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TRIGONOMETRIC RATIOS & IDENTITIES

1. The meaning of Trigonometry

Tri Gon Metron
J J J
3 sides Measure

Hence, this particular branch in Mathematics was
developed in ancient past to measure 3 sides, 3 angles
and 6 elements of a triangle. In today’s time—trigonometric
functions are used in entirely different shapes. The 2 basic
functions are sine and cosine of an angle in a right—angled
triangle and there are 4 other derived functions.
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2. Basic Trigonometric Identities

(a) sin?0+cos?0=1:-1<sin0<1;-1<cosO<1 v 0O eR
(b) sec’0—tan’0=1:|secO |21y 0 eR

(c) cosec’0—cot’0=1:|cosecO|>1 vy BeR

Trigonometric Ratios of Standard Angles
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The sign of the trigonometric ratios in different quadrants
are as under :

y
A
II Quadrant I Quadrant
sin6, cosecO are All positive
positive and the
rest are negative
X > X
(0]

III Quadrant
tan0, cotO are
positive and the
rest are negative

IV Quadrant
cos0, secO are
positive and the
rest are negative
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Using trigonometric ratio of allied angles, we could find

3. Trigonometric Ratios of Allied Angles

the trigonometric ratios of angles of any magnitude.

sin (—0) =—sin O

sin(E —6) =cos0
2

tan (—0) = —tan O

tan(z—ej =cot0
2

cosec (—0) =— cosec 0

sec[E—Gj =cosecH
2
sin(E + 6) =cos0
2
sin(n—0)=sin6
tan(E+9j =—cot0
2
tan(n—6)=—tan®

860(24— Oj =—cosech
2
sec(m—0)=—seco

sin(7m+6)=—sin®

cos (—0) =cos 0

cos(ﬁ— 9) =sin®
2

cot (—0) =—cot 6

cot(E - 9] =tan0
2

sec (—0) = sec 6

cosec(ﬁ—ej =secO

2

cos[E+6j =-—sin6
2

cos(m—0)=—cos0

cot(z+ GJ =—tan0
2

cot(n—6)=—cotH

cosec(§+ 9) =secO

cosec(m—0)=cosech

cos(m+6)=—cosd

sin(3—n—ej =—cos0
2

tan(m+0)=tan®

tan(3—n— 9) =cot0
2

sec(m+0)=—sech

sec[%—@} =—cosecH

sin(3—n+ Gj =—cos0
2

sin(2n—0)=—sin0
tan(?)?n+ Oj =—cot0

tan(2n—0)=—tan®

sec(3—n+ 9) =cosecH
2
sec(2m—0)=secH

sin (27 +0) =sin0
tan(27+6) = tan 6

sec(2m+0)=secO

cos(3—n—6j: —sin 0
2

cot(m+6)=cot6

cot(S—n—ej =tan0
2

cosec(n+0)=—cosec

cosec(%—GJ =—secH

cos(3—7t +9j =sin0
2

cos(2n—6)=cos6
cot(%%—@j =—tan0

cot(2n—6)=—cot

cosec(3—n+ GJ =—secO
2
cosec(2n—0)=—cosec
cos(2m+6)=cosH
cot(2m+6) =cot®

cosec(2m+6)=coseco
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4. Trigonometric Functions of Sum or

Difference of Two Angles

(a) sin (A+B) =sin A cos B+ cosAsin B
(b) sin (A—B) =sin A cos B—cos Asin B
(c) cos (A+ B) =cos A cos B—sin Asin B

(d) cos (A—B) =cos Acos B+ sin Asin B

(e) tan(A+B):M

l-tan A tanB
4} tan(A_B):%
(g) cot (A+B):%

(h) sin’> A — sin’ B = cos’B — cos’A =sin (A+ B) . sin (A—B)

(i) cos’ A—sin’B = cos’B — sin*A=cos (A+B) . cos (A— B)

tan A+ tan B +tan C—tan A tan BtanC
1-tan AtanB—tanBtanC—tanCtan A

() tan (A+B+C)=

5. Multiple Angles and Half Angles

0
(a) sin 2A=2sin Acos A ;

0= sin 2 9
sin O 51112cos2

(b) cos 2A = cos’A —sinA=2 cos’A—-1=1-2sin*A;

0 0
200525=1+cos6, ZSin25=lfcose

0

2tan A 2tan
(c)tan2A=m; tan 0 = 5
1—tan* —

2
2tan A 1-tan® A
d)sin2A= ——— 2A= ——
(d) sin l—tanzA’coS 1+tan® A

(e) sin3A=3sinA—-4sin’* A
(f)cos3A=4cos’ A—3 cos A

3tan A —tan’ A

tan 3A =
(g) tan 1-3tan’ A

6. Transformation of Products into Sum

or Difference of Sines & Cosines

(a) 2 sin A cos B = sin (A + B) + sin (A— B)

(b) 2 cos A sin B =sin (A + B) —sin (A—B)

(¢) 2 cos Acos B=cos (A+ B)+ cos (A—B)

(d) 2 sin A sin B =cos (A— B) —cos (A+ B)
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7. Factorisation of the Sum or Difference of

Two Sines or Cosines

(@sinC+sinD=2 sinC+—D cosc_—D
2 2

(b) sinC—sinD=2c0sC+D sin C;D

(C)COSC"FCOSD:ZCOSQCOSQ
2 2

C-D

. C+
(d) cos C—cos D=-2sin

8. Important Trigonometric Ratios

(@) sinnt=0;cosnm=(-1)";tannt =0 wheren € Z

by sin 150 or sin F =B g ose s,
(b) sin or sin 15 2\/5 =Cos or cos o’
T V3+1 Sm

cos 15° or cosE = ﬁ:sm 75° or sin E,

tan15°—£:=2—\/§_cot750;

tan75°:%:2+\/§:mt 15°
(¢) sin % or sin 18° = % &

cos 36° or cos g:\/gfl

9. Conditional Identities

If A+B+C=m then:
(i) sin 2A + sin2 B + sin 2C =4 sin A sin B sin C

(ii) sinA+sinB+sinC=4 cos%cos%cosg
(iii) cos 2A + cos 2B + cos 2C =—1 — 4cosA cosB cosC
(iv)cosA+cosB+cosC=1+ 4sinésinEsinE
2 2 2
(v) tan A + tan B + tan C = tanA tanB tanC

(vi) tanétanE+ tanEtang+ tangtané =1
2 2 2 2 2 2
A B C A B C
(vii) cot5+cot5+cot— =cot—.cot—.cot—

(viii) cot Acot B+ cot B cot C+cotCcotA=1

10. Range of Trigonometric Expression

E=asin®+bcos0

E =+a’ +b’sin(0+a), [where tano, = E]
a

E =+/a” +b” cos(0-P), (Where tanf} = %j

Hence for any real value of @, —\/a2 +b*<E< \/a2 +b°

11. Sine and Cosine Series

(a) sina+sin (ot p)+sin(o+2p)+ ... +sin (o + n_—1[3)

np

sin—- n—1
= é sin(o. + ——P)
sin— 2

(b) cosatcos(o+p)+cos(at2p)+....+cos (oc+1:[3)

sin@ n—1
= 2 cos(on+T[3)

p

sin—
2
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12. Graphs of Trigonometric Functions

(d) y =cot X,
xeR-{nmnez};yeR

A
» X
i = 0 /2 n 3n/2 2n 7
(e) Yy = COS€cC X,

x e R-{nm;neZ}; ye(-o-1]U[l, o)

(a) y =sinx,
xeR;yel[-1,1]
Ay
1
RN
- \n/2 /2 n\3n/2 2n
-1
(b) Yy =COS X,
xeR;yel[-1,1]
b/
1
Fd ™
—n/2 n/z\n’ /3n/2 2
-1
(c) y = tan Xx,
T
xeR—{(Zn-kl)E;neZl; yeR
AY
/2 0 /2 T 3n/2) %

Y

/%
1
| —m/2 0 m/2 TC 3n/2 |2n
/ Nl ( \

®

y = Sec X,

XeR—{(2n+l)§;neZl; y € (o0, ~1]U[l, o0)

a

\/

- | —m/2

0 =2 T 3n/2 2%
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TRIGONOMETRIC EQUATIONS 4. sin@=sina & 8=nx+ (- 1) o, where

13. Trigonometric Equations o€ [—E, E}

The equations involving trigonometric functions of
) ) ) 5. cos@=cosa< 0=2nn=*a, where a € [0, n].
unknown angles are known as Trigonometric equations.

_ 20 _ =
e.g, 0€080=0,cos*0—4cosO=1. 6. tane—tana<:>9—nn+a,whereGE(—g,gJ

A solution of a trigonometric equation is the value of the

nknown angle that satisfies the equation. . .
v g au 7. sinf0=sinfa<0=nmn+o.

3n 9 lln 8. cos!f=cosfa<=0=nmn=a.

. 1 e T
sin0b=—==0=—o0r=—,—,—, — ...
c8- V2 4 44747 4 9

tan’0 = tan’aa < 0 =nrw £ a.

Thus, the trigonometric equation may have infinite

. n
number of solutions and can be classified as : 10. sin 6 =1 < 8 =(4n+1) o

i Principal soluti
@ rineipal Soution I1. cos0=1«<0=2nm.

i)  General soluti
(i) General solution 12, cosB=—1¢0=2n+1)x

14. General Solution 13. sinf=sinaandcos O =cos o< 0=2nm+a.

Since, trigonometric functions are periodic, a solution
generalised by means of periodicity of the trigonometrical
functions. The solution consisting of all possible solutions

of a trigonometric equation is called its general solution.

14.1 Results 1. Every where in this chapter ‘n’ is taken as an integer,

if not stated otherwise.

I sinf=0&0=nr 2. The general solution should be given unless the
solution is required in a specified interval or range.

T
2. c0s0=000@n+1) 2 3. a is taken as the principal value of the angle.

(i.e., Numerically least angle is called the principal

3. tan0=0<0=n=x
value).






