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You probably remember from your previous algebra background

that there are two types of division problems: division by a
monomial and division by a polynomial. When dividing by a
monomial, such as a+b+c , Simpl break it 1into separate
—d pLy p
fractions: 51143415 = -% + -% + % , and, if possible, reduce

each fraction. When dividing by a polynomial (two or more terms),
use the method known as long division or perhaps the shortcut

X¢ +5X3 +6X - 2
X +4

Remember first to arrange in descending (or ascending) powers of

synthetic division. Consider the example:

the variable and if there are terms missing, insert place-holder
zeros or spaces for the missing terms. Remember, after setting it
up in this way, there are four steps in the process:
LONG DIVISION

Divide first into first.
Multiply.

Change the signs and add.

s WO N e

Bring down the next terms.

Repeat the process.

P K ax 22 - 3%

X +4| X +5X° + 0X2 + 6X - 2
~xkgax’?
X34 ox T+ ox—2
~x 3©—4xz
—4X2*LexX—2
_@xé}g;c
22K — 2

—22 X0}
341 __%80




The shortcut of synthetic division may be used if the divisor
is of the form X - a (of course this includes X + a). 1In the
method of synthetic division, as with regular long division, be
sure the tertns are in descending order., with zeros as placeholders
for missing terms. Then write down the coefficients only of the
dividend. In the current example, write down the coefficients
1 5 0 6 -2 . Towrite the divisor X + 4 in the form X - a,
let a = -4. In other words, if the divisor is X + 4, you perform
synthetic division using -4. If the divisor is X - 4, you perform
synthetic division using +4. After writing the coefficients as
illustrated below, bring down the first coefficient, then
repeatedly multiply, add, multiply, add, multiply, add, etc. until
you run out of numbers.

Bring down "1" ;A_J

5 0 6 -2

Mult "1" times "-4" = 1 5 0 6 -2

Add "5" and "-4" -4 ) 1 5 0 6 -2
v -4)
1 (1)

Mult "1" times "-4" Gall 1 5 0 6 -2
¥ -4 -4
1 i

Add "0" and "-4" -4 1 1 5 0 6 -2
SR
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Mult "-4" times "-4"

Add "6" and "16" -4 ) 1 5 0 6 -2
v -4 -4 ’é)’

1 1 -4 G2

Mult "22" times "—4" 9 1 5 0 N -2
y -4 -4 1, 3-8%
FR\\:E;___f__.::ifg::>
Add "-2" and "-88" 41 1 5 0 6 -2

{\ -4 -4 16 -%%
1 1 4 22 -90

The numbers obtained on the last line above are the coefficients of

the quotient, with the last number being the remainder. The

ss than the degre
! 4X+22 r.-90.

exponent of the first term will always be one |
of the dividend. Therefore, the answer is 1X3+1X

In the illustration below, notice the similarity (and amount!)

of the work in the long division process illustrated on the left

and the synthetic division process on the right:

LONG DIVISION SYNTHETIC DIVISION
X A 422- 2,
X+ 40 x/+ 5% + 0x + 6X - 2 Y 5 0 6 -2
A V -4 -4 ¢ -85
3+__ox‘+e><f7_ 1 1 -4 22 -90
~ ff)%xz' 3 o
AL 2 1x°+ 1x=4x +22—}:4_
%33
2K =2
_FxaRE
—q0
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Perform the divisions, using synthetic division if appropriate.

X3 - 4X% + 5X - 19

1.
X-4
3 2X3 + 5X%2 + 6X - 2
: X+3
5 X4 + 5X%2 -6X-2
X-2
5 _
7. X -1
X+ 1

2 X} -5X2 - 6x-2
X-3

2X3 + 5X* - 6X + 2

4.
X+ 4
6 X¢ -5X%2+7X+ 2
X+ 1
5 _
8. X 1
X-1
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9 12x¢ - 2x3 - 7x - 2 10 12x% - X3 - 209x2 - 4
3IX+ 4 3X -4

11 X% - 4X> + 5X2 - 2X -2 12 Xt - 4X3 + 5X% - 2X -2

X% -2X+ 2 X? -2x-1
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THE REMAINDER THEOREM, FACTOR THEOREM
(Division and Substitution)

EXAMPLE 1: Find the remainder if P(X) = X*> - 1
is divided by X + 1. Then, find P(-1).

Solution: —1' 1 0 0 0 0

EXAMPLE 2: Find the remainder if P(X) = X° - 4%X%2 + 5X - 19
is divided by X - 2. Then, find P(2),.

Solution: 2 1 -4 5 -19

77

23 - 4(2)? + 5(2) - 19 yal
8 - 16 + 10 =-19 =( -17

P(2)

SPECULATION: Let P(X) be divided by X - r,
yielding a remainder of R .
Then, P(r) =R .

APPLICATION: The method of substitution can be used instead of

synthetic division (to find a remainder) and

vice versa.
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PROOF':

P(X)
X-r

P(X)
P(r)
P(r)

P(r)

Q(X)

+

R

X-r
QX)X -r) +
Qr)(r-n +
Q(r) 0 + R
R

R

R

In 1 - 4, use substitution as a short-cut for synthetic division

1. Find the remainder if X° - 3X + 1

to find the remainder.

(Which way was easier??)

PN = x=3x + |

P(1)

—

I\
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Check by synthetic division.

is divided by X - 1.

Check é)g sgn. divesion »

i1 oo 0'-%3’\

v

O=r




2. Find the remainder if X° - 3X + 1 is divided by X - 2.
5
Pix)= X —3X + |
P( )=

3. Find the remainder if X’ + 6X + 2 is divided by X + 2.

4. Find the remainder if X' + 6X + 2 is divided by X - 3.
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In 5 - 9, use the method of substitution to:

5,

6.

7.

9.

determine if X-1

Plx)= X</
P(1) =

determine if X+1

determine if X+1

determine if X-1

determine if X+2

is a factor of X° - 1.

is a factor of X° - 1.

is a factor of X® - 2X + 1.

is a factor of X° - 2X + 1.

is a factor of X° - 3x3 + 8.
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In 10 - 11, use synthetic division as a short-cut for

10.

11.

substitution to evaluate the polynomial.
Check by substitution.

If P(X) = X° + 6X* - 30%3 - 20%x% - 70X - 40,
use synthetic division to find P(4).

4 1 &6 -30 -20 -70 —-40

v
| C )=P(a)

P}(4> = 45+ G6° 44— 3004 > 2004°~ 7004 — 40

If P(X) = X° - 5%% + 7% + 10%% - 16X + 3,
use synthetic division to find P(3).

In 12-16, use synthetic division as a shortcut:

12.

If P(X) = X? - 10%x® + 12%% + 8X + 3, find P(4).

4
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13.

114.

15.

16.

If P(X) =

If P(X) =

If P(X)

If P(X)

x? - 10%x3 + 12%%2 - 8X + 3, find P(6).

x? + 10%x3 + 12%2 + 2X + 3, find P(-4).

x* + 103 + 12%x% - 52X - 240, find P(-6).

x? + 7x3 + 15%2 + 52X - 12, find P(-6).
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