Algebra Il: Identifying Quadratic
Equation from Points

Notes, Examples, and Practice Test (w/solutions)
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Topics include Factored form, Vertex form, and Standard form, solving
systems, interpreting graphs, and more.
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Finding the equation of a quadratic from points

I. Introduction

If three coplanar points are known, the equation of the parabola (quadratic) going through them can be determined.

If the vertex and one point are known, the quadratic equation can be identified.

What if you know the 2 x-intercepts? This is not enough information!
Example: (1, 0) and (7. 0)
Although we know the axis of symmetry is x =4,

we cannot specify the exact curve...

The diagram displays three possible
parabolas that go through (1, 0) and (7, 0)..

(There are an infinite number of parabolas
that go through (1, 0) and (7, 0)

We must know a third point to determine
the precise quadratic equation.

II. Using infercept form and x-intercepts

Example: Determine the equation of a parabola that passes through (3, 0) and the vertex (1, 5)

Solution: If the vertex is (1, 5), then the axis of symmetryisx=1..
Since the axis of symmetry is x = 1 and one x-intercept is (3, 0).
then the other x-intercept must be (-1, 0) (to maintain symmetry)
Step 1: Write general formula of quadratic

v=a(X—p)x—q) wherepand q are the x- intercepts

Step 2: Substitute given values (to determine "a™)

(1, 5) S5=a(l —-1)(1-3)
=-1 5=-4a o
q=3 a= j

Step 3: Write equation of the quadratic

1

y= 5 &+ DE-3)

Step 4: Check answer  (test the 3 points)

(-1.0): 0=— (-1 +1)¢1-3) v
(3.0:0= 2 (3+1G3-3) el

(1.5): 5= — (A+1)1-3)
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(Note: Intercept form may be called Factored Form)




Finding the equation of a quadratic from points

‘What if we know the vertex and one point? We don't have a 3rd point. However,
since one of the 2 points is a vertex, the equation can be determined.

III. Using vertex form and the vertex & point

Example: What is the equation of a parabola with vertex (3, 1) that passes through (-1, 9)?

Solution:  Since we are given the vertex and a point, it is rather straightforward.
Step 1: Write the general formula for a parabola
y=ax— h)2 +k where (h, k) is the vertex (and (%, y) are points on the parabola)

Step 2: Use substitution to find "a"

y=ax-h7* +k o=a(-1-3)?+1
k) = (3.1) g=16a
) = (19 a=

Step 3: Write equation of the quadratic
1 2
y= 2 &-3) +1
Step 4: Check answer
.
test points: (3,1) 1= %(3 -3 +1 L
(L9 9=L(i1-32+1 L7
Example: A kid throws a ball out of a 2nd floor window. The window is 20 feet above the ground.

If the ball reaches a maximum height of 30 feet when it is 50 feet from the building.
How far from the building will the ball hit the ground?

Solution: The maximum height is the vertex. So, we need another point to find the equation.

Step 1: Draw a picture, identify variables, and map points

¥
¥ = distance from building .
y = height above ground (50, 30)

— . (0. 20),

Step 2: Write general form of a parabola (quadratic) -
.
L4
y=a(x—h)2 +k s
-38.6 % 1386

Step 3: Substitute to find "a"

(h, k) = (50, 30) 20 = a(0 - 50)3 +£30 Step 5: Answer the question!

.y = (0.20) 10 = 25008 When the ball hits the ground, its height will be 0..

- Therefore, we need to find the coordinate (x, 0)
a= _“:U
= -1 2
O:’?RO (X—Soj +30 Xx= -}Zé OT‘
Step 4: Write the equation of the parabola (path of the projectile) - ) )
7500 = (x - <0)2 (cannot be negative; that point
-1 2 - ; is behind the building!)
Y= 350 x—50)"+30

I+

X= 50 F 88.6 ‘ approximately 138.6 feet from the building ‘




Finding the equation of a quadratic from points

Suppose we are given 3 points -- and neither is a vertex -- how can we find the equation of
the quadratic that includes all of them?

Again we'll use general equations and substitution....

IV: Using standard form and solving simultaneous equations

Example: The following are 3 points on a parabola: (-1.-6) (2,15) (-3,0)
Find the quadratic expression that represents the parabola.

Solution: We have 3 points, so we'll need to figure out which quadratic equation
they have in common.

Step 1: Write standard from of a quadratic

ax2+bx+c=y

Step 2: Substitute each point into the equation

(-1,-6): a(-1)* +b(-1)+ c=-6 a -

b +c =-6

4a + 2b +¢ =15

Casio
fx-9750GII

2,15 a2’ +bQ2) +c=15

(3.0 a(-3)> +b(-3)+c=0

9a — 3b +c =0

Step 3: Solve the system of 3 equations and 3 unknowns

(calculator/using an augmented matrix)

|
1 -1 -6
4 2 '1s
9 -3 |
(coefficients) a b ¢ v
Button Operation
Menu (main)
Equa (solving equations)

EXE

F1 (simultaneous equations)
F2 Number of unknowns? 3
Enter the above matrix

F1 (solve)
Calculator X1 2
Output: y 5
-3

a=2 b=5 c=-3

Step 4: Write standard form of the equation

———— y=2x2+5xf3

Step 5: Check solutions!

(-1,6) (-6)=2(-1)" +5(-1)—3

=2-5 -3 =6

2. 15): (15)= 2(2)2 +52)- 3

(Algebra/elimination method)
equaton 1 a — b +c = -6

2 4a+2b+c =15
3 9% —3b +c =0

2a - 2b +2¢ = -12
2 4a +2b +¢ = 15
- 6a +3c = 3 \

+ =

1 32 +3b -3¢ =18 ba +de =

2 9 - 3b +c =0

-6a + 2¢ = -18

5¢ = -15
6a -2c = 18
4 6a + 3¢ =3
6a + 3(-3)=3
6a = 12
a=2

=8+ 10-3 =15

(-3.00: (0)= 2(-3)° +5(-3)—3

—18-15 -3 =0y



Finding the equation of a quadratic from points

Example: A swimmer steps up to a diving board. When he dives off, his height above the water is
24 feet @ 1 second,
18 feet (@ 2 seconds, and
2 feet @ 3 seconds.

a) How high is the diving board?

b) What is the peak height of the jump? When does it occur?
¢) When does he hit the water?

Step 1: Sketch a graph of the dive.

(1,24)
The trajectory is shows (2, 18)
an upside down parabola. EE—
(3.2)
| | | |
| | | |
Step 2: Determine the equation that models the diver.
Standard form of a quadratic: y= ax> +bx+c
2
1,24): 24=a(l) +b(l)+c
(1, 24) ™ W atb+c=24
2 Linear system:
(2.18): 18=a2) +b@2) +c 4a+2b+c=18

3 equations and 3 unknowns
2 9a+3b+c=2
(3.2 2=a(3) +b@3)+c

Using a TI nspire CX CAS: menu
3: Algebra
7: Solve System of Equations
2: Solve System of Linear Equations

(‘number of equations’: enter 3) The model of the diver is

‘When the /inSolve function and template appear, 5

enter the equations. h(t) =—5t% +9t+20
X+ty+z=24 where t is the time of the dive
dxt2y+z=138 and A(t) is the height of the diver over the water.
9x+3y+z=2

Enter

Output: {-5, 9, 20}

Step 3: Answer the questions

a) height of the diving board: This occurs when the diver starts -- at time () =0.  h(0) =20

b) Peak of he dive: This would occur at the vertex -- % _ 2(9 5 — 0 seconds
R Using the TI nspire Calculator:
n(.9)=—5(.9)"+9(.9) + 20 = 24.05 feet menu
3: algebra
c) Diver hits water: This occurs when the height is 0 -- = —5t2 +9t+20 L: solve . .
= Enter the quadratic equation.
Since time cannot be negative, -5t2+9t+20=0,t
control enter
there is only one answer:  3.09 seconds Output: t=-1.29 and t=3.09

-~ 7
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Finding Quadratic Equations Quiz

[. Vertex Form -- Express the following parabolas in vertex form

B. vertex: (-2, -5)
through the point (1, 22)

A. vertex: (2, 5) C. vertex: (3, 3)
y-intercept: (0, -15)

through the point (5, 14)
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II. Intercept Form -- Express the following quadratics in intercept form
-3 25

A, x-intercepts: (1, 0) (5, 0) B. x-intercepts: (-3, 0) (5, 0) C. vertex: (T _2)
vertex: (3, 8) another point on the curve: (7, 4) ) :
’ y-intercept: (0, -8)

D. E.
\
/ \
©J5)
A
\
/ \
/ \ X
-1)0) 50) \ A
] \
| | N y
| \
(5.-2)




Finding Quadratic Equations Quiz

II. Standard Form -- Express the following quadratics in standard form

A. x-intercepts: (1, 0) (7, 0) B. Includes the following points: C: Vertex: (1, -8)
y-intercept: (0, 21) (1.0) (2.11) (4.3 through (-3, 0) and (9, 24)

Find and sketch the parabola through the points

D. (1,12)
1]8)
a0
E. Use a system of 3 equations to find the parabola that F. Use a system of 3 equations to find the parabola that goes
goes through the following points: 1.7 through the following points: (3 .54)
(0, 10) (7, -26)

(Calculator) (Use an Augmented Matrix)

(-1/2, 29/2) (10, 16)



Finding Quadratics Equations Quiz

IV: Word Problems and Models

A) A cannon sits in a castle 50 feet above the ground.
After it is fired, the cannon ball reaches a maxinmum height of 80 feet when it is 40 feet from the castle.

‘Where does it hit its target on the ground? (How far from the castle?)

B) A series of photo images show a long jumper's position during a jump.

The following are the distances and height depicted in each image: 0 feet long, 0 feet high  (his inital jumping point)
3'long, 1' 9" high
How far did he jump? 15' long, 3' 9" high
18' long, 3' high
How high did he peak during his jump?

C) A construction crew is building an arch with an 80 foot space between the bases.
If you stand 10 feet from one base, the arch extends 25 feet above the spot you're standing on.

How high will the arch be?

&

i
80 feet
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Finding Quadratic Equations Quiz

SOLUTIONS

[. Vertex Form -- Express the following parabolas in vertex form

A. vertex: (2, 5)

through the point (5, 14)

y=ax — h)2 +k

(14) = a((5) - 2)2-%- 5
14= 9a+3

B. vertex: (-2, -5)

through the point (1, 22)

y=a(x— h)2 +k
@2 =a((1) -2 +-5

22=9a-75

[, o

T
[t

A

y=a(x— h)2 +k

Vertex: (4, 2)
through point (2, 6)
2
6)y=a((2)-4)" +2
6=4da+2

a=1

2

Check answer: (plug in 3 different points)

1) (2. 6)

L 6=(2-4) +2

6=6

II. Intercept Form -- Express the following quadratics in intercept form

A. x-intercepts: (1, 0) (5, 0)
vertex: (3, 8)

y=a(x-pix-q
where p and q are x-intercepts
("zeros")

y=a(x-1)x-5)

(& =a(@)- 1) -3
§=-4a
a=-2

D.

Check:
test point (1, 22)

5
y=a(x—h)" +k

where (h, k) is vertex

C. vertex: (3, 3)
y-intercept: (0, -15)

}':a(x—h)2 +k
(-15) = a((0) - 3% + 3
-15=9a+3

a=-2

N
y=-2(x—3) +3

Check:
test point (0, -15)

/
/ 1
{

/
R

Jlals1 T |
Il

1
y=ax— h)2 +k  (Substitute vertex and point
N to find "a")

3=a(l-3) +5
3=4da+5s
a=-2

F— - an 3 Y y)

(write general equation) y=-2(x—3) +5

— -
[

[

0

20

T Tt

I
- (s

B. x-intercepts: (-3, 0) (5, 0)
another point on the curve: (7, 4)

y=ax-plx-q

=3 =25
C. vertex: (T .,)

-intercept: (0, -8
¥ pt: (0.-8) (expand)

(substitute to find "a") (write in vertex form) 2 9
-8)=a (0 _3.2 - y=2x +6x+--
@ =a((7) - 3)(7) - 5) ©@-5) *3 , ’
4= a(10)(2) 9 25 y=2% +6x —8
a=1/5 B=Ta—
9 o R (factor)
y= L x+3)x-5) T Tyr aTs Sl a
= 5 . y=2x"+3x—-4)
y=2x+5") — =
y=2+Hx-1)
E.
y=a(x—p)x-q
y=ax-pix—q)
p=3 g=9
Xx=5 y=-2
2=a(5-3)5-9
-2=-8a
LY a=—
E
\ 4
1
y= G399
G0\ (©]0) *
"4
Note: test all 3 points to check

- ) your answer...

25

2



Finding Quadratic Equations Quiz SOLUTIONS

TII. Standard Form -- Express the following quadratics in standard form

A. x-intercepts: (1, 0) (7. 0)

B. Includes the following points:
y-intercept: (0. 21)

(LO) (2.11) (4,5

C: Vertex: (1, -8)

through (-3, 0) and (9, 24)
(express in vertex form)

y=ax—h)? +k

R
ax?+bx+c=7y (setup 3 equations, ax“tbxte=y

3 unknowns) a(1)2 +b(l)+e=0 (setup 3 equations
a@z +b@ Fe=11 with 3 unknowns)

(-4 + b(-4) +c=5

a(1ly +b(1)+e=0

2
3(7)2 (7 +e=0 0=a(-3 - 1)"+ -8  (insert vertex and 1st point

(solve)

to find "a")
a(0)y? +b(0) + ¢ =21 0=16a-8
> 1 11 0 (use coefficients a=12
N ' d solution i
a+b+ec=0 3x —2ax+12l 2 brn :lina;{‘)i;; onm y= %(x —1)%+(:8) (use algebra to change
492+ Tb+e¢c=0 4 115 N to standard form)
e =L+ 1)-8
o soltion: | 2 |a Yo &S -=AD-
aThbh=- . : 5 b check 3 points:
403+ Th=-21 -3 (note: to check, just 1 2 15 ’
( a try all 3 points in -7 ]e Y= 77 % (-8
-73 - = y : - - 15
Ta :zb 11176 b=-24 your equation) check: (1,0)— 2+5-7=0 L~ f= % ~1-5
a= 2
(2, 11) = §+10-7=111" 8=-8 L
Find and sketch the parabola through the points ; .
(-4, 5) - 32-20-7=:[// 3. 0
D. (1. 12) (vertex: 2, 25/2) (-3, 0
' b 0=92+3-152
, 0=o0L"
4 \ ax“+bx+c=y
/ \ L12: a(l) +b()+c=12 o2
-1/8) (1.12x al) +bD)+e= 24=81/2-9-152
i (-1,8): a¢-1) +b(-1)+c=8 33=66/2 L~

a(?)z +b(M)+ec=0

I \ (7. 0):

(solve with matrix,

atbtc=12 > Wi TESTS}Jomts
} _ _ substitution, or to check!
a—b+c=8 fimination: by hand
/ \ 402+ Th<c=0 elimination; by hand or .‘
I \ with calculator) (-1, 8) -
3 (1, 12)
(3.0 7.9 a=-1/2 (7.0):
-1 .2 21 )
b=2 -5 X*+2x+ =
c=10172 2 2 "

P
B
e

axis of symmetry: x=-b/2a=2
vertex: (2, 25/2)

E. Use a system of 3 equations to find the parabola that F. Use a system of 3 equations to find the parabola that goes
goes through the following points: ) through the following points: (3, -54) N
(0. 10) Augmented Matii) 20 e
(Caleulator) (-1/2, 20/2) (Use an Augmented Matrix) ;1)
ax?+bx+c = y (set up 3 equations, ax?+bxte— i _9 301 :_54_ 115 150 L s -
3 unknowns) 449 7 1 :-26 LR] 0 1 10721 :_201;7 (-210/9)R3
2 _ 100 10 1 16 9 |
3 +b(3)+c=-54 | 0 - 5
a0+ b1y + e =7 a( )7 (3)+ ¢ i ! 0 9!210! 81/35
2 2_ a(7) + b(7) + ¢ =-26 r ! -49R1 + R2 |
a0y +b(0) + ¢ =10 =775t 10 107+ 510) L1319 -6 | (replace R2) 113 16 -6 (-1021)R3 + R2
- a(l0y"+ b(10) +c =16 49 7 1 1-26 0 1 10/211-201/7 | (replace R2)
127 + b(- - [
a(-1/2) + b(-1/2) + ¢ = 29/2 100 10 1 116 | _100R1+R3 0 g 1 | .54 |CUOR3I+RI
1o +1b+1c =7 Place coefficients into 7 (replace R3) 1 - (replace R1)
(Input the coefficients the matrix: F113 10 1g] 1113 | ]
0a +0b+1c =10 into the calculator to solve) 176 o 0
. 2 0 -28/3 -40/91268| (-328)R2 0 1 0 1-21/7 | (-/3R2+RI1
Lo lorie-2 : 0-70/3 -91/9}616| (3/TOR3 0 0 1 | .54 |(eplaceRl)
a=4 L b 1
b= L1319 1.6 10 ¢ 11
e=10 0 1 10211-201/7 | -IR2Z+R3 0 1 0 1 -3
0 1 091210/-13/5 |@eplaceR3) |1 1




Finding Quadratics Equations Quiz

IV: Word Problems and Models

A) A cannon sits in a castle 50 feet above the ground.
After it is fired, the cannon ball reaches a maxinmum height of 80 feet when it is 40 feet from the castle.

‘Where does it hit its target on the ground? (How far from the castle?)

B) A series of photo images show a long jumper's position during a jump.
The following are the distances and height depicted in each image:

How far did he jump?
How high did he peak during his jump?

1) Draw a picture and label (map the points)

1) draw a picture and label

The trajectory of the cannonball is a

SOLUTIONS

vertex: (40, 80)

point: (0, 50)

x = distance from castle

v = height above the ground

parabolic arc...
I
i 80"
\
50 }
\
|
| X
40—
0 40

2) Identify the quadratic equation

vertex form: y=a(x — h)2 +k
(substitute to find "a"

)
50 = a(0 — 40)"+ §0
50 = 1600a + 80

a=

—-3
160

Equation of the cannon ball:

_3 2
= _ +
Y= (x—40) +80

3'long, 1' 9" high
15' long, 3' 9" high
18" long, 3" high

2) Determine the quadratic equation

C) A construction crew is building an arch with an 80 foot space between the bases.
If you stand 10 feet from one base, the arch extends 25 feet above the spot you're standing on.

How high will the arch be?

1) Map the points

i
80 feet

The arch's height will be the
vertex of the parabola...

10, 25)

0 feet long, O feet high (his inital jumping point)

3) Answer the question

The cannonball hits the ground
when the height v =0

-3 2
= ——(x— +
0= 15 (x—40) +80
-3 2
-80 = 160 (x — 40)

,
4266.67 = -(x — 40)
t6532=x—40

x= 2/5/32 or 105.32

since -25.32 is behind the castle,
we eliminate that possibility!

The cannonball lands
approximately 105.32 feet
from the castle.

3) Answer the questions

How far? Find where he lands: (x, 0)

Choose 3 points: (0, 0) (3, 1.75) (18, 3)
y (high) as 31} y=ax2+bx+c
T4 construct 3 equations/3 unknowns
3 (18.3) a(0)> + b(0) +c =0
(3’14) 2 y=7ix2+—2x
a(3) +b(3)+c=1.73 6 3
2
a(18) +b(I18) +c=3 (note: you can test the
| _ points to check
(0.0) x (long) solvet 19 o 110 -1/36] a the equation)
9 3 11175 |23 | Db
324181 3 0 |¢e

y=ax-p)(x-q
intercept form
2) find the quadratic

equation

0.0)

Given: 2-intercepts: (0.0) (80, 0)
one point: (10, 25)

25 = a(10 - 0)(10 - 80)

substitute to find "a"

25 =-700a

a=_L
28

(80, 0)

y= 33 (x-0)x- 80)

_ -1 2 2
0= "5 %7 X (mult by -36)
0= x? —24x

Xx=0 or 24

0 is the beginning of his jump;
| 24 feet is where he lands! |

How high? Find the vertex!
axis of symmetry is x =12
pl
=-Llay+2a2 =1
y="ka2+3)
so, vertex is (12, 4)
Therefore_.| he reaches 4 feet high!

3) answer the question

The height of the arch
will be at the vertex
(where x = 40)

-1
y= 35 (40-0)40-20)

y =57.14 feet



Thanks for visiting. (Hope it helped!)
If you have questions, suggestions, or requests, let us know.

Enjoy

mathplane.com

Also, at Facebook, Google+, and TeachersPayTeachers



