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Remember from Section 2.02 that a quadratic equation is an
equation in which the variable is raised to the second power, in
the form aXZ+bX+c=0, As you have already learned, the best way to
solve a quadratic equation is to set the eguation equal to zerc and
factor. Unfortunately, not all gquadratic expressions can be
factored.. In cases where factoring is not possible, other methods

must be used--either completing the square or the quadratic

formula.
EXAMPLE 1. Solve for X: EXAMPLE 2. Solve for X:
X2+ 21X = 100 (X-3) (X-4) = 2
¥ + 21X - 100 = 0 X2 - X + 12 = 2
(X + 25)(X - 4) =0 X2 - TX + 10 =0
X=-25o0r X =4 (X -5(X-2) =20

X=5o¢0r X=2

EXERCISES. Solve for X by the method of factoring.
1. X¥*+ X =12 2, X*- 18 = 3X 3. X(X-4) = -2X +8

4. 2¥% = 3 + BX 5, 2X* = 5X - 3 6. (X - 4)? = 2%
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Unfortunately, factoring doesn't always work!! As mentioned,
if the equation cannot be factored then you must try another
method. The quadratic formula always works, whether the equation
factors or not! Completing the square is important in higher
mathematics because it is by completing the square that the
quadratic formula is derived.

We begin with some perfect square equations. Perfect square
equations (see the next exercises) can be solved by simply using
the square root property of equations (i.e., take the square root
of both sides of the eguation). When you use this property, you
must include a "+" (that is, "+" or "-") in order to obtain both
solutions of the egquation.

EXERCISES. Scolve the following perfect square equations:

1. X2 =9 2. X =25 3. X* =121 4. X? = 169

5. X' =20 6. X =50 7. X2 =72 8 X? = 300

X =% /20 X = X = X =

X == X = X = X =

9., (X+2)? =9 10, (X+2)2 = 25 11. (X-3)% = 121
X+2 = %3 X+2 = 5
X=-213 X =

X = -2+3 or -2-3 X = or

X = ar
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(X-5)% = 100 14. (X+7)2 = B1

12. (%X-3)2 = 169 13.
15. (x-5)% =7 16. (X+5)% = 7 17. (X-8)% = 13
X-5 = /7 = +/
X = X =
18. (X-5)2 = 20 19. (X+5)2 = 60 20. (X-8)% = 27

21, X2 - 4X + 4 = 25 22, X2 - 6X + 9 = 36

(X - 2)2 = 25
+5

X -2
x-
X = or

23, X*+ 6X + 9 = 144 24, X2 - 10X + 25 = 100
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25, X*- 14X + 49 = 5 26. X2 + 8X + 16 = 13

27. ¥+ BX + 16 = 20 28, X2 - 12X + 36 = 50

More often than not, the equation that is given is not a
perfect square equation, as in the previous exercises. In order to
"build" perfect square equations, it will help to recognize some
perfect square trinomials. As examples, consider:

X2+ 2X+ 1 = (x+ 1)° X2 - 2+ 1 = (X -1)°
X2 + 4X + 4 = (X + 2)* X - 4X+ 4 = (X - 2)2
X2 + 6X+ 9 = (X + 3)% X2 - 66X+ 9 = (X - 3)2
X2 + BX + 16 = (X + 4)? X2 - BX + 16 = (X - 4)2
X2 + 10X + 25 = (X + 5)° ¥ - 10X + 256 = (X - 5)°

In the following exercises, what constant term is needed to
"complete the sguare™? [Hint: Figure out the b) part first.]

29a) X*+2X+ 30a) XZ+4X+ 31a) X2+6X+

b) (X + )2 b) (X + )2 b) (X + )2
32a) X*-BX+ 33a3) X2-10X+ 34a) X:-12X+

b) (X - )2 b) (X - )2 b) (X - )2
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35. Did you see a pattern? Take D) of the middle term
and a) it. Now try some harder ones.

36, X2 + 16X + 37. X2+ 24X + 38, X2+ 40X +

30, X2 - 30X + 40, X*- 80X + ___ 41. X* + B5X +
42. X*- SX + A3, X*+ 9X 4+ _ 44, X'+ 13X+
45. X2+ X+ 46, X*- X+ ___ 47. X+ DbX+
48. X*- bX + 49, X~ m X+ __ 50. X +m X+

RULE: When completing the sgquare for X* + bX + ,
take half the coefficient of X and aqUaTe.

EXAMPLE 3, Solve for X:

X2 +6X-7T=20 Add +7 to both sides to express in
the form X* + 6X +

X + 6X + =7 + Take half of 6 and sguare to get 9.
Add +9 to both sides of equation.

X2 4+ 6X + _9 =7+ _9  Rewrite with perfect square on left.

(X + 3) = 16 Square root property of equations.
(Don't forget the % signl!)
X+ 3 =t 4 Add -3 to both sides.
X ==3 %4

Check by factoring: X+ 68X ~-T=
(X - L)X + 7)
X=1; X=-7

0
=0

[Note: Factoring is easier, but it doesn't always work!]
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EXAMPLE 4. Solve for X:
¥+ 6X-8=20 Add +8 to both sides of equation.

X2 4+ B6X + =8 + Take half of 6 and square to get 9.
2dd +9 to both sides of equation.

X2 + 6X + _9 =8+ _9  Rewrite with perfect square on left.

(X + 3)2 = 17 Take square root of both sides.
{(Don't forget the % sign!)
X + 3 =% 417 Add -3 to both sides.

X = -3 %+ 17 Answer does not simplify.

Because of the radical, this problem cannot be solved

Note:
} by factoring.

EXERCISES. Solve the equations by method of completing the square.

1. X +6X-9=0 2. X+ 6X+5=0
X2+ 6X + __ =9+ X+ 6K+ =-5+
X + )= _ (X + )2 =
X+ = % X+ =% __
X =__ X=__ *_
X = X =
3. X -86X-9=0 4. X2 -2 -8=20
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. X® + 2X - 48 = 0 6. X* - 12X - 64 = 0

7. X2 - 10X - 15 =0 8, X* -8+8=0

In 9 - 14, watch out for complex numbers.
9. X* +4X + 5 =0 10. X* - 6X + 13 =0

11, X* - 10X + 50 = 0 12. X2 + BX + 52 = 0
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13, X2 + BX + 40 =0 14. X2 - 6X + 36 = 0

EXTRA CHALLENGE:

If the coefficient of ¥? is not 1, then divide both sides of the
equation by that coefficient.

15. 2% + 7X + 6 = 0 16. 2X2 - 9X + 10 =0
X2+1X+3=D
2

7.7 7 49
Ifof — i5 = d (=) i —
Halt of 5 g and g} 16

X2+%X+ = -3 +

49

-3 + ——
16

T2
{X‘l’?}

-48 + 49
16

7,2
X —
{"'4}

S
+
| -
T
i
B

e
+
N
[
I+
K

S
I
1
I
H
P

322



ANSWERS 4.02

p-315:
1. -4,3; 2. 6,-3; 3. 4,-2; 4. -1/2, 3; 5. 3/2, 1; 6. B,2.
p.316-322:
1. +3; 2. +5; 3. +11; 4. +13; 5. £2V5; 6. +5/2; 7. +6V2;
8. +10v3; 9. 1,-5; 10. 3,-7; 11. 14,-8; 12. 16,-10;
13. 15,-5; 14. 2,-16; 15. 5xV7; 16. =-5&V7; 17. 8+/13;
18, 5+2v5; 19, =-5+2V15; 20. 8+3V3; 21, 7,-3; 22. 9,-3;
23. 9,-15; 24. 15,-5; 25. 7+/5; 26. -4+V13; 27. -4+2V5;
28. 6+5/2; 29a)l b)l; 30a)4 b)2; 31a)9, b)3; 32a)16, b)4d;
33a)25, b)5; 34a)36, b)6; 35b)lhalf a) square; 36. 64;
37. 144; 38, 400; 39. 225; 40. 1600; 41. 25/4 or 6.25;
42, 25/4 or 6.25; 43. 81/4 or 20.25; 44. 169/4 or 42.25;
45, 1/4 or 0.25; 46. 1/4 or 0.25; 47. b?/4; 48, b?/4;
49, n?/4; 50. n*/4.
p.316-322:

1. -3+3V/2; 2. -1,-5; 3. 3+3v/2; 4. 4,-2; 5. -8,6; 6. 16,-4;

7. 5+2V10; B. 4+2V/2; 9., -2+i; 10. 3%2i; 11. 55i; 12.-4+61i;

13. -4+2ive; 14. 3+3iv3; 15. -3/2, -2; 16. 5/2, 2.



