if it exists, is called an identity of
the operation*, if a*e = a = e*a V a €A.

Let e be the identity element of Q - {- 1}, and a be an element of Q - {- 1}.
Therefore,a*e=a=»a+e+ae=a=2e+ea=0=>e(l+a)=0=>e=0.
(1 + a=0 as the a is not equal to 1 as given in the question)

iii. Given a binary operation + : AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandb s
called the inverse of a and is denoted by a™1.

Let us proceed with the solution.



Letb Q- {- 1} be the invertible element/sin Q- {- 1} ofa, hereae Q - {- 1}.

~a *b = e (We know the identity element from previous)»a+ b +ab=0=>b+ab=-a=b(l+a)=-a

a
= b = T (Required invertible elements, a= - 1, b= - 1)
a

4. Question

Let A = Ry x R, where Ry denote the set of all non - zero real numbers. A binary operation ‘O’ is defined on A
as follows: (a, b) © (c, d) = (ac, bc + d) for all (a, b), (c, d) € Rq x R.

i. Show that ‘O” is commutative and associative on A
ii. Find the identity element in A

iii. Find the invertible elements in A.

Answer

In this question, we do not have individuals as elements but ordered pairs as the elements of the Cartesian
product Ry x R. Hence this is the same problem as the above problems but in the form of ordered pairs

belonging to the Cartesian product.

A=RyxR

i. We are given with the set A which is the Cartesian product of Ry and R.
Here the function *: A X A—= A is given by (a, b)°(c, d) = (ac, bc + d)

So here the operation on two ordered pairs gives us a ordered pair. So the first element of the first ordered
pair (a) multiplies with the first element of the second ordered pair (c) to make (ac) in the resulting pair. To
make the second element of the final pair, second element of the first ordered pair (b) multiplies with the
first element of the second ordered pair (c) to form (bc) and then this is added to the second element of the
second ordered pair (d) to make (bc + d). Hence the final ordered pair is (ac, bc + d). So this is the operation
basically.

For the ‘0’ to be commutative, a * b = b * a must be true for all a, b belong to A. Let’s check.Note: Here a, b
represent the ordered pairs (a, b) and (c, d) respectively.

1. (a, b)°(c, d) = (ac, bc + d)2. (¢, d)°(a, b) = (ca, da + b)=» a * b#b * a (as shown by 1 and 2)

0’ is not commutative on A.

Hence '
For the ‘ * ' to be associative, a * (b * ¢) = (a * b) * ¢ must hold for every a, b, c€ A. Here c = (e, f)
3. (a, b)°[(c, d)°(e, )] = (a, b)°(ce, de + f)

= (ace, bce + de + f)

4. [(a, b)°(c, d)1°(e, f) = (ac, bc + d)°(e, )

= (ace, [bc + d]e + f)= (ace, bce + de + f}=» 3. = 4.

0

Hence ‘Y’ is associative on A.

ii. Identity Element: Given a binary operation *: A X A= A, an element e €A, if it exists, is called an identity
of the operation * ,ifp*e=p=e*pVp EA.

Here in this case, p and e are an ordered pairs.
Let e = (a, b) be the identity element of A and p = (x, y) where pe A.
S, (X, y)°(a, b)) =(a,b)=(xa,ya+b)=(a,b» xa=a,ya+b=>b

(Since, ordered pairs are only equal when both the first and second terms are equal)= x = 1 (x gets cancelled
out)=y(l) +b=0>b

=2b=0

The ordered pair (1, 0) is the identity of the operation ¥’ on A.



iii. Given a binary operation = : AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandbis
called the inverse of a and is denoted by a™1.

For this example, a, b, e are ordered pairs.
Let us proceed with the solution.

Let (c, d) € A be the invertible elements in A of (a, b) here (a, b) € A.

“(a, b)°(c, d) = (1, 0) (We know the identity element from previous)= (ac, bc +d) = (1,0 ac=1,bc+d =
0

. . , 1
(Since, ordered pairs are only equal when both the first and second terms are equal)= ¢ = —
a

=d= —-bc=—
a

(c,d) = (g?) are the inverse of (a,b)

(Required invertible element)
5. Question

Let ‘0’ be a binary operation on the set Qg if all non - zero rational numbers defined by a o b = ab/2, for all a,
b € Qq.

i. Show that ‘o’ is both commutative and associate.

ii. Find the identity element in Qq.

iii. Find the invertible elements of Q.

Answer

We are given with the set Qp which is the set of non - zero rational numbers.

A general binary operation is nothing but association of any pair of elements a, b from an arbitrary set X to
another element of X. This gives rise to a general definition as follows:

i. A binary operation * on a set is a function*: AXA — A We denote = (a,b) asa*b.
Here the function 0:Q,XQ, — Q,is given by aob = ?, a,b € Qg

For the ‘o’ to be commutative, aob = boa must be true for all a, b € Qq. Let’s check.

1l.aob = Z—bz_b*a = % = z—b=a*b=b*a(asshownbylandZ)

Hence ‘0’ is commutative on Qg
For the ‘o’ to be associative, ao(boc) = (aob)oc must hold for every a, b, c € Qq.

3.ao(boc) = ao (%)

abc4( b) _[ab]
2 f{a*b)=c = 2 *C

[~ 2

= 3.= 4

[SSRIE
—
[5%]
N‘D"
(o]
I—
I

SR

Hence ‘o’ is associative on Qg



ii. Identity Element: Given a binary operation*: A X A - A, an element e €A, if it exists, is called an identity
of the operation*, if a*e = a = e*a V a €A.

Let e be the identity element of Q.

Therefore, ace = a (a €Q_0)

ae
= — =3
2

i
b @

= e = 2 (Theidentity element af Q)

iii. Given a binary operation *: AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandbis
called the inverse of a and is denoted by a™1.

Let us proceed with the solution.
Let b € Qg be the invertible elements in Qg of a, where a € Qq.

~a*b = e (We know the identity element from previous)

ab
:)_

2

Il
]

4
=b = 3 (Required inverse of a)

6. Question

On R - {1}, a binary operation * is defined by a * b = a + b - ab. Prove that * is commutative and
associative. Find the identity element for * on R - {1}. Also, prove that every element of R - {1} is invertible.

Answer
i. We are given with the set R - {- 1}.

A general binary operation is nothing but an association of any pair of elements a, b from an arbitrary set X
to another element of X. This gives rise to a general definition as follows:

A binary operation * on a set is a function *: A X A— A. We denote * (a, b) as a * b.

Here the function *: R - {1}X R - {1} >R - {1} isgivenbya*b=a + b-ab

For the * * ' to be commutative, a * b = b * a must be true for all a, b belong to R - {1}. Let’'s check.
l.a*b=a+b-ab2.b*a=b+a-ba=a+b-ab»a*b=>b*a(asshownby1land?2)

Hence ' * ' is commutative on R - {1}

For the * * ' to be associative, a * (b * ¢) = (a * b) * ¢ must hold for every a, b, c€ R - {1}.
3.a*(b*c)=a*(b+ c-bc)

a+(b+c-bc)-a(b+ c+ bc)

a+b+c-ab-bc-ac+ abc

4. (a*b)*c=(a+b-ab)*c
=a+b-ab+c-(a+b-ab)c

a+b+c-ab-bc-ac+ abce=> 3. =4.

Hence ‘ * ' is associative on R - {1}

ii. Identity Element: Given a binary operation*: A X A = A, an element e €A, if it exists, is called an identity of
the operation*, if a*te = a = e*a V a €A.



Let e be the identity element of R - {1} and a be an element of R - {1}.
Therefore,a*e=a=a+e-ae=a>e+ea=0=¢e(l-a)=0=>e=0.
(1 - a=0 as the a cannot be equal to 1 as the operation is valid in R - {1})

iii. Given a binary operation = : AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandbis
called the inverse of a and is denoted by a™1.

Let us proceed with the solution.

Let b e R - {1} be the invertible element/s in R - {1} of a, herea € R - {1}.

~.a *b = e (We know the identity element from previous)»a + b-ab=0=b-ab=-a=b(l-a)=-a
=b = 1_—_: (Herea+# 1, b+ 1)

7. Question

Let Ry denote the set of all non - zero real numbers and let A = Ry X Rq. If ‘0’ is a binary operation on A
defined by (a, b)0(c, d) = (ac, bd), (c, d)EA.

i. Show that ‘0’ is both commutative and associative on A
ii. Find the identity element in A

iii. Find the invertible element in A.

Answer

In this question, we do not have individuals as elements but ordered pairs as the elements of the Cartesian
product Ry x R. Hence this is the same problem as the above problems but in the form of ordered pairs

belonging to the Cartesian product.

A = Rg x Rg

i. We are given with the set A which is the Cartesian product of Ry and Rg.
Here the function *: A X A— A is given by (a, b)°(c, d) = (ac, bd)

So here the operation on two ordered pairs gives us a ordered pair. So the first element of the first ordered
pair (a) multiplies with the first element of the second ordered pair (c) to make (ac) in the resulting pair. To
make the second element of the final pair, second element of the first ordered pair (b) multiplies with the
second element of the second ordered pair (c) to form (bd). Hence the final ordered pair is (ac, bd). So this is
the operation basically.

For the ‘7’ to be commutative, p * g = p * g must be true for all p, q belong to A. Let’s check.Note: Here p, q
represent the ordered pairs (a, b) and (c, d) respectively.

1. (a, b)°(c, d) = (ac, bd)2. (c, d)°(a, b) = (ca, db) = (ac, bd)= p *q = q * p (as shown by 1 and 2)
Hence ‘0" is commutative on A.

For the ‘ * ' to be associative, a * (b * ¢) = (a * b) * ¢ must hold for every a, b, c€ A. Here r = (e, f)
3. (a, b)°l(c, d)°(e, )] = (a, b)°(ce, df)

= (ace, bdf)

4. [(a, b)°(c, d)]°(e, f) = (ac, bd)°(e, f)

= (ace, bdf)= 3. = 4.

Hence ‘¥’ is associative on A.

ii. Identity Element: Given a binary operation *: A X A = A, an element e €A, if it exists, is called an identity
of the operation * ,ifp*e=p=e*p V p €A.

Here in this case, p and e are an ordered pairs.



Let e = (a, b) be the identity element of A and p = (X, y) where pe A.

S (X y)°(a, b) = (x, y)= (xa, yb) = (X, y)

(Since, ordered pairs are only equal when both the first and second terms are equal)=» “xa =x,yb =y
=>x(a-1)=0y(b-1)=0

Since x, y=0, we have,a-1=0andb-1=0.

a=1b=1

The ordered pair (1, 1) is the identity of the operation ¥’ on A.

iii. Given a binary operation # : AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandbis
called the inverse of a and is denoted by a™1.

For this example, a, b, e are ordered pairs.
Let us proceed with the solution.

Let (c, d) € A be the invertible elements in A of (a, b). Here (a, b) € A.

~(a, b)°(c, d) = (1, 1) (We know the identity element from previous)= (ac, bd) = (1, 1)=ac=1,bd =1

(Since, ordered pairs are only equal when both the first and second terms are equal)= ¢ = E
a

11
(c.d) = (E’E) are the inverse of (a,b)

(Required invertible element)

8. Question

Let * be the binary operation on N defined by a * b = HCF of a and b. Does there exist identity for this binary
operation on N?

Answer

The binary operation * on N defined as:
a*b=HCF.ofaandb, a, beN.

Therefore,

b*a=H.CF.ofbanda=H.C.F

Hence, * is commutative on N.

Leta, b, ceN.

a*(b*c)=a*(HCFof bandc)=HCFofa, bandc
(a*b)*c=(HCF ofaand b) *c = HCF of a, b and ¢

For example, take the numbers 2, 4, 7 € N.

Factorsof2 =1, 2 CF=1
Factorsof4 =1, 2, 4 HCF = 1

Factorsof 7 =1, 7



Factorsof 2 =1, 2

Factorsof 4 = 2,2, 1

Factorsof 7 =1, 7
Here, if the operation is applied to the above numbers as follows:
(2*4)*7=1*7=1(1isthe HCF of 2, 4 and HCF of 1, 7 is 1). Also,
2*¥(4*7)=2%*1=1(Similar as the above reason)
Therefore, * is associative.
Now, Identity Element:

Given a binary operation *: N X N = N, an element e €A, if it exists, is called an identity of the operation * , if
a*e=a=e*aVac€EA.

But there does not exist any value of e EN suchthata*e=a=e*a
Therefore, this operation does not have any identity.
9. Question

Let A = RxR and * be a binary operation on A defined by (a, b) * (¢, d) = (a + ¢, b + d). Show that * is
commutative and associative. Find the binary element for * on A, if any.

Answer
A=RXR

For the ‘ * ' to be commutative, p * g = p * g must be true for all p, q belong to A. Let’s check.Note: Here p, q
€ A represent the ordered pairs (a, b) and (c, d) respectively.

p*g=(a,b)*(c,d)=(@a+c,b+d)g*p=(c,d)*(a,b)=(c+a,d+b)=(@a+c,b+dpp*gq=q*p
(binary operation * is commutative)

For the * * ' to be associative, a * (b * ¢) = (a * b) * ¢ must hold for every a, b, c€ A. Here r = (e, f)

p*(g*r)=(a,b)*((c,d)*(e,f))=(a,b)*(c+e,d+f)=(@+c+e b+d+fp*q)*r=(a, b)*(cd)*
(e,fl=(@+c,b+d)*(e,f)=(@a+c+e,b+d+fH=2p*(qg*r)=(p*q)*r (Associative)

Binary elements:

Identity Element: Given a binary operation*: A X A = A, an element e €A, if it exists, is called an identity of
the operation*, if p*e = p = e*p V p €A.

Here p = (a, b) and e = (x, y). For the element e to exist,

(@a,b)*(x,y)=(a,b)»(a+x,b+y)=(a, b=a+ x=a, b+ y=bSince, ordered pairs are only equal when
both the first and second terms are equal= x = 0, y = OHence the identity element e = (x, y) = (0, 0)

Given a binary operation = : AXA — A with the identity element e in A, an element a € A is said to be
invertible with respect to the operation, if there exists an element b in Asuchthata*b=e=b*aandb is
called the inverse of a and is denoted by a™1.

Leti = (r, s) be the inverse of p = (a, b) in A.

Therefore, (r, s) * (a,b) =e=(0,0(r+a,s+b)=(0,0)r+a=0,r+b=0r=-a,s=-b
Therefore, (r, s) = ( - a, - b) is the inverse pair.

Exercise 3.5

1. Question

Construct the composition table for x4 on set S = {0, 1, 2, 3}.

Answer



A composition table consists of elements which are a result of operation on the set elements.

Here we have the operation, a x4b = remainder of ab divided by 4 where a, be S.

Xa 0 1 2 3

0 O0xs0 =0 1%x40=0 |2x30=0 [3x40=0
1 Oxal=0 |1x41l=1|2x41=2 |3xa1=3
2 O0xsa2=0 1x42=2 |2%x32=0|3x42=2
3 O0xa3=0 |1x43=3 |2xa3=2 |3xa3=1

This is the composition table of x, on S = {0, 1, 2, 3}

For example, take 3 x4 2 = remainder of (3 x 2) divided by 4

6
Remainderofg =2

We also see that the operation x, is valid because all the output elements belong to the set S.
2. Question
Construct the composition table for + 5 on set S = {0, 1, 2, 3, 4}

Answer

A composition table consists of elements which are a result of operation on the set elements.

Here we have the operation, a + 5 b = remainder of a + b divided by 5 where a, be S.

+s5 |0 1 2 3 4

0 0+s0=0 1+s0=01]2+s50=2|3+s0=3 |4+s50=4
1 O0+s51=1 1+s51=2|2+51=3 |3+51= 4+51=0
2 O0+s2=1 1+52=3|2+52=4|3+5:2= 4+s52=1
3 0+s53=3 1+53=4|2+53=0|3+53= 4+53=2
4 O0+s5s4=4 |1+s54=0|2+s54=1|3+54= 4+s54=3

This is the composition table of x4, on S = {0, 1, 2, 3, 4}

For example, take 3 + 5 2 = remainder of (3 + 2) divided by 5

5
Remainderofg =0

We also see that the operation + 5 is valid because all the output elements belong to the set S.
3. Question

Construct the composition table for xg on set S = {0, 1, 2, 3, 4, 5}.

Answer

A composition table consists of elements which are a result of operation on the set elements.

Here we have the operation, a xg b = remainder of ab divided by 6 where a, be S.



Xs 0 1 2 3 4 5
0 Oxs0=0 |0 0 0 0 0
1 Oxe1=0 (1 2 3 4 5
2 Oxs2=0 |2 4 0 2 4
3 O0xe3=0 (3 0 3 0 3
4 Oxsd4=0 |4 2 0 4 2
5 Oxe5=0 (5 4 3 2 1

This is the composition table of x, on S = {0, 1, 2, 3, 4, 5}

For example, take 3 xg 2 = remainder of (3 x 2) divided by 6

6
Remainderofg =0

4. Question

Construct the composition table for xs on Zg = {0, 1, 2, 3, 4}

Answer

A composition table consists of elements which are a result of operation on the set elements.

Here we have the operation, a xsb = remainder of ab divided by 5 where a, b € S. Similar as problem 1.

xs |0 1 2 3 4
0 0 0 0 0 0
1 0 1 2 3 4
2 0 2 4 1 3
3 0 3 1 4 2
4 0 4 3 2 1

5. Question

For the binary operation x;g on set S = {1, 3, 7, 9}, find the inverse of e3.

Answer
X1o0 | 1 3 7 9
1 1 3 |7 |9
3 |13 |9 |1 7
7 |17 |1 9 |3
9 |9 |7 |3 |1

A composition table consists of elements which are a result of operation on the set elements.
Here we have the operation, a x;gb = remainder of ab divided by 10 where a, b € S.
For beS to be an inverse of aeS, a x;gb = e, where e is the identity element.

We know for multiplication operation we have the identity element as 1.

Soe=1.



Fora = 3,

3 X19 (inverse of 3) =1

3(i
Remainder of % = 1,1is the inverse of 3.

From the table above, 3 x;907 =1

Hence we can conclude that ‘inverse of 3" must be 7.

6. Question

For the binary operation x5 on the set of S = {1, 2, 3, 4, 5, 6} compute 3~ 1x;4.

Answer

A composition table consists of elements which are a result of an operation on the set elements.

Here we have the operation, a x;b = remainder of ab divided by 7 where a, be S.

X7 |1 2 13 |4 |5|6
1 1xs1=1 |2 |3 (4 |5]6
2 1x2=2 |4 |6 |1 |35
3 1x2=3 |6 |2 |5 (1|4
4 1x74=4 1|5 1|2 |6|3
5 1x;5=5 |3 |1 |6 |42
6 1x6=6 |5 (4 |3 |21

For beS to be an inverse of aES, a x;b = e, where e is the identity element.
We know for multiplication operation we have the identity element as 1.
Soe=1.

Fora = 3,

3 x7 (inverse of 3) =1

3(1
Remainder of % = 1,1is the inverse of 3.

From the table above, 3 x;5=1

Hence we can conclude that ‘inverse of 3" must be 5.

Therefore the expression:

3-1x;4 =5x;4 = 6. (From the table above)

7. Question

Find the inverse of 5 under multiplication modulo 11 on Z;4

Answer

A composition table consists of elements which are a result of an operation on the set elements.

Here we have the operation, a x;7 b = remainder of ab divided by 11 wherea, be S



X1 |1 2 3 4 5 6 7 8 9 10
1 1 2 3 4 5 6 7 8 9 10
2 2 4 6 8 10 |1 3 5 7 9
3 3 6 9 1 4 7 10 |3 ] 8
4 4 3 1 5 9 2 6 10 |3 7
5 ] 10 |4 9 3 8 2 7 1 6
6 6 1 7 2 8 3 9 4 10 |5
7 7 3 10 |6 2 9 3 1 3 4
8 8 5 3 10 |7 4 1 9 6 3
9 9 7 3 3 1 10 |8 6 4 2
10 |10 |9 8 7 6 5 4 3 2 1

Example, 4 x;; 9 = Remainder of (4 x 9) divided by 11

(90O
11

36
Remainder of = Remainder ofﬁ =3

For beS to be an inverse of aeS, a x7b = e, where e is the identity element.

We know for multiplication operation we have the identity element as 1.
Soe=1.
Fora =5,

5 %77 (inverse of 3) =1

5(i
Remainder of % = 1,iis the inverse of 5.

From the table above, 5 x7; 9 = 1.

Hence, i = 9.

8. Question

Write the multiplication table for the set of integers modulo 5.

Answer

A composition table consists of elements which are a result of operation on the set elements.

Here we have the operation, a xsb = remainder of ab divided by 5 where a, be S.

Xa |0 1 2 3 4

0 |0xa0=0 |1x40=0|2x40=0|3x0=0 |4x40=0
1 |0x41=0 |1x41=1|2%41=2|3x41=3 [dxal1=4
2 |0x%42=0 |1x%42=2|2%2=0|3x2=1 |4x42=3
3 |0x43 =0 |1x43=3|2%3=1|3xa3 =4 [4xa3 =2
4 |0%34 =0 |1X44=4|2x%4=3|3xad4=2 [dxad=1

This is the composition table of x4 on S = {0, 1, 2, 3, 5}



For example, take 3 x4 2 = remainder of (3 x 2) divided by 4

6
Remainderofg =2

We also see that the operation x4 is valid because all the output elements belong to the set S.

9 A. Question

Consider the binary operation * and 0 defined by the following tables on set S = {a, b, ¢, d}.

*la |b |c |d

a |a |b |c |d

b |b |a |d |c

c |c |d |a |b

d|d |c |b |a

Answer
We observe the following:

a*b=b*a=>b

c*a=a*c=c

a*d=d*a=d

b*c=c*b=d

b*d=d*b=c

c*d=d*c=b

There * * ' is commutative.

Also,

a*(b*c)=a*(d) =d(From above)

(a *b) *c = (b) *c =d (Also from above)

Hence, ‘' * ' is associative too.

Therefore, to find the identity element, e for e belong to S, we need:
a*e=e*a=a,abelongtoS.

Therefore,a*e = a

= e = a (since, a * a = a, from the given table)

To find out the inverse, a*x =e =b * x, x belongsto S
=a*x=e

= X = a (From the given table)

Therefore, the inverse of aisa, bisb, ciscand dis d.
9 B. Question

Consider the binary operation * and 0 defined by the following tables on set S = {a, b, ¢, d}.



Answer

We observe the following:

0 |a [b |c |d

a*b=b*a=aa*a=a

Il
T

c*a=a*c=ab*b
a*d=d*a=ac*c=d
b*c=c*b=cd*d=c
b*d=d*b=d
c*d=d*c=b
There * *’ is commutative.
Also,

a*(b*c)=a*(c)

a (From above)

(a*b)*c=(a)*c=a (Also from above)

Hence, ‘' * ' is associative too.

Therefore, to find the identity element, e for e belong to S, we need:
a*e=e*a=a, abelongtoS.

Therefore, a *e = a

We find that there is no unique element e which satisfies the condition.
e=aorborcord fora.

Since the identity is not unique, the inverse will also be not unique.
Very short answer

1. Question

Write the identity element for the binary operation * on the set Ry of all non-zero real numbers by the rule

a*b:ﬂ for all a, b € Ry.

2
Answer
The given binary operation is a*b = B
2

And from the definition of identity element e,



We have,

a*e = ? .......... (ii)

Thus from (i) & (ii) ,

=3
2

Hence the identity element for this binary operation is 2.
2. Question

On the set Z of all integers a binary operation * is defined by a*b =a + b + 2 for all a, b € Z. Write the
inverse of 4.

Answer

The given binary operation is a*b = a+b+2

In order to find the inverse of the relation, we have to find the identity element first.
Let that identity element be e then

a*e = a

From que.

a*e = at+e+2

So, from the above two relations we have

ate+2 =a
or,e+2=0
Le=-2

Hence the identity element is -2 for this binary operation.
Now let a’ be the inverse of this relation

Then as per the definition of the inverse element

a*a’'=e
Lata’t2 =-2
a’'=-4-a

Thus the inverse element of 4 is -8 for the given binary operation.
3. Question

Define a binary operation on a set.

Answer

Binary operations on a set are calculations that combine two elements of the set (called operands) to
produce another element of the same set.



The binary operations * on a non-empty set A are functions from A x A to A. The binary operation, *: A X A—
A. It is an operation of two elements of the set whose domains and co-domain are in the same set.

4. Question

Define a commutative binary operation on a set.

Answer

A binary operation * on a set A is commutative if a * b = b * a, for all (a, b) € A (non-empty set).
Let addition be the operating binary operationfora=8andb=9,a+b=17=b + a.

5. Question

Define an associative binary operation on a set.

Answer

The associative property of binary operations hold if, for a non-empty set A, we can write (a * b) *c = a*(b *
).

Suppose N be the set of natural numbers and multiplication be the binary operation. Leta=4,b=5c = 6.
We can write (a X b) x ¢ =120 =a x (b x ¢).

6. Question
Write the total number of binary operations on a set consisting of two elements.
Answer

Let A be a non-empty set having n elements. Then, the total number of binary operations on this set, i.e.,

2
. n
from AxAis T |

Heren =2

4
Thus, total number of possible binary operations are 2" = 16.

7. Question

Write the identity element for the binary operation * defined on the set R of all real numbers by the rule
3ab

g

a%*b= foralla, b € R.

Answer

3ab
The given binary operation is a*b = 7
Let e be the identity element
Thus, as per the definition of an identity element a*e = a

Applying this in the relation given we have

3ae
7 =4
3e
Or, 7=1
7
e =3

7
Thus, the identity element for the given binary operation is 3.



8. Question

Let * be a binary operation, on the set of all non-zero real numbers, given by 3 *b = ﬂ foralla,b&€R -
q

{0}. Write the value of x given by 2 * (x * 5) = 10.

Answer

w | &

The given binary operation is a*b =

We have to find the value of x so that 2*(x*5) = 10

o ly

Firstly, x*5 = 5 = x

(]
=

w |!

Now 2*(x*5) = 2*x =

As per the question, it is equal to 10

ba
=

u.|,

=10

Sx =25

9. Question

Write the inverse of 5 under multiplication modulo 11 on the set {1, 2, ..., 10}.
Answer

From the definition of multiplication modulo

axbifitis <m
a*b ={ax b—m,if itis =m) (misthe base of the modulo)

Here the base is 11 and the setis {1,2,...,10}

So, we can make the composition table as :-

¥ 1 2 3 4 5 6 7 8 9 10
1 1 2 3 4 5 6 7 8 9 10
2 2 4 6 8 10 1 3 5 7 9
3 3 6 9 1 4 7 10 2 5 7
4 4 8 1 5 9 2 6 10 3 7
5 5 10 4 9 3 8 2 7 1 6
6 6 1 7 2 8 3 9 4 10 5
7 7 3 10 6 2 ¢ 5 1 8 4
8 8 5 2 10 7 4 1 9 6 3
9 9 7 3 3 1 10 8 6 4 2

10 10 9 8 7 6 5 4 3 2 1

Thus, the identity element is 1.

So, the inverse of 5 is 9.

10. Question

Define identity element for a binary operation defined on a set.
Answer

If A be the non-empty set and * be the binary operation on A. An element e is the identity element of a € A, if
a*e=a=e*a.



If the binary operation is addition(+), e = 0 and for * is multiplication(x), e = 1.
11. Question

Write the composition table for the binary operation multiplication modulo 10(x1g) on the set S = {2, 4, 6,
8}.

Answer
From the definition of multiplication modulo
axbifitis < m
a*b ={axb—m,if itis =mJ (mis the base of the modulo)

And here the base is 3 and the setis S = {2,4,6,8}.

So, the composition table can be formed as :-

o ILE e SIETH

" 2 4 6 g
2 4 8 2 6
4 8 [ 4 2
3 2 4 6 8
8 6 2 8 4

12. Question

For the binary operation multiplication modulo 10(x1¢) defined on the set S = {1, 3, 7, 9}, write the inverse
of 3.

Answer
From the definition of multiplication modulo

axbifitis < m
a*b={axb—m,if itis =m) (misthe base of the modulo)

Here the base is 10 and the setis S = {1,3,7,9}

So, We can make the composition table as :-



The identity element is 1.
So, the inverse element of 3 is 7.
13. Question

For the binary operation multiplication modulo 5(x5) defined on the set S = {1, 2, 3, 4}. Write the value of (3
X5 4_1)_1.

Answer
From the definition of multiplication modulo
axbifitis < m
a*b={axb—m,if itis =m) (misthe base of the modulo)
Here the base is 5 and the setis S = {1,2,3,4}

So, we can make a composition table as :-



The identity element is 1.

The inverse element of 4 is 4 itself.
L(3%salyl=(3%s1t=31=2

14. Question

Write the composition table for the binary operation x5 (multiplication modulo 5) on the set S = {0, 1, 2, 3,
4}.

Answer
From the definition of multiplication modulo
{ axbifitis <m }
a*b=laxh - m,if itis =m (m is the base of the modulo)
Here the base is 5 and the setis S = {0,1,2,3,4}
As the multiplication of 0 with any number will yield zero so we don’t consider it in the composition table.

So, we can make a composition table as :-



15. Question

1 H X 1 H " ] ¥
A binary operation * is defined on the set R of all real numbers by the rule a*b=+/a" +b* for all a, b € R.
Write the identity element for * on R.

Answer
The given binary operation is a*b = v (@* + b?)

We have to find the identity element for the above relation.
Let that element be e.

.. From the definition of identity element,

a*e = a

.'.\n’(a2+€2)= a

Squaring both sides, we get,

a*+e’_a’

~e=0

Thus, the identity element for this operation is 0.

16. Question

Let +¢ (addition modulo 6) be a binary operation on S = {0, 1, 2, 3, 4, 5}. Write the value of 2 45 4™ +¢ 371.
Answer

From the definition of addition modulo :-

a+b,ifitis<m
a*b = la+ b—m,if itis = m) (mis the base of the modulo)

Here the base is 6 and the set is S = {0,1,2,3,4,5}



So, we can make the composition table as :-

It is clear that 1 is the identity element of this binary operation.

The inverse of 4 is 3 while the inverse of 3 is 4.

22Teq41l 1631 =2T63Teq4=3

17. Question

Let * be a binary operation defined by a *b = 3a + 4b - 2. Find 4 * 5.

Answer

The given binary operation is a*b = 3a + 4b - 2

We have to find the value of 4*5

Applying the above relation we have

4*¥5 = 3(4) + 4(5)-2 =12 + 20- 2 = 30.

Thus the required solution is 30.

18. Question

If the binary operation * on the set Z of integers is defined by a * b = a + 31?2, find the value of 2 * 4.

Answer
. . . b2
The given binary operation is a*b = a + 3

We have to find the value of 2*4



Applying the relation, we have
2
2*4=2+3('dr ) =2+ 3(16) = 2 + 48 = 50.

Thus, the required solution is 50.

19. Question

Let * be a binary operation on N given by a * b = HCF (a, b), a, b € N. Write the value of 22 * 4,
Answer

The given binary operation is a*b = HCF(a,b)

We have to find the value of 22*4

Applying the relation we have

22*4 = HCF(22,4) = 2

Hence the required solution is 2.

20. Question

Let * be a binary operation on set of integers |, defined by a * b = 2a + b -3. Find the value of 3 * 4.
Answer

The given binary operation is a*b = 2a+b-3

We have to find the value of 3*4

3% =2(3)+4-3

=6+1

=7

Thus, the required value is 7.

MCQ

1. Question

Mark the correct alternative in each of the following:
If a * b = a2 + b2, then the value of (4 *5) * 3 is

A (4% +5%) + 32

B. (4 + 57 + 32

C.41% + 32

D.(4+5+3y

Answer

Givena *b = a2 + b2

= (4*%5) * 3 = [(42 + 52)]*3

=41%*3

=412 4+ 32

2. Question

Mark the correct alternative in each of the following:

If a * b denote the biggeramongaandbandifa-b =(a*b) + 3, then4.7 =



A 14

B. 31

C. 10

D. 8

Answer

Given that a * b denote the bigger among a and b
anda-b=(a*b)+3

=24-7=(4*7)+3

Nowas 7 >4

=(4*7)+3=7+3

=10

3. Question

Mark the correct alternative in each of the following:
On the power set p of a non-empty set A, we define an operation A by
XAY =(XnY)u(XnY)

Then which are of the following statements is true about A
A. commutative and associative without an identity

B. commutative but not associative with an identity

C. associative but not commutative without an identity
D. associative and commutative with an identity
Answer

YXAY = (XNVUXNTY)

=YAX = (YNX)UYNX)

SXAY=YAX

4. Question

Mark the correct alternative in each of the following:

If the binary operation * on Z is defined by a * b = a2 - b2 + ab + 4, then value of (2 * 3) * 4 is
A. 233

B. 33

C.55

D.-55

Answer

Giventhata*b =a?-bZ+ab +4

To calculate (2 *3) * 4

=»2%3=22-324234+4=5

=(2*3)*4=5%*4



=5%4="5-42+54+4

= 33

5. Question

Mark the correct alternative in each of the following:

For the binary operation * on Z defined by a *b = a + b + 1 the identity element is
A.0

B.-1

C.1

D.2

Answer

For Identity element a *e = a = e * a, with ‘e’ being the identity element.
Givena*b=a+b+1

=a*e=a+e+1l=a..(1)

=2e*a=e+a+l=a..(2)

= e = -1 is the required identity element.

6. Question

Mark the correct alternative in each of the following:

If a binary operation * is defined on the set Z of integers as a * b = 3a - b, then the value of (2 * 3) *4 is
A2

B. 3

C.4

D.5

Answer

Giventhata*b =3a-b

To calculate (2 *3) * 4

=22*3=32-3=3

=(2*3)*4=3*4

=3*%4=33-4

=5

7. Question

Mark the correct alternative in each of the following:

Q™ denote the set of all positive rational numbers. If the binary operation () on Q* is defined as a

’) . .
at , then the inverse of 3 is

a0Ob=
3

>
Uu'l-l—"

w
N



| =

o
[SSRN]

Answer

For Identity element a * e = a = e * a, with ‘e’ being the identity element.

. b
Giveng * b =%

S0 *x e =—=1(

2e=2

For Inverse elementa *b = e = b * a, with ‘b’ being the inverse element ‘a’.

. b
Giveng # b =%

Now fora = 3

=3*b:%:2mu)

:bxgz%zzmu)

>ph = g is the required inverse element of a=3.

8. Question

Mark the correct alternative in each of the following:

, where x € R - {0}, then the identity element with respect

X X
to the multiplication of matrices as binary operation, is

X
If G is the set of all matrices of the form [

S
A. |
_1 1_

[—1/2 -=1/2]
B. |
~1/2 -1/2
1/2 1/2]
C. |
1/2 1/2
SR
D. |
__1 _1_

Answer

For Identity element a * e = a = e * a, with ‘e’ being the identity element.

Givena*b=[g g]x[g g
~ace=[o olxlo o-la al

~[a alxlC o -lee zae)



= 2ae=a

I

m

[l
SR

U
£y
[

B | b | e
B | b B ] e

|

9. Question

Mark the correct alternative in each of the following:

Q™ is the set of all positive rational numbers with the binary operation * defined by g *b = ﬂ forall a, b, €
-

Q™. The inverse of an element a € Q¥ is

A. a

—_

oo

= ]

= EN

Answer
For Identity elementa * e = a = e * a, with ‘e’ being the identity element.

. b
Giveng = b =&
2

1]
=2q*xe=—=a
=e=2
For Inverse elementa *b = e = b * a, with ‘b’ being the inverse element ‘a’.
ab

Giveng = b =

b _ 5 ...(1)
2

= a=*b =
= b:ka =E’;_ﬂ=2““(2)

4 . . .
= b =-is the required inverse element of a.
a

10. Question

Mark the correct alternative in each of the following:
If the binary operation (7) is defined on the set Q" of all positive rational numbers by g Ob= ﬂ . Then,

is equal to

I 1
3@[—@—
5 2




5
160

3
10

J’
D.
40
Answer

Giventhatg = b = “:b

To calculate 3 = (3* ;)

b=

11
4 40
3 (1 l) 3 1
= x| —%x—] = * —
5 2 40
1
1 3=
=>3:r——ﬂ
40 4
3
T 160

11. Question
Mark the correct alternative in each of the following:

Let * be a binary operation defined onset Q - {1} by therulea *b = a + b - ab. Then, the identity element
for * is

Al

a—1

a

a

a—1
D.0
Answer
For Identity elementa * e = a = e * a, with ‘e’ being the identity element.
Giveng + b =a+b—ab
=a*e=a+e-ae
=a
=a+e-ae=a
= e(1l-a) =0
=e=0
12. Question
Mark the correct alternative in each of the following:

Which of the following is true?



a+b

A. * defined by g *b = is a binary operation on Z

a+b

B. * defined by g *b = is a binary operation on Q

C. all binary commutative operations are associative
D. subtraction is a binary operation on N
Answer

Option C and D are self-explanatory and option A is false because The o/p will result in a rational quantity
whereas according to the definition it belongs to an integer value.

13. Question

The binary operation * definedonNbya*b=a+ b + abforalla, b&E N s
A. commutative only

B. associative only

C. commutative and associative both

D. none of these

Answer

1) Commutative:

=a*b=a+b+ab..(1)
=>b*a=b+a+ba..2)

=>a*b=Db*a

2) Associative:

=(a*b)*c=(a+b+ab)*c
(@a+b+ab)*c=a+b+ab+c+(a+ b+ ab)c
(a+b+ab)*c=a+b+c+ab+ac+ bc+ abc
=a*(b*c)=a*(b+c+ bc)
a*(b+c+bc)=a+b+c+bc+(b+c+ bc)a
a*(b+c+bc)=a+b+c+ab+ac+ bc+ abc
=(a*b)*c=a*(b*c)

14. Question

Mark the correct alternative in each of the following:
If a binary operation * is defined by a * b = a2 + b2 4+ ab + 1, then (2 * 3) * 2 is equal to
A. 20

B. 40

C. 400

D. 445

Answer

Givena*b=a2+b%+ab+1

S(2%3)*%2=[(22+ 32423+ 1)]*2



=[(22+32+23+1)*2=20%*2
=20 %2 =202+ 22+20.2 + 1 =445
15. Question

Mark the correct alternative in each of the following:
Let * be a binary operation on R defined by a *b = ab + 1. Then, *is
A. commutative but not associative

B. associative but not commutative

C. neither commutative nor associative
D. both commutative and associative
Answer

1) Commutative:
=sa*b=ab+1..(1)
=b*a=ba+1..02)

=a*b=Db*a

2) NOT Associative:
=(a*b)*c=(ab+ 1) *c

(ab+ 1) *c=(ab+1)c+1
(ab+1)*c=abc+c+1
=a*(b*c)=a*(bc+1)
a*(bc+1)=albc+1)+1
a*(bc+ 1) =abc+ a
=2(a*b)*c=za*(b*c

16. Question

Mark the correct alternative in each of the following:
Subtraction of integers is

A. commutative but not associative

B. commutative and associative

C. associative but not commutative

D. neither commutative nor associative
Answer

1) NOT Commutative:
=a*b=a-b..(1)
=b*a=Db-a..(2)

=>a*b=zb*a

2) NOT Associative:
=(a*b)*c=(a-b)*c

(a-b)*c=(a-b)-c



(@a-b)*c=a-b-c

=a*(b*c)=a*(b-c)

a*(b-c)=a-(b-c)

a*(b-c)=a-b+c

=(@a*b)*c=za*(b*c)

17. Question

Mark the correct alternative in each of the following:
Thelawa + b =b + a is called

A. closure law

B. associative law

C. commutative law

D. distributive law

Answer

Thelaw a + b = b + a is called is called commutative law.
Eg. 2+3=3+2

18. Question

Mark the correct alternative in each of the following:

An operation * is defined on the set Z of non-zero integers by 3 *bh = a for all a, b € Z. Then the property

b
satisfied is

A. closure

B. commutative
C. associative
D. none of these
Answer

1) NOT Commutative:

(1)

= a=*b =

= b=xa =

(2)

Rl Ta

=a+xb=b=*a

2) NOT Associative:

ﬁ(a*b)*CZ(g)*C

=>a*(b*c)=a*(g)



ax*{b—rc)=

~—
l'ﬁll':r‘|;ﬁ
—

L=l

= (a=b)y+xc # a=(b=c)

19. Question

Mark the correct alternative in each of the following:
On Z an operation * is defined by a * b = a2 4+ b? for all a, b € Z. The operation * on Z is
A. commutative and associative

B. associative but not commutative

C. not associative

D. not a binary operation

Answer

1) Commutative:

=a*b=a’+b?..(1)

=b*a=Db’+a’..Q2)

=a*b=Db*a

2) NOT Associative:

= (a*b)¥c=(a%+b?*c

= (a2 + b?)? + 2

=a*(b*c)=a*(b+a?

=a’+ (b? + c?)?

=2(@a*b)*c=za*(b*c)

20. Question

Mark the correct alternative in each of the following:
A binary operation * on Z defined by a*b =3a + bforalla,b&€ Z, is
A. commutative

B. associative

C. not commutative

D. commutative and associative

Answer

Commutative:

=a*b=3a+b..(1)

=b*a=3b+a..(2)

=2a*b=b*a

21. Question

Mark the correct alternative in each of the following:

Let * be a binary operation on Q* defined by 3% b = ab foralla, b € Q*. The inverse of 0.1 is
100




A.10°
B. 104

C. 106
D. none of these
Answer

For Identity elementa *e = a = e * a, with ‘e’ being the identity element.

Giveng + ph =22
100
ae
= q+re=—=2a
100
= ¢ =100

For Inverse elementa *b = e = b *a, with ‘b’ being the inverse element ‘a’.

. b
Giveng = p =22
100

Now fora = 0.1

0.1= b (O-1)b 100 1
= 1o = =

100 (1)

h*01= (O-1b _ 100 2

= bx 01 ="—0r—= - (2)

= b =107 is the required inverse element of a=0.1.
22. Question
Mark the correct alternative in each of the following:

Let * be a binary operation on N defined by a *b = a + b + 10 for all a, b € N. The identity element for * in N
is

A.-10

B.0

C. 10

D. non-existent

Answer

For Identity element a * e = a = e * a, with ‘e’ being the identity element.
Givena*b=a+ b+ 10

=a*e=at+e+10=a

= e=-10 (Not a Natural number)

23. Question

Mark the correct alternative in each of the following:

Consider the binary operation * defined on Q - {1} by therulea*b=a+ b-abforalla,b& Q- {1}. The
identity element in Q - {1} is

A. 0
B.1



0
|J|l—l

D.-1

Answer

For Identity element a * e = a = e * a, with ‘e’ being the identity element.
Givena*b =a+b-ab

=>a*e=a+e-ae

=a

=e(l-a) =0
=e=0

24. Question

Mark the correct alternative in each of the following:

For the binary operation * defined on R - {1} by therulea*b =a + b + abforalla, b&€ R - {1}, the inverse
ofais

A. -a

D. a2

Answer

For Identity element a *e = a = e * a, with ‘e’ being the identity element.
Givena*b =a+b + ab

=>a*e=a+e+ea

=e=0

For Inverse elementa *b = e = b *a, with ‘b’ being the inverse element ‘a’.
Givena*b =a+b + ab

Now fora = 0.1

=sa*b=a+b+ab

=>h = —f is the required inverse element of a .
a

25. Question

Mark the correct alternative in each of the following:



For the multiplication of matrices as a binary operation on the set of all matrices of the form

-

2 3
€ R the inverse of |: | is
]

- e

o 37
A. |
-3 -2
S
B. |
3 2
[2/13 —=3/13]
c !
13/13 2/13 |
1 0]
D. |
_0 1_
Answer

For Identity elementa *e = a = e * a, with ‘e’ being the identity element.

The identity element of matrix multiplication is the identity matrix.

The identity element e = [é 2]

a b
Therefore, the inverse element of { | is the inverse of the matrix.
a

Given: A = [_23 g]

A']‘: adibc [3 ;3]

Al_1]2 —3]
T3l 2

2/13 —3/13]
Al=
/1

L%

Hence, C is the correct answer.
26. Question

Mark the correct alternative in each of the following:

On the set Q™ of all positive rational numbers a binary operation * is defined by 3% = @ foralla, b € Q™.
-

The inverse of 8 is

A

w
'Jll—‘ o | —

0
N



D. 4
Answer
For Identity elementa *e = a = e * a, with ‘e’ being the identity element.

. b
Giveng * b :"?

1]

= e=2

For Inverse elementa *b = e = b * a, with ‘b’ being the inverse element a=8 .

. b
Giveng + b :"?

= 8=+bh =8?b=2----(1)

ab

= h 8 = 2=2----(2)

>ph = El is the required inverse element of a=8.

27. Question

Mark the correct alternative in each of the following:

Let * be a binary operation defined on Q* by the rule g #h = ﬂ foralla, b € Q*. The inverse of 4 * 6 is

>
0| o

(PSR ]

0
b | W

D. none of these

Answer

As 456 =228
3

=8

For Identity elementa * e = a = e * a, with ‘e’ being the identity element.

. b
Giveng # b =%

ae
ﬁaxe:?:a

=e=3
For Inverse elementa *b = e = b * a, with ‘b’ being the inverse element a=8 .

Giveng = b =%b

=)8 * b 2%23....(1)

b« 8 :%’:3....(2)



=>h = E is the required inverse element of g = (44 6) = 8.

28. Question

Mark the correct alternative in each of the following:

The number of binary operation that can be defined on a set of 2 elements is

A.8

B. 4

C. 16

D. 64

Answer

As Total number of binary operations that can be defined on a set on N elements are jy¥*
= For N=2 = yN® _ 94 _ 1¢

Hence the number of binary operations that can be defined on a set of 2 elements are 16.
29. Question

Mark the correct alternative in each of the following:

The number of commutative binary operations that can be defined on a set of 2 elements is
A.8

B. 6

C.4

D.2

Answer

As Total number of commutative binary operations that can be defined on a set on N elements are N%’”

= For N=2

N(N—1)
N~z =2!

=2

Hence the number of binary operations that can be defined on a set of 2 elements are 16.
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