
TASK

Price a vanilla put option and compute its Greeks under the CEV model for the underlying:

dS_t = r * S_t dt + sigma * S_t^alpha dW_t.

Use the Crank-Nicolson scheme.

SOLUTION

The Matlab code is displayed below.

------------------------------------------------------------------------------------------------------------------------------------------
runCEV.m

% This script implements the Crank - Nicolson scheme for pricing a vanilla
% put option under the CEV model for the underlying:
%
%       dS_t = r * S_t dt + sigma * S_t^alpha dW_t.
%
% The script sets the parameters and calls function CEV.m, where the main
% body of the pricing code lies. Then the script calculates the Greeks and 
% the implied volatility curve.

clear;
clc;

dynamics.alpha      = 0.5;
dynamics.volcoeff   = 3;
dynamics.r          = 0.05;
dynamics.S0         = 100;
FD.SMax             = 200;
FD.SMin             = 50;
FD.deltaS           = 0.1;
FD.deltat           = 0.0005;

contract.T          = 0.25;
contract.K          = 100;

% CEV.m will give us option prices for ALL S0 from SMin to SMax
% But let's display only a few near 100.
displayStart        = dynamics.S0-FD.deltaS*1.5;
displayEnd          = dynamics.S0+FD.deltaS*1.5;
[S0_ALL putprice]   = CEV(contract,dynamics,FD);
indices             = (S0_ALL > displayStart & S0_ALL < displayEnd);
disp([S0_ALL(indices) putprice(indices)])

%% Part b: calculating the delta and gamma.
putprice_0 = putprice(indices);
DELTA = (putprice_0(1) - putprice_0(3)) / (2*FD.deltaS)
GAMMA = (putprice_0(1) - (2*putprice_0(2)) + putprice_0(3)) / (FD.deltaS^2)

%% Part c: calculating the implied volatility.
for i = 85:1:115
K(i-84)                 = i;
contract.K              = i;
[S0_ALL putprice]       = CEV(contract,dynamics,FD);
indices                 = (S0_ALL > displayStart & S0_ALL < displayEnd);



X                       = [S0_ALL(indices) putprice(indices)];
putoptionprice_0(i-84)  = X(2,2);
vol_imp(i-84)           = blsimpv(dynamics.S0, contract.K, dynamics.r, 
contract.T,X(2,2), 50, 0, [], false);
end

result                  = [K' putoptionprice_0' vol_imp'];
plot(K,vol_imp,'-+');
title('Implied Volatility vs Strike Price')
xlabel('Strike Price');
ylabel('Implied Volatility');

------------------------------------------------------------------------------------------------------------------------------------------
CEV.m

function [S,putprice] = CEV(contract,dynamics,FD)

% This script implements the Crank - Nicolson scheme for pricing a vanilla
% put option under the CEV model for the underlying:
%
%       dS_t = r * S_t dt + sigma * S_t^alpha dW_t.
%
% It returns a grid of possible initial values of the underlying and
% the correpsonding prices of the put option.

volcoeff    = dynamics.volcoeff;
alpha       = dynamics.alpha;
r           = dynamics.r;
T           = contract.T;
K           = contract.K;

% SMin and SMax denote the smallest and largest values of the underlying S.
% The boundary conditions are imposed one step beyond, e.g. at 
% S_lowboundary = SMin - deltaS, not at SMin.

SMax        = FD.SMax;
SMin        = FD.SMin;
deltaS      = FD.deltaS;
deltat      = FD.deltat;

N           = round(T/deltat);
if abs(N-T/deltat) > 1e-12, error('Bad time step'), 
end

numS        = round((SMax-SMin)/deltaS)+1;
if abs(numS-(SMax-SMin)/deltaS-1) > 1e-12, error('Bad space step'), 
end

S               = (SMax:-deltaS:SMin)'; % This has to be a column vector.
S_lowboundary   = SMin - deltaS;

putprice    = max(K-S,0);
ratio       = deltat/deltaS;
ratio2      = deltat/deltaS^2;

f           = (S.^(2*alpha))*(0.5*volcoeff*volcoeff);
g           = r.*S;
h           = -r;



% Crank - Nicolson equations.
F           = 0.5*ratio2*f + 0.25*ratio*g;
G           = ratio2*f - 0.50*deltat*h;
H           = 0.5*ratio2*f - 0.25*ratio*g;

RHSmatrix   = spdiags([H 1-G F],-1:1,numS,numS)';
LHSmatrix   = spdiags([-H 1+G -F],-1:1,numS,numS)';

for t=(N-1:-1:0)*deltat,
rhs         = RHSmatrix*putprice;

%Now we will add the boundary condition vectors.
rhs(end)    = rhs(end) + H(end)*(K*exp(-r*(T-t))-S_lowboundary) + 
H(end)*(K*exp(-r*(T-t-deltat))-S_lowboundary);
putprice    = LHSmatrix\rhs;
end

------------------------------------------------------------------------------------------------------------------------------------------
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