
PreCalculus: Minimum/Maximum Value 
 

Given a, b, and c are real numbers, and 𝑎 + 2022 = 𝑏𝑒𝑐−𝑏 (b>0) 

Find the minimum value of (𝑎 + 2022)𝑏𝑐 

 

∵ (𝑎 + 2022)𝑏𝑐 = 𝑏𝑒𝑐−𝑏 ∙ 𝑏𝑐 = 𝑏2𝑐 ∙ 𝑒𝑐−𝑏 =
𝑏2

𝑒𝑏 ∙ 𝑐 ∙ 𝑒𝑐 (b>0) 

Let 𝑓(𝑥) =
𝑥2

𝑒𝑥  (x>0) 

We have 𝑓(𝑥) =
2𝑥𝑒𝑥−𝑥2𝑒𝑥

(𝑒𝑥)2 =
2𝑥−𝑥2

𝑒𝑥  

∴ 𝑓(𝑥)is monotonically increasing on interval (0,2), and monotonically decreasing on interval 

(2,+∞) 

∵ 𝑓(𝑥) > 0 

∴ 𝑓(𝑥)𝑚𝑎𝑥 = 𝑓(2) =
4

𝑒2 

 

Let g(x) = x𝑒𝑥, then 𝑔′(𝑥) = (𝑥 + 1)𝑒𝑥. Therefore, g(x) is monotonically decreasing on 

interval (-∞,-1) and monotonically increasing on interval (-1,+∞) 

∴ 𝑔(𝑥)𝑚𝑖𝑛 = 𝑔(−1) = −
1

𝑒
 

Thus, (𝑎 + 2022)𝑏𝑐 = 𝑓(𝑏) ∙ 𝑔(𝑐) ≥
4

𝑒2 ∙ (−
1

𝑒
) = −

4

𝑒3 

If and only if b=2 and c=-1,  (𝑎 + 2022)𝑏𝑐 = −
4

𝑒3   

 

 

  



PreCalculus: Minimum/Maximum Value 
 

Given 𝑎2 + 𝑏2 = 1, (a>0, b>0), find the minimum value of 
𝑎4+𝑏4

𝑎+𝑏
 

 

Method I:  

Let 𝑎 = cos 𝜃 , 𝑏 = sin 𝜃 , 𝑎𝑛𝑑 0 < 𝜃 ≤
𝜋

2
 

∴ 𝑎2 + 𝑏4 = cos4 𝜃 + sin4 𝜃 = 1 − 2 cos2 𝜃 sin2 𝜃 = 1 −
1

2
sin2 𝜃 ≥

1

2
 

∵ 𝑎 + 𝑏 = cos 𝜃 + sin 𝜃 ≤ √2 

∴ 
𝑎4+𝑏4

𝑎+𝑏
≥

1

2

√2
=

√2

4
 

 

Method II: 

Let 𝑎 = cos 𝜃 , 𝑏 = sin 𝜃 , 𝑎𝑛𝑑 0 < 𝜃 ≤
𝜋

2
  

Let sin 𝜃 + cos 𝜃 = 𝑡 

We have 𝑡𝜖[−√2, √2] 

∴ 
𝑎4+𝑏4

𝑎+𝑏
=

1−
1

2
(𝑡2−1)

2

𝑡
=

1−
1

2
𝑡4+𝑡2−

1

2

𝑡
= −

1

2
𝑡3 + 𝑡 +

1

2𝑡
 

∴ 𝑦′ =
−3𝑡4+2𝑡2−1

2𝑡2  

∵ 3𝑡4 − 2𝑡2 + 1 > 0 𝑖𝑠 𝑡𝑟𝑢𝑒 

∴ 𝑦′ < 0 

∴ 𝑦 = 𝑓(𝑥) is monotonically decreasing on interval [−√2, √2] 

∴ 𝑓(𝑡)𝑚𝑖𝑛 = 𝑓(√2) =
√2

4
 

∴ 
𝑎4+𝑏4

𝑎+𝑏
≥

√2

4
 

 

Method III: 

Since 𝑎2 + 𝑏2 ≥ 2𝑎𝑏 (a>0, b>0) 

∴ 2(𝑎2 + 𝑏2) ≥ (𝑎 + 𝑏)2 

That is 𝑎2 + 𝑏2 ≥
(𝑎+𝑏)

2

2
 

∴ 𝑎4 + 𝑏4 ≥
(𝑎2+𝑏2)2

2
=

1

2
 

∵ 𝑎2 + 𝑏2 ≥
(𝑎+𝑏)2

2
 and 𝑎 + 𝑏 ≤ √2 (a>0, b>0) 

∴ 
𝑎4+𝑏4

𝑎+𝑏
≥

1

2

√2
=

√2

4
 (if and only if a=b, 

𝑎4+𝑏4

𝑎+𝑏
=

√2

4
) 


