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Before beginning a study of radicals (or roots), it is
appropriate to begin with some necessary terminology. The

expression X or QX means the "square root of X" or "what
squared would equal X?" The quantity inside the radical sign (or

in this case X) is called the radicand, and the 2 (in this case) is

the index of the radical. The expression VX is called the "cube
root of X," and it asks the question, "What cubed would equal X?"

In general, yX means the "nth root of X," where the radicand is
X, and the index of the radical is "n".

Remember also that the operations of square root, cube root,
fourth root, etc. are actually inverse operations for the
operations of squaring, cubing, raising to the fourth power, etc.
When taking a square root, it is essential to be familiar with the
perfect squares: 1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144,
and 169. Also, remember that the even powers (X?, X*, X%, X%, X!°,
etc.) are perfect squares. When taking a cube root, it is
essential to be familiar with (i.e., memorize them!!) the perfect
cubes: 1, 8, 27, 64, and 125. Powers that are divisible by three
(X*, X%, X°, X!, X'®, etc.) are perfect cubes. When taking fourth
roots, fifth roots, etc, remember the perfect fourth powers:

2* = 16, 3* = 81, and powers that are divisible by four (X*, X%, X!2,
etc.), and the perfect fifth powers: 2° = 32, and powers that are

divisible by five (X®, X¥, X!*, etc.).
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Simplify each of the following:

1. y25x° 2. ya9x1? 3. yi1ex?e 4. 25x100

5. Yizs 6. VBxiz 7. V2K 8. V6axst

9. 16x®T 10. YB1x: 11. 32X 12. Y32Xx°0

If the root to be taken is not a "perfect power,"” then
sometimes it can be simplified by using the product property of

radicals.

Product Property of Equations

vab = Va - vb
Vab = Va - Vb

Bécause the product property of radicals is a property of real
numbers, if the index of the radical is even, then the radicands
"must be positive. '

To simplify a square root by this property, it may be helpful
to think of the "radical two-step”: 1. Sort; 2. Sqgrt. In the
first step, you must "sort" the radical, placing the "perfect
squares” in the first radical and the other "leftover" factors in
the second radicals. In the second step, you take the square root
of the perfect square, and just bring down the "leftover" radical.

For higher roots, the process is analagous.
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13.

15.

17.

19.

21.

23.

Vy125X% = J25X¢- /5

v72X%°

V75Xx8Y°

vosx’yd =

V5axe YD

Vi2x5re

= V27x°7° - V2Y

14. J48x1 = J16Xx1%2. /3X
16. 50x7 =
18. Jaox1ys =

20. 300xBy? =

22. Vi6X'YT =

24. YBOXYH =
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25. Y32x°7° = 26. a8x5Y® =

27. Y162X37% = 28. Ya05x7YH =

29. YOEXTY = 30. Y6axBYT -

After simplification of radicals, the next step is operations
with radicals--that is, addition, subtraction, multiplication, and
division of radicals. Addition and subtraction of radicals is just

like combining like terms. Even as 3X + 4X = 7X, so it is true
that 3y2 + 4y2 =742 and 3372' + 43,/2' = 73ﬁ . The expression
3/2 + 4y/3 cannot be combined because 42 and {3 are "unlike
radicals." Similarly, (3VZ + 4Y3)  and (3¥5  4|5) cannot be
combined since 3\/2_ and 3,/3' are not like radicals and 3‘/5_ and
V5 are unlike radicéls.

What about 342 + 4y8 ? At first glance, it appears that y2
and {8 are unlike radicals. However, since {8 simplifies

to 2y2, the expression can be combined!
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Can 6 - 4y2 be simplified to 2427 This is a very common
error! Even as 6 - 4X cannot be combined, neither can 6 - 44y2. It
is possible to factor the common factor of 2 from 6 - 42 and write
2(3 - 2y2). There will be more on factoring later.

Simplify each of the following radical expressions if possible.

31. 24 - 4 Ji§ 32. 60 - 10 V32

33. 342 +4 8 . 34. 3 /75 + 4 /a8
35. Vie + V54 36. 2 V8T - 3 V375
37. 7 V40 + 3 /330 38. 5 YI08 - 4 V32

39. 737 -3 Y167 40. 55 + 4 yieo
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41. 7Xx?/24XY® + 8Y3 /54x° 42. 5XY J20X7Y° - 4 J45X°Y7

43. Sx2y YBAXTYS - 4XY? Y16XWYZ 44. 717X YI6XY® + 8Y y54x¢

45. 3x2y J20xY* - 2x Jas5x3y® 46. 3X2Y /20XY* + 2X /45X°Y®

When multiplying radicals, wuse the product property of

. . n n n
radicals in reverse: ya - yb = yab , where "a" and "b" are non-

negative gquantities, and "n" represents the index or the order of

the radical.

47. J5 4T 48. J3 -yIT  49. /6 -yi0  50. (i5 6
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s1. 8 3T s2. y3-VIT  s3. ViZ -V& 54, VB0 - VB

In the next examples (see #55), notice that if you just
multiply the numbers together (like 35 times 77), you would get a
very large number (like 2695) that will be difficult to break down
and simplify. So, instead of multiplying it out, why not factor
the numbers first? In the process, for square root problems (as
this one is), be looking for "pairs" of numbers; for cube root
problems, be looking for "triplets" or "three of a kind;" fourth
roots, look for "four of a kind;" etc. Remember, "if you ain’t got

no pair, then you ain’t got no square!"

55. V35 77 356. V55 * /33 57. V46 - /69
= 75711
58. v85 434 59. V92 - /69 60. v155 - /124
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61. Y35 - V50

V& T

64. 105 - V45

67. 43 -6 15

= 24 /45

70. 8 365 -2 V50

65.

68.

71.

/105 - /50
2 /6 -9 y10

15 V58 - 4 35
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63.

66.

69.

72.

24z - 55

6435 -5 /42

4 32T -4 Va5



Frequently, problems involve the distributive property, and

the familiar process known as "F OI L" is used to find the products

of radicals.

73.

75.

717.

79.

81.

8 vi0 (2 v& - 3 v2)

4 /10 (8 yi5 + 9 {/30)

(4 + 5/6) (8 + 2/6)

(5¢/3 + 2/6) (8/3 - 5/6)

(6y3 - 2/15)°2

74.

76.

78.

80.

82.

74

2 /6 (4 /3 +5 y2)

3 J20 (5 /2 - 8 y15)

(4 - 5/6) (3 +2/6)

(45 - 5/15) (3y/5 + 2/15)

(448 + 5¢42)°



83. (643 - 2y/15) (6y3 + 2y15) 84. (4y15 - 546) (4415 + 5/6)

85. (6 +2 yi5)° 86. (4 Y6 -5)°

87. (4 - VZ)(16 + 4 Y2 + V) 88. (5 + ¥5)(25 - 5 Y5 + ¥25)

89. (3yZ - 2y3)° 90. (448 + 5¢3)°

In 91 - 96, simplify the radicals and reduce the fractions
if possible.

91. V72 + ¥27 92. Y48 - Y80
12 : 20
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) 10 ) 12

95, (6y3 - 2415)7 os. (38 +5y7)°
24 24

RATIONALIZING DENOMINATORS
There is a tradition in mathematics of eliminating the
radicals from the denominators (or numerators) of fractions. This
process is called rationalizing the denominator (or numerator) of
the fraction. This may be done to simplify the radical expression
or to make calculation of the expression easier, especially in days
when calculators were not available. For example, knowing the

20

value of 42 to be approximately 1.414, to calculate without

a calculator would require long division of 20 divided by 1.414.

It is much easier to multiply numerator and denominator by (2,

20 , Y2 _ 2042 _
_ﬁ .1,%- 3 = 1042 .

It is much easier to calculate 10(1.414), than to divide 20

1.414
When rationalizing a monomial square root denominator,
multiply numerator and denominator by "something" that makes the
denominator result in a perfect square. For monomial cube root
denominators, multiply numerator and denominator by "something"

that makes the denominator a perfect cube, etc.
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In each of the following exercises, rationalize the denominators:

1. & 2. 20 3. 20
V2 V5 V& vio

Note: In the next exercises, it is usually a good idea to simplify
the radical first, then rationalize the denominator.

s. & | 6. 12 7. 12
vig V20 V194
8. 8 9, _15 10. 10
V80X V72x3 V75%°
Consider the problem 32— .
V2
A common error is to multiply numerator and denominator by vf'.
3 3
6 . V2 _ 62
3 3 3
vZ V2 va

This does not help, because it does not eliminate the radical from

the denominator! The denominatqr should end up a perfect cube
(like ™8"!). To do this, you should multiply numerator and

denominator by Vz‘ as follows:

77



3 3 3
11. 36 -;/T-Gsﬂ 12. Eﬁ_-g@=
R VT F
13. 3_5- 14. .55— 15. 310
T /5 75
16. _}Q 17. 335 18. _53—5
V5 Va9 V7
6

Consider the problem 19. S y—
V/QXEY

In this denominator, you need to build the 9 up to 27, x’ up to X’,

. 3 .
and Y up to Y’. This means you need to multiply by 1,/3XY2 , Since
3, X, and Yz, since these are the "missing factors" needed to form

the perfect cube 27x3Y]. In #20, the perfect cube is 27X3Y6.

(9. 6 . 3XY® _ s, l2xy? XY _
VoxZTYy \3x¥? V3xys  \xEy

78



dyr2
21. 12X°Y7 22.

Vaxsy

[Note: Missing factors for #21: ZXYZ'

2’
#23: 5XY%;
2
23. -3_49_&— 24.
V25X27%
4 vy2
25. ————512"“' 26.
VAXZY?
4 v2
27. —-__512"“’ 28.
16X
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#22: 4X2¥2;
#24: 25X°v.]

40Xx4y?

VEXTY?

12Xx4y?

Hraz

12x4y?

V2XeT



When the denominator of the fraction involves binomial radical

expressions, such as Y , a special procedure 1is used.
6 - 2
Multiplying the numerator and denominator by 6 + {2 will eliminate
the radicals from the denominator. For the fraction 6 ,
V& + 2
multiply numerator and denominator by y6 - (2. In general,

whatever the binomial denominator may be, you multiply the
"numerator and denominator by the same quantity as the denominator
but with the opposite sign in the middle. This is called the

conjugate of the denominator.

In each of the following exercises, rationalize the denominators
and reduce each fraction to lowest terms:

1. 17 2. __6&
6 - V2 V6 + 2

3. 15 . 20
VS + S22 3/6 + 2
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12
4 +2/3

15

2/6 - 3/Z

_ V2T
2/6 - 3/3

11. 3+ 6
3 -6

12
6 - 3/3

3/2 + 4/F

10. __@___
6y2 + /6

12. 3_'_£
3+ /6
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13.

15.

17.

3 +43
6 + 2/3

415 + 512
3/2 - 2/5

410 - 5/6
3V2 - 2/5

14.

16.

82

2yZ - 1
3 -6/2

3y5 - 5/6
56 - 3/5

3y10 - 246
4410 + 5/6



[In 19-22, leave numerators in factored form!]

X-Y
Y - WX
X2 - y?

XX + WY
23. XZY + YZX
XY - WX

22.

24.
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X%y - Y’x
XY - WX
X% - y?
XY - WX
XY - WX
XY + WX



25.

vX+h - VX VX + h + JX
27. — B 28, — B ____
vX + JX+h VX -JyX+h

It is frequently necessary in higher mathematics to
rationalize the numerator of a fraction. This is exactly the same
process, except you multiply the numerator and denominator by the

conjugate of the numerator.

In #29 - 36, rationalize the numerators.

29. 3-V3 30. 3+4y3
3 - 6/3 6 - 23
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35.

3410 - 246
470 + 5/6

ZX'- 1XT+ E

32.

34.

36.

85

415 + 512
3yZ - 2/%

XY - WX
XY + WX

1X'+ 1X’+ é



FRACTIONAL EXPONENTS

The evaluation of expressions with fractional exponents was

introduced in Section 1.02. Remember that numerical expressions

can be evaluated by use of a calculator, or by applying the

definition of fractional exponents:

Definition:
= b
Xt = YX
TN
X = (VX)
2 b
){l’ = M){a
i
According to this definition: 92 = /9 = 3 ,
3 3
273 = Y27 = 3,
3
9% = (/9)% = 27,

2

273 = (27?2 = 9

While expressions such as these may be easier to compute with a
calculator (and certainly require less thought), it

is also
necessary to be familiar with the definition and the applications
to radical expressions. For many of these applications, it will

be helpful to be familiar with the definition in reverse:

Definition (reversed):
1
% = x®
X %= x
b
J}{a = X

oly olo
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As a review of fractional exponents, in each of the following, find
the value of the expression first by the definition. Then confirm
the answer using a calculator.

Definition: Calculator:

1 1

1. 492 = /1 ) 492 =
1 3

2. 164 = 164 =
3 ‘ 3

3. 16* = (yU )3 164 =
2 2

4. 1253 = 1253 =
-3 .3

5. 325 = 32 5 =
4 -4

6. 32 5 = 32 5 =
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10.

11.

12.

Definition:

2
-32 S

-32

Can)
]
W
(3N
~
wvi
it

érs «Wﬂ.:ﬂafL Ma/fJ 4gr‘ngjffiﬂl éASe

~

~1

/ﬁmf Calenl
|

Calculator:

2
=32 5

-328%

ujn

-32) 5 = ><

(-32)73 = /5(

numbers vaised % -Pmcﬁm‘a[/afe.rs_
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oW

3
13. (-16) ¢ = &—16)4 =)<

[y
S
|
-
[+,
[
]
|
[y
)}
I

It is frequently possible, when the radicand is a perfect
power, to reduce the order of the radical. For example consider

.
VE = V=&

Nk olw

2
2

Iy

As this illustration demonstrates, it is sometimes possible to

reduce a sixth root (order 6) to a square root (order 2). Recall

3 . s s g
‘the earlier problem ¢X15 which equals x‘ by dividing exponents?

3 12
Compare this problem VX"E to the new problem \/X3 .

IVF

=

. 12 e ey .
And in \,/X:’ , as before, you are dividing exponents, in reverse,

and in so doing, you reduce the order of the radical from 12 to 4.
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In each of the following exercises, reduce the order of the
radical. Simplify each radical expression completely.

1. WxE 2. YxF 3. UxF a. Ux

13. Yizs 14. %25 15. “%ea 16. V&4
4 ] 10 6
17. /64 18. V%& 19. /32 20. 81
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NOTE: To reduce the order in each of the following radicands,
a "common power" as

must find

12

21 Y125Xx°Y3? =
~ 12

23. 27X =

25. ‘eixty® -

27. /6ax1Zy® =

12 f————( 5X3Y) 3
YU 7

22.

24.

26.

28.

91

illustrated by #21.

WY -

Wasxiy? -

WIEXEYE =

WiZ5XYIE =
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What is the meaning of a "root of a root"? For example, what
3 4 . m
is the meaning of Y2 , or \/3,/7 , or in general, ¢ YX . The
last expression:

i
8
3
C1

T

E15

~—

gim

]
~

= "X

In other words, when you take the root of a root, you multiply the

3 s
indices of the radicals. As examples, yy2 = %2 and y y2 = V2 .

29. ¥z 0. Y3 1. YIE 32. VAF

6
33. Y VX 4. VX7 35. Ty /5 36. | VX
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44,

47.

V125

3

42.

i

93

43.

49.

52.

125

X10



Is it possible to multiply a square root times a cube root?

Is it possible to compute 2 -%@'? In general, is it possible to

multiply roots that do not have the same index? It might seem that
the answer is "No!" However, if both radical expressions can be

converted to radicals with a "common order," then

these can be
multiplied. Consider the examples:

1 1 1 1
‘/7.3‘@:22.33 4\/§.3‘/§=34.23
3 2 = A
= 26 -3° = 31 .21
=6‘/—23-6‘/3—2- =12‘/375_12\/2f;
= V89 = V27 - Y18
=6\/'TZ _ 12\/4_3_2

In each of the following, multiply the radical expressions (with
different orders) by first finding a common order.

53. X ) 54. X X
VI-VZ o= ()T )3 V3-vz o= ()3 )7
3 2 () ()
= ( )F-( )" = ()"
= YT VT T = VT T
- VU -VT T - T T
= YT 7 - T
55. VZ-V3 = 56. 5 -V2 =
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[Hint: 1In #57, the common order is "4"; in #58 it is "6".]

57. Y2 -Y3 = s8. 5 -V¥Z =
59. V243 = - eo. V5 -Vz o=
61. VX -Y¥ = 62. X J¥ =
63. YX VY = 64. YX - V¥ =
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If the base numbers are the same, then the problem can be
simplified by "adding the exponents."

65. VX 'YX = X3 -x* 66. YX -YX =
(X1
= X3 4
- X((n)' iz )
{ )
= X 12
12
67. X YX = 68. X 'YX =
69. YX - -YX = 70. YX +yX =
4
71.  Yx®T - YXE = 72.  YXT VX =
96
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