
3. 04 Factoring by Synthetic Division

Rational. Root Theorem, Descartes Rul.e 

At the beginning of this chapter (section 3. 01), you performed 
polynomial division and synthetic division, and you were told that 

synthetic division can be used as means of factoring polynomial 
expressions. Consider the following example. 

Suppose you knew that X-1 is a factor of X3 
- 2X2 

- SX + 6. If you 
divide X3 

- 2X2 
- SX + 6 by X-1, you will get a remainder of O (of 

course), and the other factor which is quadratic, as illustrated 

below. The easiest way to divide is by synthetic division. 
1. Factor X3 

- 2X2
- SX + 6, given that X-1 is a factor.

Jj 1 -2 -5 6
t 1 -1 -6 

er::: -1 -:]2_ 0 The remainder is zero (of course!)

The quotient is X2 -lX 6, which can be factored: 

( ) ( 

Therefore, the answer is ( 

) . 

) ( 

In 2-10, factor each polynomial expression. 

) ( 

2. X3 + 4X2 + X - 6, given that X-1 is a factor.

3. X3 
- 4X2 + X + 6, given that X+l is a factor.
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4. X3 - 3X2 - 22X + 24, given that X+4 is a factor. 

5. X3 - l3X + 12, given that X-l is a factor. 

[Hint: Don't forget the zero coefficent of X2 .] 

6. X3 - 52X + 96, given that X-2 is a factor. 

7. 2X3 - 7X2 + 7X - 2, given that X-2 is a factor. 
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8. 3X3 - X2 - 3X + 1, given that X-1 is a factor. 

9. Factor 3X3 - X2 - 3X + 1 by the method of grouping. 

10. X3 + 19X2 + 114X + 216 given that X+4 is a factor. 
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This method can also be applied to solving polynomial 

equations in which one of the roots is known. For example: 

11. Solve the equation X~ - 3X2 - 22X + 24 = 0, given that 
X = -4 is a root of the equation. 

Solution: Since X = -4 is a root of X3 - 3X2 - 22X + 24 = 0, this 
means that (X+4) is a factor of X3 - 3X2 - 22X + 24. 
Now proceed as in the previous exercises. The difference 
is that before the problem was to factor an expression, 
and now it is to so1 ve an equation. The procedure 1.s the 
same, but the form of the answer is different. 

-4 I 1 
l 
1 

-3 
-4 
-7 

-22 
28 
6 

24 
-24 
O As anticipated the remainder is zero, 

and the quadratic equation that remains (called the 
reduced or the depressed equation) is X2 - 7X + 6 = 0. 

Solving: ) ( ) = 0 

X = ; X = 
Therefore, the total answer is X = __ , __ , or 

In 12- 32, solve the polynomial equations: 
12. X3 + 2X2 - SX - 6 = 0, given that X = -1 is a root. 

13. X3 - 8X2 + 19X - 12 = 0, given that X = 3 is a root. 
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14. X3 + 2X2 - 13X + 10 = O, given that x = 2 is a root. 

15. 2X3 + 3X2 - 3X - 2 = O, given that X = 1 is a root. 

16. 3X3 - 2X2 - 3X + 2 = 0, given that X = 1 is a root. 

[After thought: Could this have been factored by grouping?] 

It is frequently necessary to apply synthetic division more 

than once in order to solve certain polynomial equations. Consider 

the next exercise. 
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17. x4 + 2X3 - 7X2 - ex + 12 = o, given that X=l and X=-2 
are roots. 

2. 

I 

3 

Sol v-e : 

-7 
3 

-4 

-8 
-4 

-l2-

12 

-12.. 

0 . ,~ z-e,o. 

x.J+ 3X. 2..-4x. -12. =- 0 

I 3 - 4 -12. 
t -2._ -2... l2- 1) 
~I -=,:...---;-~--:;;::-c 41~;Y/ R =-0 ~ 

x:.2..+x-0=--0 
(x )(x ") -=- o 

?l =- - ')L =- :__ 
To,AL. A-rJSwER. ts X-=-

18. x4 - x3 - 16~2 + 4X + 48 = 0, given that X=2 and X=4 
are roots. 
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19. x 4 - 4x3 - 1sx2 + sex - 40 = o, given that X=l and X=-4 
are roots. 

20. x4 + 2X3 - 16X2 - 2X + 15 = 0, given that X=l and X=3 
are roots. 

21. x3 + sx2 + 9X + s = 0, given that X=-1 is a root. 
[NOTE: Frequently the quadratic formula or completing the square 

is necessary--sometitnes even complex numbers!] 
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22. x3 + 3X2 + 4X - 8 = 0, given that X=l is a root. 

23. x4 - 3X3 + 3X2 - 3X + 2 = 0, given that X=l and X=2 
are roots. 

24. x4 + x3 + 2X2 + 4X - 8 = O, given that X=l and X=-2 
are roots. 
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25. x4 + 6X3 + 10X2 - 2X - 15 = O, given that X=l and X=-3 
are roots. 

26. x4 - x3 - 2X2 + x + 1 = 0, given that X=l and X=-1 
are roots. 

27. x3 + 2X2 - 7X + 4 = 0, given that X=l is a root. 
[NOTE: Frequently there may be multiple roots. 

Be sure to give multiplicity of roots.] 
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28. x3 - 2X2 - 7X - 4 = 0, given that X=4 is a root. 

29. x4 - 8X3 + 23X2 - 28X + 12 = 0, given that there is a 
double root at X=2. 

30. x4 - 6X3 + 13X2 - 12X + 4 = 0, given that there is a 
double root at X=2. 
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31. x4 - 4X3 + 6X2 - 4X + 1 = 0, given that there is a 
multiple root at X=l. 

32. x4 + SX3 + 24X2 + 32X + 16 = 0, given that there is a 
multiple root at X=-2. 

Perhaps by now you have noticed that, counting complex roots 
and multiplicity of roots, x2 equations have 2 solutions, x3 

equations have 3 solutions, X4 equations have 4 solutions, and in 
general x0 equations have "n" solutions. 
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Also, in the equations given so far, you were always given one 

or more roots so you would be. able to do sythetic di vision to find 

the other roots. Perhaps you wondered if there is a way of knowing 

what the roots are. There is a way of determining the roots, but 

it is a trial and error process. It may help to work a problem 

"backwards." Consider the equation (X-1) (X-2) (X+6) =0, which has 

roots at X=l, X=2, and X=-6. If this equation were multiplied out, 

you would get the expanded equation x3+3X2-16X+12=0. Notice that 

in the process of multiplying (X-1) (X-2) (X+6)=0 

to obtain 

the x3 came from X·X·X and "+12" came from (-1)·(-2)·(+6). 

Working the problem backwards beginning with 

x3 + 3X2 - 16X + 12 = 0 

to obtain a factored form: ) ( ) ( ) = 0 

you can see that the numbers you need for the factored form must be 

"±" factors of "+12." It is the constant term, then, that 

determines the possible roots of the equation, provided the leading 

coefficient (coefficient of the highest power term) is 1. 

n n-1 In general. the equation l·X + an_1X + + a 1X +a0 = 0 

has possible rational roots only at X = ±(factors of a 0 ). It then 

is a process of trial and error to decide which ones work! 
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33. Find all possible rational roots for x3+3X2 -16X+12 = 0. 

Factors of 12: ± , ± , ± __ , ± __ , ± , ± 

34. Find all possible rational roots for X4 -4X3 -15X2 +58X-40 = 0. 

Factors of 40: ± 

35. Find all possible rational roots for X4+13X3+59X2+107X+60 = O. 

Factors of 

36. Find all possible rational roots for x4 +3X3 -sx2 -12X+16 = O. 

Factors of ---

If the leading coefficient is other than 1, then the process 

becomes a bit more complicated. Again, it may help to work a 

problem backwards. Consider the equation: 

(3X - 5) (2X 1) (2X 3) = 0, which in 

expanded form becomes 12X3 - 44X2 + 49X - 15 = 0. 
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Notice as before that when 

( 3X - 5) ( 2X - 1) ( 2X - 3) = 0 

12X3 - 44X2 + 49X - 15 = 0 

is multiplied 

out to become it is the 

(3X)· (2X)· (2X) that becomes 12X3 

and (-5)· (-1)· (-3) that becomes -15. 

In reverse, this means that to go from the 

expanded form 12X3 - 44X2 + 49X - 15 = 0 

to factored form (3X - 5) (2X - 1) (2X - 3) = 0 
S• I• 3::: f 5 

·~-··v,""""-· _,,.._ 

5~ 17. 34". 
with roots X = - , X = - , X = - , 

3"F--._-,.:_~-~ 3, 2 • 2. ::.. 12. 
it is the constant coefficient (-15) that determines the factors in 

the numerators of the roots, and it is the leading coefficient (12) 

that determines the denominator factors of the roots. 

37. Find all possible rational roots for 6X3 +19X2 -19X+l4 = 0. 

Numerator factors of 14: ±1, ±2, ±7, ±14 

Denominator factors of 6: 1, 2, 3, 6 (Do you need ± ?) 

Possible roots: ± 1, ± 2, ± 7, ± 14; 

± 1/2, ± 7/2 ; 

± 1/3, ± 2/3, ± 7/3, ± 14/3; 

± 1/6, ± 7/6. 

[Notice that all fractions that reduced were already listed!] 
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38. Find all possible rational roots for 3X3 -2X2 -7X-2 = 0. 

Numerator factors of 2: ±1, ±2 

Denominator factors of 3: 1, 3 

Possible roots: 

39. Find all possible rational roots for 12X3 -44X2+49X-15 = 0. 

Numerator factors of~~

Denominator factors of 

Possible roots: 

40. Find all possible rational roots for 6X3+19X2 -19X+4 = 0. 

Numerator factors of 4: ±1, ±2, ±4 

Denominator factors of 6: 1, 2, 3, 6 (Do you need ± ?) 

Possible roots: 
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In 41-65, solve the polynomial equations. Use a trial and error 
approach tQ determine some possible toots. Use synthetic 
division to see if the remainder is zero. This process 
also gives you the depressed ecpation which can then be 
used to find the rest of the roots. 

41. x3 - 2X2 - SX + 6 = O [Hint: try factors of ] 
Remember--trial and error! Keep trying until remainder= 0. 

4 2 • X3 + 4X2 + X - 6 = 0 

43. X3 + 3X2 - 4X - 12 = 0 
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44. X4 + 2X3 - 7X2 - BX + 12 = 0 
[Hint: You will need to use two successive divisions.] 

45. x3 - sx2 + 7x - 3 = o 
[A value that gives a remainder of O can be tried again!] 

46. x3 + x2 - ex - 12 = o 
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4 7 . x 4 + x 3 - 1x2 - 13x - 6 = o 

4 8 . x 4 - sx3 + x 2 + 21x - 18 = o 

49. x 5 - 6x4 + 6x3 + 2ox2 - 39X + 18 = o 
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50. x 5 - 6X4 + sx3 + 16X2 - 12X - 16 = 0 

s1 • x 4 + 2x3 - 2x2 - Jx + 2 = o 

52 . X4 + 4X3 + 4X2 - 4X - 5 = 0 
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53. x5 - x4 - 1x3 + 11x2 - ex + 12 = o 

54. X5 + 4X4 - 2X3 - 14X2 - 3X - 18 = 0 
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55 • 3:X:3 - 2X2 - 7X - 2 = 0 

56. 3:X:3 - 10:X:2 + X + 6 = 0 

57. 12X3 + ~X2 - 29X - 15 = 0 
[Hint: No integral roots!] 
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58. 12X3 - 44X2 + 49X - 15 = 0 
[Hint: No integral roots!] 

When a polynomial equation has rational coefficients**, as in 

this section they do, all complez or irrational roots must occur in 

conjugate pairs. This means that if X = 3 + 4i is a root of an 

equation with rational coefficients, then X = 3 - 4i is also a 

root of this equation. If X = 2 -./3 is a root of such an 

equation, then X = 2 + ./3 is also a root of this equation. This 

also implies that if a polynomial equation has complex or 

irrational roots, there must be an even number of such roots. To 

find complex roots when there is more than one pair of irrational 

or complex roots, ti is necessary that you be given one of the 

roots. There are two methods. 

** In the rest of this section, all polynomial equations will be 
assumed to have rational coefficients. 
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59. Find the roots of x4 - 4X3 + sx2 - 2X - 2 = o 
given that X = 1 - i is a root. [Note: other root= 1 + i] 

MBTBOD I: (Synthetic Division Method) 

~-ATC tl PA/JE'~ 

(I - l)(-3-t) 
,. 2.. 

= - 3 + 2.i., f '-

= -4 +2.i, 

( 1-t)( I +,t) 
=- I+~ -2(~ 

. . 
:. :S+1, 

(1-t.)(1-1- i..> 
p,~ ~ 

=- \ - '- :.. .=. -

I -4- -2. -2 
J, l -i. -4+2.~ ~ +i 2.. 

~ I • J+ 2i l+i -3-t-

i 
... 

-2-2,i 
,. 

I+~ -L-L-

' -2 
_, 

0 

-" 
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59. F~nd the roots of x4 - 4x3 + sx2 - 2x - 2 = 0 
given that X = 1 - i is a root. 

METHOD II: (Method of Quadratic Factors) 

x~l-i.. ><.=-I+~ 
~-1 ti.) =-0 {'1.-l- z.)~ 0 

(?<-' + ~)("-- { - '-) ~ 0 

[cx-1) +0[&-1)-0~0 
Q(-1)'-- ~;A'i + ip,-4\- l z.. ~ 0 

x1:..,x + I + t -=- o 
:;i::::..z.x +2. Is tlne ~ ~ 

t1.se /~ dfvi$trti ~ -h·11d -6' .. t&1- ~: 
)(. 2;_ = ~r ~~~~ 

~~2v+"> l ,_ ~ - 4x. ..1, rx - ,)l-2.. 
- ~x3 ©2-xi.. 

+Jx'=-2x.--2 
i~)(.~ 
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In 60-64, solve by the preferred method: 

60. x4 + 2X3 - x2 - 2X + 10 = O qiven X = -2 + i 

other root= 

61. x4 + 4X3 + 23X2 + lOX + 250 = O given X = 1 - 3i 
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62. x4 + 2X3 - 4X2 + 4X + 4 = 0 given -2 - ./2 

63. x4 + 4X3 + 40X + 32 = O given 1 - i./7 
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64. x4 + 4X3 - 7X2 + 14X + 6 = O given -3 + ./7 

# 65 EXTRA CHALLENGE 

65. x 7 + 2x6 - 1ox5 ... 12x4 + 37X3 + 1ox2 - 52X + 24 = o 
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In 66 - 76, use synthetic division to find zeros of the 
polynomial functions and sketch their graphs. 

66. Y = X3 + 4X2 + X - 6 

67 . Y = X3 - 4X2 + X + 6 

68. Y = X3 - 13X + 12 

405 



69. Y = x4 - x3 - 16X2 + 4X + 48 

70. Y = X4 + 2X3 - 16X2 - 2X + 15 

71. Y = x3 + 2x2 - 7X + 4 
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12. Y = x 3 - sx2 + 1x - 3 

13 . Y = x 5 - x 4 - 2x3 + 2x2 + x - 1 

7 4 . Y = x5 + x 4 - 2x3 - 2x2 + x + 1 
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EXTRA CHALLENGE 

75. Y = X6 - 7X5 + 12X4 + 14X3 - 59X2 + 57X - 18 

7 6 . Y = x6 - 2X5 - 4X4 + 6X3 + 7X2 - 4X - 4 
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3.04 /'• ,ri-<lc€: 
I, (x- l)(%-3)(X• l) 2.. fx-1)(XH)(X+s) .), (x+i)(x-,,Yi<-3) 
4 , (;,<+"1)(><-,)v<-1) S". ~-t){i,H)(x+-4) lo , (><->)(x,,t)v.--,) 

7, G<-:i.)(<><-1)(,H) 8, (t-1)( l(,i i)(Jx-1) 1, (x-1)&0 M1,c- 1) 

/0, (X'H)(x+ 4)(><+'1) 1/. -4, G. 1 I 12., "t, 2, - 3 

13, 3) J,4- /4, ,,!,-$ IS: 1,-2,-j /jo,l>-IJ1 

17. 1, - 2,2., - J ,~. 2, 'l,-1,-J /~. 1, --1,2,tr ,o, l, J , - /,-!, 

2/, -I, -z:tC:. H, t, -lt2' • J,. 1, ;z., -t:l "4, 1,- ,,~21, 

2S", l,-3
1
-2±l 2'.. 1,-t, ¥ l7: I (,,,,H.z),-4 

>1, - 1(,,.JU.),4 >'/. 2.( ... Jd..z), 1,3 30. 2.VIH/t'/),t(lfl•HZ) 
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