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At the beginning of this chapter (section 3.01), you performed
polynomial division and synthetic division, and you were told that
synthetic division can be used as means of factoring polynomial
expressions. Consider the following example.

Suppose you knew that X-1 is a factor of X* - 2X? - 5X + 6. If you
divide X® - 2X> - 5X + 6 by X-1, you will get a remainder of 0 (of
course) , and the other factor which is quadratic, as illustrated
below. The easiest way to divide is by synthetic division.

1. Factor X® - 2X%2 - 5X + 6, given that X-1 is a factor.

ij 1 -2 -5 6
1 1 -1 -6
-1 - 0 The remainder is zero (of course!)

The quotient is X2 -1X - 6, which can be factored:
( ) ( ).

Therefore, the answer is ( ) ( ) ( ).

In 2-10, factor each polynomial expression.
2, X*+ 4X2 + X - 6, given that X-1 is a factor.

3. X*-4X> + X + 6, given that X+1 is a factor.
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X® - 3%X% - 22X + 24, given that X+4 1is a factor.

X* - 13X + 12, given that X-1 is a factor.
[Hint: Don't forget the zero coefficent of X?.]

X® - 52X + 96, given that X-2 is a factor.

2X®* - 7X2 + 7X - 2, given that X-2 is a factor.
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8. 3Xx) -~ X? - 3X + 1, given that X-1 is a factor.

9. Factor 3X® - X2 - 3Xx + 1 by the method of grouping.

10. X°® + 19X%X% + 114X + 216 given that X+4 is a factor.
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This method can also be applied to solving polynomial
equations in which one of the roots is known. For example:

11. Solve the equation X*® - 3X%2 - 22X + 24 = 0, given that
X = -4 is a root of the equation.

Solution: Since X = -4 is a root of X® - 3X%2 - 22X + 24 = 0, this
means that (X+4) is a factor of X® - 3X? - 22X + 24.
Now proceed as in the previous exercises. The difference
is that before the problem was to factor an expression,
and nowv it is to solve an equation. The procedure is the
same, but the form of the answer is different.

-4 1 -3 -22 24
} -4 28 -24
1 -7 6 0 As anticipated the remainder is zero,

and the quadratic equation that remains (called the
reduced or the depressed equation) is X* - 7X + 6 = 0.
0

Solving: ( ) ( ) =
X = ; X =

Therefore, the total answer is X = ’ , or

In 12- 32, solve the polynomial equations:
12. X* + 2X2 - 5% - 6 = 0, given that X = -1 is a root.

13. X3 - 8X%2 + 19X - 12 = 0, given that X = 3 is a root.
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14, X* + 2X* - 13X + 10 = 0, given that X = 2 is a root.

15. 2X® + 3X?2 - 3x - 2 = 0, given that X =1 1is a root.

16. 3%X® - 2%X? - 3X + 2 = 0, given that X =1 is a root.

[After thought: Could this have been factored by grouping?]

It is frequently necessary to apply synthetic division more
than once in order to solve certain polynomial equations. Consider

the next exercise.
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17. X* 4+ 2x%3 - 7%2 - 8X + 12 = 0, given that X=1 and X=-2
are roots.

o2 -7 -8 2
Y I 3 -4 -2
| 3 —4 -l O The remain der
f.ﬁ Zeroe,
RaAue/ egua‘éfm: 743{—3)(_?-4)4 -2 = O
Now : -_%J | 3 - 4 -2
Vo2 T2 = Reo!)
T (bgain R=0.
Solve : Xih X~ = O

(x MWx NY=0
2= A=
ToTAL ANSWER IS X = e

18. xX? - %X - 16%%2 + 4X + 48 = 0, given that X=2 and X=4
are roots.
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19. X% - 4x3 - 15%% + 58X - 40 = 0, given that X=1 and X=-4
are roots.

20. x* 4+ 2x3 - 16%%2 - 2X + 15 = 0, given that X=1 and X=3
are roots.

21. X3 4+ 5%%2 4+ 9X + 5 =0, given that X=-1 is a root.
[NOTE: Frequently the quadratic formula or completing the square
is necessary--sometimes even complex numbers!]
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22. X3 +3x2+4x -8=0, given that X=1 is a root.

23, x* -3x3 4+ 3%2-3Xx + 2 =0, given that X=1 and X=2
are roots.

24. X% + x3 +2%%+ 4X - 8 =0, given that X=1 and X=-2
are roots.
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25. X* + 6%3 + 10X® - 2X - 15 = 0, given that X=1 and X=-3
are roots.

26. xt-x3-222+%x +1=0, given that X=1 and X=-1
are roots.

27. X3+ 2X2 - 17X + 4 =0, given that X=1 is a root.
[NOTE: Frequently there may be multiple roots.
Be sure to give multiplicity of roots.]

386



28. X3 -2%2-17X -4=0, given that X=4 is a root.

29, x* - 8x3 + 23%% - 28X + 12 = 0, given that there is a
double root at X=2.

30. x? - 6% + 13%%2 - 12X + 4 = 0, given that there is a
double root at X=2.
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31, x* - 4x% + 6X%2 - 4X + 1 = 0, given that there is a
multiple root at X=1.

32. x? + 8%% + 24%% + 32X + 16 = 0, given that there is a
multiple root at X=-2.

Perhaps by now you have noticed that, counting complex roots
and multiplicity of roots, x? equations have 2 solutions, X3
equations have 3 solutiomns, x4 equations have 4 solutions, and in
general X" equations have "n" solutions.
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Also, in the equations given so far, you were always given one
or more roots so you would be able to do sythetic division to find
the other roots. Perhaps you wondered if there is a way of knowing
what the roots are. There is a way of determining the roots, but
it is a trial and error process. It may help to work a problem
"backwards." Consider the equation (X-1) (X-2) (X+6)=0, which has
roots at X=1, X=2, and X=-6. If this equation were multiplied out,
you would get the expanded equation X3+3X2—16X+12=0. Notice that
in the process of multiplying (X-1) (X-2) (X+6)=0

to obtain  X3+3x%-16x+12=0,

the x3 came from X-X-X and "+12" came from (-1)-(-2)-(+6).

Working the problem backwards beginning with

3 4 3x? - 16x + 12 =0

X
to obtain a factored form: ( ) ( ) ( )y =0
you can see that the numbers you need for the factored form must be
"t" factors of "+12." It is the constant term, then, that
determines the possible roots of the equation, provided the leading
coefficient (coefficient of the highest power term) is 1.

In general. the equation 1X" + an_lx“‘l + . . .+ 24X +ap =0
has possible rational roots only at X = t(factors of a,;). It then

is a process of trial and error to decide which ones work!
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33. Find all Eossible rational roots for X3+3%%-16X+12 = 0.
Factors of 12: % , T , , , E , X

34. Find all possible rational roots for X*-4x3-15x?+58%X-40 = 0.

Factors of 40: %

35. Find all possible rational roots for X'+13x>+59%%+107X+60 = 0.

Factors of

36. Find all possible rational roots for x4+3x3-8%2-12%+16 = 0.

Factors of

If the leading coefficient is other than 1, then the process
becomes a bit more complicated. Again, it may help to work a
problem backwards. Consider the equation:

(3 - 5)(2Xx - 1)(2Xx - 3) = 0, which in
expanded form becomes 12%X3 - 44%% + 49X - 15 = 0.
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Notice as before that when
(3 - 5)(2x - 1)(2x - 3) =0 is multiplied
out to become 12X3 - 44%X% + 49X - 15 = 0 it is the
(3X) - (2X) - (2X) that becomes 12%3
and (-5)-(-1)-(-3) that becomes -15.
In reverse, this means that to go from the
expanded form 12X3 - 44%X% + 49X - 15 = 0

to factored form (3 - 5)(2X - 1)(2x - 3) =0
_5.[-3:15

with roots X = ==, X=2=,

it is the constant coefficient (- 15) that determines the factors in

the numerators of the roots, and it is the leading coefficient (12)

that determines the denominator factors of the roots.

37. Find all possible rational roots for 6X3+19%2-19%+14 = 0.
Numerator factors of #4: 1, 12, 7, 14
Denominator factors of 6: 1, 2, 3, 6 (Do you need * ?)
Possible roots: * 1, * 2, + 7, =% 14;
t1/2, % 7/2 ;
+1/3, + 2/3, + 7/3, * 14/3;
* 1/6, % 7/6.
[Notice that all fractions that reduced were already listed!]
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38.

39.

40.

Find all possible rational roots for 3x3-2%2-7%x-2 = 0.
Numerator factors of 2: +1, +2
Denominator factors of 3: 1, 3

Possible roots:

Find all possible rational roots for 12%x3-44%%+49%X-15 = 0.
Numerator factors of
Denominator factors of

Poséible roots:

Find all possible rational roots for 6X+19%%-19%+4 = 0.
Numerator factors of 4: 1, 2, +4
Denominator factors of 6: 1, 2, 3, 6 (Do you need *

Possible roots:
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In 41-65, solve the polynomial equations. Use a trial and error
approach to determine some possible roots. Use synthetic
division to see if the remainder is zero. This process
also gives you the depressed equation which can then be
used to find the rest of the roots.

41, x® - 2%2-5X + 6 =0 [Hint: try factors of 1
Remember--trial and error! Keep trying until remainder = 0,

42, X3+ 4x2+X -6=0

n
o

43. %3 + 3%%2 - 4x - 12
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44.

45.

46.

x? + 2%x3 - 7%%2 -8 + 12 =0
[Hint: You will need to use two successive divisions.]

X3 -5%24+17X -3=0
[A value that gives a remainder of 0 can be tried again!]
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47. x* + x3 - 7%x2 - 13x - 6

Il
o

]
o

48. x* - 5%x% + X2 + 21x - 18

49, X5 - 6%x%* + 63 + 20x2 - 39X + 18 =0
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50.

51.

52.

x5 - 6x* + 5%3 + 16%2% - 12x

X +2x3 - 2%2-3Xx +2=0

X + 4x3 + 4x2 - 4x -5

]
o
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§3. X% - x* - 7%x3 +11x2-8X + 12 =0

54. X5 + 4x% - 2%3 - 14%%2 - 3x - 18
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55.

56.

57.

3x3 - 2%2 - 7x - 2

!}
(=]

32 - 102+ X +6=0

12x% + 8%% - 29X - 15 =0
[Hint: No integral roots!]
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58. 12%X3 - 44%%2 4+ 49X - 15 = 0
[Hint: ©No integral roots!]

When a polynomial equation has rational coefficients™™, as in
this section they do, all complex or irrational roots must occur in
conjugate pairs. This means that if X = 3 + 4i is a root of an
equafion with rational coefficients, then X = 3 - 4i is also a
root of this equation. If X = 2 -v¥3 is a root of such an
equation, then X = 2 + Vv3 is also a root of this equation. This
also implies that if a polynomial equation has complex or
irrational roots, there must be an even number of such roots. To
find complex roots when there is more than one pair of irrational
or complex roots, ti is necessary that you be given one of the

roots. There are two methods.

* %k In the rest of this section, all polynomial equations will be
assumed to have rational coefficients.
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59. Find the roots of X? - 4% + 5%2 - 2% -2 =0
given that X =1 - i is a root. [Note: other root =1 + i]

METHOD I: (Synthetic Division Method)

’

o [=t | -4 5 -2 -2
.‘SCEATCR PAPER ' [—C —442( 3+( 2
(-96E-0 3T =3¢ 1Ri 4L, O
= —3+Zof6 N— ‘
= —442( Peéu.ce/ Efuﬁm QWlﬂJer
<"'E>.('+“}_ [+L| | =3-¢ 1+2{ [I+C
=l+0—2¢ . ) -,
| . —2=2¢ —l-uL
=344 | 1+¢ b
4 -2 -1 o
\/\(\J
Z
X=2x—-|=

Sol b et
ve 4 Wmﬂcm
Yo -\Cfnisz:
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59. Find the roots of X% - 4x3 + 5% -2x -2=0
given that X =1 - i is a root.

METHOD II: (Method of Quadratic Factors)

X=l-L X=Il+¢
(x-1+)=0 (-1-D=2
(x=1+)(-1-2)=0
[(x—l\ +9[6.<—I) = tj'—o

D AP W S A

xtax+l =+ =0C

| X<2X +2 (s e WM%
Use [mé divisim T +ind ﬁé—é‘fér -ﬁcﬁ‘"

gximg;D=MW

2ioxt+2 [ 4xdesx=ex-2
- 3
&ox? Qax
2y IX X 2
SR aax B4

-7-+-
(o =B

N sobre xiix—|z0 45 betrre
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In 60-64, solve by the preferred method:

-2 + i

60. X%+ 2%x3-%2-2X +10=0 given X

other root

61. X% + 4%3 + 23%% + 10X + 250 = 0 given X =1 - 3i
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62. X? +2%x® - 4X2 +4X + 4 =0 given -2 - V2

63. X? 4+ 4%3 + 40X + 32 =0 given 1 - iv7
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64. X* +4%% - 7%% + 14X + 6 = 0 given -3 + V7

# 65 EXTRA CHALLENGE
65. X7 + 2x%% - 10x5 - 12x%* + 37x3 + 10%%2 - 52X + 24 =0

404



In 66 - 76, use synthetic division to find zeros of the
polynomial functions and sketch their graphs.

66. Y =X+ 4X>2+X - 6

67. Y =X3-4X2+X + 6

68. Y = X3 - 13X + 12
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69. Y =x%-x3 - 16%x% + 4x + 48

70. Y =x*+ 2%x3 - 16%% - 2X + 15

71. Y =X +2%x%2-7x + 4
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72,

73.

74.

Y

Y

%3 - 5%% + 71X - 3

x> - x4

x° + x4 -

-2x3 + 222+ x -1

2x3 - 2x2 + X + 1
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EXTRA CHALLENGE

75. Y = X% - 7x5 + 12x? + 14%® - 59%2% + 57X - 18

76. Y = X% - 2%x5 - 4x* + 6% + 7%% - 4x - 14
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3.0 p. 378-4c8: !

le-i)oe-D(x+3) 2. fe-DeDOx+d 2. e Dx-36¢-3)

4, (eid) (=O)x=D) & E-Dle-3x+4) 6. fr-ﬂ{{fﬁ-f:f-_ﬁa
7. =2)zn-t(x-0) 2 G4 DOx=1D % (r-IYee N

@, (xp)Y(r+ Oy M -4 6,1 12, >&73

13, 03,1, 4 4 2,08 I 172,m% 0

7. 1y-2,2,-3 (8. 2,4,-2,-3 /8. /=4, 2,8 2o, 4,2,=1-5
2f, =l —22{ 23, [y-ai2{ 23. 1,2, 24, h-2,22
25, 1,=3,-2%L 2. /,-1, ﬁ."-'r""_? a7, ! (e 2D, =%

29, | (meld2y 4 29, (i), 1,3 30 ;(ﬁufiﬂ,ffm-ﬁﬂ

-
-

30 | (mult 4) 32, -2 (mult4) 23, z(,*2,%3 24,26,20
34, £,42,4 4,26, 28, 2/0,430,% 40

5. 21,242,23,24,48, 2¢,3/0,212,215, 130,£ 30,260

2. k1,42, 24,28 *16 38, %I, t2, ¢, =4
39. el S YR P BOE

23 =

5. 41 - I

= ?I: '31'_1.12311 733
e it maAns 4&:i)!.a‘id;:%;:‘:jlntijs_gité
4l. 153,-2 42, 1,-2,-3 43, 2,-2,-3 a4, [ 2,-2,-3
45, | (muK2) 3 46, -2(muit2), 3 47. -1 (Aukd), 3, -2
49, 3 (muldd), -2 44, 3(mutt D), | (mub3), -2
0. 2 (malkd)s-i(mutb2), 4 51, 1y-2, 212V

2
SR.Us=ly =2 83 2(mult2),-3, £{

4 23 (multd), 2 4+ sw 2,-h=-3 . 1,3,-%
L el LT Y,
7. §,-3, £ sw. 'i‘r}.:% 9D 1%L, 12

GO. -228, 12 @l 335,y -3%40 o2.-24¥F, 1%L
®©3. 1£TL 5-32VF @4, —3xVT 5 1L E
B5. [ (melt3), —2(multd), 2 -3
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