26. Scalar Triple Product

Exercise 26.1
1 A. Question

Evaluate the following :

['i‘ ] 1&}{}1& 'i‘]+[13; i ]]
Answer

Formula: -

we have

[ik] + [i&i] + [kij] = (G xD.k+ (xk).i+ (kxi).j
using Formula(i) and (iii)

= [ik] + [jki] + [Kij] = kk + 11 + 7]

= [ik] + [iki] + [Kj] =1 +1+1=3
therefore, using Formula (ii)

(k] + [iki] + [ky] = 3

1 B. Question

Evaluate the following :
[2’1‘}1&}[{ 1’&]}[1&} 2’1‘}

Answer

we have

[25k] + [ik] + [Kij] = 2ix.k + Ex.j+ (kxj).2i
using Formula (i)

= [25k] + [iKj] + [Ki] = 2kk + (—9).] + (-9).2i
using Formula (ii)

= [2ik] + [ikj] + [Kij] = 2—1-2



= [298] + [k + [i] = —1
therefore,

k] + [i] + k] - —1

2 A. Question

Find [E{ B E_I when

a=2i-3jb=i+j-kandc=3i—k
Answer

Formula: -

-

QM . a; a, a
c;k then, [é’bﬁ] = |b; b, by
G G G

17 A1z 313
dzy  dpz daz
d3y dzz d33

(—1)1+3 4 |azi azzl
¥ laz;  as;

d a a
—_ 1+1 22 232 _ 1+72 21
= (-1) 311'|a32 agg| + (-1) al?'lagl

(if)

Given: -

k]

3=21—3b=1+]j—kand@ = 31—k

using Formula(i)

. 2 =3 0
[@E] =1 1 -1
30 -1

now, using

d1 A3z 13
dzy dzz dz3
d3; dzz 333

= (-1)1*1, daz  daz +(—1)**2a a5, daog
- 11- a a 12- a a
32 33 31 33

a,; a
1+3 21 22

+ (D alg"a a |
31 32

=2(-1-0)+3(-1+3)
=-2+6
=4

therefore,

iy

é’bc] =4

2 B. Question

—- ==

Find [5 b ¢ |. when

gzi—Z:i—?)l:;_E:zi_:i_l:; and Ezj—k

Answer

if3 = a,i + a,j + a;kb = byi + b,yj + bykand@ = c,i + f +

dz3
daz

| +



Formula: -

— by + byj + bykand € = ¢;i + c,j + c;kthen,

[x2%

d317 Q32 A33
dzz  daa dpy dp3
A1 dpz dz3| = (—1)1+lau.| | + (—l)“zau.l |+
. d3z 333 d3; 3daz
(i) [az1 Q32 Aaz
dz1 Azz
(—1)1+33 .| |
13'1ag;  as
Given: -
-~ —F -~ ~
a=1-2j+3kb=2i+j—kandC =] +k
. 1 -2 3
=77
[a c]= 2 1 -1
0 1 1
now, using
dy1 dy2  dy3
837 d8zz 8z3
dzy; dzz 233
dzz dz3 dzy  da3
= (- ay | + (-0t 2a,) |
11'lag, 2 el E PR B
dz; dzz
+(—1) P a | |
13'1a3;  as,

=1(1+1)+2(2+0)+3(2-0)
=2+4+6=12

therefore,

—

abé] = 12
3 A. Question
Find the volume of the parallelepiped whose coterminous edges are represented by the vectors:

a=2i+3j+4k.b=i+2j-k.c=3i—j+2k

Answer
Formula : -
- - - &~ - - = = - -
a = a;l+ a,]+ azkb = b1+ b,] + bykandt = ;1 + ¢, +
oo a a a
@iyif — toTz T8
cgkthen,[é’bﬁl = |b; by by
€, €z CG3
d11 d32 di3
dzz daz dzy  dz3
A1 @2 A3 = (_1)1+131r| | +'(_1)1+2312| | +
. d3p; daz dz; daz
(ii)lagy Az ass
dzy  daz
_1)1+3 4 1 |
( ) 13 331 332
Given: -
—= - P - - & - . -~
a=21+3b=1+ 2j—kc=31—-j]+ 2k

we know that the volume of parallelepiped whose three adjacent edges are

3,bt is equal to |[3bé]|.



we have

. 2
[3b¢] = |1
3

now, using

R e RIS ey
a,, a
+ (1)t 313-|a§i a§j|
=2(4-1)-3(2+3)+4(-1-6)
=-37
therefore, the volume of the parallelepiped is [QEE] = |-37| = 37cubic unit.
3 B. Question

Find the volume of the parallelepiped whose coterminous edges are represented by the vectors:

d317 832 A33
dzy; dzz Az3
dzy dzz daz

a=2i-3j+4k.b=i+2j-k c=3i—j-2k

Answer

Formula : -

(i) ifS = a,1 + a,j + a;kb = byi + b,j + by kandé = ¢,i + c,j + c;kthen,[3be] =

di1 di2
dz1 Azz
(i) lagy Qa2
(_1)1+3
Given: -
3 = 2i-3j

we know that the volume of parallelepiped whose three adjacent edges are

1

ab,c

we have

2
1
3

[3¢] =

now, using

31 A3z 13
dzy  dpz dzz
d3; @83z 833

diz
dz3
da3
4 |321 azzl
13']ag;  as

a

daz

b=1+2—-kt¢=31-7+ 2k

is equal to |[3b]|.

-3 4

d
= (—1)1*1a | 22
D 1lag,

+ (-1 2a,

d

21
3

CEST

dag
daa
dz;
daz

| + (D 2, |

=2(-4-1)-3(-2+3)+4(-1-6)

22 dz3
= (D tan [ %+ (D

dzq
CES

dag
daz

dzy
CES

dag
daa

|+

ay
b,

az
b,

ds
b;




=-35

therefore, the volume of the parallelepiped is [E’EE] = |-35| = 35cubic unit.

3 C. Question

Find the volume of the parallelepiped whose coterminous edges are represented by the vectors:
a=11i,b=2]j. c=13k

Answer

Formula : -

()ifi = a0 + a,j + a; kb = byi + b,j + b, kand©

d; d; 4
- —
=i+ o)+ cgl{then,[é’bﬁ] = |by by bg
€y G G
d11 A3z 13
(ii) [3z1 322 A23
dz; dzp Qa3
— (-1)1*1g |322 a23|+(_1)1+23 |321 azal
laz, as; 2'lazy  asz
dzy  dzz
+ (-1 *2a, |
1¥lag;  as,
Given: -

3=11ib = 2j,¢ = 3k
we know that the volume of parallelepiped whose three adjacent edges are

3,b”, ¢ is equal o |[3b{]|.

we have
. 11 0 0
[@c¢] = o 2 o
0 0 13
now, using

d1 A3z 13
dzy dzz dz3
dz; dzz 333
dzz  daz dzy  daz

= (-0 a7 P+ corran P

3z a3 31 das

a a
1+3 21 22
+ (-1) alg.|a1 4 |
31 a2

=11(26-0)+ 0 + 0 = 286

therefore, the volume of the parallelepiped is[d B €] = |286| = 286 cubic unit.

3 D. Question

Find the volume of the parallelepiped whose coterminous edges are represented by the vectors:
a=i+j+kb=i-j+kec=i+2j-k

Answer

Formula: -



(Dif3 = a;i + a,j + azkb = byi + byj + bykand e

(i)

Given: -

-

i=i+j+kb=1+2-

we know that the volume of parallelepiped whose three adjacent edges are

dy1 dg2 dy3
dzy dzz dz3
dgy; dzz 33

a
_ (_qy1+1 22
= (—-1) :;111.|agz

+ (—1)t+e a13-|

3 béis equal to |[§BE]|.

we have

1
1
1

[3be] =

now, using

d11 A3z
dzy Azz
dz;  dsz

=1(1-2)-1(-1-1)+1(2+1)

=4

therefore, the volume of the parallelepiped is [

1 1
-1 1
2 -1

d13

dag

dzz

dzy
d3i

E}

a
=(—1)'*1a | 22
( ) 11 agz

+ (=1t*3 a13-|

= 4 cubic unit.

4 A. Question

da

21

EEST

aZEl 142 |
+ (-1 Ay 4.
A3z (=D 12

dzz
daz

323| 1+2 |
+ (—1 Ay 5.
| 4 (-1teta,

dzz
dzz

3i—1 + 2k

]

w)
ol
il

dzy
a3

dz3
dzy

4]

c,i + c,f + cykthen,[3be] =

daz
A3z

dz3
dzz

Show that each of the following triads of vectors is coplanar :

a=1+2j-k.b=31+2j+7k.c=5i+6j+5k

Answer

Formula : -

i i+ a;kb = b,i + b,j + bykand?

(1)ifd = a,i + a,j

(i)

dz; dzz Adz3

= ¢,i + ¢,j + cskthen,[3bE] =

12 di3

= (—1)t+?! au-l

+ (=1)t*3 E?113-|

dzz2

a

32

dz1
dzi

323| 1+2 |
+ (—1 Ay 5.
| 4 (-pteta,

dzz
dz;

4 4
b; b,
¢ G

dz3
dai

dz3
dzg

dy
by

dz
b,

ds
b,




(iii)Three vectors a’,b’, and c’are coplanar if and only if

i(bxe) =0

Given: -

i=1+2-kb=31+2 +7ke¢ =5 +6f +5k

we know that three vector ;‘;’E’, ¢ are coplanar if their scalar triple product is zero

—

[3bé] = o.

we have

. 1 2 -1

[@E] = [3 2 7
5 6 b

using

d317 832 A33
dzy; dzz Az3
dzy dzz daz

dzz dzz 142 8z dz3
= (-D"*ay, | + -Dt*2a, |
1ag,  as; 12'1ag,  as;

dz1 Azz
+(-1) 3 ay| |
13123, as;

= 1(10 - 42) - 2(15 - 35) - 1(18 - 10)
= 0.

Hence, the Given vector are coplanar.
4 B. Question

Show that each of the following triads of vectors is coplanar :

a=-41—6j—2k.b=—-1+4j+3k. c=—-8i—j+3k

Answer
Formula : -
(1)if3 = a,i + a,j + a;kb = b, + b,j + by kand ¢
d; d; 4
= c,1 + ¢,j + cykthen,[3bE] = |by b, by
€, € Cg

dy1 dg2 dy3
dz1 dzz 3z3
dzy d3z d33

— (~1)'*1a |322 323|+(_1)1+2a |321 323'
11'lag, 2 el E PR B

(i)

dz; dzz
+(—1) P a | |
13'1a3;  as,

(iii) Three vectors 3. b,and care coplanar if and only if 3. (1_5 X E’) =0
Given: -
i=-41—-6j—2kb=-1+4 + 3ke =—-81—f + 3k

we know that three vectorz b ¢ are coplanar if their scalar triple product is zero

]

[3b¢] = o.



we have

. —4 -6 -2
@] = [-1 4 3
-8 -1 3

now, using

d317 832 A33
dzy; dzz Az3
dzy dzz daz

dzz dz3 dz7 dz3
= (-D"*ay, | + (~Dt*2a, |
11'lag, as; 12']ag;  asz

dz1 Azz
+(-1) 3 ay| |
13'1a3,  as;

-4(12 4+ 13) + 6(-3 +24)-2(1 + 32)
=0

hence, the Given vector are coplanar.

4 C. Question

Show that each of the following triads of vectors is coplanar :

a=1-2j+3k.b=-2i+3j-4k.é=i-3j+ 3k

Answer
Formula : -
d; ad; a;
(Dif3 = a,i + a,j + a;kb = byi + byj + bykand & = ¢;1 + c,j + c;k then, [3bé] = |by b, by
€y € G5

dy1 dyp dj3
dzy 8z A2z
dzy dzz daz

=(-D'*ta;, |::122 323' + (-1 %a, |:7121 323'
dgz daz d3; Adzz

(i)

dz1 dzz
+(-1) 3 ay| |
13'1a3,  as,

(iii) Three vectors g’,H and ¢ are coplanar if and only if 3.(Bx¢) = 0
Given: -

—i-2j+3kb=-2i+ 3j—4kée =i—3j + 5k

5]

we know that three vector &,B8,C are coplanar if their scalar triple product is zero

—

abé] = o.
we have
. 1 -2 3
[@b¢] = |2 3 —4
1 -3 &

now, using




d1 A3z 13

dzy dzz dz3

d3; dzz 333
a a a a

_ 1+1 22 23 1+2 21 23

= (-1 tay, | aaa|+(—:L) ags.| |

d3z d3; A3z
a a
1+3 21 22
+ [:_l) alg'|a a |
31 A3z

=1(15-12) + 2(-10 + 4) + 3(6 - 3)

=3-12+9=0

5 A. Question

Find the value of A so that the following vectors are coplanar.
a=i-j+kb=2i+j-k c=ri—j+ak

Answer

Formula : -

()if3 = a0 + a,] + a; kb = byi + b,j + by kand?

d4; d; ag

-~ —*
= ¢,i + c,j + cykthen,[@b¢] = |by b, b,
Ci G G

dzy dzz Az3
dzy dzpz daz

a,, a a,, a
= (_1)1+1311-| 2 azzl + (_1)1+2312-| o 23|

(i)

dazz dzy dag
dz1 Azz
+(-1) 3 ay| |
13123, as;

(iii) Three vectors 3, b,and care coplanar if and only ifa. (E X E) =0

Given: -

i=i-j+kb=21+j—keée=2a—-j+ 2k

we know that vector g{,E), ¢ are coplanar if their scalar triple product is zero

.

[3b¢] = o.

we have

. 1 -1 1

[@E] =12 1 -1
A -1 A

now, using

dy1 dy2  dy3
dz7 d8zz 8z3
dgy; dzz Q33
dpz daz dzy  da3

= (_1)1+131r|a a | + (_1)1+231T|a a |

3z a3 31 das

dz; dzz
+(—1) 2 ag | |
13'1a3;  as,

=20=1A-1)+12A+ AN + 1(-2-A)
=20=A-14+3A-2-A
=20=3A-3



5 B. Question

Find the value of A so that the following vectors are coplanar.
a=2i—j+kb=i+2j-3k.c=Ai+2j+5k

Answer

Formula : -

()ifi = a0 + a,j + a; kb = by + b,j + by kand¢

a, a, a
-~ —*

= c,i + c,j + cykthen,[@bé] = |by b, by

G; G G

d17 832z A3
dzy dAzz Az3
dzy d3pz daz

a a a a
— (_1)1+1 22 23| ay142 | 21 23|
(-1 3111332 a2 + (-1 N2:[a,, A,

(i)

dz1 Azz
+(-1) 3 ay| |
13'1a3,  as;

(iii) Three vectors 3, band Zare coplanar if and only if3.(b x €) = 0
Given: -
i=21—-j+kb=1+2—-3ke =2+ +5k

we know that vector 5{,11 ¢ are coplanar if their scalar triple product is zero

abc] = o.

we have

. 2 -1 1

[@bé] =1 2 -3
AR 5

now, using

dy1 dyp  dy3
dz1 dzz Az3
dzy; dzz 233

— (~1)*13 |322 323|+ (—1)1+23 |321 323'
11'lag, 2 el E PR B

dz; dzz
+(-1) 3 ay| |
13'1a3,  as,

=0 =2(10 + 3A\) + 1(5 + 3A) + 1(A - 2A)

=20=8A+25
a —25
= A= —
8

5 C. Question

Find the value of A so that the following vectors are coplanar.
a=1+2j-3k.b=31+2j+k. c=1+2j+2k

Answer

Formula : -



(Dif3 = a,i + a,j + a; kb = b,i + b,j + b, kand ¢

a; a, a

-~ —
= c,1 + c,j + cykthen,[@bé] = |by b, by
Ci G2 G

dzy dzz da3
d3; 43z A3z

— (~=1)1*13 |azz azal_’_ (—1)1+23 |321 azzl
laz, as; 12'laz;  asz

(i)

dzy 322|
d3; A3z

+ (-1 e, |
(iii) Three vectors 3, band Zare coplanar if and only if3.(b x &) = 0
Given: -

i=1+2—-3kb=31+A]+ke¢=1+2+2k

we know that vector a’,E’, ¢ are coplanar if their scalar triple product is zero

[3be] = o

we have

- 1 2 -3

[Ebe] =3 2 1
1 2 2

now, using

d31 A3z 313
dzy  dpz dzz
d3z; A3z Qa3

G Rt i I CEDEREE RN D]
dzz daz dzy  daz

dai azz|
dz; daz

+ (-1t 313-|
=20=1(2A-2)-2(6-1)-3(6-A7)
=>0=5A-30
5 D. Question
Find the value of A so that the following vectors are coplanar.
a=i+3.b=5k.c=hi—]
Answer

Formula : -

(1)if3 = a,i + a,] + a;kb = byi + byj + bykand @ = c;i + c,j + c;kthen,|

(i)

31 32 A3
dzy 4z dz3
dz; d3z Qa3

= (-1t a11-|

+ (-1t 313-|

dzz
dzz
dz1
EES

aEEl 1+2 |
+ (—1 ay 2.
]+ (i,

dzz
dzz

dzi
dzy

Azg
daz

w]
ol




(iii) Three vectors 3, b,and care coplanar if and only ifa. (E X E) =0
Given: -

i=1+35b=5k¢=2a-]

we know that vector g{j} ¢ are coplanar if their scalar triple product is zero

[3b¢] = 0
we have
. 1 3 0
[@bé] =0 o 5
A -1 0
now, using

d11 A4z P43
8z1 8zz 83
dzy dzz dag
daz  daz day  das

= (D a7 P+ a2

3z daz 31 daz

dz;  dzz
+(—1) 2 ag | |
13'1a3;  as,

=0=1(0+5)-3(0-5\) +0
=>0=5+ 15A

N -1
= A= —
3

6. Question

Show that the four points having position vectors 6{ —Tj. lﬁi _19j — 4k 33_ 6k gi 1 5j 1 101:; are not
coplanar.

Answer
Formula : -
a; d; 4z
(Dif3 = a0 + a,j + a; kDb = byi + byj + bykandé = ¢,1 + c,j + c;kthen,[3bé] = |by b, by
€; €z C3

dy1 dg2 dy3
dz1 dzz 3z3
dzy d3z d33

= (D' 1ta;, |::122 323' + (-1 %a, |:7121 azal
dgz daz d3; Adzz

(i)

dz; dzz
+(—1) P a | |
13'1a3;  as,

(iii)if0A = a,; + a,j + a;kand 0B = b,i + b,j + bykthen0B—0A = (b, —a,)i + (b, —a,)j + (b; —ay)k
(iv) Three vectors i b, and are coplanar ifand only if 3. (l_)) ® 3:} =0

Given: -

0A = 61— 7j,0B = 16i— 19j— 4k OC = 3j—6k 0D = 2i + 5] + 10k

AB = OBE— OA = 10i — 12j— 4k

JE—, — -

AC = OC—0A = —6i + 10j—6k



AD — OD — OA = —4i + 12j + 10k

The four points are coplaner if vector AB,AC,AD are coplanar.

. 10 -12 —4
[ABACAD] = |-6 10 -6
-4 12 10

now, using

11 A1z 313
dzy  dpz dzz
d3; dzz 333

— (-1)1*134 |azz a23|+(_1)1+23 |321 azal
laz, as; 12'laz;  ass

d d
1+3 21 22
[: 1) alg"a a |
31 32

= 10(100 + 72) + 12(- 60 - 24) - 4(- 72 + 40) = 840

#0.

hence the point are not coplanar

7. Question

Show that the points A(-1, 4, - 3), B(3,2,-5), C(-3,8,-5)and D( - 3, 2, 1) are coplanar.
Answer

Formula: -

()ifi = a0 + a,] + a; kb = byi + b,j + bykand @

d; d; a3
= ¢,1 + c,] + c;kthen, [é’bﬁ’] = |b;y by by
G G G

d11 A3z 13
dzy dpz  dzz
d3; d3z 333

= (D a2 38+ (e[ 7
d3zz daz d3z; daz

(i)

dzy  dzz
+ (-1 2a, |
1¥laz;  as,

(iii) Three vectors 3.b,and éare coplanar if and only if 3. (E ® E) =0

(iv)ifOA = a,; + a,j + a;kand OB = b,i + b,j + bk then OB — 0A
= (by—a)i+ (by—a,)j + (bs—ayk

Given: -

AB = position vector of B - position vector of A

= 4i—2j-2k

AC = position vector of c - position vector of A

= —2i + 4 -2k

AD = position vector of ¢ - position vector of A

= —2i—2f + 4k

The four pint are coplanar if the vector are coplanar.

thus,



4 -2 -2
-2 4 -2
-2 -2 4

[AB.AC.5D] —

now, using

d1 A3z 13

dzy dzz dz3

dz; dzz 333
a a a a

_ 1+1 22 23 142 21 23

= (-1)'*tay, | aag|+(—:L) a5z |

d3z d3; A3z
a a
1+3 21 22
+ [:_l) alg'|a a |
31 A3z

=4(16-4)+2(-8-4)-2(-4+8)=0
hence proved.

8. Question
Show that four points whose position vectors are 6{ _j-'j_lﬁi - 19j — 4k31 _51:;_ 3{ _5j + 101:; are coplanar.

Answer

Formula : -
()if OA = a,; + a,j + a,kand OB = b,; + b,j + b,kthenOB —0A = (b, —a,)i + (b, —a,)j + (by —a,)k

d11 A3z 13
dzy dpz  dzz
dz; dzp Qa3

G Rt i I CEDEREE RN D]
dzz daz dzy  daz

(i)

dai azz|

b (—1)r+s au.|aal o

(i) Three vectorsa™,b”,and ¢” are coplanar if and only ifa”.(b"x ¢) = 0

d; 4z dg
(V) If 3 = a,i + a,j + a;kb = byi + b,j + bykand¢ = ¢,;i + c,j + c;kthen,[3bé] = |by b, bs
€y €z G

0A = 6i— 7j,0B = 16i — 19j — 4k OC = 3j—6k 0D = 2i— 5] + 10k
AB = OB— OA = 10i — 12j— 4k
AC = OC—0A = —6i + 10j—6k

AD = OD—0A = —4i + 2j + 10k

The four points are coplanar if the vector AB, AD, AC are coplanar.

L 10 -12 —4
[ABACAD] = |-6 10 —6
-4 2 10

now, using



d1 A3z 13
dzy dzz dz3
d3; dzz 333

— (~=1)1*13 dpyy; dp3 + (~1)1*2, day  dp3
- 11-|3 a 12-|3 a
3z da3 31 933

d d
1+3 21 22
[: l) alg'|3 a |
31 32

= 10(100 + 12) + 12( - 60 -24) -4(-12 + 40) = 0.

hence the point are coplanar

9. Question

Find the value of for which the four points with position vectors _:i - k 4i + 5:]' + ,_1& 3i + 9:i_ 41:; and
—41+ 4]+ 4k are coplanar.

Answer

Formula : -

()if OA = ali + a2j + a3kand OB = b,; + b,j + bykthen

OB—0A& = (b, —a,)i + (b;—2a,)j + (by —a,)k

31 A3z A13
dzy dzz  daz
d3;7 383z A3z

= (D a2 38+ (e[ 7
d3zz daz d3z; daz

(i)

dzy  dzz
+ (-1 *2a, |
1¥lag;  as,

(iii) Three vectors 5,1_33, and ¢ are coplanar if and only if 3_(5’ X E) =0

8 dp 3as
(V) if3 = a,i + a5j + a; kb = byi + byj + bykand & = ¢;i + ¢,j + c;kthen,[3be] = [b, b, by
€1 G G
Given: -
0A = —j— k,0B = 4f + 5j— AR OC = 31 + 9] + 4k,0D = —4i—4j + 4k

AB = OB—0A = 4i + 6] + (A + 1k
AC = OC—0A = 3i + 10j + 5k
AD = OD— 0A = —4i + 5] + 5k

The four points are coplaner if vector AB,AC,AD are coplanar.

4 6 (A+1)
[AB,ACTAD] = |3 10 5

-4 5 5
now, using

11 A1z 313
dzy  dpz dzz
d3; 83z 333

— (-1)1*134 |azz a23|+(_1)1+23 |321 azzl
laz, as; 12'laz;  ass

dz;  dzz
+ (-1 *3a,, |
1¥laz;  as,

= 4(50 - 25) - 6(15 + 20) + (A + 1)(15 + 40) = 0.




=>A=1
hence the point are coplanar
10. Question

Prove that : -
(a-B)-{(6-¢)x(c-a)j=0

Answer

Formula: -

taking L.H.S
E-B){E-x@E-D} = [E-D)E-)E-D]
using Formula (i)

= (E-b){(b-)x@E-3) = Exb-dxe-

ol
x
ol
_l’_
=}
X
izl
e
L)
ol
|
)
o

using Formula(ii)
= (G-b){L-Ox@E-3} = Exb—-3Fxe—0+ bx).(¢—3)

= (E-b){(0-2)x@-D)}

— (3xb).e—(Exb).3 + (Exa)é—(&x3.3+ (bxd).¢

b—¢) x (€—3)} = [3bc] - [3b3] + [cad] - [E@E] + [bec] - [bad]

= E-B){E-xE-D} =0
L.H.S =R.H.S

11. Question

a. b and ¢ are the position vectors of points A, B and C respectively, prove that : 7 b+ bxc+cxa IS a
vector perpendicular to the plane of triangle ABC.

Answer

if @ represents the sides AB,
if b represent the sides BC,
if ¢ respresent the sidesAC of triangle ABC

3 x b is perpendicular to plane of triangle ABC. ...... (i)



b x ¢ is perpendicular to plane of triangle ABC. ...... (i)

¢ x 3 is perpendicular to plane of triangle ABC. ...... (iii)
adding all the (i) + (ii) + (iii)
henceIxb + b x T + € x 3is a vector perpendicular to the plane of the triangle ABC

12 A. Question
leta=1i+j+k.,b=1and ¢c=c¢;i+c,j+ck Then,
If ¢, =—1and ¢, = 2. find ¢, which makes 56 and E coplanar.

Answer
Formula: -

317 #3z A3
dzy dzz Az3
dz; d3z daz

a,, a a,;, a
= (_1)1+la11-| 2 azjl + (_1)1+2312-| 2 23|

0

dzz dzy daz
dzy  Azz
+ (-1 Pag |
13'1a3,  as;

(i)if3 = a,i + a,j + a; kb = b,i + b,j + by kand @

d dz d;
= ¢,1 + ¢,j + czkthen,[3bé] = |by b, by
€y G G

(iii) Three vectors 3,b,and éare coplanar if and only ifa. (E X E) =0
Given: -

— .
3. b, ¢ are coplanar if

[3¢] = o

1 0 0
1 2 o4

=0

now, using



d1 A3z 13

dzy dzz dz3

d3; dzz 333
a a a a

_ 1+1 22 23 1+2 21 23

= (-1 tay, | aaa|+(—:L) ags.| |

d3z d3; A3z
a a
1+3 21 22
+ [:_l) alg'|a a |
31 A3z

=20-1(c3) +1(2) =0
=C3 = 2
12 B. Question

If ¢, =—1and ¢; =1 show that no value of ¢; can make 5 E and E coplanar.
Answer
Formula: -
41 dz dg
(D)if3 = a,0 + a,j + agkb = byi + byj + bykand & = c;i + c,j + c;kthen,[3b¢] = |b; b, b
Ci C G

d17 832 13
dzy Az Az3
dz; dzp Qa3

= (-1**ray, |azz 323| + (-1 %ay, |321 azgl
dzz daz dz;  daz

(i)

dzy  Azz
+ (-1 2a, |
3lag;  as,

(iii)Three vectors a’,E, and ¢ are coplanar if and only if3. (E’ e E) =0

we know that g{,E’, ¢ are coplanar if

[3be] = 0
1 1 1
1 0 0]l=0
€y € GCg
1 1 1
=|1 0 0/ =0
-1 ¢ 1
now, using

31 A3z 13
dzy  dpz dzz
d3; @83z 833

= (D a2 38+ (e[ 7
d3zz daz d3z; daz

dzy  dzz
+ (-1 2a, |
1¥laz;  as,

=20-1(c3) +1(2) =0
= C3 =2
13. Question

Find for which the points A(3, 2, 1), B(4, A, 5), C(4, 2, - 2) and D(6, 5, - 1) are coplanar.




Answer

Formula: -
d; d; 4dg
(1)if3 = a,i + a,j + a; kb = b,i + b,j + bykand & = ¢, + c,j + c;kthen,[b] = |by b, b,
€ Gz C3

d11 A3z 13
dzy dpz  dzz
d3; d3z 333

= (D a2 38+ (e[ 7
d3zz daz d3z; daz

(i)

dzy  dzz
+ (-1 *2a, |
1¥lag;  as,

(iii) Three vectors 3, b and € are coplanar ifand only if 3. (b x &) = 0

(iv)ifOA = a,; + a,j + a;kand OB = by; + b,j + bykthen OB— 04
= (by—a,)i + (by—a,)j + (by —ax)k

let position vector of

0A=31+2]+k

position vector of

OB = 4i + Aj + 5k

position vector of

oC = 4i + 2j— 2k

position vector of

oD = 6i + 5] —k

The four points are coplanar if the vector AB, AC, AD are coplanar

AB =1+ (A—2)j + 4k

=

4]
Il

=3

+ 0j -3k

-

AD = 3i + 3j—2k

1 (A—2) 4

1 0 -3 =0
3 3 -2

now, using

dy1 dy2  dy3
dz7 d8zz 8z3
dz; dzz 333

— (=1)1+1a dpy dp3 4 (—1)1*2, day  da3
- 11-|3 a 12-|3 a
32 daz 31 daz

dz;  dzz
+(—1) 2 ag | |
13'1a3;  as,

=21(9)-(A-2)(-2+9)+4(3-0)=0
=7A =35

14. Question




If four points A, B, C and D with position vectors 4i + 3:i _31:;_ 5i + X:i + "k 5{ _3:iand "1 + 6:]' _1:;
respectively are coplanar, then find the value of x.

Answer

Formula: -

(1)if3 = a,i + a,j + a;kb = b, + b,j + by kand ¢

a; d; 33

-~ —
= c,1 + c,j + cykthen,[3bE] = |by b, by
C, € C3

(ii) 321 322 223
dzy d3z d33

a a a a
= (_1)1+la11-| 22 a:zl + (_1)1+2312-| 2 23|

dzz d3; Adzz
dz; dzz
+(—1) P a | |
13'1a3;  as,

(iii) Three vectors @ ,6, and € are coplanar if and only if 8.(Bx¢) = 0

(iv)ifOA = a,; + a,j + a;kand OB = by; + b,j + bykthen OB— 0A
= (by—a)i+ (by;—a,)j + (by—az)k

let position vector of

0A = 4i + 3j + 3k
position vector of

OB = 51 + xj + 7k
position vector of

0OC = 51 + 3j

position vector of

oD =7i + 6] + k

The four points are coplanar if the vector AB AC, AD are coplanar
AB =i+ (x—3)j + 4k,
AC = i+ 0j-3k

JE— -

AD = 3i + 3j—2k

1 (x—2) 4
1 0 -3=0
3 3 -2

A1 83z 313
dzy dzz dz3
d3z; A3z Qa3

G Rt i I CEDEREE RN D]
dzz daz dz;  daz

dzy  Azz
+ (-1 2 a, |
3laz;  as,

=21(9)-(x-2)(-2+9)+4(3)=0
=29-7x+14+12=0
=35 =7x



=2x=5
Very short answer
1. Question

Write the value of [21 3j 41{}

Answer

The meaning of the notation [E’FE’] is the scalar triple product of the three vectors; which is computed as
a.(b xt)

So we have 27 .(3f x 4k) = 2i.12i =24 (jx k =1)

2. Question

Werite the value of [1 +_|J +l; k —1}

Answer

Herewehaveg — i +jbh=j+ké=k—1

~ 1 10
a.(bxc)=[0 1 1{=0
-1 0 1

3. Question

Write the value of [1 — J J —f( k — 1}

Answer
1 -1 0
The value of the above product is the value of the matrix | g 1 —1|l=0
-1 0 1

4. Question
Find the values of ‘a’ for which the vectors g = 1 + j:i _L E = ai + J + ji;and ¥ = 1 + 2:]' + ai; are coplanar.
Answer

Three vectors are coplanar iff (if and only if) g (F % E’} =0

1 2 1
Hence we have value of the matrix | 1 2| =0
1 2 a

We have 2a2-3a+1=0

2a’-2a-a+1=0

Solving this quadratic equation we getg=1,a = 51

5. Question

Find the volume of the parallelepiped with its edges represented by the vectors § + J i+ jj and i _j + k.

Answer

Volume of the parallelepiped with its edges represented by the vectors E’,F = is [E’FE’] =, (F X E’)

r



1 1 0
1 2 0
1 1 =@

=

6. Question
If 3. b are non-collinear vectors, then find the value of [5 b 1}1 + [5 b JJ +[5 b k}k

Answer

for any vector 7

&
X
=
[I
Ea
&
X
(=)}
—
T’
=T
+
—_
!
X
=
by
—
3
+
—
|
x
=
=
—
=

a x

[~}
[I
B
=
—
=
+
Al
=
bt
=
+
Al
=
=
=

7. Question

If the vectors (sec? A) 1 +j' +1:;_ 1 +(sec2B-):]' +1}__ 1 +j' + (scc2 C-)l‘{are coplanar, then find the value of

cosec?A A + cosec?B + cosec?C.

Answer
sec? A 1 1
For three vectors to be coplanar we have 1 sec’ B 1 -0
1 1 sec? €
Which gives sec?4 sec?B sec*C — sec?A — sec?B—sec®*C+2=0 """ ()
Zg_
secg = cosec 8-2 ... (2)

cosec?f-1
Substituting equation 2 in 1 we have
(cosec?A— 2)(cosec?B — 2)(cosec®’C —2) cosec*A—2 cosec’B—2

(cosec2A— 1)(cosec?B — 1)(cosec?C — 1)  cosec2A—1 cosec?B—1
cosec’C—2

-——————+2=0
cosec?B — 1

Let cosec’A = x cosec’B = y and cosec®C = z

@-2)y-2)z-2) x=2 y-2 22, 5 _
(x—1¥y-1}=z-1) =x-1 y-1 =z-1 +2=0

So we have
=(x-2)(y-2)(z-2)-(x-2)(y-1)(z-1)-(x-1)(y-2)(z-1)-(x-1)(y-1)(z-2) +2(x-1)(y-1)(z-1)=0
Solving we have x+y+z=4

Hence cosec?A + cosec?B + cosec2C = 4

8. Question

a4

For any two vectors of 3 and b of magnitudes 3 and 4 respectively, write the value of [5 bax E] +{5 b }' .

Answer

E’Fﬁ’] —-a. (:F % E’) - % (:F E’) the dot and cross can be interchanged in scalar triple product.

Let the angle between z* gnd b Vector be g

@.b = |d||b|cos8 = 12 cos 6



=|(@ xB)||(@xb)| cos 0
= (1dl|B| sin6)>

=144 sin? 6+144 cos? 8
=144(1)

=144

9. Question

If [35 7bed |= :‘[ﬁ be [+n [5 ¢ d |.then find the value of A + .

3d = Ad
A=3
¢ =pué
pH=1

So,A+pu=3+1

=4
10. Question
_ . a.(bx¢) b.(axc)
If 3. b, ¢care non-coplanar vectors, then find the value of — +————.
(€xa).b c.(axb)
Answer

[E’FE’] -7 (:F XT) =1 X (:F T') the dot and cross can be interchanged in scalar triple product.

Also [E’FE’] = [E’ E’E’] = E’E’E’] (cyclic permutation of three vectors does not change the value of the
scalar triple product)

@b T]=-[ach]

a(bx7)  b.@=g) _ a.(bxc)

exalh  c.axb) (Exa)b

-a.(bxz)

Using these results i
(e'xa)Lb

+

11. Question

Find @ .(bxT), if 3 =21+ j+3k. b =—i+2j+kand ¢ =3i + j+ 2k

Answer
. 2 13
a.(bxT)=|-1 2 1{=-10
3 1 2




MCQ
1. Question
Mark the correct alternative in each of the following:

If 3 lies in the plane of vectors {, and z, then which of the following is correct?

A. [abz]=0
B. [abz |=1
C.[abz]=3
D. [bza]=1
Answer

Here, 4 lies in the plane of vectors j and ¢, which means g, j and ¢ are coplanar.
We know that }, y #is perpendicularto j and ¢ .

Also dot product of two perpendicular vector is zero.
Since, 4, j, & are coplanar, j x #is perpendicular to g.
So,d-(bx &)= 0

= [@bé]=0

2. Question

Mark the correct alternative in each of the following:
The value of Ea—b_b_—EE—Fr], where |a|=1,|5\=5 Je|=3is
A.0

B.1

C.6

D. none of these

Answer

I
o

3. Question

Mark the correct alternative in each of the following:

If 2,5 , ¢ are three non-coplanar mutually perpendicular unit vectors, then labz|is

A =1



B.0

C.-2

D.2

Answer

Here, g L j L ¢and @] = |E.’| =1é = 1-
= dxb||é

= angle between g x p and #is g = 0° or g = 180°.
[@bé] = (@XD) - ¢
= |d@||b|singn - ¢

1-1-1i4-¢

|7 ]| €| cosé
=1-1cosd
==1

4. Question

Mark the correct alternative in each of the following:

If = 327 5—r z—p for some non-zero vector 7 , then the value of |abz |, is

A. 2

B.3

C.0

D. none of these

Answer

Here,.7 .G =7 - b =7 -¢é=0

= =

"
=7L1drLb7LC

iy

= @, pand ¢ are coplanar.

= [dhé] =0
5. Question

Mark the correct alternative in each of the following:

For any three vector 3, b, ¢ the expression |a -5 | _{|_5 —c|x(c —Fﬂ]l- equals

D. none of these

Answer



(@-D) - {((b-DX(@E-a@)} =[@—Dbb— éc-a]

6. Question

Mark the correct alternative in each of the following:

] a(b_-Xc) blaxe)
If 7, 5, ¢ are non-coplanar vectors, then ———=+——=is
(cXa)b . |akD|

A. 0
B. 2
C.1
D. none of these

Answer

7. Question

Mark the correct alternative in each of the following:

Let 3 = ali + a,,:]' + 33]_:;‘ 13 = bli + bq:i + b31:; and ¢ = Cli + cq:i + C31:; be three non-zero vectors such that c is
il
a; a, a;s|
a unit vector perpendicular to both & and B . If the angle between 3 and B is E, then bl b b3 is equal to
C; €y €3

A. 0
B.1

3,2

C.@lal[3|
=2

D. (3)l?|B]

Answer



a, a, agz)? 5
lbl b, bgl =[@bé]
€ € 3

= [(axh)- o’
= [1l[Blsin (%) 4

21
= Iff|2|b|2(g) e

1 =2
— = ~12
_(4)“‘ 12
8. Question

Mark the correct alternative in each of the following:

If g = ji — 3:]' + ﬁk E = 31 — 4_1 + 51; and ¢ = ﬁl — 3] — ZL then the volume of the parallelepiped with
conterminous edges 5.+5, h+7, c+4a IS

A. 2
B. 1

C.-1

D.0

Answer

Letg—G+b =5i —7j + 10k
f=b+é=8i—7 +3Fk
g=c¢+a =71 —6] +3k

Now,the volume of the parallelepiped with conterminous edges ¢, f .g Is given by

V=[Efg]
€ € & 5 —7 10
=|\A L L|=|8 -7 3
g1 92 Ja 7 —6 3

=5x (-214+18)+7x (24-21)+10x (-48+49) x
=5x (-3)+7x 3+10x 1

=-15+21+10

=16

9. Question

Mark the correct alternative in each of the following:

If |2a+4bcd |=i|acd |+u|bed |then A+u=



Now, comparing the coefficient of lhs and rhs we get, A=2 and p=4
SA+ u=244

=6

10. Question

Mark the correct alternative in each of the following:

= |a|?|b|?*sin® @ + |a|?|b|®cos? @

= |a|?|b|*(sin? 6 + cos?8)

= lal?|b|?

11. Question

Mark the correct alternative in each of the following:
If the vectors 41 <1 1} 1 1111:;_ "1 n 2:]' 1 61:: and 1 1 RJ 1 4L are coplanar, then m =
A.0

B. 38

C.-10

D. 10

Answer

d= (411m)



ol

— (7026)

[T

= (1054)

Here, vector a, b, and c are coplanar. So, [a"b”¢" ] = 0-
4 11 m

[7 2 6] =0
1 5 4

" 4(8-30)-11(28-6)+m(35-2)=0

5 4(-22)-11(22)+33m =0

. -88-242 +33m =0

~33m = 330

s~m =10

12. Question

Mark the correct alternative in each of the following:

For non-zero vectors &, B and ¢ the relation | (ﬁ xE‘}.E| =|3||b|| €| holds good, if

Aa.b=b.c=0

B.a.b=0=¢.a

C.i.b=b.c=c.a=0

D.b.¢=¢.a=0

Answer

Let & = axb”

|&] = |d’||3|s,jna -------- (1) (~" ais angle between 3 and b))

Then |(axB) - | = -4

= |&||¢]cos6 (O is angle between & and € = 6 is angle between & XB and C)
= |d’||3||é’|cos€s£na (* using (1))

Hence, |(_a)X3} LE = |&||B||E| if and only if cosgsing = 1

if and only if pgsg = 1 and sing = 1

T

if and only if § = g and @=;
@ = %: & and B are perpendicular.

Also &8 is perpendicular to both 8 and B .
0=0= C is perpendicular to both @ and B
.~ d, B, ¢ are mutually perpendicular.

" de B=Be C=Ce =0

13. Question

Mark the correct alternative in each of the following:



(a+b|.(b+7 )X (a+b+7)|

Answer

b+ é)(d+ b+ @)

)(

T

Tz

+b5+8)=|(

]

&) x(

b+

]

= =
ca

b

If & ,B,C are three non-coplanar vectors, then |a+b +¢ ].-_|_E+5]X[ a+c) (equal.
éfl+o+0

b

=

|+ [@éal+o+]|
a

]+ 0+0+o0+[cBal+]

bd

)-[(@+b)x(a+ d]=[(@+ b+ &)@+ b)@+ 9]

-

+ b+

[G+b+ca@ad+cC)+[@+b+éba+

0+0+0+0+]
Mark the correct alternative in each of the following:

Mark the correct alternative in each of the following:

14. Question
Answer
15. Question

(a



a-b|x(a-b-Z || is equal to

Answer

f]l+0-0-2[pdé]-0+0+0-0+[¢ab]+0+[¢bd]

ib
—0—0

0-0-0—]
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