Modern Survey Estimation: From GREG and Calibration to Big Data
Fusion

Abstract

This document explores the theoretical connections and practical distinctions between
Generalized Regression (GREQG), calibration, and difference estimators in finite population
survey sampling. While GREG is a mathematical subset of calibration, broader calibration
techniques offer practical advantages like preventing negative survey weights. The text outlines
the model-assisted framework and its widespread adoption by National Statistical Organizations.
Furthermore, it examines the modern evolution of these estimators in the Big Data era. By
integrating machine learning to correct non-probability selection bias and applying systems
engineering tools like the Kalman filter, traditional survey methodologies can dynamically fuse
survey data with high-frequency signals for real-time population estimation.

In finite population sampling, auxiliary variables (such as census data or administrative records)
are frequently used to improve the precision of population estimates. Two of the most prominent
methods for incorporating this auxiliary information are the regression estimator (often
generalized as the Generalized Regression Estimator, or GREG) and the calibration estimator.

While they approach the estimation problem from slightly different conceptual frameworks, they
are deeply linked theoretically. In fact, the generalized regression estimator is a specific
mathematical case of the calibration estimator (Kim & Park, 2010).

1. The Regression Estimator (GREG)

The regression estimator incorporates auxiliary information by utilizing an explicit linear
relationship (a regression model) between the known auxiliary variables (X) and the study
variable of interest (V).

To estimate a population total, the procedure computes the population least-squares coetficients
using the sample data and original design weights (the inverse of the sampling inclusion
probabilities). It uses the known population totals of the auxiliary variables to adjust the baseline
Horvitz-Thompson estimator. By reducing the residual variance between X and Y, the GREG
effectively reduces the overall variance of the population estimate, provided there is a strong
correlation between the two variables (Siarndal, Swensson, & Wretman, 1992).

2. The Calibration Estimator

Introduced in a seminal paper by Deville and Sérndal (1992), the calibration estimator takes a
weight-adjustment approach rather than a strict predictive modeling approach.

The core idea is to find a new set of survey weights (w;)that are as close as possible to the
original design weights (d;), subject to a specific constraint: when the new weights are applied to
the auxiliary variables in the sample, they must exactly reproduce the known population totals of
those auxiliary variables. This requirement is known as the calibration equation (Deville &
Sarndal, 1992; Kim & Park, 2010).



To ensure the new weights stay as close to the original weights as possible, the procedure
minimizes a chosen distance function (or loss function) (D(w,d).

3. The Role of the Finite Population Model

To fully understand the theoretical underpinnings of both estimators, it is crucial to consider the
finite population model (often called a "working model") that guides them. In modern survey
statistics, both GREG and calibration are considered model-assisted techniques (Sérndal,
Swensson, & Wretman, 1992).

The Model-Assisted Framework

The model-assisted approach assumes there is an underlying superpopulation model—a
theoretical data-generating mechanism—that relates the auxiliary variables to the study variable

within the finite population (e.g., a linear model y, =x| B+¢,).

e In GREG Estimation: This working model is explicit. The GREG estimator predicts the
unobserved y; values for the rest of the finite population using the model fitted from the
sample. Importantly, because it is model-assisted rather than model-dependent, the
GREG includes a design-based bias-correction term (using the sampling weights on the
residuals) that ensures the estimator remains asymptotically design-unbiased even if the
underlying finite population model is incorrectly specified (Sdrndal, Swensson, &
Wretman, 1992).

o In Calibration Estimation: The procedure initially appears entirely "model-free"
because it focuses strictly on adjusting weights to match auxiliary totals without
explicitly fitting a regression model to Y. However, statistical theory reveals that every
calibration distance function implicitly assumes a specific variance structure in an
underlying finite population model.

Efficiency Depends on Model Fit

While both methods guarantee design consistency regardless of the working model's absolute
truth, their efficiency (variance reduction) is entirely dependent on how well the implicit or
explicit finite population model describes the actual data. If the relationship between X and Y in
the finite population is strong, both estimators yield massive variance reductions over the
baseline Horvitz-Thompson estimator. If the model fits poorly, the variance could remain
unaffected or, in rare cases, even increase compared to using no auxiliary data.

4. Data Requirements: Sample-Level vs. Population-Level Variables

A critical operational question when employing model-assisted methods is what level of data is
required for the auxiliary variables. Specifically, do you need to register measurements of the
auxiliary variables for each unit in the realized sample? The answer is yes. There is a distinct
dichotomy in the data requirements for the population versus the realized sample:

o At the Sample Level (Strictly Required): To establish the necessary associations,
covariances, and correlations, the auxiliary variables x; must be measured and
registered for every individual unit in the realized sample. For the GREG, computing



the regression coefficients ( ,B) requires paired observations of both the study variable (y;)
and the auxiliary variables (x;) for every sampled unit. For calibration, calculating the
sample-level estimates of the auxiliary totals (Z dl.xl.) to feed into the calibration

constraints requires individual x; values for every unit in the realized sample.

o At the Population Level (Only Totals Required): In contrast, neither standard GREG
nor linear calibration requires unit-level auxiliary data for the entire non-sampled
population. They only require the aggregate known totals of the auxiliary variables for
the finite population (e.g., the total population size, the total number of males, or the total
national income).

Therefore, the practical burden of these model-assisted methods is ensuring that the survey
questionnaire (or linked administrative records) successfully captures the required auxiliary
variables for every sampled unit, allowing the sample data to be mapped back to the known
macro-level population totals.

5. Theoretical Links and Key Differences

The GREG as a Special Case of Calibration

The primary theoretical connection between the two methods lies in the choice of the distance
function. If one uses a standard Chi-squared (Euclidean) distance function—defined as

D(w,d)=(w—d)* / d and minimizes it subject to the calibration equation, the resulting weights

and final estimator are mathematically identical to the Generalized Regression (GREG) estimator
(Lumley et al., 2011). Because of this, the GREG is often considered the prototypical calibration
estimator.

The Problem of Negative Weights

While the GREG perfectly satisfies the calibration equations, minimizing the unbounded Chi-
squared distance function can yield calibration weights that are extremely large or even negative
(Kim & Park, 2010). In practical survey administration, negative weights are highly undesirable
because no individual sampling unit should realistically represent a negative fraction of the
population, and negative weights can lead to nonsensical negative estimates for strictly positive
sub-domain totals (Park & Yang, 2008).

The Advantage of Alternative Distance Functions

This is where the broader class of calibration estimators shows its practical superiority. Because
the calibration framework allows the statistician to define the distance function, alternative
functions can be used to prevent negative weights. For example, by using a modified minimum
entropy distance or modified Chi-squared distance, the optimization algorithm can
mathematically restrict the final calibrated weights to fall within predetermined positive bounds
(e.g., ensuring no weight is less than 1). This solves the negative-weight problem of the
traditional regression estimator while still perfectly aligning the sample estimates with the known
auxiliary population totals (Deville & Sérndal, 1992).



Asymptotic Equivalence

Even though differing distance functions yield slightly different finite-sample weights, a
foundational theorem by Deville and Sarndal (1992) proves that for medium to large sample
sizes, all calibration estimators generated from well-behaved distance functions are
asymptotically equivalent to the GREG estimator. Therefore, practically any valid calibration
estimator will share the same asymptotic variance and large-sample efficiency gains as the
regression estimator.

6. The Generalized Multivariate Difference Estimator (GMDe)

To deeply understand how GREG and calibration estimators link to modern predictive models, it
is helpful to examine their common ancestor: the Generalized Multivariate Difference
estimator (GMDe) (Czaplewski, 2023; see also Cassel, Séarndal, & Wretman, 1976).

The GMDe adjusts the baseline Horvitz-Thompson estimator (Y ) by utilizing the known
difference between the true population totals of the auxiliary variables (X) and their sample

estimates ( Xur ). It takes the form:
YAGMDe = }’}HT + (X_XHT)TC

Here, ¢ .is a fixed, predetermined vector of coefficients that translates the error in the auxiliary
variables into an adjustment for the study variable. The GMDe serves as the conceptual glue
binding several statistical frameworks together:

e Relation to GREG and Calibration: GREG is formally a special case of the GMDe. If

the fixed, external vector ¢ is replaced by P (the regression coefficients estimated

internally from the current sample data), the GMDe becomes the GREG estimator. While
calibration and GREG rely on sample-dependent data to optimize weights, the GMDe
relies on externally supplied coefficients.

o Relation to Finite vs. Infinite Population Models: The GMDe is the perfect
mathematical bridge between the two paradigms. In modern data fusion, an infinite
population model (such as a machine learning algorithm trained on external Big Data)
generates the fixed coefficient vector ¢ (or exact prediction weights). Then, the finite
population model applies the GMDe formula to anchor those external coefficients to the
design-based sample weights, correcting any selection bias inherited from the infinite Big

Data model (Breidt & Opsomer, 2017).

e Relation to the Kalman Filter: Remarkably, the GMDe formula shares an exact
mathematical equivalence with the Kalman filter's update step (Czaplewski, 2023). In a
Kalman filter, the updated state estimate equals the prior prediction plus a "Kalman Gain"
multiplied by the "innovation" (the difference between the actual observation and
predicted observation). The Kalman Gain acts precisely as the predetermined ¢ vector in
the GMDe, scaling the correction based on the variance and differences between known
auxiliary inputs and their sample estimates.



7. Use in Official Statistics by NSOs

Because of their ability to enforce consistency with known population totals and improve
precision, GREG and calibration estimators are standard, heavily utilized tools in major National
Statistical Organizations (NSOs) worldwide:

o Statistics Canada: As a pioneer in generalized estimation software, Statistics Canada
developed systems like GEIS (Generalized Estimation System) and its successor G-Est,
which rely heavily on GREG and calibration techniques. These are used across numerous
economic and social surveys to ensure sample estimates align perfectly with census and
high-quality administrative data.

o Statistics Sweden: With foundational contributions from Swedish statisticians (including
Carl-Erik Sirndal, co-creator of the calibration estimator), Statistics Sweden integrates
calibration heavily into its survey methodology. Their in-house software, CLAN, was
specifically built to compute calibration weights for various official surveys.

e U.S. Census Bureau & Bureau of Labor Statistics (BLS): In major joint efforts like
the Current Population Survey (CPS), calibration techniques (specifically forms of raking
and post-stratification, which belong to the calibration family) are used extensively. This
ensures that monthly employment and demographic estimates match independently
updated population projections.

o Office for National Statistics (UK): The ONS uses calibration weighting in major
household surveys, such as the Labour Force Survey (LFS). By calibrating survey
weights to known population estimates categorized by age, sex, and region, they
significantly reduce non-response bias and the variance of key labor market indicators.

8. The Modern Frontier: Big Data and Machine Learning

In recent years, the explosion of "Big Data"—such as satellite imagery, mobile sensor data, web-
scraped prices, and massive commercial databases—has transformed how survey statisticians
approach the finite population model. In this context, Big Data acts as a vast, highly detailed
source of auxiliary information (X).

Correcting Selection Bias in Big Data

A fundamental flaw of most Big Data is that it is non-probability data, meaning it suffers from
severe selection bias (e.g., smartphone location data only represents smartphone users). The
model-assisted framework solves this integration problem brilliantly. The smaller probability
survey acts as the unbiased "ground truth," while the massive Big Data acts as the predictive
engine. By calibrating the rigorous, design-based survey against the totals found in the Big Data,
statisticians can leverage the scale and granularity of Big Data without sacrificing design-
unbiasedness (Yang & Kim, 2020).



Model-Assisted Machine Learning

Traditionally, the working model in a GREG estimator has been a simple linear regression.
However, because Big Data often involves thousands of variables with complex, non-linear
interactions, traditional linear models easily break down or overfit.

To adapt, modern estimators employ Model-Assisted Machine Learning, building heavily upon
early frameworks that adapted calibration for non-linear models (Wu & Sitter, 2001). Instead of
using simple regression, statisticians use algorithms like LASSO, Random Forests, Gradient
Boosting, or Neural Networks to fit the finite population model.

1. The machine learning algorithm identifies complex patterns to generate highly accurate
predictions ( ,) for the study variable.

2. These predictions are then plugged directly into the standard GREG, calibration, or
generalized difference framework.

3. The design-based weights correct any residual bias left by the machine learning
algorithm.

This synergy allows modern surveys to achieve unprecedented levels of precision, combining the
predictive power of machine learning algorithms on Big Data with the rigorous mathematical
guarantees of traditional calibration and GREG estimators.

9. Finite vs. Infinite Population Models and Big Data

When working with Big Data, statisticians frequently must bridge the gap between two
fundamental paradigms of statistical inference: the finite population model and the infinite
population (superpopulation) model. Understanding the distinction is vital to maximizing the
utility of non-probability Big Data.

The Two Paradigms

o Finite Population Inference: The target of estimation is the actual, realized population
of size N (e.g., the exact total number of unemployed citizens in a country on a specific
day). The randomness in the statistical model comes entirely from the sampling design
(which units were selected for the sample).

o Infinite Population (Superpopulation) Inference: The target of estimation is the
underlying conceptual process or "data-generating mechanism" that created the
population. The finite population is viewed merely as one random realization (a sample)
drawn from this infinite superpopulation. Here, the randomness comes from the model
itself.

Advantages of the Infinite Population Model with Big Data

The infinite population framework is the native language of computer science, machine learning,
and predictive Big Data analytics.



e Seamless Application of ML: Most off-the-shelf machine learning algorithms (like
Neural Networks or Random Forests) inherently assume the data are Independent and
Identically Distributed (IID) draws from an infinite generating distribution.

o Discovering Universal Patterns: By treating Big Data as a manifestation of an infinite
superpopulation, researchers can train highly complex predictive algorithms without
worrying about survey design weights during the training phase. The advantage here is
the ability to map the true underlying causal or correlational relationships (the "predictive
engine") that generalize beyond just the observed data points.

Advantages of the Finite Population Model with Big Data

While the infinite model is great for training algorithms, it often fails at producing official
statistics because Big Data is rarely a representative I[ID sample; it suffers from massive
coverage errors and selection bias. This is where the finite population model shines.

e Anchoring to Reality: The finite population model cares about exactly what is
happening in the real world right now, not just the generalized theoretical process.

o Bias Correction via GREG/Calibration: By employing the finite population model-
assisted framework, statisticians take the raw, biased predictions generated by the infinite
population ML model and adjust them using a probability sample. Because the finite
population framework relies on design-based weights, it mathematically strips away the
selection bias of the Big Data, guaranteeing an unbiased estimate of the actual realized
population total.

In modern survey methodologies, these two paradigms work in tandem: the infinite population
model is used to harness Big Data to train powerful predictive algorithms, and the finite
population model (via GMDe, GREG or calibration) is used to correct those predictions to
accurately reflect the real-world population.

10. Future Research: Overcoming Big Data Challenges

While the integration of Big Data into the model-assisted framework holds immense promise,
several methodological challenges remain, prompting active areas of new research:

High Dimensionality and Regularized Calibration

When the number of auxiliary variables in a Big Data source exceeds the survey sample size (
p >n), traditional calibration equations have no unique solution, and standard GREG estimators

break down due to matrix singularity. Ongoing research is focused on regularized calibration
(e.g., introducing ridge or LASSO penalties directly into the distance function). This allows for
variable selection and weight adjustment simultaneously without overfitting to the high-
dimensional auxiliary data.

Variance Estimation for Machine Learning Methods

Traditional variance formulas for GREG and calibration assume a relatively simple, pre-
specified working model. When non-linear, algorithmic machine learning models (like Random
Forests or Neural Networks) are used to process Big Data into predictions, quantifying the



statistical uncertainty becomes highly complex. Researchers are developing new resampling
methods (such as adapted bootstrap techniques) and asymptotic proofs to accurately estimate the
variance of these highly complex, model-assisted machine learning estimators.

Measurement Error and Concept Misalignment

Big Data is almost always collected for administrative or commercial purposes, not statistical
ones. Consequently, the variables often suffer from measurement error or conceptual
misalignment (e.g., "sentiment" derived from social media data does not perfectly map to true
"consumer confidence"). Future research must develop calibration frameworks that explicitly
account for measurement error in the auxiliary variables (X), ensuring that these discrepancies do
not introduce hidden biases into the final population estimates.

Concept Drift and Algorithmic Stability

Big Data sources are notoriously unstable; data-generating mechanisms (like search engine
algorithms, mobile APIs, or social media feeds) change frequently, leading to "concept drift."
For official statistics, which require strict comparability over time, this is a major vulnerability.
Research is needed to design dynamic calibration estimators that are robust to sudden shifts in
the underlying Big Data architecture, ensuring temporal stability in longitudinal population
estimates.

Dynamic State-Space Modeling with GMDe and Kalman Filters

While the conceptual equivalence between the Generalized Multivariate Difference estimator
(GMDe) and the Kalman filter provides a powerful framework for data fusion (Czaplewski,
2023), operationalizing this link is a major frontier for modern statistical research. Current
research focuses heavily on how to dynamically estimate the optimal coefficient vector (¢)—the
equivalent of the Kalman Gain—when the underlying finite population is non-stationary and the
error structures of Big Data "sensors" are unknown or changing over time. Furthermore,
researchers are exploring how to adapt the state-space GMDe/Kalman framework to handle
asynchronous, irregularly spaced Big Data streams (e.g., mixing continuous daily transaction
data with intermittent weekly sensor inputs) while maintaining valid, design-based variance
estimates at every temporal update step.

11. Systems Engineering and Data Fusion: The Kalman Filter

As the frequency of Big Data collection increases, survey statisticians are increasingly looking
beyond static cross-sectional estimation and adopting paradigms from systems engineering—
specifically treating population estimation as a dynamic, continuous process. In this context, the
population total is viewed as a "state variable" that evolves over time, and various data sources
are treated as "sensors."

The Data Fusion Challenge

The modern statistical environment often contains two competing streams of data:

1. Big Data (High-Frequency, Biased ""Sensors"): Credit card transactions, mobility data,
or web-scraped prices arrive daily or even hourly. However, as previously discussed,
these signals are noisy and suffer from structural selection bias.



2. Official Surveys (Low-Frequency, Unbiased "Sensors'): Design-based probability
surveys provide rigorous, unbiased estimates, but they are expensive, slow, and may only
be published monthly or quarterly.

The goal of data fusion is to combine these streams to produce real-time, unbiased estimates—a
process known as "nowcasting" (Yang & Kim, 2020).

The Kalman Filter as Temporal Calibration

Originally developed for aerospace engineering to track spacecraft trajectories (Kalman, 1960),
the Kalman filter is an optimal estimation algorithm that fuses measurements from multiple
noisy sensors over time. When applied to official statistics and Big Data, the Kalman filter acts
as a temporal equivalent to the GMDe or calibration estimator.

e Prediction Step (Using Big Data): Between official survey releases, the Kalman filter
uses the high-frequency Big Data signals to predict the current state of the population
(e.g., updating a daily inflation estimate using web-scraped prices).

o Update Step (Using Survey Data): When the low-frequency probability survey is
finally conducted, the Kalman filter "updates" or corrects its ongoing estimate. It
compares the high-frequency Big Data prediction to the unbiased survey benchmark,
adjusting its internal parameters based on the variance (uncertainty) of both sources. As
noted in Section 6, this update calculation is formally equivalent to a sequential
Multivariate Difference Estimator (Czaplewski, 2023).

Bridging Engineering and Survey Methodology

By employing the Kalman filter, NSOs can effectively calibrate Big Data continuously, a
concept that has roots in the time-series modeling of repeated surveys (Pfeffermann, 1991). The
probability survey acts as the anchor—correcting the "drift" or bias of the Big Data—while the
Big Data provides the timely, high-resolution movement. This systems engineering approach to
data fusion is rapidly becoming the frontier of modern estimation, allowing organizations to
transcend the limitations of periodic sampling by dynamically fusing the rigor of finite
population surveys with the velocity of infinite population Big Data.

Summary

o Perspective: The regression estimator views the problem through the lens of linear
prediction, whereas the calibration estimator views it as a constrained mathematical
optimization of survey weights.

e The GMDe Bridge: The Generalized Multivariate Difference estimator serves as the
core mathematical framework linking GREG, Big Data coefficients, and engineering
update filters.

o Relationship: The regression estimator (GREG) is simply a calibration estimator that
uses a Chi-squared distance function (Lumley et al., 2011), and both are special
adaptations of the GMDe framework.



e Model-Assistance: Both estimators are model-assisted, relying heavily on a well-fitting
finite population working model to achieve variance reduction while remaining robust
(design-unbiased) against model misspecification.

o Data Requirements: While population-level aggregate totals are often sufficient for the
auxiliary variables, individual measurements of the auxiliary variables must be recorded
for every unit in the realized sample.

o Practical Choice: While asymptotically equivalent in efficiency, calibration estimators
using alternative distance functions are heavily preferred in modern practice because they
can restrict weights to positive bounds, overcoming the GREG's vulnerability to
generating negative survey weights.

e Modern Evolution: Through model-assisted frameworks, these traditional estimators are
now being fused with Machine Learning to correct selection bias in Big Data and
drastically improve survey efficiency.

o Finite vs. Infinite Models: When using Big Data, infinite population models allow for
the seamless application of complex machine learning algorithms, while finite population
models (via model-assisted calibration/GMDe) provide the rigorous mathematical
framework needed to correct the data's inherent selection bias and estimate exact real-
world totals.

e Future Research: Ongoing methodological research is focused on regularized
calibration for high-dimensional data, complex variance estimation for ML models,
mitigating measurement error/concept drift, and operationalizing GMDe/Kalman filters
for non-stationary data fusion.

o Systems Engineering & Data Fusion: By applying tools like the Kalman Filter,
statisticians can fuse high-frequency (but biased) Big Data streams with low-frequency
(but unbiased) survey estimates, effectively creating a real-time, dynamically calibrated
"nowcast" of the population.
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