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There is a special notation called functional notation that is
frequently used in mathematics when one variable 1s described in

terms of another. The notation £(X) [read "f of X"] is often used

to name a second variable. Instead of writing "Y = 3X + 2" you
sometimes write "f(X) = 3X + 2" or "g(X) = 3X 4+ 2" or perhaps even
"Y(X) = 3X + 2". Any letter may be used. This notation indicates

that "f" or "g" or "Y" is a function of "X", or that it can be
expressed in terms of "X". To find the value of £(2), just replace
each X with the value 2. To find the wvalue of f£(4), replace each
X with the wvalue 4. To find the value of f£(-3), replace each X
with the wvalue -3.

Complete the following exercises:

1. f(X) = 3X + 2 2. g(X) = -3X + 5

a) £(0) =3( ) + 2 a) g(0) = -3( ) + 5
b) £(2) = b) g(2) =

c) £(4) = c) g(4) =

d) f£(-3) = d) g(-3) =

e) £($) =3( ) + 2 e) g($) =

f) £(*) = f) g(*) =

g) f(###) = g) g(###) =

h) £(Junk) = _ h) g(Junk) =
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This concept can further be explained by use of "function

machines." Consider the following examples (for this section, use
only real numbers) : 4 x /O
TNPUT /m; Vau'wzs a&"x A"‘? ;(7.‘:3

j L T L:]

Each of these machines consists of an "input spout", a formula, and
an "output spout”". Whenever a number is dropped into the input
spout the number is substituted in place of the X in the formula.
The result becomes the output value. These machines, therefore,
have three parts: input, calculation (formula), and output.

When operating any machine, it is nice to know what kinds of
fuel will run the machine. Even more important, what kinds of fuel
will not permit the machine to operate? Recall the machines and

the fact that you are restricted to the real number system:

0,1, 2« %=0,/, 2
"’/ Y

TAPUT: %39 /'
{ |
l 3:44—2.J x'33 L« 4-x
- | ) |
7\ 7 T

OUTPUT .
2, S— Y "é 27\/:?-7 \/5:,
Notice that the first machine "3X + 2" w1ll run on anything. The
second machine 123 will run on almost anything--the value of
X -

X=3 is not allowed, since X=3 would require division by zero, which
is not allowed. What values of X would be acceptable input for the

third machine «Z_TTQ (assume you are dealing with real numbers) ?

In this third machine, the values such as X=1, X=2, X=3, X=4 are

all acceptable. However, if X>4, the result is a negative
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radicand, which is not acceptable in the real number system. These
illustrate the two requirements of the real number system:
I. Denominators cannot equal zero,
II. Radicands of even radicals must be greater than
or equal to zero.

Instead of drawing "function machines”, it is usually more

convenient to use £(X) = 3X + 2, g(X) = 123 » or h(X) = 7 —% .

Frequently the notation Y = 3X + 2, Y = X¥?3 , or Y = Vz—tfg is
used. Any such equation that shows a relationship between two
variables (such as X and Y) is defined to be a relation. When for
each value of X (input) there is a unique value of Y (output), the
equation is defined to be a function. In other words, a function
is a relation that has a special uniqueness property. Furthermore,
the set of all possible (permissible) X values (input) is defined
to be the domain. The set of all possible Y values (output) is
defined to be the range.
DOMAIN

To find the domain, you must begin with the function (or
equation) in the form "Y = ." If the equation is not in this
form, then you must first solve for Y so as to have this form.
Then, remember that there are two operations that are not permitted
in the real number system:

I. DENOMINATORS cannot equal zero;

II. RADICANDS of even radicals must be greater than or
equal to zero.

Based upon this, there are four main categories of domain problems
to be solved in this course:

I. If there is a denominator, then: Denominator # 0.
II. If there is an even radical, then: Set radicand > O.
IITI. If there is an even radical/denominator: Set radicand > 0.
IV. Usually, (for now, at least!) if there are no denominators and
no radicals (this is the easiest case of all), then there are
no restrictions, and the domain is all real values.
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Here are the four categories of domain problems with examples

of each type.
I. If there is a denominator, then: Denominator # O.

EXAMPLE : Y = _:).{2—_-2_ . Denominator: X2-9#0
Xc -9

(X-3) (X+3) #0
X+3 and X#-3
D: All X except X=%3.
Notice that the numerator "X-2" is irrelevant to the problem!

II. If there is an even radical, then: Set radicand > O.
EXAMPLE : y=.,/Jx -4 - Radicand: X -4 > 0

III. If there is an even radical-denominator: Set radicand > O.
X -2

EXAMPLE : Y=-"—" ., Radicand: X -4 > 0
X -4
X >4
D: (4, =)

Notice that the numerator factor "X-2" is not relevant!

IV. If there are no denominators and no radicals, then there are
usually no restrictions, and the domain is all real values.

EXAMPLES: Y = 4 D: All reals or (-o,x)
Y=3X -6 D: All reals or (-«,x)
Y =X%+ 3X - 4 D: All reals or (-«,x).

EXERCISES. Find the domain for each of the following functions.

1. y=-_12 2. y__2X 3 y- _X-2 4 y_.__X*3

X+ 3 X+ 4 X? - 16 X? -2x -8
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y=yx+6 6 yvy=yx-6 7+ v=/6-x 8 y=,2X+5

X =
D [ , )
9, Y=—§— 10. y:..‘)_{_ﬂ_ 11. Y=_X_'__2_ 12. Y=M
yX + 6 JX -6

yo - X y2X + 5

13, y=x-2 14, y=3x+12 15. y-x2_4 16. y=2
X-6 X+ 1
17. vy = 18 Y= —— 19, =6 - 20, - /17 = ox
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X -3 X+ 4

21. _ — 22, y=-2 - 23, y=_-2=_"_ 24. yv=92xX+5
¥ 2X -6 V2X + 16 xX? - 4X
25, y= X766 o6 y- X o7 y= X3 g, y=_2X%*5
X% +9 X? - 16 V2 + X X?%-4X%X-12
Denom # O
X2 4+ 9 %0

True for all real
values of X.

D: ( , )
2 _ 2 _
29, Y = _4__+_X_ 30. Y = .X___G_}E 31. Y = _.X.+_4__ 32. Y = u
X% - 64 Ji - X X? + 25 X? - 25
33. Y= X‘/___6 34. Y = XZ - 16 35. Yy =.,6 + 9X 36. Y = _X.______Z_GX+5
X X
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In 37-56, do you remember "quadratic inequalities"?

("BETWEENNESS" and "EXTREMES"!)

37. y - /x*-16

0. y. [15- %

43. Y = _.3X_
49-x2
46, v = — X

¢X2 + 49

38. vy /%749

41. y:.ﬁi
X2-25

4. v= X2
9-x7?

47. Y:i
,/9-X

433

9.y T6 %

42. Y = __3L_
X?%-49
45, v = X9

yX?+25



49. y=x2 -9

55. y = J6+5x-X7

58. y = /x?-2x-15

50. y=x2+9

53. - /XZ_SX_G

3X
X?%-2Xx-15

3X

‘/15+2X—x2

59. Y =

434

3X

51. Y =
49-x7?
54. Y:._X.;.7_
«XQ—SX—G

57. y = x2-2x-15

3X

60. ¥ = —
X?-2X-15



Frequently the equation of the function is not given in the
form ¥ = . In such cases, in order to find the domain, it
is necessary to solve the equation for ¥, as in literal equations,
so as to write the equation in the form Y =
6l1. 2X + 3Y = 6 62. 7TX + 4Y = 16

3y = -2X + 6
Y =

No variables in denom,
no radicals. Therefore,

D: | ;)

63. T7X + XY = 14 64. XY - 3X = 2
XY =
Y =

Denominator # 0

D:
65. Y(X%2 - 4) = 12X 66. Y(X? - 25) = 12X
Divide both sides by (X?-4)
Y =
D:
67. Y2 + 4) = 12X 68, 4X - 3Y = 12
69. XY - 5X = 10 70. 5X - B5XY = 4
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71. XY - 5Y = Xx? 72. XY + 5Y = X2
(First factor the Y!)

6X 74. X%y - 16Y 6X

73. X%y - 4y

75. XY + 4Y = 6X 76. X2Y + 16Y 6X

77. XY = 2X - 4Y

XY + 4Y = 2X (Get all "Y" terms on one side;
get all "non-Y" terms on the other side.)

Y(X + 4) = 2X (Factor out the "Y" common factor!
Note: This is the key step--don't forget!)

2X
X+ 4

Denom # 0
+# 0
D: X # (See #2)

78. XY = 3X + 5Y 79. XY - 3 = 3X - 6Y
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80. 3XY + 4X = 6Y - 8 81. X2 = 9Y + 6X

82. X2y = 4XY + 6 83. X’y = BXY - 6Y + 4X
84. X2Y = 4XY + 12Y + 4X 85, X% = 4XY - 6X + 5Y
86. Y =4 87. Y? =X 88. Y’ =X -4
Y =% Y =+
D: > 0
D [ ’ )

D: [ ’

89. Y’ =4 - X 0. Y2 =4 + X
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FUNCTIONS and RELATIONS

Each of the equations in the previous domain and range
exercises represents a relation. In other words, in each equation
there was a relationship between the variables X and Y. When for
each value of X, there is a unique value of Y, the equation is
defined to be a function. In other words, a function is a relation
that has a special uniqueness property. What makes an equation not
a function is the possibility of having two values of Y for a given
X value. Therefore, whenever there is a "Y =% _ " or a wy2w or
Y raised to any even power involved in the equation, it is usually
not a function. On the other hand, if the equation may be solved
for Y and written in the form "Y = ", as in functional notation
"£(X) = ", then it is a function!

One additional thought before the exercises, consider
inequalities, such as Y < X + 2, Remember that, when graphed,
inequalities, result in a shaded area. In any shaded area, for any
given X value, there will be more than one, unique Y value. It is
safe to conclude that shaded areas, and therefore inequalities, do

not represent functions.

EXERCISES: Determine which of the following represent functions.

1. Y = X? 2. Y=X24+4 3. X=Y -4
4. X-_—Yz 5. Y=\/3z' 6. Y= X_6

T- vy = % 8. y-Vx+5 9.  y=4#/X

10. v . £x—% 11. Y=4+/X+5 12, Y=4\/)—(

438



13. X2 + Y2 =9 14. X2 - Y2 =090 15. X2 + Y

]
©

16. X3 + Y2 =09 17. X2 -Y* =09 18. X* -Y =9

19. ¥Y=3X+5 20. 4X -12Y =12 21. 2X + 3Y =5
22, ¥Y=-X-3 23, 2X+ Y =09 24. 2X® + Y2 =12
25. Y =6 26. Y=1%6 27. X =6 28. X = -3
29, Y = %3 30. Y = -4 31. Y = X® + 6X
32, y= X "6X 33 y. _X*4 g4 ,_ X' -16

Vi - X X? + 25 X% - 25

35. Y<X + 2 36. 3X -Y > 6 37. 3X -Y > 6 38. Y > 3X
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FUNCTIONS, DOMAIN, and RANGE
BY GRAPHING
Until now, the concepts of domain, range, and functions were
presented from the perspective of X,Y equations. That is, given an
equation in X and Y, you could determine the domain (the set of all
permissible X values), the range (the set of all resulting Y

values), and you could determine if it is a function (if each Y
value has a unique X value). From the graph of the equation, it is

also possible (even easier!) to determine the domain and range, and
to determine if the equation represents a function. Consider the
following two examples:
FUNCTION: Y = X?

For any value of X,

there is a unique Y value.

NOT FUNCTION: X = Y?

If you pick values of X, say

X=0 - Y=0 = 0 If X=0-Y2=0, soY=0
X=1 - v=12 = 1 X=1-Y =1, soY =+ 1
X=2 - Y=22 = 4 X= 4 - Y> =4, soY =412
X=3 > Y=32 = 9 X=9 Y =9, soY=1%3
X=-1 - Y=(-1)2 =1 (Since X=Y?, X cannot be negative)
X=-2 = Y=(-2)? = 4

...QA f.... T

SV B AN

...........

RREE S S

If any vertical line crosses
the graph in two or more
points, then it is NOT a

From the graph, if no vertical
line crosses the graph in more
than one point, then

it is a function! j

function!

DEFINITION: A function is a set of points such that no  two
distinct points have the same X-coordinate.

RULE: If any vertical line crosses a graph in two or more
points, then it is NOT a function!
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Study the following examples to understand how to determine:

a) if the graph represents a function,

and how the b) domain and

¢) range can be determined from the graph.

EXAMPLE 1: Y = X?
KT A
A
Y R
..\\\ /@.O)

.....

EXAMPLE 2: X

YZ

N

- Co,0)

EXAMPLE 3

|
|

Function? Since no vertical line crosses the
graph more than once, it IS a
function.

a)

Values of X extend all the way to
the right and all the way to the
left. Consider the equation Y=X2.
Any value of X is permissible.
D: all reals or (-w, wm)

b) Domain:

Values of Y are all on or above the
X-axis. Considering the equation
Y=X?, Y values are obtained from the
squares of the X-values. Therefore,
R: Y 20 or [0, «

c) Range:

Function? NOT a function, since a vertical
line crosses the graph in two
points.

a)

Values of X are on or to the right
of the Y-axis.
D: X >0 or [0,

b) Domain:

)

Values of Y extend all the way up
and all the way down. Therefore,
there are no restrictions on Y.
R: all reals or (-w, o)

c) Range:

a) Function? NOT a function, by vertical line

test.

b) Domain: X~-values extend from X=2 to the
right and from X=-2 to the left.
No values of the graph are between
-2 and 2.
D: X >2o0or X < -2, or

(~w, =2] v [2, =)
c) Range: Y-values go all the way up and all

the way down. Therefore, no
restrictions on Y.

R: all reals or (-w, =)
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In the following exercises, from the graphs determine:

a)

Circle one:

b)

c)

a)

Circle one:

b) Domain:

c) Range:

a) if a function

Function?

Domain:

Range:

Function?

a) F?
b) D:
c) R:

b) Domain ¢c) Range.

Can you draw a vertical line that

crosses the graph twice? .
Then it (is, is not) a function.

X values extend from to

D: Int. notation

Y extends from to .

R: Int. notation

Can you draw a vertical line that
crosses the graph twice? .
Then it (is, is not) a function.

X values extend from to

D: Int. notation

Y values are all at or below

R: Int. notation (= e, ].
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a) F?

(04

b) D:

c) R:

Note : Gruph exdends

Udf'd
and v'?q}\.‘f' anr lett
withret bound !

©;3)

1]

a) F?

[

b) D:

[<33"') * ¢) R:

Not€: Graph extends
upward < riqht
davnward + le

a) F?

b) D:

c) R:

a) F?

b) D:

c) R:

{3&) w/-é@mf brersd .

lo.

a) F? _

/

2|

b) D:

c) R:

G
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b) D:

c) R:

a) F?

[ ©04)

|&2,0) [ \5310) :

Moo




B
A
NorTe: TA: A

touchar

13. CIRCLE

15. C/RCLE

c=@-~) v=3

a) F?

byp: (5 D

c) R: ( :_>

rnever

ﬁe X or léa-xl‘s.

a) F?

b) D:

c) R:

a) F?

b) D:

c) R:

12,

a) F?

b) D:

c) R:

14. CIRCLE

a) F?

b) D:

c) R:

16. C/RCLE

a) F? __

b) D:

c) R:
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17. 18.

1 o a) R a) F?

(-2'0) :(2,0)1 b) D: b) D:

c) R: c) R:

e
NetE: This graoh sGos!

19. HYPsRBoLA 20. HYPERLIHA

a) F? a) F?

b) D: b) D:

c) R: . c) R:

22. HYypew&ocA

a) F? a) F?

b) D: ______ b)) D:

¢) R: ___ c) R:
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':fo(o,'a)fE

]

I ~4,0)

o

X=-2

xX==2 x".Z
Nore G-rv,aA Nneveyv truches ;
totted lines Cor asqmototes!)

23. Line SEGMENT

a) F?

b) D:

c) R:

25. VERTICAL LINE

a) F?

b) D:

c) R:

a) F?

b) D:

c) R:

a) F?
b) D:
c) R:
26. LNE
a) F?
b) D:
- ¢) R:
28.
a) F?
b) D:
c) R:
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ANSWERS §.06

p. 427: 1a) 2 b) 8; ¢) 14; d) -7: e) 3842: £) 3*+2: g) 3(###)+2
h} 3(Junk)+2. 2a) S5; b) c) =7¢ Q) 24; @) -3%+5;
£ —3*+5; g) -3 (###)+5; h) -3(Junk)+5.



p. 430-437:

p.438-439;

p.442-446:

1. A1l Xe-3; 2, Rl1 Xe=d4; 3, Al]l X¥etd; 4. ALl X#-2,4

S. [-6,m); 6. [6,=); 7. (~=,6]; B. [-2.5,m); 8. (=6,=)
10, {(6,=) 11. (-=,6); 12. (-2.5,=); 13. (-=,=);

14. (-=,=); 15, (—w,w); 16, (=w,=); 1 All X=-6;

18. (3,=); 19, (~w,m}; 20, (-=, §]; 21. [3,=) 22, [(-8,=)
23. A1l Xe0,4; 24, (—=,=); 25. (-w,m); 26, All Xstd;

27, (-2,=); 28. R1]l X+-2,6; 29, All X»+8; 30. [...,,.;];
310 (-=,=); 32. A1l X5: 33, [0,=); 34. (—=,=);

35, [-%4,=); 36. Bll Xe0; 37. (-=,-4]u[d,=);

38. (-=,-T]ul7,=); 39. [-4,4]; 40, ([-7,7]:

41, (==, =5)lu(5,=]; 42. (-=,-T)u|T7,=); 43. (-7,7):

44, (=3,3)} 45, (-=,=); 46, ([-=,m); 47. (-=,58);

48. [d4,m); 49, (~w,m); 50, (-m,=); 51, ALl HetT;

52, [-m,=); 53, [-w,~1Ju[6,m}; Bd. [-w,=1}u{6,=);

55. [~1,6]; 56.ALL Xw-3,5; 57. [-=,m]; 58, (-=,-3]u[5,=);
58, (=3,5); 60, (==, —3)U(5,=); 61. (~=,=}; 62. (-=,=) ;¢
63. R11'X#0; 6d. B1l X#0; 65. A1l X#+2; 66. All Xet5;
67. (~m,=); 6B. (—w,m); 69, All X#0; 70. ALl X#0:

71. A11'xs5; 72, B1l Xe-5; 73, All Ke2; 74, All Keid;
75, [-=,w}; 76, (-=,=); 77. All Xe¢-4; 78, All X#5;

79. A]..L Ae-6; B80.AL]1 X+2; 81. A1l Xri.’i: B2. ALl X«0,4;
83. A1l X#2,3; 84. All X#-2,6; B5. All Xw-1,5; B6. (—m,m];
87. [0,=); BB [4,=)r B9, (w 4]; 90. [-4, wJ.

1.F; 2.F; 3.NF; 4.NF; 5.F; 6.F; 7.F; 8.F; 9.NF; 10 NE‘,
11.NF; i2.F; 13.NF; 14.NF ; 15.F; 16.F; 17.F; 18.F F:

20.F; 21.F; 22.F; 23.NF; 24.NF} 25.F; 26. NF; 27.H
28.NF; 2Z9.NF; 30.F; 31.F; 32.F; 33.F; 34.F: 35.N'E‘; 36.NFJ’
37.NF; 3B.NF.

N N D BT ot et ok et
22 LB 00 1L b bt A~ T L et

(ST
~min

28,

] R: ; D: bi Rif==,=31;
NF; R: T 3}; R (==, =)
F R: ; D:[-2,2]: R: [-4,4]);
F; R: Di[=w=,=); Ri |—=,=);
F B: i Dt [—w,m); R: [-=,4];
Fr R: ; D:i0,m}y R: [—=,0);
NF: B D:[—S,l ; R: [=3,3]:
NF: R: ; D:[=7,3]: R: [-2,8B];
f R: ; Difo,B1:" R: [-3,37;
NF; ; R:
NE; ul
F; R:
NEF R:
F; D: ; R: .
F; D: ;R Y muat be 3;
NE: D: X must be -2; R: (-=,=];
Dt [-=,m); Ri [-w,w);
F; DiALL Keid; R: {Tw,"3]u(0,=):
¢ D:All Xe+3; R: (==, =2}u(3, =),

Dr. Robert J. Rapalje
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