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Preface

In preparing this second edition the basic aims of the first edition
have not been changed. We have designed this volume to cover the
Al and A2 stages of the Higher National Certificate in Electrical
and Electronic Engineering. It does not pretend to be exhaustive,
nor specialist, but is designed for a broad background course, with
stress laid on the fundamental aspects of each section. The contents
will be found to correspond to much of the work in the recent
Department of Education and Science outline syllabuses for H.N.C.
Courses in England. It accords also with the Scottish H.N.C.
scheme. In addition this volume should prove useful in under-
graduate C.E.I. Part 1 and H.N.D. courses.
The text has been brought up to date, particularly in the sections

on machines and electronics. An introduction to the generalized
theory of machines has been given, but conventional treatments
(substantially revised) of synchronous and induction machines
have been retained. The positive convention for the sign of the
voltage induced in a circuit due to a changing flux has been main-
tained, since further experience has shown that this concept has
helped students (and staff) to a clearer understanding of the physical
concept of induced e.m.f.

In electronics the shift of emphasis to semiconductor devices is
reflected in the omission of valve circuits from large sections of the
text, m favour of bipolar transistor circuits. The field-effect transistor
is dealt with in a later chapter.

In an age where systems engineering is coming more into promin-
ence it is important that electrical and electronic engineers have
some knowledge of reliability. We are grateful to Mr. E. L. Topple
of the Polytechnic of the South Bank for undertaking the task of
preparing a chapter on this subject for us. A further chapter giving
an introduction to logic has also been added.
As in the first edition we have included a large number of worked

examples in the text. Problems (with answers) at the end of each
chapter give the reader the opportunity of testing his understanding
of the text as he proceeds. Thanks are due to the Senate of the
University of London, and to the Scottish Association for National
Certificates and Diplomas for their willingness to allow us to use



vi Preface

examples from their examination papers (designated L.U. and

H.N.C. respectively).

The new edition is larger than the authors had hoped and its

preparation has not been entirely uncontroversial. Because of this

the wife of one author has suggested that the book should be sub-

titled "War and Peace"

!

We should also like to record our thanks to colleagues who read

the manuscript and undertook the corrections at the proof stage.

These include in particular Mr. T. Grassie (now of Strathclyde

University), Mr. W. R. M. Craig and Mr. A. McKenzie of Paisley

College of Technology and Mr. G. Heywood of the Polytechnic of

the South Bank. Thanks are also due to those who contributed to

the massive typing effort required.

Paisley J.S.

June, 1970 A.H.M.
L.F.S.
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Chapter 1

SYMBOLIC NOTATION

It is assumed that the reader is already familiar with the diagrams
which are used to give the relationship between sinusoidal alternating
currents and voltages in simple a.c. circuits. These complexor
diagrams represent the magnitude of any quantity they depict as the
length of a line, while the direction of the line gives phase informa-
tion. Because of similarities in the manipulation of quantities

represented in this way with vector methods of addition and sub-
traction these diagrams used to be called vector diagrams. In this

book they will be called complexor diagrams, and the lines will be
called complexors.*

Problems involving the manipulation of complexors may be
solved by representing the complexors as algebraic expressions.
The notation used for doing so is called the symbolic notation,
and the advantage of the use of this notation is that the processes of
manipulation become algebraic processes.

1.1 The Operator j

In complexor diagrams the direction of the A'-axis is called the
reference direction, since it is often used as the reference from which
phase angles are measured. The direction of the F-axis may be called

the quadrate direction. Fig. 1.1 shows three typical complexors, V\, V2
and Vz. The lengths of the lines are proportional to the magnitudes
of the quantities they represent. The phase angle of a complexor

* In recent years they have also been called phasor diagrams and phasors.

1



2 Symbolic Notation

is represented as the angle turned through (anticlockwise) from the

positive reference direction to the direction of the complexor. Note

that the position of a complexor has no bearing on the magnitude

Positive

quadrate
direction

Negative
reference
direction

Negative
quadrate
direction

Fig. 1.1 TYPICAL COMPLEXORS

Positive

reference
direction

of the quantity it represents, so that in Fig. 1.1, for example, V\

could be represented by any parallel line of the same length.

If the complexor diagram represents alternating currents or

voltages the whole diagram may be assumed to rotate at a constant

angular velocity. If the complexor is proportional to the peak

value of the alternating quantity, its projection in a particular

direction will give the instantaneous value of the quantity.

A complexor may be completely described by

(i) a statement of its magnitude with respect to a given scale

unit; and
(ii) a statement of its phase with respect to a reference direction.

Thus in Fig. 1.1, Vi = Ai[8i; V2 = A 2 l<h, etc. The magnitude

is sometimes called the modulus and is represented by \V\ or V.
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N
£? .?** l

hC Symb°ls for complexors are printed in bold typewhile those for magnitudes are printed in ordinary type.

a i\2? £
&a
fG iS greater than 180°' the negative Phase angle£e. the phase angle measured in a clockwise direction) is often statedfor convenience. For example,

Vs = A3(63 or A3/~6's or ^ 3/^
where 0'

s
= 360° — 3

A
™s

/

method °f

'

describing a complexor is termed polar notation.A and [0 are called operators.

A, the magnitude operator or modulus, is the number by which
the scale unit should be multiplied to give the magnitude of thecomplexor. [6, the phase operator, is the anticlockwise angle through

^1ChACfipleXf in the reference direction m*>t be turned inorder to take up the direction of the given complexor
It will be realized that the operations -1, and /180° or /-I80°

direction^
1

' ^^ "A " * COmPlexor in the ****» refere^e

The operation /90^ or £r/2 rad is found to occur frequently and is
commonly represented by the symbol j-

^^
(1.1)

inaisSsTSor£ring a comp,exor thro^h 9°°

jo-bixr
(l 2)

i.e. jb is a complexor of length b in the quadrate direction In thesame way, lIlc

and is thus a complexor of length b in the negative quadrate direction
It is very convenient to represent a complexor by the sum of twocomponents, one of which is in either the positive or the negative

reference direction, while the other is in either the positive or thenegative quadrate direction. Thus, in Fig. 1.1,

Vi*=Ai(0i = ai+jbi-

where «i = A x cos X and bx = Ax sin 6lt and

^3 = Aa[9s = —

a

3 — y&3

where

aa = -^
3 cos 3 = ^ 3 cos (n- - 3)
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and

b% = —A% sin 03 = —A3 sin (77 — 83)

The (a + ;6) method of describing a complexor is termed rectangu-

lar notation.

The above complexors may also be expressed in the form

F = ,4 (cos 0+y sin 0) (1-3)

this being termed the trigonometric notation.

From the geometry of the diagrams,

A = V(a2 + *2) (L4>

and

= tan-i- (1-5)

For example,

VA = -3 + ;2

may be expressed as

VA = V(3 2 + 22
) /tan-1 ^3 = 3-61 /180° - 33-6°

Conversely,

VB = 12/-60°

may be expressed as

FB = 12[cos(-60°) +;sin(-60°)] = 6 -ylO-39

In the preceding paragraphs A, /d, a, b and j are all operators

of various types. The combined expressions v4/^and (a + jb) are

called complex operators in polar and rectangular forms respectively.

A complexor may be expressed as a complex operator when a parti-

cular scale unit and reference direction are given.

In the conversion from rectangular to polar form for a complex

number, or operator, the square root of the sum of the squares

must be calculated. This operation may be conveniently performed

on an ordinary slide-rule which has the usual A, B, C, and D scales.

For example, suppose it is desired to find V(3 2 + 7 2
). Set the smaller

of the two numbers (in this case 3) on the C scale against unity on the

D scale. Move the cursor to the higher of the two numbers on

the C scale, and read off the corresponding figure on the A scale at

the top of the rule (5-46). Add one to this figure (giving 6-46). Set the
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cursor at this new number on the A scale, and read off the desired
result on the C scale (7-62). If the two numbers are such that the
numerically smaller has a bigger initial figure (e.g. V(7 2 + 122))
the smaller number is set against 10 on the D scale, the rest of the
method being the same.
For numbers which differ by more than a factor of ten it is

usually sufficient to take the square root of the sum of the squares
as being simply the larger of the two numbers. Thus

|10+;1| = V101 ** 10-05^ 10

SUCCESSIVE OPERATIONS BYj (Fig. 1.2)

Since j is defined as an operator which turns a complexor through
+90° without changing its size, two operations by j will turn a

-j(jo)

Quadrate
A axis

J s=j4a Reference
^y ' axis

Fig. 1.2 SUCCESSIVE OPERATIONS BYy

complexor through a total of 180° from the original reference direc-
tion; i.e. the original direction is reversed. Thus

j{ja)=pa = -1 x a (1.6)

The operator;' 2 is the 180° operator. It is convenient to think of
p as being algebraically the same as —1.

If nowpa is operated on byj (written asj(J
2a) = y" 3a) the original

complexor +a is turned through a total of 270°.

A further operation onpa byj brings the complexor back to its

original position. Thus

pa = 1 x a (1.7)

and the operation of/ 4 on a complexor leaves it unchanged in size and
direction,
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THE OPERATION (—/)

When a complexor is operated on by -j, the operation may be

divided into two parts

:

(i) operate on the complexor by — 1 ;
and

(ii) operate on the resulting complexor by 7.

Thus the result is a positive rotation of 270°. Hence

-ja=fa

and the negative sign can be taken to mean that the rotation is

clockwise. This conclusion is peculiar to the operator j, and does

not apply to any other rotational operator.

1.2 Addition and Subtraction of Complex Operators

ADDITION

The complexors OP and CQ in Fig. 1.3 may be added graphically by

Reference
axis

Fig. 1.3 ADDITION OF COMPLEXORS

placing them end to end in order. Let

ON = a NP=y6 = ST
CM = c = PT = NS MQ =jd = TR

Then

OP + CQ = OS + SR = ON + NS + ST + TR

Therefore

(a + jb) + (c +jd) = a + c+ jb + jd = (a + c) + j(b + d)

The rule tor addition ot complex operators is thus seen to be:

Add the reference and quadrate terms separately. For example,

(7+y9) + (8-yT2) = 15-y3
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and

(-3 +jl) + (-2 — ylO) = -5 -/3

SUBTRACTION

If one complexor is to be subtracted from another the graphicalmethod is to reverse the former and then add. Thus in Fig. 1.4,

t Quadrate
axis

Fig- 1.4 SUBTRACTION OF COMPLEXORS

let OP = a +jb and CQ = c + jd. Then
OP - CQ = OP + PR = (a + jb) + (-c -jd)

= (a -c)+j(b-d) = OR
The rule is: To subtract one complex operator from another

subtract the reference and the quadrate terms separately '

'

nor
t

mS°^
d
K
ben°t

f
d

5
hat f°r b°th addition and subtraction thenormal algebraic rules for signs will operate. For example,

(-4 + jl) -
(8 + j2) = - 12 + J5

aJh' Pfar
f
orm of** comptox operator is not suitable for additionand subtraction and complex operators which are expressed in

be .HhT
mU

K
^ bC Changed to ^angular form if they are tobe added or subtracted. y

1.3 MuItipUcation and Division of Complex Operators

MULTIPLICATION^^V11 the rectangular form the normal rules ofalgebra apply, so that

(a +jb)(c +jd) = ac +jad + jbc +pbd
- {ac - bd) + j(ad + be) (1.8)
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sincep may be given the value —1. Particular attention should be

paid to the following product:

(a + jb)(a - jb) = a2 + jab - jab - pb*
= a2 + b* (1-9)

(a+jb) and (a - jb) are termed a pair of conjugate complex

operators since their product contains no quadrate term. In the

same way (-a + jb) and (-a - jb) are also conjugate complex

operators.

In the trigonometric form,

A(cos d+j sin 0) x B(cos cf>+j sin
<f>)

= AB(cos 6 cos <£ + ;' sin 8 cos cf> + j sin <j> cos d + j
2 sin 6 sin <£)

= ^B{(cos cos <£ - sin sin <£) + ;(sin cos ^ + sin <£ cos 6)}

= ^5(cos (0 + <f>) + y sin (0+0) •
10)

i.e. in the trigonometric form the product of two complex operators

is the product of their moduli taken with the sum of their phase

angles.

Since the polar and trigonometric forms of a complex operator

are really identical, the same results will hold for both forms.

Hence,

AI0xB[£ = ABjB + </>
(1-11)

In the same way,

W*jl=*-*IL=± (U2)

It can also be shown that successive multiplication obeys the same

rules. Thus

AjdxB^X C/y_ = ABCId + <j> + y (1.13)

It will be observed that multiplication in the polar form is much

less tedious than in the rectangular form, and for this reason it is

frequently convenient to convert rectangular operators into the

polar form before multiplication.

DIVISION

Division of complex operators in the rectangular form is achieved

by rationalizing the denominator, i.e. eliminating the quadrate
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term from the denominator, by multiplying both the numerator and
the denominator by the conjugate of the denominator. Thus

a +Jb = (.a + jb)(c - jd) = ac + bd +j(bc - ad)
c + jd (c + jd)(c - jd)

~
c2 + d2

ac + bd be — ad
~ c2 + d2 +J'

c2 + d2

In the same way,

L _ -" ~jb
-a +jb (~a + jb)(-a - jb)

-a _ . b

a2 + b2 J a2 + b2

In polar form the conjugate of the operator A[6_ is Aj-Q. This
follows directly from the expression Aid x AI-0~= A 2 Similarly
B[£ X B[-<f, = B*.

Division of the operator A[d by the operator B@_ is achieved by
multiplying both numerator and denominator by the conjugate of
the denominator. Thus

B(£ ~ B)<j> B/-<f> B^- ?

i.e. the quotient of two complex operators in polar form is the
quotient of their moduli taken with the difference of their phase
angles. r

Also

a\b_ a

WEI

EXAMPLE 1.1 Divide (10 - /I0) by (8-66 + /5).

Method (i)

I0-/10 14-14/ -45°

^eeTTs =
10/30° = J-414/-75^ = 0-366-/1-37

Method (ii)

10 -/IP = (10 - /10)(8-66 -/5)
8-66 +/5 (8-66 +/5)(8-66 -jS)

86-6 -S0-y50-/86-6
8-662 + 5 2

36-6 136-6
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POWERS AND ROOTS

Powers of complex operators simply represent successive multi-

plication. For numbers in polar form the procedure is to take the

power of the modulus and to multiply the phase angle by the index.

Thus

(A(d)* = A"(nd 0-14)

Roots may be dealt with in the same manner by taking the root

of the modulus and dividing the phase angle by the root. Thus

tf(Bj& = i/B^ (1.15)

It should be noted that in complex operator notation the nth root

of any number, including pure or reference numbers, has always n

possible values. For example,

^/(8/60°) = 2/20°

or

or

2
/60° + 360°

= 2/140
.

2
/60° + 720°

= 2/2̂
o

since each of these operators to the power 3 will give 8/60° or its

identicals 8/60° + 360° and 8/60° + 720° .

In the same way,

^(16) = 2/0^ or 2/90° =;2 or 2/180° = -2

or

2/270° = -j2

EQUATIONS

Consider the equation

a + jb = c + jd

which relates two complex operators V and W, where V — a + jb

and W = c + jd. Since the operators are equal, their components

along the reference axis must be equal, so that a = c Also, for
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identity, the components along the quadrate axis must be equal, so
that b = a.

In general, in any complex equation, the sum of the reference com-
ponents on one side must be equal to the sum of the reference compo-
nents on the other; and similarly the sum ofthe quadrate components
must be equal on both sides of the equation.
Note that the above identity can be expressed as

V = V(B = w = iv/4

7
hG
T

V
,ri{a2

-f
b2)

'
W= V(c2 + d*y, tmd = b/a; and

tan
<f>
= djc. For identity,

V = W and 6 = </>

1.4 Simple Circuits—Impedance

The lines which represent alternating voltages or currents in a
complexor diagram can be expressed as complex operators when
suitable scale units and a reference direction have been chosen
The complexors may then be summed with or subtracted from other
complexors which represent quantities expressed with respect to
the same scale unit and reference direction.
Impedance is among those quantities which can be represented bv a

complex operator. '

PURE RESISTANCE

Suppose a sinusoidal current represented by the complexor / is
passed through a pure resistance R. The potential difference acrossR will be a sinusoidal voltage represented by the complexor V
where V and / are in phase with one another, and where I V\I\I\ is
equal to R. If / is chosen as the reference complexor, then

/ = |/|/0° _ /^fjo

Hence

V =
|
V\j^_ = V/(F

and the impedance is given by

F_ V
oZ ~ / ~ J 121 = R

(1.16)

Thus the impedance of a pure resistance may be represented bv
the reference operator R.
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PURE INDUCTANCE

Suppose that a sinusoidal current represented by the complexor / is

passed through a pure inductance L. The p.d. across L will be a

sinusoidal voltage represented by the complexor V, where V leads /

by 90° and \V\\\I\ is equal to coL. If / is chosen as the reference

complexor then / = |/|/fc = 7/O^and V =
|
V\jWF = j \ V\ = F/90°.

Therefore the impedance is given by

Z=j = j[9V=ja>L=jXL (1.17)

Thus the impedance of an inductive reactance may be represented

by the quadrate operator jwL.

PURE CAPACITANCE

Suppose that a sinusoidal current represented by the complexor /

is passed through a pure capacitance C. The p.d. across C will be

a sinusoidal voltage represented by the complexor V, where V lags /

by 90°, and
| V\I\I\ is equal to 1/coC. If / is chosen as the reference

complexor, then / = I[& and V = K/-90° = -jV.

Therefore the impedance is given by

V V —i —

/

2
1

Z = L = L^9oo = -l = T2^ =— (1.17)
/ I L (oC joiC jmC

i.e.

Z = \xc = -jXc (1-18)

J

Thus the impedance of a capacitive reactance may be represented

by the negative quadrate operator —jjmC or 1/y'coC.

SERIES CIRCUITS

If the resistances and reactances of a circuit are expressed as reference

and quadrate operators then the total impedance of the circuit may
be determined by the processes of complex algebra. Thus

Z= R +jcoL

represents the impedance of a circuit in which a resistance R is

connected in series with an inductive reactance a>L across a sinu-

soidal supply of frequency /= wjl-n hertz*. For a resistance and

capacitance in series the impedance is given by

Z= R—j/coC

* The unit of frequency, the cycle per second (c/s) is known as the hertz (Hz).
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For a circuit with R, L and C in series, the impedance in complex
form will be F

coC (1.19)

= JR+ y(Zi -A'c)
(U9a)

For the series connexion of impedances Zu Z2> . . . ZN, the total
elective impedance is

Zeq = Z\ + Z2 -f . . . -f- Zjv (1.20)
For parallel connexion of N impedances the total effective impe-

dance is given by

l/Zeq = I/Zi + 1/Z2 + . . . + 1/Zv (1.21)
For two impedances in parallel this reduces to

Z1Z2
(1.22)Z\ +Z2

EXAMPLE 1.2 Find the voltage which, when applied to a circuit consistingof a resistance of 120fl in series with a capatitiveractance of 250Q cSs a™ of 0-9A to flow. Also find the voltage across each component and the
overall power factor of the circuit.

For a series circuit the current is taken as the reference complexor (Fig. 1.5).

R R c D VAB=108V x

I,,

C

- *§_ VBD

<5> VBD=225Vt- VAD=250V

Fig. 1.5

Hence

/ = 0-9/(rA
The impedance, 2; expressed in complex form, is

Z = 120 -/250 = 278/-64°n
Thus

VAD = IZ = 0-9/0_° x 278/-6£ = 250/- 64°V

The power factor of the circuit is cos 64°, i.e. 0-432 leading.
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Also

VAB = IR = 0-9/(r x 120 = 108/0°V

and

Fbc = / x jXc = 0-9/0° x 250/ -90° = 225/-90°V

EXAMPLE 1.3 A capacitor of lOOfl reactance is connected in parallel with a

coil of 70-70 resistance and 70-70 reactance to a 250V a.c. supply. Find the

current in each branch, and the total current taken from the supply. Also find the

overall power factor.

For the parallel circuit it is convenient to take the voltage as the reference

complexor. Thus

V = 250/0°V

The coil impedance is

Zl = 70-7 + y'70-7 = 100/45°n

Therefore the coil current is

Y 250/CT

Jt = ^-
Zt, 100/45°

= 2-5/ -45° or (1-77 -yl-77)A

Impedance of capacitor = -y'100 = 100/-90°Q

Hence

250/T
Current in capacitor = lc =

1
aa;_<vy>

= 2-5/90° or y2-5A

rhe total current is

= 1-77 -;l-77 +/2-5
= (1-77 +/-0-73) or l-91 /22-5°A

rhe power factor is cos 22-5°, i.e. 092 leading.

1.5 Parallel Circuits—Admittance

The admittance, Y, of a circuit is defined as the r.m.s. current flowing

per unit r.m.s. applied voltage. It is thus the reciprocal of the

circuit impedance:

y=44 d.23)
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The admittance of a circuit may be represented by a complexoperator m the same way as the impedance. The reference tern ofthis comptex operator is called the conductance, and the quadrate

S'fi^l^ SUS"Ptance
' *» ^ols for these terms^eing Gand B respecbvely. Thus an admittance Y may be expressed asY=G+jB

If the circuit consists of a pure resistance, R, then

(1.24)

and

Z~ R~ U
(1.25)

For a purely inductive reactance, jcoL, the admittance is

F--L- ^-_»
j(oL coL ~ ]a

(1.26)

For a purely capacitive reactance, 1/jcoC, the admittance will be

Y=-=j0)C=jB
(127)

From this it is seen that inductive susceptance is negative whilecapacitive susceptance is positive in the complex form
If a circuit contains both resistance and reactance in series, theadmittance may be derived as follows. Let

Z=R+jX
Then

y = - = —i_ = JLzi£Z R+jX~R2 + x*
B

. X
R2 + X2 J R2 + X2

(Note the change of sign.)* mt advantage of the idea of admittance arises whendealing with parallel circuits. In this case the voltage across eachelement is the same, and the total current is the complexor sunTof

araUd
CUrrentS

' ^ ^ *"* admittances
> *V*a and F3 in

I^h + h + h=VY1 + VY2 + VYS = V(Y1 + F2 + F3)
so that

/

y = Yeq = Yi + F2 + Y3
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In general, for N admittances in parallel,

y,-"i*F.
(L28)

»=i

The unit of admittance, conductance, and susceptance is the

siemen (S). . , f

The admittances and impedances of two simple series and ol

two simple parallel circuits are shown in Fig. 1.6. These show that

a series circuit is more easily represented as an impedance, while

Z = R +j<oL VW- Y =
jtoL

R* + co2L2 R* + a>2£2

Z=R- '/cuC WV-
C

Y=j+jcoC

Y=\jR-jl(oL

Y =

Z =

^ +
JjmC

J?2 + l/o,2C2
"*"

R2 + l/co2C 2

R _ jwCR*

1 + co2C2R2 1 + o>2C2R2

C

R

Z = — — + —'

' ^2 + (02/.2
^

i{2 + CO2!,2

Fig. 1.6 ADMITTANCE AND IMPEDANCE OF FOUR SIMPLE CIRCUITS

a parallel circuit is more easily represented as an admittance. For

the case of a resistor R, in parallel with a capacitor C,

Yeq = YR + Yc = R
-+jvC

1

Zea —
\+j»c

--jaiC R oCR*

It is left for the reader to verify the other results

1 + a>zC*R* J
1 + co*C2R?

(1.29)
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n^^fo'4 Three imPedanccs of (70-7 +,70-7)0, (120+/160)Q and
(120 +/90)U are connected in parallel across a 250V supply. Calculate the
admittance of the combination and the total current taken. Also determine the
value of the pure reactance which, when connected across the supply will brine
the overall power factor to unity, and find the new value of the total current.

The first step is to express the impedances as admittances in rectangular formtrom which the equivalent admittance is easily obtained. Thus

Zi = 70-7 +/70-7 = 100/45°n

Therefore

1

Yl =
100/45

3 = 0-01/-45° = (0-00707 -/0-00707)S

Z2 = 120 +/160 = 200/53-l°fl

Therefore

1

Yz =
200/53-1° = 0-005/-53-l° = (0-003 -/0-004)S

Z3 = 120 +/90 = 150/36-9°n

Therefore

1

Ys =
150/36-9°

= 0-00667/ -36-9° = (0-0053 -/0004)S

Therefore

Yea = ^i + Y2 + Ys = 0-0154 -yO-015
= 0-0215/-44-3 o

S

With the voltage as the reference complexor the current will be

/ = VYeq = 250/CT x 0-0215/-44-3 = 5-37/-44-3°A

i.e. the current is 5-37A at a power factor of 0-71 lagging.
To bring the overall power factor to unity the susceptance required in parallel

with the three given impedances must be such that there is no quadrate term in
the expression for the resultant admittance. Thus

Susceptance required = +/0-015S

Therefore

Pure reactance required = ^—— = —J66-6CI

i.e. a capacitive reactance of 66-6Q.

« ^Vi"5 reactance connected across the input, the total admittance will be
0-0154 S (pure conductance); hence new value of current is

250/0^ x 0-0154/0°_ = 3-85A

EXAMPLE 1.5 Find the parallel combination of resistance and capacitance
which takes the same current at the same power factor from a 5kHz suddIv as
an impedance of (17-3 -/10)Q.

vy y
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The admittance of the series circuit is

y = i = \ = 0-05/30° = (00433 + /0025)S
Z 17-3 -/lO L J

As well as representing the admittance of the series circuit this expression also

gives the admittance of a parallel circuit consisting of a pure resistance of

RP = —L_ =23in
00433 =s=

in parallel with a purely capacitive susceptance of

Bp = 0-025 S = coCp

Hence

Ci) = £ = _2^_F = 0-796^
(o lO.OOOw -

Note that these circuits would not be equivalent at any other frequency.

1.6 Impedance and Admittance Diagrams

When an impedance is expressed as a complex operator it may be

represented on a diagram which is similar to a complexor diagram,

but with the two important differences

:

(a) an impedance diagram has two mutually perpendicular

axes, and
(b) position on an impedance diagram is important, while

position (as distinct from direction) on a complexor diagram is

not important. The electrical impedance diagram is equivalent

to the mathematician's Argand diagram.

It should be noted that in an impedance diagram, such as is shown

in Fig. 1.7, both axes must have the same scale, i.e. unit length must

represent the same number of ohms on both axes. Pure resistance

values are plotted in the reference direction (horizontal), while

pure reactance values are plotted above or below the reference axis

according to the inductive or capacitive nature of the reactance.

For example, point B (Fig. 1.7) represents an impedance which is

equivalent to a pure resistance of 40O in series with an inductive

reactance of 10 Q. The magnitude of the impedance is given by

the length OB, and the phase angle by <f>B- Also point C on the

same diagram represents an impedance which is equivalent to a pure

resistance of 20O in series with a capacitive reactance of — lOfi.

If the impedance is not constant then a line on the impedance

diagram may be drawn to show all the possible values which the

impedance may have. The diagram is then called an impedance

locus diagram. Fig. 1.7 shows two such impedance loci. The line

AB represents the locus for a circuit consisting of a fixed inductance

of 10D in series with a resistance which can be varied between zero
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and 40Q. The length OE gives the impedance of the circuit when

waVSire
e

rn
20n

' the plr ,

angle fhen beinS * l^ «Sway the line CD represents the locus for a circuit consisting of aresistance of 20O m series with a capacitive reactance which fan bevaried from -10Q to -30Q. The line OF gives the impedance ofthis circuit when the capacitive reactance is -20Q
mpedance of

In the same way admittance (which has been shown in Section 1 5to be expressible as a complex operator of the form Y= G ±jB)
Inductive
reactance (0)

B (R=40fi)

Resistance (fl)

(b)

C(Xc=10n)

•—(b)

F(XC = 200)

D(XC=300)
"30

{-

Capacitive
reactance (0)

Fig. 1.7 IMPEDANCE LOCI FOR TWO SIMPLE CIRCUITS WITH
ONE VARIABLE

may be represented on an admittance diagram in which the reference

^LrePTfn%c°ndlfailce and the quadrate axis represents suscep-
tanoe Thus ,f Fig. 1.7 were an admittance diagram the line ABwould represent a fixed capacitive susceptance of 10 S in parallelwith a resistance whose conductance varied from zero (open-circuit)
to 40S. Inductive susceptance (which is negative) is, of course
represented along the negative quadrate axis.

1.7 Current Locus Diagrams for Series Circuits

If a resistance R and a reactancejX are connected in series across aconstant voltage supply of V volts, and the voltage Vis taken to be
in the reference direction, then the current /is given by the expression

V
1 = R+jX
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wherejX may be either positive (inductive) or negative (capacitive).

If the resistance is variable while the reactance is constant, and the

above equation is rewritten as

V_

i.e.

1 +
_R

J*

w IR
r

V
1 + ]x 1=Jx

:

jXL
i

(constant)

V
-J'x

jx

(a)

01 V

V"X\R-«-oo
\l \
\ \^_Current
\ jlocus

L -"r—

(1.30)

o—y»fr— HHr»
-jxc

_y_,
J C-xc>

R-*-0

sX' J

A

--5-

1

(-xcr

S Current
locus

//* ••-co

V
(b)

Fig. 1.8 CURRENT LOCUS DIAGRAMS FOR SIMPLE SERIES CIRCUITS

WITH FIXED REACTANCE AND VARIABLE RESISTANCE

(a) Inductive reactance (6) Capacitance reactance

then the equation may be interpreted as follows. If the current

1 R
complexor / is drawn from the origin and has the complexor -r-p./

y J A

added to it, then the sum is the constant complexor— , and since /and

1 R
'

J
.

-—I ate mutually perpendicular, the extremity of / must lie on a

j x V
circle of diameter — . The complexor loci for inductive and capaci-

J
tive circuits with variable resistance are shown in Fig. 1.8.
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If the resistance is fixed while the reactance varies, the basic
equation is rewritten as

V
R

/ =
1+ 1

i.e.

(1.31)

R 'jXL
(either L or f
variable)

r ^~o—\AM-
R ~JXC
(either C on f
variable)

C or f-*-oo

(W

Fig. 1.9 CURRENT LOCI FOR SERIES CIRCUITS WITH VARIABLE REACTANCB
fa) Inductive reactance (» Capacitance reactance

This, when interpreted as in the previous case, indicates that the
extremity of the current complexor, drawn from the origin, lies on a
circle of diameter VjR. The loci for the current in series circuits
containing resistance and variable reactance are shown in Fig. 1.9.

EXAMPLE 1.6 A capacitive reactance of 0-5Q is connected in series with a
variable resistor R to a 2 V, 50kHz supply. Draw the impedance locus, and the
locus of current as the resistance varies between zero and 4£1. From these loci
find the current and its phase angle when the resistance is (a) 0-2O, and (b) 2Q
Also determine the maximum power input and the corresponding current phase
angle and resistance. ' v

The impedance locus is shown as the line AB in Fig. 1.10. Since the reactance
is constant, this line will be parallel to the reference axis and a distance below it
representing the constant capacitive reactance of 0-5O.

(a) OC represents the impedance when if = 0-2Q. By measurement from the
diagram OC = 0-55Q to scale.
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The phase angle is <£i = —69°

2
and the current is —— = 3-64A

0-55

(b) OD represents the impedance when R = 2il. From the diagram

OD = 209fl to scale.

Current locus

4 R(O)

dance

The phase angle is fa = —14°

2
and the current is -

209
: 0-957A

From eqn. (1.30), the diameter of the current locus is

V = 2 = A
-jX -J0-5 L=

If V is taken in the reference direction then the diameter of the current locus lies

along the positive direction of the quadrate axis as shown in the diagram. The
maximum power input occurs when the component of the current in the direction

of V is a maximum, i.e. when the active component of the current is a maximum.
Thus OE gives the current for maximum power and fa gives the corresponding

phase angle.

OE = 2V2 = 2-83A and fa = 45°

Maximum power =Fx maximum value of active component of current

= V y. OF
= 2 x 2 = 4W

ft

The corresponding value of resistance may be obtained by drawing the line

OG, making an angle of —45° with the reference axis, to cut the impedance locus
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at G. Then OG represents the impedance for maximum power, so that the
corresponding resistance is OH to scale, i.e. 0-512.

1.8 Volt-ampere Calculations for Parallel Loads and Generators

If several loads are connected in parallel, the total current flowing
is the complexor sum of the individual load currents, i.e.

/total = h + h + h + • . .

The complexor diagram representing the above equation is shown in
Fig. 1.11 (a), where the common system voltage is taken as the refer-

ence. If each ofthe current complexors is multiplied by the magnitude
of the system voltage V, the above expression becomes

F/total = Vh + Vh + Vh + . . .

The corresponding complexor diagram is shown in Fig. 1.11 (b),

1 total total

(a)

Fig. 1.11 CURRENT AND CORRESPONDING VOLT-AMPERE
COMPLEXOR DIAGRAMS FOR PARALLEL CIRCUITS

which is a diagram of complexor volt-amperes. Volt-amperes will

be represented by the symbol S.

The reference component of the total volt-amperes is Scos^,
i.e. Vltotui cos

<f>,
or the total power P absorbed by the load. The

quadrature component of the volt-amperes is Ssin
<f>
or the reactive

volt-amperes Q.

S= ScosgS ±jSsin<l> = Sj±^>

= P+jQ (1.32)
= (Pi + Pz + Ps + . . .) +j(Qi + Q2 + Q3 + . . .)

(1.32a)

Note that if the voltage applied to a device is represented by
V = VJd_ volts, while the corresponding current through the device

is represented by / = Ij£ amperes, then the product of these com-
plexors will be VI (= VIjQ +

<f>), which is neither the power nor the

< \
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total volt-amperes absorbed by the device. This product has no
practical significance, the power absorbed always being given by

P = VI cos (phase angle between V and /)

EXAMPLE 1.7 An alternator supplies a load of 200kVA at a power factor

of 0-8 lagging, and a load of 50kVA at a power factor of 0-6 leading. Find the

total kVA, power, and kVAr supplied, and determine the power factor of the

alternator.

Load 1 = 200/-CQS-1 0-8 (i.e. 0-8 lag)

= 200(0-8 -;0-6) = 160 -;120kVA
Load 2 = 50/cos-1 0-6 (lead)

= 50(0-6 +y"0-8) = 30 +y40kVA
Therefore

Total load = 190 -y80 = 206/-22° 50'kVA

Also,

Total power = 190kW and Total kVAr = 80kVAr lagging

Alternator power factor = cos 22° 50', i.e. 0-92 lagging

1.9 Mutual Inductance in Networks

When two coils or circuits are linked by a mutual inductance M,
then an alternating current / in one, will set up an alternating

a li c
—

o

VAB

EABJ \ b| ECD

EAB

>

ECD

(a) (b)

Fig. 1.12 MUTUAL INDUCTANCE

(a) Circuit (W Open-circuit complexor diagram

e.m.f. of magnitude IcoM in the other. A difficulty arises over the

direction of the mutually induced e.m.f. in the second coil, since

this depends on the relative winding directions and the relative

positions of the two coils. The dot notation will be used here to

indicate the relative e.m.f. directions. In this notation a dot is

placed at an arbitrary end of one coil, and a second dot is placed

at the end of the second coil which has the same polarity as the

dotted end of the first coil, when the current through either of the

coils is changing. In a.c. circuits employing the dot notation for

mutual inductance the mutually induced e.m.f. in each coil will be
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in such a direction as to give the same polarity to the dotted ends
of the coils.

In the circuit of Fig. 1.12 a current represented by the complexor
h flows in the first coil. Hence, neglecting resistance,

Vab = Eab = jwLih

where Li is the self-inductance of the first coil.

Leff=L1
+L2+ 2M
(a)

L2,R2

eff-Ll+L2-2M

Fig, 1.13 MUTUAL INDUCTANCE BETWEEN PARTS OF THE
SAME MESH

(a) Coils in series aiding (eqn. <1.35))
ft) Coils in series opposing (eon. (1.36))

The e.nf.f. induced by the mutual inductance M of the circuit is
ECD, which leads h by 90°, and is given by

Ecd — jcoMh (1.33)

and

Mutual inductive reactance = Ecd/Ii = JcoM (1-34)

To illustrate the use of the dot notation consider the series circuits
of Fig. 1.13. Applying Kirchhoff's laws to the series-aiding circuit
at (a),

Vab = IRi + ljmLx + IjwM + IR2 + Ij<oL2 + IJcoM
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since the mutual e.m.f. will have the same polarity as the self-

induced e.m.f.

Thus the combined impedance is

Z = Ri + R2 +joa(Li + L2 + 2M) (1.35)

Similarly, for the series-opposing circuit at (£»),

Vcd = IRi + IjwLi — IjcoM + IR2 + IjcoLz — IjcoM

since the mutual e.m.f. in each coil will have the opposite polarity

to the self-induced e.m.f.

Therefore the combined impedance is

Z = Ri + Rz +jw(Li + L2 - 2M) (1.36)

j2on

200Vte
jioon 3 cjiooo

200 < >2on

:iooo

Fig. 1.14

EXAMPLE 1.8 Calculate the currents in each coil of the circuit of Fig. 1.14.

The mesh currents are inserted in arbitrary directions as shown.

For mesh 1,

200/0^ = (20 +/100)/i -y20/2 (0

Since the positive direction of h is shown as entering the second coil 1 at the

undotted end, the e.m.f. of self-inductance will make the undotted end of this

coil positive. The corresponding mutual e.m.f. in the first coil will make the

undotted end of that coil positive; hence, since h leaves the first coil at this end,

the voltage drop due to the mutual inductance will be negative (i.e. —j20h).

Similarly for mesh 2,

= -/20/i + (120 +/100)/a i.e. fi = (5-/6)/a (ii)

Substituting in eqn. (i),

200 = (100 +y500 -J12Q + 600 -y20)/2

Hence

h = 0-255/-27-3°A and h = l-99/-77-2°A
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1.10 Equivalent Mutual Inductance Circuits

Consider the inductively coupled circuit shown in Fig. 1.15 (a)
where Zn is the total self-impedance of the primary loop (including
the primary resistance and self-inductance of the mutual inductor M)
and Z22 is similarly the total self-impedance of the secondary loop

Fig. 1.15 EQUIVALENT CIRCUIT FOR INDUCTIVELY COUPLED
NETWORK
to) Network with pure mutual inductance
Of) Equivalent circuit

(including the load impedance). With the winding directions indi-
cated, the mesh equations are

Mesh 1 Ew = Zii/i -jwMh n\
Mesh 2 = -jcoMh + Z22/2 (ii)

Hence from eqn. (i),

EiqZzz = Z11Z22/1 —jcoMZmh

and from eqn. (ii),

= +co2M2
/i +jcoMZ22l2

Adding,

E10Z22 = (Z11Z22 + m*M2)h

Therefore

Ew co2M2

(1.37)

= Impedance of network looking into the primary circuit

Hence the circuit of Fig. 1.15 (a) may be replaced by a simple
circuit, consisting of the self-impedance of mesh 1 in series with the
term {ft>2Af2/(self-impedance of mesh 2)} as shown at (b) This
circuit, when viewed from the generator will always appear to be the
same as the original circuit.
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It may easily be shown that if the relative winding directions of

the mutual inductor are reversed the same result will be obtained.

EXAMPLE 1.9 The coefficient of coupling between the primary and secondary

of an air-cored transformer is 0-8. The primary winding has an inductance of

0-6mH and a resistance of 2 £2, while the secondary has an inductance of 5-5mH
and a resistance of 20ft. Calculate the primary current and the secondary

terminal voltage when the primary is connected to a 10V, 50kHz supply and

the load on the secondary has an impedance of 250 £2 at a phase angle of 45°

leading. (L.U.)

The circuit diagram is shown in Fig. 1.16.

10V
50 kHz

2L=250 /-45°n

Coupling coefficient = k = M
V(LiLz)

so that

M = 0-8V(0-6 x 5-5) = l-45mH

Load impedance, Zl = 250/-45" = (178 -yT78)Q

Impedance of secondary winding = 20 +/100w x 5-5

Therefore

Z22 = (198+;l,552)a

Impedance of primary circuit, Zn = (2 +/189)C2

Hence from eqn. (1.37),

Ztn = Zll +
co2M2

Z22

= 2 +yl89 +
(IOOtt)2 x 1-452

(198 +/1.552)

= 18-8 +j56 = 59/71 -4°n

Therefore

Primary current = ^ /-71-4" = 017/-714°A

Load voltage =7—— Zl
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Therefore

Magnitude of load voltage = m" * 1Q3 x 145 x 10~3 x ° 17 * 250
1,565

= 12-4V

1.11 Series Resonance: Q-factor

The general form of a series RLC circuit is shown in Fig. 1.17(a).

zi

(o) Capacitive *J*t^ Inductive •

J_

Pure resistance, R
(b)

Fig. 1.17 SERIES RESONANCE

The impedance of the circuit is

Z= R+jcoL +
1

jmC

==R+ JmL
{
l
-l^Lc)

(1.38)

(1.38a)

At the frequency for which w*LC = 1 the quadrate term in this
equation will be zero and the impedance will have a minimum valueofZ = R. The frequency, /o, at which this occurs is the resonant
frequency of the circuit. Thus

/o =
1

2ttV(LC) (1.39)

or

«>o =
V(LC) (1.39a)

At resonance co L = l/co C. At frequencies below the resonant
frequency a>L is less than \jwC, and from eqn. (1.38) the circuit
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behaves as a capacitive reactance. Above/o the circuit behaves as an

inductive reactance, since in this case coL is greater than 1/wC.

The variation of impedance of the circuit with frequency is shown

in Fig. 1.17(A).
.

It is useful at this point to consider a figure of merit for the coil,

known as the coil Q-factor, or simply the Q of the coil. The Q-

factor may be defined as the ratio of reactance to resistance of a coil

:

Reactance _ coL
(1.40)

^ — Resistance R

Of particular importance is the g-factor at the resonant frequency

of the tuned circuit. This is

n _ SJoI. L. = I I- (1.41)

The expression for impedance given by eqn. (1.38a) can be rewritten

in terms of Q and coo as

z = ij{i+ye(i-S))

since coo2 = l/LC.

For frequencies near the resonant frequency this can be written

Z= R{l+jQo(l-^)}

I /cO2 -CO 2
\\

= R{1 +jQo
(ft) + a>o)(a> — cop)

)

CO2 1

Again, at frequencies which are near resonance, co & o>o and

co + coo « 2co so that

Z^R{l+jQo2^^)
™R{l+j2Qod} (L42>

where d = (co - a>o)/«>o «= (/-/o)//o is the /wr-wrf* frequency

deviation, or the difference between the circuit frequency,/, and the

resonant frequency /o expressed as a fraction of/o. If/</o, o is

negative, if/>/o, dispositive. •

A convenient way of defining the sharpness of the resonance curve

(Fig 1 17(b)) is to find the frequency, fL, below the resonant fre-

quency and the frequency fa above it at which the circuit impedance
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increases to y2 of its value at resonance. This figure is chosen
since ifZ = ^/2R then from eqn. (1.42),

|1 ±y'20o<5| = V2 so that 2Q d = ±1
which is a convenient (but purely arbitrary) criterion
From this

2o /
or

6o /o
so that, adding the alternative expressions for \jQ ,

~ n ~
(1.43)

or Qo =GO /o
-

*"~fH=fL
fH ~fL (-/o/6) is often called the bandwidth of the tuned circuit

Note that at the frequencyfL the circuit impedance is

Zh = J?(l -yl) = V2i?/-45°

while at the frequency

/

H the impedance is

ZH = i?(l + yl) = v/2/?/+45°

1.12 Parallel Resonance

The usual form of a parallel resonant circuit is shown in Fig. 1.18(a),

z-»~ ic
R --1-R _

CR

(a)

cs

(c)

Fig. 1.18 PARALLEL RESONANCE

R being the resistance of the inductor L, and C being a pure capaci-
tance. The impedance of the circuit at an angular frequency o> is

z = (K + jo>L)(llJ(oC) = R +ja,L
R +jcoL + IjjoiC 1 - cozLC+J(oCR (1.44)
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The impedance is R for <o = and zero for co -> oo. Between

these extremesZ will normally rise to some maximum value as shown
at (£>). Two cases will be considered, (a) when R <^ coL, and (b)

when R is of the same order as coL.

case (a): R<^coL

In this case the impedance can be written

7 LIC
R +jcoL(l - l/ft)

2LC)

The R in the denominator cannot be neglected since the term

coL(l — l/w2LC) may be small. Rewriting the expression for Z,

Z= . T

LICR
, x

(1.45)

1 + R V vfiLC)

At the frequency,/o, for which coL = 1/wC, the impedance will be

resistive and will have a maximum value ofLjCR. This is called the

dynamic resistance of the circuit, Rq. The frequency/o is the resonant

frequency. Thus

Ro = LjCR (1.46)

and

fo = 1/2tt-v/(jLC) or coo = l/V(LC) (1.47)

Using the g-factor as defined in Section 1.11, and considering

frequencies near resonance (for which Q = go = cooL/R), the

expression for impedance given by eqn. (1.45) can be written

RoZ =
'+»(! -3)

Defining <5 (= (f— /o)//o) as in Section Ml, it is apparent that the

expression for impedance can be reduced to

Z"TW» (148)

in the same manner as for the series circuit. Similarly the bandwidth

can be defined in terms of the frequency /l below fo at which the

impedance falls to l/\/2 of its value, Ro, at resonance and the fre-

quency /h above /o at which this same fall in impedance occurs.

In both cases therefore

|1 ±j2Qofi\ = V2
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so that, as in the series-resonance case,

2Q d= ±1

It follows that

Qo /o

Note that because Q must always be positive the minus sign in the
above expression is required since <5 will be negative if /</ .

Hence the bandwidth is

s s faf" ~ fh =
Qo (

L49>

as for the series circuit.

The circuit impedances sAfL andfH are given by

ZL = -Ro/(l -j\) = 0-707J?o/45°

ZH = i?o/(l +j\) = 0-707J? /-45°

Notice that the impedance has an inductive reactive component
at frequencies below / while it has a capacitive component at
frequencies abovef .

If the tuned circuit is supplied from a constant-current generator,
the voltage across it will fall to 0-707 of its value at resonance at
both/i and/n. Since the power factor at these frequencies is 0-707,
the power dissipated will be 0-7072 (= 0-5) times the power at reson-
ance. For this reason fL and/jy are known as the half-power fre-
quencies.

A useful equivalent of the parallel tuned circuit is shown in Fig.
1.18(c). From eqn. (1.45), the admittance of the circuit of Fie
1.18(a) is

6 '

v 1 CR 11 1Y= Z
=

-L + J(oC+pL =
R +^C+ ]^L ^5°)

i.e. the admittance is equivalent to that of a three-element parallel
circuit consisting of a pure resistance, i^o, in parallel with a pure
capacitance, C, and a pure inductance, L, as shown in Fig. 1.18(c).

EXAMPLE 1.10 The inductance and magnification factor* of a coil are
200/*H and 70 respectively. If this coil is connected in parallel with a capacitor
of 200pF, calculate the magnitude and phase angle of the impedance of the
parallel circuit for a frequency 0-8 per cent below the resonant frequency and the
half-power bandwidth. (H.N.C.)

* Magnification factor is an alternative name for g-factor.
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1 _ 10»
Resonant angular frequency = coo = -^^ -

v(200 x 200)

= 5 x 106 rad/s

* = Resonant impedance =— = —== = -g = Qo^L

Therefore

/Jo = Socooi = 70 x 5 x 10« x 200 x J0-e = 70.000Q

At 0-8 per cent below resonance

to = 0-992«x>

Thus
70,000

Impedance, Z =
1 + ;70 (» - (okY)

70,000

, j. -*» v (0992 - l)(0-992 + 1)
1 +V'U x " 0^922

= 46,400/48-6°fl

The half-power bandwidth is given by

f„ - ft =/o/Qo = 5 x 10«/2w x 70 = 1137kHz

CASE (b): tuned circuit with appreciable resistance

If the tuned circuit of Fig. 1.18(a) has appreciable resistance, the

simplifying assumptionsmade above cannot be used. The impedance,

Z, is given by eqn. (1.44):

(R + ;wL)(l/>C) _ R+jcoL
Z ~ R + jcoL + 1/jcoC 1 - co*LC + jmCR

In this case there are three ways of defining the resonant frequency.

These are (i) the frequency at which coL = 1/coC (called the series

resonant frequency), (ii) the frequency at which the circuit is purely

resistive, (iii) the frequency at which the impedance is a maximum.

Rationalizing the denominator of the expression for Z gives

(R +jcoL)(l - cozLC -jcoCR)
Z=

(1 - a>
2LC)2 + w2CaJ?2

R + jco{L(\ -ufiLQ-Cm
~

(1 - co2LC)2 + oo2C2*2
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This has a zero quadrate term when

L(l - io*LC) -CR* =

i.e. when

m ~ LC L?

or

=y(i-g)
This equation gives the frequency at which the circuit impedance is

purely resistive. Notice that, when R2jL2 > IjLC (i.e. when
R > -\/(LIC), «2 becomes zero, and there will be no frequency at

which the circuit is purely resistive.

A special case occurs when there is a series resistance of \/(LIC)

in each branch of the circuit. The impedance is then

WJLIC) + jtoDWjLIC) + 1/ycoC}

2vW9 +jo)L + \\jmC

2L/C +jV(L/C)(coL - 1/coC)

~ 2vW9 +j(a>L ~ 1/«C)

I (1-52)

i.e. the impedance is a pure resistance, R = \/(L/C) at all frequencies.

The impedance is a maximum at a frequency which lies between

the series resonant frequency and that for unity power factor. The

natural resonant frequency will be dealt with in Chapter 6.

1.13 Reactance/Frequency Graphs

When circuits contain several reactive elements, multiple resonances

(both series and parallel) may occur. In many cases the operation

of such circuits can be seen by sketching the graph of reactance to a

base of frequency. Such graphs (and graphs giving the variation of

susceptance with frequency) can be built up from the well-known

form of reactance/frequency curves for a pure inductance and a pure

capacitance.

For a pure inductance,

Impedance = jXl = jcoL

so that Xi varies linearly with frequency.

-}
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For a pure capacitance,

Impedance -JXc =
coC

so that Xc varies inversely with frequency, and may be considered

to be negative. The form of these curves is shown in Fig. 1.19.

Fig. 1.19 reactance/angular-frequency graphs for pure

INDUCTANCE AND PURE CAPACITANCE

SIMPLE SERIES CIRCUIT

For a simple series circuit consisting of a pure inductance in series

with a pure capacitance, the impedance is Z = jcoL —j/wC.

-JXC
"

Fig. 1.20 SIMPLE LC SERIES CIRCUIT

The overall reactance graph is obtained by adding the individual

graphs ofy'coL and —j/coC for each value of m as shown in Fig. 1.20.

The series resonant frequency is then obtained by the intersection

of this resultant graph with the axis of co at w8 .
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SIMPLE PARALLEL CIRCUIT

For a parallel circuit comprising a pure inductance and a pure
capacitance, it is simpler to work initially in terms of admittance
Thus for the circuit of Fig. 1.21, the admittance is

J coL

The capacitive susceptance, jcoC, is positive and varies linearly
with co, the inductive susceptance, -J/coL, is negative and varies
inversely with co, and the resultant graph of admittance, Y, crosses

1
J

Fig. 1.21 SIMPLE LC PARALLEL CIRCUIT

the axis of co at the parallel-resonant angular frequency, cov, as shown.
The curve of impedance to a base of co can now be sketched. Thus
when F-> -yoo (at the origin), the impedance tends to zero.
Between co = and co = cop , the admittance is a negative suscep-
tance, and hence the impedance must be a positive reactance which
rises towards oo as co approaches cop (since for co = cop, Y ==
and hence Z = ±yoo).

coP gives the parallel-resonant angular frequency as stated above.
Above co = cop the admittance is positive and rises towards

infinity; hence the impedance is negative and rises from -/oo when
co = cop (where Y = 0) towards zero as co -+ oo. The curves for Z
are shown as the full lines in Fig. 1.21.

1.14 General Form of the Reactance/Frequency Graph

Several general points concerning reactance/frequency graphs are
evident from the previous section. Thus these graphs will (i) always
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have a positive slope, (ii) always start at X = or X = —700

(since there is no reactance which has any other value for a> = 0),

(iii) will always finish either tending towards zero from —jco

(if the network reactance is capacitive as co ->- 00) or towards

infinity (if the network reactance is inductive as co -> oo), and (iv)

will have a number of series resonances (where the graph cuts the

frequency axis) and a number of parallel resonances (where the graph

changes from +/00 to -7*00) depending on the network configura-

tion. These can easily be obtained by inspection of a given network.

The reactance/frequency graphs for complicated networks of

purely inductive and purely capacitive elements can be built up by

considering what happens when additional elements are added- (a)

in series or (b) in parallel with the original network.

ADDING SERIES REACTANCE

In Fig. 1.22(a) the full lines indicate the reactance/frequency graph

K. -1/JU0C2

c2

-

e r
1

(b)

Fig. 1.22

for the parallel CL circuit shown at (b). The addition of series

reactance cannot affect the parallel resonant frequency, but it will

cause series resonance whenever the magnitude of the added reac-

tance is equal to that of the original network but is of opposite

sign. The angular frequency at which this occurs is readily obtained

by plotting the negative of the added series reactance on the same

graph. In the example shown, the curve of — l/y'toCa (=y'/ft)C2) is

shown dashed at (a). The two curves cut at P, which gives the value

of the additional series resonance, w s . The resultant reactance curve

(shown chain dotted) is thus easily constructed. If the added series
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the new parallel-resonant frequencies of the circuit when Ca is connected in

oaraUel with it. For <o=0, the inductancesU andU form a short-circuit so

St the oTral impedance is zero. As o> - oo the capacitor C2 short-circuits the

npu and hence the impedance tends to zero. Hence the form of the reactance/

aXlar-frequency curves as shown chain dotted at (c). The senes resonance

point is, of course, unaffected by the added parallel capacitance, so that the

resultant curve must still pass through cos.

l_i=1H

L2=0-5H

Fig. 1.23

PROBLEMS

The following complex numbers refer to Problems 1.1-1.5:

A = ! + /7 B = 3 + p, C = -7 -J9, D = 5 -J12, E = 8 -j4,

FiJl i
J
jZ,G= -5 +ys; H = -10 -ylO, 7 = 5 + yl3, If = 6 +;2.

1 1 Express these complex numbers in polar form.

Ans. 7-07/81J1;
4-24/45:; ll-4/-127-9° ; 13/-67-3° ;

8-95/-26-6°;

7.28/164°; 9-45/122°; 14-14/-135" ; 13-95/69°; 6-32/18-4°.
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K, and express the answe

Arts. 10-78/68-2-; 21-05/-95-5"
; 2-25/-63-4°

; 15-1/-172"; 18-6/53-7°

1.2 Find ^ + £, C + D, E + F, G + H, J + K, and express the answers in
polar form.

1.3 Find A - B, C - D, E - F, G - H, J - K, and express the answers in
polar form.

Ans. 4-47/1 16-6° ;
12-38/165-9°; 16-15/-21-8°; 18-7/74-4°

; 11-04/95-2°.

1.4 Find AB, CD, EF, GH, JK, and express the answers in rectangular form.
Ans. -18 +;24; -143 +;39; -48 + /44; 130 -;30; 4 +;88.

1.5 Find A\B, C/D, EjF, G/H, J/K, and express the answers in rectangular form.
Ans. 1-33 +/1; 0-432 -/0-763; -1-21 +/0-226; -0-15 -y0-65; 1-4 +/1-7.

1.6 Two impedances (5 +;7)n and (10 -;5)Q are connected (a) in series
(b) in parallel to a 200V supply. Calculate in each case (a) the current drawn from
the mams, (b) the power supplied, and (c) the power factor.

Ans. 13-2A, 2.620W, 0-991 lagging; 31-5A, 5.900W, 0-937 lagging.

1.7 Explain how alternating quantities can be represented by complex operators.
If the potential difference^ across a circuit is represented by (40 +J25) volts and
the circuit consists of a resistance of 20fl in series with an inductance of 0-06H
and the frequency is 79-5Hz find the complex operator representing the current
in amperes. (LU)

Ans. (119 -;0-54)A.

1.8 The impedance of a coil at a frequency of 1 MHz can be expressed as
(300 +/400)n. What do you understand by the symbols of the expression, and
what information does this expression convey that is lacking from the simple
statement that the impedance of the coil is 5000 ?

This coil is connected in parallel with a capacitor of capacitance 159pF.
Calculate the impedance of the combined circuit, expressing it in the complex
form Z = R +jX. (L.U.)

Ans. (667 +./333)n.

1.9 If the impedance of a circuit is expressed in the form R +jX, deduce an
expression for the corresponding admittance. Two circuits of impedance
(9 —jl2)il and (4 +p)Q are connected (a) in series, and (6) in parallel across
a supply of V = (200 +/150) volts. Find the total current, power and power
factor in each case.

Ans. 15-8A, 3.250W, 0-822 leading; 52-6A, 12,500W, 0-948 lagging.

1.10 The series portion of a series-parallel circuit consists of a coil P the
inductance ofwhich is 0-05H and the resistance 20fl. The parallel portion consists
of two branches A and B. Branch A consists of a coil Q the inductance of
which is 01 H and the resistance 30ft, branch B consists of a lOO^F capacitor
in series with a 15fl resistor. Calculate the current and power factor from a
230V a.c. supply when the frequency is 50Hz. (LU.)

Ans. 4-4A; 0-996.
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1 11 Two coils of resistance 9Q and 6£2 and inductance 00159H and 00382H

respectively are connected in parallel across a 200V, 50Hz supply. Calculate:

(a) the conductance, susceptance and admittance of each coil and the entire

circuit; (b) the current and power factor for each coil and for the total circuit;

and (c) the total power taken from the supply.

Arts, (a) 0085 S, 0047 S, 0097 S; 0033 S, 0066 S, 0074 S; 0118 S, 0113 S

0-164 S. (b) 19-4 A, 0-877 lagging; 14-8 A, 0-446 lagging; 32-8 A, 0-722

lagging, (c) 4,720 W.

1.12 Three circuits having impedances of (10 +/30), (20 +/0) and (1 -y20)fi

are connected in parallel across a 200V supply. Find the total current flowing and

its phase angle.

Arts. 131 A; 17-6° leading.

1 13 Three impedances Zu Z2, and Z3 are connected in parallel to a 240 V,

50Hz supply. If Zi = (8 +j6)ii and Z2 = (12 +/20)Q, determine the complex

impedance of the third branch if the total current is 35A at a power factor of

0-9 lagging.

Ans. (15 - 16-6)Q.

1.14 Coils of impedances (8 +;6)Q and (15 +yl0)fl are connected in parallel.

In series with this combination is an impedance of (20 -;31)Q. The supply

is 200/0°V at 50Hz. Calculate in polar form : (a) the total impedance, (b) the current

in eachbranch and the total current, and (c) the power factor.

Ans. (a) 37-l/-47-2°a; (6) 3-48/46_°A, 1-93/49^ S^/^A;
(c) 0-681 leading.

1.15 Two impedances Zi = (6 +j3)Q and Z2 = (5 -;8)Q are connected

in parallel and an impedance Z8 = (4 +j6)Cl is connected in series with them

across a 2-5 V, 100kHz supply.

Determine- (a) the complex expressions for the admittance of each section

and of the whole circuit, (b) the current and phase angle of the whole circuit, and

(c) the total power taken from the supply.

Ans. (a) 0-149/^^6% 0-106/58% 0-139/^5jr3% 0094{r^p:£mhQ; (6) 0-24A,

30-4° lagging; (c) 510 mW. v

116 A series circuit consists of a coil ofimpedance Zi and two other impedances

Za and Z3 . A voltmeter Vi is connected to read the p.d. across Zi and a second

voltmeterV2 reads the p.d. across Z2 .

. . , , . , . , ,,

When a 100V d c. supply is applied to the circuit, the current is 2A and Vi

and Va read 30V and 50V respectively. With a 210V supply at 50Hz applied

the current in the same circuit is 3A at a lagging power factor and Vi and V2

now read 60V and 75V respectively.

Find the complex expressions for the three impedances. If they are now

connected in parallel to a supply of 250V, 50Hz, calculate for each branch the

current and its phase angle with respect to the supply voltage. The voltmeters

read correctly on both a.c. and d.c. supplies. Assume no iron losses and that Z3

is inductive.

Am. Zi = 20/41-4°Q, Z2 = 25/ffU Z3 = 37-2/74-4A; 12-5/-41-42A,

10/0° A, 6-72/-74-4°A.
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o'/o^ haViBg " TnStant resistance ^ «Ofl and a variable inductanceof to (MmH 1S connected across a 5V, 50kHz supply. Derive from first nrirTc.ples the locus of the extremity of the current complexor.
P °

Fmd (a) the power, and (b) the inductance when the power factor is 0-8.

Ans. (o)265mW; (6)0-143mH. ^^

JcLlo^oKSs01 aDd E reSiStaDCe °f 3°°n ™<™ed in—
from VF

h
to

C

3ffi
X°r^ °f imPedance and«™* as the capacitance changes

From the diagram find (a) capacitance to give current of 0-7A (b) currentwhen capacitance is 10^F.
«'«., w current

^«5. 19-2yuF; 0-55A.
(

'

119
ui
A
u ?uk consistinS of an inductor L in series with a resistance r which isvariable between zero and infinity, is connected to a constant-vXe cottar,

K?3bffy at e locus of the extremity of the curren
««»5S

If V = 400/W, /= 50Hz, L = 31-8mH, draw to scale the current locus.

SKft
6^"P ^ «'nput, the corresponding current and power factorand the value of r for this condition. v

(HNc\
Ans. 8.000W; 28-28A; 0-707; 10«.

'

1.20 Two coils have inductances of250//H and lOO^H. They are placed so thattheir mutual inductance is 50„H. What will be their effectiveinductance •?«]I ?nseries aiding (b) m series opposing, (c) in parallel aiding, and (ct) in pandle"opposing? Deduce the formula for the effective inductanw in the fouTcW
Ans. 450/iH; ISOfiR; 90pH; 50juH.

1.21 The load on an alternator consists of:

(i) a lighting and heating load of 700 kW at unity p f
(ii) a motor load of 709 kW which has an average efficiency of 0-9 and anoverall power factor of 0-8 lagging,

y • « Rinnan

ofi>6
a Synchronous motor load absorbing 50kW at a leading power factor

Calculate the minimum rating of the alternator, and determine the additionalpower which ,t could supply if the load power factors were improvedto™
Ans. l,625kVA; 85kW.

(.ff.N.C.)

t'hffolfow^
(i) a 15 kW lighting load at unity p.f.,
(ii) a 30kVA motor load at a power factor of 0-8 lagging.

ioi^
et^ne

' &*PMxlly or otherwise, the maximum kVA rating ofan additionalload at 0-7 power factor lagging which could be connected to the cable. If thepower factor of the additional load is improved to unity by apparatus which has

foaH°h^^^
Ans. 35kVA, 33kW.

}
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1.23 In the circuit shown in Fig. 1.24 a current of 2A at 50Hz is fed in at X

!
M= 0-02H

0-25H, 200

0-15H, m
-0-

Fig. 1.24

and out at Y. Calculate the current in the ammeter A for the winding directions

shown. The ammeter impedance may be neglected. (L.U.)

Arts. 1-17A.

1.24 Two tuned circuits are coupled inductively, the coupling coefficient being

001. The primary consists of a coil of4mH and 20Q and a capacitor of 200pF

and the secondary has a coil of 1 mH and- lOfl and is tuned to the resonant fre-

quency of the primary. Calculate the magnitude and phase of the secondary

current in terms of primary input voltage. If the primary were driven at half its

natural frequency, calculate its input impedance. (H.N.C.)

Ans. 0-0319 Fi/90° volts, 6,725ii capacitive reactance.

1.25 For a series LCR resonant circuit supplied at constant voltage, show that

the bandwidth between the half-power (3dB) points is given by

a R
Aft) = (Oh — OiL =

-J

The Q-factor and resonant frequency of such a circuit are 100 and 51kHz

respectively. Find the bandwidth between the half-power points. (H.N.C.)

Ans. 510 Hz.

1.26 Plot the reactance/angular-frequency curve over the range 0-2.5 x 10"rad/s

for a circuit comprising an inductance of 500fiH in parallel with a capacitance

of 2,000pF, all in series with a capacitance of 5,000pF. If a second inductance

of 250/M is now connected in parallel with the whole circuit, sketch the resultant

graph and determine the series- and parallel-resonant angular frequencies.

Ans. ids = 0-6 X 10«rad/s; mp = 0-55 x 106 and 1-9 X 10« rad/s.

1.27 An inductor having negligible self-capacitance is connected in parallel with

a loss-free variable air-capacitor and an electronic voltmeter whose input im-

pedance is equivalent to 6pF in parallel with 1 Mfl. When the circuit is energized

from a constant current source, a maximum indication on the electronic voltmeter

is obtained at a frequency of 0-8 MHz, with the capacitor set at 79 pF. Increasing

or decreasing this capacitance by 2pF reduces the indication on the voltmeter to

70-7% of the maximum indication. Calculate the inductance and g-factor of the

inductor.

Ans. 466mH, 47-2.
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1.28 A coil, having negligible self-capacitance, has a resistance of 8 Q at a
frequency of 750kHz, and a capacitor of 350pF is required to produce a parallel
resonant circuit at this frequency. Calculate the G-factor of the coil and the
resonant impedance of the circuit. What will be the Q-factor and bandwidth of
the circuit if a 50kli resistor is connected in parallel with the capacitor?

Ans. 75-7, 45-7kQ, 39-6, 19kHz.
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Chapter 2

CIRCUITS AND CIRCUIT
THEOREMS

In any electric circuit -the currents and voltages at any point may

be found by applying Kirchhoff's laws! As the complexity of the

circuit increases, however, the labour involved in the solution

becomes multiplied, and several electrical circuit theorems have

been developed which reduce the amount of work required for a

solution.

The theorems considered here apply to linear circuits, i.e. to

circuits with impedances which are independent of the direction and

magnitude of the current. They apply to both a.c. and d.c. circuits,

provided that in linear a.c. circuits the voltages and currents are

expressed as complexors, and the impedances are represented by

complex operators. Worked examples will serve to illustrate the

method in which the theorems are applied.

In these circuits there are two types of source—the constant-

voltage source and the constant-current source. A constant-voltage

source is one which generates a constant predetermined e.m.f.,

EE, which may be alternating or direct, and has a series internal

impedance Z( . A constant-current source is one which produces.

a constant predetermined internal current, Ie, which may be alternat-

ing or direct and has a shunt internal impedance Zt. The graphical

symbols for these sources are shown in Fig. 2.1.

In general, a practical source with linear^characteristics (having

a terminal voltage which falls in proportion"to the current) may be

46
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represented in either of the above forms. If Voc is the open-circuit
terminal voltage and Isc the terminal short-circuit current of a
practical source, then the effective internal source impedance is
Zi — Voc/lsc- Such a source may be equally well represented by
either (a) a constant-voltage source with e.m.f. EE = V0B and series
internal impedanceZu or (b) a constant-current source with IE = Isc

(b)

Fig.. 2.1 REPRESENTATION OF LINEAR SOURCES
to) Constant-voltage generator
(W Constant-current generator

and shunt internal impedance Z«. It is convenient in calculation to be
able to choose either form of source to represent a practical source.

2.1 Multi-mesh Networks

Multi-mesh networks are made up of branches which form closed
loops or meshes. Thejunction points ofthe impedances are known as
nodes. Kirchhoff's laws in complex form can be used to solve for the
currents and voltages in the network. These laws are

1. The complexor sum of the currents at any node in a network
is zero.

2. The complexor sum of the e.m.f.s round any closed loop is
equal to the complexor sum of the potential drops round the
same loop.

Circuits involving multiple meshes may be solved,by considering
either the meshes (mesh analysis) or the junctions (node analysis).
The method chosen will depend on whether a given network
gives rise to fewer mesh equations than node equations or vice
versa.

MESH ANALYSIS

Using Maxwell's mesh-current method, each closed loop in the net-
work is assumed to carry a mesh current. The actual current in
any branch of the network is then the complexor sum of the mesh
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currents which flow through that branch. If the internal mesh cur-

rents are all assumed to circulate in the same sense, the mesh equations

take a standard form. Thus for the circuit of Fig. 2.2,

Fig. 2.2

Meshl E = h(Zi + Z2 + Zs) - hZ2 - I3Z3 \

Mesh 2 = -/1Z2 + h(Z2 + Z4 + Z5) - /3Z5 (2.1)

Mesh 3 = -I1Z3 - hZ5 + h(Z3 + Z5 + Zs) )

These equations are now solved for the unknown currents, remem-

bering that all the quantities are to be expressed in complex form.

The same method may be applied to any other network configuration,

but it is obvious that the labour of solution increases rapidly with

complexity of the network.

The general form of the mesh equations may be seen by writing

Zn = Zi + Z2 + Z3 (the self-impedance of mesh 1), Z12 = Z2

(the mutual impedance between meshes 1 and 2), etc., so that

Ei = /1Z11 — /2Z12 — /3Z13 — . . .

Ez — —/1Z12 + /2Z22 — /3Z23 — . . .

£3 = —/1Z13 — /2Z23 + /3Z33 — . . .

where E\, £2 • • • are the mesh e.m.f.s.

NODE ANALYSIS

In node analysis, potentials Vu Fa, etc., are assumed at the circuit

nodes. If any sources of e.m.f. are present these are represented by

the equivalent constant-current generators. If now the admittances

(or, of course, impedances) of each branch are known the node

potentials and branch currents can be found. Thus for the circuit of

Fig. 2.3:

Node 1 / = h + h + h
= r Vl - Vi)Yi + (Fi - F2)r2 + (Fi - F3)Y3

= Fi(Fi + Fa + Yz) - F2F2 - F3F3 - F4F1
(2.2(i))
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Node 2 = -I2 - h + h
= -(Vi - V2)Y2 -m - V2)Y4 + (V2 - V4)Y6
= -VxY2 + VZ(Y2 + Y4 + Y6) - V3Y4 - V4Y6

(2.2(ii))

nl2
r4

"I*

Fig. 2.3

Node 3 = -h + h + h
= -(Vi ~ Vz)Yz + (V3 - V2)Y4 + (V3 - V4)Y5
= -VxYz ~V2Y4 + V3(Y3 + Y4 + Y5) - V4Y5

(2.2(iii))

Node 4 _/=_/1 _/5 _/6

= -(Fi - K4)Fi - (V2 - V4)Y6 - (V3 - Y4)Y5
= -ViYx - V2Y6 - V3Y5 + V4(Y! +Y5 + Y6)

(2.2(iv))

The general form of the node equations is seen by writing
Yn = li + r2 + Y3 + . . . as the total admittance at node 1,
Y12 = Y2i as the admittance between nodes 1 and 2, etc., so that

Ia = ViYn - V2Y12 - VzYiz - . .

h=- ViYiz + V2Y22 - V3Y23 - (2,3)

where lA, Ib, . . . are the currents fed in at nodes 1, 2, . . .

The reader should note that mutual inductance coupling between
branches of a network is taken into account in mesh analysis by
including appropriately directed e.m.f.s in the meshes. In node
analysis the voltage between any two nodes is likewise altered by the
e.m.f. induced in any coupled coils between these nodes.

EXAMPLE 2.1 In the circuit of Fig. 2.4, the two sources have the same fre-
quency (o> = 5,000 rad/s). Find the p.d. across resistor R2 if Ei = 10/0°V
E
?
= 10/9CTV; Ri = 100Q, Rs = SOfl, R3 = 50ft; U = 40mH,U = 15mH

andM = lOmH.
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Using mesh analysis, the mesh equations are:

Mesh 1 Ei -jcoMh = (Ri + Rs + jcoLi)h - R3h
since the current h entering the dotted end of £2 gives an e.m.f.jcoMh directed
out of the dotted end of Li.

1—vw-

te ^
La

R2
-VW

1

^ &

-Ea —JcoMh = -R3I1 + (R2 + R3 +JcoLs)h

Fig. 2.4

Mesh 2

Hence

10/tT -;50/2 = (150 +/200)/i - 50/a

and

-ylO -/50/i = -50/i + (100 +;75)/2

so that

50-;50 50-;50

Substituting in eqn. (i),

10 = (15° +/XXDJ10 + (150+y200)(100+./75) _ _
50 -/50

+
50 -y50

2 (5° P°>h

so that

h = 0089/-129° = (0-056 -;007)A

Using the current directions of Fig. 2.4, it follows that

VRi - I2R2 = -2-8 -J3-5 = 4-5/23TV

(0

(ii)

2.2 Superposition Theorem

"An e.m.f. acting on any linear network produces the same effect

whether it acts alone or in conjunction with other e.m.f.s."

Hence a network containing many sources of e.m.f. may be
analysed by considering the currents due to each e.m.f. in turn
acting alone, the other e.m.f.s being suppressed and represented
only by their internal source impedances.

EXAMPLE 2.2 Two a.c. sources, each of internal resistance 20 ii, are connected
in parallel across a 10S2 pure resistance load. If the generated e.m.f.s are 50V
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£fh^on°riln
f
r
ph^ With

,
each other' determine the culTCnt which ™« flowin tne lOii resistor and in each generator.

eJ-^^^%^ ^ in/ig
-
Z5(a)

-
Consider the tw° «*•*• to beEi(-SOV), and £2(=y50V). Then for Ex acting alone (Fig. 2.5(A)),

/i =, iLL _ 50 50

20 + 10 x 20 26-7

10 + 20

= 1-88A

.t(§r

fRI

2on

2on

ion;

F£. 2.5

(b)

Also,

hi = 1-
20 = 1-25A

20 + 10

For E% acting alone (Fig. 2.5(c)),

A2eo , 26-7 '

and

20
fe2 =yl-88^=yi-25A

By the superposition' theorem the total current through the 10 Q resistor withboth e.m.f.s acting at once will be .

h = hi + hi = 1-25 + /1-25 = 1-77/45°A

In the same way the current through the first generator Gi when both e m f s

aSone ^^ "*"* * "" CU1TeDtS thr0USh Gl w^^m5
When Ei acts alone, the current through Gi is

/i = 1-88A
and when E2 acts alone, the current.through Gi is

10h
2o + To=->°-

63A

oSSXStfS&X*^ 3b0Ve CUrrentS *""*" Gl are found - *
Total current through Gi = (188 -/0-,63)A
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Similarly,

Total current through G2 = (-0-63 +yl-88)A

The superposition theorem may be restated in order to apply

to distribution type networks as follows.

"The total current through any branch of a network is equal to

the algebraic sum of the currents through the particular branch

due to each load current alone, and the no-load current, if any."

EXAMPLE 2.3 A 500V d.c. generator supplies a load A of 500A through a

002£i distributor, and a load B of 200A through a 0015ii distributor. If A
and B are joined by a 0-03 £1 interconnector, determine the interconnector current.

B 200A

0-0150

s-

00150 B 0-030
1—i/WWWW-]

•'A

-ww-

500A
,,*2o

0-0150.

-WV\

—

*'"

200A

0-020

(b) Load A alone

Fig. 2.6

4WWWH
0-020 A 0-03Q

(c) Load B alone

The circuit is shown in Fig. 2.6(a). The resistances are assumed to be the total

for both "go" and "return" conductors; since the return conductors are then

assumed to be perfect conductors which will not give rise to voltage drops, they

are omitted.

Applying the superposition theorem, the 500A load is taken first alone. The
circuit then becomes that shown in Fig. 2.6(6).

/t'-500x-
0045

(0045 + 002)
= 346A

and

h' = 500 - 346 = 154A

Now the 200A load is taken alone (Fig. 2.6(c)). From the diagram,

005= 200 x
0065

152A
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Therefore

h" = 200 - 152 = 48A

By the superposition theorem,

Total current, h = h' + h" = 346 + 48 = 394A
Total current, h = h' + h" = 154 + 152 = 306A

The current through the interconnector is made up of 154A (=/20 flowing
from B to A (Fig. 2.6(6)) and 48A (=A") flowing from A to B (Fig 2 6(c))
Therefore •

8
'

v "'

Resultant current through interconnector = 106A flowing from B to A.

2.3 Thevenin's Theorem and Norton's Theorem

The circuit theorems of Thevenin and Norton are extensions of the
superposition principle of Section 2.2. Proofs of the theorems
will be omitted. It must be understood that the equivalent circuits
derived by the use of these theorems are valid only where all elements
and actual sources are linear as discussed in the introduction to
this chapter. The ideas are simple and of extreme value.

Thivenin: the linear network behind a pair of terminals may be
replaced by a constant-voltage generator with an e.m.f. equal to
the open-circuit voltage at the terminals and an internal impedance
equal to the impedance seen at the actual terminals, with all
internal sources removed and replaced by their internal impe-
dances.

Norton: the linear network behind a pair of terminals may be
replaced by a constant-current generator with a current equal to
the short-circuit current at the terminals and an internal impedance
equal to the internal impedance seen at the actual terminals, with
all sources removed and replaced by their internal impedances.

Note that Norton's theorem follows directly from Thevenin's
theorem and the equivalence of constant-current and constant-
voltage sources.

Consider a complicated network of sources and impedances
connected to two terminals A and B as in Fig. 2.7(a). Let the voltage
across the terminals when they are open-circuited be VT volts and
the impedance measured at the terminals with all the sources
suppressed and replaced only by their internal impedances be Zu
Fig. 2.7(6). Then the circuit, as viewed from the terminals, is'

exactly equivalent to a generator of VT volts and internal impedance
Zi ohms, Fig. 2.7(c). The current through the impedance Z con-
nected across the terminals will therefore be

1 ~ Z7+Z (2-4)
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The circuit of Fig. 2.7(c) is called the constant-voltage equivalent

circuit. .

Alternatively, if /«, is the short-circuit current from A to B in

Fie 2.7(a) then the circuit, as viewed from the terminals, is exactly

equivalent to a generator of /„ amperes and shunt internal impedance

(b)

Fig. 2.7

Zi ohms (Fig. 2.7(0). The current through the impedance Z con-

nected across the terminals will therefore be

/= h,
Z/ (2.5)

lsc
Zi + Z

The circuit of Fig. 2.1(d) is called the constant-current equivalent

circuit.

EXAMPLE 2.4 Solve Example 2.2 using Thevenin's theorem.

Let the circuit of Fig. 2.5(a) be broken just above the 10 Q resistor. Then

the voltage across the break is

VT = Ei — Voltage drop across impedance of source Gi

Circulating current =
El^ =^0 = (1

.25 _ yl .25)A

Thus

Vt = 50 - (1-25 - /1-25) x 20 = (25 +y25)V
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io%S2̂
I^g=

i

2ta.
tl

?heSe with the emf-s suppressed is

Current through 10Q resistor = 25
"^ffi = 1-25 +yl-25A

The terminal voltage across the 10£} load resistor is

Vr = (12-5 +yl2-5)V

Therefore

Current through Gx = £-Z_H* = 37-5 -yi2-5 = (l .S8 _J0.63)A

and

Current through Ga =^^ ..-&5+J37-5 =^63+£88)A

For a circuit which has any number of internal sources and impe-
dances, and has two free terminals the short-circuit current between
the terminals is

•'•

1,se — ~7Z~
z7 (2.6)

where VT is the open-circuit voltage between the terminals and Z\
the internal impedance between them.

If he and VT can be measured, Z/ can be found from this equa-
tion.

n

EXAMPLE 2.5 Find the constant-voltage and constant-current equivalent
circuits of the actual circuit of Fig. 2.8(a).

Xl X3 A

Fig. 2.8

Open-circuit voltage, Vt = E ^ = Ex*

j(Xi + Xz) Xi + X*
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Internal impedance, Zi = 1X3 + ——rrrrr J jXl + jX*

'(* +£&
The constant-voltage equivalent circuit is as in Fig. 2.8(6).

E jXz
Short-circuit current, /«c ;

,y, j. JX*JX» Jx* +JXsjXl+
Jx7+Jx3

EX*
jXiXz +jXzX3 +JX1X3

The constant-current equivalent circuit is as in Fig. 2.8(c).

EXAMPLE 2.6 The frequency of the generator shown in Fig. 2.9(a) is the

-*-

4=c

(o)

(b)

Fig. 2.9

series resonant frequency ofL and C. Show, by application of Norton's theorem,

that the current through the load Zl is constant independent of the load.

Given that Vs = 100V, L = lOmH and C - 2,000pF, find the value of the

voltage across a load consisting of a resistance, Rl, of 1 kCl in parallel with a

capacitance, Cx,, of 2,000pF. (H.N.C.)

Since L and C form a resonant circuit, a> = \\\/LC. If the load is short-

circuited the current through the short-circuit is

Is = VsloiL = Vs Jj
The impedance looking back into the circuit is infinite, since L and C are

assumed to be pure circuit elements, and form a parallel tuned circuit when seen

from the load terminals. Hence the constant-current equivalent circuit is as

shown in Fig. 2.9(6), so that the load current is Is, independent of the load.
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For the values given,

Is = 100 I
2

'000 x 10
~12

V 10 X 10-3

The load impedance is

Rl

= 45mA

Zl Rl Rl
JcoCl(Rl + VjcoCl) 1 +j<oClRl . ClRl

] V(LC)

_ 1,000

1 +/0-45
Therefore Zl = 1,000/1-1 = 90912, so that

Vl = Is\ZL \ =45 x 10-3 X 909 = 41

V

It is left as an exercise for the reader to investigate the effect of a small resistance
in series with L, and also to determine whether Thevenin's theorem would result
in a suitable simplification of the problem. (The Thevenin impedance would
be infinite!)

r

2.4 Maximum Power Transfer and Matching Theorems

1. A pure resistance load will abstract maximum power from a
network when the load resistance is equal to the magnitude of the
internal impedance of the network.

(b)
(C )

Fig. 2.10 RELATING TO MAXIMUM POWER TRANSFER

Assume that the network is represented by the constant-voltage
equivalent circuit of Fig. 2. 10(a)

:

£2
Load power = I*R = — — r

(R + /?/)2 + A/2
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For maximum load power,

dR \{R + Ri)2 + Xi2
j

whence

R = V(i?/2 + *I2
) . <

2 -7>

i.e. for maximum power the load resistance should equal the magni-

tude of the internal impedance.

2. A constant-reactance variable-resistance load will abstract

maximum power from a network when the resistance of the load

is equal to the magnitude of the internal impedance of the network

plus the reactance of the load.

The constant-voltage equivalent circuit of Fig. 2.10(6) shows that

so far as power transfer is concerned Xe could be grouped with Xj.

With this grouping the proof would correspond to the previous

one.

3. A variable-impedance load of constant power factor will

abstract maximum power from a network when the magnitudes of

the load impedance and the internal impedance are equal.

It should be noticed that a constant-power-factor load would be

one in which the resistance and reactance were varied in proportion.

Let
<f>
be the constant load phase angle, whileZL(= V(Rl2

,+ Xl2
))

is the magnitude of the variable load impedance. Fig. 2.10(c) shows

the equivalent constant-voltage circuit. As in the previous circuit,

E2ZL cos
<ft

Load power =
(jRl + Zl cos q* + {Xl + ZL sin fl*

For maximum power,

—— {load power} =
aZi,

whence

Rl2 + Xi2 = Zl2 - (2 - 8>

i.e. for maximum power the magnitude of the load impedance should

equal the magnitude of the internal impedance of the generator.

4. If the load resistance and reactance are independently variable,

maximum power will be abstracted when the load reactance equals

the conjugate of the internal reactance and the load resistance equals

the internal resistance.

Clearly, when the two reactances are equal in magnitude but of

opposite sign (conjugate), the resultant reactance will be zero
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and the load resistance will absorb maximum power when it equals

the internal resistance according to theorem 1.

Small transformers used in low-power circuits may usually be
regarded as ideal: i.e. having a primary-to-secondary voltage ratio

VpjVs equal to the turns ratio Np/Ns, and a primary-to-secondary

current ratio Ip/Is equal to the reciprocal of the turns ratio Ns/Np.
Fig. 2.11 shows a transformer feeding a load impedance Zl. The

NP Ns

Fig. 2.11 MATCHING WITH AN IDEAL TRANSFORMER

primary input impedance, Zlp (or impedance observed looking into

the primary winding), is given by

ZiP
IP

Vs Ns Is NS Is \Ns)

(2.9)

Thus a transformer may, for circuit work, be regarded as a

device which transforms impedance by the square of the turns

ratio of the transformer.

A transformer is often used to obtain a maximum power transfer

condition—the transformer so used being termed a matching
transformer.

EXAMPLE 2.7 A variable-frequency generator is represented by an e.m.f., Vs,

a resistance Ri and an inductanceL in series. It is to be connected, by an idea)

matching transformer, to a load consisting of a resistor Rz and a capacitor C
in series. If Ri = 100O, L = 01 H, Rz = lkfl, C = 1a*F and Vs = 10V,
calculate (a) the turns ratio of the transformer to give maximum power in the

load, (6) the frequency at which this maximum power is obtained, and (c) the

value of the maximum power.

(a) The turns ratio for maximum power transfer must be such that eqn. (2.9)

is satisfied for the resistive terms. The frequency at which maximum power is

obtained is such that with the above turns ratio the capacitive reactance reflected

into the primary side is equal to the inductive reactance of the source. Thus

"' - *' U>®"



60

or

Circuits and Circuit Theorems

Ns 2 V 1,000 3-16

(6) Also the reflected capacitive reactance is

1 Np* _Xc = —— rr-^ —
1

mC Ns* lOcoC

so that, for maximum power,

1

lOtoC
= coL = l-L

V 10i\0LC
1,000

and

f=m\l-n- 159Hz

(c) For the matched condition, the power delivered from the source is

p -Zl = !22 = o-5wPma*-2Ri 200

Hence the maximum load power is 0'25W

2.5 Millman's Theorem

Problems in which interest is centred on one particular node of a

circuit (such as in an unbalanced 3-phase star-connected load or an

Fig. 2.12 RELATING TO MIIXMAN'S THEOREM

electronic amplifier) may often be simplified by a circuit theorem

due to J. E. Millman. This theorem (also called the parallel-genera-

tor theorem) states:

Ifany number of linear impedances Z1.Z2.Z3. • ., etc., meet at a

common point 0', and the voltages from another point to the free
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ends of these impedances are known, the voltage V > is given by

I VtoYt

^T (2,10)

where Vk0 = Voltage of point k with respect to point

Yk = Admittance ofZk

_Proof. In Fig. 2.12, 0' is the common point of the impedances
Zi, Z2,

. . . Zn, and the potential differences between the point
and the ends (1, 2, 3, ... n) of the impedances are known Then
round the closed loop 00'£, the sum of the p.d.s is zero. Thus

*Vo + V&o> + V0k =

or

Vo>o + V&o' - Vt0 =

whence

Vw = Vk0 — JVo

The current through Zk is

k0'
=
~ZJ

= V"°' Yk = ( v"o~ Vo> )Yk

By Kirchhoff's first law, the sum of the currents at 0' is zero:

iW + ho> + . . . + Ik0, + . . . + /„„, = o

(Vw - K 'o)Fi + (V20 - V 'o)Y2 + . . .

+ (Vko - V > )Yk + . . . =
VioY! + V20Y2 + . . . + Vk0 Yk + . . .

= Vo>o(Yi+ Y2 + . . .+ Yk +. . .)

Therefore

*Vo =
v»n+r„Tt + ... _ 1 *****

Yi + Y2 + . . .

«—

—

2, **

It should be noted that the impedances between the point and
points 1, 2, 3, etc., need not be known.
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2.6 General Star-Mesh Transformation

It is always possible to transform a network of n admittances which
are connected to a star point from n terminals into a corresponding

mesh of admittances connecting each pair of terminals. It is, how-
ever, possible to find a unique transform from a mesh to a star only

in the case of three elements (the delta-star transformation).

(a) (b)

Fig. 2.13 GENERAL STAR-MESH TRANSFORMATION

Consider the star of admittances Fi, Y%, . . . Yn shown in Fig.

2.13(a). If terminal 1 is taken as the reference point and 0' as the

star point then (noting that V\i = 0) Millman's theorem gives

Fou-
2 V*iY*

n

2 Yk
k=l

Fi + F2 + F3 + .

Hence

h = VviYi =
F21F1F2+ F3iFiF3 +

This is the same current as would flow into terminal 1 if it were

connected to terminal 2 by F12 = Y\ F2/S F»), to terminal 3 by
F13 = (FiFs/SFj;), etc., as shown in Fig. 2.13(6). In the same way
it may be shown that the current into terminal 2 in the star connection

is equivalent to the current which would flow if admittances of
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V _ YpYg

iy* (2.11)

This is known as jfeuen'j theorem.

2.7 Star-Delta Transformations

and using eqn. (2.11),
s*

•
^or this circuit,

(2.12®)

(2.12(ii))

(2.12(iii))

(2.13)

Y3 Y!

Y^hW+T3

Inverting these gives the impedance forms,

with similar expressions for Z23 and Z„.

2.8 Delta-Star Transformation

element star fomsTSbrLch ™* f" "' d*a
" wh,:reM • <-

branches in the mesh tto the™^i ge°eral ttm •» "ore
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are a greater number of variables in a mesh than in a star. The 3-

branch mesh or delta is exceptional, and here the inverse transform

exists

From eqn. (2.12(i)), writing F = Yx + F2 + F3,

Fi2F=FiF2 (i)

Similarly,

F3iF=FiF3 (ii)

and

Y23Y= F2 F3 (iii)

where F = Fi + F2 + F3 .

(iii)/(i) yields F3 = F1F23/F12

(iii)/(ii) yields F2 = F1F23/F31

Substituting for F3 and F2 in eqn. (2.12(i)) yields

Fi2F23/F3i
Yxi ~ Yi+ FiF23/F3i+ FiF23/Fi2

so that

Yy = F12 + F31 + ^^i (2.14)
* 23

Inverting and simplifying this equation,

* = 7 lf\ 7 <2 - 15«>
^12 + -^23 + ^31

Similarly,

z„ = Z23Zl2
^ (2.15(H))

^12 + ^23 + ^31

and

Z* = 7 lf\r <-2A5W>
Z12 + X23 + ^31

EXAMPLE 2.8 Find the input impedance of the circuit shown in Fig. 2.15(a).

The circuit is first simplified by applying the A-Y transformation to the

inductive reactances between terminals 1, 2 and 3, when the circuit becomes that

shown in Fig. 2.14(6). Thus

Zl0 = ^1=;2^il2= ;1.67Q
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_ v 7*5 x /15 ^

Z30 = Xl3 = y—~—
=J5Q.

Hence

Zou = /2-5 -y'22-5 = ~j2Q = 20/-90° fl

J10Qmo__

A 1

10V

jao jisn

±-j22-50 :5a

4

(a)

Fig. 2.15

Therefore

Fo24 =
20/ -90°

= °-°5/92! = y'o-05 s

and

Z034 = 5 +/5 = 7-07/45° £}

Therefore

"F034 = 1

= 0-141/-45 = (0-1 -/0-l)S' 7-07/45

so that

Yob = r 24 + Yost = /005 + 0-1 —jO-l = 0112/-26° 34'S

Therefore

Zob = 8-95/26° 34' = (8 +j4)Q

and

£u, =/l-67 + (8 +J4) = 8 +/'5-67 = 9-8/35° 45'Q

2.9 Reciprocity Theorem

If an e.m.f. acting in one branch of a network causes a current /
to flow in a second branch, the same e.m.f. acting in the second
branch would produce the same current in the first branch.
An obvious conclusion from the theorem is that in a Wheatstone
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bridge network the source and the galvanometer may be inter-

changed. The principal application of the reciprocity theorem is to

four-terminal and transmission-line networks.

2.10 Compensation Theorem

If a change, AZ say, is made to the impedance of any branch of a

network where the current was originally /, then the change of current

at any other point in the network may be calculated by assuming
that an e.m.f. of —IAZ has been introduced into the changed branch,

while all other sources have their e.m.f.s suppressed and are repre-

sented by their internal impedances only.

EXAMPLE 2.9 A 100 V battery supplies the current shown in Fig. 2.16(a).

4A 200
-* vw

0-25A 200. 0-75A
-(-AAAA-

3-75A 200—*—VW^
2-5A 1

s-fioov 1on <

(b) (c)

Fig. 2.16 ILLUSTRATING THE COMPENSATION THEOREM

Calculate the new currents if one of the 10ft resistors were increased to 20Q.

The circuit for the calculation of the current change by the compensation
theorem is shown in Fig. 2.16(6). Since the change of resistance was an increase,

AZis positive, and the generator voltage opposes the original current, the equiva-

lent e.m.f. being —/AZ. The compensating currents resulting from the applica-

tion of this e.m.f. are shown in Fig. 2.16(6). If these currents are added to the

original currents in the corresponding limbs, the final current distribution will

be as indicated at (c). In this simple case the result may readily be verified by a

series-parallel method.

PROBLEMS

2.1 Three batteries A, B and C have their negative terminals connected together.

The positive terminal ofA is connected to the positive terminal ofB by a resistance
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byt
3

r2is

a

tie
he
of
P S

^n ' T?
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2.8 Transform the star-connected impedances C, C, and iJa to a delta in the

bridged-T circuit shown in Fig. 2.18 and hence show that the voltage between D
and E is zero when

«i =
1

i?2C0
2C2

and

Ao-

cuL =

Ri
JWV—

i

mC

»R2

-*EBo

Fig. 2.18

2.9 A small transformer has primary and secondary inductances of 450/*H

and 35/iH respectively and negligible resistance. The load on the secondary

is a resistance of 150, and the primary forms part of a series resonant circuit to

which an e.m.f. of frequency 5/2w MHz is applied by a generator of internal resis-

tance 200. Find the mutual inductance between the primary and secondary

windings, and the setting of the tuned circuit capacitor to make the power

developed in the load a maximum.*
(H.N.C.)

Ans. 40-6/iH; 99-4pF.

Hint. Convert the inductive coupling to an equivalent circuit as in Section 1.10.

2.10 A generating station A with a line voltage of llkV supplies two sub-

stations B and C through two independent feeders, the substations also being

interconnected by another feeder.

The impedances of the feeders are: A to B, (2 + /4)0; A to C, (2 +J3)Q;
B to C, (3 +j5)il. The load at B is 100A at 0-8 power factor lagging, and at C,

70A at 0-9 lagging.

Calculate the current flowing in each feeder, and also the voltage between B
and C if the feeder BC is removed. (L.U.)

Ans. 86A, 84A, 14-1 A, 196-4V.

2.11 Show that the voltage Fo'o in Fig. 2.19 is given by

EiYi + E2Y2 + EaYs
Vo'o = Y1+Y2 + Ys

'o'o

Fig. 2.19
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where the generators marked Ex, E2 and E3 are all of the same frequency If
the instantaneous e.m.f.s are ex = — 10V2 sin 1,000/, e2 = 20s/2 cos 1 000/ and
e% = 15V2 sin 1,000/, and if Yx = -jO-l, Y2 =y0-05 and Ys = 0067 S find the
r.m.s. value of the magnitude of Ko'o and its phase relationship to Ex.

Ans. 12V, 127° lagging.
(H.N.C.)
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MEASUREMENT CIRCUITS

The Wheatstone bridge network may be adapted for a.c. measure-

ments by making the supply an alternating one of the frequency

desired, and using a detector which is sensitive to alternating cur-

rents. The a.c. bridge network is used for comparison measurements

of resistance, inductance and capacitance to a high degree of

precision.

3.1 Standards

Primary electrical standards have values which may be determined

with reference to the units of mass, length, time, and one arbitrarily

chosen electrical constant, which is the unit of electric current,

namely the ampere. A determination of any electrical quantity

in the above terms is called an absolute measurement. Electrical

units and standards form part of the internationally adopted

Systeme Internationale d'Unites, or SI units, in which there are six

fundamental units, the kilogramme, metre, second, ampere, kelvin

and candela.*

Primary electrical standards of mutual inductance (the Campbell

mutual inductance at the National Physical Laboratory) and self-

inductance have been constructed so that the inductances are

accurately known in terms of their physical dimensions and the

ampere. The standard mutual inductor is used to calibrate variable

* The kelvin (formerly the degree kelvin) is the absolute unit of thermodynamic

temperature. The candela is the absolute unit of luminous intensity.

70
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laboratory standard mutual inductors which may then be used for
further measurements. Forinstance, a resistor may be calibrated in
terms of the product of a mutual inductance and a speed of
rotation of a disc, as in the Lorenz method.
No primary reference standard of current is possible, but current

can be measured in absolute terms by measuring the force exerted
between two circuits carrying the same current. If the current is

passed through a standard resistor, the resulting known p.d. may be
used to calibrate a standard of e.m.f. (i.e. the standard cell).

The three laboratory reference standards are thus

(a) A standard variable mutual inductor (mutual inductometer)
which usually has a range of up to 11-lmH from zero.

(b) Standard resistors, calibrated as has already been indicated.
(c) A standard e.m.f. derived from a Weston cadmium cell.

Laboratory measurements can be made in terms of these reference
standards.

It is customary also to have standards of capacitance available.
Primary standards, in which the capacitance is measured in terms
of the physical dimensions, are theoretically possible, but the

,
difficulties involved are great and normally only capacitors whose
values are determined by comparison measurements are used.
These are called secondary standards, and their values are usually
known to a very high degree of accuracy.
The following a.c. bridges will illustrate methods by which induc-

tance and capacitance may be compared with mutual inductance
and resistance, and further circuits will illustrate the use of the secon-
dary standards of capacitance. Bridges employing self-inductance
standards are uncommon.

3.2 Balance Conditions

In the same way as for the d.c. Wheatstone bridge network, an alter-

nating-current bridge is said to be balanced when the current through
the detector is zero. Fig. 3.1 shows a generalized bridge circuit,
in which Z\, Z2, Z3 and Z4 are the impedances (in complex form)
of the bridge arms. If the current through the detector is zero,
then the current h in Zx must also flow through Z2 , and the current
h in Z4 must also flow through Z3 . Equating the voltage drops
between A and B, and A and D, gives

1\Z\ = /4Z4

I\Z% = IiZz
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whence

Z1Z3 = Z2Z4 (3.1)

This equality represents the balance conditions of the bridge.

Normally one of the bridge arms contains the unknown impedance
while the other arms contain known fixed or variable comparison

A.C. source

Fig. 3.1 GENERAL A.C. BRIDGE CIRCUIT

standards. The bridge is set up, and the current through the detector

is reduced to zero by successive adjustments of the variable circuit-

elements (usually only two elements in the bridge are variable).

When this is achieved the unknown impedance may be expressed

in terms of the comparison standards.

It should be noted that eqn. (3.1) will be in complex form, so

that for balance the reference terms on each side must be equated,

and also the quadrate terms. Balance will obviously be achieved

quickly if there is one variable in the reference terms, and the other

variable in the quadrate terms. If both variables appear in either

of the resulting balance equations, balance will not be achieved

quickly; the bridge is then said to be slow to converge.

3.3 Detectors

The detectors used to determine the balance point in an a.c. bridge

vary with the type of bridge and with the frequency at which it is

operated.

The cathode-ray tuning indicator can be used over a very wide
range of frequencies.

For mains-operated bridges, a suitable detector is the vibration

galvanometer. This consists essentially of a narrow moving coil

which is suspended on a fine phosphor-bronze wire between the
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poles of a magnet. The mechanical resonant frequency ofthe suspen-

sion is made equal to the electrical frequency of the coil current,

so that, when a current of the correct frequency flows through the

coil, it is set into vibration. A small mirror attached to the coil reflects

a spot of light on to a scale. When the coil is vibrating this spot

appears as an extended band of light. Balance of the bridge is

indicated when the band reduces to a spot.

The vibration galvanometer is insensitive to frequencies other

than the one to which it is tuned. This tuning may be adjusted by

altering the tension of the suspension. Vibration galvanometers

are constructed for frequencies ranging from 10 to about 300 Hz.

For audio frequencies a telephone headset is often used as a bridge

detector. Since the human ear is very sensitive in the 1,000Hz
frequency region, this is a common a.c. bridge frequency. The
disadvantage of telephones is the fact that if other frequencies are

present in the a.c. supply (harmonics) these will also be heard, and

zero current may not be obtained when the bridge is balanced.

Frequency-sensitive heterodyne detectors are used where extreme

sensitivity in detection is desired or when frequencies are above

the audio range. i

3.4 Owen Bridge for Inductance

The derivation of the balance conditions for an a.c. bridge are

illustrated by the Owen bridge (Fig. 3.2), which measures the resis-

tance, Rx, and inductance, Lx , of a coil in terms of fixed and variable

Fig. 3.2 OWEN BRIDGE

resistors and capacitors. By suitable choice of bridge elements a

wide range of inductance can be measured. The bridge may be

simply modified to measure the inductance and losses in iron-cored

coils which are subject to both a.c. and d.c. magnetization.
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The balance conditions are

]a>Ci

Equating the quadrate terms,

and, from the reference terms,

Lx = dRxRs

(3.2)

(3.3)

Note that the variable standards affect each balance condition

independently, i.e. varying Cs will not affect the balance for Lx,
and

varying Rs will not affect the balance for Rx . This means that a

very quick and accurate balance can be obtained.

3.5 Anderson Bridge for Inductance

This bridge may be used to measure inductances ranging from a

few microhenrys up to the order of one henry. The schematic

Fig. 3.3 ANDERSON BRIDGE

circuit is shown in Fig. 3.3(a). The arm AB contains the coil whose

inductance, Lx, and resistance, Rx, it is desired to measure. The

components of the other arms of the bridge are known standards.

Balance may be obtained by variation of r and either Ri, Rz or R$.

To obtain the balance conditions the delta of impedances FDE

Fig. 3.3(a)) is first transformed to an equivalent star. The bridge)
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then reduces to the circuit shown at (b). If O is the star point then
from eqn. (2.15),

£eo =
'r + Rs + \ljcoC

Also,

Zdo = RzljcoC

r + R3 + \jjcoC

The impedance ZF0 does not affect the balance of the bridge
since it is in series with the detector. Thus at balance,

(«*^WH^%0 " * (* +
r + afflflfrc)

so that
v

R2Rx + jcoLx = —jcoC{Ri(r + R3 + l/ycoC) + ri?3}

Equating the reference terms,

_ _R2R4
Rx ~~RT (3-4)

and equating the quadrate terms,

Lx = Rzc(^ + Ri + r ")
(3<5)

3.6 Loss in Capacitors

In capacitors with solid dielectrics there is a power loss due to
leakage currents, and also a dielectric heat loss (analogous to the
hysteresis loss in magnetic circuits) when an alternating voltage is
applied to the capacitor. The total loss may be represented as the
loss in an additional resistance connected between the plates. The
dielectric loss will normally exceed the leakage loss except in air
dielectrics. The total alternating current passing through the
capacitor will be made up of (a) the capacitive current plus (b)
the loss current, and the equivalent circuit of such a capacitor will
consist of a pure capacitance, Cp, in parallel with a high resistance
RP as shown in Fig. 3.4(a). The complexor diagram for the arrange-
ment is shown at (b\ where /„ is the loss current, and Ie is the
capacitive current, the voltage across the capacitor being V.
Normally the loss current will be very much smaller than the

capacitive current, so that the resultant current will lead the voltage
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by an angle which is nearly 90°. The difference between 90° and the

actual phase angle of the capacitor is the angle <5 in Fig. 3.4(6), and

this is termed the loss angle of the capacitor.

Ic

*a R p
(a)

Fig. 3.4 IMPERFECT CAPACITOR

(a) Equivalent circuit (6) Complexor diagram

It is also possible to represent an imperfect capacitor by an

equivalent series circuit, in which a capacitance Cs is connected in

series with a low resistance Rs .

For the equivalent parallel circuit,

tan d = IajJc = IjRpcoCp (3.6)

and the impedance is approximately \jwCp, since the parallel loss

resistance will be very much greater than the capacitive reactance.

For the equivalent series circuit, tan d is RscoCs, and the impedance

is approximately l/coCs since the series loss resistance will be very

much smaller than the capacitive reactance. For equivalence between

the series and the parallel circuits we have

(3.7)Cv — C

and

Rs ** IjR^C^ (3.8)

3.7 Modified Carey Foster Bridge for Capacitance

The circuit of the bridge is shown in Fig. 3.5. The unknown

capacitor is represented by its equivalent series circuit, and a

known variable resistor R3 is connected in series with it to form the

arm BD. The arm EA is a short-circuit. The mutual inductometer

M must be connected with the winding directions indicated by the

dot notation, or balance will be impossible.

Let L be the self-inductance of the secondary of the mutual

inductometer, and let the resistance Ri include the resistance of this

winding. Then the total current / taken from the bridge supply

will divide at point E, into Ia and Ib.
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If the detector current is zero, the voltage drop between E and
B must be zero giving

Ib(R* + JcoL) - jo>M(IA + Ib) -
Therefore

j(oMIA = (i?4 +jmL -jcoM)Is (3.9)

A

Fig: 3.5 MODIFIED CAREY FOSTER BRIDGE

In the same way the voltage drop from A to D must be equal to
that from B to D, and further, the current IA must flow through armAD and the current IB through BD. Hence

itf.-^ + j.-y-Uii, (3.10)

Dividing eqn. (3.9) by eqn. (3.10) and cross-multiplying,

jwM{(R3 + Rs) + IjjatC,} = ^{ft, +jw(L - M)}

Equating the reference terms,

C - M

and equating the quadrate terms,

R' = jj(L-M)-R3

3.8 Schering Bridge for Capacitance

The bridges so far considered have operated with supply voltages
of the order of 10 V. The Schering bridge was developed to measure

(3.11)

(3.12)
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the loss resistance of dielectrics, line insulators, cables and high-

voltage capacitors under high-voltage conditions (up to 100 kV).

The bridge is shown in Fig. 3.6. The unknown capacitance is

represented by the equivalent series circuit (Cs, Rs). C\ is a fixed

high-voltage air capacitor, whose value is of the order of 50pF. Rt

is a fixed non-inductive resistor, while the resistor R3 and the

capacitor Ci (mica type) are the variable elements. R% and Rz are

normally of the order of a few hundred ohms, so that their impe-

dance will be negligible compared with that of Cs or Ci. This means

Fig. 3.6 HIGH-VOLTAGE SCHER1NO BRIDGE

that the voltage across the variable arms of the bridge (and the

detector) will be only a very small fraction of the supply voltage,

so that the bridge will be safe to operate despite the high voltage.

Protective earthed screening is always employed to reduce the

danger to the operator, and to stabilize stray leakage currents.

Substituting the appropriate values in the balance equation (3.1),

J*
jcoC:-{R° + 7jcoCs/ 1

+jo)Cz
R2

Therefore

Cs = C\
R*

R3

(3.13)

and

„ C2
Rs = R3 -£

The loss angle of the test capacitor is

d = tan-1 RscoCs = t&n^coCzRz

(3.14)

(3.15)
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3.9 Campbell-Heaviside Equal-ratio Bridge

This bridge (Fig. 3.7) is used for the determination of small induc-
tances in terms of a laboratory standard mutual inductance. ' i?i

and Ri are two equal low-inductance standard resistors, while R3 is a
variable resistor whose value is of the same order as the resistance of
the unknown coil (Lx and rx). The mutual inductometer has mutual
inductances Mx and My between the primary and the two halves of
the secondary, and Ms is the mutual inductance between these
halves themselves. The self-inductances of the secondary windings

Mutual
inductometer

Mv

I=IB+ IE

Fig. 3.7 CAMPBELL-HEAVISIDE EQUAL-RATIO BRIDGE

are L% and L3 . At balance there is no current through the detector,
so that the total input current / will divide equally between paths
AB and AE (since Ri and Ri are equal). Thus

IB = Ie = $1 (3.16)

With key K open,

Ib(tx + jwLx) + IbJcoLz — Ifa)Mx — IEjcoMs
— Ie(R3 +jo)Ls) + IjoiMy — Ib/coM,

Substituting from eqn. (3.16),

il{rx +jo)(Lx + L2)} - Ijw{Mx + \MS)

= \I(R3 +JC0L3) + lj<a{My - \MS)

Equating the reference terms,

rx = Rs (3.17)

and equating the quadrate terms,

Lx + Lz - Lz = 2(MX + My) (3.18)
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(Ms + My) is the dial reading on the mutual inductometer. The

method for small inductances is to balance the bridge first with

key K open, and then with the key closed. The difference between

the results gives the values of the unknown inductance and resis-

tance, all residual errors (which would be important in this case)

being cancelled out.

3.10 Frequency-dependent Bridges

In many forms of a.c. bridge the balance conditions are dependent

on the frequency of the source. A bridge of this nature may therefore

Fig. 3.8 WIEN PARALLEL BRIDGE

be used to measure the frequency of an a.c. supply. A simple bridge

of this type has a series resonant circuit (with variable capacitance)

as one arm, the other arms being pure resistors of suitable value.

At resonance the resonant circuit has no reactance, and an adjust-

ment of one of the resistors will give balance.

Another frequency-dependent bridge whieh does not rely on

inductance is the Wien parallel bridge illustrated in Fig. 3.8. R3 is a

standard resistor of twice the value of R2 , and Ci and C4 are equal

standard capacitors. Ri and Ri are resistors which can be varied

together so that their values remain equal.

At balance,

- +JmCi
;
= *(*+j*k)

Hence

Rz~ Ri § +;(«>Ci*4-^-
i )
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and

1

CO,2 _
C1C4R1R4

Therefore

f= 2^CR (3-19)

where C = Ci = C4, and R = R1== R4 .

Note that with the values chosen for Ru R2 , R3, R4, d and C4 ,

Rz = 2 = Ri ,Ci
R2 Ri

+ d
If/ is known the bridge may be used to measure capacitance.

3.11 Accuracy of Bridges

In bridge measurements it is desirable to be able to calculate the
accuracy of the measurement in terms of the accuracy of the known
bridge elements, and the accuracy with which balance is achieved.
The comparison standards used in bridges normally have an error
of about ±0-02 per cent or less. The accuracy with which balance
conditions are achieved varies from bridge to bridge, but the error
should be less than ±0-5 per cent.

Suppose that the balance equation for a bridge is in the form

X-^x ~ c
Then

loge X = loge A + loge B - loge C
Therefore

dX dA dB dC
T =1 +

~B ~ ~C (3 -2°)

If the percentage errors of A, B and C are known, then eqn.
(3.20) shows that the percentage error with which Zis determined is

simply the sum of the percentage errors of A, B, and C. The negative
sign in front of C does not count since errors are always given as
plus or minus.

If the balance conditions result in the subtraction of two quanti-
ties, then the actual limits of each quantity must be determined
(not the percentage error). These limits are then added to give
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the limits of the final result. If the two subtracted quantities are

almost equal, the resultant error can be large.

EXAMPLE 3.1 The Schering bridge shown in Fig. 3.6 is used to measure the

capacitance and loss resistance of a length of concentric cable. The supply

voltage is lOOkV at 50Hz. Ci is an air capacitor of 40pF, Rz is fixed at 1,000/w

ohms, R» is 122 ± 0-5n, and Cz is 0-921 ± O-OOlftF.

Determine (a) the cable capacitance, (6) the parallel loss resistance, (c) the loss

angle of the cable, and (d) the power loss in the cable.

Percentage error of Ra = ± r^ x 100 = ±0-4%

Percentage error of C2 = ^i x 10° = 0108%

(a) From the balance condition of eqn. (3.13),

c
'
~<° x 10-u x «mTw/ )

- 104 -3pF± °-4%

(b) From the balance condition of eqn. (3.14),

Rs _ (122 ±0-4%)(0-921 ±^108%) X 1Q-*
= 2 .glMfi ± .50g%

The parallel loss resistance of the cable is the equivalent parallel resistance

corresponding to Rs, namely

1 _ 1 Ci / Rs V_ 1 Rs
P

RstfC,2
=

to2 Rsd \C1R2) a>2 C1C2R22

1 122 ±0-4%
3142 (40 x 10~12)(0-921 ± 0-108%)10-6(l,000/ir)2

= 332MQ ± 0-508%

(c) From eqn. (3.15),

S = tan"1 (iOOtt x 0-921 x ^°. x 10-* ± 0-108%)

= 00921 rad ± 0108%

since for small angles tan d = <5.

(d) Since R3 is so small compared with Rc, the whole supply voltage may be

considered to be across Cs and Rs . Therefore

Power loss =g = 33^ =^
3.12 Stray Effects and Residuals

Where extreme accuracy is desired from a.c. bridges the effects

of residual inductance and capacitance in the standard resistors,
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and losses in capacitors, should be allowed for by including appro-
priate terms in the balance equations. In addition to those effects
there will be stray effects which are generally not calculable.

Stray electromagnetic coupling between components may be
minimized by (a) using non-inductive resistors, (b) having all
inductance elements in toroidal form so that there is little external

M (b)

Fig. 3.9 STRAY CAPACITANCES IN A.C. BRIDGES

magnetic field, and (c) twisting the leads to the various components
where possible.

Stray electrostatic coupling between components is minimized
by ensuring adequate spacing between them.
More serious is the capacitance between components and earth

Where possible screened components are used, the capacitance
between the components and the screen then being measurable and
fixed. The stray earth capacitance of the detector will also cause a
current through it which will make true balance impossible. This
is termed "head effect" and can only be eliminated if the detector
is at earth potential at balance.

Fig. 3.9(a) shows diagrammatically the stray earth capacitances in
an a.c. bridge. The effect of connecting one end of the detector to
earth is shown at (b). Cb at (a) simply shunts the detector, and so
may be neglected. So also may Ce since the detector is at earth
potential. Ca and Cc, however, now appear across the arms Z4andZ3 so introducing an unknown factor into the balance conditions
For this reason direct earthing of the detector is not employedA device which overcomes this difficulty is the Wagner earth

shown in Fig. 3.10. Zx and Z2 are preferably the fixed arms of
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the bridge, while Z5 and Z§ are additional elements which must be
made to balance with Z\ and Z2. The junction point of Z5 and Z6

is solidly earthed so that the stray capacitances Ca and Cc are in

parallel with them. An approximate balance is obtained with the

switch in position 1. The switch is then moved to position 2,

and a further balance is obtained by varying Z5 and/or Z6 . When
this is achieved the point A must be at earth potential. The switch

is then moved back to position 1 and a further balance is obtained.

When this is achieved the detector must still be at earth potential

A

Fig. 3.10 WAGNER EARTHING DEVICE

and so there will be no stray capacitance effects. The values of Z5
and Ze need not, of course, be accurately known.

3.13 Transformer Ratio-arm Bridges

Unlike the bridge circuits considered so far, the transformer ratio-

arm bridge depends on an ampere-turn balance in a transformer.

Admittance measurements over a wide range of frequencies up to

some 250MHz are possible. The basic circuit is shown in Fig.

3.11(a), where Yu is the unknown admittance and Ys is a standard

variable. Assuming ideal transformers the detector will indicate a

null when there are no net ampere-turns in the output transformer

T, i.e. When

luNi = ISN2

Neglecting leakage reactance and winding resistance there is
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«t<

77777

_n£Jn,

(a)

Fig. 3.11 TRANSFORMER RATIO-ARM BRIDGE

then no voltage drop across either input section of the transformer.

Hence

Iu = VYu and Is = VYt

so that

Ys V Is ~Ni
or

iVa.

Ni (3.21)
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In practice the leakage reactances of the transformers can be
made to balance out and resistances can be made negligible. An
important feature of the bridge is that one terminal of both source
and detector can be earthed. Further, if the centre tap of trans-
former T is earthed, then at balance one end of both the standard
and the unknown will be earthed. Strays may readily be taken into
account by setting the standard admittance to zero, and balancing
without the unknown connected, by means of auxiliary variables
in the standard arm which need not be calibrated. In this way the
effect of long leads to the unknown may be eliminated.

A simplified set-up for the measurement of an unknown capaci-
tance is shown in Fig. 3.11(6). Balancing components are used to
eliminate stray effects, and the bridge is rearranged to increase its

flexibility.
'

Taking resistive and reactive balance conditions separately,

NxNz „ J „ N2N4
R
» = m; Rs and c»=w c' (3 -22)

To measure an unknown inductance, the standard capacitor
is connected to the same side of transformer T2 as the unknown,
as shown in Fig. 3.11(c). At balance,

_ N1N3 - 1 N2N4 .R« =mr5
Rs and &u =

-m;ja)Cs

or

N1N3 1

^-JwlvtCs (3 '23)

For this measurement the frequency must be accurately known.
In commercial bridges the turns-ratio terms are directly read

as multipliers (usually decades) on dials.

Errors can be reduced to around Ol per cent in audio-frequency
bridges, while from 50 to 250MHz, accuracy within 1 or 2 per cent

is still possible.

3.14 Bridged-T and Parallel-T Networks

These networks have the advantage over 4-arm bridges that one end
of both source and detector may be solidly earthed. Such networks
can be used for measurements at frequencies above the audio-

frequency range.
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Consider the bridged-T network shown in Fig. 3.12(a). At

balance there is no current through the detector, and hence

h h
Also point A must then be at earth potential, so that

V V Z3

/4 = z4

and h =
{Zi + Z2Z3I(Z2 + Z3)} Z2 + Z3

VZ3

Z\Zi + Z\Zz + Z2Z3

H h

II
Z

1 I 2
Z2

^
1—r»—

c

—

h-

I

7777T

(a)

Z1

-) 3-

I

Z5 I5

Z2 I2

©

(b)

F(f. 3.12 BRIDGED-T AND PARALLEL-T NETWORKS

Hence

-Z4 = Zi + Z2 + Z1Z2/Z3

or

Zi + Z2 + Z4 + Z1Z2/Z3 = (3.24)

For the parallel-T circuit shown in Fig. 3.12(6), if the detector

current is zero it follows that

h= -h
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Since point A is then at earth potential,

VZ6

h =
Z4Z5 + Z4Z6 + ZsZe

and

h = VZZ

Z\Z<i + Z\Zz + Z2Z3

Hence

Zi + Z5 + ZiZs/Zs = -(Zi + Z2 + ZiZ2/Z3)

represents the balance conditions.

(3.25)

EXAMPLE 3.2 The bridged-T circuit of Fig. 3.13 is used to measure the in-

ductance L and series resistance J? of a coil at 3- 18 MHz. If C = 45-9 pF and
R3 = 10-4 kn find L and R.

Fig. 3.13 TYPICAL BRIDGED-T CIRCUIT

In this circuit the two capacitors are ganged together to form one variable,

while R3 forms the other.

From eqn. (3.24), at balance

1 + R +jo>L
l

:+
l

jcoC jcoC (o2C 2R3

Equating reference terms,

1R = 1

co 2C2R3 4 X 1014 X 21 x 10-22 X 10-4 x 103

and equating quadrate terms

L = 4t, = -: -- ^ r^a = 109/'H

= 115fJ

2 ,

co2C 4 x IO14 x 45-9 x 10-

3.15 The Q-meter

At radio frequencies it is often convenient to be able to measure

the g-factor of a coil directly. The 0-meter is designed specifically

to do this, and can also be used to measure inductance and capaci-

tance. The method is not a null but a resonance method, and since
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it depends on the calibration of a meter, may involve errors of 1 or
2 per cent. However, since the measurement is at maximum current
the effect of strays is minimized.
The basic circuit of a g-meter is shown in Fig. 3.14. A variable-

frequency oscillator is loosely coupled to a very low resistance, r.

The unknown coil is inserted in series with a calibrated standard
variable air capacitor C„ to form a series resonant circuit. If r
is much smaller than R, the voltage, V, applied to the tuned circuit
will be constant and equal to Ir. The current / is measured by a
thermocouple ammeter, A, and can be set at some standard known
value by altering the coupling between the oscillator and the load

Thermocouple
ammeter

A'
l R L

-V»V-'"vv
"
,-o-

Variable-
frequency
oscillator

lLoose
coupling

Fig. 3.14 THE g-METER

circuit. With the oscillator set atthe desired frequency

/

(= m j2n),
the capacitor Cs is tuned to give a maximum indication on the elec-
tronic voltmeter W. In this condition,

Vr. = Ir
v c — i^ ^

jcooCg RjcooCg jcooCsR

Also, at resonance and assuming a reasonably large value of Q,

coL = 1/eoCg

so that the magnitude of Vc is given by

Vc = Ir —jt- = constant X go

(3.26)

(3.27)

The electronic voltmeter can be calibrated to read directly in
units of Q. The range of Q measured can be altered by changing
the current J to a new standard on the ammeter scale.

MEASUREMENT OF CAPACITANCE

The value of an unknown capacitance within the range of the stan-
dard Cs can be readily determined by the method of substitution.
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A standard coil is used, and the circuit is tuned to resonance at a

suitable frequency. The unknown capacitor is then connected in

parallel with Cs and the circuit retuned to resonance by varying

Cs . The decrease in C8 is then equal to the value of the unknown

capacitor. By noting the change in Q for the two conditions the

parallel loss resistance of the unknown capacitor can also be deter-

mined.

MEASUREMENT OF INDUCTANCE

The unknown inductance is connected in series with the standard

capacitor, Cs, and the circuit is tuned to resonance. The unknown

inductance, L», is then given by

1

a>Lu = —77
coCg

SELF-CAPACITANCE OF A COIL

An equivalent circuit of a coil is shown in Fig. 3.15(a). At high

frequencies the self-capacitance Co, may materially affect the coil

R L

Co

(a)

Fig. 3.15 REACTANCE VARIATION METHOD OF FINDING THE

SELF-CAPACITANCE OF A COIL

impedance, and generally coils are not operated at more than

one-third of their self-resonant frequency, /o (= l/2wyXLC )). C

can be measured on the g-meter by the method of reactance varia-

tion. The values of standard capacitor setting, Cs, to achieve reson-

ance are noted for a range of frequencies. Since the resistance r

(Fig. 3.14) is so low, the self-capacitance may be taken as being in

parallel with C«, and resonance occurs when

1

caL

Hence

1
•

co2L

co(Cg + Co)

= Cs + Co (3.28)
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If l/o)« is plotted to a base of C* a straight-line graph is obtained
which may be extrapolated as shown in Fig. 3.15(6) to give Coand the self-resonant angular frequency cos = l/V(XCo).

PROBLEMS

?™ ^ a 'C
"
bridge

?
etwork for the measurement of inductance consists of four

ZL c^r«r*
nSed "•

l,
close* lo°P AXCB, where AB is the unknown induc-

^'"XSSSSESg- in series^ a -""*« Ci: CD is a

anSisi^S'of balM,Ce nd
°btain eXpreSSiODS f°r the induCtafl0e

Hence calculate the values of the inductance and resistance of a coil if balance
is obtained when Q = 250n, ft = SpP, C2 = 2/tf. and R = 1,0000

<4w. 0-5H, 400Q.
(#.AT.C.)

h'^Ho^
C0

/i
h
,f
V
l
ng

f
n inductance °f ^e order of 1H is measured by an a.cbridge method at a frequency of 1kHz. In order to bring the impedance to £

SanS ofKYnTfh
°f the b

,

ridge' the COil is Shunt̂ d ^ a^on-LJctiv:
resistance of 500O and the equivalent series impedance of the combination ismeasured, the values obtained being 6-35mH and487Q

mranauon is

«f ftt
erme

i
he lnduc

u
tance^ resistance of the coil. Indicate the general effectof this procedure on the possible accuracy of the measurement (Tin

Ans. 0-92H, 1,4200. ,

V '

3.3 A modified Carey Foster bridge is arranged as follows.

Arm AB is a non-inductive resistance of 10O.
Arm BC is a non-inductive resistance of 500O
Arm CD is a variable resistor, R, in series with a 1 OftF capacitorArmDA is the secondary ofa variable mutual inductor theprimary of which

is connected between A and the source of supply, the other lead
of the supply being taken to C. A detector is across BD The
secondary of the mutual inductor has a resistance of 150 and
co = 5,000rad/s. At balance R = 1850.

«J™Vhe ^rresP^nd
j

ng mutual inductance and the self-inductance of the

£c = 3V.
^ tHe CUrrent " eaCh arm of tne bridge Tssling

aiS**
a C°mpleXOr dfa8Mm representing the currents and p.d.s across the

Ans. 5-65mH, 6-94mH, 5-88mA, I0-8mA.
iLU)

3.4 The conditions at balance of a Schering bridge set up to measure thecapacitance and loss angle of a paper-dielectric capacLr are as follow^

/=500Hz
Z\ = a pure capacitance of 0-1 ,«F

Z2 = a resistance of 500O shunted by a capacitance of 00033^
Zs = pure resistance of 163

O

Zi = capacitor under test
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Calculate the approximate values of the loss resistance of the capacitor

assuming: (a) series loss resistance, and (b) shunt loss resistance. (L.U.)

Arts. 5-37fi, 197kfi.

3.5 An a.c. bridge network consists of the following four arms: AB—a fixed

resistor Ri; BC—a variable resistor R2 in series with a variable capacitor. C;

CD—a fixed resistor Ra; DA—a coil of unknown inductance L, and loss

resistance R.

Derive expressions for L and R when the bridge is balanced at a frequency/.

(This is Hay's bridge.) Evaluate L and R, with their limits of possible error if

the values of the components when the bridge is balanced are

Ri = l.OOOfi ± 1 part in 10,000

/j2 = 2,37on±oin
C = 4,210pF± lpF

Rs = 1.000Q ± 1 part in 10,000

The frequency of the bridge supply is 1,595Hz to an accuracy of ±1 Hz,

(L.U.)

Am. 4,170 ± l-88/*H, 4-26 ± 00090.

Fig. 3.16

3.6 Using the star-delta transformation show that the voltage between D and E
in the parallel-T circuit shown in Fig. 3.16 is zero when

— = R2
2wC2 and -,-,,„ = 2Rs

3.7 Solve Problem 3.6 by any other method.



Chapter 4

ADVANCED THREE-PHASE
THEORY

Symbolic notation may be simply extended to cover 3-phase systems.
It allows solutions to be obtained more easily for problems involving
unbalanced loads, these problems being extremely awkward without
symbolic methods.

4.1 The 120° Operator

It is important to maintain a conventional positive direction in
which to measure voltages in a 3-phase system. To facilitate this
the following double-subscript notation will be used. Vry denotes
the voltage of the red line with respect to the yellow line, Vyb
denotes the voltage of the yellow line with respect to the blue line,

and VBr denotes the voltage of the blue line with respect to the red
line. These directions are illustrated in Fig. 4.1(a), from which it is

clear that Vyb — — Vby, etc.

In any 3-phase system there are two possible sequences in which
the voltages may pass through their maximum positive values,
namely red -> yellow - blue, or red -»- blue ->- yellow. By con-
vention the first of these sequences is called the positive sequence,
and the second is called the negative sequence. The conventional
positive sequence is the one which is most common for electricity
supply and will be assumed in the following sections unless specifi-
cally stated otherwise. In Fig. 4.1(b) the line voltage complexor
diagrams are drawn 'for both positive and negative sequences.

93
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In 3-phase systems, the voltage complexors are displaced from

one another by 120°, so that it is convenient to have an operator

which rotates a complexor through this angle. This operator is a*

vRYt |VRB
1

M ^ j

(a)

VBR VYB VYB VBR

Positive sequence Negative sequence

(b)

Fig. 4.1 VOLTAGE COMPLEXORS FOR SYMMETRICAL 3-PHASE SYSTEM

Any complexor when multiplied by a, remains unchanged in magni-

tude, and has 120° added to its phase angle. Thus

a = 1/120°

V3

Also

a* = 1/120° X 1/120° = 1/240° = -\ -jVW

(4.1)

(4.2)

The operator a2 will turn a complexor through 240° in anmiti-

clockwise direction. This is the same as turning it through 120° in a

clockwise direction. Thus

a2 = 1/-120°

In the same way,

fl
s = 1/360° = 1

It will be recalled that the operation -;' results in the complexor

concerned being turned through an angle of -90°. It should be

• The symbol A may also be used to represent the 120° operator.



-•St;-..., J.w "1 T 1 " " -,
'> -','</'. ' jf?

'

.'Jy-
- *'«' ,'* '13"

Advanced Three-phase Theory 95

noted that the operation -a, however, does not turn a complexor
through -120°. This can be seen as follows:

-a = ax (-1) = a x 1/180° = 1/120° x 1/180°

= 1/300° = l/-60°
(43)

Thus -a turns a complexor through 60° in a clockwise direction
From the rectangular forms for the operators, the following impor-
tant identity may be verified

:

(4.4)
^ + a + 1 =

4.2 Four-wire Balanced Star

In the balanced 4-wire star-connected system shown in Fig. 4.2(a),
the voltages are assumed to be symmetrical. The positive direction

^—^VRQ^Vph

tVYB=a
2Vl

Fig. 4.2 BALANCED 4-WIRE STAR

of phase voltage at the load is assumed to be the potential of the
line terminal with respect to the star point 0'

.
0' is in this case the

neutral point of the system. Let the phase voltages have magnitude
Vph, and take the voltage between the neutral and the red line as the
reference complexor, i.e.

Vw = Fj,A/0°

Then

and

*W = frW-120° = aWph

Vbw = Vvnj+120° = aVph
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The line voltage is the difference between the phase voltages

concerned. Thus

VRY = Vm> - Vyo' (see Fig. 4.2(b))

= VPh — a2VPh

= ^|+y^} = V3^/30_° (4.5)

In the same way,

VYB = VYo> - VBo' = a2Vpn - aVph = V3Fpft/-90
o

and

VBr = Vbo' - VR0 > = aVPh- VPn = \Z3Fpft/150°

In each case the line voltage is V3 times the phase voltage in

magnitude, and leads the corresponding phase voltage by 30°.

In the same way, with IR as the reference quantity,

Ir = Ipn = h = VphjZpn

IY = aHi

IB = ah

The current through the neutral line, by Kirchhoff 's law, is

In = h + Ir + 1b

= h + tfih + ah

= (1 + a2 + a)h

= (from eqn. (4.4))

4.3 Three-wire Balanced Star

Since there will be no neutral wire current in a 4-wire star with

symmetrical supply voltages and balanced loads, the neutral wire

may be removed, and the familiar 3-wire system is obtained.

4.4 Balanced Delta-connected Load

If the current h through the load connected between the red and

yellow lines of the delta-connected system shown in Fig. 4.3(a) is

taken as the reference complexor at (b) then, since all the load

impedances are equal, each load current will lag by the same angle
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behind its respective line voltage. Since the line voltages are assumed
to be symmetrical, they will be 120° displaced from one another,
and the load currents will thus be displaced by the same amount.

aVRY.
T _nT

(a)

Fig. 4.3 BALANCED DELTA-CONNECTED LOAD

Let

h = IPh = Reference complexor

Then

h = /i/-120° = aH.'ph

and

h = /i/+120° = alph

The line currents, by Kirchhoff's law, will be the difference
between the phase currents at the corresponding terminals, i.e.

Ir= h — h = Iph — alpn

= iph
(5 -J-2)

= V3Ipt/~ 30
°

In the same way,

Ir = h - h = a%h - Iph = V34A/-150°

and

h = h- h = alph - a%h = V3/^/90°

The sum of the three line currents is

Ir + Iy + Ib = Iph{\ - a) +IPh(a2 - 1) + IPh(a - a2
) =
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EXAMPLE 4.1 A symmetrical 3-phase 450V system supplies a balanced delta-

connected load of 12kW at 0-8 p.f. lagging. Calculate (a) the phase currents,

(b) the line currents, and (c) the effective impedance per phase.

The complexor diagram corresponds to that of Fig. 4.3(6).

Power per phase = J x total power = 4kW

Therefore

4
kVA per phase = — = 5kVA

0"o

and
« y 1(\3 .

Current per phase = V,

'

= 1 1 • 1 A at 0-8 power factor lagging

(a) Take Vry as the reference complexor; then the phase currents will be

h = 1 11 / -cos- 1 08 = 11 1/-36 52'A = (8-88 - /6 66)A

"*>
2 = a*h = lH /-36°52' x 1 /-120° = 1M /-156° 52'

= (-10-2-y4-36)A

and

IS = ah = 1M[Z^6°_52: x 1/120° = 1M/83°JT

= (1-33 +yll-0)A

(6) The line currents are found by subtraction:

IR =h-h = 8-88 -y'6-66 - 1-33 —/U0 = 7-55 - /17-6

= 19-2/ -66" 52'A '

IY =h-h = -191 + /2-3 = 192/-186°52'A

/B = /3 - /2 = 11-5 +yl5-4 = 19-2/53° 8'

A

Note that, once In is found, /y and Is follow for a balanced load by subtracting

and adding 120° to the phase angle of Ir.

(c) The impedance per phase is given by

7 _ YSI _
45°^ = 40-5/36° 52' = (324 +y24-3)Q

*vh - h - lM£_36°_5r =====
EXAMPLE 4.2 A short 3-phase transmission line has an effective resistance

per conductor of0-6O and an effective inductive reactance per conductor of 0-8Q.

Find the sending-end line voltage and power factor when the line supplies a

balanced load of l,800kVA at 5-2kV and 0-8 power factor lagging.

Since the load and transmission system are balanced, this problem may be

treated in the same way as a single-phase problem.

Receiving-end phase voltage, Vrn = (5>200/V3)/0° = 3,000/0°V

(This voltage is taken as the reference complexor.)

Line current = 1,800/(V3 x 5-2) = 200A
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20oS5T
tKC referenCe phaSe volta8e this current raay be expressed as

and

Line voltage drop = IZ = 200/-36-9°(0-6 +/0-8) = (192 + /56)V
Sending-end phase voltage = 3,000 + 192 +/53 «. 3,190^V

Sending-end line voltage = 5-51 kV

Also,

Sending-erid power factor = cos 37-9°

4.5 Unbalanced Four-wire Star-connected Load on System of
Negligible Line Impedance (Fig. 4.4)

This is the simplest case of an unbalanced load, and may be treated
as three separate single-phase systems with a common return lead.

No- IY £

Fig. 4.4 UNBALANCED 4-WIRE STAR

The phase voltages will be equal in magnitude and displaced by

1,1 *c?w
C
f??

Cr bCCaUSe the VoltaSe of the load star Po^t is thesame as that of the generator star point. The neutral wire current is
the complexor sum of the three line currents

If the voltage across the red phase is taken to be in the reference

and

*W = Vvh ; VY0 , = azvph = Vphj-\2Q°

Vbo> = aVph = VphinO"

The corresponding phase currents are

/y =
VPh/-120°

Ib =
VPhjl20°

ZB
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These currents will also be the line currents in the system. The

current through the neutral wire will then be given by

The impedances are, of course, in complex form. The currents are

shown in Fig. 4A(b).

This result may be obtained from the complexor diagram as fol-

lows.

1. Draw the three phase voltages, equal in magnitude and 120°

apart.

2. Calculate, by single-phase theory, the current in each phase

and the phase angle relative to the corresponding phase

voltage, taking each voltage in turn as a reference quantity

(/= V&IZ).

3. Draw these currents in the complexor diagram in the correct

phase relationship to the corresponding phase voltages.

4. Find, by complexor addition, the sum of the three phase cur-

rents. This will give the neutral wire current in magnitude and

phase.

The overall power factor of an unbalanced load is taken to be the

ratio of total kW to total kVA.

EXAMPLE 4.3 The 440 V, 50Hz, 3-phase 4-wire main to a workshop provides

power for the following loads.

(a) Three 3 kW induction motors each 3-phase, 85 per cent efficient, and operat-

ing at a lagging power factor of 0-9.
.

(6) Two single-phase electric furnaces of 250V rating each consuming 6kW

at unity power factor.

(c) A. general lighting load of 3kW, 250V at unity power factor.

If the lighting load is connected between one phase and neutral, while the

furnaces are connected one between each of the other phases and neutral

calculate the current in each line and the neutral current at full load. (H.N.C.)

3x3
Total motor power input = = 106kW

Therefore

kW 10-6 ,, „,.,.
Motor kVA input =

pQWer factor
= -& = ^kVA

Also

Each motor kVAr = kVA x sin (cos"1 0-9) = 51 kVAr

, . 11-8 x KOO0 _ ,. . .

Current in each line due to motor load =
^ ^ I3-4A

This current will lag behind the corresponding voltage by cos"1 0-9 = 25° 50'.

Thus the current through each line due to the motor, and with reference to each

phase voltage, will be 15-4/25° 50' = (14 -;6-7)A. The line current for each
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furnace will be 6,000/250 = 24A at 0° phase angle (i.e. 24/0_°, or 24 +/0) with

wT he 3°^™ ^of*8 Phase Vfage
-
The Iine current for *» ljShting^dwin be 3,000/250 = 12A at unity p.f. (i.e. 12/0_° or 12 +/0) with reject to the

corresponding phase voltage. The total current in each furnace line will then be
14 -J6-1 + 24 = 38 -;6-7 = 38-5/-10°A

with respect to the corresponding phase voltage.
The current in the third line will be

14 -/6-7 + 12 = 26 -/6-7 = 26-8/-14°A

The compiexor diagram corresponds to that of Fig 4 4(b)
To find the neutral current, the three line current complexors may be added

graphically or by the following method using symbolic notation
To simplify the calculation, it should be noted that, since the motors form

balanced loads, the motor currents will not give rise to a neutral current and maybe neglected in the calculation of the neutral current.
Let the lighting load phase voltage be taken as the reference compiexor. Then

Lighting load current = (12 +/0)A
First heating load current = (24 +j0)a2 = (-12 -y20-8)A
Second heating load current = (24 +;'0)a = (-12 +y20-8)A

Therefore

Neutral current = IR + Ir + 1B
= (12 +y0) + (-12 -y20-8) + (-12 +y20-8)
= -12 +/0 = 12/180°A

4.6 Unbalanced Delta-connected Load (Fig. 4.5)

In the case of the delta-connected unbalanced load with sym-
metrical line voltages, full line voltage will be across each load phase.

v
VBR

(a)
IR+IY+Ie=0

Fig. 4.5 UNBALANCED DELTA-CONNECTED LOAD

The problem thus resolves itself into three independent sinele-phase
systems supplied with voltages which are 120° apart in phase.
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In the analytical solution the line voltage Vry will be taken as

the reference complexor (Fig. 4.5(6)), so that

VRy = Vi Vyb = Vil
-120° Vbr = Kt/120°

The complex impedances of the load are Z\, Zi and Zz, connected

as shown in Fig. 4.5(a).

Then the phase currents are easily obtained from the equations

r
Vl

I -
Vij-120°

h =
K;/120°

By Kirchhoff's first law, the line currents will be the differences

between the corresponding phase currents. Since there is no neutral

wire, the complexor sum of these three line currents must be zero.

TRIANGULAR COMPLEXOR DIAGRAMS

In some cases it is convenient to represent the line voltage and line

current complexor diagrams of 3-phase circuits in a triangular

Phase voltages

Line voltages

Vyb

(b)

Fig. 4.6 PHASE- AND LINE-VOLTAGE COMPLEXOR DIAGRAMS IN

TRIANGULAR FORM

form. In Fig. 4.6(a) the conventional complexor diagram for line and

phase voltages is shown, while Fig. 4.6(b) shows the triangular

diagram. The line voltage complexors form a closed triangle. These

complexors correspond exactly in magnitude and direction to the

line voltage complexors shown at (a).

For symmetrical line voltages, the line voltage triangle will be

equilateral and will be the centroid of the triangle.

In a 3-wire system, there is no resultant current so that the three
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line current complexors must form a closed triangle. Fig. 4.7 shows
the diagram for a delta-connected system.

h
Fig. 4.7 LINE CURRENTS IN A 3-WIRE SYSTEM

EXAMPLE 4.4 Three impedances, ^ = (10 +yl0)fi, Z2 = (8-66 + J5)Qand Z3 = (12 +yl6)12 are delta-connected to a 380V, 3-phase system Deter-
mine the line currents and draw the complexor diagram.

The circuit is the same as that of Fig. 4.5(a). Take VRY as the reference. Then
VYB = 380/240°V and VBR = 380/120°V

so that

VRY 380/0° 380/0°
h =

ZT
=
ToTylo " ul^P = 2^b^l = d9 - ,19)A

VYB 380/240° 380/240°
h =

IT
=
8^T/5 = To^f = 38^ = (

" 329 ~/19)A

VBR _ 380/120° _ 380/120°

& ~~
12 +y'16 ~20/53-l

c

Therefore

1r = /i - h = 11-5 -y'36-5 = 38-2/ -72-5°A

/3 =^ =
UTTii = Svf^ = 19/S±! = (>45 + yl7-5)A

/y = h — h = —51-9 -y0 = 51-9/180°A

Ib = Is- h = 40-4 + y'36-5 = 54-3/42-1°A

The complexor diagram is that shown in Fig. 4.5(6).

4.7 Unbalanced Three-wire Star-connected Load

The unbalanced 3-wire star load is the most difficult unbalanced 3-
phase load to deal with, but several methods are available. One
method is to apply the star-mesh transformation to the load.
The problem is then solved as a delta-connected system, and the
line currents are obtained. A second method is to apply Maxwell's
mesh equations to the system, using the complex notation for
impedances, voltages and currents. Both of these methods involve
a fairly large amount of arithmetical work, which, while not eli-
minated, is at least simplified by the use of Millman's theorem.
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The circuit and complexor diagrams are shown in Fig. 4.8. In this

case is the star point of the generator or the neutral of the supply

(normally zero potential). The voltages between and the end

points ofZ& Zy andZB are the phase voltages of the supply. Hence,

by Millman's theorem, the voltage of 0' with respect to is given by

(4.7)
*Vo =

VrqYr + VyqYy + VbqYb

YB + Yy + Yb

The voltage across each phase of the load is derived by considering

that, for example, the voltage Vm is the voltage of line R with

respect to 0'. This is then the voltage of line R with respect to

less the voltage of 0' with respect to 0. In symbols this gives

VYo> = (Vyo - Ko'o) 1

Vbv = (Kbo - *Vo) I

The line currents are then given by

IR0 , = (VR0 - Vo>o)YR \

IYW = (Fro- Vvo)YY

Ibo' = (Vbo— Vo'o)Yb J

(4.8)

(4.9)

(Q)

Voltage triangle

(b)

Fig. 4.8 UNBALANCED 3-WIRE STAR

Pvample 4 S Loads of 2, 2 + /2 and -/5-ohm elements are connected in

SS^4?3^ 50Hz 3 phase 3-wi/e symmetrical system. Find (a) the potential

ofthlloadstar point with respect to the supply neutral, (6) the load phase voltages,

and (c) the line currents. Draw the complete complexor diagram.

The circuit diagram is shown in Fig. 4 8. VRo is chosen as the reference

complexor. The corresponding complexor diagram is shown at (6). Then

433^0=^^=^=250/0:
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The admittances of the load are

Yr = i = 0-5S

Yr =
TTfl "M^ =°™bm «= 0>-25 -yO-25)S

^s = —- = y"0-2 = 02/90"S

(a) Applying Millman's theorem, eqn. (4.7),

Fo, = (250/p: x 0-5) + (250/240; x 0-353/-4y) + (250(120! x 02/90°)

0-5 + 0-25 -y'0-25 +/0-2
~

This reduces to /

PVo <* —/64V

(6) The load phase voltages are then, by eqns (4.8),

Vm' = VR0 — Fo'o = 250 -f/64 = 258/14° 21
'V

Vyt>' = Vro — PVo = a 2250 +y'64 = -125 - /152
= 197/230° 34'V

Vbo' = Vbo - Fb'o = a250 +/64 = -125 +/280
= 307/114° 4'V

(c) Having obtained the load phase voltages, the load currents follow simply
from the expressions r '

feo' = Vna'Yx = 258/14° 21' x 0-5 = 129/14° 21'A

Iyo' = Vyo'Y2 = 197/230° 34' x 0-353/ -45° = 69-4/185°34'A

Ibo' = FBo'Fa = 307/114° 4' x 0-2/90° = 61-4/204°4/ A

Note that these three currents must form a closed complexor triangle.

4.8 Effect of Line Impedance

If the impedances of the lines connecting the generator to the load
are appreciable, then for the 3-wire system with a star-connected
load, the line impedances may be lumped with the load impedances
to obtain the line currents. In the case of a 4-wire system, a solution
may be readily effected by Millman's theorem. Fig. 4.9 shows a
star-connected load, supplied through lines of impedance ZL, and
having a fourth wire of impedance ZN. Then the total impedances in



:;:f.y^J^^W^f"^'}

106 Advanced Three-phase Theory

the lines are {ZL + ZR), {ZL + ZY) and (ZL + ZB). Let N be the

end of the fourth wire so that coincides with N ; then

Vro
1

Ko<o =
Zl + Zr

+ Vro
1

Zi, + Zr
+ Kb0z7Tz; +F2V0 z^

1

+
1

ZL + ZR ^ ZL + Zy

VrqYi.+ VyqY2 + VbqYs

Yx + F2 + Y3 + YN

R 2.

+
1

Zl + Zb Zn

(4.10)

Fig. 4.9 UNBALANCED 4-WIRE STAR WITH APPRECIABLE LINE

IMPEDANCES

since Vno — 0.

Then

and
In = (Vo>.o)YN

IR = (VR0 - V 'o)Yi, etc.

4.9 Power Measurement in General Three-phase Systems

The theoretically simplest method of measuring unbalanced 3-

phase power in a 3-wire system is to insert a wattmeter in each line,

with the voltage coils connected together to a common point

(Fig. 4.10). The total power is then the sum of the three wattmeter

readings. It can be shown that this method gives the correct result

whether the wattmeters are identical or not.

There is a rather unexpected theorem related to polyphase power

measurement, called Blondel's theorem. This states that the mini-

mum number of wattmeters required to measure the power in a

polyphase system is one less than the number ofwires carrying current

in the system.
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Thus for a 3-phase 4-wire system three wattmeters are required,,

but for a 3-phase 3-wire system only two wattmeters are required.

This two-wattmeter method will now be considered in detail.

- Load

Fig. 4.10 THREE-WATTMETER POWER MEASUREMENT IN A
3-WIRE SYSTEM

The connexions for the two-wattmeter method are shown in Fig.

4.11. The wattmeters have their current coils connected in any two

Load

Fig. 4.11 TWO-WATTMETER METHOD

lines, while their voltage coils are connected between the correspond-

ing lines and the third line. Then the sum of the two readings gives

the total power irrespective ofbalance of load or waveform of supply.

Proof. Let Pi and P2 be the average value of the two wattmeter

readings, then

1 C
T

1 C
T

.

'

Pi — j, \ vrbir dt and P2 = j\ vybiy dt

Note that with both wattmeter voltage coils connected in the same
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way (i.e. corresponding ends joined to the blue line) the voltage

across the voltage coil ofW2 is vyb and not vby. Now,

vrb = vro> - vbo> and vyb = vyo> - vbo'

Also, for a 3-wire system,

iB — —Or + ir)

Therefore

1 CT

Px 4. p2 = - (vro'Ir — vbo'Ir + vyo'Iy — VB0'iy)dt

T Jo

1 f
T

= ~ (VRO'lR + VYO'IY + VB0'lB)dt
T Jo

1 CT= - (total instantaneous power) dt

T Jo

= Average total power

In this analysis no assumptions have been made with regard to

phase sequence, balance of load or waveform.

4.10 Special Case of Balanced Loads and Sine Waveforms

If the currents and voltages are sinusoidal they may be represented

on a complexor diagram, this being done in Fig. 4.12 for the case

of the balanced load and a phase sequence RYB. It is assumed that

Wi is the wattmeter in the leading line (e.g. if the wattmeters were

in the R and B lines, then the wattmeter in the B line would be called

Wi)
If the circuit current leads the phase voltage by an angle <f>,

and the

wattmeters are connected as in Fig. 4.11, then

Power indicated by Wi = (voltage across voltage coil)

X (current in current coil) x cos (angle between them)

Pl= VrbIr cos (<£ + 30°) (from the complexor diagram)

= FVi cos (0 + 30°) (4 -n )

In the same way the power indicated by W2 is

P2
= VybIy cos ft - 30°) = Vlh cos - 30°) (4. 12)

For the case of a lagging phase angle,
<f>

will be negative in the

above equations.
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For phase angles greater than 60° (either leading or lagging) one
wattmeter will have a negative deflexion, in which case the con-
nexions to the voltage coil of that wattmeter should be reversed to

Fig. 4.12 COMPLEXOR DIAGRAM FOR TWO-WATTMETER METHOD WITH
BALANCED LOADS

give an upscale reading. Such a reversed reading must always be
subtracted to give the total power.
For balanced loads the power factor may be obtained from the

wattmeter readings. Thus, if Wi is in the leading line, then from
eqn. (4.11) the reading is

Pi = Vih cos (<£ + 30°) ,

= Vih (cos <£ cos 30° - sin
<f>

sin 30°)

= Vih I -j- cos
<f>
— i sin

<f>
I

In the same way, from eqn. (4.12),

(4.13)

(
P-2. = Vih | -j- cos

<f> + \ sin
(f>

I (4.14)

Therefore

-Pi +-P2 = VWiIi cost

(i.e. the sum of readings gives the total circuit power)

Also

P2 -p1== Vih sin
<f>

Dividing this equation by the previous one,

Pi -Pi 1

(4.15)
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But
1 1

Power factor, cos <£ =^ = VO+to^)
Therefore

'

cos
*
= "7?

—

7T^:r^Y\
(4 ' 16)

It should be noted that the total reactive volt-amperes, Q, may be

obtained as

Q = y/iViIi sin <j> = \/3(P2 - Pi) (4 - 17)

The two-wattmeter method may be used with a single wattmeter

if suitable switching is provided. The switches consist of make-

before-break ammeter switches and a reversing switch.

In the polyphase wattmeter, two wattmeter elements are mounted

in the same housing. They are screened and insulated from each

other, but their moving coils are fixed to the same spindle and

rotate against the same control spring. The meter indication is

then the sum of the separate indications. The connexions are the

same as for two separate meters.

EXAMPLE 4.6 A 3-phase induction motor develops 1 1 -2kW when running at

85 per cent efficiency and at a power factor of0-45 lagging. Calculate the readings

on each of two wattmeters connected to read the input power.

LetPi andP2 be the readings on the "leading" and "lagging" phase wattmeters

respectively.

Total input power = ' = 13.100W

i.e.

Pl + p2 = 13,100W (i>

Total input VAr = 13,100 X tan<£

= -13,100 X V°
~
4

°"452>
= -26,000VAr

Therefore

Pi _ Pl = 1^000 = _ 15 ,
00W («)

V3

Adding eqns. (i) and (ii),

2Pa = -1,900W

Therefore

Pa = -950W and Pi = 1 4,050W
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EXAMPLE 4.7 Two wattmeters Wx and W2 connected to read the input to a3-phase induction motor running unloaded, indicate 3kW and 1 kW respectivelyOb
i

increasing the load, the reading on Wi increases while that on W2 decreases'and eventually reverses.

facXfthe'mlr P1™™1 and find the «*— P— and power
(H.N.C.)

,,^Vhe load
,
mcreases ^e power factor may be assumed to improve. If thegoaded power factor were less than 0-5 lagging (i.e. 60" lag), then reference toeqns. (4.11) and (4.12) snows that, if Wi were in the lading line and Wam the lagging me, an increase in power would have the results described Thisalso assumes that the connexions to the voltage coil of W2 have been reversedAs the phase angle decreasesA falls to zero andP1 increases ; any further decrease

in phase angle causes i>a to increase in the opposite sense
Hence, assuming that in the unloaded condition W2 reads a negative power,

Input power = 3 — 1 = 2kW

Input power factor = 1 = _i n ,,o ,„„„.
V{1 + 3(t)*> V13

~ °'278 lagging

4.11 Power Measiirement in Balanced Three-phase Systems

If it is known that the load is balanced, then one wattmeter is
sufficient to measure the power in a 3-phase system. There are two
methods in which one wattmeter may be applied.

ARTIFICIAL-STAR METHOD (Fig. 4.13)

The wattmeter will read the phase power, and the total power will be

Supply Load

Artificial star

Fig. 4.13 ARTIFICIAL-STAR METHOD FOR BALANCED 3-PHASE
POWER MEASUREMENT

three times the wattmeter reading. No indication is given of whether
the power factor is leading or lagging.
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DOUBLE-READING METHOD (Fig. 4.14)

Two readings are taken, with the wattmeter current coil in the

same line for both readings and with the voltage coil connected

across the current coil line and each of the other lines in turn. Sup-

pose the current coil is inserted in the R line and the phase sequence

is RYB. Let Pi be the wattmeter reading when the voltage coil is

Fig. 4.14 DOUBLE-READING METHOD FOR BALANCED 3-PHASE

POWER MEASUREMENT

connected to the leading line (B in this case) and P2 be the wattmeter

reading when the voltage coil is connected to the lagging line (Y in

this case). Now,

Wattmeter reading - (voltage across voltage coil)

X (current through current coil)

X cos (phase angle between above current and voltage)

i.e.

Pl = Vihcos ($ + 30°) (see Fig. 4.14(6))

and

p2 = Vihcos (cf>
- 30°)

Thus

Pl _ vxh (cos <j> cos 30° - sin
<f>

sin 30°)

and

p2 = Vih (cos
<f>

cos 30° + sin
<f>

sin 30°)

Therefore

PL + p2 = ^3ViIi cos
<f>
= total power

P2
_ px

= Vih sin
<f>
= (1/V3) x total reactive volt-amperes

and

i V3(f2 - Pi)
tan<£ = -

Pl + P2
-
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4.12 Phase Sequence Determination

Suppose that a 3-phase supply, with balanced line voltages, is
brought out to three terminals marked A, B, C, but the sequence
of the supply is unknown, e.g. the sequence might be A -> B ->- C
or A -* C -> B as illustrated by the complexor diagrams of Fig.
4.15(a) and (b). For many purposes it is essential to determine

\* \«

vB
(a)

A
(b)

B
o

I
''

R o'
c

l—WA-f-41—

'

<5>±
(c)

vAc vac

Sequence ABC
(d)

Sequence ACB
(e)

Fig. 4.15 PHASE SEQUENCE DETERMINATION

which of the two possible sequences the phase voltages follow.
The determination may be carried out by various circuits, one of
which is illustrated in Fig. 4.15(c).

The complexor diagram of Fig. 4.15(d) is drawn for the circuit
when the phase sequence is A->B-*C, and Fig. 4.15(e) applies
when the phase sequence is A — C- B. It should be particularly
noted that VBc appears in anti-phase in the second case with respect
to its direction in the first case. Since the circuit between terminals
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B and C is capacitive, the current / through this circuit must lead

the voltage VBc across it.
.

Hence the current complexor may be drawn leading Vbc in botn

cases. Vr may then be drawn in the same direction as the current

complexor. The voltage Vav will then be represented by the complexor

Vaw in each diagram. It is apparent that

(a) VAo> will exceed the line voltage for sequence A -* B -»- C.

(b) Vaq' will be less than the line voltage for sequenceA -»• C -> B.

The following points should be noted:

1. The voltmeter current has been neglected, so that a high-

impedance voltmeter is necessary.

2. The clearest differentiation between the readings will be

obtained when the resistance and the capacitive reactance are

equal.

4.13 Symmetrical Components

Any unbalanced system of 3-phase currents may be represented by

the superposition of a balanced system of 3-phase currents having

positive phase sequence, a balanced system of 3-phase currents having

the opposite or negative phase sequence, and a system of three cur-

rents equal in phase andmagnitude and called the zerophase sequence.

For example, Fig. 4.16(a) shows an unbalanced system of 3-phase

currents, and Figs. 4.16(b), (c) and (d) show the positive, negative

and zero phase-sequence components.

Adopting the nomenclature indicated in Fig. 4.16, where Ir,

Iy and IB represent any unbalanced system of 3-phase currents,

IR = IR+ + IR- + Im <4-18>

IY = IY+ + Iy- + Tro (4 -19>

IB = IB+ + IB- + Im (4 -2°)

Evidently,

/y+ = a*fe+ <4 -21)

Is+ = aIR+ (4-22)

/r- = aIR- (423)

In- = *&- (4 '24>

/R0 = /r. = /bo (4 -25>
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The original unbalanced currents may now, be expressed in terms

of red-phase symmetrical components only by substitution in eqns,

(4.19) and (4.20). Repeating eqn. (4.18) for convenience, this gives

Ir = /*+ + Ir- + /ho (4-18)

Iy = a2IR+ + aIR- + Im (4.26)

h = aIR+ + aHR- + Im (4-27)

Fig. 4.16 SYMMETRICAL COMPONENTS

id) Unbalanced 3-phase currents

(6) Positive phase-sequence currents

(c) Negative phase-sequence currents

W) Zero phase-sequence currents

A
*RO« No- rBO
e y

(d)

The symmetrical components IR+, IR- and IRo may now be

expressed in terms of the original unbalanced system IR, Iy, Ib-

Addition of eqns. (4.18), (4.26) and (4.27) gives

h + Ir + Ib = (1 + a2 + a)IR+ + (1 + a + a*)IR- + 3IR0

Im = KIr + Iy + Ib) (4.28)

bearing in mind that

1 + a + a2 = (4.4)

If eqn. (4.26) is multiplied by a and eqn. (4.27) by a2
, this gives

Ir = IR+ + Ir- + Iro (4.18)

alY = cPIR+ + a2IR- + aim (4.29)

a2IB = a3IR+ + oIIr- + a2IR0 (4.30)
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Addition of eqns. (4.18), (4.29) and (4.30) gives

fa+ = K/r + aI* + aH$ (4 ' 31)

bearing in mind that a? = 1 and a4 = a.

If eqn. (4.26) is multiplied by a2 and eqn. (4.27) by a it can be

shown that

fa- = Kfa + «2/y + aÎ (4 '32)

Eqns (4 28) (4 31) and (4.32) show that it is possible to find zero,

positive and negative phase-sequence components of current in

terms of the original unbalanced system.
. ., , .

An unbalanced system of 3-phase voltages may similarly be repre-

sented by symmetrical components and the value of these com-

ponents found by equations of the same form as (4.28), (4.31)

and (4.32).

EXAMPLE 4.8 The currents flowing in an unbalanced 4-wire system are

fe = 100/0_°A Iy = 200/-90°A la = 100(120>

Find the positive, negative and zero phase-sequence components of these currents.

jR = loo/o^ = (10° +->'0)A

Iy = 200/ -90° = (0 -/200)A

aIy = 200/ -90° x 1/1202 = 200/302 = (173-2 + ;100)A

aHy = 200/-90° X 1/-120" = 200/150° = (-173-2 + /100)A

IB = 100/120° = (-50 +/86-6)A

ah = 100/120° X 1/12£ = 100/- 120 = (-50 -/86-6)A

a*h = 100/120° X 1/-120; = 100/0° = (100 +/0)A

3/„+ = 373-2 + /100

fe+ = 129/15J-

A

fe_ = Kfe + aHy + als)

3/B-= -123-2 + /1 3-4

Ir- = 41-3/174°A

Im = l(fe + ^ + fc>

37ro = 50 - /113-4

/Bn = 41-3/-66-2°A
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A graphical solution is shown in Fig. 4.17. The complexors h, ly and IB
are first drawn using a suitable scale. The complexors aly, a*Iy, aIB and anB are
then drawn 120 leading and lagging on ly and 1B respectively. The required

aly

Scale 100A
i .

200A
I

Fig. 4.17

*fl+=130/15>. ^- = 41-3/174° A JR0 = 41-3/-66° A

and &T°
r additions are then Performed, and these are shown in Figs. 4.17(6), (c)

4.14 Applications of Symmetrical Components

The method of symmetrical components may be applied to the
solution of all kinds of unbalanced 3-phase network problems
such as those discussed in Sections 4.5, 4.6 and 4 7. However
when the source impedance is assumed to be negligible, the methods
of solution adopted there are easier than the application of the
method of symmetrical components. Where source impedance is
taken into account the method of symmetrical components must be
applied if the source is a synchronous machine or a transformer
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supplied by a synchronous machine. This is because the impedance

of a synchronous machine to positive phase-sequence currents is

different from its impedance to negative phase-sequence currents.

The source impedance is likely to be of significance under fault

conditions in 3-phase networks. Indeed for a fault at the generator

terminals the generator impedance is the only impedance present.

The main field of application of symmetrical components, therefore,

is the analysis of 3-phase networks under asymmetrical fault

conditions.

4.15 Synchronous Generator supplying an Unbalanced Load

Three-phase generators are specifically designed so that the phase

Ir+

Ir-Z,

(b) (c)

Vr-

rR0Z

Vro

(d)

'

Fig. 4.18 SYNCHRONOUS GENERATOR SUPPLYING AN UNBALANCED LOAD

ia) Actual network
lb) Positive phase-sequence network

(c) Negative phase-sequence network

W) Zero phase-sequence network

e.m.f.s form a balanced 3-phase system. It is assumed, therefore,

that the e.m.f. of the synchronous generator shown in Fig. 4.18 is

of positive phase sequence only. Then the generator phase e.m.f.s

are
' ERS, Eys (= a2ERS), EBs (= aERS)
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If the generator is connected by four wires to an unbalanced star-
connected load (the most general case), the generator phase currents
will be unbalanced, and as shown in Section 4.13, may be repre-
sented by the superposition of positive, negative and zero phase-
sequence components of current. These components are:

h+ = k(h + aly + a2h) (433)
Ir+ = a2h (4.34)

fe+ = alR <

(4 35)

h- = \{h + a 2Ir + ah) (4J6)
Iy- = fl/fl-

(4 37)
h- = aHR-

(4 38)

/ro = \{1r + Iy + h) (439)
ho = ho

(4 40)
/bo = ho

(4.41)

Assuming, as is usual, that the impedances of the generator
phases to positive phase-sequence current are equal, i.e.

Zr+ = Zy+ = Zb+ = Z+

then

Voltage drop in R-phase due to positive phase-sequence current= Ir+Z+

Voltage drop in Y-phase due to positive phase-sequence current= Iy+Z+ = a2IR+Z+
Voltage drop in B-phase due to positive phase-sequence current= h+Z+ = ah+Z+

That is, the voltage drops due to the positive phase-sequence
currents are positive phase sequence only. This would not be the
case ifZR+, ZY+ and ZB+ were different.

Similarly, if the impedances of the generator phases to negative
phase-sequence current are equal, i.e.

Zr- = Zy- = ZB- = Z-

then

Voltage drop in R-phase due to negative phase sequence current= h-Z-
Voltage drop in Y-phase due to negative phase sequence current= ly-Z- = ah-Z-
Voltage drop in B-phase due to negative phase sequence current
h-Z- = a%h-Z-



120 Advanced Three-phase Theory

That is, the voltage drops due to the negative phase-sequence

currents are of negative phase sequence only. Again this result

depends on Zr-, Zy- and Zb- being equal.

Also, if the impedances of the generator phases to zero phase-

sequence current are equal, i.e.

Zm = Zyo = Zbo = Zo

then

Voltage drop in R-phase due to negative phase-sequence current

= IroZo

Voltage drop in Y-phase due to negative phase-sequence current

= IyoZo = IroZo

Voltage drop in B-phase due to negative phase-sequence current

= IboZo = IroZo

E.M.F. induced in R-phase

= (Terminal voltage of R-phase)

+ (Internal voltage drop in R-phase)

ERS = VRS + IR+Z+ + Ir-Z- + IroZo (4.42)

Similarly,

Eys = a*ERs = Vys + a2IR+Z+ + aIR-Z- + IR0Z (4.43)

and

Ebs = aEss = Vbs + aIR+Z+ + uHr-Z- + IroZo (4.44)

Adding these three equations,

= Vrs + VYS + VBS + 3/boZo

or = Vro + IroZo (4.45)

where Vro is the zero phase-sequence component of the generator

terminal voltage Vrs, i.e.

Vro = l(VRS + Vys + VBS)

If eqn. (4.43) is multiplied by a2 and eqn. (4.44) by a,

ERS = VRS + IR+Z+ + Ir-Z- + IroZo (4.42)

o^Ers = a2 VyS + a4IR+Z+ + a3IR-Z- + a zIROZo (4.46)

a?ERS = aVBS + a3IR+Z+ + a3IE-Z- + aIROZo (4.47)

Adding these three equations,

= VrS + a2 VYS + aVBs + Hr-Z-

jr 0= Vr- + Ir-Z- (4.48)
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where VR- is the negative phase-sequence component of the genera-
tor terminal voltage VRS .

If eqn. (4.43) is multiplied by a and eqn. (4.44) by a2
,

ERS = VRS + IR+Z+ + IR-Z- + IroZo (4.42)

azERS = aVYS + aUR+Z+ + azlR~Z- + aIR0ZQ (4.49)

a3ERS = a2 VBs + a3IR+Z+ + a*IR-Z- + a?IR0Z (4.50)

Adding the above equations,

3ERS = VRS + aVys + aWBS + 3IR+Z+

Ers = HVas + aVyS + a*VBs) + Ir+Z+

Ers = VR+ + IR+Z+ (4.51)

Examination of eqns. (4.45), (4.48) and (4.51) reveals that, when an
unbalanced load is imposed on a system, the positive, negative and
zero phase-sequence components may be considered separately if

the impedance of each phase of the network is balanced. Under
these conditions the positive, negative and zero phase-sequence
networks, which are interpretations of eqns. (4.45), (4.48) and (4.51),

may be drawn, as in Fig. 4.18. It should be noted particularly that
negative and zero phase-sequence currents may flow even when
there is no negative or zero phase-sequence e.m.f., since such current
components may arise due to unbalanced loading.

4.16 Analysis of Asymmetrical Faults

In the following analysis it will be assumed that

1. The positive, negative and zero phase-sequence impedances
of the generator and any interconnected plant are known.

2. The generator e.m.f. system is of positive phase sequence only.
3. No current flows in the network other than that due to the fault.

4. The network impedances in each phase are balanced.
5. The impedance of the fault is zero.

ONE-LINE-TO-EARTH FAULT

The circuit diagram of Fig. 4.19 shows the fault conditions. Evi-
dently, Vrs = since the R-phase terminal and the star point are
earthed. Also

Iy = and 1B =

since only fault current is assumed to flow.
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The phase sequence components of current are, from eqns. (4.31),

(4.32) and (4.28),

1r+ = JUh + aIY + a*h) = hh
Ir- = Wr + aHY + ah) = */«

Iro = KIb + Ir + Ib) = iht

is

Fig. 4.19 ONE-LINE-TO-EARTH FAULT

Therefore

IR+ = /«_ = IR0 = J/b (4-52)

A complexor diagram of the phase-sequence components of current

is given in Fig. 4.20.

i^RO-I-*1
1 lornIyO' *B0

Fig. 4.20 SYMMETRICAL COMPONENTS OF ONE-LINE-TO-EARTH

CURRENT

Since the generator e.m.f. system is of positive phase sequence only,

and since the network impedances in the three phases are balanced

so that each phase sequence may be considered separately as proved

in Section 4.15, then

ERS = VR+ + Ir+Z+ (4.51)

= Vr- + Ir-Z- (4.48)

= VR0 + IroZo (4.45)



,^^^;pft^^.
'>»a

Advanced Three-phase Theory 123

Adding these three equations,

Ers = Vr+ + Vr- + VR0 + IR+Z+ + IR-Z~ + Ir Zo
But:VR+ + VR. + VR0 = \VRS = 0, and IR+ + /«_ + /jw = i,

fe>
so tri3.t

ERS = i/fl(Z+ + Z_ + Z )

The fault current is

IF =IR = 3Ers

(4.53)

(4.54)' Z+ + Z- +'Zq

Examination of this equation shows that an equivalent circuit
from which the fault current may be calculated is as given in Fig
4.21(a). Since the positive, negative and zero phase-sequence

AF- * IR+.IR. orl.flOi

(Q) (b)

Fig, 4,21 EQUIVALENT CIRCUITS FOR ONE-LINE-TO-EARTH FAULT

components ofcurrent in the faulted phase are all equal and in phase
the equivalent circuit from which each phase-sequence component of
current may be calculated is given in Fig. 4.21(6).

SHORT-CIRCUIT BETWEEN TWO LINES

The circuit diagram of Fig. 4.22 shows the fault conditions Evi-
dently

Iy + h = IR = and VYS = VBS
The phase-sequence components of current are, from eqns (4 3D
(4.32) and (4.28),

Ir+ = K/r + alr + a2IB) = i(« - a2)IY
fe- = h(h + "2Ir + alB) = K«2 - a)IY
ho = &IR + IY + h) -
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The above equations show that

Iro = and Ir+ = — Ir-

R R' IrO^
Vrs

vYs

Fig. 4.22 SHORT-CIRCUIT BETWEEN TWO LINES

A complexor diagram of the phase-sequence components of current

is given in Fig. 4.23.

Ir+ V *£-_

Fig. 4.23 SYMMETRICAL COMPONENTS OF FAULT CURRENT FOR A

SHORT-CIRCUIT BETWEEN TWO LINES

Since the generator e.m.f. system is of positive phase sequence

only and the network impedances in each phase are balanced,

ERS = VR+ + Ir+Z+ (4.51)

= Vr- + Ir-Z- (4.48)

= FKo + feoZo (4.45)

Also,

Vr+ = HVrs + aVYs + a*VBS) = i(F*s + (a + a*)VYS)

(4.55)
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Vr- = \{VRS + a^VYS + aVBS) = MVas + (a2 + a)VYS)

since VYS = yBs .

From eqns. (4.55) and (4.56),

Vr+ = Vr.-

Therefore, subtracting eqn. (4.48) from eqn. (4.51),

Ers = VR+ - VR- + IR+Z+ - IR-.Z- = IR+(Z+ + Z_) (4.57)

since VR+ — VR~ and lR+ = -/
fl_

From eqn. (4.57),

/*+ = Ers

Z+ + Z-

Also,

Ir- =
— ERs

Z+ + Z-

(4.58)

(4.59)

XR+.i Ip-

i

5

Fig. 4.24 EQUIVALENT CIRCUITS FOR A SHORT-CIRCUIT BETWEEN
TWO LINES

Examination of these two equations shows that the equivalent cir-
cuits from which the positive and negative phase-sequence com-
ponents of current may be calculated are as shown in Figs. 4.24(a)
and (b).

The fault current is

If = Iy = Iy+ + ly~

= a*IR+ + alR-

= a*IR+ — alR+

Ers
' Z+ + Z.

—jV3ERS
' Z+ + Z-

(aa - a)

(4.60)
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TWO-L1NES-TO-EARTH FAULT '

The circuit diagram of Fig. 4.25 shows the fault conditions. Evi-

dently,

Vrs

Vys]

Fig. 4.25 TWO-LINES-TO-EARTH FAULT

Vys =Vbs =

If = Iy + Ib

IR = IR+ + /R- + Im = - (4.61)

The phase sequence components of the generator terminal voltage

are

VR+ = &Vrs + aVYS + a*VBS) = Wrs

VR- = UVrs + a* Vrs + aVBS) = iVns

Vm = \{VRS + Vys + Vbs) = iVRS

Therefore

VR+ = VR- = VR0 = iVRS (4.62)

Since the generator e.m.f. system is of positive sequence only, and.

since the network impedances in each phase are balanced,

Ers = Vr+ + Ir+Z+

= VR- + 1r-Z-

= Vro + iflo-Zo

(4.51)

(4.48)

(4.45)
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The phase-sequence components of the generator terminal voltage
may be eliminated from these equations by subtraction:

(4.51) - (4.48) Ens = IR+Z+ -, IR-Z- (4.63)

(4.51) - (4.45) ERS = IR+Z+ - lR0Z (4.64)

(4.48) - (4.45) = /B_Z_ - IR0Z (4.65)

Substituting (from eqn. (4.61)) -IR0 = IR+ + /i?_ in eqn . (4 .64))

£rs = IR+(Z+ + Z ) + IR-Z (4.66)

/r- can now be eliminated between eqns. (4.63) and (4 66) by
multiplymg eqn. (4.63) by Z and eqn. (4.66) by Z-, thus

ErsZo = Ir+Z+Zq — /ij_Z-Zo

ERSZ- = IR+(Z+ + Z )Z_ + IR-Z-Zo

Adding,

Ers(Z + Z-) = IR+(Z+Z + Z+Z- + Z-Z )

Therefore,

ErsJZq + Z-)' £"
x>s/*+-

Z+Zo + Z+Z_ + Z-Z
Z+ +

Z-Zo

Zo + Z-

(4.67)

iR+

^o

/=&. 4.26 EQUIVALENT CIRCUIT FOR TWO-LINES-TO-EARTH FAULT

Examination of this equation shows that the equivalent circuit from
which the positive phase-sequence component of current may be
determined is as shown in Fig. 4.26.

Further, from eqn. (4.63),

-/*- = Ers — Ir+Z+
(4.68)



Generator Feeder

Za Zf
yl-70 ,0-10

j018 ,0-10

/0-12 yO-30

128 Advanced Three-phase Theory

Ers — Ir+Z+ is the voltage drop across the parallel branch of

the equivalent circuit in Fig. 4.26. Therefore the current flowing in

Z_ of this equivalent circuit is —Ir—
Also, from eqn. (4.64),

-IRo =
ERS 'JR+Z+ (4.69)

Therefore the current flowing in Zo of the equivalent circuit of Fig.

4.26 is -Ir .

EXAMPLE 4.9 A 3-phase 75MVA 0-8 p.f. (lagging) ll-8kV star-connected

alternator having its star point solidly earthed supplies a feeder. The relevant

per-unit (p.u.)* impedances, based on the rated phase voltage and phase current

of the alternator are as follows:

Positive sequence impedance (p.u.)

Negative sequence impedance (p.u.)

Zero sequence impedance (p.u.)

Determine the fault current and the line-to-neutral voltages at the generator

terminals for a one-line-to-earth fault occurring at the distant end of the feeder.

The generator e.m.f. per phase is of positive sequence only and is equal to the

rated voltage per phase.

„ j , L 11-8 x 103 ro,nw
Rated voltage per phase = — = 6,820V

V 3

75 x 106
Rated current per phase = —

—

— — = 3,670Ar r V3 x 11-8 x 103

The circuit diagram is shown in Fig. 4.27. The fault is assumed to occur on the

red phase.

Let Zt+ = Za+ + ZF+ =/'l-80p.u.

ZT- = Zg- + Zf- =/0-28p.u.

Zto = Zaa + ZF0 =y'0-42p.u.

Take Ers as the reference complexor, i.e.

Ers = 1/O^p.u.

Then

fe+ = '*- - 7«° " Zr+ + zZ + ZT0 = Jrlm
= °'4Z=22>U -

and

Fault current, IF = 3/R+ = 3 x 0-4/ -90° = l-2/-90° p.u.

i.e.

If = 1-2 x 3,670 = 4,400A

* See Section 9.16.
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The positive, negative and zero sequence networks are shown in Figs. 4.27(c) (d)
and (e).

'

Ens = (Vrs)+ + Tr+Zg+

= (Vrs)- + Ir-Zg-

= (Vrs)o + fsoZao

b ZF B
-o

/ ( )
ERS

/ Yr~n-S—i h

M
zG- zF- =-G0 -F0

lR+,IR_orIRO
"

(b)

<Vrs)+ M»L
GO

,

ZF0
,

,

<vrs) (Vrs>o

(e)

Fig. 4.27 CIRCUIT DIAGRAMS FOR EXAMPLE 4.9

(a) Actual network
(*) Equivalent circuit for phase-sequence components of current
(c) Positive phase-sequence network
W) Negative phase-sequence network
(ff) Zero phase-sequence network

where ( VrS)+, ( VrS)- and ( VrS)o are the positive, negative and zero phase-sequence
components of the generator red-phase terminal voltage.

(Ksh = Ers - IrZg = 1/(T - (0-4/-^ x 1-70/90°) = 0-32/O^p.u.

(Vrs)- = -Ir-Zg- = -0 4/-90" x 018/90° = 0072/180° p.u.

(Prs)o = -IroZgo = -0-4/-90 x 0-12/90° = 0048/180° p.u,



$&&i*Wf

130 Advanced Three-phase Theory

VrS = (Ksh + (Vrs)- + (VrS) = 0-32 - 0-072 - 0048 = 0-20/0° p.u.

VyS = cA{Ksh + a( Ks)- + ( V,s)o

= (1/-120° x 0-32/0°) + (1/120° X 0-072/180°) + 0048/180°

= _o-l6 -y'0-277 + 0-036 -/0-0624 - 0048 = 0-38/-116-9° p.u.

VbS = a( Vrs)+ + aK V,s)- + ( VTs)o
= (1/12CP x 0-32/0°) + (1/-120° X 0-072/180°) + 0-048/180°

_ _o-l6 + /0-277 + 0036 +;00624 - 0048 = 0-38/-116-9° p.u.

Vrs = 0-20 X 6,820 = 1,364V

VvS = VbS = 0-38 X 6,820 = 2,550

V

PROBLEMS

4.1 A symmetrical 3-phase 400V system supplies a balanced mesh-connected

load. The RY branch current is 20/40° A, Find (a) the line currents, and (b) the

total power.

Draw a complexor diagram showing the voltages and currents in the lines and

phases. Assume Vry is the reference complexor.

Ans. 34-6/10°A, 34-6/ -110°A, 34-6/1 30°A, 18-24kW.

4.2 An unbalanced 4-wire star-connected load has balanced line voltages of

440V.. The loads are

Zb = 10O Zy = (5 + /10)Q Zb = (15 -JS)il

Calculate the value of the current in the neutral wire and its phase relationship

to the voltage across the red phase. The phase sequence is RYB.

Hence sketch the complexor diagram.

Ans. 15-2A, 127-3° lagging.

4.3 A 3-phase, 4-wire, 440V system is loaded as follows:

(i) An induction motor load of 350kW at power factor 0-71 lagging.

(ii) Resistance loads of 150kW, 250kW and 400kW connected between

neutral and the R, Y and B lines respectively. Calculate (a) the line currents,

(b) the current in the neutral, and (c) the power factor of the system. Phase

sequence, RYB. (H.N.C.)

Ans. 1.145A, 1.512A, 2,080A, 855A, 0-957 lagging.

4.4 Three impedances Z\, Zi and Z3 are mesh connected to a symmetrica)

3-phase 400V 50Hz supply of phase sequence RYB.

Zi = (10 +/0)fi and is connected between lines R and Y
Zz = (8 +y'6)ii connected between lines Y and B

Z3 = (5 —j5)Cl connected between lines B and R

Calculate the phase and line currents and the total power consumed.
r

{H.N.C.)

Ans. 40A, 40A, 56-6A; 95-7A, 78-4A, 35-2A; 44-8kW.
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4.5 A symmetrical 3-phase supply, of which the line voltage is 380V feeds amesh-connected load as follows:
6

L^ad R- inwa 1 H' nl i*
88™8 connected^^ «nes R and Y

i,Z n ?i£™ at p
-C-

°'8 la8gm§ connected between lines Y and BLoad C: lOkVA at p.f. 0-9 leading connected between lines B and R
Determine the line currents and their phase angles. Phase sequence, RYB.

Arts. 74-6/-51° A, 98-6/1 73°A, 68-3/41 -8 A.
(HN.C.)

f;L
Determil

f

-

th
? I

in
l
currents in an unbalanced star-connected load suppliedfrom a symmetric^.3-phase 440V 3-wire system. The branch impedances of heload are* = 5/30:0,* = 10/45°fl andk = 10/60=0. The plfase sequence tRYB. Draw the complexor diagram. (HNC\

Ans. 35-7A, 32-8A, 27-7A.
'

n/thr^TV s5"nmetrica
!
3"Phase supply feeds a star-connected load consistingof three non-inductive resistances of 10, 5 and 12Q connected to the R Y and Bphases respectively.

' D

Calculate the line currents and the voltage across each resistor. Phase sequence,

(HN c\
Arts. 28-9A, 36-5A, 25-4A; 290V, 182V, 304V.

4 8 The power input to a 2,000V 50Hz 3-phase motor running on full load at

Tn^S°r!^ w

,

meaSUred
,
by tW° WaMmeters wW<=h indicate 3TOkW

Si jSL 2S?°-
W the ,nput

- (b) the power factor
' (c) the iine™-

Ans. 400kW, 0-756, 152A, 360kW!

4.9 The wattmeter readings in an induction motor circuit are 34-7W and 4-7W
respectively, the latter reading being obtained after reversal of the connexionsof the instrument voltage coil. Calculate the power factor at which the motor!working assuming normal two-wattmeter connexion of the wattmeters

(4ns. 0-4.

n'»< ^500VJ-Phase motor has an output of 37-8kW and operates at a p f of0-85 with an efficiency of 90 per cent. Calculate the reading oneach of twowattmeters connected to measure the power input.

Ans. 28-2kW, 13-3kW.

4.11 Give the circuit arrangement and the theory of the two-wattmeter methodof measuring power in a 3-phase 3-wire system.
metnod

A balanced star-connected load, each phase having a resistance of 10ft andan^ inductive reactance of 30ft is connected to a 400V 50Hz supply The Phaserotation ,s RYB. Wattmeters connected to read the total powerZve^heir currem
co.lsintheredandbluelinesrespectively. Calculate thereLmgSwatt™

Ans. 2.190W; -583W. (Z,i/)

4 12 Three impedances are mesh connected to a symmetrical 3-phase 440V50Hz supply of phase sequence RYB. .

F '

Zl = (5 +J10)Q is connected between lines R and Y
Z* = (5 +/5)ft is connected between lines Y and B
Zs = (6 — /4)ft is connected between lines B and R
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Two wattmeters connected to measure the power input have their current

coils in lines R and Y respectively. Calculate the line currents and the wattmeter

readings. (H.N.C.)

Ans. 95-5A, 79-4A, 43-3A; 39-8kW, 9-6kW.

4.13 A 3-phase transmission line delivers a current at 33 kV to a balanced

load having an equivalent impedance to neutral of (240 + /320)Q. The line has

a resistance per conductor of 20fl and a reactance per conductor of 30£X

Calculate the voltage at the generator end.

If the load is made (280 +y370)fl, calculate the receiving-end voltage if the

voltage at the generator end is unchanged. (L.U.)

Ans. 36kV; 33-5kV.

4.14 A 3-phase, 50Hz, transmission line is 25km long and delivers, 2,500kW
at 30kV, 0-8 power factor lagging. Calculate the voltage at the sending end if

each conductor has R = 0-8A and Xl = 10Q per km. If an extra load con-

sisting of capacitors having C = 1-5jwF to neutral is connected at the middle of

the line, calculate the voltage at the sending end. (H.N.C.)

Ans. 34-lkV, 33-lkV.

4.15 What are the advantages of overhead lines as compared with underground

cables for transmission at very high voltages ?

A 3-phase, 50Hz transmission line is 100km long and has the following

constants:

Resistance/phase/km = 0-2O
Inductance/phase/km = 2mH
Capacitance (line-to-neutral) per km = 0-01 5#F

If the line supplies a load of 50MW at 0-8p.f. lagging and 132kV, determine,

using the nominal-T method, the sending-end voltage, current and power factor

and the line efficiency. (L.U.)

Ans. 156kV; 248A; 0-8 lagging; 93-5 per cent.

4.16 Determine the voltage at the sending end, and the efficiency of a 3-phase

transmission line given:

Output of line—250A, 132kV at 0-8p.f. lagging

Line reactance—42 ii in each wire

Line resistance—12H in each wire

Line susceptance—3-75 X 10-4 mho line-to-neutral

Line leakance—negligible

The capacitance may be assumed to be located wholly at the centre of the line.
v

(L.U.)

Ans. 146kV; 96 per cent.

4.17 The resistance, reactance and line-to-neutral susceptance of a 3-phase

transmission line are 15Q, 450 and 4 x 10-*S respectively, leakance being

negligible. The load at the receiving end of the line is 50MVA at 130kV, 0-7 p.f.

lagging.

Assuming the susceptance to be lumped half at each end of the line, find the

sendine-end voltage and current, and the efficiency of transmission.
5 &

(H.N.C.)

Ans. 145kV; 200A; 94-6 per cent.
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4.18 The three currents in a 3-phase system are

U = (120 +;60)A, IB = (120 -yi20)A and Ic = (-150 + ;100)A
Find the symmetrical components of these currents.

Ans. rA+ = (109 +;100)A; IA- = (-18-5 -;54-7)A; IA0 = (30 +,13-3)A.

4,1
i ^ 3"Phase 75MVA ll-8kV star-connected alternator with a solidly

earthed star point has the following p.u. impedances based on rated phase voltageand rated phase current
: positive phase sequence impedance, /20p.u. ; negative

phase sequence impedance,/016p.u.; zero phase sequence impedance, /008p u
Determine the steady-state fault current for the following: (a) a 3-phase

symmetrical short-circuit, (b) a one-line-to-earth fault, and (c) a two-line-to-earth
tault. The generator e.m.f. per phase is equal to the rated voltage.

Ans. 1.840A; 4.920A; 3.580A.

4.20 Two similar 3-phase 50MVA 1 1 kV star-connected alternators, A and B are
connected in parallel to 3-phase busbars to which an llkV 3-phase feeder is
also connected. The star point of generator A is solidly earthed, but that of
generator B is insulated from earth. The p.u. impedances of each generator and
the feeder based on rated phase current and rated phase voltage are:

. .
Generator Feeder

Positive phase-sequence impedance /2-O0p.u. ;'0-20p.u.
Negative phase-sequence impedance y016p.u. y'0-20p!u!
Zero phase-sequence impedance y008p.u. y"0-60p.u.

Determine the total fault current in each line, the fault current to earth and
the tault current supplied by each generator, for a two-line-to-earth fault at the
distant end of the feeder. Each generator has an e.m.f. per phase equal to rated
voltage. Assume the blue and yellow lines to be the faulted lines.

Notes

1. Since only zero phase sequence current flows in the earth, generator B
the star point ofwhich is not earthed, cannot supply any zero phase sequence

2. In the equivalent circuit the generator positive and negative phase sequence
impedances are in parallel and in series with that of the feeder The zero
phase sequence impedance of generator B does not appear in the equivalent
circuits since it supplies no zero sequence current.

Ans. TR =0; lY = 1,680/ 162-8°A; IB = I,6807l7-2°A; lE = l.OOO/pjTA

Generator A: /« = 0; ly = 900/152-9°A; lB = 900/271°A
Generator B: fe =0; ly = 807/1 74-2°A; IB = 807/5-8°A
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Chapter 5

HARMONICS

Up to this stage it has been assumed that all alternating currents
and voltages have been sinusoidal in waveform, this being by far

Fit),,

Time (sec)

Fig. 5.1 A COMPLEX WAVEFORM

the most important form of alternating quantity which is met in

electrical engineering. An alternating waveform which is not
sinusoidal is said to be complex, and the complex wave (subject to
certain mathematical conditions which are always complied with in

electrical engineering applications) may be shown to be built up of a
series of sinusoidal waves whose frequencies are integral multiples
of the frequency of the fundamental, or basic, wave. The sinusoidal

components of a complex wave are called the harmonics, the second
harmonic having a frequency of twice the fundamental, the third

harmonic three times the fundamental and so on.

Fig. 5.1 shows the graph to a base of time of a complex wave,

134
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whose period is T second, i.e. the fundamental frequency is/= 1/r
hertz (cycles per second).

Although it is desirable to have sinusoidal currents and voltages
in a.c. systems, this is not always possible, and currents and voltages
with complex waveforms do occur in practice. From the above,
these complex voltages and currents may be represented by a series
of sinusoidal waves naving frequencies which are integral multiples
of the fundamental. The resultant effect of complex currents and/or
voltages in a linear electric circuit is simply the sum of the individual
effects of each harmonic by itself. This applies to instantaneous
values and not to r.m.s. values, as will be seen later.

S.l General Equation for a Complex Wave

Consider a complex voltage wave to be built up of a fundamental
plus harmonic terms, each of which will have its own phase angle
with respect to zero time. The instantaneous value of the resultant
voltage will be given by the expression

v = Vim sin (cot + y>i) + V2n sin (2cot + xp%) + . . .

+ Vnm sin (ncot + ipn) (5.1)

where/(= co/2-jt) is the frequency of the fundamental of the complex
wave, and Vnm is the peak value of the nth harmonic.

In the same way the instantaneous value of a complex alternating
current is given by

i = hm sin (cot + fa) + I2m sin (2cot + fa) + . . .

+ Inm sin (ncot + fa) (5.2)

If eqns. (5.1) and (5.2) refer to the voltage across and the current
through a given circuit, then the phase angles between harmonic
currents and voltages are (yi - fa) for the fundamental, (y>z

-
fa)

for the second harmonic, and so on.
It should be noted that eqn. (5.2) may be rewritten in the form

i — hm sin (wt + fa') + I2m sin 2(cot + fa') + . . .

+ hm sin n(cot + fa') (5.2a)

In this equation the phase angle fa', fa', fa', etc., refer to the scale
of the fundamental wave. A similar expression for the complex
voltage wave of eqn. (5.1) may also be used.

5.2 Harmonic Synthesis

Figs. 5.2-5.5 show some complex waves which have been built
up from simple harmonics. This synthesis is carried out by adding
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the instantaneous values of the fundamental and the harmonics for

given instants in time.

In Fig. 5.2 a second harmonic, Eim sin 2cot, has been added to a

fundamental E\m sin tot. Since Eim is about 35 per cent of E\m

-Resultant, e

-Fundamental

2nd harmonic

e=E1m sin cut+E2m sin 2u>t

Fig. 5.2 SYNTHESIS OF FUNDAMENTAL AND SECOND HARMONIC

the resultant complex wave is said to contain 35 per cent second

harmonic. The effect of a phase change of the harmonic with respect

to the fundamental is shown in Fig. 5.3, where the added second

sinu>t +E2rT,sin(2(jut--§-)

Fig. 5.3 EFFECT OF PHASE SHIFT OF SECOND HARMONIC ON
RESULTANT WAVEFORM

harmonic is Eim sin \2cot — - I. It can be seen that the shape of

the resultant wave has been completely changed, although the

percentage of second harmonic remains the same.
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Fig. 5.4 shows a fundamental with about 30 per cent third har-

monic added, while Figs. 5.5(a) and (b) illustrate the effect of a

phase shift of the harmonic with respect to the fundamental.

e=E1m sin out+E3m sin 3u>t

Fig. 5.4 SYNTHESIS OF FUNDAMENTAL AND THIRD HARMONIC

From these diagrams it can be seen that the complex wave pro-

duced by a fundamental and third harmonic has identical positive

and negative half-cycles, while the wave produced by adding a

e=E1m sin uut+E3m sin(3iDt + |r) e=Elm sin a>t+E3m sin(3<A>t+rt)

(a) (b)

Fig. 5.5 EFFECT OF PHASE SHIFT OF THIRD HARMONIC ON
RESULTANT WAVEFORM

second harmonic to the fundamental has dissimilar positive and nega-

tive half-cycles. In general a complex wave with identical positive and
negative half-cycles can have no even-harmonic components. Since

most rotating machines produce similar positive and negative half-

cycles there will be only odd harmonics in their output waves.

Non-linear circuit elements (i.e. circuit elements whose impedance
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varies with the direction and/or magnitude of the applied voltage,

such as thermionic valves and rectifiers) will produce non-symmetri-

cal current waves which must therefore contain even harmonics.

5.3 R.M.S. Value of a Complex Wave

Consider a current given by eqn. (5.2). The effective or r.m.s.

value of this current is

/ = yXAverage value of i
2
)

Now,
j2 = /lm2 Sjn2

(w, + fo + . . . + inm% Sin2 (mot +
<f>n)

+ 2hmJ2m sin {mt + fa) sin (2wt + fa) + • • . (5.3)

The right-hand side of this equation is seen to consist of two types

of term: (a) harmonic self-products of the form Ipm2 sin2 (pcot + (f>p)

for the pit harmonic, and (b) products of different harmonics of the

form Ipmlqm sin (pcot +
<f>p) sin {qcot +

<f>g) for the pth and qth har-

monics. The average value of i
2 is the sum of the average values

of each term in eqn. (5.3). For the general self-product,

Average value of Ipm2 sin2 (pmt + <£„) over one cycle of the

fundamental

i r2"

= 2~ Ipm 2 sin 2 (put + <f>p)d(a)t)

I 2*pm

~2V

[2*

${1 — cos Kpwt + 4>p)}d(a>t)

~ ° ~ %T {tp
sin 2ip 27T + $v) -kP sin (2Mipm n *pm

I 2

= 1^ (5.4)
2

For the products of different harmonics,

Average value of Ipmlqm sin (pmt + <f>p) sin (qcot + 4>q)

1 f2"= s- 4m/«m sin (peat + <f>p) sin (?co* + $q)d(a>i)
2™ Jo

=^ JT i{cos ((p - q)cot + cf>p - <f>q)

— cos ((p + q)mt + <j>p + <l>q)}
d(cot)

sin {(p — q)a>t + (j>p — </>«}

Ipm'qm

4tt

— sin {(p + q)wt + <f>p + <f>g}
o

= (5-5)
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i.e. the average value of the product of two different harmonic
sinusoidal waves is zero. Therefore

Average value of P = %^ + £=! 4. . .
.haL

so that

, lihm2 hm2 Inm2
\

The r.m.s. values of each harmonic can be inserted in eqn (5 6)
which will then become

I=V(h2 + h2
. . .+In2

) (5.7)

where h = /lm/V2, etc.

Exactly similar expressions may be derived for the r.m.s. value of
a complex voltage wave.

EXAMPLE 5.1 A complex voltage of r.m.s. value 240V has 22 per cent third-harmomc content, and 5 per cent fifth-harmonic content. Find the r.m.s. values
ot the fundamental and of each harmonic.

The expression for voltage corresponding to eqn. (5.7) is

V = V(Vi* + Vs* + V„*)

But Va = 0-22Vu and Vb = 005 Ki, so that

V = V(Vi2 + 00484 V12 + 0-0025^2) = 103K!

Therefore

"-8 -22
Hence

Ka = 0-22 x 233 = 51-3V

and

Vi =0-05 x 233 = 11-7V

5.4 Power Associated with Complex Waves

Consider a voltage wave given by

v = Vim sin cot + Vim sin 2cot + V3m sin 3(ot + . . .

applied to a circuit and causing a current given by

i = hm sin (tot — fa) + I2m sin (2mt — tf>2)

+ hm sin" (3cot —
<f>3) +
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The power supplied to this circuit at any instant is the product vi.

This product will involve multiplying every term in the voltage

wave in turn by every term in the current wave. The average power

supplied over a cycle will be the sum of the average values over one

cycle of each individual product term. From eqn. (5.5) it can be

seen that the average value of all product terms involving harmonics

of different frequencies will be zero, so that only the products of

current and voltage harmonics of the same frequency need be

considered. For the general term of this nature, the average value

of the product over one cycle of the fundamental is given by

2tt Jo

2it

Vnmhm sin ncofsin (nmt —
(f>n)d{a>t)

rnmln
\{cos </>» — cos (2na>t —

<t>n)} d(cot)
2n

= Vnh COS <f>„ (5.8)

where Vn and In are r.m.s. values.

The total power supplied by complex voltages and currents is

thus the sum of the powers supplied by each harmonic component

acting independently. The average power supplied per cycle of the

fundamental is

P = Vih cos (f>i + V2h cos 4>2 + V3I3 cos(j>3 + . . . (5.9)

When harmonics are present the overall power factor is defined as

Total power supplied
Overall power factor = „ , . n w — , ,

:r Total r.m.s. voltage X Total r.m.s. current

_ VlIr cos ^1 + V%Ii cos ^2 + • •
•

Alternatively, if Rs is the equivalent series resistance of the circuit

the total power is given by

p = WR, + h*Rt + WRS + . . . (5.11)

= PRS (5.12)

If the effective parallel resistance of the whole circuit (Rp) is

known, then the power supplied will be

V2

P = T (5.13)

where V is the r.m.s. value of the complex voltage wave.
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EXAMPLE 5.2 A voltage given by

v = 50 sin cot + 20 sin Qcot + 30°) + 10 sin (5cot - 90°) volts

is applied to a circuit and the resulting current is found to be given by

i = 0-5 sin (cot - 37°) + 01 sin (3cof - 15°)

+ 0-09 sin (5mt - 150°) amperes

Find the total power supplied and the overall power factor.

The best method of tackling problems involving harmonics is to deal with each
harmonic separately. Thus,

Power at fundamental frequency = ~i^ x cos 37° = 5° X °'5
x 0-8

= 10W

D .,!.•.,,. . 20 x 01
Power at third harmonic = — x cos 45" = 0-707W

d „ «.l u . 10 X 009
Power at fifth harmonic = x cos 60° = 0-23W

Therefore

Total power = 10 + 0-707 + 0-23 = 10-9W

Also,

//0-52 01 2 0092 \
/ = VlT+— +1-)=0-365A

and

//502 202 102 \k= vIt + -2- + t) = 38 -8V

Therefore

10-9
Overall power factor =

38 ,8 x .365
= 0^

It should be-noted that the overall power factor of a circuit when
harmonics are present cannot be stated as leading or lagging; it is

simply the ratio of the power to the product of r.m.s. voltage and
current.

5.5 Harmonics in Single-phase Circuits

If an alternating voltage containing harmonics is applied to a
single-phase circuit containing linear circuit elements, then the
current which will result will also contain harmonics. By the
superposition principle the effect of each voltage harmonic term
may be considered separately. In the following paragraphs a voltage
given by

v — Vlm sin cot + V%m sin lent + V%m sin 3cot + . . . (5.14)
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will be applied to various circuits, and the resulting current will be

determined.

PURE RESISTANCE

The impedance of a pure resistance is independent of frequency

and the current and Voltage will be in phase for each harmonic, so

that the expression for the current will be

i = —^ sm mt + -=- sin 2cot + —~- sin 3co.t + . . . (5.15)

This equation shows that the percentage harmonic content in the

current wave will be exactly the same as that in the voltage wave.

The current and voltage waves will therefore be identical in shape.

PURE INDUCTANCE

If the voltage of eqn. (5.14) is applied to an inductance ofL henrys,

the inductive reactance (2wfL) will vary with the harmonic frequency.

For every harmonic term, however, the current will lag behind the

voltage by 90°. Hence the general expression for the current is

/ = ^2 sin ((a , _ 90°) +^ sin (2a>t - 90°)
coL 2mL

+^ sin (3wt - 90°) + . . . (5.16)
3&>L

This shows that for the nth harmonic the percentage harmonic

content in the current wave is only l/« of the corresponding harmonic

content in the voltage wave.

PURE CAPACITANCE

The capacitive reactance \j2trfC of a capacitor C will vary with the

harmonic frequency, but for every harmonic the current will lead

the voltage by 90°. For the nth harmonic the reactance will be

1/ncoC, so that the peak current at this frequency will be

Hence if the voltage of eqn. (5.14) is applied to a capacitor C,

the current will be

/ = VimOiC sin {cot + 90°) + VZm X 2wC sin {2wt + 90°)

4- Vim x 3coC sin (3cot + 90°)

(5.17)
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This shows that the percentage harmonic content of the current
wave is larger than that of the voltage wave—for the nth harmonic,
for instance, it will be n times larger.

EXAMPLE 5.3 A resistance of 10fi is connected in series with a coil of induc-
tance 6-36mH. The supply voltage is given by

v = 300 sin 314* + 50 sin 942t + 40 sin 1,570/ volts

Find (a) an expression for the instantaneous value of the current, and (b) the
power dissipated.

For the fundamental, to is 314rad/s. The inductive reactance is therefore

Xi = cot = 314 x 6-36 x 10-3 = 2Q

The impedance at fundamental frequency is

Zi = V(R2 + A1 2
) = vXlO2 + 22) = 10-2ft

Also the phase angle is

tan-1— = tan-1 0-2 = 11-3° lagging

At the third-harmonic frequency, the inductive reactance, the impedance and
the phase angle are

Xs = 3eoL = 3Ai = 6ii

Z3 = -v/(10
3 + 62

) = 11-7H

, X3
tan-1— = tan-1 0-6 = 31° lagging

At the fifth-harmonic frequency the reactance will have increased to 5Ai, so
that the impedance will now be

z5 = V(io2 + 102
) = i4-i n

and the phase angle will be

.10

10

(a) The resultant expression for the total current (amperes) will be

300 . , 50 40
' = ioa

Sln («" - H -3") + Tj~7 sin ( 3(0' ~ 31 °) + j^Y
sin (5w - 45°)

= 29-4 sin (&>/ - 11-3°) + 4-28 sin(3a)f - 3 1°) + 2-83 sin(5cof - 45°)

(6) In this case the power dissipated will be the product of the resistance and
the square of the r.m.s. current.

„ 29-42 4-282 2-832
J2 = -j- + -j- + -j- = 445-4

Therefore

Power dissipated = I2R„ = 4,454W

;A



144 Harmonics

EXAMPLE 5.4 A capacitor of 3T8/*F capacitance is connected in parallel with

a resistance of 1,0000, the combination being connected in series with a 1,000Q

resistor to a voltage given by

v = 350 sin cot + 150 sin (itot + 30°) volts

(a) Determine the power dissipated in the circuit if co = 314rad/sec.

(b) Obtain an expression for the voltage across the series resistor.

(c) Determine the percentage harmonic content of the resultant current.

106

Reactance of capacitor at fundamental frequency =
3 |4 x 3 .jg

= 1.000Q

The complex impedance of the circuit at this frequency is

* =w +iS^S - h50° -i™ -Wb™*
The reactance of the capacitor at the third-harmonic frequency will be one-

third of that at the fundamental frequency. Therefore the complex impedance of

the circuit at the third-harmonic frequency is

Thus

350 150
/ =~ sin (cot + 18-5°) + j-j^ sin (3cot + 45-3)

= 0'222 sin (cor + 18-5°) + 0-131 sin (Scot + 45-3°)

(a) From eqn. (5.9), the total power is

'-^^-'"^-'"-SH!
(b) The voltage across the series resistor is

vr = iR

= 111 sin (cot + 18-5°) + 131 sin(3cof + 45-3) volts

(c) The percentage harmonic content of the current wave is

— x 100 = 59 per cent
222

r

5.6 Selective Resonance

If a voltage which is represented by a complex wave is applied to a

circuit containing both inductance and capacitance, the resulting

current can be found by the methods previously described. It may

happen that the circuit resonates at one of the harmonic frequencies

of the applied voltage, and this effect is termed selective resonance.

If series selective resonance occurs, then large currents at the resonant

frequency may be produced, and in addition large harmonic voltages
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may appear across both the inductance and the capacitance. If

parallel selective resonance occurs, on the other hand, the resultant

current from the supply at the resonant frequency will be a minimum,
but the current at this frequency through both the inductance and the
capacitance will be large (i.e. current magnification).

The possibility of selective resonance is one reason why it is

undesirable to have harmonics in a supply voltage. Selective

resonance is used, however, in some wave analysers, which are
instruments for determining the harmonic content of alternating

waveforms. A simple form of analyser may consist of a series

resonant circuit, which can be tuned over the range of harmonic
frequencies to be measured. The voltage across the inductance or
capacitance in the circuit will then give a measure of the size of the
harmonic to which the circuit is tuned.

5.7 Effect of Harmonics on Single-phase Measurements

If measurements of impedance are made in circuits containing
reactive elements, the presence of harmonics in the current and
voltage waveforms may cause considerable errors unless they are
allowed for.

Consider a capacitor C, across which the voltage is

V = Vim sin cot + Vim sin 2cot + Vzm sin 3mt + . . .

Then from eqn. (5.17) the current flowing through the capacitor
will be

i = VlmcoC sin (cot + 90°) + F2m2coC sin (2tot + 90°)

+ V3m 3coCsm(3tot + 90°) + . . .

If the r.m.s. value of the voltage is V, then

V = 72 ^ Vlm2 + Vsm2 + Vsm* )

and if the r.m.s. value of the current is /, then

/ =^ V(Vlm* + 4V2m2 + 9V3m2 + . . .)

V and / will be the indications on r.m.s. measuring instruments
if these are connected in circuit. From the above equations, the

value of C will be given by

C--L /( Vlm* + V2m* + F3m2 + \

(oV 4 \ Vim2 + 4V2m2 + 9VSm2 +. . .)
(5 ' 18)
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If the effect of the harmonics were neglected, the value of the
capacitance would appear to be C = IjcoV, from normal circuit
theory. The true capacitance will be less than 'this.

In a similar manner it can be shown that the true inductance of a
coil will be less than its apparent value in a circuit where harmonics
are actually present but have been neglected.

If a wattmeter is included in a circuit when harmonics are present,
the power indicated will be the true total power including the
harmonic power. This follows since only sinusoidal currents of the
same frequency in the fixed and moving coils will produce a resultant
torque in the instrument.

This fact may be used to allow the wattmeter to be employed as a
wave analyser. The current which is to be analysed is passed
through the current coils of the wattmeter, while a variable-frequency
sinusoidal generator supplies the voltage coil. The frequency of
this generator is set successively at the fundamental and the harmonic
frequencies, the voltage being maintained constant. The meter
indication at each frequency setting will then be proportional to the
magnitude of the component of the same frequency in the complex
current wave. Hence the relative sizes of the fundamental and of
each harmonic component may be obtained.

5.8 Superimposed Alternating and Direct Current

A special case of a complex wave is obtained when both an alter-

nating and a direct current flow through the same circuit. The

Normal wave

Sinusoidal current
with superimposed
direct current

Fig. 5.6 ALTERNATING CURRENT WITH SUPERIMPOSED
DIRECT CURRENT

effect of the d.c. component is to cause a shift of the whole a.c.

wave by an amount equal to the magnitude of the direct current.

In other words, the effective base line of the wave is moved relatively

by an amount depending on the direct current (Fig. 5.6). This form
of complex wave is found in electronic circuits and in saturable

reactors. As far as calculations are concerned the d.c. component
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may be treated in the same way as any other harmonic term provided
that the following points are remembered.

(i) The r.m.s. value of a d.c. component is the actual value of the
component, hence the r.m.s. value of a complex wave containing
a d.c. term, 7 , is

6

/ -y(/«'+¥+¥+¥+---) (5.19)

= VW + 7i
2 + /aa + /,» + . . .) (5 20)

where /im, etc., are the peak values of the a.c. components and /,
etc., are the r.m.s. values of these components.

(ii) The steady voltage drop across a pure inductance due to a-
direct current is zero.

(iii) No direct current will flow through a capacitor.

EXAMPLE 5.5 A voltage given by

v = 30 + 25 sin (at — 20 sin 2cot volts

is applied to the circuit shown in Fig. 5.7. Find the reading on each instrument

Fig. 5.7

Ltr,!?;T-
rad/Se

f-
Al iS a thermoc°uple ammeter, A3 a moving-coil am-meter, and V is an electrostatic voltmeter.

5

The thermocouple and electrostatic instruments will read r.m.s. values whilethe moving-coil instrument will read average values, i.e. the moving-coil meterwill record the d.c. component of current o£y. This d.c. component^™ £
,

Vie ,30 „,,./0 =
200

=
200

=0^
ne

h

two
f

r£°
WS^ "° *** CUnW,t W"' fl°W thr0ueh the »P**ive arm of the

The equivalent impedance at the fundamental frequency is

Zl = (R +JXli)(-/Xci) = (200 +yi00)(-;i00)
R + jXlt. - jXn 200

= 112/-63°26'Q
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The r.m.s. fundamental current is therefore

^ = v2frr2 =
-158A

The equivalent impedance at second harmonic is

(-R +jXl*K-JXcz) (200 +y-200)(-;50)
Za= R+JXL2-jXc2 20O+;15O

= S6 6/-81° 51' fl

Therefore the r.m.s. second-harmonic current is

'•-VST**" *5*

The reading on the thermocouple ammeter is, from eqn. (5.20),

/ = ^/(/ 2 + 7l
2 + /22) = V(00225 + 0025 + 00625) = 0-332A

The voltmeter reading is, from eqn. (5.19),

*-
</(» +-f + ?)-2s:

5.9 Production of Harmonics

Harmonics may be produced in the output waveform of an a.c.

generator, due to a non-sinusoidal air-gap flux distribution, or to

tooth ripple which is caused by the effect of the slots which house

the windings. In large supply systems, the greatest care is taken to

ensure a sinusoidal output from the generators, but even in this

case any non-linearity in the circuit will give rise to harmonics in

the current waveform. Some non-linear circuit elements will be

considered in the following sections.

RECTIFIERS

A rectifier is a circuit-element which has a low impedance to the

flow of current in one direction, and a nearly infinite impedance

to the flow of current in the opposite direction. Thus, when an

alternating voltage is applied to the rectifier circuit, current will

flow through it during the positive half-cycles only, being zero

during the negative half-cycles. The current waveform is shown in

Fig. 5.8. This waveform is seen to correspond roughly in shape to

that shown in Fig. 5.3, but in this case the presence of a d.c. com-

ponent brings the negative half-cycle up to the zero current position.

Since the average value of a sine wave over one half-cycle is (2/tt) x

(maximum value), the average value taken over one cycle, with the
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negative half-cycle zero, will be (1/tt) x (maximum value), and this
then represents the d.c. component of the wave shown in Fig. 5.8.
Also the wave must contain a large proportion of second harmonic.

in
Average value
(d.c. component)

4£-A£
Fig. 5.8 CURRENT WAVEFORM FOR AN IDEAL RECTIFIER SUPPLIED

WITH A SINUSOIDAL VOLTAGE

EXAMPLE 5.6 A battery charger is connected to a sinusoidal 220V supply
through a 20ft resistor. The equipment takes 5-5A (r.m.s.) with 30 per cent
second harmonic. Calculate the total circuit power, the overall power factor,
and the power factor of the charging equipment alone. (L.U.)

The circuit is shown in Fig. 5.9(a). Since there is no second harmonic in the
supply voltage, the battery charger may be regarded as a second-harmonic
generator whose output is dissipated in the 20 £2 resistor. The circuit then becomes

Battery
charger '

o vw

—

2on

220V
a.c.

1

r

5-27A

(a)

Fig. 5.9

2nd harmonic
generator

9—MAA
200

I-58A

(c)

that shown at (6) for the fundamental, and that shown at (c) for the second
harmonic. R is the equivalent resistance of the charging unit.

Let h ~ r.m.s. value of the fundamental current

h = r.m.s. value of second-harmonic current
Vi = r.m.s. value of fundamental supply voltage (=220V)
Va = r.m.s. value of second-harmonic voltage across the 20ft resistor

It may be assumed that the charger will be connected to the supply circuit by a
transformer so that there will be no direct current in the supply system.
Then h = 0-3/i, and from eqn. (5.7),

5-5 = V(/i2 + (0-3/i)
a
) = 1-044A

Therefore

5-27A and h = 1-58A
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The total power supplied must all be at the fundamental frequency since only
a fundamental frequency voltage is applied. The value will be Ki/i cos fa watts.
Since the circuit contains resistance only, cos <$>i will be unity.

Power supplied = Ki/i = 220 x 5-27 = 1.160W

Overall power factor (from eqn. (5.10)) = —1,16° = 0-964
220 x 5-5 ==L

The power supplied to the charger may be found by subtracting the power
dissipated in the 20fl resistor from the total power; thus

Power dissipated in 20O resistor = /2.R = 5-52 x 20 = 605W
Power supplied to charger = 1,160 — 605 = 555W

Also, the fundamental-frequency voltage drop (r.m.s.) across the charger is

Vci = 220 - (5-27 x 20) = 115V (Fig. 5.9(6))

and the second-harmonic voltage is

V2 = 1-58 x 20 = 31-6V (Fig. 5.9(c))

Thus

R.M.S. value of charger voltage = V(Kci 2 + V2 2
) = 119V

Therefore

Charger power factor = — = 0-85

IRON-CORED COILS WITH SINUSOIDAL APPLIED VOLTAGE

Iron-cored coils are a source of harmonic generation in a.c. circuits

owing to the non-linear character of the B\H curve and hysteresis
loop, especially if saturation occurs. Consider a sinusoidal voltage,
applied to an iron-cored coil of N turns and of cross-section A
square metres. The instantaneous voltage is

where O is the flux produced in the iron core. If B is the core flux

density,

dt

Therefore

J
dB =

NAJ
vdt =

NAJ Vm sin(otdt (5 -21 )

and

B " ~ 53fc
cos at " %k sin (ft" - 9°0) (5 "22)
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Hence, if the applied voltage is sinusoidal, the flux density in the
iron core must also vary sinusoidally. Note that eqn. (5^21) leads to
the familiar relation

Bm =
InfNA 4-44/NA (5.23)

where V is the r.m.s. value of the applied voltage.

The hysteresis loop of a specimen of iron, for a given applied
voltage, is shown in Fig. 5.10, the peak value of the flux density

B
,

c' /

,_.

1° i I
i Jj

1 N
/I

f\ Q
-*•-

*

1

I

Derived flux

density

Applied
voltage

Derived current
waveform

Fig. 5.10 CURRENT THROUGH AN IRON-CORED COIL WITH A
SINUSOIDAL APPLIED VOLTAGE

being found from eqn. (5.23). The base is taken to a current scale
i = HljN, where / is the length of the core. To derive the current
waveform, sinusoidal voltage and flux density curves to a base of
time are first drawn as shown. The current waveform is then
derived by the point-by-point method indicated, care being taken
to move round the hysteresis loop in the correct direction. Thus
point a on the voltage curve corresponds to point a' on the flux
density curve and to point c on the hysteresis loop, so that the
current at this instant is 0c'. This current is then plotted from the
vertical time scale to give the derived point a" on the current curve.
By continuing this process for other points on the voltage curve,
the current curve will be obtained.
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It is seen that the current curve has identical positive and negative

half-cycles, so that it contains no even harmonics. Comparison
with Fig. 5.5(a) shows that there is a pronounced third-harmonic

content.

FREE AND FORCED MAGNETIZATION

If the resistance of the circuit containing an iron-cored coil is high

compared with the inductive reactance, then the current flowing

from a sinusoidal supply will tend to be sinusoidal. This means

Derived induced
voltage curve

I
y i

Derived flux

density curve

Fig. 5.11 WAVEFORMS OF CURRENT AND VOLTAGE UNDER
FORCED MAGNETIZATION

that the core flux density cannot be sinusoidal, since it is related to

the current by the hysteresis loop. In turn, this means that the

induced voltage due to the alternating flux will not be sinusoidal.

This condition is termed forced magnetization.

The condition of low circuit resistance relative to reactance gives

sinusoidal flux from a sinusoidal supply voltage, and is called free

magnetization.

To determine the shape of the induced voltage wave under

forced magnetization, the hysteresis loop corresponding to the peak

value of circuit current is drawn, and the flux density curve is
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derived from a sinusoidal current wave as shown in Fig. 5.11. The
induced voltage is related to the flux density by the equation

dB

so that the curve of flux density must be graphically differentiated

and multiplied by the number of turns on the coil and the cross-

sectional area of the iron to obtain the voltage curve. The result is

shown by the dotted curve in the diagram. Comparing this curve with

that of Fig. 5.5(b) it is seen that it contains a prominent third

harmonic.

5.10 Harmonics in Three-phase Systems

Harmonics may be produced in 3-phase systems in the same way
as in the single-phase systems already considered, and calculations

are carried out similarly by considering each harmonic separately.

As will be seen, however, care must be exercised when dealing with

the third, and all multiples of the third harmonic (called the triple-n

harmonics). It is unusual for even harmonics to be present.

PHASE E.M.F.S

Consider a 3-phase alternator with identical phase windings, in

which harmonics are generated. The phase e.m.f.s will then be

eR — Eim sin (cot + yi) + Esm sin (Scot + ys)

+ E5m sin (Scot + ip&) + . . . (5.24)

ey = Eim sin I cot r- + Vi I
+ Ezm sin (3( cot —

J
+ ysj

+ E5m sin (5/ cot — "3") + V5( + • • •

= Eim sin I cot—5- + v1 1 + Ezm sin (3cot — 2tt + ip3)

+ Ehm sin I 5cot r- + v>5 1 + . . .

= Eim sin ( cot 3 + Vi I + £3m sin (3cot + xpi)

+ E5m sin ( 5cot - -j + vsj + . . . (5.25)
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eB = £i» sin (cot - y + yi j
+ EZm sin \?>\a>t - yj

+ vsj

+ £5m sin |5( wi - -j) + ^5
)
+ • '

•

= £im sin ( tot - y + v>i) + £3m sin (3cot + v>s)

+ £5m sin (5cot - y +
¥>5J-+

• • • (5-26)

It can be seen from these expressions that all the third harmonics

are in time phase, and that the fifth harmonics haye a negative

phase sequence, the fifth harmonic in the blue phase reaching its

maximum value before that in the yellow phase. In the same way

it can be shown that

(a) All triple-n harmonics are in phase (3rd, 9th, 15th, etc.).

(b) The 7th, 13th, 19th, etc., harmonics have a positive phase

sequence.

(c) The 5th, Uth, 17th, etc., harmonics have a negative phase

sequence.

LINE VOLTAGES FOR STAR CONNEXION

If the windings are star connected, the line voltages will be the

difference between successive phase voltages, and hence will contain

no third-harmonic terms, since these are identical in each phase.

The fundamental will have a line value of \/3 times the phase

value and so too will the fifth harmonic.

It should be noted that the r.m.s. value of the line voltage in this

case will be less than V3 times the r.m.s. value of the phase voltage,

owing to the absence of the third-harmonic term from the expression

for the line voltage.

LINE VOLTAGES FOR DELTA CONNEXION

If the alternator windings are delta connected, the resultant e.m.f.

acting round the closed loop will be the sum of the phase e.m f.s.

This sum is zero for the fundamental, and for the 5th, 7th, 11th,

etc harmonics. All the third harmonics, however, are m phase,

and hence there will be a resultant third-harmonic e.m.f. of three

times the phase value acting round the mesh. This will cause a

circulating current whose value will depend on the impedance of the

windings at the third-harmonic frequency. Hence the third-harmonic

e m f is effectively short-circuited by the windings, so that there
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can be no third-harmonic voltage across the lines. The same applies
to all triple-n harmonic terms. The line voltage will then be the phase
voltage without the triple-n terms.

S££?
IPI'E 5'7 A 3"Phase alternator has a generated e.m.f. per phase of

250V, with 10 per cent third and 6 per cent fifth harmonic content. Calculate
(a) the r.m.s. line voltage for star connexion, and (b) the r.m.s. line voltage for
mesh connexion.

Let Vi, V3, V5 be the r.m.s. values of the phase e.m.f.s. Then

Vs = 0-1 Vi and Ks = 0-06 Vi

Hence, from eqn. (5.7),

250 = V(Vi2 + 001 Fi2 + 00036 Ki 2
)

Therefore

250
1 =

Vl-0136
= 248V ^ = 24-8 V and V5 = 14-9V

(a) R.M.S. value of fundamental line voltage = V3x 248 = 430V

R.M.S. value of third-harmonic line voltage =

R.M.S. value of fifth-harmonic line voltage = \/3 x 14-9 = 25-8 V

Therefore

R.M.S. value of line voltage = V(4302 + 25-8 2
) = 431V

(6) In delta there is again no third harmonic component in the line voltage.

Thus

R.M.S. value of line voltage = V(248 2 + 14-92) = 249V

FOUR-WIRE SYSTEMS

In a 3-phase system there cannot be any third-harmonic term in the
line voltage, as has already been seen. In a 4-wire system, however,
each line-to-neutral voltagemay contain a third-harmonic component^
and if one is actually present a third-harmonic current will then flow
in the star-connected load. If the load is balanced, the resulting
third-harmonic currents will all be in phase, so that the neutral
wire must carry three times the third-harmonic line current. There
will be no neutral wire current at the fundamental frequency or at
any harmonic frequency other than the triple-n frequencies.
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5.11 Harmonics in Transformers

The flux density in transformer cores is usually fairly high to keep

the volume of iron required to a minimum. It therefore follows

that, owing to the non-linearity of the magnetization curve, there

will be some third-harmonic distortion produced (Section 5.9(6)).

There is usually a small percentage of fifth harmonic also. For

single-phase transformers the conditions are the same as those

already described for iron-cored coils with sinusoidal applied

voltage, namely the magnetizing current will contain a proportion

of mainly third harmonic depending on the size of the applied

voltage, and the flux will be sinusoidal.

In 3-phase transformers the method of connexion and the type of

construction will affect the production of harmonics, as the following

cases will show.

PRIMARY WINDING IN DELTA

Each phase of the winding may be considered as separately connected

across a sinusoidal supply. The flux will be sinusoidal, so that the

magnetizing current will contain a third-harmonic component

(in addition to other harmonics of higher order but of relatively

small magnitude). These third-harmonic currents will be in phase

in each winding, and will constitute a circulating current, so that

there will be no third-harmonic component in the line current.

PRIMARY WINDING IN FOUR-WIRE STAR

Again in this case each primary phase may be considered as separately

connected to a sinusoidal supply. The core flux will be sinusoidal,

and hence the output voltage will also be sinusoidal. The magnetiz-

ing current will contain a third-harmonic component which is in

phase in each winding and will therefore return through the neutral.

PRIMARY WINDING IN THREE-WIRE STAR

Since, in the ahsence of a neutral, there is no return path for the

third-harmonic components of the magnetizing current, no such

currents can flow, and a condition of forced magnetization must

therefore exist. The core flux must then contain a third-harmonic

component which is in phase in each limb (Section 5.9(c)). In the

shell type of 3-phase transformer, or in the case of three single-phase

units, there will be a magnetic path for these fluxes, but in the

3-limb core type of transformer the third-harmonic component of
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flux must return via the air (or through the steel tank in an oil-
cooled transformer). The high reluctance of the magnetic path for
the 3-hmb core type of construction reduces the third-harmonic fluxm this case to a fairly small value.

If the secondary is delta connected, then the third-harmonic flux
component will give rise to a third-harmonic circulating current in
the secondary winding. This current, by Lenz's law, tends to oppose
the original effect which causes it, and hence minimizes the third-
harmonic flux component. There is, of course, no circulating current
at any but the triple-/* frequencies.

If the secondary is star-connected, it is usual to have an additional
delta-connected tertiary winding in which the third-harmonic
currents can flow. This winding also preserves the magnetic equili-
brium of the transformer on unbalanced loads. In this way the
output voltage is kept reasonably sinusoidal.

5.12 Harmonic Analysis

It has been seen that a complex wave may be represented by an
equation of the form

y = Ylm sin (cot + y>{) + Y2m sin (2cot + y>2) + . . . (5.27)

If the shape of the complex wave is known, the process ofharmonic
analysis is one of finding the coefficients Ylm, Y2m etc., and the
phase angles fh y>2, . . . etc., in this equation. If a mathematical
expression fory is possible, then the analysis is the standard Fourier
analysis found in appropriate advanced mathematics textbooks.
Generally, however, the shape of a complex wave is readily obtain-
able, but the wave has no simple mathematical expression, and the
following methods illustrate how complex waves may be analysed
under such conditions.

SUPERPOSITION METHOD (WEDMORE'S METHOD)

This method is used mainly for the analysis of third-harmonic
content, but may be extended to fifth and higher harmonics It
depends on the fact that, if a sine wave is divided into any number
of equal parts and the parts are then superimposed, the sum of the
ordinates at any point will be zero. Thus consider the sine wave
given by

y = Yim sin cot
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The following table may then be drawn up:

(Ot 0° 30° 60° 90° 120° 150°

0-5 Yin ^Ym
2

Yin
V3

Yi„, 0-5 Yin

180° 210°

-0-5 Yin

240°

V3 „— Yin

270° 300°

-Yl„ r— rin

330°

-0-5 Yin

360'

j v ~ ~s * im —3— -* im Jim — -i xm —" •'ilm v

Dividing this cycle into, say, three parts, and adding gives the

following:

j(0-120°) 0-5 Kim
V3 „— *lm Xlm

V3 y— rim

j(120°-240°) V3 y— Yim o-5 ylm -0-5 Yim
V3
r- Ilm
2

j(240°-360°) V3
"T lm — Xlm

V3„-— Xi. -0-5 yim

Sum

This is shown graphically in Fig. 5.12(a). If a third harmonic of
this sine wave is treated in the same way (as shown at (b)), the

resultant is three times the third harmonic, in the correct phase.

Hence if a complex wave containing a third-harmonic component
is divided into three equal parts and the ordinates are added, the

resultant will be three times the third harmonic only. It may
readily be verified that all harmonics other than the third (and
multiples of the third) are absent from this resultant.

If the complex wave is divided into five equal sections and the

ordinates are added, then it can be shown that the resultant will be
five times the fifth harmonic, and will contain no fundamental or
third-harmonic components. The method is not very suitable if

the complex wave contains large percentages of harmonics higher

than the fifth.

EXAMPLE 5.8 A complex current wave has the following shape over one
half-cycle of the fundamental, the negative half-cycle being similar:

cot 15° 30° 45° 60° 75° 90° 105° 120° 135° 150° 165° 180°

i 3 5-1 5-3 5-6 6 7-2 10 11-5 12 11 8 3 -3
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y 2nd 3 cycle

360°
Phase angle
referr-ed to
fundamental

Fig. 5,12 SUPERPOSITION METHOD
(a) Sine wave (» Third harmonic

Find the magnitude and phase angle of the third-harmonic component, and
express this as a percentage of the fundamental.

One cycle of the wave is divided into three equal sections and the ordinates are
added. The resultant wave is plotted in Fig. 5.13 from the figures obtained from
the following table:

Abscissae 0° 15° 30° 45° 60° 75° 90° 105° 120"

/(0-120°) 3 51 5-3 5-6 6 7-2 10 11-5 12

/(l 20-240°) 12 11 8 3 -3 -5-1 -5-3 -5-6 -6

*(240-360°) -6 -7-2 -10 -11-5 -12 -11 -8 -3 3

Sum 9 8-9 3-3 -2-9 -9 -8-9 -3-3 2-9 9
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Part of complex wave

\"*-3 x 3rd harmonic

"•-Fundamental

"3rd harmonic

J L^.
out

Fig. 5.13

This will represent three times the third harmonic so that the third harmonic
itself must have the co-ordinates

Abscissae 0° 15° 30° 45° 60° 75° 90° 105° 120°

Ordinates 3 2-97 1-1 -0-97 -3 -2-97 -11 0-97 3

This wave is also plotted in Fig. 5.13, and from it the phase angle of the third

harmonic is estimated to be 20° on the fundamental scale.

To obtain the fundamental, the third harmonic is subtracted from the complex
wave, assuming there is no higher harmonic. Thus

:

Angle (at 0° 15° 30° 45° 60° 75° 90° 105° 120° 135° 150° 165° 180°

Complex
wave 3 5-1 5-3 5-6 6 7-2 10 11-5 12 11 8 3 -3

Third
harmonic 3 2-97 11 —0-97 -3 —2-97 -1-1 0-97 3 2-97 1-1 -0-97 3

Difference 2-13 4-2 6-57 9 10-17 11-1 10-53 9 9-03 6-9 3-97

When this wave is plotted it is seen to be almost sinusoidal in shape, indicating

that the complex wave contained mainly fundamental and third-harmonic

frequencies. From the diagram, the peak value of the fundamental (neglecting

higher harmonics) is 11-1, and that of the third harmonic is 3-3. Therefore

3-3
Percentage third harmonic = —— x 100 = 29-7 per cent

The equation of the complex wave is

i = 11-1 sin cot + 3-3 sin 3(cot + 20°) = 11-1 sin mt + 3-3 sin {Zwt + 60°)
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TWENTY-FOUR ORDINATE METHOD

The complex wave given by eqn. (5.27) may be expressed in a slightly

different form by expanding the sine terms. Thus, for the funda-
mental term,

yi = Yim sin (cot + ipi)

= Yim cos ^1 sin cot + Y\m sin rp\ cos cot

= A\ sin cot + By cos cot

where A\= Y\m cos yi and B\ = Y\m sin y>\, and hence

y>i = tan-i j Ylm = V(Ai* + Bft

Thus

y = A\ sin cot + A% sin 2co? + . . .

+ B\ cos to; + 52 cos 2<w? + . . . (5.28)

In the evaluation of A\, Az, . . . B\, B%, . . . etc., the following

results of integral calculus will be used

:

<*2ir /«2ji

(a) I sin 2 mcotd(cot) = m —
\

cos2 mcotd(coi) (5.29)
Jo Jo

/*2ir

(b) sin meat X sin ncotd(cot) = for « ^ w (5.30)
Jo

J"2l7 cos meat X cos nwtd{toi) = for n ^ m (5.31)
o

/*2u

(d) sin mco/ X cos ncotd(cot) = (5.32)

To evaluate An , each term in eqn. (5.28) is multiplied by sin ncot

and integrated between and 2ir, giving

J'2w

/*2i7

y sin ncotd(cot) — {/(isineof sinno>£ + /42sin2a>?sinnft>?
o Jo

+ . . . + An sin2 ncot + • • •

+ B\ cos cot sin neat + B<i cos 2»; sin ncot

+ . . . + Bn cos H«f sin ««/ + . . .} d(cot)

= ttAu
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Therefore

An = 2 X
i r2*

r— y sin ncotd{cot)

Thus -4B is twice the average value ofy sin weo? over one cycle of the

fundamental, and in the same way it follows that

Ai = 2 x average value ofy sin cat over one cycle

A2 = 2 X average value ofy sin 2cot over one cycle

2?i = 2 x average value ofy cos cof over one cycle . . . etc.

If the wave is known to contain odd harmonics only, the analysis

need only be carried out over one half-cycle, since the positive and
negative half-cycles are identical. The integrals (b)-(d) are true

over one half-cycle, and the integral (a) has a value of 77/2 for a half-

cycle. The coefficients are then 2 x average value of y sin ncot or

y cos ncot over one half-cycle.

To obtain the average value ofy sin ncot or y cos ncot the complex

wave is divided into 24 equal parts (or more if increased accuracy

is desired) and 24 ordinates are erected, one at each division starting

from zero. Each ordinate is then multiplied by sin ncot (or cos ncot)

and the sum of these terms is divided by 24. Thus,

Ai = -h(yo sin 0° + J15 sin 15° + J30 sin 30°

+ . . .^345 sin 345°) (5.33)

where jo, J15, 730 • • • etc., are the ordinates erected at 0°, 15°, 30°,

etc. (to give 24 intervals), and

A3 = -h{yo sin (3 X 0°) + ym sin (3 X 15°)

-l-jso sin (3 x 30°)} (5.34)

For symmetrical waves, twelve ordinates are erected over one

half-cycle, and the coefficients are then of the form

An = -12 {yo sin (k X 0°) + yis sin (n x 15°)

+ . . . 7165 sin (n x 165°)} (5.35)

EXAMPLE 5.9 Analyse the wave given in Example 5.8 by the 24-ordinate

method, assuming only third and fifth harmonics to be present.

The best approach is to use a tabular method. In this case, since the positive

and negative half-cycles are identical, the average over one half-cycle only need

be considered.
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SINE TERMS

cot i sin co? i sin cot sin Zcot i sin Icot sin Scot i sin cot

30 00 00 00 00 00 00
15° 51 0-26 1-32 0-707 3-6 0-97 4-95

30° 5-3 0-5 2-65 10 5-3 0-5 2-65

45° 5-6 0-707 3-9 0-707 3-96 -0-707 -3-96
60° 60 0-87 5-2 00 00 -0-87 -5-2
75° 7-2 0-97 70 -0-707 -51 0-26 1-87

90° 100 10 100 -1.0 -100 10 100
105° 11-5 0-97 1115 -0-707 -815 0-26 30
120° 120 0-87 10-45 00 00 -0-87 10-45

135° 110 0-707 7-8 0-707 7-8 -0-707 -7-8
150° 80 0-5 40 10 80 0-5 40
165° 30 0-26 0-78 0-707 212 0-97 2-9

Sum 64-25 7-53 1-96

2
12 x Sum Ai --= 10-74 /U = 1-25 A , = 0-327

COSINE TERMS

cot i cos tor i cos cot cos icot / COS Itot cos 5tof i cos 5co/

3-0 10 30 10 30 10 30
15° 51 0-97 4-95 0-707 3-6 0-26 1-32

30° 5-3 0-87 4-6 00 00 -0-87 -4-6
45° 5-6 0-707 3-96 -0-707 -3-96 -0-707 -3-96
60° 60 0-5 30 -10 -60 0-5 30
75° 7-2 0-26 1-87 -0-707 -5-1 0-97 7-0

90° 100 00 00 00 00 00 00
105° 11-5 -0-26 -30 0-707 8-15 -0-97 -11-15
120° 120 -0-5 -60 10 120 -0-5 -60
135° 110 -0-707 -7-8 0-707 7-8 0-707 7-8

150° 80 -0-87 -6-95 00 00 0-87 6-95

165° 30 -0-97 -2-9 -0-707 -2-12 -0-26 -0-78

Sum -5-27 17-37 2-58

2
11 x Sum Bi == -0-88 B3 = 2-90 1h = 0-43
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From these results

hm = vW + Si2
) = 10-8

hm = VW + S32
) = 3-18

hm = VW + B5 2
) = 0-54

Also

Tx = tan- - ±» = -5»

2-90
Y3 = tan- 1^ = 66-7°

0-43

Thus

/ = 10-8 sin (cat - 5°) + 3-18 sin (3cof + 66-7")

+ 0-43 sin (S(ot + 53-7°)

This is a more accurate result than that obtained by the superposition method,

and clearly shows the presence of a small fifth harmonic. The results for the

fundamental and third harmonic compare favourably in each case.

5.13 Form Factor

The form factor, kf, of any alternating waveform may be denned as

R.M.S. value

'
—

Full-wave-rectified mean value

The full-wave-rectified waveform has its negative-going portions

inverted, as shown in Fig. 5.14. Its mean value is found by integrat-

f(t)" f(t)

/wi.
(a) (b)

Fig. 5.14

ing over the period of the wave. If the wave has identical positive

and negative half-cycles, the integration may be performed over one

half-cycle, between zero values.

For a full sine wave, i = Im sin mt, and since positive and negative

half-cycles are identical, and zeros occur at times t — and t = 772,

the r.m.s. value is

-Mr 7m2 sin2 cotdt) = -jz
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and the full-wave-rectified mean is

772 1

r/2 2
Im sincotdt = — Im

so that the form factor is

*,.£&?_ Ml (5.37)

For a square wave with no d.c. component the r.m.s. and mean
values are both equal to the peak value and hence the form factor

is unity.

The form factors of complex waves whose positive and negative

half-cycles are identical (and hence contain odd harmonics only),

and which have only two zero values per cycle can be readily

evaluated. The r.m.s. value is obtained as in Section 5.3 as the

square root of the sum of the squares of the r.m.s. values of each

harmonic. The mean value is obtained by integrating between

two zeros (i.e. the half-cycle mean). Thus consider the sine series

i = hm sin mt + hm sin 3cot + hm sin 5wt + . . .

The r.m.s. value is (from eqn. (5.6))

V\2 +
2
+

2
+ ' ,

7

while the mean value is

1 rr/2

Iav =
fi2J

idt

since zeros occur when t = and when t = 7/2. Hence

_ 2/2 2 2 \

lav ==
Tf, I Jim T ^5 ^3m T 7 '5m T • • • I

T\a> 3a> 5a> }

= l(hm +
I

f +
I

f+..) (5-38)

where a> = 2tt/T. It follows that the form factor is

,
n_ V(hm2 + hm 2 + Ihrr? + • •)

(
. ...

*'
_
2V2 {hm + hm/3 + /sm/5 + . . .)

P '

In a similar way a cosine series of odd harmonics yields an easily

evaluated form factor. Let

/ = hm cos (at + hm cos 3<yf + hm cos 5wf + . . .
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The r.m.s. value is the same as for the sine series which has just

been evaluated. Zeros occur at t — —TjA and t = +TJ4, so that

the mean value is

274

idt
-274"Til).

2/2 2 ,2 \

2

/

hm hm \
(5.40)

and the form factor is

, _ 7T V(hm? + hm2 + hm2 + ) .. ...
Kf - 2^2 (Ilm - hm\l + /6»/5 - . . .)

{X l)

In the general case it is necessary to determine the instants in the

cycle at which the wave has zero values, and integrate separately

over each period of time between zeros, adding the integrals so

obtained arithmetically, and dividing the result by the period of the

wave. This can be a cumbersome process.

The form factor of a complex wave can sometimes cause errors

in instrument readings. Moving-iron, electrodynamic and electro-

static instruments will always read true r.m.s. values independent

of form factor. Moving-coil rectifier instruments, on the other hand,

have a deflexion which is proportional to the full-wave-rectified

mean current which flows in the moving coil. These instruments

are normally calibrated in r.m.s. values assuming sine wave inputs

(i.e. form factors of 1-11). The readings on such instruments are

really the mean values multiplied by 1-11. Hence if the form factor

of a wave measured on a rectifier instrument is kf, the mean value

is the instrument reading divided by 1T1, and

m ,
Instrument reading

,

,_ _„
True r.m.s. value = r-pj kf (5.42)

It follows that the form factor of a complex wave can be found

experimentally by measuring its value on a true r.m.s. instrument

and on a rectifier instrument. The form factor is then

R.M.S. instrument reading . ,, ,, ...
kf = 5—-Tj

—

7— jA- X 1-11 (5.43)
Rectifier instrument reading

One further important application of form factor in complex

waves occurs when iron-cored coils are excited into saturation by

an alternating current. It has already been seen in Section 5.9(c)
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that the flux waveform in this case is flat-topped, and analysis shows
it to be represented by a sine series of odd harmonics

$ = ^im sin cot + $3m sin Scot + . . .

The induced e.m.f. in a coil of N turns linking this flux is given by

e = N— = Nco<&im cos tot + 3Nco03m cos 3cot + . . .

From eqn. (5.40) the average e.m.f. is therefore

2
Eav — - (NcoQim — Nco(^3m + . . .)

77

= 4fN(®lm - 0>3m + . . .)

= 4fN<J>max

since in this instance the peak flux (<J>m(M;) is given by

Q>max = <&lm - <J>3m + $5m - . . .

If the form factor of the e.m.f. wave if kf then the r.m.s. value is

E = 4kffN4>max (5.44)

PROBLEMS
5.1 Show that the current wave through a capacitor contains a larger percentage
of harmonics than the voltage wave across it.

A voltage of 200V (r.m.s.), containing 20 per cent third harmonic is applied
to a circuit containing a resistor and a capacitor in series. The current is 3A
(r.m.s.) with 30 per cent harmonic. Determine the resistance and capacitance of
the circuit, and the overall power factor. (The fundamental frequency is 50Hz.)

(H.N.C.)

Ans. 41 -8 Q, 59/*F, 0-626.

5.2 The magnetization curve for a ferromagnetic material is given in the
following table:

B(T)* 0-42 0-8 0-97 108 1-15

#(At/m) 100 200 300 400 500

The material is used for a transformer working from a 250V 50Hz supply.
The supply waveform may be assumed sinusoidal and the resistance of the
transformer primary negligible. The net iron cross-sectional area of the trans-
former is 0004m2 and there are 250 turns on the primary. Deduce the waveform
of the magnetizing current, neglecting hysteresis.

5.3 Using Wedmore's method find the third-harmonic component of the
magnetizing current in the above example.

Ans. 15 per cent.

* See page 221.
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5.4 A voltage wave is given by the following expression

:

v = 30(sin 314/ + i sin 942/ + i sin 1,570/) volts

It is applied to a circuit consisting of a 32-70 resistor in series with a parallel

combination of a lOOmH pure inductance and a 4-06/*F capacitor.

Calculate the total power delivered to the circuit and also the total r.m.s.

current through the capacitance.

Arts. 6-95W; 0032A.

5.5 A 3-phase 50Hz alternator has a phase voltage

v = 100 sin cot + 10 sin 3co/ + 5 sin 5<uZ volts

What are the line voltages if the alternator is (a) star connected, (b) mesh con-

nected?

Three similar star-connected coils of 50£i resistance and 01H inductance

are supplied from the alternator, which is star connected. Calculate the line

current and the current through the neutral when the neutral is connected.

Ans. 122-6V; 70-8V; 1-2A; 0196A.

5.6 A series circuit consists of a coil of inductance 01 H and resistance

25 CI and a variable capacitor. Across this circuit is applied a voltage whose

instantaneous value is given by

v = 100 sin cot + 20 sin (3tu/ + 45°) + 5 sin (5cot - 30°) volts

where co = 314rad/s.

Determine the value of C which will produce resonance at the third-harmonic

frequency, and with this value of C find (a) an expression for the current in the

circuit, (b) the r.m.s. value of this current, (c) the total power absorbed.

(H.N.C.)

Ans. 11-25^F: (a) i = 0-398 sin (cot + 84-3°) + 0-8 sin (3a>/ + 45°) + 00485

sin(5co/ + 106°), (b) 0-633 A, (c) 10W.

5.7 With the aid of clear diagrams, explain the anticipated waveform of:

(a) The current in a reactor with negligible resistance when a sinusoidal

voltage, sufficient to saturate the reactor, is applied.

(6) The e.m.f. in a reactor with negligible resistance when a sinusoidal current,

sufficient to saturate, flows through the reactor.

(c) The current when a sinusoidal voltage is applied to a rectifier with a

forward resistance of l,000fi and a back resistance of 100,000ii.

What general type of harmonic would you expect to be present or absent in

C3.ch C3.SC ^

In sections (a) and (b) a B\H curve, neglecting hysteresis, may be considered.

5.8 Derive an expression for the r.m.s. value of the complex voltage wave

represented by the equation

v = Vo + Vim sin (cot + <£i) + Vsm sin (3co/ + fa)

A voltage v = 200 sin 314/ + 50 sin (942/ + 45°) volts is applied to a circuit

consisting of a resistance of 20£2, an inductance of 20mH and a capacitance of

56-3/*F all connected in series.

Calculate the r.m.s. values of the applied voltage and the current.

Find also the total power absorbed by the circuit. (H.N.C.)

Ans. 146V; 3-16A; 200W.
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5.9 Thee.m.f. ofone phase of a 3-phase mesh-connected alternator is represented

by the following expression:

e = 500 sin 6 + 60 sin 30 - 40 sin 50 volts

The fundamental frequency is 50Hz and each phase of the windings has a resis-

tance of 3f2 and an inductance of 001 H. Calculate the r.m.s. value of (a) the
current circulating in the windings, and (b) the current through a 100,uF capacitor
connected across a pair of line wires. (L.U.)

Ans. 4-28 A; 14-7 A.

(Hint. Do not neglect internal impedance.)

5.10 If the voltage applied to a circuit be represented by

V\ sin (at + Vn sin neat

and if the current is

h sin (cot — <£i) + In sin (neat — t/>n)

derive an expression for the average power in the circuit.

A voltage represented by 250 sin cat volts is applied to a circuit consisting

of a non-inductive resistance of 30£1 in series with an iron-cored inductance.

The corresponding current is represented approximately by

3 sin {cat — - I + 1-2 sin I 3cat — ^ ):l amperes

Calculate (a) the power absorbed by the resistance, (b) the effective value of the
voltage across the inductance, and (c) the power factor of the whole circuit.

Draw to scale the waveform of the fundamental and third-harmonic currents

showing their phase relation.

Explain why accurately calibrated rectifier and dynamometer [electrodynamic]

ammeters would read differently when placed in the above circuit. (L.U.)

Ans, 156W; 157V; 0-47.

5.11 A p.d. of the form v = 400 sin cot + 30 sin 3o>/ volts is applied to a

rectifier having a resistance of 50O in one direction and 200fl in the reverse

direction. Find the average and effective values of the current and the p.f. of the

circuit.

(L.U.)
Ans. 1-96A; 41 A; 0-51.

5.12 The following table gives the characteristics of each of the four elements
of a copper-oxide bridge rectifier.

Voltage (V) 01 015 0-2 0-24 0-28 0-34 0-38

Current (mA) 0-2 0-4 1 2 4 8 12

This bridge is connected directly across a supply voltage represented by
(1-0 sin 6 + 0-1 sin 36) volts, and a milliammeter having a resistance of 20fl is

connected across appropriate points of the bridge. Determine the reading on the

milliammeter, assuming the reverse current to be negligible. (L.U.)

Ans. 5'4mA.
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TRANSIENTS

The steady direct current which flows in a circuit connected to a

battery or a d.c. generator may easily be calculated. Similarly the

alternating current, which flows in a circuit connected to an alter-

nator, may be calculated by the methods previously discussed.

These are called steady-state currents, for it is assumed that the

components in the circuits are unvarying and have been previously

connected to the generator for so long that any peculiar distur-

bance, associated with the initial connexion or switching on of the

apparatus, has had time to resolve itself.

In most cases the connexion and disconnexion of apparatus

causes a disturbance which dies out in a short time, i.e. a transient

disturbance. In this chapter the effect of suddenly switching on and

off various circuits will be considered. In each case the resultant

current is assumed to be the steady-state or normal current, with a

transient or disturbance current superimposed.

The transient currents are found to be associated with the changes

in stored energy ifi inductors and capacitors. Since there is no

stored energy in a resistor there will be no transient currents in a

pure-resistance circuit, i.e. the steady-state direct or alternating

current will be attained immediately when the supply is connected.

6.1 Inductive Circuits

At any instant in a series circuit containing resistance R and induc-

tance L, the applied voltage v is equal to the sum of the voltage

170
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drops across the resistance and the inductance, i.e.

V = iR + L
Jt (6.1)

where i is the instantaneous value of the current.
The circuit current / is composed, as has already been noted of

two parts, is, the steady-state current, and h the transient current
i.e.

'

i = is + it

When the transient current has ceased, the steady-state current
must still satisfy eqn. (6.1); therefore

dig
r = ^ + L * (6.2)

During the period in which the transient exists,

v = (is + it)R +L- (is + it)

= UR + L
d
-± + kR + Lft (63)

whence

^ + LS = °
(6.4)

The current /, is obtained mathematically by solving eqn (6 2)
Since this is done implicitly when normal circuit theory is applied'
the formal mathematical solution need not be given here It there-
fore remains only to solve eqn. (6.4) for /,. Thus, rearranging the

dit R
,— = — t dt

it L

so that

ii, R t

dt
[dh__ R C

J U ~ Lj

and

loge it + loge A = - j t
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where loge A is the constant of integration. Continuing,

R
loge Ah = — jt

so that

and

Ak -{Rim

it = Be-iRIL* (6.5)

where B = \\A = constant.

The complete solution is then

/ = is + Be-<Rl™ (6.6)

The current is is found from simple circuit theory, and the con-

stant B is then determined by substituting a known set of values

for i and t in eqn. (6.6). These known values are normally the

initial conditions in the circuit.

'If

-/To >-

t=0

(a)

(b) (<0

Fig. 6.1 GROWTH OF CURRENT IN AN INDUCTIVE D.C. CIRCUIT

6.2 Growth of Current in an Inductive Circuit (D.C.)

Suppose the switch in the circuit shown in Fig. 6.1(a) is closed

at a datum time, taken as t = 0. Before the switch is closed the

current is obviously zero. At the moment when the switch is closed

the current will remain at an instantaneous value of zero since the

current through an inductor cannot immediately change (Lenz's

law). Thus in the present problem at / = 0, / = 0.
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Also, from d.c. theory, i, = V/R = I. Substituting in eqn. (6.6)
at the instant t = 0,

V v= — + Be whence B = —=K R

Again from eqn. (6.6),

V V
R R

= -^(l-e-wi>0

= 7(1 - e-<W)
(6.7)

The curve of i plotted to a base of time is shown in Fig. 6.1(b).

It is called an exponential-growth curve.

The rate of change of current is found by differentiating eqn.
(6.7). Thus

_ = i. (_ e -Wi)») _ K e -(B/L)t

dt R\L J L
e

The initial rate of change of current is then

di\ V
jA = j- amperes/second (6.8)

Consider, now the value of the current when t = LjR seconds.
Then from eqn. (6.7),

i = 7(1 - e-1
) = 0-63217

L\R is called the time constant, r (tau), of the RL circuit. It may
easily be verified that this would be the time required for the current
to reach its final value if the initial rate of increase were continued
(i.e. point A on Fig. 6.1(6)). The time constant is defined as the
time required for the current to reach 63-21 per cent (i.e. approxi-
mately f) of its final value.

The voltage across the resistor R is easily obtained as

vR = iR = 7(1 - e-WW)R =, V(\ - e-w£
>«) (6.9)

The voltage across the inductor at any instant is then,

vl = V — vR = ye -(RlDt
(6 10)

This is an exponential decay curve, and is shown in Fig. 6.1(c).

It should be noted that the general form for the curve of expo-
nential growth isy = 7(1 — e~ (lT

) where t is the time constant. The
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,

corresponding expression for an exponential decay curve is y =
Ye-"7

.

The energy relations in the circuit may be derived as follows. The
energy supplied by the battery in time dt is Vidt joules. Hence the

total energy supplied in t seconds is Vidt. This energy is partly

dissipated as heat in the resistor R, and is partly stored in the

magnetic field of the coil. If the coil current at a given instant is

i amperes, then the stored energy at the same instant is |Li2 joules.

The energy dissipated in the resistor R up to an instant t is i
2Rdt,

Jo

this being easily calculated as the total energy supplied minus

the energy stored in the magnetic field.

6.3 Decay of Current in an Inductive Circuit

Consider the circuit shown in Fig. 6.2(a). At the datum time

t — 0, the switch is opened, disconnecting the inductor L and

(a)

Fig. 6.2 DECAY OF CURRENT IN AN INDUCTIVE D.C. CIRCUIT

resistor ^Ri from the supply. Since there is no continuous source

of e.m.f. in the circuit formed by L, R\. and R%, the steady-state

current will be zero. Hence eqn. (6.6) becomes,

i = 5e-<R'L)t (6.11)

where R = total circuit resistance = R\ + R2.

As before, at the instant of switching the current through the induc-

tor remains momentarily unchanged, i.e. it has the same value

(V/Ri amperes) as it had before the switch was operated. Hence

at t = 0, i = VIRi = /. Therefore from eqn. (6.11),

V_

Ri
= B
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Substituting in eqn. (6.11),

i = — Q~{RIL)t = Je(-RIL)t
(6 12)

This is the exponential decay curve shown in Fig. 6.2(6) The
time constant for this circuit is LjR, i.e. LI(RX + R2) seconds.
The total energy available is JL/2 joules; all of this energy is even-
tually dissipated as heat in the resistances of the circuit.

It should be noted that if R2 is omitted the energy stored in the
magnetic field will cause a spark at the switch contacts, or will
destroy the insulation of the coil (owing to the large induced e.m.f.).

EXAMPLE 6.1 A coil of 10H inductance, and 5ii resistance is connected in
parallel with a 20Q resistor across a 100V d.c. supply which is suddenly dis-
connected. Find: '

(a) The initial rate of change of current after switching.
(b) The voltage across the 20Q resistor initially, and after 0-3 s

il Iu
C voltaSe across the switch contacts at the instant of separation.

(d) The rate at which the coil is losing stored energy 0-3 s after switching.

, (ff.N.C.)
(«) The steady-state current is zero; hence

i = Be-WW
where R is the total circuit resistance after switching (250).
At / = 0, the current is 100/5 = 20A, i.e. the current through the coil im-

mediately prior to the opening of the switch is 20A. Thus

20 = Be" = B

whence

/ = 20e- 2 '5«

Initial rate of change of current = — = —20 x 2-5e- 25( I

«t\t=o
|
( =0

= -50A/S

The negative sign indicates that the current is decreasing
(6) The current through the 20£2 resistor after the supply has been disconnected

is / ampere. r J

Initial voltage across 20CI resistor = (current at t = 0) x 20
= 20 x 20 = 400V

Current after 0-3 sec = 20e-° 75 = 9-44A

Therefore

Voltage across 20 CI resistor after 0-3 s = 9-44 x 20 = 188V

(c) Since the e.m.f. induced in the inductor tends to maintain the current
through it in the original direction, the direction of the current through R2 (20O)
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will be upwards. The voltage across the switch contacts will therefore be the

supply voltage plus the voltage across Rz. Therefore

Initial voltage across contacts = 100 + 400 = 500V

(d) Rate at which coil loses stored energy = Power

= Coil e.m.f. X Current

At 0-3 s, / = 9-44A.

The rate of change of current at t — 0-3 is

J-0-3
= -20 x 2-5 X e-° 75 = -23-6A/S

The rate at which the coil loses stored energy is

L% x i = -10 X 23-6 X 9-44 = -2,230J/s
at —

The negative sign indicates a decrease in stored energy.

6.4 Growth of Current in an Inductive Circuit (A.C.) (Fig. 6.3)

Let a voltage given by v = Vm sin {cot + y>) be suddenly applied

to an RL series inductive circuit at the instant t = 0, i.e. the voltage

Fig. 6.3 A.C. SWITCHING TRANSIENTS

is suddenly applied when it is passing through the value Vm sin y>.

Since the contacts may close at any instant in the cycle, y may have

any value from zero to 2v radians. The voltage equation is then

Vm sin {mt + ip) = iR + L
di

dt
(6.13)

As has already been explained, the steady state-current is is

easily found by normal circuit theory. If the circuit impedance is

^/(R? + w2L2
), the peak steady-state current is

'm — VCR2 + «2£2
)

This current lags behind the applied voltage by <t>
radians, where
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$ = tan-1 coL/R. The expression for the instantaneous value of the

steady-state current is therefore

Vm . I ,
coL\

sin I cat + y> — tan-1— I8
V(R2 + o>8L*)

'

= Im sin (co/ + ip — <j>) (6.14)

The transient current has already been derived from eqn. (6.4) as

it = Be-«/«

Hence

i = f, + it = Im sin (w/ + y> - (/>) + Be-(RlL)t (6.15)

As before, the condition that the current though an inductor is

instantaneously the same before and after switching is used to

evaluate the constant B. In this case at / = 0, i = 0. Substituting

in eqn. (6.15),

= Im sin (y> — <f>)
+ B

whence

B = —Im sin (y> — <f>)

Therefore

i = Im sin (a)/ + y> - $ - JOT sin (y> - ^)e- (R/i)' (6.15a)

From this it will be seen that the value of B, and hence the size

of the switching transient, depends on the value of y, i.e. on the

instant in the cycle at which the contacts close. Three cases will

be investigated.

Case 1. At / = 0, the voltage is passing through zero and is

positive going, i.e. \p = 0.

i = Im sin (w/ -$)-Im sin (-^e-w**
= Im (sin (o/ - <£) + sin ^e-^'O

The curve of i to a base of cot is shown in Fig. 6.3(6). This shows

that the maximum instantaneous peak current (OA') may be
larger than the normal peak current (OA).

Case 2. At / = 0, the voltage is passing through Vm sin
<f>,

i.e.

ip = <£, and (rp —
<f>)
= 0.

In this case, B = 0, and there is no switching transient (it = 0).

This corresponds to the contacts closing at the instant when the

steady-state current will itself be zero.

Case 3. At / = 0, the voltage is passing through Vm sin I <j> ± -z
J,
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i.e.

77" 77

y> — <f> ± 2 and (V
—

<A) = ±3 (6.16)

The transient term in this case is

= ±/Me-fW

i.e. the transient now has its maximum possible initial value.

EXAMPLE 6.2 A 50Hz alternating voltage of peak value 300V is suddenly

applied to a circuit which has a resistance of 01 CI and an inductance of 3-1 8mH.
Determine the first peak value of the resultant current when the transient term

has a maximum value.

Inductive reactance, Xl = 1*fL =li:x50x 0-00318 = \Cl

Therefore

Circuit impedance = 01 +./1 "« 1 /84-3°

whence

Peak steady-state current = 300/1 = 300A

If v = 300 sin (cot + y>), then the maximum transient will occur when

f = <j> ± w/2, where <j> is the phase angle of the current with respect to the voltage

(i.e. 84-3°). Therefore

y> = 84'3 ± 90 = —5-7° (choosing the negative value)

Hence

/ = 300 sin (<ot - 90°) + Se"3i« (6.15)

At t = 0, j = 0. Therefore

= 300 sin (-90°) + B

so that B = 300, and

/ = 300 sin (cot - 90°) + 300e~3i-«

To obtain an exact solution for the first peak ofthe current, the above expression

must be differentiated, equated to zero, and the resulting expression solved

graphically for /. It is usually sufficiently accurate to determine the instant at

which the steady-state term reaches its first maximum positive value, and to add

the value of the transient term at this instant to the peak value of the steady-state

term. Thus the first maximum positive value of the steady-state term occurs when

(cot - 90°) = 90° = w/2rad

i.e. when / = 001 sec. At this time it = 300e-°'314 = 219 A. Therefore

Resultant current at this instant = 300 + 219 = 519A
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6.5 Capacitive Circuits

The voltage equation for a circuit consisting of a capacitor C in

series with a resistor R is

V = iR + C <6 - 17)

where q is the instantaneous charge on the capacitor.

As for the inductive circuit the current i is expressed as the sum
of the steady-state current /,, and the transient current it . The
transient current is the solution of the equation

UR + | =

Differentiating,

R
dk \dqt _

i.e.

since i = dq/dt.

This equation has the same form as eqn. (6.4) for the case of
the inductive circuit, and the solution for it will follow exactly that
previously derived, if 1/C is substituted for R in eqn. (6.4) and R
is substituted for L. Hence

it = Bt-W**
(6.18)

The complete solution for i is therefore

i = i, + A-<W» (619)

where is is found from normal circuit theory, and B is a constant
obtained by substituting known values in eqn. (6.19).

The initial condition, which is used to determine the constant B
in eqn. (6.19), is that the charge on a capacitor cannot instanta-
neously change since an instantaneous change of charge would re-

quire an infinite current and hence an infinite rate of change of
voltage. In effect, since the capacitance is constant, this means that
the voltage across a capacitor is momentarily the same before and
after any sudden change in the circuit conditions.

6.6 Charging of a Capacitor through a Resistor

Consider a circuit consisting of a resistor R in series with a capacitor
C, connected to a battery of voltage V, at time t = (Fig. 6.4(a)).
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The steady-state current in this case is obviously zero, since no cur-

rent will flow from a d.c. supply through a capacitor. Hence is = 0,

and eqn. (6.19) becomes

i = 5e - (1/0i{)( (6.20)

When the switch is closed there will be momentarily no voltage

across the capacitor, so that the battery voltage V must all appear

across the resistor R. Hence the initial current from the battery

must be i - V[R amperes, i.e. at t = 0, i - VjR = /, say. Therefore

l ~ R
C /e

-(i;cB)i (6.21)

This equation represents the exponential decay curve drawn in

Fig. 6.4(6).

4
t=o

(a)

Fig. 6.4 CHARGING A CAPACITOR THROUGH A RESISTOR

The voltage vr across the resistor at any instant is

VR = iR = IRe-W™ = Fe-*1^ (6.22)

From this, the voltage vc across the capacitor is

Ve = V - vR = V(l - e-w **) (6.23)

This equation represents an exponential growth to a final value

of V volts. From it, the charge q on the capacitor may be found at

any instant. Thus

q = VcC = VQl - e-W01^ = 2(1 - e-W*) (6.24)

where Q — VC = final charge on the capacitor.

The time constant t of the CR circuit is defined as the time

required for the charge on the capacitor to attain 63-21 per cent of

its final value, i.e. the index (l/CR)r must be unity when t = t.

Therefore

t = CR seconds (6.25)

Energy will only be supplied from the battery during the time

required to charge the capacitor. Some of this energy will be
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dissipated as heat in the resistor, and some will be stored in the

electric field of the capacitor.

Total energy from the battery in t seconds = Vidt joules
Jo

Energy stored in electric field in t seconds = \Cv£

where vc is the voltage across the capacitor after t seconds. The
energy dissipated in the resistor will be the difference between

the total energy taken from the battery and that stored in the

capacitor.

6.7 Discharge of a Capacitor through a Resistor

Suppose that a capacitor which is originally charged to Vc volts is

discharged through a resistor of R ohms (Fig. 6.5(a)). Since there is

t-0

(a)

Fig. 6.5 DISCHARGING A CAPACITOR THROUGH A RESISTOR

no generator in the circuit the steady-state current must be zero, so

that, from eqn. (6.19), the general equation for the circuit current is

The initial condition is that the voltage across the capacitor must
be the same after the switch is closed as it was before, i.e. Vc volts.

Hence at t = the voltage across R is Vc volts, and the current

through it is i = VejR = I, say. The general equation for the current

must therefore be

' ~ R
e ~ 1C (6.26)

This is the exponential decay curve shown in Fig. 6.5(A).

The voltage at any instant is the same across both the capacitor

and the resistor. Let this voltage be v. Then

v = iR= VcQ' aiCR)t (6.27)
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The charge on the capacitor at any instant is

q = Cv

= CVc£- a/CR)t

= ge~ (1/c/w coulombs

where Q (= CVe) is the initial charge on the capacitor.

(6.28)

EXAMPLE 6.3 A simple sawtooth voltage generator consists of a 10,000 fl

resistor in series with a 0-25 /tF capacitor across a 200 V d.c. supply. A gas

discharge tube with a striking voltage of 120V is connected across the capacitor.

Determine (a) the frequency of the oscillation, and (b) the average power required

from the d.c. supply.

Also sketch three cycles of the output voltage.

The circuit is shown in Fig. 6.6(a). The operation of the circuit is briefly as

follows. The capacitor charges up exponentially through the resistor until the

200V

•10kO

°ioo-

£0 25uF Output

(a)

O 1(234
Rapid discharge

(b)

Fig. 6.6

voltage across it is 120V. Up to this point the gas discharge tube is inoperative,

but at this voltage the gas becomes conducting, and the capacitor discharges

quickly through it. The voltage across the capacitor falls rapidly to zero, and the

discharge tube again becomes non-conducting, so allowing the capacitor to

charge up once more, and so on. The voltage across the capacitor is thus the

saw-tooth wave shown in Fig. 6.6(6), the discharge time being so small that it

may be taken as instantaneous.

(a) In order to determine the repetition frequency, the time taken to charge

the capacitor to 120V must be found.

Vc = 120 = 200(1 - e-d00/
-25)')

200e- 400( = 80

200
e400< — -— =2-56

80

400/ = loge 2-5 =0-916

Therefore t = 000229 s, so that the repetition frequency /is

/=- = 436Hz
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(6) The energy taken from the d.c. supply per cycle is
j"
000229

yidt> where y

is the instantaneous current in the circuit. This current is given by

V 200
' = ^e-d/CB)« = __. e _4oo( = -02e-*ocw

Thus

f000229
Energy per cycle =

^ 200 x 0'02e -<"><« *

[1 1000229
e -400<

400 Jo

= 0006 J

Hence the average power taken from the supply is 0006/0-00229 J/s, or 2-62W.

6.8 Transients in Capacitive A.C. Circuits

When an alternating voltage is applied to' a capacitive circuit
the resultant current may be determined by a method similar to
that employed in Section 6.4 for inductive a.c. transients. An
expression for the instantaneous value of the steady-state term is
found from normal circuit theory. This is substituted in eqn.
(6.19), and the constant of integration is then found from the known
initial conditions.

6.9 Thermal Transients

In electrical apparatus the losses cause a rise in temperature with a
final value determined by the magnitude of the losses and the rate of
cooling. The rate of cooling approximately obeys Newton's law of
cooling, which states that the rate of loss of heat from a body is

proportional to the temperature rise, 6, ofthe body above the ambient
temperature (i.e. the temperature of the surroundings). If the loss
power is P watts, then in dt seconds the energy supplied as heat is

Pdt joules. Suppose that in this time the temperature of the body
rises from a value above ambient to (0 + dd), and that the heat
stored in the body per deg C rise in temperature is if joules. Then

Energy supplied as heat

in dt seconds

"Heat stored in"] ["Heat lost in]

.
dt seconds J [ dt secondsj

or

Pdt = Hdd + KBdt

since KB is, by Newton's law, the rate of heat loss, where K is a
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constant which depends on the convection, conduction and radiation

heat loss. Hence

P = H^ + K6 (6.29)
at

Comparing this with eqn. (6.1), it will be seen that the solution

consists of a steady-state term, S, and a transient term, 6 t , so that,

solving for 6 as in section 6.1,

e = es + Be-wH» = es + b^ (6.30)

where B is a constant which is determined from known conditions,

and t (= H/K) is the thermal time-constant.

HEATING CURVE

Consider a constant loss power, P, existing in an electrical apparatus.

When a steady temperature has been reached (i.e. when the rate of

heat loss is just equal to the rate of heat supplied), the value ofdd/dt

will be zero, so that, from eqn. (6.29), the steady temperature rise,

S, attained will be

p
ds
= — kelvins or degrees Celsius above ambient
K

At the instant when the apparatus is switched on its temperature

will be simply the ambient temperature. This can be expressed

mathematically by writing

at t = 0, =

Substituting this in eqn. (6.30) gives a particular solution from which

B can be evaluated. Thus

= 6s + Be or B = -6S

The complete solution for is obtained by substituting this value of

B back in eqn. (6.30) to give

6 = S(1 - e-tlT
) (6 -31>

or

8 = !(l_ e-(W) (6.31a)
K

This is an exponential growth curve, as shown in Fig. 6.7(a).

It should be noted that, in order to reduce S, the loss power P

must be reduced or the cooling constant K must be increased.
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Fig. 6.7 THERMAL TRANSIENTS

COOLING CURVE

If a piece of apparatus which has attained a temperature 0i is allowed
to cool, by switching off the supply, thenP = and the final tempera-
ture rise is zero (i.e. 8S = 0). Also at t = 0, = X and for this value
of t, eqn. (6.30) becomes

0i = 5e° or B = di

Hence the general expression for is

= ie-w
(6 32)

This is the equation to the cooling curve of Fig. 6.7(b).

Suppose, however, that when the apparatus has attained some
temperature 0i, the loss power is reduced to some lower value
P'. As before, the steady-state temperature rise is obtained from
eqn. (6.29) by putting ddjdt = 0, so that now

fl'.«
P'

K

Also at t = the temperature rise is X , and substituting this
condition in eqn. (6.30) gives

0i = 0', + Be or B = (0! - 0'
s)

so that the general solution is

= 0', + ^ _ 0',)e-t/T
(6 33)

as is shown in Fig. 6.7(c)

6.10 Double-energy Transients

Circuits containing both inductance and capacitance involve both
electromagnetic and electrostatic stored energies, and hence any
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sudden change in the circuit conditions will involve the redistri-

bution of two forms of stored energy. The transient currents result-

ing from this redistribution are called double-energy transients.

Consider the general series circuit of resistance R, inductance L
and capacitance C. If vr, vl, vc are the instantaneous voltages

across R, L and C respectively, then the supply voltage, v, is given by

v = vr + vL + vc

-t* + L% + i .
(6.34)

where i is the instantaneous circuit current and q is the instantaneous

charge on the capacitor. As before, the complete solution of this

equation will have two parts—the steady-state current is, and the

transient current it. The steady-state current may readily be obtained

from normal circuit theory, while the transient current is the solution

of the equation

W + L |'+£_0 (6.35)

Differentiating,

L
d2i

! + R *f + li = o
dt2 ' dt ' C

since dqtjdt = if . On rearranging this equation it becomes

d% Rdk h_ =
dt 2 ^ L dt ^ LC K

The solution of this equation for it may be obtained in several

ways. An operational method will be used here, the operator p
standing for djdt and the operator p2 standing for d 2\dt2, i.e.

dk , „. d2h
pi t ^ - and ph t =^

Use will be made of the following operational relationships which

may be verified by differentiation.

(a) (p - m)Cemt = -r (CeH" )-mCemt = (6.37)
dt

d 2

dt2
'(6) (p - m)\B + C0em( = -^(B + Ct)emt

-2m4-(B+ Ct)emt + m\B + a)emt = (6.38)
dt
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(c) (p - mi)(p - w2)(fie
mi' + Cem2(

)

d2
, , d- - - •*) _ (|fI1 + W2) _

,

+ mimz(Bem^ + Ce"'2') = (6.39)

= ^ (fle
mi* + Ce"^) - (mi + m2) j (Be™* + CeW2«)

where B and C are constants.

In the operational notation eqn. (6.36) becomes,

R 1

p
2k + -j~ph + Jr it=0

i.e.

(r
2 + ZP + Zc) h = °

The expression in brackets may be factorized to (p — nii)(p — m2),

where

-R/L + V(R2IL2 - 4/LC) -tf // /J2 1 \
W1 = 2 =

n: + JW~Lc)
(6.40)

and

-/?/L - V(R 2IL2 - 4/LC) -R
m-2 = -z — _ l(!*L _ _U

2L V \4L2 LC/

(6.41)

Hence

(p - mi)(p - m2)it = (6.42)

Comparing eqns. (6.42) and (6.39),

it = Btm^ + Ce™2'

(6.43)

excepting where wn = m 2 = in, say, when eqn. (6.42) becomes

ip ~ >n)'l it = (6.44)

and hence, by comparison with eqn. (6.38),

it = (B + Ct)e"d (6.45)

According to the values of m\ and m2 four different conditions of
the circuit are distinguishable.
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CASE 1: LOSSLESS CIRCUIT: R = 0, i.e. UNDAMPED

In this case,

m = J .(- Zc)
= J vkc) = J(0 ' from eqn

-
(6 -40)

and

m - -J{- zc)
= -> vio

= _> ' from eqn
-
(6 -41)

Eqn. (6.43) gives the solution for k as

it = Be'm
'

t + Ce-i*'1 (6.46)

But

&m't = cos m't + j sin w't

and

g-ioi't _ CQS m '

t _y Sjn m't

Therefore

it = £> cos co't + E sin co't (6.47)

where

Z> = 0B+C) and E = j(B - C)

Eqn. (6.47) may be still further reduced to

it = lm sin (co'f + f) (6.47a)

where 7m = V(DZ + E2
) and y = tan-1 D/E. Hence the transient

current in this case is a sine wave of constant peak value, and of

frequency/' = =

—

l(TC\ as shown in Fig. 6.8(a). It will be observed

that the solution contains two constant terms, namely Im and ip,

which must be determined in any particular case from a knowledge

of two initial circuit conditions. These conditions are

(a) The initial current in the inductance.

(b) The initial voltage across the capacitance.
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it=Im sin(co't+#)

(a)

H.,

it

•4

,

i
it=Im e-°

t
sin(o 't+^)

(b)

i
t
=e"at (D cosh yt+E sinh y\) i

t
=e-Qt(B+Ct)

(c) (d)

Fig. 6.8 TYPICAL DOUBLE-ENERGY TRANSIENT WAVEFORMS
(a) Undamped
(6) Underdamped
fc) Overdamped
GO Critically damped

and a ' - y(zb - 4S)

case 2: low-loss circuit: i?2/4L2 < 1/LC, i.e. underdamped

In this case, as in the theoretical Case 1, the term under the square
root sign in eqns. (6.40) and (6.41) is negative, so that mi and
W2 will be conjugate complex numbers. Let

mi = —a +jio'

where

R
a =

2L

Then

ma = —a —jco'

Substituting these values in eqn. (6.43),

it = j?e(-a+*",'X + Ce<-°-*°'>' = Q- at(B^m
'
t + Ce"jm'

(

)

This may be reduced to

it = Ime~ at
sin (co't + tp) (6.48)

where Im and tp are constants. This is the equation of a damped
oscillation as shown in Fig. 6.8(6).

The factor e _<rt
, which accounts for the decay of the oscillation,

is called the damping factor. The ratio between successive positive
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(or negative) peak values of the oscillation is 1 :e"
ttT

, where r is the

period of the oscillation.

The frequency of the damped oscillation is

J ~2n ^l\LC 4L2
J

and is called the natural frequency of the circuit. In a great many
02 j 1

cases^ < j£, and with quite sufficient accuracy/ =
2nA/(LC)

case 3. high-loss circuit: i?2/4Z,2 > \\LC: i.e. overdamped

IfR2/4L2 is greater than \jLC, then the term under the square root

sign in eqns. (6.40) and (6.41) will be positive, so that mi and m2 will

be pure numbers. Let

m\ = —a + y'

where

fl== |. and /= y(2L__)

Then

mi = —a — y'

Therefore

it
— ge( -«+/)« 4. ce(

-"~ r
"
>t (from eqn. (6.43))

But

eV* = sinh y't + cosh y't

and
Q-y't = cosh y't — sinh y't

Therefore

it
= e- at{(B + C) cosh y't + (B - C) sinh /f}

= e- a( {I> cosh y't + E sinh y't) (6.49)

A typical curve of this equation is shown in Fig. 6.8(c).

CASE 4. CRITICAL DAMPING: Rzj4L2 = \\LC

When R2\4L2 is equal to 1/LC, mi and m2 become equal, each

having a value of -R\1L. Hence, from eqn. (6.45),

jt = e-<B'2Z)1 CB+ CO (6 - 5°)
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In this case k reduces to almost zero in the shortest possible time.

A typical curve for k is shown in Fig. 6.8(d).

To summarize,

IL
Transient term is oscillatory if R < 2 I—

IL
Transient term is non-oscillatory if R > 2 /

—

Critical damping occurs when R = 2 —

(6.51)

(6.52)

(6.53)

EXAMPLE 6.4 A 4fiF capacitor is discharged suddenly through a coil of

inductance 1H and resistance 100Q. If the initial voltage on the capacitor is

10V, derive an expression for the resulting current, and find the additional

resistance required to give critical damping.

t=0

±4uF

51H

002
I

£001
A
1 \

I o r \ /A, /l\

V7
20 / 30\-t(ms)

(o) (b)

Fig. 6.9

The circuit is shown in Fig. 6.9(a). Since there is no generator in the circuit

the steady-state current must be zero, so that the resultant current is simply the

transient current.

The value of 2\/(LIC) is 1,000, and hence from the inequality (6.51) the circuit

is originally oscillatory. The transient current is therefore

it = 7me _a< sin {w't + y>)

where

and

2L

100
: T =50

m ' =
J'ilc ~ i^)

= ^(250,000 - 2,500) = 497rad/s

Therefore

it = Ime- i0t sin (497/ + y>) = i

The two known initial conditions are (a) at / = 0, i = 0, and (6) at t = 6,

capacitor voltage, vc = 10V. Applying condition (a) to equation (6.54) gives

— Im sin y>

(6.54)
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whence

V =0
! = /me-50«sin497( (6.55)

At time / = 0, the voltage across the inductor must be 10V (from condition (6)),

since the current through the resistor is zero, i.e.

dt\t=o

Therefore

%\, = ^ = 10A/s (6.56)

But from eqn. (6.55),

% = -50/me~50« sin 497/ + 497/me-50( cos 497,
at

At t = 0, this becomes

fU = 497/m = lOA/s (from eqn. (6.56))

Therefore

/m =^ = 0-0201A

Hence the general expression for the current is

1 = 00201e- 50' sin 497/ amperes

The first few cycles of this current are shown in Fig. 6.9(6).

From eqn. (6.53) the total resistance required for critical damping is

i? = 2 y^ = 1,000a

Therefore the additional resistance required is 900fl.

EXAMPLE 6.5 A damped oscillation is given by the equation

1 = 100e- 10( sin (500/) amperes

Determine the number of oscillations which will occur before the amplitude

decays to roth of its undamped value.

The decay of the peak of the oscillations is given by the term 100e- 10(
. Thus

A x 100 = 100e-i°«i

where /1 is the time required for the oscillation to die to iVth of its undamped

value.

eio«i = 10

lO/i = loge 10 = 2-303

/1 = 0-2303 s

500 „
Frequency of oscillation = -^ Hz
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Therefore the number of oscillations before decay to roth amplitude is

500
n = 0-2303 x — = 18-4

2w

6.11 Energy Transformations

With the underdamped or oscillatory transients discussed in Section

6.10 it will be noticed that at some instants the current is zero. At
these instants there will be no energy stored in the magnetic field

However, at succeeding instants current does flow and there must

be an associated magnetic energy. This energy must be stored as

electrostatic energy during the instants when the current is zero,

so that there is a continuous transformation of energy from an
electrostatic to an electromagnetic form, and vice versa. Consider

the circuit illustrated in Fig. 6.10. It is assumed for simplicity that

Electrostatic L Electromagnetic
energy when ~""~*-iC

\_
^energy when

charge accumulates 5 current flows

Fig. 6.10 ENERGY TRANSFORMATION

the circuit is lossless (R = 0). Initially the capacitor is charged to a

potential V volts and the switch is closed at the instant t — 0.

The steady-state current must be zero, and

it = Im sin (co't + y>) (from eqn. (6.47))

At t = 0, i = due to the inductor action; therefore tp = 0.

Hence

i = Im sin m't (6.57)

At t = 0, i — 0, magnetic energy = 0, electrostatic energy

= iCV*.
At t = T7/2w', i = Im, magnetic energy = \LIm2

, electrostatic

energy = 0.

At t = tt/co', i = 0, magnetic energy = 0, electrostatic energy

= \CV*.
Since there is assumed to be no energy loss from this circuit and

no energy supplied after t = 0, the peak stored magnetic energy

must equal the peak stored electrostatic energy

:

\CV* = \Um* (6.58)

If the circuit is of the low-loss type rather than the imaginary

lossless type, then at each interchange of energy there is a small loss
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of energy from the system. Many low-loss circuits may be regarded

as obeying eqn. (6.58) for one energy cycle.

Example 6.6 If a break occurs at the point X in the circuit of Fig. 6.11, deter-

mine the voltage across the break. It may be assumed that, prior to the break,

the circuit current had reached a steady-state value.

50Q

001uF T10mH
100VJ |

Fig. 6.11

Before the break, inductor current = 2A

Energy initially stored in inductor = iLI*

= I x 10-2 x 4 = 2 x 10-2 J

Energy initially stored in capacitor = iCV2

= i x lO- 8 x 104 J (negligible)

After the break occurs the energy initially stored in the magnetic field of

the inductor will be transferred to the capacitor. Neglecting energy loss in the

first transfer,

Maximum energy stored in capacitor = 2 x 10_2 J

Therefore

iCVm 2 = 2 x 10-2

and

1(2 x 10- 2 x 2\ „„.-„
Peak voltage across capacitor = Vm — J I rjczi

J
= 2,000V

Therefore

Maximum voltage across break = 2,000 + 100 = 2,100V

The voltage will be oscillatory as the energy alternates between the inductor

and the capacitor.

Frequency of voltage oscillations =/ = ' . /(re)

=
2,vao-'xio-*r

15 -
900Hz

Damping factor = e-W2i>* = e -<50/2xio-2)« = e -2,500*

Therefore

Voltage across break = (2,000 e^ 500 ' sin 105 t + 100)volts
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PROBLEMS

6.1 The fieid circuit of an alternator has an effective inductance of 100H and a
resistance of 10Q. Calculate the time required to increase the excitation current
from / to 99 per cent of 11 amperes if the supply voltage is doubled.

Arts. 39-1 s.

6.2 Deduce from first principles an expression for the current growth in an
inductive circuit.

A 15H inductance coil of 10f2 resistance is suddenly connected to a 20V
d.c. supply. Calculate

(a) the initial rate of change of current,

(6) the current after 2 s,

(c) the rate of change of current after 2 s,

(d) the energy stored in the magnetic field in this time,
(e) the energy lost as heat in this time, and
(/) the time constant. (H.N.C.)
Ans. l-33A/s; 1-47A; 0-352A/s; 16-3J; 19-5J; l-5s.

6.3
,
Derive an expression for the value of the current in a circuit of resistance

R ohms and inductance L henrys, / seconds after the sudden application of a
constant voltage V to the circuit.

A constant voltage of 100V is suddenly applied to a circuit of resistance 2C1
and inductance 10H. After 7-5s the voltage is suddenly increased to 200V.
What will be the value of the current after a further 2s?

Sketch the approximate shape of the current/time graph. (H.N.C.)
Ans. 590 A.

6.4 A coil of resistance r ohms and inductance L henrys is connected in parallel
with an R-ohm resistor to a d.c. supply of V volts. After a "long period" the
supply is suddenly disconnected; derive an expression for the current t seconds
later.

6.5 Sketch the shape of the graph showing the growth of current in an inductive
circuit when a steady voltage is applied.

Explain the desirability of a discharge resistance when such a circuit is switched
off.

What must be the greatest permissible value of the suppressor resistance used
in conjunction with a 500V field circuit having a resistance of 50Q in order that
the voltage across the terminals of the field winding shall not exceed 750V when
the circuit is opened ?

(C. & G. Inter.)
Ans. 75 O.

6.6 A 1 2/iF capacitor is allowed to discharge through its own leakage resistance,
and a fall of p.d. from 120V to 100V is recorded in 300s by an electrostatic
voltmeter. Calculate the leakage resistance of the capacitor. Prove any formula
used - (L.U.PartI)

Ans. 137MI2.

6.7 A 2fiF capacitor is charged to 100V. It is then discharged through a
1 MfJ resistor in parallel with a 1 ftF capacitor. Find the voltage across the resistor
2 s after connexion, and also determine the energy dissipated up to this time.

Ans. 34-2 V, 000825 J.
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6.8 A l,uF capacitor is charged from a 2V, d.c. supply and is then discharged

through a 10 UQ. resistor. After 5 s of discharge the capacitor is connected

across a ballistic galvanometer of negligible resistance, and causes a deflection

of 1-2 divisions. Calculate

(a) the voltage across the capacitor after the 5 s of slow discharge,

(b) the sensitivity of the galvanometer in microcoulombs per division, and

(c) the energy expended in heating the 10MQ resistor during the 5s of

discharge. (H.N.C.)

Arts, (a) 1-21 V; (b) MC/div; (c) 1-27 x 10-«J.

6.9 A single-phase 50Hz transformer fed from an "infinite" supply has an

equivalent impedance of (1 +y'10)ohms referred to the secondary. The open-

circuit secondary voltage is 200V. Find

(a) the steady-state secondary short-circuit current,

(b) the transient secondary short-circuit current assuming that the short-

circuit occurs at the instant when the voltage is passing through zero

going positive.

(c) the total short-circuit current under the same conditions.

Plot these curves to a base of time for the period of three cycles from the

instant when the short-circuit occurs. Neglect saturation. (H.N.C.)

Ans. 28-3 sin (314/ - 84-3°); 28-3 e~"-« sin 84-3°; 28-3(e-"i-« + sin (314/ -
84-3°)).

6.10 A single-phase 1 1,000/1, 100V 50Hz transformer is supplied from llkV

"infinite" busbars. The transformer leakage impedance referred to the low-

voltage side is 008Q resistance and 0-8 £1 reactance. Calculate

(a) the r.m.s. steady-state short-circuit current which might develop on the

secondary side for a short-circuit at the secondary terminals,

(b) the corresponding initial transient short-circuit current assuming the

short-circuit to occur at the "worst" instant in the voltage cycle,

(c) the instantaneous total current magnitude at the instant 004s after the

short-circuit has occurred.

What are the "worst" and "best" instants in the voltage cycle? (H.N.C.)

Ans. (a) 1,370A; (b) ±1,930A, (c) ±1,380A.

6.11 A coil having a resistance R ohms and an inductance L henrys is suddenly

connected to a voltage of constant r.m.s. value Kand varying in time according

to the law v = Vm sin 1*ft. Deduce an expression for the current at any instant.

In the case of an alternator suddenly short-circuited explain how the expression

for the current would differ from the above and enumerate the factors causing

the difference. (L.U.)

6.12 A 4/j.F capacitor is initially charged to 300 V. It is discharged through a

lOmH inductance and a resistor in series. Find

(a) the frequency of the discharge if the resistance is zero,

(b) how many cycles at the above frequency would occur before the discharge

oscillation decays to rtfth of its initial value if the resistance is 1 0.,

(c) the value of the resistance which would just prevent oscillation.
v

(H.N.C.)

Ans. 796Hz; 36-6; 100Q.

6.13 Derive an expression for the instantaneous current in a circuit consisting

of a resistance of R ohms in series with a capacitance of C farads at a time /
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seconds after applying a sinusoidal voltage, the switch being closed *i seconds
after the voltage had passed through its zero value.

If the values of R and C are l.OOOCi and 10,uF respectively and if the voltage
is 200V at 50Hz, calculate the value of the voltage at the instant of closing the
switch such that no transient current is set up. (L.U.)

Ans. 269 V.

6.14 A capacitor C, initially charged to 350V, is discharged through a coil of
inductance 8mH and resistance R ohms. The amplitude of the resulting oscilla-

tion dies away to 0-1 of its initial value in 2- 3 ms. If the value of resistance for
critical damping is 1I3-2Q, calculate the natural frequency and the actual value
of R. (H.N.C.)

Ans. 1,130Hz; 1-6C1.

6.15 An RLC series circuit has R = 5fl, L — lOmH and C = 400^F. Show
that the current immediately after switch closure on to a direct-voltage source is

oscillatory and of gradually decreasing amplitude. Calculate the frequency of
oscillation and the damping factor. (Part question, H.N.C.)

Ans. 69Hz; e"250'.

6.16 A coil having a resistance of R ohms and an inductance of L henrys is

connected in series with a resistance of Ri ohms to a d.c. supply of V volts.

After the current has reached a steady value, R\ is short-circuited by a switch.
Deduce, from first principles, an expression for the current in the coil at a time
/ seconds after the switch is closed.

If L = 3H, R = 50Q and Ri = 30 O, calculate the time taken for the current
to increase by 10 per cent after the switch is closed. (H.N.C.)

Ans. 10-9 ms.

6.17 Discuss the factors which determine the kVA rating of a transformer.
A transformer has a heating time constant of 4 hours and its temperature rises

by 18°C from ambient after 1 hour on full load. The winding loss (proportional
to I2

) is twice the core loss (constant) at full load. Estimate the final temperature
rise in service after a consecutive loading of 1-5 hours at full load, 0-5 hour at

one-half full load, and 1 hour at 25 per cent overload. (H.N.C.)

Ans. 46°C.



Chapter7

ELECTRIC AND MAGNETIC
FIELD THEORY

Electrostatic fields, magnetic fields and conduction fields exhibit

similar characteristics, and all may be analysed by similar processes.

In this chapter some linear fields of each type will be dealt with,

linear fields being those which exist in materials which have constant

electrical properties.

7.1 Streamlines and Current Tubes in Conduction Fields

A conduction field is the region in which an electric current flows,

Current f-'Z^Sn^'^f' "2 ^
tube ^-fcg^l, j ^

I | U*^™"— Conductor

Fig. 7.1 STREAMLINES FORMING A CURRENT TUBE IN A CONDUCTION

FIELD

and a streamline is a line drawn in such a field with a direction

which is everywhere parallel to the direction of current flow; current

will never flow across a streamline. If a series of streamlines is

taken to enclose a tube of current as in Fig. 7.1, then the total

198
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current across any cross-section of the tube will be the same. The
most important cross-sections are those normal to the direction of
current flow (such as ai and a2 in the diagram), and these will be
assumed to be taken unless otherwise stated.

Suppose the total current enclosed by the tube in Fig. 7.1 is

/ amperes. Then the current density at any point inside the tube is

r
/

J = - amperes/metre2

where a is the cross-sectional area of the current tube at the particular
point. It is assumed that the current density within the tube is
sufficiently uniform to be taken as constant at each cross-section.
This will be the case if the tube is relatively small, or, in the limit
where a —> 0.

'

The current density at a point is a vector quantity having magni-
tude J (usually measured in amperes/metre2

), and having the same
direction as the current or streamline at the point.

7.2 Equipotential Surfaces

The potential of a point in a conduction field is the work done in
moving a unit charge from a specified point of zero potential (usually

Streamlines — \/
\^-V+AV

v

Fig. 7.2 RELATING TO ELECTRIC F/ELD STRENGTH

the "earthed" point) to the point in question. There will in general
be a large number of points with the same potential and the surface
which contains these points is called an equipotential surface.

Since all points on an equipotential surface have, by definition,
the same potential it follows that there will be no current flow
between any points on the surface. Thus a streamline (which is in
the direction of current flow) must intersect an equipotential
surface at right angles. If it did not, there would then be at least a
component of current flow along the equipotential surface which
contradicts the previous statements. Thus the surfaces ax and a2 in
Fig. 7.1 are equipotential surfaces.
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7.3 Electric Field Strength

Consider two equipotential surfaces at potentials V and V + AF,

where AF is a small potential step. The two surfaces lie a small

distance Ar apart (Fig. 7.2). Since streamlines cross equipotentials

normally, and since here the equipotentials are very close together,

the streamlines may be taken to cross the intervening space normally.

Work done in moving a unit charge, or coulomb, across inter-

space

= AV volts = —E x Ar newton-metres/coulomb

where E is the force per coulomb in the direction of a streamline.

This is called the electric field strength.

Electric field strength = E newtons/coulomb

As Ar -* 0,

E = — -j- volts/metre or newtons/coulomb (7.1)

The negative sign is included, since if A V is a positive increase in

potential, the direction of the force on the charge will be towards the

lower potential surface.

7.4 Relationship between Field Strength and Current Density

At a point in a conduction field both the field strength E and the

current density / are vector quantities with the same direction.

Then the conductivity a at the point is given by the equation,

b.V= -r- volts/metre

/ amperes/metre2
.

, x
a = — —*-:

—

r or siemens/metre
E volts/metre

Also

1

a = -
P

where p is the resistivity of the conductor. By Ohm's law, a is a

constant which is independent of J and E for most materials.

Consider a uniform conductor of overall length / metres and cross-

sectional area a metres2 . If a voltage V across the conductor gives

rise to a current / through it, then

Current density in conductor, J = - amperes/metre2
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and

V
Potential gradient throughout the conductor, E = -j volts/metre

Therefore

J II l m\a =
E
=
Va = Ta

(7 -2)

K)where R ( = p - 1 is the total resistance of the uniform conductor.

7.5 Boundary Conditions

In almost every case a conductor has a well-defined edge. Outside

this edge, or boundary, there is an insulating material whose con-

ductivity is negligible compared with that of the conductor. In

effect, then, no current will pass across the edge of the conductor,

and hence the edge must be a streamline. Also, since equipotential

surfaces intersect streamlines at right angles, it follows that these

surfaces must cross the conductor edges normally.

7.6 Field Plotting Methods

If the boundaries of the field cannot be simply expressed mathe-

matically, an approximate estimate of the conductance may be

obtained by a "mapping" method. This applies to plane fields,

i.e. fields whose variations may be represented on a flat plane (e.g.

the field of two long parallel conductors). The field between two

spheres could not be tackled simply by this method since there are

variations in all planes.

The basis of the method is the division of the plane of the field

into a number of squares formed between adjacent streamlines and

adjacent equipotentials. Since the streamlines and equipotentials

will in general be curved lines rather than straight lines, true squares

will not be formed. However, since the streamlines and equi-

potentials intersect normally, "square-like" figures are formed

—

these are usually called near, or curvilinear, squares. The test

for a given figure being a near square is that it should be capable

of subdivision into smaller squares which tend to be true squares

with equal numbers of the true squares along each side of the ori-

ginal square.

Fig. 7.3 shows a pair of adjacent equipotentials and a pair of

adjacent streamlines forming a large square-like figure (90° corners).
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The square-like figure is a near square since on successive sub-

division by equal numbers of intermediate streamlines and equi-

potentials the smaller figures are seen to approach the true square

form.

Equiootentials

Streamlines

Approximate
to true squares

Fig. 7.3 FORMATION OF CURVILINEAR SQUARES

Consider a true square formed between an adjacent pair of

streamlines and an adjacent pair of equipotentials (Fig. 7.4). Let

this square be the end of d metres depth of the field so that the portion

of the field behind the square forms a current tube between the

Current tube Streamlines

Equipotential

surfaces

Fig. 7.4 CONDUCTANCE OF A CURRENT TUBE WITH SQUARE

CROSS-SECTION

adjacent equipotential surfaces. Let / be the length of a side of the

square, and a be the conductivity of the medium in which the current

tube is situated.

Conductance of the current tube = a x
area

a x
d x I

Ilength

= ad Siemens

Therefore the conductance of a tube whose end is a true square is

ad mhos, independent of the size of the end square.
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In Fig. 7.5 a rectangular block carrying a uniform current has

been mapped into a number of tubes whose ends are true squares.

The conductance of each tube is ad Siemens, and

Total conductance j m
ad x —

n
(7.3)

m squares

squares

Fig. 7.5 CONDUCTANCE OF A RECTANGULAR BLOCK

where m is the number of parallel squares (across the direction of
current flow), and n is the number of series squares (i.e. along the

direction of current flow). Neither n nor m need be an integer.

In other cases the field will not be reducible to true squares but
to near squares—the conductance per near-square-ended tube
still being ad, and the total conductance still being given by eqn.

(7.3). This follows since the definition of a near square is that it

should be capable ofsubdivision to form small figures which approach
to being true squares each corresponding to a conductance ad mhos
(independent of size). Thus the conductance of any plane field may
be estimated by a field plot which divides the field into a number of
curvilinear squares. The plotting may be performed by eye as in

succeeding examples. Alternatively, the electrolytic trough or the

rubber membrane method may be used.

EXAMPLE 7.1 A 6 x 3cm sheet of high-resistance conducting material of
uniform depth is soldered to massive copper blocks at either end. Find the

fractional increase in resistance when a thin slot is cut halfway across the sheet,

as shown in Fig. 7.6.

Since the end pieces are of copper and of large section, voltage drops in

them should be negligible compared with voltage drops in the material of the

sheet, so that the ends of the sheet may be taken as equipotentials.

The vertical centre-line is, by symmetry in this particular case, an equipotential,

and the conduction field on each side should be symmetrical. The edges are, of
course, streamlines.

To solve the problem the area must be mapped by a series of equipotentials

and streamlines forming good near squares. This may be performed by successive

graphical approximation, as follows.
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1. Draw in the middle streamline which divides the total current in half;

this will start a little lower than mid-point at one edge (say at A), and cut the

central equipotential a little above mid-point (say at B). C is similarly placed

to A.
2. Draw in the two quarter streamlines DEF and GHI; note that

XH < HB < BE < EY and RF < FC < CI < IT. The increases are judged

by eye.

3. Commence drawing equipotentials cutting the above streamlines orthogon-

ally, and as far as possible completing near squares. In this case start drawing

the equipotentials either at one of the ends or at the central equipotential. The

Final plot First attempt

Fig. 7.6

right-hand side of the figure shows the plot at this stage. Manifestly all the areas

are not near squares.

4. Either rub out the previously drawn streamlines, leaving the equipotentials,

or better, take a tracing of the figure with equipotentials but not streamlines.

Now redraw the streamlines cutting the equipotentials orthogonally and forming

near squares. It will be unlikely that an integral number of near squares will

fit into the total area. The resultant trace at this stage is probably fairly accurate

and sufficiently good for most purposes. It is shown on the left-hand side of the

plot. If, however, greater accuracy is required, the figure should be retraced

excluding the equipotentials but including the new streamlines and so on. It

must be emphasized that, while one retracing provides fair accuracy after some
practice, the result without the retracing operation has a very poor accuracy and

is unsatisfactory except for the roughest estimations. Less than 5 per cent error

may often be attained with one retracing only.

Suppose there are n squares in the current direction and m squares normal to

the current direction where m and n are not necessarily integral numbers.

The conductance per square element is ad Siemens, where a is the conductivity

of the material and d is the uniform depth. Then

Total conductance : ad x — Siemens
n

(7.3)

From the field plot, m — 4 and n — 2 x 51 = 10-2. Had the sheet been

without the slot, the number of squares in the current direction would have been
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proportional to the length / and the number normal to the current direction

proportional to the breadth b. Then

Total conductance without slot = ad x y Siemens

Conductance with slot ml 4 6 - _„X — = 0*7o
Conductance without slot nb 10-2 3

Therefore

Resistance with slot 1

Resistance without slot 0-78
= 1-28

The symmetry of the figure determines in each particular case whether it is

better to start the field plot by drawing the streamlines or the equipotentials.

The number of such lines must also be judged for each case on its own. If too
few lines are chosen, then the result will be inaccurate owing to the difficulty of
estimating near squares. If too many lines are chosen, the plot becomes too
confused to be useful.

It will be noticed in the above example that a five-sided near square appears
at the corners of the slot. This is admissible, since on further subdivision the
figure will (in the limit) give true squares except for one square.

7.7 Streamlines and Tubes of Electric Flux in Electrostatic Fields

A streamline in an electrostatic field is a line so drawn that its

direction is everywhere parallel to the direction of the electrostatic

flux. It is also a line of force and has the same properties as a stream-

line in a conduction field. Several streamlines may be taken as

enclosing a tube of electric flux. Let the total flux through a tube
be*F coulombs; then the electricflux density at a point in the tube is

D = — coulombs/metre2
(7.4)

where a square metres is the cross-section of the tube at the particular

point and it is assumed that the flux density within the tube is

sufficiently uniform to be taken as constant over that area.

7.8 Equipotential Surfaces and Electric Field Strength

Equipotential surfaces have the same definition and properties

in electrostatic as in conduction fields. Hence the electric field

strength in an electrostatic field is given by

dVE=--j- volts/metre (7.1)

where V is the potential at the point, and r is in the direction in

which E is measured.*

* Electric field strength is also often called electric intensity, electric stress or
potential gradient.
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7.9 Relationship between Field Strength and Flux Density

At all points in an electrostatic field both the field strength, E, and
the electric flux density, D, are vector quantities in the direction of

the streamline through the point. From electrostatic theory,

D = eE

where e is the permittivity of the dielectric material, and

1

e = eoer =
36v X 109

er being the relative permittivity of the material. D is measured in

coulombs per square metre, and E is measured in volts per metre

(or newtons per coulomb).

7.10 Boundary Conditions

Usually an electrostatic field is set up in the insulating medium
between two good conductors. The conductors have such a high

conductivity that any voltage drop within the conductors (except at

very high frequencies) is negligible compared with the potential

differences across the insulator. All points in the conductors are

therefore at the same potential so that the conductors form the

boundary equipotentials for the electrostatic field.

Streamlines, which must cut all equipotentials at right angles,

will leave one boundary at right angles, pass across the field, and

enter the other boundary at right angles. Curvilinear squares may
again be formed between the streamlines and the equipotentials.

Typical \ \S/ ^T\ V/ AEquipotential
streamline x ^v '

D /x '

Fig. 7.7 CAPACITANCE BETWEEN CONCENTRIC CYLINDERS

7.11 Capacitance between Concentric Cylinders

The electrostatic field between two concentric conducting cylinders

is illustrated in Fig. 7.7. The boundary equipotentials are concentric
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cylinders of radii a and b, and the streamlines are radial lines

cutting the equipotentials normally.

Let Q' be the charge per unit length (coulombs per metre run) of
the inner conductor. Then the total electric flux, Y, across the di-

electric per unit length is Q' coulombs per metre. This total flux

will pass through the elemental cylinder of thickness Ar at radius r

and a distance of 1 metre into the plane of the paper. Thus

T O'
F|ux density at radius r = D = — =

A 2t7T x 1

Therefore

Electric stress at radius /• = £= — = -=-
(7.5)

Also

Potential difference across element = AF
Therefore

AV= -£Ar = -t^- Ar
2ner

Q' C dr
Total potential difference between boundaries, V — — t— —

2TT€jb r

Therefore

Q'
.

b

But

K= 2^ l0ge
-

volts (7 -6)

„ . , , „, Charge per unit length
Capacitance per unit length = C = _,

°
, ..„ 2—

r °
Potential difference

Therefore

Q' 2776C = — = farads/metre
(

(7.7)

l0&a

7.12 Electric Stress in a Single-core Cable

A single-core cable with a metal sheath has the same electrostatic

field as a pair of concentric cylinders. From eqn. (7.6),

& _ v
2TT£ b
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Substituting this expression in eqn. (7.5),

V£= (7.8)

rlog.-

Thus the stress at any point in the dielectric varies inversely as r,

and will have a maximum value at the minimum radius, i.e. when
r = a.

Thus

V
Emax = 1 ('•")

a loge
-

When designing a cable it is important to obtain the most econo-

mical dimensions. The greater the value of the permissible maximum
stress, Emax, the smaller the cable may be for a given voltage V.

The maximum permissible stress, however, is limited to the safe,

working stress for the dielectric material. With V and Emax both

fixed, the relationship between b and a will be given by

,
b V

alo&a
=~ = R

where R is a constant. Therefore

,

b R
loge - = —
° a a

i.e.

b = aeRla (i)

For the most economical cable, b will be a minimum, and hence

|_ -e«- + fl (-£)e«-

i.e.

a = R = VIE^ (7.10)

and from (i)

Z> = ae = 2-718a (7.11)

The core diameter given by eqn. (7.10) is usually found to give a

larger conductor -cross-sectional area than is necessary for the

economical transmission of current through a high-voltage cable.

The high cost of the unnecessary copper may be reduced by (a)
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making the core of hollow construction, or (b) having a hemp-cord

centre for the core, or (c) constructing the centre of the core of a

cheaper metal.

EXAMPLE 7.2 A single-core concentric cable is to be manufactured for a

lOOkV 50Hz transmission system. The paper used has a maximum permissible

safe stress of 107V/m (r.m.s.) and a dielectric constant (relative permittivity)

of 4. Calculate the dimensions for the most economical cable, and the charging

current per kilometre run with this cable.

By eqn. (7.10),

V 105
Core radius = a = -— = — = 10"2m = 1 cm

Emax 10

By eqn. (7.11),

Internal sheath radius = b = ea = 2-718cm

By eqn. (7.7),

^ *- ^, 2w X 4 _
Capacitance per metre = C = — —„ Fr r 36w x 109

since loge {bja) = loge e = 1. Thus

C = 0-222 X 10"3/<F/m

Therefore

Capacitance for 1km = C = 0-222/tF

and
Charging current per km = VcoC = 105 x 314 x 0-222 x 10"6 = 7A

7.13 Capacitance of an Isolated Twin Line

Fig. 7.8(a) shows the actual field distribution round a pair of

oppositely charged long conductors each of radius a. The conduc-

tors are spaced so that the distance between their centres is D,

where a and D are measured in the same units and D^>a. Fig.

7.8(Z») shows the field of each conductor separately, this being the

field assumed for calculation purposes.

Let conductor A carry a charge of +q' coulombs per metre

length while conductor B is uncharged. Consider a cylindrical

element of radius r about conductor A, of depth 1 metre and of

thickness Ar.

Total electric flux through element, Y = q

whence
Y

Electric flux density at element, D' =
Area of element

1'

Inr X 1
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Thus

D' a'
Field strength at element, E = — = -z

—
and

q'Ar
Voltage drop across element = —Ekr — — -z

—

Radius

Fig . 7.8 FIELD BETWEEN PARALLEL CONDUCTORS

(a) Actual field

(ft) Field of each conductor alone

Suppose that at a large radius R, the potential may be considered

zero. Then

Potential of conductor A above zero ~ ~ 2ne Jr r

^-loge- volts (7.12)
2tt€

d a
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and

Potential at conductor B above zero £_ CD dr
~

277eJiJ r

4 ,

R

since conductor B lies in the electrostatic field of conductor A.
Let conductor B carry a charge of — q' coulombs per metre length

while conductor A is uncharged. Then

a' R
Potential of conductor B below zero = — ^— loee —

2tt6
6e

a

and

Potential at conductor A below zero) _ _ 4_ . R_

due to the charge on conductor B/
—

2-rre
°^e D

When both conductors are charged simultaneously,

a' ( R R\
Total potential of A above zero = ^— ( loge loee — I

2776 \ ° a ° D)

and

Total potential of B below zero = — ^— loge —

Therefore

Potential difference between A and B = 2 £— loge —
2ne ° a

Capacitance between A and B per metre length

= C =
P.D. between A and B

Therefore

C = -z — farads/metre (7.14)

log*T
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7.14 Potential and Electric Field Strength for an Isolated Twin Line

Consider a twin line where the potential difference between conduc-
tors is V volts and the system is balanced to earth so that the poten-
tial of conductor A with respect to earth is |Fand the potential of
conductor B with respect to earth is — \V (Fig. 7.9).

Fig. 7.9 ISOLATED TWIN LINE

By eqn. (7.13),

Potential of conductor A above earth = IV = z— loge —
2776 ° a

Therefore

q' v
2tt€ D

2l0ge
-

Also, the potential at a point T, distant r± from conductor A, is

a' r^dn a' R
V'1 = -2^jR -r7=2^ l°&<K-

2 log.

.
R

-D
loge

n

due to the change on conductor A. The point T will also have a

potential due to the charge on conductor B. Suppose T is distant

r2 from conductor B; then

Potential at T due to charge on B =
-V

2 log.

1

R

The total potential at T will be the sum of the potentials due to

A and B separately. Hence

Potential at T =
2 loge

-
i

r2
(7.15)
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The electric field strength has its highest value along the line joining

the conductor centres, since on this line the forces due to each line

charge will be acting in the same direction. At the point P, which is

distant r from A, the potential will be

V (D-r\

2l0ge
-

dV
Electric field strength at P, Ev = —-^ (7.1)

-V r {-r-(D-r)}
2 loge DjaD -r

V D
2 loge D\a r(D - r)

volts/metre (7.16)

From eqn. (7.16) the field strength Ep will have a maximum value

when either r or {D — r) has a minimum value. This occurs when

r = a or when (D — r) = a, i.e. at each conductor surface. The

maximum field strength is almost independent of the conductor

spacing, and is almost inversely proportional to the conductor

radius. High-voltage conductors should not be of a small radius

(even if the current is small) or the stress at the conductor surface

will exceed the breakdown strength of the surrounding air.

7.15 Lines Above a Conducting Earth

In Section 7.10 it was seen that a good conductor would be an

equipotential boundary for an electrostatic field. If a conductor is

introduced into an electrostatic field in a random manner and with

a random potential, then the field will be greatly altered, but if a

conductor of negligible thickness and at the correct potential is

introduced into a field so that it lies entirely in the corresponding

equipotential surface then the field will be unaltered.

Fig. 7.10(a) shows the field between two long isolated parallel

conductors, which have potentials of + 1,000 V and —1,000V

respectively. The edges of several equipotential surfaces between the

conductors are drawn in. If a cylindrical conductor at a potential of

500 V were inserted in the field to coincide with the 500 V equi-

potential surface, then the resultant field would not be changed. It

would, however, now be divided into two separate parts, screened

from each other by the conducting cylinder, so that either the
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enclosed or the outer conductor could be removed without affecting

the field in the opposite part.

The zero equipotential surface is a plane, and if a plane con-
ducting sheet at zero potential is inserted in the field to coincide

with this equipotential surface the field will be divided, as above,
into two separate parts, each independent of the other. The negative

conductor could therefore be removed and replaced by any other

charged system, or by a solid conductor, without affecting the shape

+250V
+750V \ ^ +q (1.000V)

+500V

+500V
+q (1,000V)

+250V

///////////////////////////////
Earth

(b)

qM.OOOV)

Fig. 7.10 FIELD BETWEEN A CONDUCTOR AND A PARALLEL PLANT;

of the field between the positive conductor and the zero equipotential

surface.

Fig. 7.10(!>) shows one conductor at a height h metres above an

infinite conducting earth. The shape of the field between the con-

ductor and the earth must, by the preceding argument, be the same
as the shape of the field which would exist above the zero-potential

surface in an isolated twin-line system where the conductor spacing

is 2ft.

Thus, to analyse the field of a single charged conductor (or any

other system) above a conducting earth, the earth is replaced by an

image system, carrying the opposite charge to the real system and
placed the same distance below earth as the real system is above

earth. Of course, only the field above earth actually exists.

Consider the single wire of radius a, suspended at height h above

a uniform conducting earth, and having a line charge of q' coulombs
per metre run. The earth effect is represented by the image con-

ductor with a line charge — q' as shown in Fig. 7.11. Then the
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potential of the actual wire to earth due to its own charge and to
that on the image conductor is given by eqn. (7.13) as

2tt£ ° a

Actual conductor
^^a"' (radius, a)

T
Earthed plane

-^ , qv

Image
conductor~~*^j

-q

1
' Fig- 7-]1 RELATING TO CAPACITANCE BETWEEN A CONDUCTOR AND

A PARALLEL PLANE

where 2h is the distance between the wire and its image. Thus

Capacitance to earth, C = ^ = —^r farads/metre

lc,ge —

(7.17)

Fig. 7.12 RELATING TO CAPACITANCE OF A TWIN LINE ABOVE A
CONDUCTING PLANE

To find the capacitance for a twin line with each conductor of
radius a at a height h above earth and with a line spacing of D, the
earth effect is represented by the image pair as shown in Fig. 7.12.
Let R be the large radius at which the potential is zero. Let a
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potential above zero be represented as positive and a potential below
zero as negative. Then the total potential of conductor A, due to

its own charge and to the charges on B and the image pair is

v i'
i

R 4 i

R i' i
R

Va = 2^ l0Se « ~ 2^ lo& D ~ 2^ l

°^2h

+ %^ lQg<
2t7£

*"5e V(D2 + 4h2
)

D 2h

27re
loge

[a V(D2 + 4h z
)

Conductor B will be at a similar potential below zero, so that the

p.d. between A and B will be twice Va.

Capacitance per metre, C = r-^-
ZVa

farads/metre (7.18)
1 2ve

2
log. [

D 2h

\a V(D2 + 4h*)

7.16 Equivalent Phase Capacitance of an Isolated Three-phase Line

Fig. 7.13(a) shows the cross-section of a typical 3-phase line in

which the conductors all have equal radii a, but different spacings

D12, Z>23 and Dzi- There will actually be capacitances C\%, C%% and
C31' per metre length between each pair of lines, but it is more
convenient to represent these as equivalent phase capacitances

C\ , C2 and Cz per metre length as shown in Fig. 7.13(6). With an
irregular spacing C\ , C% and C3' will be unequal.

Assuming that the line is part of a 3-wire system, then

h + h -M3 =

where h, h and 13 are the instantaneous charging currents.

Then J(/i + h + ii)dt = constant = 0, since in an a.c. system

there are no constant charges. Thus

ffi + q2 + #3 = (total charge)

or

q\ + q2 + q% = (charge per metre)

Therefore

q% +qs = ~q\ (7.19)
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1 **^,

A g a__j_
Section Section Section
A B C

(c)

Fig, 7.13 CAPACITANCE OF A 3-PHASE LINE: UNIFORM TRANSPOSITION

The total potential of line 1 due to its own charge and to the charges
on the other lines is

t/
q\ . R

,
q% . R

,
qs , R

Vl = 2^ l0& ~a + 2^ lo& DT2 + 2^
l08e _„

=
iTe

l0Se a + 2^ loSe 5__ ~ -&T- loS6 Z„
i.e.

Vi — »— loge + ^— loge—
2ire ° a 2-rre ° D12

In the same way, the total potential of line 2 due to its own charge
and to the charges on the other lines is

,. qz . -D23
,

q\ . jD23
V2 =

2ire
lo^— + 2^ lo^Dr2

Therefore

w rs I1 '

1
D12D31 qi' . D12D23 ._ „.

Vl _ V2 _ _ loge__ _ |_ loge _____ (7 .20)

Also, from the equivalent circuit of star-connected capacitances of
Fig. 7.13(6),
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From eqns. (7.20) and (7.21),

2tt€
C\ = ft-FT- farads/metre (7.22)

JJ12JJ31
log,

aZ>23

re277€
Ca' = k r»

farads/metre (7.23)

loge
A-D31

Similarly it can be shown that

2tT€

Cs' = ?T"7^- farads/metre (7.24)
£)3ii>23

,o*-z£r
Fig. 7.13(c) illustrates a uniformly transposed line where line 1

runs for one-third of its length in position 1 , one-third of its length in

position 2 and one-third of its length in position 3. Conductors 2

and 3 are similarly transposed. Transposition of this nature is often

adopted for practical lines since there is the obvious advantage of

equalizing phase capacitances of the line, and also the advantage of

minimizing stray potentials induced in parallel telephone lines or

other conductors.

An approximate solution for the effective phase capacitance of a

uniformly transposed line may be obtained by assuming that the

charge per unit length of line is uniform despite the transpositions.

The potential of a line must then change at each transposition. The

approximate value of capacitance is based on finding the average

value for the potential of a line. The method is approximate since

each line is, in fact, equipotential. Successive transposed sections

could have different potentials only if they were insulated from each

other.

For section A and Fig. 7.13(c), the total potential of line 1 is

For section B the total potential of line 1 is

11 ,
R 92'

,
R

, Is'
1

R

Itts ° a 2ire ° D23 2tt€ ° D\s. .

For section C the total potential of line 1 is

1i ,
R 1* ,

R
,

93'
1

R
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The average potential of line I is

vi = K^ia + VlB + Vic)

1 /3?i' R q2
'

i?3

^12^23^31

+ i2l| J?3

)"*"
2tt€

°ge
Z) 12 Z»23D3J

Since ^>' + qs = -qi,

Vi = &- log
MDl *D**D'Q

2-nt
8e

a

The average capacitance of each line is

C = d'
C]l_ _ 2776

>i~ WiD^D^D^) faradsAaetre (7.25)
lOge ;

,7.17 Electrostatic Field Plotting Methods

The mapping or field plotting methods which were developed for
conduction fields in Section 7.6 are equally applicable to plane
electrostatic fields. The electrostatic field should be divided by
streamlines and equipotentials into a number of curvilinear squares
For unit depth of field behind each curvilinear square the capaci-

tance of the flux tube formed will be € farads, where e is the per-
mittivity of the dielectric material. The capacitance of the flux
tube- is independent of the size of the curvilinear square The total
capacitance of the field will be given by

C=«/x- farads
(726)

where d = Depth of field in metres

m = Number of "parallel" squares measured alone each
equipotential

n = Number of "series" squares measured along each
streamline

*?/¥?*VI A cr°ss
:

secti
u
on of a parallel-strip transmission line is shown inFtg. 7.14(a); the conductors have each a breadth of 2c metres and are spaced
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c metres apart. Compare the values of capacitance per metre length found by

(a) neglecting fringing at the edges, and (b) estimating the capacitance by a

field plotting method.
Comment on the electric stress distribution.

(a) Neglecting fringing

„ . ,
€ x Area of plates

Capacitance/metre length = r-s
r ° Separation

2c x 1

2 e farads/metre

1 « > -

02c V//////////A

0-2c

T
• V///A////7A

(°)

""Medial equipotentiai

(b)

Fig. 7.14

(b) Mapping. The centre-line joining the two plates will be the medial stream-

line, by the symmetry of the arrangement ; also the centre-line between the two

plates will be the medial equipotentiai. Between the medial equipotentiai and

the medial streamline the whole field may be divided into four separate symmetrical

parts. One such part is enlarged for mapping in Fig. 7.14(6).

The mapping may be as follows.

1. Estimate the position of the equipotentiai AB which has the mean potential

between that of the plate and that of the medial equipotentiai. The end B is not

taken too far, since if it were, the exact position of the line would be very difficult

to estimate. Point A will lie slightly closer to H than to O.

2. Estimate the positions of the intermediate equipotentials CD and EF,

stopping these curves when the position which they should occupy becomes

difficult to estimate.

3. Draw in a series of streamlines to cut the equipotentials normally, and to

form, as far as possible, curvilinear squares.

4. Continue the equipotentiai CD to the point G, making the curve normal to

the vertical at G, and forming squares with the streamlines.

5. Erase the equipotentials and redraw to fit the streamlines.

6. Repeat this procedure as necessary.
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1

In this case it should be noted that between the plates the field is almost
uniform, giving a field plot consisting of true squares in this region. At the corner
of the plate the squares are smaller—hence there is a greater electric stress here.
On the top of the plate the squares become extremely large, indicating that the
main field exists between the plates.

From Fig. 7.14(b),

Total capacitance per unit depth = c x
Numt>er of parallel squares

Number of series squares

e x 2 x 13-2

2x4
= 3-3e farads/metre

From the field plot it is possible to estimate the electric stress at any point in
the dielectric except just at a sharp edge where the field is greatly affected by the
sharpness" of the edge. Since there is the same potential difference across each

curvilinear square and since the electric stress over one square is approximately
uniform, the electric stress at any point is given approximately by

Potential drop across a square

Length of one side of an adjacent square

Thus the electric stress is inversely proportional to the length of the sides of a
curvilinear square, and hence the stress is highest where the squares are smallest.

7.18 Streamlines and Tubes of Magnetic Flux

A streamline in a magnetic field is a line so drawn that its direction
is everywhere parallel to the direction of the magnetic flux. It is

also a line of magneticfield strength and has the same properties as a
streamline in a conduction field. Several streamlines may be taken
as enclosing a tube ofmagnetic flux.

Let the total flux through a tube be O webers. Then the magnetic
flux density at a point in the tube is

B = — webers/metre2 or teslas*

where a square metres is the cross-section of the tube at the particular
point and it is assumed that the flux density within the tube is suffici-

ently uniform to be taken as constant over the area a.

7.19 Equipotential Surfaces and Magnetic Field Strength

The term "potential" is less frequently used with respect to magnetic
fields than with respect to conduction and electrostatic fields,
probably owing to the difficulty in fixing a zero or reference potential.
Fig. 7.15 shows a typical magnetic field system where the magnetic

* The tesla (T) is the SI unit of magnetic flux density. Some writers prefer to
retain the weber per square metre (Wb/m2

) since this conveys the idea of surface
density.
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flux is partly in air and partly in iron. An equipotential surface

in this field will be a surface over which a magnetic pole could

be moved without the expenditure of work or energy. Various lines

are drawn across the flux path of Fig. 7.15 to show the edges of

typical equipotential surfaces. Any one of the equipotential surfaces

can be taken as the zero or reference potential surface. The work

done in moving a unit magnetic pole from the zero-potential surface

Edges of
equipotential

surfaces

Fig. 7.15 MAGNETIC EQUTPOTENTIALS IN A TYPICAL

MAGNETIC FIELD SYSTEM

to a second equipotential will give the magnetic potential of the

second surface.

If the unit pole is moved completely round the magnetic circuit

so that its completed path links the total magnetizing current, /

amperes, in the N turns of the magnetizing coil, then the total

work done is IN joules per pole, or IN ampere-turns. Thus the

zero magnetic potential surface may also be considered to have

a magnetic potential of IN ampere-turns; in the same way all

points in a magnetic field may be considered to have many potential

values, but only the basic value denoting the movement of a unit

pole round a fraction of the magnetic circuit from the reference

surface need be considered. Thus the magnetic potential of a point

(F ampere-turns) is equal to the work done in moving a unit pole

from the arbitrary zero potential surface to the particular point.

Total magnetic p.d. round a complete loop = IN ampere-turns

Let H ampere-turns per metre (or newtons per unit pole) be the

field strength in any given direction r, at a point in a magnetic

field where the magnetic potential is F ampere-turns. Then,

H= - dF
dr

ampere-turns/metre (7.27)

In the same way as for the conduction and electrostatic fields, the

minus sign is included since H acts in the opposite direction with

respect to r to that in which F increases.
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At all points in a magnetic field both the field strength H and the
flux density B are vector quantities in the direction of the streamline
through the point. They are related by the equation

B = /iff

where ft is the permeability of the material at the point (= ft0/tr);
fio being the permeability of space (= 4n x 10"7

), and pr the
permeability of the material relative to the permeability of space.

7.20 Boundary Conditions

The magnetic field in the air gap between two iron surfaces may
be considered as bounded by two equipotentials which follow the

BoundQry

Fig. 7.16 REFRACTION OF MAGNETIC FLUX AT AN IRON-AIR
BOUNDARY

iron surfaces. This follows from the following proof, which shows
that at an iron-air boundary a line of force will emerge from the iron
in a direction almost normal to the iron-air boundary.
Consider unit depth of an iron-air boundary as depicted in Fig.

7.16. Let AE and BF be two adjacent streamlines (or lines of force)
in the iron which strike the boundary at an angle 0/ to the normal at
the boundary. The streamlines continue in the air as AG and BH
at an angle dA to the boundary normal.
For unit depth at the boundary a tube of magnetic flux is formed

between the streamlines EAG and FBH. Let O webers be the flux
in this tube.

Flux density in iron, Bi —

Flux density in air, BA =

DB x 1 AB cos 0/

AC x 1 AB cos 6A
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Therefore

Bi <D
Field strength in iron, Hi = — = —77: „°

(Xi fliAB COS Oi

and

BA <t>

Field strength in air, Ha = — =—;rs 5~b
fia PaAB cos 6a

Consider that a unit pole is moved round the closed path ACBDA
—the total work done must be zero since no current is linked. No
work will be done in the movements along AC and DB since these

paths are normal to the field direction, i.e. equipotentials. Thus

Work done in movement CB = Work done in movement DA
i.e.

ftxCB = ftx AD
or

<J> O
AB sin 6a = —rr; tt AB sin 61

juaABcos6a ~
/iiAB cos 0.

Therefore

tan 6a tan 6U

fiA JUI

and

6A = tan-i (£4 tan 0,)

Since jxa <C j«i> (j^AJfij) tan dj is very small, and hence 6a must be

nearly zero. Thus a streamline will cross an iron-air boundary

almost normally.

A non-varying magnetic field (i.e. one that is set up by a permanent-

magnet or a direct current) will be unaffected by the presence of a

conductor provided that the conductor is non-magnetic. A permanent

field, e.g. the earth's magnetic field, will, for instance, penetrate a

block of brass. If the field is varying (i.e. set up by an alternating

current), then in general it will not penetrate a conducting material

since the eddy currents which would be set up within the material

would oppose the magnetic field. The actual depth to which a

magnetic field will effectively penetrate a conductor decreases as

the frequency increases. The depth of penetration also depends on

the resistivity and permeability of the conductor.

If the depth of penetration of flux is small, then the eddy currents
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in the conductor must be effectively neutralizing any flux which is

tending to enter the conductor. Thus all the flux must be parallel

to the conductor surface, i.e. the streamlines will be parallel to the

conducting surface, and the magnetic equipotentials will intersect

the conducting surface normally.

7.21 Shielding for Static Magnetic Fields

The object of shielding (or screening) is to prevent a magnetic
field from existing at some particular point. For steady (or static)

fields, the only method of achieving shielding is to provide a low-
reluctance magnetic path for the stray flux, in such a way that this

flux bypasses the shielded point. Since no material has infinite

Fig. 7.17 PRINCIPLE OF SCREENING FROM STATIC FIELDS

(a} Very good screening
(6) Negligible screening
(c) Good screening

permeability, perfect shielding is not possible, but shields made of

materials which have high permeabilities at low flux densities give

satisfactory results.

The best type of shield is indicated in Fig. 7.17(a), where the

shielded point (X) is entirely surrounded by a magnetic container.

It should be noted that for weak fields the thickness of the shield

is relatively unimportant, since the flux tends to follow the outside

edge of the shield. Indeed better shielding is usually provided by
two thin shields with an air gap between them, than by one thick

shield.

In Fig. 7.17(6) the effect of removing the sides of the shield

which are parallel to the magnetic field is shown. The field at the

shielded point X is actually stronger than if no shielding materials

were present, owing to the concentration of flux in the magnetic
material. If, however, the other sides of the shield are removed
(as in Fig. 7.17(c)), it will be seen that the shielding is still fairly

effective, since the interfering field bypasses the point X through the

magnetic material.
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7.22 Shielding for Alternating Magnetic Fields

Conducting sheets are used to restrict the extent of alternating

magnetic fields. The thickness of the shielding plate should be

greater than the depth of penetration of the field at the operating

frequency, though considerable shielding may be obtained with

plates of smaller thickness.

When shielding an alternating magnetic field (e.g. that of a coil)

it is important to arrange that the eddy currents in the shield do

not give a high power loss. This usually means that the shield

should not be too small.

Sometimes sufficient shielding can be obtained by a few short-

circuited copper turns, placed round the object to be shielded in

Coil

Short-circuited

shielding turns

Fig. 7.18 USE OF SHORT-CIRCUITED TURNS FOR SHIELDING FROM

ALTERNATING FIELDS

such a direction that the axis of the turns is in the direction of the

magnetic field. Fig. 7.18 shows such an arrangement, which may be

used either to prevent an external field from affecting the coil, or

to restrict the field of the coil itself. An external field linking the

coil would also link the short-circuited turns and induce eddy

currents in them. These eddy currents would set up an m.m.f.

opposing the flux. Similarly the field set up by a current in the

coil would be restricted to the region within the short-circuited

turns, since any flux beyond this limit would link the short-circuited

turns and be opposed by the m.m.f. of the eddy-currents in the turns.

7.23 Skin Effect

A direct current flowing in a uniform conductor will distribute

itself uniformly over the cross-section of the conductor. An alternat-

ing current on the other hand always tends to flow at the surface

of a conductor. This is called skin effect. The effect is more pro-

nounced at high frequencies and with conductors of large cross-

section.

Consider the round conductor of Fig. 7.19 and suppose that a

direct current is flowing into the plane of the paper. There will be a
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magnetic field outside the conductor and there will also be a mag-

netic field inside the conductor, as shown by the dotted line. This

inner field is produced by the current at the centre of the conductor.

The portion of the conductor inside the dotted line may be regarded

as a separate conductor in parallel with the portion of the conductor

outside the dotted line. The inner conductor is linked by the

magnetic field from the dotted line outwards, while the outer

conductor is only linked by the magnetic field from the conductor

surface outwards. Thus the inner conductor may be regarded as

having a larger inductance than the outer conductor, since the

External ^^"^ V
field

Conductor'

Fig. 7.19 PERTAINING TO SKIN EFFECT

former links a larger magnetic field than the latter. The larger

inductance does not affect direct currents, but obviously the inner

conductor will have a larger impedance to alternating currents

than the outer, and hence the current and current density will tend

to be greater in the outer conductor. The effect increases with

frequency, until at high frequencies the current is almost entirely

in the "outer skin" of the conductor.

Exact analysis shows that the depth of penetration of the current

is given by the same equation as is the depth of penetration of mag-

netic flux.

7.24 Inductance due to Low-frequency Internal Linkages

For a conductor used at high frequencies (i.e. where the depth of

penetration is small compared with the conductor cross-section),

the internal linkages are negligible and the circuit inductance is

simply the inductance due to the fields in the surrounding space.

At very low frequencies (i.e. where the current distribution may
be considered uniform over the section of the conductor), the induc-

tance due to internal linkages has a maximum value. At other
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frequencies this inductance will have a value between this maximum
value and zero.

Consider a conductor of radius a carrying a total current /

amperes uniformly distributed over the conductor cross-section

(Fig. 7.20).

Fig. 7.20 PERTAINING TO LOW-FREQUENCY INTERNAL LINKAGES
IN A CONDUCTOR

Current density at all points on the cross-section = —

g

Consider a unit magnetic pole moved round a path of radius r

within the conductor.

Current enclosed by path of radius r

= Current density X Area enclosed

/ /I*= —5 X 77T2 = -5-
ira* a1

By the work law,

Work done in moving unit pole round closed path

= Ampere-turns linked

Thus

7r2 IrHr X 2w = -5- X 1 and Hr = r

—

5a1 2na2

where Hr is the field strength at radius r and there is only one turn.

illf
Flux density at radius r = Br = /iHr = r

—

-

%

For 1 metre depth of the conductor,

ftlr&r
Flux within element of thickness Ar =

2na2
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The flux in the element links the portion r2ja2 ofthe total conductor.
Therefore

Linkages due to flux in element = ^

—

-. Ar
Z7ra4

and

Total linkages per metre due to flux in conductor

lira* J
" 4 2t7

Inductance per metre due to internal flux

= Internal flux linkages per ampere

1 /* u~4 2tt
nenrys/metre (7.28)

It is notable that this inductance is independent of the conductor
radius.

7.25 Inductance of a Concentric Cable

Assume that the core of a concentric cable carries a current of
/ amperes in one direction while the sheath carries the same current
in the opposite direction.

Fig. 7.21 INDUCTANCE OF A CONCENTRIC CABLE

Consider a unit pole moved once round a path of radius r in the
interspace between core and sheath, i.e. so that it links the core
current (Fig. 7.21). By the work law,

Hr x 2ot = /

or

1-nr

where Hr is the field strength at radius r.

Flux density at radius r = Br = fiHr
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Consider unit depth of the element of thickness Ar at radius r.

Flux within unit depth of the element = BrAr x 1

2-nr

This flux links the core of the cable, i.e. links the loop of the cable

formed by the core and the sheath.

Flux linkages due to element flux per metre of cable —
277T

^ , „ ,• ,
pl C

bdr ul
,

b
Total flux linkages per metre = —- — = — loee

_
r 2tt Ja r 2tt ° a

Therefore

b
l0ge

a
Inductance per metre = ji—— henrys/metre (7.29)

To this should be added terms representing the inductances due

to internal core linkages and internal sheath linkages. Both of

these are negligible at high frequencies, and the sheath linkages are

also negligible (to a good accuracy) at low frequencies since the sheath

is usually relatively thin and has a weak magnetic field over most of

its cross-section.

Total inductance per metre at low frequencies

.
b

l F
l°^a= - -z

—V a —z— henrys/metre (7.30)
4 Ztt Ztt

7.26 Inductance of a Twin Line

Consider two isolated, long, straight, parallel conductors of radius

a metres, spaced D metres apart, and each carrying a current of /

amperes in opposite directions. D is assumed large compared with

a. The magnetic field surrounding the conductors is shown in Fig.

7.22(a). The field is most easily analysed by considering each

conductor alone in turn.

Consider conductor A only carrying current (Fig. 7.22(b)).

Magnetic field strength at radius r = Hr = x—
p.1

Flux density at radius r = Br = ~—
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/*/Total flux in 1 metre depth of element = BrAr x 1 =— Ar2w
This flux links conductor A once.

Linkage with conductor A due to flux in element = /</Ar

2tt r

Streamlines

Radius, a

(a) (b)

Fig. 7.22 INDUCTANCE OF A TWIN LINE

Therefore

Total linkages with conductor A due to current in conductor A

ixl C K dr u R

where R is a very large radius at which the magnetic field strength
may be regarded as zero. Similarly,

Total linkages with conductor B due to current in A

lil
[
R dr a R

since magnetic flux at a radius greater than D about A will link B.
Similarly when only B carries current of -/ amperes,

Total linkages with B due to current in B = -/ ^-
loge -

2tt

and

Total linkages with A due to current in B = -I ^- Iohp —
2t7

&e D
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Therefore

Total linkages with A = / =- loge / r- loge -=;

Z7T a Lit l)

= I^r loge — weber-turns/metre
2tt " a

, and similarly,

[i D
Total linkages with B = / r- loge —

For 1 metre length of twin lines,

Total inductance = Flux linkages/ampere

l0ge
a= 2/j.

—t—- henrys/metre (7.31)

This does not include linkages internal to each line. If these are

to be included, the inductance at low frequency is

Total inductance per loop metre

.
D

1
ge

~a= -£- + 2[i —7; henrys/metre (7.32)
2 277 2n

7.27 Inductance of a Single Line above a Conducting Plane

It has been shown (Section 7.20) that an alternating flux cannot

penetrate (beyond a certain depth) a conducting sheet; thus,

if a "thick" conducting sheet is to be introduced into an alternating

magnetic field without affecting the field, the sheet must be so

introduced that its surface is everywhere along streamlines. In

Fig. 7.22(a) an infinite flat sheet could be introduced along the

medial streamline between the two conducting wires without

affecting the field. If the frequency were such that the sheet thick-

ness was considerably greater than the penetration depth, then the

sheet would completely divide the field into two independent parts.

Either line could then be removed without affecting the field around

the other line.

Applying these deductions in reverse to the actual system of

Fig. 7.23, the field between the actual wire and the conducting

sheet will be the same as it would be if the conducting sheet were

replaced by an image conductor carrying the same current as the
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actual conductor (but in the opposite direction), at a depth h below

the surface of the conducting sheet. The calculation of the inductance

of the actual conductor system may be made on this basis.

Radius, a

Flux lines

Magnetic
equipotential

ft
\ Conducting

1

plane

,
,_— Image

Fig. 7.23 INDUCTANCE OF A WIRE ABOVE A PARALLEL CONDUCTING
PLANE

Linkages with actual conductor due to its own current

fil R= t- loge —
2-n ° a

Linkages with actual conductor due to image current

fil R

where R is a very large distance, according to the method of the

previous section. Therefore

_ , , . , . , ,
ul , 2k

Total linkages with actual conductor per metre = — loge —
2tt a

Inductance of actual conductor per metre

= t- loge — henrys/metre (7.33a)

To this must be added the inductance due to the internal flux

linkages within the conductor, giving, at low frequency only,

2h

Leff — t 7T + /J- —z— henrys/metre (7.336)
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7.28 Equivalent Phase Inductance of a Three-phase Line

A simple expression may be deduced for the equivalent phase

inductance of an isolated 3-phase 3-wire line if the line is uniformly

transposed and the line spacings are considerably greater than the

line diameters. By equivalent phase inductance is meant the total

linkages with a given wire under 3-phase conditions—this inductance

may be considered as a series inductance in each line.

D23 Conductor
radius, a

J3

Fig. 7.24 SPACING AND TRANSPOSITION OF A 3-PHASE LINE

The system cross-section and the transposition scheme are shown

in Fig. 7.24. Since the currents are part of a three-wire system,

ii + h + '3 =

and (J2 + h) = —h at all instants.

Following the method of Section 7.26,

Total linkages with conductor 1 in first position

fih R uh R
. ph, R

= %- loge - + T" ]o§e 7T~ + T" lo8e n~2tt ° a 2tt
c Viz 2tt ° D13

Total linkages with conductor 1 in second position

uh , R uh, R
,
uh .

R
= ~r- loge — + t~ !oge 7T + T~ loSe TT2-n ° a 2tt

c -D23 2tt ° D\z

and

Total linkages with conductor 1 in third position

uh , R fifa . R
,
uh .

R
= fe

l0ge «
+ ^ l0ge Dr3 + 2^

l08e D73
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Therefore

Average linkage with conductor 1

_ 1 /3/iii R fih

.

Rs uh R3 \-l^^^ +^^D^^ + ^^D^D^l)
_/££!, R

,
Kh + /a)

,
J?

2tt °Se
a 277

10ge ^(D12jD23£31)

Itt a

Thus

Average equivalent inductance/phase/metre

^(i?12X>23Z>31)
loge -

= (i ^ ~^" henrys/metre (7.34)

This does not include the inductance due to internal linkages.

Total low-frequency equivalent inductance/phase/metre

I /i
l0ge

a=
4 2tt

+ ^ 2 henrys/metre (7.35)

7.29 Determination of Air-gap Permeance by a Mapping Method

The reluctance of an air gap is commonly used in elementary treat-
ments, but to treat magnetic fields in the same manner as electrostatic
and conduction fields it is preferable to deal with its reciprocal,
namely permeance

:

Permeance =
Reluctance

or, in symbols,

*4
For a uniform field of area a square metres and length / metres,

. 1 ua
A =

s = 7
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Supposing a magnetic field is mapped into a number of curvilinear

squares, and a flux tube is considered of d metres depth and with

curvilinear squares for its ends, as in Fig. 7.4. Then

dl
Permeance of tube = fi x

area

length
[a—:= fid

where / is the length of one side of the curvilinear square. Therefore

m
Total permeance = fid— webers/ampere-turn (7.36)

where m is the number of parallel squares, i.e. the number of squares

across the flux direction, and n is the number of series squares, i.e.

the number of squares along the flux direction.

t

Slot pitch

Air gap

;^4_1_

f

;
2x

1

Slot

!

i

[«
x

. |<
x »lKH

Tooth Tooth

(a) (b)

Fig. 7.25

EXAMPLE 7.4 The arrangement of Fig. 7.25(a) resembles a slot pitch in an

electrical machine. Estimate the reluctance of the slot pitch if the rotor length is

20cm. The field may be considered uniform over this length.

Assuming that there are similar slots on either side of the one depicted, the

teeth centre-lines will be streamlines. Also, by symmetry, the slot centre-line

will be a streamline dividing the slot pitch into two symmetrical parts. One part

of the slot pitch is enlarged for mapping in Fig. 7.25(6).

The iron surfaces are boundary equipotentials which the streamlines intersect

normally (by Section 7.20). The division into curvilinear squares is carried out by

the same method as previously (Examples 7.1 and 7.3). By eqn. (7.36),

Total permance per slot pitch = fiod x —
20 2x 201

«o X XP
100 4

: 2-52 x 10-«Wb/At

Therefore

Reluctance per slot pitch =— x 106= 397,000At/Wb
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7.30 Determination of Inductance by a Mapping Method

In simple magnetic fields (e.g. fields without iron magnetic circuits)

it is generally the inductance of the arrangement rather than the
reluctance or permeance which is required. The inductance may be
simply calculated from a field plot, provided that all the magnetic
flux may be assumed to link all the turns of the conductor arrange-
ment producing the field.

„ , M.M.F. IN
Flux, $ = =-j—- = — = INA

Reluctance S

But

i.e.

<t>N
Inductance, L = Flux linkages/ampere =— = N2A

m
L = N2/id- henrys (7.37)

EXAMPLE 7.5 For an isolated twin-wire line with a spacing-to-diameter ratio

of 10, calculate the inductance per metre of the line by (a) direct calculation, and
(6) a field plot. Neglect linkages within the conductors.

lOge—
Inductance per metre r* 2/jo -

2tt

= 2x4,xl0-?xloge20 = j.2 x 10
_6H/m

2-rr -

Fig. 7.26(a) on the next page shows the conductor system. The centre-line

through the conductors is a symmetrical equipotential and the centre-line

between the conductors is a symmetrical streamline. The field is thus divided into

four symmetrical parts, and one of these is enlarged in Fig. 7.26(6) for field

plotting. From the field plot,

t j » * m ,n i 2 X 4-5
Inductance per metre = « x 1 x - = 4j x 10~ 7 xr

n 2x51
= 111 x 10-6H/m

PROBLEMS

7.1 A concentric cable has a core diameter of 1cm and a sheath diameter of

5cm. If the core is displaced from the true centre of the cable by 0-75cm, calculate

the capacitance per metre run by field plotting. er for the dielectric is 3. From
the same field plot write down the inductance per metre run of cable.

(H.N.C.)
Ans. 0-00012/uF, 0-28^H.
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Lines of
symmetry
in field

(a)

F#. 7.26

(a) Actual spacing

(b)

(W Enlarged spacing for field plot

7.2 The plan view of a poor electrolytic plating bath is shown in Fig. 7.27.

A is the anode plate and the central uniform cylinder is the object to be plated,

Copper
block

Fig. 7.27

while N is the non-conducting wall of the container. Determine the ohmic

resistance of the bath if the depth of the electrolyte is 6 cm and its resistivity is

lOOfl-cm. Draw also a polar diagram showing the variation in thickness of

plating round the circumference of the cylinder.

Arts. 7-2 Q.

7.3 Fig. 7.28 represents very approximately a conductor lying in an open slot.

Plot the electrostatic field for the system and estimate the capacitance per metre
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length of conductor. Explain the dependence of the electric stress on the shape
of the comers.

Ans. 85pF.

Fig. 7.28

7.4 Explain why magnetic flux may be assumed to emerge from an iron boundary
into air at right angles to the surface.

Use field plotting to determine the reluctance per unit depth of the air gap,
shown in Fig. 7.29, between two long flat iron plates. Determine the percentages percentage

2cm 3cm 2cm

Fig. 7.29

error which is caused by neglecting fringing. Neglect the field beyond the dashed
lines - (H.N.C.)

Ans. 450,000At/Wb, 160 per cent.

7.5 Two parallel infinitely long straight conductors of diameter 0-2cm are
spaced 10cm apart and relatively far from conducting objects. Draw the shape
of the field surrounding these conductors and from it estimate the inductance
and capacitance per unit length of the conductors. Check the result by calculation
on the usual basis.

Ans. 1-84/iH/m, 6-03 pF/m.

7.6 From Ohm's law in its usual circuit form derive an expression for Ohm's
law applicable to a point in an electrical conductor (i.e. the conduction field
form).

Explain the meaning of the terms (a) flowline, (b) equipotential, with reference
to a conductor. Show that these must necessarily intersect at right angles.
By a field-plotting method estimate the percentage increase in the resistance
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of the busbar length shown in Fig. 7.30 due to the four holes. Assume the busbar

thickness uniform and the current distribution uniform at each end.

(H.N.C.)

Arts. 20 per cent.

4
holes 7^1_

liriT h 4in.—

~

Fig. 7.30

7.7 If the electromagnetic field in the interspace between two long parallel

concentric conductors is "mapped" by a number of "curvilinear squares"

derive an expression for the inductance per metre run of the conductors in terms

of numbers of squares and the permeability of the interspace material. (Neglect

inductance due to flux linkages within the conductors.)

A conductor of cross-section lin. x Jin. is enclosed in a tube of square

cross-section whose internal side is 2in. (Fig. 7.31). Draw (several times full

T
.£_
CM

1

-2in

=t
lin.

1-
2

'

Fig. 7.31

size) a symmetrical part of this cross-section and hence estimate the inductance

ofthe arrangement per metre run. (Assume a non-magnetic interspace and neglect

flux linkages within the conductors.)

{H.N.C.)

Arts. 0-157/iH/m.

7.8 A liquid rheostat is to be constructed with its outer electrode a hollow steel

cylinder of 1 -5 m internal diameter ; this cylinder is also the liquid container. The
inner electrode is a rod of 0-5 m diameter. Calculate the resistance between elec-

trodes per metre length of the rheostat when the liquid has a resistivity lOOii-m

and the centre-line of the inner electrode is coincident with the centre-line of the

outer cylinder.



Electric and Magnetic Field Theory 24]

By means of a field plot find the resistance when the centre-line of the rod is

parallel to the centre-line of the cylinder but spaced 0-25m from it. (H.N.C.)

Ans. 17-5n, 15Ci.

7.9 Calculate the loop inductance and capacitance of a 1 km length of single-

phase line having conductors of diameter 1 cm and spaced 72cm apart. If this line

is to be converted to a 3-phase line by the addition of a third conductor of the

same cross-section as the originals, calculate the phase-to-neutral inductance and
capacitance when the third conductor (a) is in line with the first two and 72cm
from the nearest, (b) forms an equilateral triangle with the first two. Assume
regular transposition and neglect earth effects.

Ans. 000212H/loop km; 0O0illH/km; 000106H/km; 00056/<F/km

;

0-0104 ,uF/km; 00112,uF/km.

7.10 Derive an expression for the inductance per metre of a coaxial cable of

core diameter d metres and internal sheath diameter D metres. (The sheath

thickness may be neglected.)

A coaxial cable 805km long has a core 1cm diameter and a sheath 3cm
diameter of negligible thickness. Calculate the inductance and capacitance of the

cable, assuming non-magnetic materials and a dielectric of relative permittivity 4.

For this cable calculate also (a) the charging current when connected to a

66kV, 50Hz supply (neglect inductance), (b) the surge impedance of the cable,*

(c) the surge velocity for the cable.*

Ans. 21-7 x 10-4 H, l-63,uF, (a) 33-8 A, (b) 33 D, (c) 1-5 x 108 m/s.

7.11 A single-core lead-sheathed cable has a conductor of 10 mm diameter and
two layers of insulating material each 10mm thick. The permittivities are 4

and 2-5, and the layers are placed to allow the greater applied voltage. Calculate

the potential gradient at the surface of the conductor when the potential difference

between the conductor and the lead sheathing is 60kV. (H.N.C.)

Ans. 6-29kV/mm.

7.12 A single-core cable has a conductor diameter d and an inside sheath

diameter D. Show that the maximum voltage which can be applied so as not to

exceed the permissible electric stress E is given by — x loge —

.

Find this voltage for a cable in which D = 8 cm, d = 1 cm and E = 50kV/cm
(r.m.s.).

If D is fixed at 8 cm, find the most suitable value for d so that the greatest

voltage can be applied to the cable. (H.N.C.)

Ans. 52kV, 2-95cm.

* See Chapter 16.
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Chapte r 8

TWO-PORT NETWORKS

Networks in which electrical energy is fed in at one pair of terminals

and taken out at a second pair of terminals are called two-port

ZA /2 ZB/2

(d)

Fig. 8.1 BASIC PASSIVE TWO-PORT NETWORKS

(a) 7T-network

(W T-network
(c) Lattice network
id) Balanced T-network

networks. Thus a transmission line (whether for power or communi-

cations) is a form of two-port network. So too are attenuators,

electric wave filters, electronic amplifiers, transformers, etc. The

network between the input port and the output port is a transmission

network for which a known relationship exists between the input and

output voltages and currents.

242
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Two-port networks are said to be passive if they contain only
passive circuit-elements, and active if they contain sources of e.m.f.
Thus an electronic amplifier is an active two-port. Passive two-
port networks are symmetrical if they look identical from both the
input and output ports. Fig. 8.1 shows some typical passive two-
port networks. The 77-section shown at (a) is symmetrical if ZB
= Zc . At (b) is shown a T-section, which is symmetrical ifZA = ZB .

The lattice section at (c) is symmetrical and balanced if ZA = ZB
and Zc = ZD . This network is simply a rearranged Wheatstone
bridge. The tt- and T-networks shown at (a) and (b) have one com-
mon terminal, which may be earthed, and are therefore said to be
unbalanced. The balanced form of the T-circuit is shown at (d).

In this simple introduction to two-port theory, only passive sym-
metrical circuits will be considered.

8.1 Characteristic Impedance

The input impedance of a network is the complex ratio of voltage
to current at the input terminals. For a two-port network the input

input output
port port

(a) (b)

Fig. 8.2 ILLUSTRATING THE CONCEPT OF CHARACTERISTIC IMPEDANCE

impedance will normally vary according to the load impedance
across the output terminals. It is found that for any passive two-
port network a load impedance can always be found which will give
rise to an input impedance which is the same as the load impedance.
For an unsymmetrical network this is called the iterative impedance,
and its value will depend upon which port (i.e. which pair of terminals)
is taken to be the input and which the output port. For a symmetrical
network there is only one value for iterative impedance, and this is

called the characteristic impedance, Z , of the symmetrical two-port
network.

Consider the symmetrical T-circuit of Fig. 8.2(a) terminated in
an impedance Z such that

h~ Zo::= T2
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From simple circuit theory the impedance seen looking into the

input port is

Vi _ ,
Z2(Zi + Z )

h Zi + Z2 + Z
Zi 2 + ZiZa + ZiZp + Z2Zx + Z2Z

Zi + Z2 + Z

If this has to be equal to Zo, then

Zi 2 + 2ZiZ2 + Z (Zi + Z2) = Z (Zi + Z2 + Zo)

= Zo(Zi + Za) + Zo2

or

Zo = a/{Zi(Zi + 2Z2)} (8.1)

A useful general expression for Zo can be deduced by investigating

the input impedance of the network when the output terminals are

(a) short-circuited, and (b) open-circuited. Thus the short-circuit

input impedance is

ZiZ2 _ Zi(Zi + 2Z2)zsc - Zi + z + Za
-

Zi + Z2

and the open-circuit input impedance is

Z e = Zi + Z2

Hence

ZscZoc = Zi(Zi + 2Z2)

Comparison of this with eqn. (8.1) yields the important general

relation

Zo = \Z(ZjScZoc) (8.2)

In the same way, for the symmetrical-77 circuit of Fig. 8.2 (b),

if the input impedance when the network is terminated by Zo

is equal to Zo, then

ZB{ZA + ZbZqKZb + Zp))
Zo ~ ZB + ZA + ZbZoKZb + Zo)

whence, after some manipulation,

Zo = /
ZaZb2

(8 .3)
V Za + 2Zb

It is not difficult to show that eqn. (8.2) applies in this case also.

Hence for any passive symmetrical network,

Zo = V(ZscZ c) (8.2a)
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since by suitable manipulation all such circuits can be represented by

an equivalent it- or T-section (note, however, that the equivalent

sections may contain unrealizable circuit-elements such as negative

resistance).

The concept of characteristic impedance is important since it

facilitates the design of networks with specific transmission proper-

ties. It is important to realize that terminating a network in its charac-

teristic impedance does not mean that the input and output voltages

(or currents) are equal—only that V\\l\ — F2//2.

8.2 Logarithmic Ratios: the Decibel

It is often convenient to express the ratio of two powers Pi and P-z

in logarithmic form. If natural (Napierian) logarithms are used,

the ratio is said to be in nepers. Thus

p
Power ratio in nepers (Np) = | loge 77- (8.4)

If logarithms to base 10 are used, then the ratio is said to be in bels.

The bel is rather a large unit, and one-tenth of a bel, or decibel

(dB) is more commonly used. Thus

Power ratio in decibels = 10 logio -5- (8.5)

The decibel is roughly the smallest difference in power level between

two sound waves which is detectable as a change in volume by the

human ear.

If the powers Pi and P2 refer to power developed in two equal

resistors, R, then

Pi=-jf and P* = ~f
so that the ratio can be expressed as

Vi2lR Vi
Ratio in dB = 10 logio y~ = 20 log10— (8.6)

This is called the logarithmic voltage ratio, but it is really a power
ratio. Strictly it should not be applied to the ratio of two voltages

across different resistances, but this is sometimes done.

Similarly, if currents h and h in two equal resistors, R, give powers

Pi and Pz, then

Ratio in dB = 10 logio ttz = 20 logio r (8 -6«)
12 K 12.

It should be particularly noted that the decibel notation applies to

the sizes of voltages and currents—it gives no phase information.
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For example, if a two-port network is terminated in its charac-

teristic impedance and if the input voltage is \/2 times the output

voltage, then since the input and the output voltages refer to the

equal impedances, the voltage ratio is given by

Vi
Input/output ratio in dB = 20 logioy = 20 logio \/2 *=» 3dB

Note that the output/input voltage ratio can be expressed in

logarithmic units in the same manner. Thus in the above case,

V% 1

Output/input ratio in dB = 20 logio -p- = 20 logio —t~

= 20(logio 1 - logioV2) « -3dB

i.e. the minus sign indicates that the ratio denotes a power loss,

while the positive sign indicates a power gain.

8.3 Insertion Loss

When a two-port network is inserted between a generator and a

load, the voltage and current at the load will generally be less than

Fig. 8.3 PERTAINING TO INSERTION LOSS

those which would arise if the load were connected directly to the

generator. The insertion loss ratio of a two-port network is denned

as the ratio of the voltage across the load when it is connected directly

to the generator to the voltage across the load when the two-port

network is inserted. Referring to Fig. 8.3,

V I' (8.7)
Insertion loss ratio, Ah = rr = -r

Since V and V2 both refer to voltages across the same impedance,

Zl, it is permissible to express the insertion loss ratio as

V
Insertion loss = 20 logio tt decibels (8.8)

V
= 20 logio j decibels (8.9)
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Of particular importance is the casewhen the network is terminated

in its characteristic impedance,Z . The network is said to be matched,

and in this case the input impedance is also Zo so that the insertion

loss is simply the ratio of input to output voltage (or current), i.e.

Vi
Insertion loss = 20 logio 77- (for network terminated in Z )

Vi

(8.10)

= 201og10 |
(8.11)

It will be seen that in the matched condition, the impedance of the

generator does not affect the insertion loss.

EXAMPLE 8.1 For the attenuator pad shown in Fig. 8.4 determine the charac-

teristic impedance and the insertion loss when the attenuator feeds a matched

load. Ri = 312Q and Rn = 423ft.

Fig. 8.4 SYMMETRICAL T-NETWORK

From eqn. (8.2) the characteristic impedance is

z„ = v(z^) = y((* + j^) (* + *,)}

= V(Ri 2 + 2RiR2) = V{3122 + (2 x 312 x 423)}

= 600ii

The ratio of F1/K2 is obtained as follows. Since Vz = hZ , it follows that

Ri + Ra + Zo
AL

Vi
~ V2

~ hZo

hZa
~ h

Ri

Ri + Z + R2,

1,335

423
= 3-16

or

Insertion loss = 20 logio 316 = lOdB

EXAMPLE 8.2 For the simple w-section shown in Fig. 8.5 determine the range

of frequencies over which the insertion loss is zero, when the section is terminated

in its.characteristic impedance.
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It is apparent that when the frequency is zero, there is no insertion loss (since

the inductor behaves as a short-circuit), and that when the frequency is infinite

the capacitors act as a short-circuit and the insertion loss is infinite. The network
is a low-pass filter section, i.e. it permits signals up to a certain cut-offfrequency

<

L

'' "
v, :c C: : V2

\
Fig. 8.5 SIMPLE LOW-PASS FILTER

to pass through unattenuated, while attenuating all signals above the cut-off

frequency.

The insertion loss ratio is

Al

Zo/joC

yr JwL + Zo + MjwC
V2
~

ZoljmC

Zo + \ljmC

I L Zo\
[jcoLZo +

-£ + ]^c) J°>CC jcoC)

Zo Za

From eqn. (8.3),

Zo
IjmC -jaflLC2 V 2C - co2LC2J,

Note that Zo will vary with frequency, and will be infinite when co 2LC = 2.

At low frequencies Zo will be approximately constant and equal to \/{L\2C).

It is, however, a reference quantity and will therefore represent a pure resistance

provided that

^ / 2
>r a> < -

V L
2C > (o2LC2

For this condition.

' LC

1 - oPLC +
ja)W(2C - (o*LC2

)

so that

Al = V«l <u 2iC)2 + co2I.(2C - co
2Z.C 2

)} = 1

This means that for all frequencies below that for which 10 = V(2/Z.C) the

insertion loss ratio is unity, i.e. there is no attenuation. This gives the cut-off

frequency of the filter.

EXAMPLE 8.3 A resistance voltage divider with a total resistance of 5,000ii

s connected across the output of a generator of internal resistance 600 Q.
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Determine the insertion loss ratio if a load of l.OOOfl is connected across the
divider at a tapping of (a) 2,5000, (b) 1,2500. The circuit is shown in Fig. 8.6(a).

60on:

1 5kn;

F I -I

v2 |

600fi

>ikn

(a)

Fig. 8.6 VOLTAGE DIVIDER AS A TWO-PORT NETWORK

V'

(b)

ikn

Without the voltage divider the voltage across the 1 kfl load resistor is

VV = x 1,000 = 0-625 V
1,600

where V is the generator e.m.f.

(a) With the 2-5k£l tapping,

V
K2 =

600 + 2,500 +
2,500 x 1,000

2,500 x 1,000
X

3,500 =°-187V

3,500

Hence the insertion loss ratio is

V 0-625
L ~ V2

~ 0-187
- jjl

(b) With the l-25kii tapping the voltage across the load is

V 1,250 x 1,000
K2 =

600 + 3,750 +
1,250 x 1,000 2,250

= 0113V

2,250

Hence the insertion loss ratio is

0-625
Al = 5-5

0113 =
Note that the insertion loss is not doubled by halving the tapping.

8.4 Equivalent Circuit of a Short Transmission Line

A single-phase a.c. transmission line consists of two conductors,

conventionally called the "go" and "return" conductors. These
have series resistance due to the finite resistivity of both conductors.

They also have

(a) a distributed leakage resistance between the conductors
which depends on the conductivity of the insulation,
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(b) a distributed inductance since they form a current-carrying

loop which sets up and links a magnetic field, and

(c) a distributed shunt capacitance, since the conductors form

the electrodes of an electric field.

The line is a two-port network.

In an overhead line not exceeding 100 km, or a cable not exceeding

20 km, at a frequency of 50 Hz (and proportionately shorter at

higher frequencies), the shunt capacitance and leakage may nor-

mally be neglected, and the equivalent circuit of the line will then

S I
a
" A L R

VSN Vrn

(a)

Fig. 8.7 SHORT TRANSMISSION LINE SUPPLYING A LOAD AT A

LAGGING PHASE ANGLE
<f>

(a) Equivalent circuit (h) Corapiexor diagram

consist of a resistance in series with an inductive reactance. For

convenience the impedance of both "go" and "return" conductors

are lumped together in one line as shown in Fig. 8.7.

The sending-end voltage Vsn is the complexor sum of the receiv-

ing-end voltage Vrn and the line voltage drop IZ, where Z = R
+ jXL , i.e.

Vsn = Vrn + IZ

The regulation of the transmission line is defined as the rise in

voltage at the receiving end of the line when the load is removed,

with the sending-end voltage remaining constant. Hence

Regulation = p
per unit (8.12)

Since Vrn will depend on the load, the regulation will also depend

on the load current and power factor.
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8.5 Medium-length Lines

When 50Hz lines exceed 100 km in length (and about 20 km in
the case of cables), the capacitance can no longer be neglected.
For the purposes of calculation the line may then be approximately
represented by a nominal-7r or nominal-T network, as shown in

Fig. 8.8 NOMINAL-IT EQUIVALENT CIRCUIT AND COMPLEXOR
DIAGRAM (LAGGING LOAD)

Figs. 8.8 and 8.9 respectively. These approximate representa-
tions do not hold for 50Hz lines of over 350 km, or for lines operat-
ing at frequencies higher than normal power frequencies.

Consider the nominal-7r circuit of Fig. 8.8. Let the "go" and
"return" resistance of the line be R ohms, the loop inductance L
henrys, and the capacitance between the two lines C farads. The
series impedance of the line is

Z = R +ja)L = R +JXL
The total admittance between conductors is

Y = jwC

Each "leg" of the 7r-circuit will have half this admittance.
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The complexor diagram shown at (b) is constructed taking the

receiving-end voltage, Vrn, as the reference complexor, and is self-

explanatory.

In the nominal-T circuit the resistance and inductance are divided

into two, and the capacitance is considered to be concentrated at

the centre of the line as shown in Fig. 8.9(a).

S_IS

*

VSN

2k
2

VCNY'

2 Ir R

ff^
Vrn

(a)

Fig. 8.9 NOMINAL-T EQUIVALENT CIRCUIT AND COMPLEXOR
DIAGRAM (LAGGING LOAD)

EXAMPLE 8.4 A single-phase 50Hz transmission line has the following line

constants—resistance 25Q; inductance 200mH; capacitance 1-4/tF. Calculate

the sending-end voltage, current and power factor when the load at the receiving-

end is 273A at 76-2kV with a power factor of 0-8 lagging, using (a) a nominal-*

circuit, and (6) a nominal-T circuit, to represent the line.

Series impedance, Z = R +jcoL = 25 +/62-8 = 67-6/68-3° fl

Shunt admittance, Y =jmC = 0-44 x lQ-3/+90°S

Receiving-end voltage, Vrn = 76-2 x 103/0^V (reference complexor)

and

Receiving-end current, h = 273 /-36-9°A
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(a) Using the nominal-7r circuit (Fig. 8.8):

Mid-section current = /i = receiving-end current

+ current through receiving-end half of Y
= fe + VWYI2

= 273/- 36-9° + (72-6 x 10^ x 0-22 X lQ-3/90°)

= 264/-33-9°A

Sending-end voltage = VSN = Vrn + IiZ

= (76-2 x 103/T) + (264/-33-9° x 67-6/68-3°)

= (91 +yi01) x 103 = 91,500/6-6°V

Sending-end current = /s = /i + VsnYJI

= (219 -y'147) + (91-5 x 103/6-6° x 0-22 X lQ-3/90°)

= 251/-303°A

Sending-end power factor = cos (6-6 — (—30-3))° = 0-8 lagging

(6) Using the nominal-T circuit (Fig. 8.9):

Mid-section voltage = Vcn = Vrn + fe.Z/2

= (76-2 X 103/0^) + (273/-36-9° x 33-8/68-3°)

= (841 +;4-8) x 103 = 841 X 103/3°V

Sending-end current = Is — Receiving-end current + current in mid-section

= (219 -yl64) + (841 X 103/£ x 0-44 x lQ-3/(90°)

= 252/-30-3°A

Sending-end voltage

= Vsn = VCN + IsZ/2

= (84-1 +;4-8) x (103 + 252/30-3° x 33-8/68-3°)

= 91-3 X 103/6S°V

Sending-end power factor = cos (6-5 — (-30-3))° = 0-8 lagging

8.6 ABCD Constants

For any linear passive two-port network there will be a linear

relationship between the input voltage and current (Pi, h) and the
output voltage and current (F2 , /2). This relationship can be ex-
pressed in the form

Vi = AVZ + B/2
h/1 = CF2 + D/2 /

<8 - 13>

where A, B, C and D are constants. It is obvious from the form of
the equations that A and D are dimensionless, B has the dimensions
of an impedance, and C has the dimensions of an admittance.
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For passive networks there is a fixed relationship between the

ABCD constants. Consider any passive network represented

by the "black box" in Fig. 8.10(a) with its output terminals short-

circuited (and hence with V% — 0). Then,

V\ = B/asc

hsc = Dhsc
(8.14)

MSC

<<5 v,

Fig. 8.10

A B

C D

(a)

i2SC

vy*o

If now the generator is connected across the output terminals,

and the input terminals are short-circuited as at (b), then, taking into

account the current directions, the fact that Vi is zero, and choosing

Va
' = Vi,

= KVi - Bh' or h' = B
(8.15)

and

./i' = CTi - Dh' (8.16)

Since the network is passive, the reciprocity theorem (Section

2.9) applies, so that h' = hsc and hence from eqns. (8.15) and

(8.16),

-hsc = CFi - B

But hSc = Fi/B (from eqn. (8.14)), so that

B * B

or

AD - BC = 1 (8.17)

This important relationship can be simplified for symmetrical

networks, since in this case the ratio of Vjl at any pair of terminals

with the other pair short-circuited must result in the same value
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(the network looks the same from either port). For the left-hand
port,

Vi = B
Iuc D

For the right hand port,

Vz Vx B lc

lU
=

h~'

=
A

(fr0m ec
l
n

-
(8 - 15))

Since these two expressions must be equal it follows that A = D
for a symmetrical network, and hence eqn. (8.17) becomes

A2-BC=1 (8.18)

8.7 Evaluation of ABCD Constants

The ABCD constants of a passive network can be found from
measurements of input and output currents and voltages under open-
and short-circuit conditions. If the actual configuration of a network
is known, the ABCD constants can be found from the circuit by
inspection (or short calculation).

Thus if the output port is open-circuited it follows that h — 0,

and from eqn. (8.13),

Vloc = A.V20C

or

A = (8.19)

and

CV2o

or

C =
V̂2 (8.20)

If the output is short-circuited and the input current and voltage
and the output current are measured, then, since F2 = 0,

Vise = B/
:2sc

or

B = Vi
(8.21)
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and

or

hsc = D/2

D = (8.22)

EXAMPLE 8.5 Determine the ABCD constants for the symmetrical-T circuit

shown in Fig. 8.11.

o—*.
L

V1

la

T- ft
Fig. 8.11 SYMMETRICAL-T TWO-PORT NETWORK

First imagine the output to be open-circuited so that h
input voltage Vi, eqn. (8.19) gives

0. Then for an

Vz\ oc

Vi

Vi
- by inspection

jcoL + l/jcoC ja>C

=jmC(J(aL + lljaiC) = 1 - aPLC

Since the network is symmetrical A = D = 1 — ufiLC.

If the output is now short-circuited, then from eqn. (8.21),

B = — = —- —jwL
h \

sc ViljcoL Z-^-

The constant C can be found either from eqn. (8.20) or by using the relation

for a passive symmetrical two-port network, A2 — BC = 1. Using the latter

method,

C = A2 - 1 m^UC* - 2m*LC

B jioL
= 2cuC -jco3LC2

8.8 Characteristic Impedance in terms of ABCD Constants

It has been seen that the characteristic impedance, Zo, of a symmetri-

cal network is obtained from the relation

Zo = -yyZscZoc)

The input impedances under short- and open-circuit output con-

ditions can be obtained from eqns. (8.13). Thus for short-circuited

output, Vi = 0, and

7 -h
£*insc — r

B / B \= — I = -r for a symmetrical network I
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Similarly for an open-circuited output, h = 0, and

7 - Vl A
c

It follows directly that, for a symmetrical network,

(8.23)

EXAMPLE 8.6 A symmetrical two-port network has A = D = 0-8/30°;

B = 100/60°n; C = 5 x 10-3/90° S. Determine (a) the characteristic im-

pedance, and (b) the output voltage and current when the input voltage is 120/0°V
and the output load is a pure resistance of 141 Q. The circuit is shown in Fig. 8.12.

V.=120,fov

Fig. 8.12

I, *2

A B

C D
v2

—

<

J 1

J141Q

The characteristic impedance, Zo, is readily obtained from eqn. (8.23) as

100/60°
z

° = Vc
=

A/ 5 X 10-3/90°
141/-15°n

From Fig. 8.12,

V->Ll = 141/0°
h — or V2 = 141/2

Hence, from eqn. (8.13),

Vi = A x 141/2 + B/2

or

/-. — 120/0°
= 0-58/ -44°A""

(0-8/30° x 141) + 100/60°

and from (i),

V2, = 141 x (3-58/ -44° = 82/- 44°V

G)

8.9 Two-port Networks in Cascade

Very frequently two-port networks are connected in cascade as

shown in Fig. 8.13. Thus an attenuator or a filter may consist of
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several cascaded sections in order to achieve a given desired overall

performance. If the chain of networks is designed on an iterative

basis, then each section will have the same characteristic impedance

(assuming symmetrical sections), and the last network will be

terminated in Zo- It follows that each network will have a matched

Fig. 8.13 TWO-PORT NETWORKS IN CASCADE

termination, and hence the insertion loss in decibels of section 1 is

mi = 20 logio(Fi/F2); of section 2 is m2 = 20 logio (V2IV3); etc.

The overall insertion loss will be

m = 201ogio(Fi/K„)

/Ki V2 V3= 20 1og10
( F2

X
F3
X-..

Ki V%
= 20 logio -j7

2
+ 20 logioy3

+

= m\ + m2 + • + m„-i

Vn

V,7)

+ 20 logio
Vn-

(8.24)

This illustrates the great convenience of the use of matched sec-

tions in cascade—the overall insertion loss is simply the sum of the

insertion losses of the sections. If the sections do not have the same

characteristic impedance or are not terminated in Z , eqn. (8.24)

is no longer valid, and the calculation of insertion loss may be

very tedious.

PROBLEMS

8.1 In a symmetrical-T attenuator pad each series arm has a resistance of 30ft

and the shunt arm has a resistance of 100f2. Determine the characteristic

impedance, and the insertion loss when feeding a matched load.

Ans. 83ft; 6-6dB.

8.2 A symmetrical-?! attenuator pad has a series arm of 2kft resistance, and

each shunt arm of 1 kft resistance. Determine the characteristic impedance, and

the insertion loss when feeding a matched load.

Ans. 707ft; 15-4dB.

8.3 A 10:1 voltage divider has a total resistance of 1,000ft. Calculate from

first principles the insertion loss when the divider is connected between a generator
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of internal resistance 600ii and a load of resistance 200Q. Repeat for a generator
internal resistance of SIX

Arts. 5-9(15-4dB); 14-2 (23dB).

8.4 A symmetrical attenuator pad has a characteristic impedance of 75Q and
an insertion loss of 20dB. It feeds a load of 15Q. resistance. Calculate the load
voltage when the attenuator is connected to a generator of e.m.f. 20V and internal
resistance (a) 750, (b) 600£X

Am. IV; 0-22 V.

8.5 A symmetrical-T section has each series arm of lOOmH pure inductance
and a shunt arm of 01 ixF capacitance. Determine (a) the frequency at which
Za = ; (6) the insertion loss of the network below this frequency, when correctly
matched. Plot the variation ofZ with frequency from zero up to the frequency
found for (a).

n '

Arts. 2-25 kHz; 1.

'

8.6 A single-phase 50 Hz line, 5 km long, supplies 5,000kW at a p.f. of 0-71
lagging. The line has a resistance of 003450 per km for each wire, and a loop
inductance per km of 1 -5mH. The receiving-end voltage is lOkV. A capacitor
is connected across the load to raise its p.f. to 0-9 lagging. Calculate (a) the
capacitance of the capacitor, (b) the sending-end voltage with the capacitor in
use and out of use, and (c) the efficiency of transmission in each case.*

Ans. 82-4/<F; 10-8kV, ll-4kV; 98 per cent, 96 per cent.

8.7 A single-phase transmission line 50 miles long, delivers 4,000kW at a voltage
of 38kV and a power factor of0-85 lagging. Find the sending-end voltage, current,
and power factor by the nominal-T method. The resistance, reactance and suscep-
tance per mile are 0-3ii, 0-7Q and 12 x 10"6 S.

Am. 41-5kV, 112-5A, 0-9 lagging.

8.8 Repeat Problem 8.7 using the nominal-^ equivalent circuit.

8.9 Calculate the ABCD constants of the line in Problem 8 6
Am. 1; 0-17 +/2-36; 0; 1.

8.10 Calculate the ABCD constants of the line in Problem 8.7.

Ans. 1; 15 4-/350; /6 x 10"4S; 1.

8.11 A 3-phase transmission line has the following constants:

A = D = l/0_° B = 50/60° C = 10-3/90°

Determine the input voltage, current and power factor when the output current
is 100A lagging behind the output phase voltage of 20kV by 37°.

Ans. 39kV; 90A; 0-79.

* Efficiency oftransmission = 0utput power

Input power

}-&»*«,



Chapter 9

TRANSFORMERS

Two circuits are said to be mutually inductive when some of the mag-
netic flux caused by the excitation of one circuit links with some or

all of the turns of the second circuit. Transformers are mutual

inductors designed so that the magnetic coupling between the two
circuits is tight, i.e. the greater part of the flux linking each circuit is

mutual. This is achieved by providing a low-reluctance path for

the mutual flux.

Equivalent circuits consisting of resistive and self-inductive

(not mutually inductive) elements can be derived for mutual induc-

tors or transformers. The self-inductive elements may be expressed

either in terms of the total circuit inductances and the mutual induc-

tance or in terms ofleakage inductances and magnetizing inductances.

9.1 Winding Inductances

Fig. 9.1 shows a pair of magnetically coupled coils. At (a) is

shown the flux distribution when only the winding denoted by sub-

script 1 carries current; at (b) is shown the flux distribution when
only the winding denoted by subscript 2 carries current, while the

fluxes when both windings carry current are shown at (c). The dot

notation is used to indicate the relative coil polarities; thus currents

entering the dotted ends of the coils produce aiding mutual fluxes.

At (c), current is shown entering the dotted end of one winding and

leaving the dotted end of the other. When both windings carry

260



Transformers 261

current simultaneously these current directions are the most common
as they represent power transmission through the mutual coupling.

m2
Fig. 9.1 MAGNETIZING COUPLED COILS

(a) Primary winding carrying current
(W Secondary winding carrying current
(c) Both windings carrying current

The diagrams- show the total flux linkage of the coils to be due to
four component fluxes, namely

<bm\, a component, due to the current in winding 1, which links
all the turns of both windings.

<t>a, a component, due to the current in winding 1, which links
all the turns of winding 1 but none of those of winding 2 (this

is the primary leakage flux).

<£m2, a component, due to the current in winding 2, which links

all the turns of both windings.

3>i2, a component, due to the current in winding 2, which links
only the turns of winding 2 (this is the secondary leakage flux).

These component fluxes may be used to define various inductances.
It is assumed that the magnetic circuit is unsaturated so that the
defined inductances are constant.

Primary self-inductance, £„ = (°ml + ®n)Nl

Secondary self-inductance, L22 =

Mutual inductance, L12 = m
}

2

(<J>m2 + <&12)N2

H

(9.1)

(9.2)

(9.3)
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Alternatively the mutual inductance is

L21 =^ (9.4)
*2

These mutual inductances are equal,

i.e. Lia = L2 i (9.5)

The coupling coefficient, &, of magnetically coupled coils is defined as

* = -Trrrn
'

(96)

A: has a maximum value of 1, corresponding to the case when no

leakage flux links either coil.

Equivalent circuits for magnetically coupled coils may be obtained

by representing the flux linkage in terms of Ln, Li2 and Lu, and

this is undertaken in the following section. Equivalent circuits

may also be obtained by representing the flux linkage in terms of

leakage and magnetizing inductances, and these inductances are

now defined.

Primary leakage inductance, Ln = —:

—

(9.7)

0(2^2
Secondary leakage inductance, Ln = —:

—

(9.8)

i r ®mlNi
Primary magnetising inductance, Lmi = —:

—

(y.y)

„ .... , ®m2N2

Secondary magnetising inductance, Lm2 = —-— (y. W)

9.2 Equivalent Circuits for Magnetically Coupled Coils

Applying Kirchhoff's second law to the magnetically coupled coils

shown in Fig. 9.1(c) gives the equations

vi = -Rui + Ni j (0>ii + <Dmi - Om2) (9.11)

V2 = -/?2I2 + N2 j (OmX - Om2 - <3>i2) (9.12)

where Ri and R2 are the resistances of the primary and secondary

coils respectively. The primary and secondary flux linkages may now
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be expressed in terms of the self- and mutual inductances according
to eqns. (9.1)-(9.3). Rearranging eqns. (9.11) and (9.12),

vi = Rih + Ni - (Ou + <Drai) -Ni^- Om2
dr

d d
V2 = — i?2!2 + iV2 ^ <Dml - JV2 - (<Dm2 + 4>J2)

Therefore,

„ . , T
dh di2

V2 = —K2 l2 — L22— + i-12 '

dt dt

(9.13)

(9.14)

Fig. 9.2 EQUIVALENT T-CIRCUIT FOR MAGNETICALLY COUPLED COILS
(a) Mutually inductive coils

(W Equivalent T-circuit

If the direction ofh had been chosen as entering the dotted end of the
secondary, then all fluxes would have been additive and no minus
signs would have occurred in eqns. (9.13) and (9.14).

Fig. 9.2(a) shows the circuit representation for mutually inductive
coils. Eqns. (9.13) and (9.14) may be rewritten

n , T dii dii dii r dh
Vl = Rltl + LU - - Lll - + L12

Tt
- Lu

T{
(9.15)

adding and subtracting Li2{dhjdt) in eqn. (9.13); and

d • t dh
. r dh dh dh

V2 „ -R2l2 _ L22_ +Ll2_ + Ll2_ _ Ll2_ (916)

adding and subtracting L12(dh/dt) in eqn. (9.14).

When Kirchhoff's second law is applied to meshes 1 and 2 of
Fig. 9.2(6), eqns. (9.15) and (9.16) respectively are obtained. Fig.
9.2(b) is therefore the equivalent T-circuit of the mutually inductive
coils. This equivalent circuit is convenient for the consideration of

\%
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networks containing mutual inductance since it consists of resistive

and self-inductive elements only.

9.3 Mutual Inductance in Networks

Eqns. (9.13) and (9.14) may be made to refer to steady-state sinusoi-

dal operation by

(a) Replacing all the time-varying quantities by complexor

quantities, putting i.e. V\ for vi, h for h, etc.

(£>) Replacing d\dt operators byyco.

Fig. 9.3 EQUIVALENT T-CTRCU1T FOR STEADY-STATE A.C. OPERATION

Eqns. (9.13) and (9.14) then become

Vi = Rih + j(oLnh — JWL12I2

y2 = —Rzh —juiLmh + jojLizh

The corresponding equivalent circuit is shown in Fig. 9.3.

(9.17)

(9.18)

juj(Ln-t-i2) j<"(l-22-L|2>

Rl j^Ml

2. 2

Z22

Cb)

Fig. 9.4 CALCULATION OF INPUT IMPEDANCE

<a> Equivalent T-circuit

(W Equivalent series circuit: Z22 = Bz + l<uLvi + ^2

Fig 9 4(a) shows the equivalent T-circuit with a secondary load

of impedance Z2 . Fig. 9.4(6) shows the series equivalent circuit.

Since the equivalent T-circuit does not contain any mutual coupling

(but only self-inductances whose values are expressed in terms of the

mutual inductance), the input impedance may be calculated using
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series-parallel circuit theory. Thus the input impedance measured
at the primary terminals is

Ztn = Rx +j(o(Ln — L12)

jcaL12{R2 +>(L22 - £12) + Z2}

>Ll2 + R2 +.ML22 - £l2) + Z2
{ '

Putting R2 + ju>L22 + Z2 = Z22 gives, after simplification,

co2Li22

Ztn = Rx +ja>Lu +
^22

(9.20)

This confirms the result found in Section 1.10.

Fig. 9.5 IMPEDANCE OF INDUCTIVELY COUPLED COILS

(a) Series aiding: Z = Si + R2 + IMLu + L22 + 2Li2)
») Series opposing: Z — Ri + Jl2 + lw(Ln + £22 — 2£i2)

In Fig. 9.5(a) two mutually coupled coils are connected in series.

The connexion is called series aiding, since current enters the dotted
ends of the coils, which thus produce aiding fluxes. Eqns. (9.17)
and (9.18) will apply with Ix = —I2 (= I, say), since the current in
the second coil is reversed compared with the direction assumed when
these equations were established. This gives

Vx = Ril + jcoLnl + jcoL12I

V2 = R2I + jcoL22I + joiLvzJ

V = Vx + Vz = (.Ri + R2)I +jco(L11 + L22 + 2L12)I

i.e.

Z = j = Rx + R2 +jco(Lix + L22 + 2L12) (9.21)

Fig. 9.5(6) shows a series-opposing connexion of mutually coupled
coils. In this case the current enters the dotted end of coil 1 and
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leaves the dotted end of coil 2. Eqns. (9.17) and (9.18) again apply

with h = I and h = I. This gives

Vi = Ril + jcoLnl — joih\%l

V% = —R^I — 7C0L22/ + JC0L12/

V = Fi - F2 = (R\ + R°.)I + jco(Lu + L22 - 2Li2>/

i.e.

Z = j = Rx + Rz+MLn + L22 - 2Li2) (9.22)

Eqns. (9.21) and (9.22) confirm the results found in Section 1.10.

9.4 The Ideal Transformer

The terminal voltages of a pair of magnetically coupled coils as

shown in Fig. 9.1(c) are, from eqns. (9.11) and (9.12),

vi = Rih + Ni j (Ou + <J>mi - <JW (9.11)

V2 = -R 2 i2 + Ni- (<5m i
- 0)m2 - <&i2) (9.12)

Let ei, e2 be the voltages induced in the primary and secondary

coils respectively due to the mutual flux only ; then

ei = Nl
Jt

(<tW ~ *wa)
•

(9 '23)

e2 = N2 j (0»,i - Om2) (9.24)

Dividing eqn. (9.23) by eqn. (9.24),

£1=3 (9.25)
e% N2

This equation defines an ideal voltage transformation. Examination

of eqns. (9.11) and (9.12) shows that an ideal voltage transformation

would be obtained from a pair of magnetically coupled coils in which

the winding resistances and leakage fluxes were zero. In practice

there must always be some leakage flux, but a close approximation

to the ideal is obtained if the two windings are placed physically close

to each other on a common magnetic core.
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The mutual flux linking an ideal voltage transformation is

$ = <t»mi - Om2 = A(hNi - i2N2) (9.26)

where A represents the permeance of the magnetic circuit carrying
the mutual flux <1>, and hNi — i2N2 is the net m.m.f. For the circuit

of Fig. 9.1(c) the net m.m.f. is as stated since h is shown entering
the dotted end of the primary winding and i% is shown leaving the
dotted end of the secondary winding.

For a magnetic circuit of finite permeance, hNi must be greater
than i2iV"2 for there to be resultant magnetization. For a core of
infinite permeance, however,

hNi — kN2 = or hNi = i2N2 (9.27)

This equation defines the ideal current transformation that would
be obtained from a pair of magnetically coupled coils linked by a
magnetic circuit which had infinite permeance. In practice the mag-
netic circuit must have a finite permeance, but a close approximation
to the ideal is obtained by making the magnetic circuit of a high-
permeability material.

A pair of magnetically coupled coils which provides both an
ideal voltage transformation and an ideal current transformation is

called an ideal transformer. Eqns. (9.25) and (9.27) both apply to
such a device:

hNi = i2N2 (9.27)

Substituting for Ni/N2 in eqn. (9.25) in terms of the winding currents,

ei h- =
ji

or em = e2i2 (9.28)

Therefore, for an ideal transformer,

ntaneous power absorbed ) _
by primary winding

J \ ed by secondary winding

Instantaneous power absorbed ) _ I Instantaneous power deliver-

9.5 Transformer Equivalent Circuit

In Section 9.2 an equivalent circuit for magnetically coupled coils

is obtained by representing the flux linkage in terms of the coil self-

inductances Ln and L22 and the mutual inductance L\ 2 . An alterna-
tive approach is to represent the flux linkage in terms of the coil

leakage and magnetizing inductances. This approach leads to an
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equivalent circuit which will be called the transformer equivalent

circuit.

The terminal voltages of a pair of magnetically coupled coils as

shown in Fig. 9.1(c) are, from eqns. (9.11) and (9.12),

vi = /Siii + Ni j{

(<J>;i + 0>mi - <S>mz) (9.11)

V2 = -R2 i2 + N2 J{

(<t>m l - $m2 - <t>22) (9.12)

From eqn. (9.7),

Primary leakage flux linkage, Ni<S>a = Lnh

From eqn. (9.8),

Secondary leakage flux linkage, N2^i2 = Lnh

Substituting for these flux linkages in eqns. (9.11) and (9.12),

vi = Rih + In -£ + Nx j (Omi - <Pm2) (9.29)

V2 = -R2i2 - Ln -j
t
+ N* Jt

(°»»i - °»»2) (9-30)

Substituting ei and e2 in terms of eqns. (9.23) and (9.24) in the above

equations gives

vi - Rih + Ln -£ + ei (9.31)

v2 = —R2i2 — Liz —j- + e2 (9.32)

Fig. 9.6 shows an equivalent circuit which is consistent with

eqns. (9.31) and (9.32), in which the resistance and leakage inductance

of the two windings are shown as series elements external to the

windings. The windings are represented as wound on a common
core in close physical proximity to give an ideal voltage transforma-

tion element.

In an actual transformer the core does not have infinite permeance

and it is necessary to represent the effects of finite core permeance

in the equivalent circuit. The core permeance is

A __
Flux = ®2! (9.33)

"" M.M.F. hNi
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Also, from eqn. (9.9),

h ~ JVi

Substituting for <J>mi/u in eqn. (9.33),

A =
Niz

or

Lmi = ANi*

(9.34)

(9.35)

m2

Ff£. 0.6 TRANSFORMER EQUIVALENT CIRCUIT INCORPORATING
IDEAL VOLTAGE TRANSFORMATION

In a similar manner it can be shown that

Urn - A#22

Dividing eqn. (9.35) by eqn. (9.36),

Lm2 N2
2

Substituting for A from eqn. (9.34) in eqn. (9.26),

i.e.

or

(<t>» — Om2)Nl = Lml I h — t2-rj-J

(Orai - Om2)iVi = Lrmih - h')

(9.36)

(9.37)

(9.38)
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where

i% is called the secondary current referred to the primary. The

effect of finite core permeance may therefore be represented in

the equivalent circuit by the inclusion of an element of inductance

Lmi carrying a current i\ — ti . The voltage v across the element

is, from eqn. (9.38),

v = Lml -j
t
(h - ti) = Ni jt

(<5ml - <t>m2) = ex

Fig. 9.7 TRANSFORMER EQUIVALENT CIRCUIT INCORPORATING

AN IDEAL TRANSFORMER

Fig. 9.7 shows the transformer equivalent circuit with the circuit-

element so connected that the voltage across its ends is e\. The

current through Lmi will be h — ti provided that the element in the

"box" is an ideal transformer (eijez = NijNz and tiNi = 12^2)-

Fig. 9.2(b), which is repeated in Fig. 9.8(a), shows the T-equivalent

circuit for a pair of magnetically coupled coils the inductive circuit

elements of which are expressed in terms of Ln, L22 and L12. Fig.

9.7 shows the transformer equivalent circuit in which the inductive

elements are expressed in terms of Ln, Liz and Lmi. This latter

equivalent circuit differs from that of Fig. 9.8(a) in that it includes an

ideal transformer of turns ratio Ni/Nz.

When the equivalent circuit of Fig. 9.8(a) is rearranged by includ-

ing in it at section XX the ideal transformer shown in Fig. 9.8(6),

the equivalent circuit shown in Fig. 9.8(c) is obtained. This is identi-

cal with the transformer equivalent circuit of Fig. 9.7. Using eqns.

(9.1)-(9.9), it is easy to show that

Ni
Ln =L1i-j^Li2

Lit I
N2

T22 ~ nI
n and j - Nl

r
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For identity between the equivalent circuits Figs. 9.7 and 9.8(c),

»i' = ei, so that the shunt element of Fig. 9.8(6) is (Ni/Nz)Li2.
Comparison of the mesh equations of Figs. 9.8(a) and (c) shows that
these circuits are equivalent.

-^

'l
L

11
L 12 La2"Li2 R2 i„-rm ^AAA-*--

/^. 9.8 TRANSFORMER EQUIVALENT T-CIRCUIT WITH IDEAL
NljNi TRANSFORMATION

EXAMPLE 9. 1 Measurements on an air-cored mutual inductor gave the follow-
ing results

:

Input impedance of primary (secondary open-circuited) . (34.0 +/413)Q
Input impedance of secondary (primary open-circuited) . (40-8 +y'334)Q
Input impedance when windings are joined in series

aiding (74-8 +;1,109)Q

The measurements were carried out at a frequency of 1 ,592Hz {10 — 10,000 rad/s).
The primary winding has 1,200 turns and the secondary 1,000 turns.

Determine the self-inductance of each winding, the mutual inductance and the
coupling coefficient. Draw the equivalent T-circuit.

Determine also the primary and secondary leakage and magnetizing inductances
and draw the transformer equivalent circuit.
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Determine the input impedance to the primary for a secondary load of

(200 +_/0)fl, and the input impedance to the secondary when the same load is

connected to the primary terminals. The angular frequency in both cases is

10,000rad/s.

Z,lls= ^ = 413xl08 ^41-3mH
w 104

T
X2 334X103

From eqn. (9.21), the total inductance for a series-aiding connection is

Lt = Lu -4- L22 + 2L12

340 19-1 mH 1l-2mH 40-8n

22-2mH ;

34Q 14-6mH

26-6mH:

Fig. 9.9

(a)

1,200 1,000

(W

v2

15mH 40-8Q ,

_rv-v-i tyW—»S—

o

V2

Thus

1,190 1,190 x 1Q3
Lr =— =—io*— = u9mH

and the mutual inductance is

Zl2 =
£,-£»-£« = 119 -41-3 -334 = 22 .2mR

2 2 -

L12 22*2
Coupling coefficient, ft =

jfij^
=

V41 .3 x 33 .4
= °J*L

Ln - L12 = 41-3 - 22-2 = 19-1mH

L22 - i.12 = 33-4 - 22-2 = ll-2mH

The equivalent-T circuit is shown in Fig. 9.9(a).
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NiLit

:413
-ili x22 -2=^S

Secondary leakage inductance, Liz = L22 tj
—

1 nnfl
= 33-4 - i^ x 22-2 = 15-0mH

1,200 sswm

Primary magnetizing inductance, Lmi — 1 12 = —— X 22-2 = 26-6mH
Nz 1,000

Secondary magnetizing inductance, Lmi = 2 12 = —— x 22-2

= 185mH

The transformer equivalent circuit is shown in Fig. 9.9(6). From eqn. (9.20)
the input impedance for a secondary load impedance Zi is

<" 2£l2 2

Zin <= «1 + jOiLll H y

where

Z22 = i?2 + jatLzz + Zi

Thus

108 x 22-22 x 10-6
Zi„ = 34+;413+--

40-8 + /334 + 200 + /0

22-22 x 102

4122 (

= 104 +y306 = 321 /71-2°Q

22-22 x 102

= 34 + /413 + 412a (241 -y334)

By analogy with eqn. (9.20), the secondary input impedance for a primary
load Zi is

_ „ , . . ,
a)2JLi2

2

Zjn = /?2 + /C0L22 + —~

where

Z11 = Ri + jcoLxi + Zi

Thus

108 x 22-22 x 10-6
Zin - 40-8 + y334 +

34+;413 + 200+/0

22-22 X 10'

4752

= 91-8 +;244 = 260/69-4°Q

22'22 x 102
40-8 + /334 + ^5 (234 -/413)
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9.6 Power Transformers

Power transformers are normally operated in a.c. circuits under

approximately constant voltage and constant frequency conditions.

The remainder of this chapter will refer mainly to power transformers

used in this way.

The transformation element enclosed by the broken lines in

Fig. 9.7 is ideal and satisfies not only the conditions both for ideal

voltage transformation and ideal current transformation but also,

from eqn. (9.28),

ei/i = e2i2 (9.39)

i.e. the instantaneous power input is equal to the instantaneous

power output.

An actual power transformer will tend towards this ideal if the

terminal voltages and currents as defined in Fig. 9.7 tend to conform

to eqns. (9.25), (9.26) and (9.28) so that

(9.40)

(9.41)

(9.42)

To make a transformer for which eqn. (9.40) is approximately

true the voltage drops in the series elements must be small compared

with the respective terminal voltages. This can be realized practically

by making the winding resistances, Ri and R2 , and the leakage in-

ductances, Li\ and LX2 small. To obtain low values of leakage induc-

tance the coupling between the windings must be tight. In practice

this is achieved by using sandwich or concentric coils (see page 277).

To make a transformer for which eqn. (9.41) is approximately

true the current flowing in the magnetizing inductance Lm\ must be

small. This is achieved by winding the transformer coils on a core of

high permeance as explained in Section 9.4. A large magnetizing

flux per ampere is thus produced in the core, the magnetizing current

is kept low and the magnetizing inductance is high.

In short, an actual power transformer tends towards the ideal

when the series resistances and inductances in its equivalent circuit

have low values and the shunt resistances and inductances have high

values.

The power transformer is normally connected to a supply voltage

which varies sinusoidally with time. As a result the magnetizing

flux in the core varies sinusoidally with time (see page 288) and eddy-

current and hysteresis losses occur in the core.

Vl _
V2

~~
N2

hNi = I2A

vih = v2 i2
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The core losses are primarily dependent on the maximum flux

density attained and on the frequency of the alternating flux.

In a power transformer operating in a constant-voltage constant-

frequency system, the core loss will be substantially constant, and

may be represented approximately by introducing into the equivalent

Fig. 9.10 TRANSFORMER EQUIVALENT CIRCUIT TAKING
ACCOUNT OF CORE LOSS

circuit of Fig. 9.7 a resistance Rc the power dissipation in which,

e\2jRc , is equal to the core loss. Such an equivalent circuit is shown

in Fig. 9.10.

For an efficient transformer the internal losses must be small

compared with the input or output power at any instant. The inter-

nal losses consist of winding PR losses and core losses. Winding

losses may be made small by making the winding resistances Ri

and 7?2 small. The core hysteresis loss can be made small by using a

core material which has a relatively narrow hysteresis loop. The
core eddy-current loss is made small by laminating the core (see

page 277).

9.7 Construction

MAGNETIC CIRCUIT

There are three distinct types of construction: core type, shell

type and Berry type. In the core type (Fig. 9.11(a)), half of the

primary winding and half of the secondary winding are placed round

each limb. This reduces the effect of flux leakage which would

seriously affect the operation if the primary and secondary were

each wound separately on different limbs. The limbs are joined

together by an iron yoke.

In the shell type (Fig. 9.11(b)), both windings are placed round a

central limb, the two outer limbs acting simply as a low-reluctance

flux path.

In the Berry type of construction (Fig. 9.11(c)), the core may be
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considered to be placed round the windings. It is essentially a shell

type of construction with the magnetic paths distributed evenly

•Iron

jfL.V.winding

*H ^H.V winding

Limb

(=)

L.V. winding

(«

Windings

Laminated
iron

H.V. winding

Iron

Fig. 9.11 CONSTRUCTION OF SINGLE-PHASE TRANSFORMERS

(a) Core type (ft) Shell type (c) Berry type (plan view)

round the windings. Owing to constructional difficulties it is not so

common as the first two.

Three-phase transformers are usually of the unsymmetrical core

type (Fig. 9.12(a)). It will be seen that the flux path for the phase

[ ][ ][ jD

(a)

Fig. 9.12 THREE-PHASE TRANSFORMERS

to) Core type (W Shell type

(W

which is wound on the central limb has a lower reluctance, or higher

permeance, than that of a phase which is wound on an outer limb,

but the effect is normally small. The shell type (Fig. 9.12(6)) has

five limbs, the central three of which carry the windings. The cross-

section of the yoke in this case can be a little less than that required

for the core type.

Solid magnetic cores are inadmissible, since the core material

is an electrical conductor, and the core would, in effect, form a

single short-circuited turn, which would carry large induced eddy
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currents (Fig. 9.13(a)). Eddy currents are reduced by using high-

resistivity silicon steel, made up in insulated laminations which are

usually 0-355mm. (0-014in) thick. The length and the resistance of

-p

(a) (b)

Fig. 9.13 USE OF LAMINATIONS TO REDUCE EDDY CURRENTS

the eddy-current paths are increased by this means, so that the heat

loss due to the eddy currents is reduced to small proportions (Fig.

9.130)).

WINDINGS

There are two main forms of winding: the concentric cylinder

(Fig. 9.14(a)) and the sandwich (Fig. 9.14(6)). The coils are made

LV. winding

H.V. winding
Core

I

IS

X
/ g L.V. winding

Y-U— H.V. winding

2 L.V. winding

(a)

Insulated spacers
separate windings

(b)

Fig. 9.14 TYPES OF TRANSFORMER WINDING
(a) Concentric (b) Sandwich

of varnished-cotton or paper-covered wire or strip and are circular

in shape to prevent high mechanical stresses at corners. Due to the

problems of insulation, the low-voltage windings are normally
placed nearest the core in the concentric cylinder winding. For small

transformers each layer is separated from the others by a thin

paper, and the high-voltage winding is kept well insulated by
special insulating sheets. In the larger transformers each winding
is on a separate former, the two windings being well separated by
insulating distance pieces.

In the sandwich winding, which has the advantage of reducing
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the leakage flux, the windings are arranged in layers, with a half-

layer of the low-voltage winding at the top and bottom.

In all forms of winding for transformers used in power supply

systems the end turns are specially insulated. This is necessary to

prevent the destruction of the transformer when voltage surges

arise in the system. Surges are described in a later chapter.

COOLING

Heat is produced in a transformer by the eddy-current and hysteresis

losses in the core, and by the PR loss in the windings. To prevent

undue temperature rise this heat is removed by cooling. In small

transformers natural air cooling is usually employed. For larger

transformers oil cooling is needed, especially where high voltages

are in use. Oil-cooled transformers must be enclosed in steel

tanks. Oil has the following advantages over air as a cooling medium

:

(i) It has a larger specific heat than air, so that it will absorb

larger quantities of heat for the same temperature rise,

(ii) It has a greater heat conductivity than air, and so enables

the heat to be transferred to the oil more quickly,

(iii) It has about six times the breakdown strength of air

—

ensuring increased reliability at high voltages.

9.8 E.M.F. Equation

The e.m.f.s induced in the primary and secondary winding due to

the mutual flux in a transformer are given by eqns. (9.23) and (9.24).

The e.m.f.s induced due to the leakage fluxes are accounted for in the

equivalent circuit by the inclusion of leakage-inductance elements.

Suppose the voltage applied to the primary varies sinusoidally

with time, i.e.

vi = Vim sin cot

If the voltage drop in the primary resistance and leakage inductance

is small enough to be neglected compared with the applied voltage,

the induced primary e.m.f. at any instant is equal to the applied

voltage, i.e.

ei = vi = Vim sin cot (9.43)

Substituting this expression for ei in eqn. (9.23),

Vim sin cot = Ni -r C&mi — ^2)
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Therefore the mutual flux at any instant is

O = <J>mi - 0>OT2 = — I Vim sin o>*<#

= — 77— cos cut + constant
Nico

Since there is no d.c. flux component the constant of integration

is zero.

The peak value of the mutual flux is

Nico

so that the peak value of the applied voltage is

Vim = fi)$„JVi

Substituting this expression for Vim in eqn. (9.43),

d = <n<5>mNi sin tat

The r.m.s. value of the induced e.m.f. in the primary is

O&mNi

V

Ei =
V2

Similarly the induced e.m.f. in the secondary is

E2 =
V2

(9.44)

(9.45)

The above equations are often written in the following form:

2nf . .

El =
V2

®mNl = 4 '44/°»iVl
. (

9 -44fl>

Similarly,

E2 = 4-44/<BTOJV2 (9.45a)

Substituting <bm = BmA (where A is the cross-sectional area of the

core) in eqn. (9.44a),

Ei == AMfBmANi (9.46)

9.9 Primary Current Waveform

The equivalent circuits derived for the transformer have assumed
that magnetic saturation is absent and that as a result the various

inductances are constant. In practice, transformers are nearly
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always designed so that their magnetic circuits are driven into satura-

tion to reduce the magnetic cross-section required and so produce the

most economical design. In these circumstances the inductances

are not constant but vary with the degree of magnetic saturation

present. Since power transformers are operated at approximately

constant voltage and frequency the degree of saturation at maximum

flux density does not vary greatly, and appropriate average values

may be found for the inductances to give reasonably accurate predic-

tions.

Another result of saturation of the magnetic core is that the

magnetizing current becomes non-sinusoidal. The method of

deriving the current waveform is given in Section 5.9.

The no-load current is considerably distorted in transformers of

normal design. It may be represented by its sine-wave equivalent—
the current having the same r.m.s. value as the actual no-load

current and producing the same mean power. It is this current which

is displayed on complexor diagrams and used in calculations based

on the indicated value of no-load current.

9.10 Approximate Equivalent Circuit

In a power transformer the current taken by the shunt arm of the

equivalent circuit, as given in Fig. 9.10, is small compared with the

N
t
:N 2

Fig. 9.15 APPROXIMATE TRANSFORMER EQUIVALENT CIRCUIT

rated primary current. Further, the rated primary current will

cause only a small voltage drop in the series elements so that the drop

in these elements due to the current in the shunt elements will be

negligible. The shunt elements may therefore be placed at the

input terminals without serious error. This results in a simplification

of the equivalent circuit which is shown in Fig. 9.15, where the in-

stantaneous currents and voltages are replaced by the corresponding

complexor quantities, and the inductances by their corresponding

reactances. The new circuit is convenient for predicting the steady-

state response of the transformer to an input voltage varying

sinusoidally with time.
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9.11 Equivalent Circuit referred to Primary

For steady-state a.c. operation the instantaneous values for the

voltage and current relations in eqns. (9.25) and (9.27) may be

replaced by the corresponding r.m.s. values

:

^ = ^ (9.47)
Ez JV2

and

I2'Ni = hN2 (9.48)

Applying Kirchhoff's law to the primary and secondary meshes

of the equivalent circuit of Fig. 9.15,

Fi = (Ri+JX1W + E1 (9.49)

Et = (R* + jX*)h + V* (9.50)

If all the terms of eqn. (9.50) are multiplied by Ni/N2 this gives

|*2 = (*2+7X2)|/2 +^2

Ni ,, .

Substituting /2 = — J2 gives

%«-<*+H%)'« +K»
or

Ei = (/?2
' +jXi')h' + Vt' (9.51)

where

*' = (£)'* (9-52)

X, =
(g)V, (9.53)

*'-F> (9 ' 54)

#2
' is called the secondary resistance referred to the primary;

X2 is the secondary reactance referred to the primary; and

V% is the secondary load voltage referred to the primary.

Eqns. (9.49) and (9.50) are consistent with the equivalent circuit of

Fig. 9.16(a), which is the transformer equivalent circuit referred to

the primary. The load impedance, Zu may also be referred to the



\ )-<* # i - -"'"'T * v T •

282 Transformers

primary if desired to give an equivalent primary impedance, Zif,

where

//Vil a Fo //V1\"
(9.55)

h

7 > - Yi. _ ^l_ - i^iYYi - (¥iWZl -
h'

~ N» ~ \Nt) h ~ \N2J
*L

N\

*1
O »_ •

Vl

(b)

Vi

jw_ /^^leq

\vS5~^» ^2

*>..

! 2 R 1eq

(c)

Fig. 9.16 TRANSFORMER EQUIVALENT CIRCUIT REFERRED TO PRIMARY

The output quantities now become V% and fa', and the ideal

transformer element may be omitted. This equivalent circuit is

shown in Fig. 9.16(6). Thus the total equivalent series impedance

referred to the primary is

Zleq = Rleq + jXlea (9.56)

where

Rieg = Ri + Rt =Ri + (W» (9.57)
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^le? = -3^1 + X2 = X\ +m x2
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(9.58)

Fig. 9.16(c) is the complexor diagram corresponding to the
equivalent circuit shown at (b). The referred value of load voltage,
V2 ', is chosen as the reference complexor. The referred value of load
current, h\ is shown lagging behind V2

' by a phase angle fa. For a
given value of Vz', both h' and^2 are determined by the applied load.
The voltage drop h'Rleq is in phase with h', and the voltage drop
h'Xieq leads h' by 90°. When these voltage drops are added to
Vz the input voltage, Vi, is obtained.

Iw is in phase with V\ {V\IW is approximately equal to the core
loss); lm , the magnetizing current, lags behind V\ by 90°. The
complexor sum of /„, and Im is I . /o will flow even when the secondary
terminals are open-circuited and is therefore called the no-load current.
The complexor sum of I and J2 ' is the input current, h. For the sake
of clarity the size of 7 relative to h is exaggerated in the diagram.

(a)

*2X2eq

4 ib

*2R2eq

Fig. 9.17 TRANSFORMER EQUIVALENT CIRCUT^ REFERRED TO
SECONDARY

9.12 Equivalent Circuit referred to Secondary

A method similar to that adopted in Section 9.1 1 to obtain the trans-
former equivalent circuit referred to the primary may be used to
obtain an equivalent circuit referred to the secondary. This is shown in
Fig. 9.17(a), and the correspondingcomplexor diagram is shown at (b).
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In Fig. 9.17(a) the primed symbols represent primary quantities

referred to the secondary:

Vi'-jfJ1 (9 " 59)

/t'-^/x (9-60)

Any primary impedance is referred to the secondary by multiply-

ing its value in the primary by (N2IN1)2
.

EXAMPLE 9.2 A 4,000/400V lOkVA transformer has primary and secondary

winding resistances of 13 £2 and 0-15Q. respectively. The leakage reactance

referred to the primary is 45 Q. The magnetizing impedance referred to the primary

is 6kQ, and the resistance corresponding to the core loss is 12kii.

Determine the total resistance referred to the primary and the values of all

impedances referred to the secondary. Determine the input current (a) when the

secondary terminals are open-circuited, and (6) when the secondary load current

is 25A at a power factor of 0-8 lagging.

„ .. JVi 4,000
Turns ratio, — = —— = 10

N2 400 —
Rie„ = Ri + R2 =Ri+ R2 (-Y = 13 +0-15 X 102 = 28n

i?2e« = J?ie5 (^)
2

=28 xO-l 2 = 0-28Q

-W= Xi'Q (
—

)

2

= 45 x O-l 2 = 0-45

n

Rc
' = & (?ty = 12,000 x 0-1 2 = 120fl

xm - = xm (—Y = 6,000 x 01 2 = 6on

V 4 000
Core-loss component of current, /„ = — = ' ^^ = 0-333A

Rc 1 2,000 -

V 4>°° nmlMagnetizing current, Im =— = 77^77: = 0-667A
Jim 6,000 mm^^

Input current on no-load, h = 0-333 -y'0-667 = 0-74S/-63-5°A

When the secondary load current is 25 A at a power factor of 0-8 lagging,

h = 25/ -36-9°

h' = 2-5/-36-9 = (20 - /1-5)A

Input current, h = h' + h = (20 -/1-5) + (0-333 -/0-667)

= 3-18/-43°A
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9.13 Regulation

The voltage regulation of a transformer is the change in the terminal

voltage between no load and full load at a given power factor.

This is often expressed as a percentage of the rated voltage or in

per-unit form, using rated voltage as base (see Section 9.16).

Consider the equivalent circuit referred to the secondary, Fig.

9.17. On no-load the secondary terminal voltage will be

F2 = fV= n-?
1

I2X2eq,sin *

J2*2 eq cos 4

I2R2eq cos 4>

I 2 sin 4

Fig. 9.18 REGULATOR OF A TRANSFORMER WITH LAGGING
POWER FACTOR

When the load is applied the current flowing through the equivalent

impedance produces a voltage drop (/Z), and for a fixed value of Vi
this will cause V2 to change. The equivalent secondary complexor
diagram is shown in Fig. 9.18.

The load current h may be represented by its in-phase com-
ponent h cos 4>, and its quadrature component h sin cj>, and these

components each give rise to voltage drops in the total equivalent
resistance, R2eq, and the total equivalent reactance, X2eq . These
voltage drops are shown in Fig. 9.18, from which it will be seen that,

for a lagging power factor,

Vi = V{(V2 + T2R2eq cos 4> + hX2eq sin
<f>)2

+ (hX2 eq COS
<f>
- I2R2 eq sin

<f>)

2
} (9.61)

This exact expression for V\ is rather cumbersome and it is usually

sufficient to adopt the following approximate expression for regula-

tions of less than 20 per cent (or 0-2 p.u.)

:

Vi' = F2 + hRzeq cos
<f> + I2X2eq sin

<f> (9.62)

The justification for this expression will be clear from Fig. 9.18,

where it is apparent that the voltage drops represented by quadrate
complexors have little effect on the total magnitude of V\

.

Voltage regulation = V{ - V2 = hR2eq cos <j> + I2X2eqSm<t>

(9.63)
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If the circuit is referred to the primary, then V\ will remain

constant and V% will vary as the load changes. It can be shown, in

the same manner as before, that for lagging power factors,

Fi - V2
' « /1CR1 + Rz) cos <£ + h(Xx + Xz') sin

<f>
(9.64)

The regulation of the transformer is then this voltage multiplied

by Nz/Ni.

If the power factor is leading, the regulation is

Vi — V2 i=» hRzeq cos (j> — hXzeq sin <j> (9.65)

For a given load kVA, the current h will be approximately

constant. Hence the regulation may be differentiated with respect

to the load phase angle
<f>

to determine the way in which the power

factor affects the regulation. Thus, from eqn. (9.63),

-77 (Vl — Vz) = —hRzeq SHI </> + hXzeq COS(f>

This will be zero when

hRz eq Sin <£ = 72^2 eg COS <f>

i.e. when

tan^ = |^ or
<f>
= tan-i^ (9.66)

/V2 eg &1 eg

Hence the regulation has a maximum value at that value of load

phase angle which is equal to the internal total phase angle of the

transformer itself.

Also from eqn. (9.63) the regulation will be zero when

hRzeq cos
<f>
= —hXzeg sin <£

i.e. when

The minus sign denotes a leading power factor. For leading power

factors smaller than this the regulation will be negative, denoting a

voltage rise on load.

EXAMPLE 9.3 The primary and secondary windings of a 40kVA 6.600/250V

single-phase transformer have resistances of 10Q and 0-02Q respectively. The
leakage reactance of the transformer referred to the primary is 35fl. Calculate

(a) the primary voltage required to circulate full-load current when the secondary

is short-circuited, (6) the full-load regulation at (i) unity (ii) 0-8 lagging power

factor. Neglect the no-load current. (H.N.C.)
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It is obviously convenient to refer impedances to the primary side, as shown in
Fig. 9.16. Then, from eqn. (9.52),

D / D f^M 2 „™ /6,600\ 2

since the voltage ratio quoted is equal to the transformation ratio.
The full-load primary current is

40,000
1,1 = JM = 606A

(a) If the secondary is short-circuited, the impedance of the load reflected in
the primary is zero, so that the total impedance is simply

Zi = Ri + R2
' +jXxeq

Hence the primary voltage required to circulate full-load current is

Vsc = 606V(23-92 + 352
) = 256V

(b) In this problem the parallel magnetizing circuit is neglected on full load,
to simplify the solution. At unity p.f. and full load, from eqn. (9.64),

Vi - Vt' = (606 x 23-9 x 1) + = 145V

Therefore

250
Actual regulation = 145 x = 5-5V6

6,600

On no-load K2 = 250V. Therefore

Regulation =— x 100 = 2-2 per cent

At 0-8 p.f. lagging, from eqn. (9.64),

Vi = Vi' = (606 x (23-9) x 0-8) + 606 X 35 x 0-6 = 244V

Therefore

250
Actual regulation = 244 x = 9-25

6,600

and

9-25
Percentage regulation = x 100 = 3-7 per cent

9.14 Transformer Losses and Efficiency

Transformer losses may be divided into two main parts, (a) the
losses which vary with the load current, and (b) the losses which
vary with the core flux. Since the load current is not constant during
normal operation the winding IZR losses will vary. Under normal
conditions, however, the core flux will remain approximately con-
stant, so that the losses which vary with the core flux (core losses)

will be approximately constant, independent of the load. These
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losses include stray losses due to e.m.f.s induced by stray fields in

adjacent conductors. A further small source of loss is dielectric

loss in the insulation, but this will be neglected.

There will be a loss due to the resistance of each winding, the total

winding loss being

Pe = /i
2«i + h2R2 = hKRz + Ri) watts (9.68)

The core losses are divided into two parts, the hysteresis loss, and
the eddy-current loss.

HYSTERESIS LOSS (Ph)

In a specimen of steel subject to an alternating flux, the hysteresis

loss per cycle is proportional to the area of the hysteresis loop,

and therefore to Bmn :

Hysteresis loss = knfBmn watts/metre3 (9.69)

where Bm is the maximum flux density in teslas, and kn is a constant.

The coefficient n is empirically found to be in the range 1 -6 to 2.

EDDY-CURRENT LOSS (Pe)

This is due to the flow of eddy currents in the core. Thin high-

resistivity laminations effectively reduce the eddy-current loss to

small proportions. Since essentially a transformer action is involved

(considering each lamination as a single short-circuited secondary),

the induced e.m.f. in the core will be proportional to fBm (since

E — 4-44fN<bm). This causes the flow of an eddy current,

E.M.F.
Ie —

Impedance of core path

The impedance of the core path may be assumed constant and
independent of frequency for low power frequencies and thin

laminations. Thus

Eddy current loss cc Ie2 ccf2Bm2 = kef2Bmz watts/m3

(9.70)

where ke is a constant. The eddy current loss is proportional to the

square of the frequency. The total core loss, Pi, is

P{ =Ph + Pe = khfBmn + kePBm2 (9.71)

Provided that Bm and / are constant the core losses should be

constant. In order that Bm shall be constant, the magnetizing

current and hence the applied voltage must be constant.
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EFFICIENCY

The rating of a transformer is an output rating, and hence the

efficiency is calculated in terms of the output in kilowatts.

Output Output Losses
Efficiency, r] =

Input = Output + Losses
"" ~ Input

F2/2 cos^
(9?2)

V2h COS c/> + h2R2 eg + Pi

m 2

where R2 eq = R2 + Ri = R2 + Ri I jj- 1 , and Pi is the total

constant core loss. Therefore

Vi cos <j>

n = j.
V2 COS j> + hR2 eq + Y

For operation at constant voltage, constant power factor and

variable load current, the efficiency will be a maximum when

I2.R2 eg + t is a minimum. This will happen when

d l. _ Pi] „ „ Pi

i.e. when

pt
= Iz*R2ea

Thus the efficiency at any given power factor is a maximum
when the load is such that the I2R losses are equal to the constant

core losses.

EXAMPLE 9.4 The required no-load voltage ratio in a 150kVA single-phase

50Hz core-type transformer is 5,000/250 V.

(a) Find the number of turns in each winding for a core flux of about 0-06 Wb.

(b) Calculate the efficiency at half-rated kVA and unity power factor.

(c) Determine the efficiency at full load and 0-8 p.f. lagging. The full-load

I 2R loss is 1,800W, and the core loss is 1,500W.

(d) Find the load kVA for maximum efficiency.

(a) From eqn. (9.45a),

E2 = 4-44/N2<I>m

Therefore

W, = — = 18-8, or say 19 turns
444 x 50 x 0-06 '
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Since only a whole number of turns is possible it is most common, as above,

to calculate the number of turns on the low-voltage winding first. Then the

number of turns on the high-voltage winding is found to give the correct ratio.

Thus

ATi = 19 x ^r = 38° turns
250 -

(b) At half-rated kVA, unity p.f. (i.e. at half full-load current).

Winding loss = (£)
2 x 1,800 = 450W = 0-45kW

Core loss = constant = Pt = 1.500W = l-5kW

Power output = i x 150 = 75kW
Therefore

Efficiency = 1 -
75
^j,*^ = 97 "2 Per cent

(c) At full-load kVA, 0-8 p.f. lagging.

Power output = 150 x 0-8 = 120kW
and

Efficiency - 1 -
,J* + ^ , , = 97-3 per cent

(d) Maximum efficiency.

Let x be the fraction of the full-load kVA at which maximum efficiency occurs.

For maximum efficiency the core loss is equal to the I SR loss, i.e. Pi = x2Pc ,

whence

X
*lpc V 1,800

Therefore

Load kVA for maximum efficiency = 0-913 x 150 = 137kVA

9.15 Transformer Tests

OPEN-CIRCUIT TEST

The circuit is shown in Fig. 9.19. The transformer is connected

n@z-<5)
Normal input (yT^
voltage vi'

PO

Fig. 9.19 OPEN-CIRCUIT TEST

(in its tank) and the normal rated voltage Vi is applied. The second-

ary voltage V%, the current To and the power P are measured.

Then, since the I2R loss on open-circuit may be neglected (or allowed

for, since Io is known), the no-load input will be the normal core

loss.
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The values of Rc and Xm in the parallel exciting circuit can then
be calculated. The open-circuit power factor is cos <j>o

= Po/Vilo,
so that

lw = locosfo and Im = Vosin</>o

Then

Rc = ^-

and

Xm —

(9.73)

(9.74)

These are shown on the diagram of Fig. 9.16. The open-circuit
ratio Vi/V2 will be almost equal to the turns ratio N1IN2.

SHORT-CIRCUIT TEST (Fig. 9.20)

One winding is short-circuited and the voltage applied to the
other is gradually raised from zero until full-load current flows.

Low-voltage
supply

L.V. H.V.

Fig. 9.20 SHORT-CIRCUTT TEST

The readings of the wattmeter (Psc), ammeter (h), and voltmeter (Vx)
are noted. Since the exciting voltage is small the core flux will be
small, and the core losses will be negligible. If the impedance is

referred to the primary, then

Rieq = R\ + Ri and Xleq = Xi + X2
'

and these values may be found from the instrument readings.

The short-circuit power factor is

/ "sc
cos<£sc =—

and

£leq =
-J-

= y COS <psc +JY~ sm 9 nc

-(*! + Rz) + j(Xi + X2
')

(9.75)

(9.76)
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The resistances of the windings can be measured separately by a

d.c. test. It is, however, impossible to separate the leakage reactances.

Note that Psc gives the full-load I2R loss Pc , so that the efficiency

at any load may be calculated from the open- and short-circuit tests.

EXAMPLE 9.5 A lOkVA 200/400V 50Hz single-phase transformer gave the

following test results. O.C. test: 200V, 1-3A, 120W, on l.v. side. S.C. test:

22V, 30A, 200W on h.v. side.

(a) Calculate the magnetizing current and the component corresponding to

core loss at normal frequency and voltage.

(b) Calculate the magnetizing-branch impedances.

(c) Find the percentage regulation when supplying full load at 0-8 p.f. leading.

(d) Determine the load which gives maximum efficiency, and find the value

of this efficiency at unity p.f.

(a) O.C. test

120
Open-circuit power factor = _„ . , = 0-462 = cos <j>o

Therefore

Magnetizing current = /o sin <j> = 1*3 x 0-886 = 115A

and

Component of current corresponding to core loss = /o cos ^o

= 1-3 x 0-462 = 0-6

A

*c =_^ =^ = 333n
lo cos 4>o 0-6

lo sin 0o 1-15 ^~
(c) Percentage regulation at 0-8 leading p.f.

22
Total impedance referred to h.v. side, Zi eq = — = 0-733

D

200 ^
Total resistance referred to h.v. side, i?2e« = ^p = 0-2220

Total reactance referred to h.v. side, Xz eg = V(0-733
2 -0-222 2

) =0-698 Q.

10,000
Full load current on h.v. side = ~77^r = 25A

Thus

Regulation at 0-8 leading

f» /?2<-«/2 cos
<f>
— Xveqh sin <j> (from eqn. (9.65))

= (0-222 x 25 x 0-8) - (0-698 x 25 x 0-6)

= —60V (voltage rise due to leading power factor)
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Therefore

60
Regulation = — —— x 100 = — 1-5 per cent

(d) Maximum efficiency

From o.c. test, full-voltage core loss, Pi = 120W

/25\ 2

From s.c. test, full-load I 2R loss, Pc = 200 X [^ J = 140W

Let x be the fraction of full-load kVA at which maximum efficiency occurs.

At maximum efficiency the I*R loss is equal to the core loss, so that

x2Pc = Pi

Therefore

>=J9rJm=°™
and

kVA for maximum efficiency = 0-925 x 10 = 9-25kVA

When the load has unity power factor,

Load for maximum efficiency = 9-25kW

9,250
Maximum efficiency =

9,250 + 120 + 120
x 100 = 97-4 per cent

SEPARATION OF HYSTERESIS AND EDDY-CURRENT LOSSES

From eqn. (9.71) it can be seen that, with sinusoidal flux in the core,

the hysteresis loss increases with the frequency, while the eddy-

current loss increases as the square of the frequency. This is the

©
Variable-frequency
variable-voltage ( Vj
supply

Fig. 9.21 CIRCUIT FOR SEPARATION OF CORE LOSS

basis of one method whereby these losses may be separated (Fig.

9.21). The transformer primary is connected to a variable-frequency

and variable-voltage sinusoidal supply. Since it is necessary to

ensure a sinusoidal core flux, the secondary is connected to a moving-

iron voltmeter (measuring r.m.s. values), with a rectifier voltmeter

in parallel (measuring average values X 1-11). If the flux is sinusoidal,
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the form factor is 1-11 and the instruments will record the same
voltage. If the flux is not sinusoidal, the readings will differ, so that

for this test it is essential that both instruments should give the same
reading. This reading will be 4-44/iWl'm volts, where N% is the

number of secondary turns.

The hysteresis and eddy-current losses are separated by their

different variations with frequency. The total loss should be mea-

sured at various frequencies while the other factors upon which

the core losses depend are maintained constant. Thus it is necessary

to maintain <J>m constant as the frequency is varied. Now,

V\$„ocj (from eqn. (9.44(a))

so that as the supply frequency is varied the supply voltage must

also be varied in such a way that the ratio V\\f, and hence <Dm , is

maintained constant throughout the test.

Since the voltage coil of the wattmeter is energized from the trans-

former secondary, the primary I 2R loss is eliminated from the

reading. The core loss is obtained by multiplying the wattmeter

reading by the turns ratio, and subtracting from this the power loss

in the voltmeters and in the voltage coil of the wattmeter.

Hysteresis loss = Af watts, where A is a constant

Eddy current loss = Cf2 watts, where C is a constant

Total core loss = i>« = Af+ Cf2

whence

/
= A + Cf

Fig. 9.22 SEPARATION OF CORE LOSSES

If a graph of P«//is plotted to a base of frequency, the graph will

be a straight line intersecting the Ptjf axis at A and with a slope C
(Fig. 9.22). Hence A and C, and the hysteresis and eddy-current

losses at a given frequency and peak core flux density may be found.
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9.16 The Per-unit System

It is often convenient to carry out calculations relating to trans-
formers and other electrical plant using the per-unit system. In this
method all the relevant quantities are expressed in per-unit form, i.e.

as fractions of chosen base values.

There are two main advantages in using the per-unit system.
First, the constants of transformers and other plant fall within
narrow limits when expressed in per-unit form based on their rating.
Second, in computations involving transformers the need to refer
quantities from one side of the transformer to the other is eliminated.
The per-unit value of any quantity may be defined as

a, ,v .,. . Actual quantity
Quantity in per-unit form =

;
—3- 3-— (Q ii\

Base value of quantity v
'

'

For any quantity A,

Avu = A ê
(9-78)

The quantity A may be voltage, current, volt-amperes, impedance,
admittance or any electrical quantity.

The base values of voltage and current, V^, 1^, may be
chosen arbitrarily though they will usually be chosen to correspond
to rated voltage and rated current. Once these have been chosen the
base values of all other electrical quantities are automatically fixed.

For a single-phase system, the power, reactive volt-ampere and volt-
ampere bases are

.
Phase, Qbase and Sbase = VbaseIba8e (9.79)

The resistance, reactance and impedance bases are

Rbase, Xbase and Zbase = —

—

(9.80)
Ibase

The conductance, susceptance and admittance bases are

GiaM,Bbm and y^ = -^££ (9 81)
y base

In practice it is more usual to choose the voltage base and the volt-
ampere base and then to determine the current base from eqn. (9.79).

EXAMPLE 9.6 A 500V lOkVA single-phase generator has an open-circuit
voltage of 500V. When the load current is 25A at a certain power factor the
terminal voltage falls to 480 V. Determine in per-unit form (a) the output
voltage, (b) the output current, (c) the output volt-amperes, and (d) the voltaee
regulation. &
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Choosing rated voltage and rated volt-amperes as bases, and using the

subscript B to represent base values,

Vb = 500V and Sb = 10,000VA

From eqn. (9.79),

Sb 10,000 „„ A

/B =Fs = -5bT = 20A

480 „_,
Output voltage p.u. = —- = 0-96

25
Output current p.u. = — = 1-25

(i.e. an overload since full load is represented by 1 p.u.)

180 x 25

10,000

480 x 25
Output VA p.u. = innnn

= 12

or, more directly,

Output VA p.u. = Vpulpu = 0-96 x 1-25 - 1-2

500 - 480 . n .

Voltage regulation p.u. = —-— = 004

or, more directly,

Voltage regulation p.u. = 1 — 0-96 = 004

With transformers, provided that rated primary voltage is used as

base with primary referred impedances, and rated secondary voltage

with secondary referred impedances, the same per-unit values of

impedance are obtained. As a result calculations in per-unit form

are the same for the primary and the secondary. The actual primary

or secondary values are obtained by multiplying the per-unit values

by the appropriate base quantities.

EXAMPLE 9.7 A 5kVA 200/400V 50Hz single-phase transformer has an

equivalent circuit consisting of shunt admittance (1-5 x 10~3 - fil5 X 10~3
) S

mho and series leakage impedance (0-12 +jO-i2)Q, both referred to the low-

voltage side. Determine the per-unit values of the shunt admittance and the

leakage impedance using first the primary referred values and then the secondary

referred values. The voltage base is to be the rated value.

Determine also the per-unit value of the core loss when the transformer is

excited at rated voltage, the full-load winding loss and the full-load voltage

regulation if the load power factor is 0-8 lagging, and express each of these values

in actual quantities.

(a) Per-unit values using primary data

Base VA, Sb = 5,000VA
Base voltage, Vbi = Rated primary voltage = 200V

Sb _ 5,000
Base current, Ibi = -p 200"

~~



Transformers 297

VB 200
Base impedance, Zb\ = -r~ = ~zt = 8Q

Jb Z->

Base admittance, Ibi = — = ;rrp: = 0-125S
Vb 2Xa>

_, . „ I'm 1-5 x 10-3 -y'3-15 x 10"3

Shunt admittance, Ypu = -77— — .„.
iB U-I/5

= (12 x 10-3 _ 25.2 x 10-3)p.u .

r . ~ 0-12+y'0-32
Leakage impedance, ZpM = jp

= (0015 + y0-04)p.u.

(6) Actual referred values of equivalent circuit constants

_ ^OO^ 2 15 x IP-3 -y'3-15 X IP'3
Y2 eQ - YleQ

^ 40Q j -
4

= (0-375 x 10-3 -yo-787 x 10~3
) S

/400\ 2

Z2e„ = Zie„
[xfi)

= 4(0-12 +y'0-32) = (0-48 + yl-28)0

(c) Per-unit values using secondary data

Base VA, Sb = 5,000VA
Base voltage, Vm = Rated secondary voltage = 400V

5,000
Base current, Ibz = „„ = 12-5A

400

Ib2 400
Base impedance, Zbz = 77- = ~nri = 3212

1 1 7*s
Base admittance, Ybi = tt- = -7^7 = 003125S

VB2 4UU

' Y2e„ 0-375 x 10-3 - (yO-787 X IO-3
)

Shunt admittance, YVu = -r;— = „ A-,.~ c
JB2 UUilZJ

= (12 x IP- 3 -y'25-2 x lQ-3) p ,u .

T
. Z2(!8 048 +yl-28

Leakage impedance, Zj,M = —— = r^

= (0-015 +y'0-04)p.u.

It will be noted that, where the rated voltage and volt-amperes are used as

bases, the per-unit values of the constants of the transformer equivalent circuit

are the same whether primary or secondary data are used.

In the transformer equivalent circuit the core loss is represented by power
dissipated in Gc the real part of the shunt admittance. Since the transformer is

excited at rated voltage, in per-unit values the voltage will be unity.

Core lossp.u.,Pj ,„ = VVU 2GVU = l
2 x 12 x 10"3 = 12 xlQ-3 p.u.
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It will be noted that the reference part of the per-unit shunt admittance is

numerically equal to the per-unit core loss at normal voltage.

Base power, Pb = VbiIbi = Kbz/b2 = 5,000

Actual core loss, Pt = PivuPb = 12 x 10~3 x 5,000 = 60

W

The winding loss may be calculated by determining the power dissipated in

the reference part of the leakage impedance. Since the winding loss on full load

is required the per unit current will be unity.

Winding loss p.u. PCP« = IP*
2RPu = l

2 x 001 5 = OOlSp.u.

It will be noted that the reference part of the per-unit leakage impedance is

numerically equal to the full-load winding loss.

Actual winding loss, Pc = PcpuPb = 001 5 X 5,000 = 75

W

The actual voltage regulation is given by eqn. (9.63).

Voltage regulation p.u. = hpuRpu cos
<f> + hpuXpU sin

<t>

since the full-load voltage regulation is required hpu = 1.

Voltage regulation = (1 x 0015 x 0-8) + (004 x 0-6) = 0036p.u.

Actual voltage regulation = 0036 Kb = 0036 X 400 = 14-4V

Since the secondary voltage base is used this gives the actual change in voltage

at the secondary terminals.

This last result may be checked by direct substitution into eqn (9.63), which gives

Voltage regulation = (12-5 x 0-48 x 0-8) + (12-5 x 1-28 x 0-6) = 144V

If calculations relating to two or more transformers, or other

plant, of different ratings are to be undertaken, then the per-unit

values must all be referred to the same voltage and volt-ampere

bases. In such a situation the base values chosen will not be the rated

value of volt-amperes of some of the plant involved.

Following eqn. (9.77), the per-unit value of any quantity A to

AbaseX IS

Apul = -J- {9.11(d))

Similarity the per-unit value of A to a second base value is

Combining eqns. (9.77(a)) and (9.77(A)) gives

A = ApU l Abasel == Apu2 -<4&ase2

i.e.

Avu % = Apul X -y^l (9.82)
ibaseZ
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Eqn. (9.82) in combination with eqns. (9.79)-(9.81) may be used to
change the base to which any electrical quantity is referred.

For 3-phase plant the rated phase voltage and rated volt-amperes
per phase would normally be chosen as base values, and after

this has been done eqns. (9.90), (9.91) and (9.92) apply and the
problem may be treated as a single-phase problem.

EXAMPLE 9.8 A 60MVA 3phase 33/1 lkV mesh/star-connected transformer
supplies a 10MVA feeder. The leakage impedance per phase of the transformer is

(0015 + /004)p.u.andtheimpedance per phase of the feeder is (006 +/'007)p.u.
The p.u. impedances are based on the nominal ratings per phase of the trans-
former and feeder respectively. When the load on the distant end of the feeder
is 10MVA at a power factor of0-8 lagging and the load voltage is 1 1 kV determine

:

(a) The line current in the feeder.

(b) The transformer secondary phase current.

(c) The transformer primary phase current.

(d) The transformer primary line current.

(e) The transformer output line voltage.

(/) The transformer input line voltage.

The per-unit impedances of the feeder and transformer are based on their
respective nominal ratings. It will be necessary to express these relative to a
common base, and the nominal rating of the transformer is chosen as the common
base.

From eqn. (9.82), the per-unit impedance of the feeder on the new base is

— _ _ Zbasel

since the impedance base is inversely proportional to the volt-ampere base.
The feeder impedance referred to this base is

Zf = (006 +/007) jq
= (0-36 +/0-42)p.u. = 0551 /49-4° p.u.

The base values for the feeder and the l.v. side of the transformer are

60 x 106
SB = j = 20 x 10"VA

11 x 103
Vb = jt— = 6-35 x lO^V

v3
20 x 10«

lB =
6-35 X 103 = 315 X 103A

The base values for the h.v. side of the transformer are

60 x 10"
SB = 3 = 20 x 10«VA

VB = 33 x 103V
20 x 10«

/B = 3Tx-f03=
'605><103A
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The actual load on the feeder is 10/3MVA per phase at a power factor of

0-8 lagging and a phase voltage of 6-35 x 103 V.

Actual VA/phase 10/3
Load VA, SP. = BaseV£ = "jo

= 0167 P-«-

6-35 x 103
Load voltage, Vpu =

6 ,35 x 1Q3
= 1 p.u.

Load current, Ipu = rr- = 0-167 p.u.
Vpu

(a) Feeder current = /,« x haM = 0-167 X 3-15 x 103 = 525A

(b) Transformer secondary phase current = 525A

(c) Transformer primary phase current = 01 67 X 0-605 X 103 = 101

A

(d) Transformer primary line current = \/3 x 101 = 175A

The transformer secondary voltage is

where V = load voltage and / = feeder current.

Vvm = 1/0° +.(0-167/ -36-9° X 0-551/49-4°)

= (109 +700199) = l-09/l-04° p.u.

Transformer secondary phase voltage = 1-09 x 6-35 x 103 = 6,920V

(e) Transformer secondary line voltage = \fS x 6,920 = 12,000V

Total series impedance, Zvu t = (0015 +/0-04) + (0-36 +y0-42)
= 0-375 +_/0-46 = 0-594/50-8°p.u.

The transformer input line voltage is

Vpu i = ypu + i-puZpu t

= 1/0°^ + (0-167/-36-9 x 0-594/50-8°

= 10963 +/00238 = l-096/l-24°p.u.

(/) Transformer primary line voltage = 1096 x 33 x 103 = 36,200V

9.17 Three-phase Transformers

For 3-phase working it is possible to have either a bank of three

single-phase transformers, or a single 3-phase unit (Fig. 9.12).

Single-phase construction has the advantage that where single

units are concerned only one spare single-phase transformer is

needed as a standby, instead of a complete spare 3-phase trans-

former.

The single 3-phase unit takes up less space and is somewhat

cheaper. Technically the difference between the single 3-phase

unit and the three single-phase units lies in the fact that there is a
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direct magnetic coupling between the phases in the first case but
not in the second. Star, delta or zigzag windings are possible in

f t li

Primary
windings

) Secondary C
'. windings

J" Primary Secondary

Fig. 9.23 DELTA-STAR 3-PHASE TRANSFORMER

both primary and secondary, giving many possible pairs of connex-
ion. The complexor diagram for any connexion is drawn by observ-
ing that the e.m.f.s induced in all windings on the same limb are in

phase and in direct ratio to the numbers of turns.

Two cases will be considered in detail, the others being easily

followed by similar methods. In Fig. 9.23 the connexions and

Primary

Fig . 9.24 DELTA-ZIGZAG 3-PHASE TRANSFORMER

Secondary

complexor diagrams for a A-Y transformer are shown. The primary
complexor diagram is shown on the left, with primary line voltages

Vab, Vbc and Vca- The secondary is Y-connected, so that the phase
voltages Van, will be in phase with the primary line voltage VAb, and
the ratio VanIVAB will be almost equal to the turns ratio Nz/Ni, etc.

The secondary line voltages Vab , etc., will be the complexor differences

between successive phase voltages, as shown in the right-hand com-
plexor diagram. In this case the secondary line voltages will lead the
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primary line voltages by 30°, and will be \/3 ^(A^/iVi) in magnitude,

where Vv is the primary line voltage.

In Fig. 9.24 are shown the circuit and complexor diagrams of a

A-zigzag connexion. The secondary is divided into two equal halves

on each limb, the top half on one limb being connected in opposition

to the lower half on the preceding limb. This connexion is used

if the load on the secondary is far out of balance, since each secondary

phase is divided between two primary windings. Each secondary

phase voltage is thus the difference between the e.m.f.s induced in

windings on successive limbs. Thus

Van = 'a' — Vc"

where Va ' is in phase with Vab, and Vc" is in phase with Zca- The

secondary line voltages in this case are in phase with the primary

line voltages. If the magnitude of these line voltages is V\, then

_ViN2,
a ' ~

2 Ni

where N2 is the total number of secondary turns on each limb, and

_ViN1Vc" ~ 2 Ni

Hence, from the complexor diagram,

T Vl
Ni

Van = ^rVi~

and the secondary line voltages are

2
l AV

9.18 Star-star Connexion

It is possible to use a 3-phase transformer with both the primary

and the secondary connected in star as follows.

THREE SINGLE-PHASE UNITS (Fig. 9.25)

If the primaries of a bank of three single-phase transformers are

star connected to a 3-phase, 4-wire system, then a constant voltage

is applied to each primary. The three transformers act independently

of one another, the load on each secondary phase being reflected

into the corresponding primary phase. This is a perfectly practical

connexion, but has the disadvantage that there is no tendency for
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the primary currents to be balanced when the load on the secondary
is unbalanced.

Fig. 9.25 STAR-STAR CONNEXION OF THREE SINGLE-PHASE
TRANSFORMERS

If the primaries are connected to a 3-wire system, the primary
line voltages are constant, but the primary phase voltages may be
unbalanced, since the star-point potential is not fixed. The most
extreme case is when one secondary phase only is loaded. The
loaded transformer will have a low input impedance while the two
unloaded transformers will act as high-impedance chokes. The
voltage across the loaded phase will fall to a low value, while
the voltages across the other,two phases will rise almost to the line
voltage value. This connexion is therefore unsuitable if there is any
possibility of unbalanced loads.

FIVE-LIMB CORE-TYPE THREE-PHASE TRANSFORMER (Fig. 9.26)

If the primary windings are star connected to a 4-wire system,
the primary phase voltages are constant, so that the primary phase
e.m.f.s must also be approximately constant. Hence the flux in
each core must be approximately constant, and the primary ampere-
turns will balance the secondary ampere-turns on each limb. Thus
the output will remain approximately constant, and the primary
current in any line will be a reflection of the secondary current in the
same line.

If there is no primary neutral connexion, the primary line voltages
(but not necessarily the primary phase voltages) must remain con-
stant. Hence between line terminals the primary ampere-turns
must balance the secondary ampere-turns, but there need not
necessarily be ampere-turn balance on each core. Consider, for
simplicity, the 1 : 1 turns-ratio 3-wire star-star transformer which has
only one secondary phase loaded, as shown in Fig. 9.26. Let the
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primary phase currents be Ia, Ib, and lc, where Ib is the primary

current on the loaded limb. By Kirchhoff's first law,

Ia + Ib + Ic = (9.83)

'

Ia
1

'Ib lc

r r r

I

Fig. 9.26 STAR-STAR CONNEXION OF 3-PHASE TRANSFORMER

Suppose that there are N turns on each phase winding; then between

terminals A and B

:

Primary ampere-turns = IaN — IbN

— Secondary ampere-turns = IN (9.84)

Also between terminals A and C,

Primary ampere-turns = IaN — IcN

= Secondary ampere-turns =

Therefore Ia — lc, and

Ib = _(& + lc) = -2IA (9.85)

Hence, from eqn. (9.84),

Ia +2IA = I

Thus

Ia = IcI/3, and IB = -27/3.

Examination of the cores will show that on each there are resultant

unbalanced ampere-turns of 7JV/3. Further, all these unbalanced

ampere-turns are in phase and set up a flux through each of the

wound cores in parallel with the path completed through the un-

wound cores. This flux linking the phase windings will unbalance

the phase e.m.f.s with the result that the voltage across the loaded

phase tends to fall while the voltages across the two other phases

tend to rise. The result is similar to that with three single-phase

transformers.
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THREE-LIMB CORE-TYPE THREE-PHASE TRANSFORMER

Basically the 3-limb transformer will behave in the same way
as the 5-limb transformer. When a 3-limb transformer is supplied

from a 3-wire system and feeds an unbalanced load, the phase

voltages will remain approximately balanced since there is no low-

reluctance path through which the unbalanced ampere-turns on each

core can set up a flux. The actual flux path is completed through the

air or through the steel tank of enclosed transformers, in which case

undesirable heating may occur.

Star-star connexion is not generally satisfactory and should not

be used with unbalanced loads, unless an additional delta-connected

winding is provided. This tertiary winding does not usually feed

any load, but if the secondary load is unbalanced, the out-of-balance

flux will give rise to a circulating current in the closed tertiary

winding, whose ampere-turns will then cancel out the unbalanced
ampere-turns due to the load. The phase voltages will then tend

to remain balanced.

9.19 Other Three-phase Transformer Connexions

The following brief notes illustrate the applications and limitations

of some ofthe other possible connexions for three-phase transformers.

DELTA-DELTA

This is useful for high-current low-voltage transformers, and can
supply large unbalanced loads without disturbing the magnetic
equilibrium. There is, however, no available star point.

DELTA-STAR

This arrangement is used to supply large powers at high voltage, and
for distribution at low voltages. A large unbalanced load does not

Balanced
ampere-turns
"

it

Zero
current

Fig . 9.27 DELTA-STAR CONNEXION WITH UNBALANCED LOAD

disturb the magnitude equilibrium since the primary current will

flow in the corresponding winding only, and the primary and second-
ary ampere-turns will be balanced in each limb (Fig. 9.27).
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STAR-DELTA

Used for substation transformers supplied from the grid but not
for distribution purposes owing to the absence of a neutral.

DELTA-ZIGZAG

Used for supplying smaller powers with large out-of-balance

neutral currents. The zigzag winding establishes magnetic equili-

brium.

9.20 Scott Connexion

The Scott connexion is a method of connecting two single-phase

transformers to give a 3-phase to 2-phase conversion. The method

Teaser
transformer

Main
transformer

(b)

(a)

Fig. 9.28 SCOTT CONNEXION

is frequently used to obtain, from a 3-phase supply, a balanced

2-phase supply for a.c. control systems.

Referring to Fig. 9.28(a), the centre-tapped primary of the main

transformer has the line voltage Vyb applied to its terminals. The
secondary terminal voltage of the main transformer is

Fig. 9.28(6) is the relevant complexor diagram. The line voltages

of the 3-phase system, Vry, Vyb and Vbr, which are balanced,

are shown on the complexor diagram as a closed equilateral triangle.

The voltages across the two halves of the centre-tapped primary

of the main transformer, Vcb and Vyc, are equal and in phase with
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FVb. Evidently pleads Vyb by 90°. This voltage is applied to the
primary of the fcmer transformer, and so the secondary voltage of
the teaser transformer, V\, will lead the secondary terminal voltage
of the main transformer by 90°. However,

VRC = VRY cos 30° =^ VL

To make Vi equal in magnitude to V2 the primary of the teaser

transformer requires to have -^- Ni turns. Then

N2 N2 V3 VL N2n = 77T^ ^c =-^ -^ = ^ Ft = V2

2
-m ^-m

The voltages V\ and F2 thus constitute what is usually regarded
as a balanced 2-phase system comprising two voltages of equal
magnitude having a phase difference of 90°.

The primaries ofthe two transformers may have a 4-wire connexion
to the 3-phase supply if a tapping point N is provided on the primary
of the teaser transformer such that Vrn = Fj/-\/3.

If n is the number of turns in the section RN of the primary
winding of the teaser transformer,

n Vi/V3

** fy,
Therefore

9 /~k

n=~rNx = 0-577 Ni

Number of turns in section NC| = 0-866 #1 — 0-577 Ni
of teaser transformer primary/ = 0-299 Ni

Frequently identical interchangeable transformers are used
for the Scott connexion, in which case each transformer has a primary
winding of Ni turns and is provided with tapping points at 0-299M
0-5 Ni and 0-866 Ni.

If the 2-phase currents are balanced, the 3-phase currents are also
balanced (neglecting magnetizing currents). This may be shown as
follows.

Let h be the reference complexor so that

h = 7/0^ and 7a = 7/-9Q = -//
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For m.m.f. balance of the teaser transformer,

so that

I = 2l- **1
//o° (9.86)

For m.m.f. balance for the main transformer,

T Ni T
Ni

or

Iy-Is=-j
2
-p

x

l (9-87)

For 3-wire connexion,

Ir + Iy + h = (9.88)

Substituting for Ir from eqn. (9.86) in eqn. (9.88),

'« + '"-^l' (9-89)

Adding eqns. (9.87) and (9.89),

' -2 N2 T .„ N2
,

or

/y = 4;§ //-120° (9-90)

V 3 jVi '

Similarly,

That is, the 3-phase currents are balanced if the 2-phase currents

are balanced, neglecting the effect of magnetizing current. Since

the 3-wire connexion gives balanced currents there will be no

neutral current if a neutral wire is connected.

9.21 Transformer Types

POWER TRANSFORMERS

These have a high utilization factor, i.e. it is arranged that they

run with an almost constant load which is equal to their rating.



Transformers 309

The maximum efficiency is designed to be at full load. This means
that the full-load winding losses must be equal to the core losses.

DISTRIBUTION TRANSFORMERS

These have an intermittent and variable load which is usually

considerably less than the full-load rating. They are therefore

designed to have their maximum efficiency at between \ and f of full

load.

AUTO-TRANSFORMERS

Consider a single winding AC, on a magnetic core as shown in Fig.

9.29. If this winding is tapped at a point B, and a load is connected
between B and C, then a current will flow, under the influence of the

e.m.f. E2, between the two points. The current h will produce an
m.m.f. in the core which will be balanced by a current h flowing in

the complete winding. This is called the auto-transformer action,

and has the advantage that it effects a saving in winding material

(copper or aluminium), since the secondary winding is now merged
into the primary. The disadvantages of the auto-connexion are

:

1. There is a direct connexion between the primary and secondary.
2. Should an open-circuit develop between points B and C, the

full mains voltage would be applied to the secondary.
3. The short-circuit current is much larger than for the normal

two-winding transformer.

I: IB I2

c

Fig. 9.29 AUTO-TRANSFORMER (STEP DOWN)

It can be seen from Fig. 9.29 that a short-circuited secondary
causes part of the primary also to be short-circuited, reducing the
effective resistance and reactance.

Applications are

—

(a) Boosting or bucking of a supply voltage by
a small amount. (The smaller the difference between the out-
put and input voltages the greater is the saving of winding material.)

(b) Starting of a.c. machines, where the voltage is raised in two or
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more steps from a small value to the full supply voltage, (c) Con-
tinuously variable a.c. supply voltages, (d) Production of very high

voltages. Auto-transformers are used in the 275 kV and 400 kV grid

systems.

The connexion for increasing (boosting) the output voltage by

auto-connexion is shown in Fig. 9.30. The operation will be better

(a)

Fig. 9.30 AUTO-TRANSFORMER FOR BOOSTING THE OUTPUT
VOLTAGE

understood by considering Fig. 9.30(6). Neglecting losses, the

output voltage E% will be the sum of the input voltage E\ and the

e.m.f. Ea induced in the additional winding.

Continuously variable auto-transformers are constructed by

arranging for one of the output terminals to be connected to a

sliding contact which moves over the whole range of a single-layer

winding. The transformer is usually overwound so that voltages in

excess of the supply voltage may be obtained.

INSTRUMENT TRANSFORMERS

Current (series) and voltage (shunt) transformers are used for

extending the range of a.c. instruments in preference to shunts and

series resistors for the following reasons: (i) to eliminate errors due

to stray inductance and capacitance in shunts, multipliers and their

leads; (ii) the measuring circuit is isolated from the mains by the

transformer and may be earthed; (iii) the length of connecting leads

from the transformer to the instrument is of lesser importance,

and the leads may be of small cross-sectional area; (iv) the instru-

ment ranges may be standardized (usually 1A or 5A for ammeters

and 110V for voltmeters); (v) by using a clip-on type of trans-

former core the current in a heavy-current conductor can be

measured without breaking the circuit.

The current transformer has the secondary effectively short-

circuited through the low impedance of the ammeter (Fig. 9.31(a)).
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The voltage across the primary terminals will thus be very small,
so that there will only be a very small flux in the core (since E
<xf<$>N). This means that both the magnetizing and the core-loss
components of the primary current will be small. Also, the exact
value of the secondary load (called the burden) will have a negligible
effect on the primary current which is to be measured. The current
transformation ratio Ipjls will not be quite equal to Ns/Np , and will

depend on the ratio of magnetizing current to ammeter current.

To ammete ™ or
current coil

of wattmeter

, ,

m I

o rmri
M L 1

Load

(a)

rr
To ammeter

(b)

Fig\ 9.31 CURRENT TRANSFORMERS
(a) With wound primary (for currents up to about 1,000A)
(» With primary consisting of either a single bar on the line itself

(for larger currents)

Normally the correction is small. The presence of the magnetizing
and loss components of current introduces a phase angle error, due
to the fact that the secondary current is not exactly in phase with the
primary current. This is of importance only when the transformer
is to be used in conjunction with a wattmeter.
The current transformer must never be operated on open-circuit,

for two reasons. Firstly, there will be no secondary demagnetizing
ampere-turns, and since the primary current is fixed, the core flux
will increase enormously. This will cause large eddy-current and
hysteresis losses, and the resulting temperature rise may damage the
insulation. Even in the absence of evident damage the core may be
left with a high value of remanent magnetism which can lead to a
large undetected error in subsequent use. Secondly, a very high
voltage will be induced in the multi-turn secondary, being dangerous
both to life and to the insulation.

Voltage transformers operate with their primaries at the full

supply voltage and their secondaries connected to the high impedance
of a voltmeter or the voltage coil of a wattmeter (giving a secondary
phase angle of almost unity). The secondary current will be very
small (of the same order as the magnetizing current) so that trans-
former may be regarded in the same way as a power transformer on
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no load. The voltage ratio is effectively the turns ratio, and the

phase angle error (due to the fact that the secondary voltage will

not be quite in phase with the primary voltage) will generally be

negligible.

9.22 Short Transmission Lines in Parallel

Preliminary to the consideration of the operation of two trans-

formers in parallel the simpler case of two transmission lines in

parallel will be first considered.

z,=r,+jx.

Load

V Load

Fig. 9.32 TRANSMISSION LINES IN PARALLEL

Fig. 9.32(a) shows two single-phase short transmission lines

connected in parallel. The total series impedance of each pair has

been equivalently concentrated in one conductor of each. Fig.

9.32(6) is a simple redraft of the system. It is evident that the

voltage drops in the two transmission lines are identical. If the

total current / divides between the two lines so that h flows through

line 1 (of impedance Zx) and h flows through line 2 (of impedance

Z2), then

hZi = I2Z2 (9.92)

Also

l=h + h (9.93)
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Therefore

l^T^T l (9 "94)

Similarly,

Zi + Z2

This result will also apply to two balanced 3-phase systems

operating in parallel if Zi and Z2 are the equivalent impedances

per phase of the 3-phase transmission lines.

In many cases the division of the load between the two lines is

required. This may be determined as follows.

Let V be the receiving-end voltage. Multiplying eqns. (9.94)

and (9.95) by V for a single-phase system or by a/3 Ffor a 3-phase

system,

*-ZT** (9 '96)

and

St-y^ySr (9.97)
Zi + Zi

where the total volt-amperes (ST) and the volt-amperes delivered by

each line (Si and 52) are in complexor form, with the system voltage

V as reference.

Eqns. (9.96) and (9.97) may be expressed using impedance in

per-unit form.

Si= y
Z
Ty ST (9-98)

Zljju -+- ^2j)«

S» = y
Z
Tt St (9 "99)

Zlj>« + ^2j)tt

If the lines have different volt-ampere ratings the p.u. impedances

for both lines will have to be based on the volt-ampere rating of one

line. If the impedances of the lines are given in per-unit form, each

based on the individual volt-ampere rating of the line, the per-unit

impedance of one line may be converted to a new base in accordance

with eqn. (9.82).

EXAMPLE 9.9 A 3-phase cable A supplies a load of 2,O0OkW at 6,600V

and p.f. 0-8 lagging. A second cable B of impedance (3 +/4-5)n/phase is
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connected in parallel with A, and it is found that for the same load as before, A
carries 140A and delivers l,200k\V at a lagging p.f. What is the impedance of
cable A?

^ , j o 2 >000 _, ^ o

Power delivered by A wher
kVA delivered by A when

l in parallel with B =
in parallel with B

l,200kW

V3 x 6,600 x 140 /

~ 1,000 /

1,200
cos_1

T^oo = l*™t-41-4°

By eqn. (9.96),

ZB Sa 1,600/;-41-4°

36-9°

-

'64
/

4 "5
°

ZA + ZB St 2,500/-

and

7 i yA
Z,

B = 1-56/4-5° = 1-56 +yO-123
£,B

Therefore

Y = 0-56 +/0-123 = 0-574/12-4°

and

Za = Zb x 0-574/12-4° = 5-41/56-3° x 0-574/124° = 31 1/68-7°n

9.23 Single-phase Equal-ratio Transformers in Parallel

The correct method of connecting two single-phase transformers

in parallel is shown in Fig. 9.33(a). The wrong method is shown

at (b). At (a) it will be seen that round the loop formed by the

secondaries, E\ and E% oppose and there will be no circulating cur-

rent, while at (b) it will be seen that round the loop formed by

the two secondaries, E\ and E2 are additive, and will give rise to a

short-circuit current.

Fig. 9.33(c) shows the two transformer equivalent circuits with

the leakage impedances referred to the secondary sides. The two

ideal transformers must now have identical secondary e.m.f.s since

they have the same turns ratio and have their primaries connected

to the same supply. The potentials at A and C and at B and D
must then be identical so that these pairs of points may be joined

without affecting the circuit. The imaginary joining of these points

is shown in Fig. 9.33(d). From this diagram it is clear that two equal-

ratio transformers connected in parallel will share the total load in

the same way as two short transmission lines; all the previous

equations are therefore applicable.
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It is noteworthy that the per-unit impedance of a transformer

is the same whether the actual impedance is referred to the primary

or secondary.

Supply

Supply

Load Supply

(a)

Load Supply

(d)

Load

Fig. 9.33 EQUAL-RATIO TRANSFORMERS IN PARALLEL

From Fig. 9.33(d) it is evident that

/iZi = hZ2 (9.100)

and

h _ Z2

h Zx

The transformer currents (and hence the volt-ampere loads) are

in the inverse ratio of the transformer impedances. This is important
for parallel operation for it is usually desirable that both trans-

formers be fully loaded simultaneously. If the full-load volt-ampere

ratings are S
fll and Sfl2 , then this condition will be fulfilled if

Sfli _ £2

Thus it is desirable that two transformers for parallel operation

should have their rated full-load volt-amperes in the inverse ratio to

their impedances. It is also desirable that the two transformers should
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operate at the same power factor to give the largest resultant volt-

ampere rating. To achieve this the two impedances should have the

same phase angle.

9.24 Single-phase Transformers with Unequal Ratios in Parallel

If the single-phase transformers connected as in Fig. 9.33(a) have

unequal ratios, then E\ and E% will be unequal and there will be a

circulating current given by

h = frt (9 - 101)

in the secondary loop.

Since Z\ and Z2 will be small, the difference E\ — E% must be

small or the circulating current will be very large. It is possible

Fig. 9.34 UNEQUAL-RATIO TRANSFORMERS IN PARALLEL

to operate the transformers in parallel satisfactorily only if E\ and E%

are very nearly equal. If £1 and E% are the secondary e.m.f.s when the

impedances are referred to the secondary, they will be in phase with

each other, since they are the e.m.f.s of ideal transformers connected

to the same supply.

When the e.m.f.s are unequal they have an important bearing on

the load sharing between the two transformers. Fig. 9.34 shows the

usual equivalent circuit for the analysis in this case. E\ and £2 are

in phase ; Y\ and F2 are the equivalent secondary admittances and

Y is the load admittance. Then by Millman's theorem the voltage

JVo across the load is

JVo =
SFtoF* EiY! + EaY2

2F* ~ Yi + Y2 + Y

Hence the load current is

EiYxY + E2Y2Y
Fy =

= V

EIZ2 + £2^1

Fi + Y2 + Y ZZX + ZxZz + ZZ2

(9.102)

(9.103)

where Z = \jY, etc.
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Also the current through transformer 1 is

,,_ (£l - nr, =
(E

'-^Jp
rr'

(9..04)

and that through transformer 2 is

/2 = (£ 2 — r)Y2 =
y + Y + Y (9.105)

9.25 Three-phase Transformers in Parallel

In order that 3-phase transformers may operate in parallel the follow-

ing conditions must be strictly observed

:

(a) The secondaries must have the same phase sequence.

(Jb) All corresponding secondary line voltages must be in phase.

(c) The secondaries must give the same magnitude of line voltage.

In addition it is desirable that

(d) The impedances of each transformer, referred to its own
rating, should be the same, i.e. each transformer should

have the same per-unit resistance and per-unit reactance.

If conditions (a), (b) and (c) are not complied with, the secondaries

will simply short-circuit one another and no output will be possible.

If condition (d) is not complied with the transformers will not
share the total load in proportion to their ratings, and one trans-

former will become overloaded before the total output reaches the

sum of the individual ratings. It is difficult to ensure that trans-

formers in parallel have identical per-unit* impedances, and this

affects the load sharing in the same manner as was indicated for

single-phase transformers in parallel.

It is relatively simple to ensure that the phase sequence of all

transformer secondaries is the same before connecting them in

parallel. In transformers constructed in accordance with B.S. 171

the terminals of the h.v. and l.v. sides are labelled for the conven-
tional positive phase sequence. It is then only necessary to ensure

that correspondingly lettered terminals are connected together.

The main difficulty arising from the parallel connexion of 3-

phase transformers is to ensure that condition (b) is satisfied. This
is because of the phase shift which is possible between primary and
secondary line voltages in such transformers.

Three-phase transformers are divided into four groups according
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to the phase displacement between the primary and secondary

line voltages. These groups are

1. No phase displacement

2. 180° phase displacement

3. —30° phase displacement

4. +30° phase displacement

Connexions

A 2 B2 C 2 N-

• I *l •

Phase Line Phase
voltages voltages displacement

A 2B2

H.V.

side
[A, [B, IC,

a 2 ^2 c 2 n

•I •

L.V.

side
|a, fb, [c,

A 2 B 2 C2 N

• I si

180°

Fig. 9.35 STAR-STAR CONNEXION IN GROUPS 1 AND 2

Only transformers in the same groups may be connected in parallel.

Groups 1 and 2 contain (i) star-star, (ii) delta-delta, and (iii) delta-

zigzag combinations.

The connexion and complexor diagrams for a star-star transformer

belonging to group 1 are shown in Fig. 9.35(a). In this case it is

immediately obvious that there is no phase displacement between

the primary and secondary phase and line voltages. The essential

point to observe is that all windings on the same limb of a transformer

must give voltages which are either in phase or in antiphase, accord-

ing to the relative winding directions. The line voltages are derived

from the three phase voltages in the usual manner.
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The effect of reversing the connexions to the l.v. winding is shown
in Fig. 9.35(6). The directions of the phase e.m.f.s in the secondary
are reversed, so that there is now 180° phase displacement between
the primary and secondary line voltages. This connexion therefore

belongs to group 2.

Fig. 9.36 shows diagrams for the delta-delta connexion in group 1,

the complexor diagrams indicating that there is no phase shift

H.V.

L.V.

Line voltages
= winding voltages

A2B 2
= A2A,

Qob2D2

Fig. 9.36 DELTA-DELTA CONNEXION IN GROUP 1

Phase
displacement

between primary and secondary line voltages. If the connexions to

either the primary or the secondary windings are reversed, there will

be a 180° phase shift. The delta-zigzag connexion can similarly be
shown to belong to either group 1 or group 2.

The connexions in groups 3 and 4, giving —30° and +30° phase
displacements respectively, are: (i) delta-star, (ii) star-delta and
(iii) star-zigzag. Fig. 9.37(a) shows the delta-star connexion which
will give —30° phase shift. It should be noted that in this case the

line voltage between terminals A2 and B2 is actually in anti-phase

to the voltage across the h.v. B-winding, so that the voltage induced
in the 6-phase of the l.v. winding will also be in antiphase to the

line voltage A2B2. If the connexions to the h.v. side are reversed,

as shown in Fig. 9.37(6), then the phase shift produced will be +30°.
Similar connexion and complexor diagrams may be constructed for

the star-delta and star-zigzag connexions.

The load-sharing properties of two 3-phase transformers with
equal voltage ratios are governed by the same equations (9.98 and
9.99), as single-phase transformers, when the impedances are

expressed as per-unit impedances, i.e. irrespective of the methods
of connexion used for the transformers.
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H.v.

L.v.

CoA^-AoA,

A2B2— B2 Bj

4°° Line
volts

(a)

-30° phase
displacement

C2

•

i/ihA,l-Vb,L^c,

a2 ^2 c2 n
1 > o p p

a, fb, rt,

CpA,

A2B2=A 2A 1

B2C2

/ a2°1

b2 b, <-

+30° phase
' displacement

(b)

Fig. 9.37 DELTA-STAR CONNEXION IN GROUPS 3 AND 4

9.26 Transformers for High Frequencies

At radio frequencies and above, steel laminations cannot be used

for transformers and coils because of the excessive eddy-current and
hysteresis losses. One solution to this problem is to form cores of

iron dust in an insulating binder. Such dust cores can be used up to

radio frequencies, and have an effective relative permeability of

about 10.

An alternative solution has become available with the development

of homogeneous non-metallic materials called ferrites. These have

the form XO.FegOs, where X stands for a divalent metallic atom.

Ferrites crystallize in a cubic spinel structure, and are characterized

by a high initial relative permeability (between 10 and 3,000) and a

very high resistivity (typically 106£2-m compared to about 10-7Q-m
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for iron). Owing to the high resistivity, eddy-current losses are vir-

tually non-existent, so that ferrites can be used up to frequencies in

excess of 109 Hz. They are not suitable, however, for power-

frequency applications owing to their relatively high cost and
fairly low saturation flux density (about 0-2 T). Their mechanical

properties are similar to those of insulating ceramics—they are hard

and brittle and not amenable to mechanical working. It is interesting

to note that a naturally occurring ferrite known as lodestone

or magnetite was the first material in which magnetic effects were
observed.

The magnetic properties of ferrites depend on the metallic atom
that occupies the position X in the ferrite formula. In magnetite this

happens to be a divalent iron atom, so that magnetite is a double

oxide of iron (FeO . Fe203). The manufactured ferrites are generally

mixed crystals of two or more single ferrites.

Manganese zinc ferrite (MnO.Fe203, ZnO.Fe203) and nickel

zinc ferrite (NiO.Fe203, ZnO.Fe203) have very narrow hysteresis

loops and are suitable for high-0 coils, wideband transformers,

radio-frequency and pulse transformers and aerial rods. The material

is supplied in the form of extrusions or preformed rings. Various
grades are available depending on the application and frequency

range required.

Magnesium manganese ferrite (MgO.Fe2C>3, MnO.Fe203) exhi-

bits a relatively square hysteresis loop which makes the material

suitable for switching and storage applications. A typical B/H
characteristic is shown in Fig. 9.38(a).

For use as a storage element, the ferrite is formed in a ring, as

shown at (b). With no currents in the windings the magnetic state

of the core will be represented by either point X or point Y in (a)

—

i.e. with the residual flux directed either clockwise or anti-clockwise

round the ring. Clockwise flux may arbitrarily designated as the
"1" condition and anti-clockwise flux as the "0" condition, so that

the core can be used as a storage element for "ones" or "zeros",

i.e. as an element in a binary store. Note that no energy is required

to maintain the core in either state.

In order to change the state of a core from "1" to "0" it is necessary

momentarily to supply a current / in a winding in such a direction as

to give rise to demagnetizing ampere-turns. The flux density then

changes from X to Z, and falls back to the residual value Y when the

current is removed, so changing the core state from "1" to "0".

Similarly, if the initial state is "0", then supplying the appropriate

magnetizing ampere-turns will cause a change to the "1" state.

In order to determine the state of a core (i.e. to "read" the core)

it is also necessary to pass a current / through a winding in a standard
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direction. Thus, suppose the core state is represented by X at (a).

The "read" signal may be chosen in the demagnetizing direction so

that when a pulse of "read" current, /, passes, the core changes state.

An output pulse will then appear in a further winding ("sense"

winding) on the core due to the e.m.f. induced by the changing flux.

I

B(T);

0-2

1 i >

z
Y

100 H (At/m)

Write

Sense

(a)

Fig. 9.38 B/H curve for a square-loop ferrite

If the state of the core is represented by Y, however, the "read"

current pulse causes a change from Y to Z and back to Y. The
change in flux will be negligible and only a very small output will

appear in the "sense" winding. Hence the size of the "sense"

winding output will indicate the state of the core. Note, however,

that the "read" signal will itself change the state of the core from
"1" to "0", and hence a "rewrite" circuit is required if the "read"

signal is not to destroy the "information" stored (i.e. the state of the

core).

PROBLEMS
9.1 An air-cored mutual inductor has the following constants:

Resistance of primary winding, Ri = 48 Q
Self-inductance of primary winding, Lai — 80mH
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Resistance of secondary winding, R2 = 58O
Self-inductance of secondary winding, £22 = 60mH
Coupling coefficient, k = 0-60

Determine for to = 10,000 rad/s the input impedance to the primary when the
secondary terminals are (a) open-circuited, and (b) short-circuited. Find also
for co = 10,000rad/s the input impedance to the coils when they are joined (a) in
series aiding, and (b) in series opposing.

Arts. (48 +7800)0; (73-4 +/515)Q; (106 +y2,230)Q; (106 +y568)Q.

9.2 The primary winding of an air-cored mutual inductor has 1,500 turns and
the secondary winding 2,000 turns. When measurements were made at an angular
frequency of 5,000rad/s the following results were obtained:

Input impedance to primary (secondary open-circuited) . (40 +y'325)Q
Input impedance to primary (secondary short-circuited) . (60 +yi65)ii
Input impedance to secondary (primary open-circuited) . (80 +y650)Q

Determine the self-inductance of each winding, the mutual inductances and the
coupling coefficient. Draw the equivalerit-T circuit.

Determine also the primary and secondary leakage and magnetizing inductances
and draw the transformer equivalent circuit.

What is the input impedance to the primary for a secondary load of (200 +
J200)C1 at an angular frequency co = 5,000 rad/s?

Ans. 65mH; 130mH; 65mH; 0-707; 16-2mH; 43-3mH; 48-8mH-
86-7mH; (77 +j2l3)Q

9.3 Deduce an expression for the cross-sectional area of a transformer core in
terms of the primary voltage, turns, frequency and flux density. A 50Hz 3-phase
core-type transformer is to be built for a 10,000/400V ratio connected star-mesh.
The cores are to have a square section. Assuming a maximum flux density of
11 T and an induced e.m.f. of 10V per turn, determine the cross-sectional
dimensions of the core and the number of turns per phase in each winding.

(H.N.C.)
Ans. 20-2cm x 20-2cm; 578 turns/phase; 40 turns/phase.

9.4 A 3,200/400 V single-phase transformer has winding resistances and reac-
tances of 3Q and 13Q respectively in the primary and 002ft and 0065 ft in the
secondary. Express these in terms of (a) primary alone, (b) secondary alone.

Ans. 4-28ft, 1716ft; 0067ft, 0-268ft.

9.5 Explain with a diagram, how a transformer can be represented by an
equivalent circuit. Derive an expression for the equivalent resistance and
reactance referred to the primary winding.
A 50Hz single-phase transformer has a turns ratio of 6. The resistances are

0-9ft and 003ft and the reactances 5ft and 013ft for high-voltage and low-
voltage windings respectively.

Find (a) the voltage to be applied to the high-voltage side to obtain full-load
current of 200A in the low-voltage winding on short-circuit, (6) the power factor
on short-circuit. (H.N.C.)

Ans. 330V; 0-2 lagging.

9.6 The primary and secondary windings of a 30kVA 6,000/230V transformer
have resistances of 10ft and0016ft respectively. The reactance ofthe transformer
referred to the primary is 34(2. Calculate (a) the primary voltage required to
circulate full-load current when the secondary is short-circuited, Q>) the percentage
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voltage regulation of the transformer for a load of 30kVA having a p.f. of 0-8

lagging. (L.U.)

Ans. 200V; 3-1 per cent.

9.7 Calculate (a) the full-load efficiency at unity powet factor, and (b) the

secondary terminal voltage when supplying full-load secondary current at power

factors (i) 0-8 lagging, (ii) 0-8 leading for the 4kVA 200/400V 50Hz single-phase

transformer, of which the following are the test figures:

Open-circuit with 200V applied to the primary winding—power 60W. Short-

circuit with 16V applied to the high-voltage winding—current 8A, power 40W.
Show a complexor diagram in both cases. (JI.N.C.)

Ans. 0-97; 383 V, 406V.

9.8 A 12kVA 220/440V 50Hz single-phase transformer gave the following

test figures:

No-load: primary data—220V, 2A, 165W.
Short-circuit: secondary data—12V, 15A, 60W.

Draw the equivalent circuit, considered from the low-voltage side, and insert

appropriate values. Find the secondary terminal voltage on full load at a power

factor of 0-8 lagging. (H.N.C.)

Ans. 422V.

9.9 The following results were obtained from a 125 kVA 2.000/400V 50Hz
single-phase transformer:

No-load test h.v. data—2,000V, 1 A, 1,000W.
Short-circuit tests l.v. data—13V, 200A, 750W.

Calculate:

(a) the magnetizing current and the component corresponding to core loss at

normal voltage and frequency;

(6) the efficiency on full load at p.f.s of unity, 0-8 lagging, and 0-8 leading;

(c) the secondary voltage on full load at the above p.f.s. (H.N.C.)

Ans. 0-866A; 0-5A; 0-98; 0-976; 0-976; 394V; 384V; 406V.

9.10 A 5kVA 200/400V 50Hz single-phase transformer gave the following

results:

Open-circuit test: 200V, 0-7A, 60W—low-voltage side.

Short-circuit test: 22V, 16A, 120W—high-voltage side.

(a) Find the percentage regulation when supplying full load at 0-9 power

factor lagging.

(6) Determine the load which gives maximum efficiency and find the value of

this efficiency at unity power factor. (H.N.C.)

Ans. 3-08 per cent, 4-54kVA, 0-974.

9.11 Enumerate the losses in a transformer and explain how each loss varies

with the load when the supply voltage and frequency are constant. Describe

how the components of the losses at no load may be determined.

A transformer having a rated output of 100kVA has an efficiency of 98 per cent

at full-load unity p.f. and maximum efficiency occurs at | full load (unity p.f.).

Calculate (i) the core losses, and (ii) the maximum efficiency. (L.U.)

Ans. 0-62kW; 98-4 per cent.
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9.12 Calculate the efficiencies at half-full, full, and lj full load of a lOOkVA
transformer for power factors of (a) unity, (6) 0-8. The winding loss is 1,000W
at full load and the core loss is 1,000W.

Ans. i full, 0-975, 0-969; full, 0-98, 0-975; 1J full, 0-979, 0-974.

9.13 A 2-phase 240V supply is to be obtained from a 3-phase 3-wire 440V supply
by means of a pair of Scott-connected single-phase transformers. Determine the
turns ratios of the main and teaser transformers.

Find the input current in each of the 3-phase lines (a) when each of the 2-phase
currents is 1 A lagging behind the respective phase voltage by 36-9°, and (b) when
the secondary phase on the main transformer is open-circuited the other secondary
phase being loaded as in (a). Magnetizing current may be neglected.

Ans. 1-83; 1-59; 0-63A; h = 0-63/0°A; Iy = IB = 0-315/180° A.

9.14 Two transmission lines of impedance ( 1 + y'2) CI and (2 + y'2) CI respectively

feed in parallel a load of 7,500kW at 0-8 p.f. lagging.

Determine the power output of each line and its power factor.

Ans. 3,750kW, 0-707 lagging; 3,750kW, 0-894 lagging.

9.15 A 400kVA transformer of 001 per unit resistance and 005 per unit
reactance is connected in parallel with a 200kVA transformer of 0012 per
unit resistance and 0-04 per unit reactance. Find how they share a load of
600kVA at 0-8 p.f. lagging.

Ans. 373/-39°kVA; 227/-33-6°kVA.

9.16 Two 3-phase transformers operating in parallel deliver 500A at a p.f. of
0-8 lagging. The resistances and reactances of the transformers are Ri = 0-02H,
Xi = 0-2Q; R2 = 0-03 Q, X2 = 0-3C1. Calculate the current delivered by the
first transformer and its phase angle with respect to the common terminal voltage.

In this example Ri/Xi = R2IX2. Discuss, with reasons, whether or not this is

desirable for parallel operation. (H.N.C.)

Ans. 300A, 0-8 lagging.

9.17 A small 3-phase substation receives power from a station some distance
away by two feeders which follow different routes. The impedances per phase of
the feeders are (a) cable (3 + y'2) Cl and (b) overhead line (2 +j6)Cl. If the power
delivered by the line is 4,000kW at 1 1 kV and p.f. 0-8 lagging, find the total

power delivered by the cable and its phase angle. (H.N.C.)

Ans. 8,760kW; 1° leading.

9.18 Two transformers A and B are connected in parallel to supply a load
having an impedance of (2 + jl-5)Cl. The equivalent impedances referred to the
secondary windings are (0-1 5 + y'0-5)ftand(0-l +/0-6) Cl respectively. The open-
circuit e.m.f. ofA is 207V and of B is 205 V. Calculate (i) the voltage at the load,

(ii) the power supplied to the load, (iii) the power output of each transformer,
and (iv) the kVA input to each transformer.

Ans. (i) 189/-3-8° V, (ii) ll-5kW, (iii) 6-5kW, 4-95kW, (iv) 8-7kVA, 6-87kVA.

9.19 Explain clearly the essential conditions to be satisfied when two 3-phase
transformers are connected in parallel. Give two sets of possible connexions,
explaining how these are satisfactory or unsatisfactory.
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Two transformers of equal voltage ratios but with the following ratings and

impedances,

Transformer A—l.OOOkVA, 1 per cent resistance, 5 per cent reactance,

Transformer B—l,500kVA, 1-5 per cent resistance, 4 per cent reactance,

are connected in parallel to feed a load of l.OOOkW at 0-8p.f. lagging. Determine

the kVA in each transformer and its power factor. (H.N.C.)

(Note. Impedances may be expressed in per-unit form by dividing the percentage

impedances by 100.)

Ans. A: 448 kVA, 0-73 lagging. B: 804kVA, 0-834 lagging.

9.20 Two single-phase transformers work in parallel on a load of 750A at

0-8 p.f. lagging. Determine the secondary voltage and the output and power

factor of each transformer.

Test data are:

Open-circuit: 1 1,000V/3,300V for each transformer

Short-circuit with h.v. winding short-circuited:

Transformer A: secondary input 200V, 400A, 15kW
Transformer B: secondary input 100V, 400A, 20kW (L.U.)

Ans. 3,190V; A: 807kVA, 0-65 lagging. B: 1,61 5 kVA, 0-86 lagging.
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Chapter 10

GENERAL PRINCIPLES
OF ROTATING MACHINES

Rotating machines vary greatly in size, ranging from a few watts

to 600 MW and above—a ratio of power outputs of over 107
.

They also vary greatly in type depending on the number and inter-

connexion of their windings and the nature of electrical supply to

which they are to be connected. Despite these differences of size

and type their general principles of operation are the same, and it is

the purpose of this chapter to examine these common principles.

Three succeeding chapters give a more detailed treatment of parti-

cular types of machine.

10.1 Modes of Operation

There are three distinguishable ways or modes of operation of rotat-

ing machines and these are illustrated in the block diagrams of Fig.

10.1. The three modes, motoring, generating and braking, are

specified below.

MOTORING MODE

Electrical energy is supplied to the main or armature winding of the

machine and a mechanical energy output is available at a rotating

shaft. This mode of operation is illustrated in Fig. 10.1(a), which
takes the form of a 2-port representation of a machine, one port
being electrical and the other mechanical.

327
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An externally applied voltage v drives a current i through the arma-
ture winding against an internally induced e.m.f. e. The process of
induction of e.m.f. is discussed in Section 10.4. The winding is thus

enabled to absorb electrical energy at the rate ei. At least some of
this energy is available for conversion (some may be stored in asso-

ciated magnetic fields). The armature winding gives rise to an
instantaneous torque 7Y* which drives the rotating member of the

machine (the rotor) at an angular velocity u>r, and mechanical energy
is delivered at the rate of oyrT/. The process of torque production
is discussed in Section 10.5. An externally applied load torque

O ^ v l£

O—— ' I A ,., Hi
(a) (b)

'tffl%%
(c)

Fig. 10.1 MODES OF OPERATION OF ROTATING MACHINES

id) Motoring mode
(W Generating mode
(c) Braking mode

Te acting in a direction opposite to that of rotation enables the load

to absorb mechanical energy:

"-»-'% (10.1)

/ being the moment of inertia of the rotor and its mechanical load.

If the windage and friction torque is included in the external

applied load torque, then, following eqn. (10.1), if T/ and Te
are equal and opposite, d(orjdt == and the machine will rotate at a

steady speed.

When steady-state operation prevails, provided a sufficient period

of time is considered,

(<yr7Y)m«m = (eOm (10.2)

Since the armature winding must develop torque and have an

e.m.f. induced in it, a magnetic field is required. In very small

* To avoid confusion with t for time, instantaneous torque will be represented by 7".
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machines this may be provided by permanent magnets, but in

most machines it is provided electromagnetically.

Some machines have a separate field winding to produce the re-

quired magnetic field. For such machines the block diagram of

Fig. 10.1(a) would require a second electrical port. For the sake of

simplicity this has been omitted. The energy fed to the field winding

is either dissipated as loss in the field winding or is stored in the

associated magnetic field and does not enter into the conversion

process.

GENERATING MODE

Mechanical energy is supplied to the shaft of the machine by a prime

mover and an electrical energy output is available at the armature-

winding terminals. This mode of operation is illustrated in Fig.

10.1(6). The shaft of the machine is driven at an angular velocity

mr in the direction of the applied external instantaneous torque

Te and in opposition to the torque 7Y due to the armature winding,

enabling the machine to absorb mechanical energy. The armature

winding has an e.m.f. e induced in it which drives a current through

an external load of terminal voltage v. Eqns. (10.1) and (10.2)

apply equally to generator action.

BRAKING MODE

In this mode of operation the machine has both a mechanical energy

input and an electrical energy input. The total energy input is

dissipated as loss in the machine. This mode is of limited practical

application but occurs sometimes in the operation of induction

and other machines.

10.2 Rotating Machine Structures

Rotating electrical machines have two members, a stationary member
called the stator and a rotating member called the rotor. The stator

and rotor together constitute the magnetic circuit or core of the

machine and both are made of magnetic material so that magnetic

flux is obtained for moderate values of m.m.f. The rotor is basically

a cylinder and the stator a hollow cylinder. The rotor and stator

are separated by a small air-gap as shown in Fig. 10.2. Compared
with the rotor diameter the radial air-gap length is small. The
stator and rotor magnetic cores are usually, but not invariably,
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built up from laminations (typically 0-35 mm thick) in order to reduce
eddy-current loss.

Ifthe rotor is to rotate, a mutual torque has to be sustained between
the rotor and stator. A winding capable of carrying current and of

sustaining torque is required on at least one member and usually,

but not always, on both. One method of arranging windings in a

rotating machine is to place coils in uniformly distributed slots on
both the stator and the rotor. This method is illustrated in Fig.

Fig. 10.2 BASIC ARRANGEMENT OF A ROTATING MACHINE

Fig. 10.3 STATOR AND ONE OF ITS COILS

10.3, where, for clarity, only the stator is shown. An arrangement of
this sort is commonly used in induction machines. The distance

between the coil sides is usually about one pole pitch.

To make a complete winding, similar coils are placed in other

pairs of slots and all the coils are then connected together in groups.

The groups of coils may then be connected in series or in parallel,

and in 3-phase machines in star or mesh.

Some windings may be double-layer windings. In such windings

each slot contains two coil sides, one at the top and the other at the
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bottom of a slot. Each coil has one coil side at the top of the slot

and the other at the bottom.

An alternative arrangement to having uniform slotting on both
sides of the air-gap is to have salient poles around which are wound
concentrated coils to provide the field winding. The salient poles

may be on either the stator or the rotor, and such arrangements are

illustrated in Figs. 10.4 and 10.5(a).

The salient-pole stator arrangement is commonly used for direct-

current machines and occasionally for small sizes of synchronous

Salient pole

Concentrated
coil

Stator yoke

Pole shoes,

Rotor

Fig. 10.4 SALIENT-POLE STATOR

machine. As far as d.c. machines are concerned the stator is most
often referred to as the field and the rotor as the armature. The main
winding in such a machine is on the rotor and is called the armature

winding.

The salient pole rotor arrangement is most often used for syn-

chronous machines. In such machines the main winding is on
the stator but it is often called the armature winding.

In general, rotating machines can have any even number of poles.

The concentrated coil windings surrounding the poles are excited

so as to make successive poles of alternate north and south polarity.

The salient-pole rotor structure is unsuitable for large high-speed

turbo-alternators used in the supply industry because of the high

stress in the rotor due to centrifugal force. In such machines a

cylindrical rotor is used as shown in Fig. 10.5(6). Uniform slotting

occupies two thirds of the rotor surface, the remaining third being

unslotted. Such rotors are usually solid steel forgings.
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Fig. 10.5 ROTORS

(a) Salient pole (ft) Cylindrical

10.3 Self- and Mutual Inductance of Stator and Rotor Windings

The simplest rotating machine structure is a 2-pole machine with a

uniform air-gap as shown in Fig. 10.2 which does not exhibit

"saliency" (i.e. does not have salient poles) on either side of the air-

gap. In this and all succeeding sections of this chapter only 2-pole

machines will be considered.

Fig. 10.6(a) shows such a machine. The stator winding axis is

chosen to correspond with a horizontal angular reference axis

called the direct axis (d-axis) at which = 0.

A convention for positive current in a coil must be established

and this is done in the following way. Consider a winding such as the

stator winding of Fig. 10.6(a) whose axis corresponds with the d-

axis. Positive current is taken to produce an m.m.f. acting in the

positive direction of the d-axis. Thus the stator winding in Fig.

10.6(a) is excited by positive current. The angular position, 6, of a



General Principles of Rotating Machines 333

Rotor mm.f. axis

Rotor r

i £
Stator m.m.f. axis

op d-axis

0=0

(b)

Rotor Stator

Br
(d)

-*-e=o

;--fe^^fc;fi ism—m-1-*-

er=iso°
Stator

Rotor

r—

RotorG^ 4vr

(f)

vs i

6„=90°

Coil 3

-e=o

Fig. 10.6 MUTUAL COUPLING OF STATOR AND ROTOR COILS
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winding whose axis does not correspond with the d-axis is the magni-
tude of the clockwise angle through which the coil must be rotated

so that its m.m.f. acts along the positive direction of the d-axis.

Fig. 10.6(a) shows a rotor winding at an angle 8r to the d-axis.

If the current in this coil were reversed, represented in the diagram by
interchange of the dots and crosses of the rotor winding, the winding
position would be taken as 180° + 6r .

Fig. 10.6(b) is a circuit representation of the configuration shown
at (a) which uses the dot notation. The dot notation for coils capable

of rotation can be expressed as "currents entering the dotted end
of a winding give rise to an m.m.f. which acts towards the dotted

coil end".

Evidently the mutual inductance between the stator and rotor wind-
ings is a positive maximum in the configuration of Fig. 10.6(c), where
Br = 0, and a negative maximum for that of Fig. 10.6(e), where 6r —
180°. Further, in the configuration of Fig. 10.6(g), where the

winding axes are at right angles, the mutual inductance between the

windings is zero. If the rotor is considered to have diametral

coils (i.e. coil sides in diametrically opposite slots) then the current of

coil 1 links the stator flux in the opposite direction to that of the

current in coil 3 so that the net current-flux linkage is zero.

The mutual coupling between the stator and rotor coils depends
on the angular separation of their m.m.f. axes Br . When an induc-

tance is a function of in this way it will be denoted by the symbol
SC. Where an inductance is not a function of d it is written L.

The mutual coupling between the stator and rotor windings is

evidently a cosine-like or even function of the form

&„ = Lsr(cos 6r + ks cos 30r + k5 cos 5dr . . .) (10.3)

If all terms except the fundamental are ignored,

g'sr = Lsr COS Br (10.4)

Since the air-gap is uniform, the permeance of the stator and rotor

magnetic circuits is unaffected by rotor position and the stator and

rotor winding self-inductances are constants.

If the stator has salient poles, the mutual inductance between the

stator and rotor windings is still given by eqn. (10.3) though the

space-harmonic coefficients, kz, £5, ki, etc. will be different. Since

the space harmonics are ignored, the mutual inductance is given by

eqn. (10.4). The self-inductance of the stator winding will be a

constant independent of r , but the self-inductance of the rotor

coil will depend on the rotor position (see Fig. 10.7). When the rotor

m.m.f. axis is lined up with the d-axis, its self-inductance will be a
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maximum, Lm, say, but when it is lined up with an axis at right

angles to the (/-axis, the quadrature axis (^-axis), the self-inductance

will have fallen to a minimum value Lm , say, because of the much
lower permeance of the magnetic circuit centred on this axis.

After the rotor has turned through 180° the rotor m.m.f. axis

again corresponds with the (/-axis so that its self-inductance again

d-axis

2n 6 r

Fig. 10.7 VARIATION OF SELF-INDUCTANCE DUE TO SALIENCY

has the maximum value LM . Fig. 10.7(6) shows 3?rr to a base of
6r , from which approximately

&rr = U + L2 cos 26r (10.5)

or, from Fig. 10.7(6),

3?rr = \{Lda + Lqq) + \{LM — Lgq) cos 2dr (10.6)

When the saliency occurs on the rotor, on the other hand, the

rotor self-inductance becomes constant and the stator self-inductance

changes. In such a case the d- and 9-axis are deemed to rotate, the

rf-axis coinciding with the salient-pole axis and the q-axis being at

right angles to the d-axis. Eqn. (10.6) then gives the variation of
stator-winding self-inductance without modification as

Sess = i(LM + Lm) + i(Ldd - Lm) cos 2dr (10.7)

10.4 General Expression for Induced E.M.F.

Consider a stator winding s, and a rotor winding r that rotates at a
steady angular velocity wr = ddr/dt with respect to the stator wind-
ing, as shown in Fig. 10.8. Let the windings carry instantaneous
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currents is, ir which, in general, will be functions of time. The mutual

inductance of the windings is a function of dr as also will be one of the

self-inductances if saliency exists on either side of the air-gap.

Since the position of the rotor winding 6r is a function of time,

d-axis

Fig. 10.8 INDUCED E.M.F. AND TORQUE IN A ROTATING MACHINE

such inductances are implicitly functions of time. The e.m.f. in-

duced in the rotor winding is

er = ~r {-Zrrir + •Zsrls)

Differentiating each term as a product,

d£e„ ddr . „ dir dSesr d6,

er = —j- ir + »Z?rr ~~T. "T" ~Zn ~ Is T °£ sr j„
86r dt

r ^ ~ " dt

er = J?rr'corir + ^Csr'Oris + &:

ddr dt

dir

dis

dt

dt
+ &S

dig

dt
(10.8)

Rotational voltages Transformer voltagea

where J2V = ajS?rr/afl etc. and cor = ddrjdt.

It will be seen that the expression for er contains terms of two

distinct types: (a) voltages proportional to the rotor angular

velocity and called rotational voltages, and (b) voltages proportional

to the rate of change of the winding currents. These latter are

often called transformer voltages.

Including the voltage drop in the rotor winding resistance the

voltage applied to that winding is

dir „ di.

Vr = rr ir 4" Sfrr'cOrir + &'sr'drU + -& rr ~J^ + ~& sr
dt dt

(10.9)

Similarly, the voltage applied to the stator winding is

dh dU

Tt + * sr
dtVe = rsis + &„'<OrU + JSVcOriv + Xu^ + &sr~ (10.10)
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In general, for n coupled windings the voltage applied to the y'th

winding is

vj = m + Jf jt

{sejkik) (io.li)

When there are additional stator or rotor windings the expression

for a winding voltage may usually be inferred by extension of eqn.

(10.9)oreqn. (10.10).

10.5 General Expression for Torque

Consider again a machine consisting of a stator winding s and a

rotor winding r rotating at a steady angular velocity cor, as shown in

Fig. 10.8. The total instantaneous power fed into the machine is

pe = Vrir + Vsis

Substituting for vs and vr in terms of eqns. (10.9) and (10.10),

fe = rrir
Z + Sf„'u>rir

2 + £Ptr'(Oriri$ + &rrU -r + &srir ~T

+ rsis* + ^Cs/mris2 + &Sr'coriris + J2W, -j
t
+ ^srU

Tt
(10,12)

In this equation the terms rr ir
2 and rsis

2 represent power loss in the

winding resistances.

The energy stored in the magnetic fields associated with the two

coils is

Wf = \SetTir^ + i^Cssis
2 + ^Csrisir

The rate at which energy is stored in the magnetic field is

dir dig

+ isir&sr'cor + &zrU ~Jt + &«*& (10-13)

where again &„' = dSCrr/86r, etc., and <wr = ddr/dt.

There is an instantaneous mechanical power output corresponding

to that portion of the instantaneous electrical power input which is
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neither dissipated in the winding resistances nor used to store energy

in the magnetic field. If the instantaneous torque on the rotor is

T, then

Pm = 0)rT = pe — rrir
2 — rsis

* —
= i^frr'cOr/r2 + ^Csr'mr ir is + \3?SsOJr is

2

or

T = \£rr'ir% + XnUU + \^sS'U
2 (10.14)

When there are additional stator or rotor windings the total

torque acting on the rotor or stator may be inferred by extension of

eqn. (10.14).

EXAMPLE 10.1 A torque motor has a uniform air-gap. The stator and rotor

each carry windings and the axis of the rotor coil may rotate relative to that of
the stator coil. The mutual inductance between the coils is such that

-£ sr = List COS Or

(a) Show that, when the axes of the coils are lined up on the d-axis and each
coil carries conventionally positive current, the coils are in a position of
stable equilibrium.

(b) If with the coils so aligned the current in either coil is reversed show that

the position is one of unstable equilibrium.

(c) In such an arrangement the rotor and stator coils are in series, the rotor

coil axis is at 8r = 135° and the maximum mutual inductance is 1H.
Calculate the coil currents if the mutual torque on the rotor is to be
100N-m in the —8 direction and the coils are excited with direct current.

The instantaneous torque is given by eqn. (10.14) as

r = £5V/'r2 + S's/iris + l&ss'is2 (10.14)

Since the air-gap is uniform the rotor and stator winding self-inductances are

constants and their angular rates of change are zero, i.e. 3?rr = and SCSS
' = 0.

-2V = —- (£?Sr) — — (Z-sr COS 6r) = —Lsr Sin 8r
dur dur

Substituting these conditions into the expression for instantaneous torque,

7" = -LnrirU sin Or (10.15)

With the rotor coil axis aligned with the stator coil axis 8r = and the torque

is zero. If the rotor coil is given a small deflection +86r from this position, with

positive currents flowing in both windings the torque takes on a negative value

and acts in the — 6r direction to restore the rotor to its initial position. Similarly,

if the rotor is given a small deflection —ddr the torque takes on a positive value

and acts in the +6r direction to restore the rotor to its initial position.

If one of the coil currents is reversed, however, the opposite result occurs and
a small deflection in either direction leads to a torque acting so as to increase the

deflection. If the rotor is free to move in this case it will take up an equilibrium

position at 8r = 180°, where the torque is again zero.

It will be noted that in both cases the tendency is for the coils to align them-

selves in the positive maximum mutual inductance configuration.
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From eqn. (10.15) for i, = ir = I, the steady torque when the axis of the rotor

winding is at any angle r is

T = -LsrI 2 sin 6,

As the torque on the rotor is to act in the —6 direction, T = — lOON-m. This

gives

/ -Jt
100

x sin 135°
= 11-9A

EXAMPLE 10.2 An electrodynamic wattmeter has a fixed current coil and a

rotatable voltage coil. The magnetic circuit of the device does not exhibit

saliency. The following are details of a particular wattmeter:

Full-scale deflection . . . .
.110°

Control-spring constant .... 10~7 N-m/deg
Maximum current-coil current (r.m.s.) . . 10A
Maximum voltage-coil voltage (r.m.s.) . .60V
Voltage-coil resistance..... 600A

The mutual inductance between the coils varies cosinusoidally with the angle

ofseparation of the coil axes. The zero on the instrument corresponds to a voltage-

coil position of 6r = 145°.

(a) Determine the direct current flowing in the current coil when a direct

voltage of 60V is applied to the voltage coil and the angular deflection is

100° from the instrument scale zero.

(b) For a sinusoidally varying current-coil current of 6A (r.m.s.) and a voltage-

coil voltage of 60V (r.m.s.) of the same frequency as the current, determine

the phase angle by which the current lags the voltage when the voltage-

coil deflection is 60° from the instrument scale zero.

The reactance of the voltage coil is negligible compared with its resistance.

A diagram of the arrangement is given in. Fig. 10.9.

/oltage coil, r

rig. 10.9

Since there is no saliency and JSfsr = LST cos r , the expression for the instan-

taneous torque is the same as that found in Example 10.2, namely

-Lsriris sin 0r (10.15)

if the conditions for full-scale deflection are substituted the value of £«•, the

maximum possible mutual inductance between the coils, is found. Since the

deflection is in the — 9r direction the torque is negative.
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T= -110 x 10-'N-m, i, =— = 0-1 A, ». = lOA,0r/= 145°- 110° = 35°
600

whence

Lsr==
110X10-' =192xl0-7H

0-1 X 10 X sin 35°

(a) When the angular deflection is 100° the position of the voltage coii is

6T = 145 - 100 = 45°. This gives, in eqn. (10.15),

-100 x 10"' = -192 x 10"' x 0-1 X 78 sin45°

so that

100 _,_.
Is = = 7-37A

192 X 01 X 0-707 =
(b) If the voltage-coil current is taken as reference, the current-coil current is

is = hm cos (tot — (/>)

The instantaneous torque is, from eqn. (10.15),

7" = —Lsrlrm COS Wtlsm COS (cot — <f) sin 6r

= —iLsrlrmlsm sin r[cos <j> + COS (2a>t — ^)]

This expression shows that the instantaneous torque consists of two components

:

(a) a steady component, and (b) an alternating component which oscillates at

twice the frequency of the currents in the two coils. The inertia of the rotating

system will prevent its responding to the alternating component. The average

torque is therefore

T = - iLsrlrmlsm sin 6T cos<4

whence

2T
cos $ = —

Lsrhmlsm sin Or

When the angular deflection is 60° the position of the voltage coil is

Br = 145 - 60 = 85°:

,
-2 x 60 x 10-7

„„«.
cos

<l>
= — 0-525

192 x 10-' X ^2 * 60
x V2 x 6 X 0-995

so that

$ = 58-3°

10.6 The Alignment Principle

Example 10.1 has shown that the torque acting on the rotor of a

simple rotating machine structure consisting of a stator and a rotor

coil is such as to tend to align the coils in their maximum positive

mutual inductance position. The mutual torque on the system is

then zero. If a continuously rotating machine is to be produced,
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therefore, some method must be found of maintaining a constant

angular displacement of the axes of the rotor and stator winding

m.m.f.s under steady conditions despite the rotation of the rotor

and its winding. Several different methods exist for achieving this;

the particular method chosen determines the type of machine.

The rest of the chapter is devoted to considering how this constant

angular displacement of the axes of the winding m.m.f.s is brought

about in some common types of machine.

10.7 The Commutator

In some types of machine the stator winding is excited with direct

current and so the axis of the stator m.m.f., Fs , is fixed. If a constant

angle is to be maintained between the axes of the stator and rotor

winding m.m.f.s the rotor winding m.m.f. must be stationary despite

Fig. 10.10 A TWO-SEGMENT COMMUTATOR

the rotation of that winding. This may be achieved by exciting the

rotor winding with direct current supplied through a commutator.

Fig. 10.10 shows a simple 2-segment commutator which consists

essentially of a hollow cylinder of copper split in half, each being

insulated from the other and from the shaft. One end of a rotor

coil is joined to each commutator segment. Two brushes, fixed in

space, make alternate contact with each segment of the commutator

as it rotates. Although the current in the coil reverses twice in each

revolution, it will be seen that whichever of the coil sides, a or a', lies

to the left of the brush axis XX will carry current in the direction

indicated by ©, whereas whichever coil side lies to the right of

XX carries current in the direction indicated by ©.
A rotor winding consisting of many coils wound into uniformly
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distributed slots may also be supplied through a commutator.
Each of the two ends of each coil is connected to two different

commutator segments. The rotor coils are connected in series, the

ends of successive coils being joined at the commutator as shown in

Fig. 10.11(a). Such windings are double-layer windings.

Fig. 10.11(6) is a conventional representation of such a winding
where the commutator is not shown and the brushes are thought

(a)

Fig. 10.11 A MULTI-SEGMENT COMMUTATOR

of as bearing directly on the conductors. All the conductors to the

left of the brush axis carry current in the direction ® and all those

to its right carry current in the direction 0. It will be seen, therefore,

that supplying the rotor winding through a commutator has the

effect of fixing a certain current pattern in space despite rotation of

the winding. • As a result the axis of the rotor winding m.m.f.,

FT, is fixed in space and coincides with the brush axis. The positive

brush at which the current enters the winding corresponds to the

dotted end of the winding.

10.8 Separately Excited D.C. Machine

The d.c. machine has almost invariably a salient pole structure on
the stator and a non-salient pole rotor. The stator has a concentrated

coil winding; the rotor winding is distributed in slots. Fig. 10.4

shows the structure commonly adopted for the d.c. machine. The
stator winding is excited with direct current, and the rotor winding

is supplied with direct current through a commutator, thus main-

taining a constant angular displacement between the axes of the

stator and rotor winding m.m.f.s as is required for torque main-

tenance.

Since the rotor is not salient pole the stator winding self-inductance
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does not vary with the angular position of the rotor as explained in

Section 10.3, i.e.

£'ss = Lss (10.16)

so that

^ss
'=-~=0 (10.17)

The mutual inductance between the stator and rotor windings is

&sr = Lsr cosdr (10.4)

so that

-2V = -LSr%mQ r (10.18)

Since there is saliency on the stator the rotor self-inductance varies

with the angular position of the rotor and is given by eqn. (10.6) as

Se„ - \{LM + Lm) + \{Lm - Lm) cos 20r (10.6)

so that

<e„' = -(Lm - Lm) sin 20r (10.19)

Eqn. (10.9) gives the voltage to the rotor winding as

Vr = rrir + ^Crr'cOrir + ^sr'Wris +&„£ + &sr
~Jt (109)

Consider a separately excited d.c. machine with steady, direct

voltages, Vs and Vr , applied to the stator and rotor windings.
Let the steady, direct currents in the stator and rotor windings
be Is and Ir . The time rates of change of these steady currents are

zero so that the voltage applied to the rotor winding is

Vr = rrIr + £?rr'a>rIr +^Sr'wrIs (10.20)

or

Vr = rrlr — (Ldd — Lqq) sin 26ra>rIr — Lsr sin dru>rIs (10.21)

In this equation the terms involving wr are rotational voltages, and
the larger these terms are, for a given angular velocity and for given

winding currents, the more effective the machine will be as an
energy convertor. For the commutation of the rotor winding current
to take place without sparking between brushes and commutator,
the brush axis must be approximately at right angles to the stator

winding m.m.f. This condition is represented by substituting the
value 6r ~ —n/2 in eqn. (10.21) and has the effect of making the
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1 VB
e r =-n/2

I increasing

(b) (=)

Fl^. 10./2 SEPARATELY EXCITED D.C. MOTOR

rotational voltage involving the term (L<m — Lgi) zero but the

rotational voltage involving the the term Lsr a maximum. Sub-

stituting dr = —7r/2 in eqn. (10.21) has the advantage of removing

from the equations minus signs which could be a source of con-

fusion. Assigning the value 6r = — tt/2 means that the dotted end

of the rotor winding (i.e. the positive commutator brush) is placed at

v„,.
I s increasing

Fig. 10.13 SEPARATELY EXCITED D.C. GENERATOR

Or = -w/2, as shown in Figs. 10.12, 10.13 and 10.14. Carrying

out this substitution gives

Vr = rTIr + Lsrm rIs

The machine configuration is shown in Fig. 10.12(a)

(10.22)
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The voltage LsrmrIs is a steady, direct rotational voltage due to the

rotation of the rotor winding in a magnetic field set up by the stator

winding. The fact that it is a direct voltage is due to the effect of the

commutator.

When attention is directed to the voltage applied to the stator

winding it will be realized that no rotational voltage will appear

in the winding. This is so because, in spite of rotor rotation, the

rotor winding m.m.f. axis is fixed in space by the action of the

commutator, and so the rotor flux does not change its linkage with

the stator winding even when the rotor rotates. The voltage applied

to the stator winding is therefore given by eqn. (10.10):

Vs = rsIs (10.23)

The instantaneous torque developed is given by eqn. (10.14) as

r = l&rr'ir2 + &Sr'hU + ^ss'h2 (10.14)

As previously noted,

-§?«,' = (10.17)

JSV = -L„ sin r (10.18)

£„' = ~{LM - Laq) sin 2dr (10.19)

The positive rotor brush or terminal is located at 6r = —77/2,

and the rotor and stator windings carry steady currents Ir and /«.

The steady torque Tis then given by substitution in eqn. (10.14) as

T = —i(Lda — Lqq) sin (—•7r)/r2 — Lsr sin (— Trj2)Irh
= Lsrlrh (10.24)

The torque/rotor-winding-current characteristic is shown in Fig.

10.12(A).

The result shown in eqn. (10.24) may be confirmed by multiplying

eqn. (10.22) by Ir, which gives

Vrlr = rrIr
2 + LsrOirJrh

The term Vr/r represents the input power to the rotor winding, and
LsrCorIrh the portion which is available for conversion to mechanical

power. Therefore

mrT = Lgr(orlrIt

or the torque on the rotor is

T = L„IrIt (10.24)
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From eqn. (10.22),

Wr =
Vf ~ rrU

(10.25)

Eqns. (10.22), (10.23) and (10.24) have been set up for conven-

tionally positive current entering the windings corresponding to

electrical power input and therefore motoring mode operation.

Eqn. (10.24) shows the torque developed as positive, i.e. acting in the

+ r direction. For motor operation it is to be expected that rotation

will take place in the same direction as that in which the torque

acts, and this is confirmed by the positive sign of wr given by eqn.

(10.25).

For a constant applied rotor-winding voltage and a constant

stator current, eqn. (10.25) shows that the speed of the separately

excited d.c. machine operating in the motoring mode will remain

almost constant as the rotor winding current varies with load, since

the internal voltage drop rrIr will be small compared with Vr in

any efficient machine. The speed/rotor-winding-current charac-

teristic is shown in Fig. 10.12(c).

Eqns. (10.22), (10.23) and (10.24) apply equally to generator

action. In this lr will be taken to emerge from the dotted end of the

rotor winding and will be negative. As a result the torque due to the

rotor winding will be negative and will act in the — 6r direction. There-

fore the rotor must be assumed to be driven in the +6r direction by

the prime mover, to be consistent with this assumed current direction.

Changing the sign of Ir in eqn. (10.22),

Vr = -rrIr + LsrWrh (10.26)

The Vrjh characteristic of the separately excited d.c. generator

is shown in Fig. 10.13(6).

EXAMPLE 10.3 A separately excited d.c. machine is rotated at 500rev/min by

a prime mover. When the field (stator winding) current is 1 A the armature

(rotor winding) generated voltage is 125V with the armature open-circuited.

The armature resistance is 01 CI and the field resistance is 250Q. Determine:

(a) The rotational voltage coefficient, L,ru>r .

(b) The maximum mutual inductance between the stator and rotor windings.

(c) The armature terminal voltage if the machine acts as a generator delivering

a current of 200A at a speed of l,000rev/min and the field current is 2 A.

(d) The input current and speed if the machine acts as a motor and develops

a gross torque of l,000N-m. The armature and field windings are each

excited from a 500V supply.

Neglect iron loss and the effect of magnetic saturation.
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Using the assumptions previously made the steady-state operating equations are

Vr = rrl, + UrWrh (10.22)

V. = rsU (10.23)

T = LsrIrh (10.24)

(a) Adhering to the previous sign conventions and considering the armature
winding open-circuit test, VT = 125V, Ir = 0, h = 1 A. Substituting in eqn.

(10.22),

125 = (01 X 0) + (L,rlD,l x 1)

Therefore

LsrOn = 125V/A

(b) L„ =—= 125 = 2-39H
oiri 2^500/60

"

(c) When the speed of the machine is doubled, this will double the value of the

voltage coefficient. Substituting the given data for generator action in (10.22),

Vr = {01 x (-200)} + (l25 x ^2 x 2} = 480V
v 500 I =^^=

Note that h = —200A for generator action.

{d) From eqn. (10.25),

rs 250

In eqn. (10.24),

1,000 = 2-39 x /, x 2 so that /, = „
i

'
000 = 209A

2-39 X 2 =
If (Or2 is the new angular velocity, then from (10.22) the new voltage coefficient,

LsrtOrZ, is

T
Vr-rrlr 500 - (0-1 X 209) ,.„.„.Lsro)rz = = i— = 240V/A

Is 2

The new speed is

n, = m (^rl) = 500 x ?i2 = 960rev/min
\Lsrionl 125 -

10.9 Shunt and Series D.C. Machines

The stator winding of a d.c. machine is usually excited from the same
supply as the rotor winding. The stator winding may be connected
in parallel with the rotor winding across the supply to form a d.c.

shunt machine or in series with the rotor winding to form a d.c.

series machine.
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U* S
- 1.

Fig. 10.14 D.C. SHUNT MACHINE

Fig. 10.14(a) shows the connexion diagram for a d.c. shunt machine

operating in the motoring mode, and Fig. 10.14(6) shows it operating

in the generating mode. The operating equations for the shunt

machine may be obtained from those of the separately excited ma-

chine. In eqns. (10.22) and (10.23), putting Vr = V and Vs = V

gives

V = rrIr + Lriiutrl,

V = rsIs

(10.27)

(10.28)

The torque equation remains unchanged as

T = Lsrhis (10-24)

Referring to Fig. 10.14(a) for motor-mode operation,

I=Ir+fs (10-29)

The equations for generating action are obtained by putting

lr
— —Ir in eqns. (10.27) and (10.24). In addition, for generator

action,

/r = / + /, (10.30)

The characteristics of the shunt machine are similar to those

of the separately excited machine shown in Figs. 10.12 and 10.13.

The establishment of a stable output voltage for shunt generator

operation requires some saturation of the magnetic circuit.

Fig. 10.15(a) shows the connexion diagram for a d.c. series machine

operating in the motoring mode. The operating equations for the

series machine may also be obtained from those of the separately

excited machine. Substituting Ir = / and /, = / in eqns. (10.22),

(10.23) and (10.24) gives

(10.31)Vr — rrI + Lsr(Orl

Vs = rsl

t = urn

(10.32)

(10.33)
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The torque/current characteristic of the d.c. series motor is shown in

Fig. 10.15(6). From Fig. 10.15(a),

V = Vr + Vs = rrI + Lsrt»rI + rj

= (rr + rs)I + LsrwrI (10.34)

1^.
~ry~\

•

'1

•

—^-

< >-•— )

(a)

Fig. 10.15 D.C. SERIES MOTOR

From this equation,

V-(rr + rs)l
Wr =

uTi
—

(10.35)

Since (/> + r„)I is very much smaller than V, the speed of the
d.c. series motor is approximately inversely proportional to the
input current. Therefore, on light loads dangerously high speeds
could be reached. In practical applications of the motor, protective

devices are used to guard against this" contingency. The speed/
current characteristic is shown in Fig. 10.15(c).

The output voltage of a d.c. series generator is approximately
proportional to the output current. The establishment of this output
voltage also is dependent upon there being some saturation of the
magnetic circuit.
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10.10 Universal Motor

The universal motor is a series connected motor suitable for opera-

tion on either a.c. or d.c. supplies.

As previously, the inductance coefficients are

JSPM = Us (10.16)

J? sv — '-'ST COS "r

£?rr = \{Laa + Lqq) + i(Lad — Lqq) cos 2dr

(10.4)

(10.6)

Fig. 10.16 A.C. SERIES MOTOR

To consider a.c. operation of the motor using the series con-

nexion shown in Fig. 10.16, let the supply current be

/ = ir = is — Im COS (Ot

Following eqn. (10.9), the instantaneous rotor-winding voltage

is

di di
Vr = rr i + J?rr'(»ri + &'sr' 0>ri + &rr ~T + &'sr

-J
(10.9)

The dotted end of the rotor winding is at 6r = — it12; when

substituted in the above equations this gives JS?r/ = 0, =§?sr ' = Lsr,

£?„ = \{LM + Lqq)
= Lrr, say, and 2'„ = 0. Eqn. (10.9) then

becomes

,
di

Vr — rri + LsrWri + Lrr
-J

(10.36)

This equation may be written in complexor form. Let Vr be the

complexor corresponding to vr and / the complexor corresponding

to i. Then

Vr = rrI + LsrCOrl + JoiLrrl (10.37)

Due to the action of the commutator in fixing the axis of the

rotor-winding m.m.f., no rotational voltages appear in the stator

winding whether operation is from a d.c. or an a.c. supply. The
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instantaneous stator-winding voltage is therefore, from eqn. (10.10),

di di
vs = rsi + £>

ss
- + <esr- (10.38)

£fss = Lss, and with the rotor winding at dr = —tt/2, 3?8r = 0.

This gives

di
vs = r„i + Lssj(

(10.39)

Eqn. (10.38) written in complexor form gives

V* = r,I + jmLssI (10.40)

If V is the complexor representing the supply voltage, then

V = Vr + Vs

i.e.

V = LsrmrI + [(rr + rs) + jm{Lrr + L„)]I (10.41)

The instantaneous torque developed is, from eqn. (10.14),

7' = iJSJVlV8 + ^sr'iris + h&s/is2 (10.14)

Substituting the conditions previously found (^Crr' = 0, =S?V

= Lsr , ££gs = 0, j'

r = I, = i) in eqn. 10.14 gives

/ 2

r = Lsr;
2 = Lsrfm2 cos2 cu? = Lsr -y- (cos2w/ + 1) (10.42)

This equation therefore shows that for a.c. operation the torque

developed by the machine consists of two components, a steady

torque and one that pulsates at twice the supply frequency. The
average torque is

T = Lsr/2 (10.43)

where / is the r.m.s. value of i. The torque/current characteristic

is therefore the same as for d.c. operation.

Universal motors usually have a compensating winding on the

stator with its m.m.f. axis coinciding with the rotor brush axis.

The compensating winding is connected in series opposition with the

rotor winding and serves to reduce the voltage drop in the internal

reactance as well as assisting commutation. It has been neglected

in the above analysis. A laminated stator construction is essential

for a.c. operation.
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EXAMPLE 10.4 A 01 kW series motor has the following constants:

Armature resistance . . . . . . . . rr = 12fl
Series field resistance rs = 36H
Effective armature inductance irr=0-3H*
Series field inductance Lss = 0-34H
Maximum mutual inductancebetween rotorand stator windings Lsr = 0-71

H

Determine the input current and speed when the load torque applied to the

motor is 018N-m (a) when connected to a 200V d.c. supply, and (b) when con-
nected to a 200V 50Hz a.c. supply.

Neglect windage and friction and all core losses.

(a) Considering first d.c. operation, the applied voltage is

V = (>V + rs)I + LsrOirl (10.34)

and the torque developed is

T = LsrI* (10.33)

From eqn. (10.33),

= /_!= /2i_8= .504A
V Lsr V 0-71 =

From eqn. (10.34),

= V - (/v + rs)f = 200 - (48 x 0-504)

Lsrl 0-71 x 0-504

„r = £r x 60 = ^p x 60 = 4,700 rev/min
it! 7.TT ^S=

: 492rad/s

(b) Considering a.c. operation, the r.m.s. current is, from eqn. (10.43),

/= IZ= /2i_8 =o-504A
"/Lsr Vo-71 ==

The applied voltage is

V = LsrWrl + [(rr + rs) + fco(Lrr + LSS)]I

Taking / as the reference complexor,

200/6 = 0-71 x 0-504«>r/Cr + [48 +j2n x 50(0-3 + 0-34)]0-504/0^

200 cos 6 +/200 sin 6 = 0-358cor + 24-2 + /101

Equating quadrate parts in this equation,

200 sin 6 = 101

whence sin 6 = 0-505, cos = 0-864.

Equating reference parts,

200 cos 6 = 0-358cor + 24

200x0-864-24-2 ... ,,

Wr =
6^358

=415rad/s

415
nr =— x 60 = 3,970 rev/min

2w ====
* The actual armature inductance «s L2

Sr/LSs <w 1-48 H. The effective value is

reduced to 0-3 H due to the effect of a compensating winding connected in series

opposition with the armature.
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10.11 Rotating Field due to a Three-phase Winding

Fig. 10.17 shows a stator winding with three diametral coils aa\

bb' and cc\ each having Ns turns. The dots and crosses indicate the

direction of conventionally positive current in each coil as explained

d-axis

Fig. 10.17 M.M.F. DUE TO A 3-PHASE WINDING

in Section 10.3. The axes of the coil m.m.f.s are therefore mutually

displaced by 2w/3 radians, as shown in Fig. 10.17.

Suppose the three coils are supplied with balanced 3-phase cur-

rents, ia, h and ic, such that

ia = Ism cos cat = -y (e>< + e-*") (10.44)

ib = lsm cos (mt - 2tt/3) =y (e*"*- 2^ + e
-*<"*- 2*/3

>) (10.45)

ic = Ism cos (cor + 2rr/3) = -y (e««"+ 2"/3
) + e-«°,i+ 2"'3

>) (10.46)

The m.m.f. of coil a is directed in the reference direction when ia is

positive. The instantaneous value of this m.m.f. is therefore

Fa' = ^Sj^; (e** + e->'
raV (10.47)*

This expression has been multiplied by e 3° (= 1) to indicate that it

acts in the space reference direction.

* To avoid confusion with/for frequency, instantaneous m.m.f. will be represented

by F'.
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(a)

*r t =-il2 1sm

(b)

'a 2 's

i b -o
. - V3 r

(c)

2
_ 1

"Isn

(d)

la-

l b 2 'sm

lc 2 'sm

Fig. 10.18 M.M.F. DUE TO A 3-PHASE WINDING AT DIFFERENT

INSTANTS
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The m.m.f. of coil b is directed along an axis +2tt/3 radians

from the reference direction when /& is positive. The instantaneous

value of this m.m.f. is therefore

fb
' — sm s

(e
.)(a>« -277/3) _|_ s -}(al-2i,l3)-\eJ2iTl3

= hz*Ii
(C

i*t + e -i(«*-te/»)) (I0 4g)

Similarly the m.m.f. due to coil c at any instant is

Pe
' — m S

(eJ(<ot+ 2nl3) _^ e -jC°>t+ 2.r/3)\
e
-j2ir/3

= ~-i(c>°>t + e -M<°i+i»/3))
(10.49)

The resultant stator m.m.f. due to all three coils is

F,' = Fa' + Fb
' + Fe

'

= : [QJmt -i- Q-imt j_ e 3
'

04 + e-j(«*-4ir/3) j. e jcu(

_|_ e -3(a)«+ 4n/3)l

Since e~-,w + e~)(<»<-wv -|- e -j(»>*+4W3) _ q,

F,' = I IimN*** (10.50)

This equation shows that, when three coils are so positioned that

their m.m.f. axes are mutually displaced by 2tt/3 radians and are then

supplied with balanced 3-phase currents, an m.m.f. of constant

magnitude results and the m.m.f. axis rotates at an angular velocity

of u> radians per second.

For the coil configuration and phase sequence chosen the direction

of rotation is in the +6 direction. It will be found that, if the phase

sequence is reversed, the direction of rotation of the resultant m.m.f.

axis is also reversed.

Fig. 10.18 shows the m.m.f. due to a 3-phase winding supplied

with balanced 3-phase currents for a number of different instants.

At (a) the current in phase a is positive maximum value and the

currents in the two other phases are half the negative maximum
value. The negative currents are indicated by showing the current

in the cross direction in coil sides b and c, and in the dot direction in

coil sides b' and c'. Fs is shown acting along the stator m.m.f.

axis.

Figs. 10.18(f)), (c) and (d) show successive instants in the 3-

phase cycle corresponding to 30° rotations of the complexor diagram.
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It will be seen that the axis of the stator m.m.f. is also displaced by

successive steps of 30° in the +0 direction, so that Fs completes one

revolution in each cycle and thus must rotate with an angular velocity

of to radians per second. This is in agreement with eqn. (10.50).

Eqn. (10.50) also shows that the m.m.f. due to a 3-phase winding

when excited by balanced 3-phase currents could be represented as

the m.m.f. of a single winding of Ns turns and excited with a direct

current of value ilsm , where the winding is considered to rotate at

an angular velocity m and Ns represents the number of turns of

each stator phase.

In Chapter 11 the resultant m.m.f. due to 3-phase distributed

windings is considered, and the effect of space harmonics is dis-

cussed. These are ignored in the present treatment.

10.12 Three-phase Synchronous Machine

In the previous section it has been shown that, when three coils

have their m.m.f. axes mutually displaced by 277/3 and are then

supplied with balanced 3-phase currents, an m.m.f. of constant

magnitude results, the m.m.f. axis rotating at w radians per second.

If a constant angular displacement is to be maintained between

the resultant stator and rotor m.m.f.s, as is required for the contin-

uous production of torque, the rotor m.m.f. must also rotate at

to in the same direction as the stator m.m.f.

This rotation of the rotor m.m.f. may be brought about in a

number of different ways. In the synchronous machine the rotor

winding is excited with direct current supplied through slip rings.

The axis of the rotor m.m.f. then rotates at the same speed as the

rotor itself, so that the condition for continuous torque production

is that the rotor should rotate at w in the same direction as the re-

sultant stator m.m.f. axis.

The rotors of synchronous machines are often of the salient-

pole type shown in Fig. 10.5(a), but for simplicity only the non-salient

pole type of rotor as shown in Fig. 10.5(6) will be considered. In-

stead of the stator phase windings consisting of the single coils con-

sidered in Section 10.11, the phase windings consist of several coils

distributed in slots and occupying the whole stator periphery as

shown in Fig. 10.19. The effect of this distribution of the winding is

to introduce constants called distributionfactors into equations relat-

ing to the operation of the machine. These constants are ignored

here; in most practical cases they have numerical values close to

unity.

The coupling between the d.c. excited rotor winding r (see Fig.

1047) and the stator reference phase a is a cosine-like or even
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function which, ignoring space harmonics and taking 6r as the

instantaneous angle of the axis of the rotor winding with respect to

phase a, is

£?ar = L„r COS 6r (10.51)

Since it is assumed that there are no salient poles, all the self-

inductances are constant and their angular rates of change are zero.

As explained in the previous section, the 3-phase stator winding

may be considered to be replaced by a representative stator windings

of Ns turns, excited by a direct current of f Ism and rotating at an

angular velocity of co radians per second. The axes of both the stator

(a)

Fig. 10.19 SYNCHRONOUS MACHINE

(a) Generating (ft) Motoring

(b)

and rotor windings therefore rotate at m. If the angular displacement

between these axes is e as shown in Fig. 10. 19, then, from eqn. (10.51),

gsr = Lsr cos € (10.52)

When e is positive the rotor m.m.f. axis is displaced anticlockwise

from the stator m.m.f. axis. The angular rate of change of this

mutual inductance is

<e„' = -Lsr sin e (10.53)

The instantaneous torque on the rotor is given by eqn. (10.14) as

T = l&rr'ir* + &*'Ui, + i&ss'is* (10.14)

The rotor winding current ir is Ir, a steady, direct current, and the

representative stator winding carries a current of ihm, where Ism

is the maximum current per phase in the actual 3-phase winding.

Substituting for these currents and for the angular rates of change of

inductance in eqn. (10.14),

T' = — zLsr IrIsm sin e (10.54)
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For a steady angular displacement e s between the axes of the stator

and rotor m.m.f.s, the mean torque on the rotor is

T = -iL„ IrIsm sin es (10.55)

It is to be noted that under steady conditions the 3-phase machine,
unlike the single-phase machine, does not produce an oscillating

component of torque.

At starting, as a motor, the rotor angular velocity mr is zero,

so that the displacement between the rotor and stator m.m.f. axes

is e = mt, and the instantaneous torque on the rotor given by
eqn. (10.54) is

T = -iUrIrIsm sin co/ (10.56)

The mean value of the torque given by this equation is zero, and
since the inertia of the rotating system is too large to allow the rotor

to respond to a torque which oscillates at mains frequency, the syn-

chronous motor is not self-starting.

The currents in the actual 3-phase stator winding may be taken

to be the same as those of Section 10.1 1

:

'a = hm COS mt (10.44)

b = hm cos {mt - 2tt/3) (10.45)

= Ism cos (mt + 2tt/3) (10.46)

For the stator phase currents so chosen, the stator m.m.f. axis

at t = is along the positive direction of the rf-axis, and therefore

es is the angle of separation of the rotor and stator m.m.f. axes as

shown in Fig. 10.19. When e5 is positive the rotor m.m.f. axis is

displaced anticlockwise from the stator m.m.f. axis, and as shown by

eqn. (10.55), the torque on the rotor acts in the — direction, i.e.

in the direction opposite to rotation. Under such circumstances the

machine acts as a generator, the rotor being driven against the direc-

tion of the torque developed on it by a prime mover. When es is

negative the torque acts in the +8 direction, i.e. in the same direction

as rotation, and the machine acts as a motor.

When the machine is unloaded es — 0, corresponding to the align-

ment of the rotor and stator m.m.f. axes. As load is imposed the

value of es increases, the rotor and stator m.m.f. axes are displaced

and the appropriate torque is developed.

The operation of the synchronous machine is illustrated in Figs.

10.19(a) and (b). In both diagrams the stator current distribution

is drawn for the instant in the 3-phase cycle when ia = hm and

ib = /„ = —\Ism , so that the axis of the stator m.m.f. is along the
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positive direction of the (/-axis. Fig. 10.19(a) illustrates generator

action and Fig. 10.19(6) motor action.

If the stator phases b and c are assumed to be open-circuited,

then the voltage applied to stator phase a may be obtained by
adapting the subscripts of eqn. (10.10) as

va = ria + Sear'o>r ir + i£aa~ + ^ar -j (10.57)

J&far = Lsr COS dr (10.51)

SCar' = —Lsr sin 6r = —Lsr sin (mrt + e) (10.58)

where e is the position of the rotor winding axis at t = 0. Since the
rotor winding is excited with direct current, ir = Ir and dir[dt = 0.

The current in phase a is, from eqn. (10.44), ia — Ism cos wt. Sub-
stituting in eqn. (10.57),

va = rlsm cos wt — mrLsrIr sin (cort + e) + Laa -j (Ism cos wt)

= rlsm COS wt + WrLsrh COS (wr t + e + 7t/2)

+ LaaJ^Ism COS «/) (10.59)

Under normal operating conditions all three phases carry current,

and under balanced conditions this has the eifect of increasing the
effective inductance per phase by approximately 50 per cent because
of the mutual inductance between phases. If the effective inductance
per phase is Lss , eqn. (10.59) becomes

Va = rlgm COS Wt + WrLsrIr COS {wrt + e + 77/2)

d
+ LssJ (Ism COS wt) (10.60)

In compJexor form eqn. (10.60) becomes

Vte» = '^1 eie+w*) + ( , +jmLss)^ e» (10>61)

or

Vg = Es + Zsl (10.62)

EXAMPLE 10.5 A 2-poIe 1,000V 50Hz synchronous machine has a 3-phase
star-connected stator winding each phase of which has an effective inductance
of 0-01 H and negligible resistance. The maximum mutual inductance between
the rotor winding and a stator phase is 0-4 H.

(a) Determine the developed torque, the stator phase current, the rotor winding
current, the angle between the stator and rotor m.m.f. axes and the induced
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rotational voltage per phase when the machine acts as a motor with an
output power of 224 kW. The input power factor is unity and the stator

line voltage is 1,000 V. Neglect all losses.

(6) Determine the load current and output power when the machine acts as a
generator if the rotor current is 12A, the output power factor is 0-8 lagging

and the stator line terminal voltage is 1,000 V. Find also the angle between
the rotor and stator m.m.f. axes and the phase angle between the stator

phase terminal voltage and the stator phase induced rotational voltage.

Neglect the effects of distribution of the windings and of magnetic saturation.

(a) Rotor angular velocity, cor = 2nf= 2t x 50 = 314rad/s.

P 77A. 000
Developed torque, T = — = ' = 712N-mr n

cor 314 =====

Neglecting all losses,

VIVlIl cos 4> = Power output

For the star connexion,

_ 224,000
/p-/i -V3x 1,000 xl~_

From eqn. (10.61) the impedance per phase is

Z, = r +jaiLss = + (;314 x 001) =j3UQ
From eqn. (10.62),

V = E + ZI

Taking the stator current as the reference complexor, and remembering that the

input power factor is unity,

^r/0_° = £/t + 90°+(/3-14 x 129)/(r

V3
Therefore

£/e + 90° = 577 -;405 = 706/-35"

Thus the magnitude of the induced rotational voltage per phase is 706 V

The angle between the stator and rotor m.m.f. axes is

« = -35 - 90 = -125°

From eqn. (10.55) the mean torque is

T = -iL,TIrI,m sin <r (10.55)

Thus the rotor current is

, = 712 = ? .95A
!x 0-4 x V2 x 129 sin (-125°) =====

As a check, from eqn. (10.73),

_ LsrCUr/r _ 04 x 314 X 795

V2 V2
(b) From eqn. (10.62),

= 706V
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Taking the stator current as the reference complexor, then for an output power
factor of 0-8 lagging, the phase voltage will lead the current by cos-1 0-8 = 36-9°.

Therefore

577/+ 36-9° + 0-4 x 314 x 12/e + 90°

//0° = a/2

;314

and

/ = 184/-53-l° - 339/e

= 110 - /147 - (339 cos e +J339 sin e)

The quadrate part of the complex expression for the current is zero; hence

-147- 339sin<r =

sin c = -— = -0-433 € = -25-7° and cos e = 0-901
339

Thus

/ = 110 - (339 x 0-901) = -196A

and

/ = 196/180°A

The negative value of current corresponds to generating action and the reversal

of current with respect to the terminal voltage. The axis of the stator m.m.f. at

t = is therefore at 180° whereas that of the rotor m.m.f. is at e = —25-7°.

The axis of the rotor m.m.f. is thus displaced from that of the stator m.m.f.

by 180 — 25-7 = 154-3° in the +6 direction as is to be expected for generator

action.

n . . 3 x 577 x 196 x 0-8 „,.„,
Output power = = 271 kW

^ ^ 1,000 -

The phase angle between the induced rotational voltage per phase and the

terminal voltage is

90 - 25-7 - 36-9 = 27-4°

10.13 Three-phase Induction Machine

The 3-phase induction machine has a uniformly slotted stator and

rotor. The stator has a 3-phase winding like that of the synchronous

machine. Unlike that of the synchronous machine the rotor winding

is not excited with direct current and may be supposed to consist

of short-circuited coils. The effects of distribution are again neg-

lected, and the three stator phase windings and three rotor phase
windings are each treated as if they were single, concentrated coils.

The arrangement is shown in Fig. 10.20(a).

The stator winding is excited with balanced 3-phase currents,

which, as explained in Section 10.11, set up an m.m.f. of constant
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magnitude the axis of which rotates at w radians per second in the

+ direction for the 2-pole configuration shown in Fig. 10.20(a)

and for the stator phase currents given by

ia = hm COS mt

h = hm cos (o>t — 2tt/3)

k = Ism cos (cot + 2w/3)

(a)

(10.44)

(10.45)

(10.46)

ib

d a

(b)

Fig. 10.20 MUTUAL INDUCTANCES OF THE 3-PHASE INDUCTION

MACHINE

If the machine is to produce torque there must be a rotor winding

current. Since the resultant stator m.m.f. is constant in magnitude

and rotates at constant speed, a rotor winding current will only be

obtained if the angular velocity of the rotor, cor, differs from that

of the stator m.m.f., a>, because only in this way can a rotational

voltage be obtained in the rotor winding.

The magnitude and frequency of the induced currents in the rotor

windings are clearly proportional to co — cor , the rotor angular

velocity relative to that of the axis of the stator m.m.f. It is usual to

analyse the action of induction machines in terms of the per-unit

slip, s, which is defined as

co — wr

co

The voltage applied to any winding is

vj = nij + 2 t* (=^V*)
*=i *

(10.63)

(10.11)

Each of the rotor coils is short-circuited so that the above equa-

tion may be used to obtain expressions for the rotor currents. For

the configuration of Fig. 10.20, however, there are six self-inductances
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and nine mutual inductances. The resulting algebraic work though

not difficult is extremely tedious. More sophisticated methods of

analysis exist which greatly simplify the algebraic manipulation but

are outside the scope of the present chapter.

Without carrying out the actual algebraic work, however, it is

not difficult to anticipate the form of the expression for the current

in any rotor phase.

Rotor current/phase oc Induced rotor e.m.f. per phase

Rotor e.m.f. per phase oc Relative angular velocity of stator

m.m.f., sa>

oc Maximum mutual inductance be-

tween a rotor and stator phase wind-

ing, Lsr

oc Maximum stator current per phase,

The angular frequency of the rotor current per phase is also

directly proportional to the relative angular velocity of the stator

m.m.f., sea.

The current in phase d of the rotor winding is thus of the form

KSwLgflgrn
, , , . ,,„ , ..

id = ~ cos (scot — <pr + a) (10.64)
2r

where k and a are constants, and Zr is the rotor impedance per phase:

Zr = rr + j'stoLrr (10.65)

, SmLrr

^r = tan-1 (10.66)
rr

Lrr is the total effective rotor inductance per phase. This includes a

contribution due to mutual coupling with the two other rotor

phases.

Analysis shows that k = I and that if rotor phase d is at 6r =
at / = 0, then a = — tt/2. Therefore

la = —-=-— cos (swt —<f>r — it/2) (10.67)

The currents in the two other rotor phases are such as to form,

with that in rotor phase d, a balanced 3-phase system of currents.

Therefore, as shown by eqn. (10.50), the 3-phase rotor winding will

give rise to an m.m.f. of constant magnitude rotating at an angular
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velocity sw in the +6 direction. Following eqn. (10.50), the rotor

m.m.f. is

Fr = iIrmNre
}(8mt-^-"l2) (10.68)

where Irm is the maximum rotor current per phase and Nr is the

number of turns per rotor phase:

irm^ S(aLfsm
do-69)

Since the rotor winding itself is rotating at a>r = (1 — s)co,

the axis of the rotor m.m.f. has an angular velocity in space given by

Absolute angular velocity of rotor m.m.f.

= (1 — s)a> + sw = co

i.e. the angular velocity of the rotor m.m.f. is constant and indepen-

dent of rotor speed. The axes of the stator and rotor m.m.f.s both

rotate at the same angular velocity with an angular displacement

—
<f>
— tt/2 (obtained by comparing eqns. (10.50) and (10.68)). The

machine will therefore produce a steady torque.

Just as the m.m.f. due to a 3-phase winding when excited by

balanced 3-phase currents can be represented as the m.m.f. of a

single winding of Ns turns excited by a direct current of 3/sm ,

where the winding is considered to rotate at eo radians per second, so

also may the m.m.f. due to a 3-phase rotor winding when excited by

balanced 3-phase currents be represented as the m.m.f. of a winding

of Nr turns carrying a direct current \Irm and rotating at an angular

velocity to. The mutual inductance between a stator phase a and a

rotor phase r is

SPar = Lsr COS r

The mutual inductance between the two equivalent windings of

Ns and Nr turns carrying direct currents I/« and l/m respectively is

^Csr = Lsr cos e whence SCs/ — —Lsr sin e

The angular displacement of the axes of the stator and rotor

m.m.f.s is

e = — 4>r ~ 1*12

The instantaneous torque developed on the rotor may be obtained

from an application of eqn. (10.14):

= -Lsr Sin (-£ - ir/2)*/mf/.» (10 - 14)
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Substituting for /„„ from eqn. (10.69),

T = - I j I ^ sin (— 4>r — tt/2)

Since none of these terms varies with time the mean torque is

l
3 SwLsr

2Ism2 COS
(f)r-©'

Zr

(10.70)

The per-unit slip, s, is positive when w > wr, and when this condi-

tion obtains the torque developed on the rotor is positive and acts

in the + 6 direction, the direction of assumed rotor rotation. The
machine therefore acts in the motoring mode for positive values of

s. If the rotor is coupled to a prime mover and driven so that mr > w
the slip and torque become negative and the machine acts in the

generating mode.
Eqn. (10.70) shows that, like the 3-phase synchronous motor, the

3-phase induction motor produces a non-oscillatory torque. Unlike

the 3-phase synchronous motor, however, the 3-phase induction

motor is self-starting. At starting mr = 0, and from eqn. (10.63),

w —
s = = 1

a>

Eqn. (10.70) shows that a torque will be developed on the rotor for

this value of s.

PROBLEMS
10.1 An electrodynamic ammeter consists of a fixed coil and a moving coil

connected in series. The self-inductance of the fixed coil is 400/<H and that of the
moving coil 200fiH. The mutual inductance between the coils is

Sesr = 100 x 10-« cos 6r henry

where 0, is the position of the axis of the moving coil relative to that of the fixed

one. The zero on the instrument scale corresponds to a position of the axis of
the moving coil r = 145°. Full-scale deflection is 110° from the scale zero.

The control constant is 5-22 x 10-6N-m per degree of deflection. Determine the
direct current required for full-scale deflection.

If an alternating current of 5A r.m.s. and of frequency 50Hz passes through the
ammeter coils, what is the voltage drop across the instrument terminals? The
resistance of the windings may be neglected.

Ans. 10A; 0-91 V. (The angular deflection of the moving coil is approxi-
mately 48° from the instrument zero.)

10.2 A rotating relay consists of a stator coil of self-inductance 20H and a
rotor coil of self-inductance 10H. The axes of the rotor and stator coils are
displaced by 30°, and in this configuration the mutual inductance of the coils is

1 OH. Neither stator nor rotor has salient poles. A current is = 1414 cos 314/
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amperes is passed through the stator coil. The rotor coil is short-circuited. Draw
a diagram to show the relative directions of the stator and rotor coil currents and
calculate the r.m.s. value of the rotor current. Determine also the r.m.s. value

of voltage applied to the stator coil. Describe the direction in which the torque
acts. The resistance of each winding can be neglected.

Ans. 10A; 3,140V. The torque acts so as to tend to align the coils.

10.3 A 2-pole d.c. machine has a field (stator) winding resistance of 200ft and
an armature (rotor) resistance of 0-1 Q. When operating as a generator the

output voltage is 240V when the armature winding current is 100A, the field

winding current 2A, and the speed 500rev/min.

Determine the armature current and speed when the machine is connected as

a shunt motor to a 400V d.c. supply and the total load torque imposed on the

motor is 1,000N-m. Assume that the machine is linear.

Ans. 209A; 758rev/min.

10.4 A 93W 2-pole series motor has the following constants:

Armature resistance n — 12ft

Series field resistance r„ = 36ft

Effective armature inductance Lrr = 0-3H
Series field inductance ....... Lss = 0-34H
Maximummutualinductancebetweenrotorandstatorwindings Lsr =0-71H

Determine the speed, output power, input current and power factor when the

motor is connected to a 200V 50Hz supply and the load torque applied is 0-25N-m.

Neglect windage and friction and iron losses.

Ans. 3,000rev/min; 78-5W; 0-594A; 0-802 lagging.

10.5 A 100V 3-phase 9kVA 2-pole 50Hz star-connected alternator has a total

effective self-inductance per phase of l-5mH. The maximum mutual inductance

between the rotor (field winding) and a stator phase winding is 90mH. Determine

the field current required to give an open-circuit line voltage of 100V when the

machine is driven at 3,000rev/min. Find also, for this speed and field current,

the terminal line voltage when the synchronous generator delivers rated full

load current at (a) a power factor of 0-8 lagging; (b) unity power factor; (c) a

power factor of 0-8 leading. The armature resistance per phase is negligible.

Ans. 2-89A; 68-6V; 891 V; 123V.

10.6 The synchronous machine of Problem 10-5 is run as a motor connected to

3-phase 100V 50Hz busbars. Determine the field current required if the input

power factor is to be unity when the gross torque imposed is 20N-m. Neglect

all losses.

Ans. 3-01 A.



Chapter 11

THREE-PHASE WINDINGS
AND FIELDS

In an a.c. machine the armature (or main) winding may be either on

the stator (i.e. the stationary part of the machine) or on the rotor,

the same form of winding being used in each case. The simplest

form of 3-phase winding has concentrated coils each spanning one

pole pitch, and with the starts of each spaced 120° (electrical) apart

on the stator or rotor. These coils may be connected in star or delta

as required.

In most machines the coils are not concentrated but are distri-

buted in slots over the surface of the stator or rotor, and it is this

type of winding which will now be considered. The same type of

winding is common to both synchronous and asynchronous (induc-

tion) machines.

11.1 Flux Density Distributions

In all a.c. machines an attempt is made to secure a sinusoidal flux

density distribution in the air-gap. This may be achieved approxi-

mately by the distribution of the winding in slots round the air-gap

or by using salient poles with shaped pole shoes.

In Fig. 11.1(a) a section of a multipolar machine is shown. If

the flux density in the air-gap is to be sinusoidally distributed,

the flux density must be zero on the inter-polar axes such as OA,
OC and OE, and maximum on the polar axes OB and OD. Since

367
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successive poles are of alternate north and south polarities, the maxi-
mum flux densities along OB and OD are oppositely directed. Thus
a complete cycle of variation of the flux density takes place in a

__1__L.

Fig. 11.1 SINUSOIDAL FLUX DENSITY DISTRIBUTION

J__±_
(b)

double pole pitch from the axis OA to the axis OE. This is shown in

Fig. 11.1(6).

Taking axis OA as the datum for angular measurements, the flux

density at any point in the air-gap is

B = Bm smd e (11.1)

where de is the angle from the origin measured in electrical radians

or electrical degrees. Since one cycle of variation of the flux density

occurs in a double pole pitch,

1 double pole pitch = 2n electrical radians or 360 electrical

degrees
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If the machine has 2p poles or p double pole pitches,

e =pOm (11.2)

where 6m is the angular measure in mechanical radians or degrees.

11.2 Three-phase Single-layer Concentric Windings

The two sides of an armature coil must be placed in slots which are

approximately a pole pitch (180 electrical degrees) apart so that the

e.m.f.s in the coil sides are cumulative. In addition, in 3-phase

machines the starts of each phase winding must be 120 electrical

degrees apart.

In single-layer windings one coil side occupies the whole of a slot.

As a result, difficulty is experienced in arranging the end connectors,

or overhangs. In concentric and split-concentric windings differently

shaped coils having different spans are necessary. To preserve

e.m.f. balance in each of the phases, each phase must contain the

same number of each shape of coil.

Fig. 1 1.2(a) represents a developed stator with 24 stator slots, and it

is desired to place a 4-pole 3-phase concentric winding in them:

24
Number of slots per pole = -j = 6

24
Number of slots per pole and phase = t r = 2

Fig. 1 1.2(a) shows the coil arrangement for the red phase as a thin

full line. The start and finish (marked S and F respectively) of the

phase winding are brought out, all the coils in the one phase being

connected in series. For a phase sequence RYB, the yellow phase

(shown dotted) must start 120 electrical degrees after the red phase.

One pole pitch contains six slots and is equivalent to 180 electrical

degrees. Hence a slot pitch is equivalent, in this case, to 30 electrical

degrees.

The red phase starts in slot 1 and therefore the yellow phase

must start in slot 5. In the same way the blue phase is 240 electrical

degrees out of space phase with the red phase. The blue phase

must therefore start in slot 9.

In Fig. 1 1 .2 the finishes of the three phases have been commoned,
making a star-connected winding. It would have been equally

correct to common the three starts. The winding might also have

been mesh-connected, in which case the finish of the red phase

would have been connected to the start of the yellow phase, the

finish of the yellow to the start of the blue, the finish of the blue to
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the start of the red, three connectors to the three junctions being

brought out to terminals.

It will be observed that each phase has coils of each of the four

different sizes used, thus maintaining balance between the phases.

Pole Pole

I

Pole

1
Pole

LS
Red

^

IS
Yellow

IS
Blue

1

I

I

I

I

v^t;

(a)

Blue
s (b)

Fig. 11.2 FOUR-POLE 3-PHASE SINGLE-LAYER CONCENTRIC
WINDING

It will also be seen that a coil group of any one phase consists of two
coils per double pole pitch, one coil being greater than a pole pitch

by one slot pitch and the other being less than a pole pitch by the

same amount. If the end connexions of these two coils were crossed

over as shown in Fig. 11.2(6) two full-pitch coils (i.e. having a span

of exactly one-pole pitch) would be formed. Therefore each such

coil group is the equivalent, electrically, of two full-pitch coils joined

in series. All single-layer windings are effectively composed of

full-pitch coils.



Three-phase Windings and Fields 371

11.3 Three-phase Single-layer Mush Winding

Fig. 11.3 shows a 4-pole 3-phase single-layer mush winding. The

distinctive feature of the mush winding is the utilization of constant-

span coils. The overhangs are arranged in a similar manner to

those of a conventional double-layer winding.

Fig. 11.3 FOUR-POLE 3-PHASE SINGLE-LAYER MUSH WINDING

11.4 Three-phase Double-layer Windings

The double-layer windings used in 3-phase machines are essentially

similar to those used in d.c. machines except that no connexions

to a commutator are required.

Since each phase must be balanced, all must contain equal num-
bers of coils and the starts of each phase must be displaced by

120 electrical degrees. If a number of groups of coils are to be con-

nected in parallel, then similar parts in the winding at equal potentials

must be available, a condition obtainable only in machines having

a number of poles divisible by three when a wave winding is used.

On the other hand, tooth ripple, which arises where there are an

integral number of slots per pole, resulting in the same relative

positions of equivalent slots under each pole, may be avoided in

double-layer windings by the use of winding pitches different from

the pole pitch, thus giving a fractional number of slots per pole.

A further advantage of the double-layer winding is the possibility of
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using constant-span coils. Only single-layer windings are considered
in the rest of this chapter.

11.5 E.M.F. Induced in a Full-pitch Coil

Consider a full-pitch coil C with coil sides lying in slots 3 and 3' as

shown in Fig. 11.1. Let the coil side in slot 3 lie at 6e so that the coil

side in slot 3' lies at e + -n electrical radians, where d e is measured
from the interpolar axis OA. Let the stator diameter be D and the

effective stator length L. Assume that the flux density distribution is

sinusoidal, i.e. that

B = Bm s\nBe (11.1)

The flux in the stator segment between 6 e and Q e + dQ e is

fy = BL— ddm = Bm sin de L -r-
—e

2 2 p

The total flux linked with coil C is

BrnLD r*+*

2p

BmLD= +^— 2cos0c (11.3)

If a coil lies with its sides on the interpolar axes, as, for example,

the coil lying in slots 1 and 1' of Fig. 11.1, then the coil links the

total flux per pole, O:

Q, = ^±! j\m6 t d0.
BrnLD

2P

BmLD n

The flux linked with coil C is therefore, by substitution in eqn. (11.3),

<f>
= <&cos8 e (11.5)

Suppose the pole system rotates in the direction shown at a

uniform angular velocity

(or = 27T«o radians/second (11-6)

where «o is the rotor speed in revolutions per second. The position

of any coil such as C at any. instant, in electrical radians, is

Q f
= a)t-\- 0Q
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where do is the position of the coil at t = 0, and

co = pa>r = limop electrical radians/second (1 1 .7)

Substituting for 6e in eqn. (11.5), the flux linking any coil such as C at

any time / is

4> = O cos (cot + 6 ) (11.8)

The e.m.f. induced in any coil of Nc turns is

= Nc j {O cos (cot + d )}

= — co<EWc sin (cot + do)

The r.m.s. coil e.m.f. is therefore

v2

Thus a sinusoidal flux density distribution in space may give rise to

an e.m.f. induced in a coil which varies sinusoidally with time. This

is achieved by giving the coil and the flux density distribution a

constant relative angular velocity.

The frequency of the induced e.m.f. is

f=2rr = -l^
= naP (1U0)

«o is called the synchronous speed. In this equation it is measured in

revolutions per second.

11.6 Distribution (or Breadth) Factor and E.M.F. Equation

Suppose that under each pole pair each phase of the winding has

g coils connected in series, each coil side being in a separate slot.

The e.m.f. per phase and pole pair is the complexor sum of the coil

voltages. These will not be in time phase with one another since

successive coils are displaced round the armature, and hence will

not be linked by the same value of flux at the same instant. Ei, E2,

E^ ... Eg (as shown in Fig. 11.4(a)) represent the r.m.s. values of

the e.m.f.s in successive coils. The phase displacement between

successive e.m.f.s is y>, which depends on the electrical angular

displacement between successive slots on the armature.
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Suppose the machine has a total of S slots and 2p poles. Then

Number of slots per pole = =-

The slot pitch (electrical angle between slot centre lines) is

1.80%
ip = -gjz- (since 1 pole pitch = 180%) (11.11)

Fig. 11.4 DERIVATION OF DISTRIBUTION FACTOR

id) Complexor diagram of slot e.m.f.s

(6) Resultant of slot e.m.f.s

The e.m.f. complexors Ei, £2, £3 • • • Eg are placed end to end in

order in Fig. 11.4(6). The resultant complexor Er, represents the

complexor sum of the e.m.f.s of the g coils connected in series.

Since the complexors Ei, Ez, E3 . . . EB are all of the same length

and are displaced from one another by the same angle, they must be

successive chords of the circle whose centre is O in Fig. 11.4(6).

The complexor sum AY may be found as follows.

Join OA, OC, OE, etc., draw the perpendicular bisectors of each

chord (i.e. OB, OD, etc.) and also the perpendicular bisector OX
of the chord AY.

In the triangle AOX,

AX = AO sin AOX = AO sin g |
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Therefore

AY = 2AOsing^

In the triangle AOB,

AB = AO sin AOB = AO sin ^

AC = 2AB = 2AO sin
|

Therefore

AY ER
sin *2

AC £1 w
sm-

Thus the distribution factor is

_ Complexor sum of coil e.m.f.s

Arithmetic sum of coil e.m.f.s

W
En

Si^2
gEi Vg^2

(11.12)

The product gw represents the electrical angle over which the

conductors of one phase are spread under any one pole and is

referred to as thephase spread. In a 3-phase single-layer winding each
phase has two phase spreads under each pole pair. Therefore, for a
single-layer 3-phase winding,

360
gy = 2x3 = 60°e or it/3 electrical radians

Clearly the highest value which the distribution factor Ka can
have is unity, corresponding to a situation where there is one coil

per pole pair and phase. A lower limit for the value of Ka also exists.

Thus, if the number of separate' slots g in the phase spread gy is

considered to increase without limit, then

WW
w^>-0 and sin ~ -*

^

A 3-phase winding with a phase spread of 60°
e is said to be narrow

spread.
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For a narrow-spread 3-phase winding (gip = tt/3),

limKd Jl-l =^ = ±
(11 . 13)

%2
A winding having this limiting condition is called a uniform

winding, and in such winding the phase spreads may be thought of as

current sheets with the effect of the slotting eliminated.

The lower limit of Ka for a 3-phase narrow-spread winding

(3/tt = 0-955), corresponding to a very large number of slots per

pole and phase, shows that the distribution of the winding will

have little effect on the magnitude of the fundamental e.m.f. per

phase.

Ideally the flux density distribution linking the winding should be

sinusoidal. In practice this ideal is not usually achieved ; the air-gap

flux density distribution is then of the form

B = ,8ml sin 6 e + Bmz sin (3de -f e3)

+ . . . Bmn sin (nde + e„) (11.14)

In this expression the first term on the right-hand side is called the

fundamental space distribution. The other terms are referred to as

space harmonics. The nth space harmonic goes through n cycles of

variation for one cycle of variation of the fundamental. Only odd

space harmonics are present since the flux density distribution

repeats itself under each pole and is therefore symmetrical.

Just as the fundamental flux density gives rise to a fundamental

e.m.f. induced in a coil, so the nth space harmonic in the flux density

distribution will give rise to an «th time harmonic in the coil e.m.f.

The distribution factor for the nth harmonic is

Kdn = - (11.15)
. nw

? sinT
Although the distribution of the winding has little effect on the

magnitude of the fundamental, it may cause considerable reduction

in the magnitude of harmonic e.m.f.s compared with those occurring

in a winding for which g = 1, i.e. one coil per pole pair and phase.

11.7 Coil-span Factor

The e.m.f. equation of Section 11.5 has been deduced on the assump-

tion of full-pitch coils, i.e. coils whose sides are separated by one
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pole pitch. As has been pointed out, the coils in double-layer wind-
ings are often made either slightly more or slightly less than a pole

pitch. Fig. 11.5 illustrates coils with various pitches.

If the coil has a pitch of exactly one pole pitch, it will at some
instant link the entire flux of a rotor pole. If the coil pitch is less

than one pole pitch, it will never link the entire flux of a rotor pole

and the maximum coil e.m.f. will be reduced. If the coil pitch is

greater than one pole pitch, the coil must always be linking flux

9=0° 9 = 180°

r«—-Pole pitch *-j

idiijijijitfxjt (a)

l-tcr«-|

u

(b)

(c)

Fig. 11.5 COIL SPANS

<o) Full pitch

CM Short pitch
(c) Over-full pitch

from at least two adjacent rotor poles so that the net flux linked will

be less than the flux of one pole and the maximum coil e.m.f. will

again be reduced.

The factor by which the e.m.f. per coil is reduced is called the coil

span factor, Ks :

_ E.M.F. in the short or long coil
s ~" E.M.F. in a full-pitched coil

(1116)

The magnitude of the coil span factor may most readily be
obtained by considering the e.m.f. induced in each coil side, namely

e = Blv volts

where B — air-gap flux density, / = active conductor length and
v = conductor velocity at right angles to the direction of B.

This e.m.f. will have the same waveform as the flux density in

the air-gap, since / and v are constant, and hence if the flux density is

sinusoidally distributed the e.m.f. in each conductor will be sinu-

soidal so that the resultant coil e.m.f. will also be sinusoidal. If the

pitch is short or long by an electrical angle a, then, assuming a
sinusoidal flux density distribution, the e.m.f.s in each side of the
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coil will differ in phase by a but will have the same r.m.s. value.

The resultant coil e.m.f. will be the complexor sum of the e.m.f.s

in each coil side, as shown in Fig. 11.6.

Fig. 11,6 DERIVATION OF COIL SPAN FACTOR

a
Resultant e.m.f. = AC = 2AB cos -=

E.M.F. for a full-pitch coil = 2AB

Therefore

a
2AB cos

;

Ks = -2AB—
=COS

2
(11-17)

If the flux density distribution contains space harmonics, the coil

span factor for the nth harmonic e.m.f. is

Ksn = cos- (11.18)

All single-layer windings are effectively made up of full-pitch

coils, but double-layer windings usually have short-pitched or
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short-chorded coils. The nth harmonic coil e.m.f. is reduced to

zero if the chording angle, a, is such that

na
cos -y =

or

na
y = 90°

c (11.19)

This enables windings to be designed which will not permit specified

harmonics to be generated (e.g. if a = 60°
e there can be no third-

harmonic generation).

11.8 E.M.F. Induced per Phase of a Three-phase Winding

Following eqn. (11.9) the r.m.s. e.m.f. induced in a full-pitch coil

of Nc turns due to its angular velocity relative to the pole system is

For a coil-span factor, Ks , due to chording,

co<&Nc
Ec = Ks

V2
Further, if there are g coils in a phase group under a pole pair

the resultant complexor sum is

CD<&NC
Eg = KdgEc = KaKsg—-pr-

Assuming that the e.m.f.s of coil groups of the same phase
under successive pole pairs are in phase and connected in series,

the e.m.f. per phase is

Ep = pEg = p

K

dKsg V2
or

„ „ ojQ>NvEp = KdKs —jy (11.20)

where the number of turns per phase, Np , is pgNc .

This equation is sometimes written in the form

Ev = 4-44 KaKsfQNp ( 1 1 .2
1

)

since a> = 277/and 2tt/v'2 = 4-44.
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Sometimes the conductors per phase rather than the turns per

phase are specified, in which case eqn. (11.21) becomes

EP = 2-22 KsKaf^ZP (11.22)

since Np = Zp/2.
The line voltage will depend on whether the winding is star or

delta connected.

iN

(a) (b)

(c)

2
(d)

Fig. 11.7 M.M.F. DUE TO A FULL-PITCH COIL

11.9 M.M.F. due to a Full-pitch Cofl

Fig. 11.7(a) shows a stator and rotor separated by a uniform air-

gap, i.e. one whose radial length lg is constant. The stator has two

diametrically opposite slots in which one stator coil of TV turns carries

a current i. The slot opening is assumed to be very small compared

with the internal circumference of the stator.

Consider the closed path a of Fig. 11.7(a) and let distances be

measured from point X on this path. Now,

M.M.F. = iN = <b Hdl
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Assuming that the reluctance of the rotor and stator core paths is

zero, and that the magnetic field strength in the gap, Hg, is constant

along the radial length /,,, then

lN= IHglg

or

iN
Hglg = y (11.23)

Fig. 11.7(A) shows the equivalent magnetic circuit with path
reluctances Sr (rotor), Ss (stator), Sg (air-gap). It will readily be
confirmed that, if Sr = and S€ = 0, the magnetic potential dif-

ference across each of the two equal reluctances Sg is $iN.

It is clear that, adhering to the assumptions of zero reluctance in

the rotor and stator core and constant field strength in the air gap,
the same result as that of eqn. (11.23) is obtained for other paths of
integration such as b or c in Fig. 1 1.7(a). Indeed the magnetic poten-
tial drop across the air gap is \iN at all points. The magnetic poten-
tial drop across the air-gap is, for the direction of coil current chosen,
directed from rotor to stator for the upper half of the stator, and
from stator to rotor for the lower half of the stator in this case.

Fig. 11.7(c) shows a graph of air-gap magnetic potential dif-

ference plotted to a base of the developed stator surface. The
magnetic potential difference has been arbitrarily assumed positive
when it is directed from rotor to stator and shown above the datum
line. It is therefore taken to be negative when directed from stator to
rotor and shown below the datum line. The magnetic potential
difference is shown as changing abruptly from +iiN to —\iN
opposite the slot opening. This corresponds to the situation where
the slot is extremely thin.

Althongh Fig. 11.7(c) is properly described as showing the varia-
tion of air-gap magnetic potential difference to a base of the develop-
ed stator surface, such a diagram is often called an m.m.f. wave
diagram, and the quantity $iN is often called the m.m.f. per pole.
Where the width of the slot opening is not negligible the m.m.f.

wave for a coil may be taken to be trapezoidal as shown in Fig.
11.7(d).

5

11.10 M.M.F. due to One Phase of a Three-phase Winding

Fig. 1 1.8(a) shows the coil for a double pole pitch of one phase of a
3-phase concentric winding of the type illustrated in Fig. 11.2. The
position of the stator slots and coils is indicated on a developed
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diagram of the stator slotting. The start of the red phase winding

is shown with a current emerging from the start end of the winding.

This is taken as a conventionally positive current for generator

ipNp M.M.F.

(a)

2P

,/ X
-Resultant m.m.i.

Full-pitch coil

/// \\

"\ .m.m.f.s shown
\ separately

<

\

(b)

\\J
'..

ipNp \
2P

*-e

M.M.F.

Y'

Fig. 11.8 M.M.F. DUE TO ONE PHASE OF A 3-PHASE WINDING

action. Conventionally positive current for motor action enters the

start end of the winding.

As has been explained previously, the concentric coil arrangement

shown is equivalent to an arrangement of two full-pitch coils where

the coil sides in slots Ri and Ri' and the coil sides in R2 and R2'

are joined. Fig. 11.8(6) shows the m.m.f. for each of such coils

separately and also their resultant obtained by adding together the

two separate m.m.f. waves. The convention regarding positive

m.m.f. explained in the previous section has been adhered to.

The resultant m.m.f. shown in Fig. 11.8(6) is stepped, owing to the

effect of the discrete coils. Fig. 11.8(c) shows the m.m.f. per phase
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when the effect of discrete coils is ignored. The rectangular blocks

represent the phase spreads, and these are considered to extend

over both the regions previously occupied by slots and by teeth.

The phase spread containing the start of the phase winding is identi-

fied by the unprimed letter R. The other phase spread of the same
phase is marked R'. The phase current is considered to be uniformly

distributed in the block representing the phase spread. Such a

winding is a uniformly distributed winding as described in Section

1 1.6, and the m.m.f. per phase for such a winding is of the trapezoidal

shape shown.

The maximum value of the m.m.f. wave at any instant is the m.m.f.

per pole for the phase considered. For Nv total turns per phase

the m.m.f. per phase and pole is ipNp/2p.

If a sinusoidal alternating current iv = Ipm sin cot flows in the

phase winding, the maximum value of the m.m.f. wave will vary

sinusoidally

:

ipNp _ FpmNp sin cot

~2p~~
Yp

In subsequent work the m.m.f. due to uniform windings only

will be considered.

11.11 M.M.F. due to a Three-phase Winding (graphical treatment)

Fig. 11.9 shows the m.m.f.s for each phase of a 3-phase winding
carrying balanced 3-phase currents for two different instants in the

current cycle. The resultant m.m.f., due to the combined action of

the separate phases, is also shown in each diagram.

Fig. 1 1 .9(a) is drawn for the instant when the instantaneous cur-

rents in the three phases are

h = Ipm

ly — 2'j»»

'ft
=== \lpm

The current in the red phase is positive, so according to the conven-
tion for positive current explained in Section 11.10, phase spread R
has the current direction indicated by a dot and phase spread R' has
the current direction indicated by a cross. The red phase m.m.f.,

Fr, therefore has the trapezoidal distribution shown having a maxi-
mum value of

ipNp IpmNp

2/7 ~ 2p ~ tpm

where Fpm is the maximum m.m.f. per phase and pole.
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The currents in the yellow and blue phases are both negative

so that the Y and B phase spreads have crosses, and the phase

spreads Y' and B' have dots, to show the current direction. Them.m.f.

k

Resultant 'm.m.f.

Fig. 11.9 M.M.F. DUE TO A 3-PHASE WINDING
(GRAPHICAL TREATMENT)

waves for these phases, Fy and Fb, are also trapezoidal and at the

instant shown in the diagram have a maximum value of

ipNp 1 IpmNp _

The resultant stator m.m.f, Fa, is obtained by finding the sum

of the separate phase m.m.f.s, Fr , Fv and Fb. This resultant m.m.f.

has a maximum value of 2Fpm .
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Fig. 11.9(A) has been drawn for an instant -fVth of a cycle later

than Fig. 11.9(a). The instantaneous phase currents are

• -^ i

iy =

lb — — ^ 1pm
V2
2

The red and blue phase m.m.f.s occupy the same positions as

in Fig. 11.9(a), but the maximum value of the red phase m.m.f.,

Fr, has fallen to (\/3l2)Fvm , whereas the maximum value of the

blue phase m.m.f., Fb, has risen to this value. Since the yellow

phase current is zero, the yellow phase m.m.f., Fy, is zero.

The resultant stator m.m.f. is the sum of Fr and Fb, and has a

maximum value of -\ZiFpm.

Comparing the resultant m.m.f.s of Figs. 11.9(a) and (b) it will

be seen that the centre-line of the resultant m.m.f. has moved 30°
e

in the +6 direction, and that the shape of the distribution has
become trapezoidal. The maximum value of the resultant m.m.f.

has fallen slightly from 2Fpm to \/3pm -

After the next -Ath cycle the waveshape will be found to be the

same as in Fig. 11.9(a), but displaced a further 30°
e round the arma-

ture. Hence the following points may be noted.

1. The m.m.f. wave is continually changing shape between the

limits of the peaked wave of Fig. 11.9(a) and the flat-topped

wave of Fig. 11.9(A).

2. The wave may be approximated to by a sinusoidal wave of
constant maximum value. It is shown in Section 11.12 that

,.• , . 18 „
this value is -= Fvm .

IT*

3. The m.m.f. wave moves past the coils as the alternating

currents vary throughout their cycle.

4. The m.m.f. wave moves by -rsth of one pole pair in -oth cycle,

i.e. the m.m.f. wave moves through one pole pair in one cycle.

If the frequency of the 3-phase currents is/and the speed of rota-

tion of the field is n revolutions per second,

Time to move through 1 pole pair = 7 = —
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Therefore

/
n = - = no

P

i.e. the field rotates at synchronous speed as defined by eqn. (11.10%

Summarizing these points it may be said that a 3-phase current

in a 3-phase winding produces a rotating magnetic field in the

air-gap of the machine, the speed of rotation being the synchronous

speed for the frequency of the currents and the number of pole pairs

in the machine.

The production of the rotating field is the significant difference

between a 3-phase and a single-phase machine. Due to its rotating

field a 3-phase machine gives a constant, non-pulsating torque

in a direction independent of any subsidiary gear or auxiliary wind-

ings.

EXAMPLE 11.1 Compare the e.m.f.s at 50Hz of the following 20-pole alter-

nator windings wound in identical stators having 180 slots:

(a) a single-phase winding with 5 adjacents slots per pole wound, the remaining

slots being unwound,
(b) a single-phase winding with all slots wound,

(c) a 3-phase star-connected winding with all slots wound.

All the coils in each phase are connected in series, and each slot accommodates

6 conductors. The total flux per pole is 0-025 Wb.

Assuming a single-layer winding with full-pitch coils there will be 6 turns per

coil and the coil span factor will be unity.

There are 9 slots per pole, and thus the slot pitch, y, is given by

180 „„„
v = -y = 20 '

(a) Number of coils per pole pair and phase, g = 5

20°
sin5X T 0766 ftM ,

Distribution factor = ^r =
j^ggg

= U-88J

5sin-r-

E.M.F. per phase = 4-UKaK,f<S>NP (11.21)

= 4-44 x 0-883 x 1 x 50 x 0025 x 5 x 6 x 10

= 1,470V

(b) Number of coils per pole pair and phase, g = 9

^ 20°
sin 9 x — ,

Distribution factor = ;jjj?-
= y-j^j

— °64

9 sin -

2
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E.M.F. per phase = 4-44KdKef®Np
= 4.44 x 0-64 x 1 x 50 X 0025 X 9 x 6 x K
= 1,920V

(c) Number of coils per pole pair and phase, g — 3

20°
sin3x T Q . 5

Distribution factor = .,„ =
n

... = 0-96

3 sin—
E.M.F. per phase = 4-44KsKsf^NP

= 444 x 0-96 x 1 x 50 x 0-025 x 3 x 6 x 10

= 960V

(Line voltage for star connexion = 1,600V)

Comparing (a) and (b) it will be seen that the e.m.f. in case (6) is only 30 pei

cent greater than that in case (a), while the amount of winding material is 80 per

cent greater.

The winding losses for the same current would also be 80 per cent greater for

case (b). Thus it is common practice to omit some coils in each pole pair in a

single-phase winding.

Supposing that with the above e.m.f.s there is a current of / amperes in the

coils.

In case (a), armature power = 1,470/ watts

In case (6), armature power = 1,920/ watts

In case (c), armature power = V3 x 1,660/ = 2,800/ watts

Comparing (b) and (c) above it will be realized that for the same frame size

with the same winding and core losses the output from a 3-phase machine is

about 1-5 times greater than that from a single-phase machine.

11.12 M.M.F. due to a Three-phase winding (analytical treatment)

In Fig. 11.10 the m.m.f. due to one phase acting separately is

shown as a trapezoidal wave. This trapezoidal wave can be

represented by using an appropriate Fourier series consisting of

a fundamental and a series of space harmonics. In the analysis

below all space harmonics are neglected, and the m.m.f. due to

each phase acting separately is assumed to be of sinusoidal form
having a maximum value equal to the maximum value of the

fundamental in the Fourier series.

In Fig. 11.10 the axis 6 = is the centre-line of the positive half-

wave of the m.m.f., F'r , due to the red phase only when the red phase

carries conventionally positive current (i.e. emerging from the start

end of the winding). The Fourier series of a trapezoidal wave
having this origin is

8,4 1

F(Q) = ~7 ^ 2 -5 cos nB cos nd (n is odd) (1 1 .24)

where A and (i are as indicated on Fig. 11.10.
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A is the maximum value of the trapezoid, and since the red phase

is excited by alternating current, this maximum value varies sinu-

soidally with time so that

A = Fpm cos cot

Fig. 11.10 M.M.F. DUE TO A 3-PHASE WINDING
(ANALYTICAL treatment)

The angle ft
corresponds to a phase spread, so that /S = 77/3.

Substituting in eqn. (11.24), the red phase m.m.f. at any time /

and at any position 6 is

%Fvm cos wt tt

Fr = -7 =-7T. COS^ COS
77(77 — ZTTji) J

12F™ 1 ^ o
cos cot COS (11.25)

In Fig. 11.10 the axis a = is the centre-line of the positive half-

wave of the m.m.f. due to the yellow phase. Since the yellow phase

current lags in time behind the red phase current by 2tt/3 radians,

the variation of the maximum value of the yellow phase m.m.f.

will lag behind that of the red phase m.m.f. by the same amount.

The yellow phase m.m.f. is

SFpm cos (cot

Fy =
77(77 — 2-rr/i)

2tt/3) 77

• cos -r cos a

Evidently

6 = a + 2tt/3 so that

and

Fy =
12FV

cos

a = 6 - 2t7/3

(^-y)cOS (0-y) (11.26)
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Similarly the blue phase m.m.f. is

H = i^pcos [mt + ~) cos (O + |)
(11.27)

The resultant m.m.f. of the 3-phase winding is

Fa = F'r + Fy + Fl,

\2Fpm (cos mt cos + cos {mt— 2tt/3) cos (0—277/3)

+ cos (mt + 2tt/3) cos (6 + 2tt/3)

On simplifying this gives

18
FA = —9 Fvm cos (6 - mt) (1 1 .28)

77"

This is the fundamental in the space distribution of m.m.f. It has a

maximum value at 8 — mt = 0, i.e. when 6 = mt. That is, the

position of the maximum value travels in the +6 direction with an

angular velocity m radians per second.

Thus an m.m.f. of the form F — Fm cos (6 — mt) represents an
m.m.f. wave cosinusoidally distributed in space and travelling in

the +6 direction at m radians per second. The above equation is

therefore the equation of a travelling wave and is referred to as a

retardedfunction.

11.13 Three-phase Rotating Field Torques

Consider a rotating field, derived from the rotor, say, linking

a 3-phase winding in which a 3-phase current is flowing; i.e. the

rotating field is due to the m.m.f. of rotating poles, not to the 3-

phase current. Suppose the speed of the rotating field is such that the

frequency of the e.m.f. induced in the 3-phase winding is the same as

that of the currents in the 3-phase winding. Unless this is the case

there will be no mean torque since the direction of the torque will

be alternating.

Let EPh = R.M.S. value of e.m.f. induced in each phase of 3-

phase winding

<f>
= Phase angle between induced e.m.f. and winding

current

lPh = R.M.S. phase current

The machine may be acting as either a generator or a motor:

Mean phase power = EphIph cos
<f>

watts



390 Three-phase Windings and Fields

This, by the law of conservation of energy and neglecting losses,

must be the mechanical power required to drive the rotor if the

machine is acting as a generator, or the mechanical power developed
if the machine is acting as a motor.

Total mechanical power developed = H>EVhIVh cos cf>
= limoT

where T is the total torque developed (newton-metres) and «o is

the speed of the rotor (fjp revolutions per second). Therefore

3EPhIph cos <j>

2ir«o

3 iTTfNyl&mKqKs

(11.29)

Ipfi cos
<f>

= —jz NphQ>mKdKsIph cos
(f>

newton-metres (11.30)

When the machine is motoring, the torque will act on the rotor

in the direction of rotation and react on the stator in the opposite

direction. These directions will interchange when the machine is

generating.

11.14 Non-pulsating Nature of the Torque in a Three-phase Machine

It has been shown that the 3-phase currents in the stator of a 3-

phase machine produce a magnetic field of effectively constant

amplitude rotating round the air-gap at synchronous speed. The
torque developed is due to the magnetic forces between the rotor

poles and the rotating field, so that so long as the rotor poles move
at synchronous speed there will be a constant magnetic force

between stator and rotor. Hence the 3-phase machine will develop

a constant torque which does not pulsate in magnitude. (Note

that this differs from the case of the single-phase machine.)

The above conclusion may also be derived by considering that the

total power delivered to a balanced 3-phase load is non-pulsating,

so that, if the load is a machine which is running at a constant speed,

the torque developed must also be non-pulsating. On this basis

the single-phase machine has a pulsating torque since the power

supplied pulsates at twice the supply frequency.

PROBLEMS

11.1 Derive an expression for the e.m.f. induced in a full-pitched coil in an

alternator winding, assuming a sinusoidal distribution of flux in the air-gap.
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Show how the voltage of a group of such coifs, connected in series, may be

found.

Calculate the speed and open-circuit line and phase voltages of a 4-pole 3-phase

50Hz star-connected alternator with 36 slots and 30 conductors per slot. The
flux per pole is 0-0496 Wb, sinusoidally distributed.

Ans. l,500rev/min, 3,300V, 1,910V.

11.2 Derive the expression for the voltage in a group of m full-pitch coils each

having an electrical displacement of if.

An 8-pole 3-phase star-connected alternator has 9 slots per pole and 12

conductors per slot. Calculate the necessary flux per pole to generate 1,500V at

50Hz on open-circuit. The coil span is one pole pitch.

With the same flux per pole and speed, what would be the e.m.f. when the

armature is wound as a single-phase alternator using two-thirds of the slots?

(H.N.C.)

Ans. 00283Wb; 1,480V.

11.3 A 6-pole machine has an armature of 90 slots and 8 conductors per slot

and revolves at i,000rev/min, the flux per pole being 5 x 10~2Wb. Calculate

the e.m.f. generated (a) as a d.c. machine if the winding is lap-connected; (b) as

a 3-phase star-connected machine if the winding factor is 0-96 and all the con-

ductors in each phase are in series. Deduce the expression used in each case.

(L.U.)

Ans. 600V, 2,200V.

11.4 Derive an expression for the e.m.f. induced in each phase of a single-layer

distributed polyphase winding assuming the flux density distribution to be
sinusoidal.

A 4-pole 3-phase 50Hz star-connected alternator has a single-layer armature

winding in 36 slots with 30 conductor per slot. The flux per pole is 005 Wb.
Determine the speed of rotation. Draw, to scale, the complexor diagram of the

phase e.m.f.s,

1

.

when the phase windings are symmetrically star-connected,

2. when the phase windings are asymmetrical star-connected, the yellow phase

winding being reversed with respect to the red and blue phase windings.

Give the numerical values of all the line voltages in each case. The phase sequence
for the symmetrical star connection is RYB.

Ans. l,500rev/min; Vry = Vyb = Bbr = 3,320V; VRY = 1,920V;

Vyb = 1,920V; Vbr = 3,320V.

11.5 An 8-pole rotor, excited to give a steady flux per pole of 0-01 Wb, is rotated

at l,200rev/min in a stator containing 72 slots. Two 100-turn coils A and B are

accommodated in the stator slotting as follows:

Coil A. Coil sides lie in slots 1 and 11,

Coil B. Coil sides lie in slots 2 and 10.

Calculate the resultant e.m.f. of the two coils when they are joined (a) in

series aiding and (6) in series opposing. Assume the flux density distribution

to be sinusoidal.

Ans. 700V; 0V.

11.6 A rotor having a d.c. excited field winding is rotated at n revolutions per
second in a stator having uniformly distributed slots. If the air-gap flux density
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is sinusoidally distributed, derive an expression for the e.m.f. induced in a coil of
N turns the sides of which lie in any two slots.

In such an arrangement the flux per pole is 001 Wb, the rotor speed is

l,800rev/min, the stator has 36 slots and the rotor has 4 poles. Calculate the
frequency and r.m.s. value of the induced e.m.f. in the coil if the coil sides lie in
slot 1 and slot 9 and the coil has 100 turns.

An exactly similar coil is now placed with its coil sides in slots adjacent to the
first coil. Determine the resultant e.m.f.s when the coils are connected in series.

Ans 60Hz; 263V; 518Vor91-3V.



Chapte r 12

THE THREE-PHASE
SYNCHRONOUS MACHINE

A synchronous machine is an a.c. machine in which the rotor

moves at a speed which bears a constant relationship to the fre-

quency of the current in the armature winding. As a motor, the

shaft speed must remain constant irrespective of the load, provided

that the supply frequency remains constant. As a generator, the

speed must remain constant if the frequency of the output is not to

vary. The field of a synchronous machine is a steady one. In very

small machines this field may be produced by permanent magnets,

but in most cases the field is excited by a direct current obtained

from an auxiliary generator which is mechanically coupled to the

shaft of the main machine.

12.1 Types of Synchronous Machine

The armature or main winding of a synchronous machine may
be on either the stator or the rotor. The difficulties of passing

relatively large currents at high voltages across moving contacts

have made the stator-wound armature the common choice for large

machines. When the armature winding is on the rotor, the stator

carries a salient-pole field winding excited by direct current and very

similar to the-stator of a d.c. machine (Fig. 12.1(a)). Stator-wound

armature machines fall into two classes: (a) salient-pole rotor

machines, and (b) non-salient-pole, or cylindrical-rotor, machines

393
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(Fig. \2.\{b) and (c)). The salient-pole machine has concentrated

field windings and generally is cheaper than the cylindrical-rotor

machine when the speed is low (less than 1,500 rev/min). Salient-

pole alternators are generally used when the prime mover is a water

ator

Rotor

Fig. 12.1 SYNCHRONOUS MACHINES

(a) Armature on rotor
Cb) Salient-Dole rotor (4 poles)
(c) Cylindrical rotor (2 poles)

turbine or a reciprocating engine. The cylindrical rotor has a distri-

buted winding in the rotor slots and is most suitable for high speeds

:

steam-turbine-driven alternators are generally high-speed machines

(3,000 rev/min) and have the cylindrical-rotor construction.

For an alternator to generate a 50Hz voltage the speed « will

be given by eqn. (11.10) as

«0 =
60 x 50 3,000

rev/min
P P

where p is the number of pole-pairs on the machine. «o would also
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be the speed of a synchronous motor with p pole-pairs operating

from a 50Hz supply.

12.2 M.M.F. Wave Diagrams of the Synchronous Generator

The operation of a synchronous machine may be understood by a

consideration of its m.m.f. waves. There are three m.m.f. waves to be

considered: that due to the field winding, FF, which is separately

excited with direct current ; that due to the 3-phase armature winding,

FA ; and their resultant, Fr.

In the first stages of the explanation the following assumptions will

be made.

. 1. Magnetic saturation is absent so that the machine is linear.

2. The field and armature m.m.f.s are sinusoidally distributed.

3. The air-gap is uniform, i.e. the machine does not exhibit

saliency on either side of the air-gap.

4. The reluctance of the magnetic paths in the stator and rotor is

negligible.

5. The armature-winding leakage inductance and resistance are

negligible.

The last assumption will be removed at a convenient stage in the

development. The machine considered will be a cylindrical-rotor

machine with the 3-phase winding on the stator and the d.c-

excited field winding on the rotor. The generating mode of action

will first be considered.

The method of drawing the m.m.f. waves will be that used in

Chapter 11, which should be read in conjunction with this chapter.

The same conventions for positive m.m.f. and positive current are

adopted. Positive current is assumed to emerge from the start ends

of the phase windings, so that the unprimed phase spreads R,Y,B

are dotted when the current is positive, and the primed phase

spreads R'Y'B' are crossed when the current is positive. Positive

e.m.f. may now be defined in the same way. Positive m.m.f. is

assumed to be directed from rotor to stator and is shown above the

6 axis in the m.m.f. wave diagrams. These are shown superimposed

on a representation of a double pole-pitch of the stator winding and

of the rotor.

GENERATING-MODE OPERATION ON OPEN-CIRCUIT

Fig. 12.2(a) shows the relevant m.m.f. wave for the synchronous

generator on open-circuit. The instant chosen in the e.m.f. cycle,

indicated by the complexor diagram, is such that

Er = Epm Ey — —\Evm Eb = —\Eptn
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Fig. 12.2 M.M.F. WAVE DIAGRAMS FOR SYNCHRONOUS GENERATOR
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The phase spreads of the red phase, R and R, have been dotted

and crossed in accordance with the convention for positive e.m.f.

The rotor rotates in the direction shown; the direction of the stator

conductors relative to the rotor is in the opposite direction, and this

latter direction must be used in applying the right-hand rule to find

the direction of the field flux and m.m.f. This is as shown in Fig.

12.2(a), the maximum rotor m.m.f.s occurring opposite the centres

of the red phase spreads, since this phase has maximum e.m.f.

induced in it. The field m.m.f., FF , shown in Fig. 12.2(a) is also the

resultant m.m.f., Fr, since on open-circuit there is no armature cur-

rent and consequently Fa is zero at all times and at all points in the

air-gap.

The field m.m.f. is stationary with respect to the rotor winding,

which is excited with direct current but moves, with the rotor, at

synchronous speed past the stator winding.

GENERATING-MODE OPERATION AT UNITY POWER FACTOR

Fig. 12.2(6) represents the m.m.f. waves when the armature winding

is supplying current at unity power factor.

To obtain comparability between Figs. 12.2(a) and (b), both dia-

grams have been drawn for the same instant in the e.m.f. cycle, and

the magnitudes of the e.m.f.s are the same in each case as indicated

by the e.m.f. complexor diagram. Since the e.m.f. is caused by the

resultant m.m.f., Fr, this will have the same magnitude and position

in Fig. 12.2(6) as it has in Fig. 12.2(a).

However, since in this case armature current flows, there will be an

armature m.m.f., Fa. The resultant m.m.f., Fr, is the sum of Fa
and Ff, so in this case Ff and Fr are different.

The instant in the current cycle is such that

lR — Ipm lY == — $Ipm IB = — f/j>m

This is the instant in the 3-phase cycle for which Fig. 11.9(a)

was drawn. The armature m.m.f. in Fig. 12.2(6), therefore, is in the

same position as the armature m.m.f. in Fig. 11.9(a) and lags

behind the resultant m.m.f. wave by rc\2 radians, but the space

harmonics which give the armature m.m.f. wave its distinctive peaked

shape are ignored, and this m.m.f. is shown as a sine distributed wave.

The armature m.m.f. moves at synchronous speed, so that the m.m.f.s

Fa and Ff and their resultant Fr all move at the same speed and in

the same direction under steady conditions.

At any time and at any point in the air-gap,

FR = FA + Ff (12.1)

Therefore FA = Fr - Ff.
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The field m.m.f., Fp, in Fig. 12.2(6) is therefore obtained by point-
by-point subtraction of the resultant and armature m.m.f. waves.
Comparing the field m.m.f. at Fig. 12.2(A) with that for Fig. 12.2(a)

two changes may be observed:

1. To maintain the e.m.f. constant, the separate excitation has
had to be increased in value as shown by the higher maximum
value of Ff. The effect of armature m.m.f. is therefore the
same as that of an internal voltage drop.

2. The axis of the field m.m.f. has been displaced by an angle
a' in the direction of rotation, and as a result a torque is exerted

on the rotor in the direction opposite to that of rotation. The
rotor must be driven by a prime mover against this torque,
so that machine absorbs mechanical energy and is therefore

able to deliver electrical energy.

GENERATING-MODE OPERATION AT POWER FACTORS OTHER THAN UNITY

Fig. 12.2(c) shows the m.m.f. waves for the same instant in the e.m.f.

cycle but with the phase currents lagging behind their respective

e.m.f.s by a phase angle $'. As compared with its position in Fig.

12.2(6), therefore, the armature m.m.f. wave is displaced by an
angle

<f>'
in the direction opposite to that of rotation as compared with

its unity-power-factor position. This change in the relative position

of the armature m.m.f. wave brings it more into opposition with the

field m.m.f., so that the latter must be further increased to maintain
the resultant m.m.f. and e.m.f. constant.

Fig. 12.2(0") shows the m.m.f. waves for the same instant in the

e.m.f. cycle but with the phase currents leading their respective

e.m.f.s by a phase angle $' . As compared with its position for unity

power factor, the armature m.m.f. wave is displaced in the direction

of rotation by the angle
<f>'.

In this case the change in the relative

position of the armature m.m.f. wave gives it a component which
aids the field m.m.f., which must then be reduced for a constant

resultant m.m.f. and e,m.f.

If the power factor is zero lagging, the armature and field m.m.f.

waves are in direct opposition, whereas if the power factor is zero

leading, the armature and field m.m.f. waves are directly aiding.

MOTORING-MODE OPERATION

Positive current in a motor conventionally enters the positive ter-

minal and circulates in the windings in the direction opposite to that

in which the e.m.f. acts. In Fig. 12.3 the phase of the current with
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respect to the induced e.m.f. is kept the same as for generator action,

but the opposite convention for positive current is used in drawing
the m.m.f. wave ; i.e. when the phase current is positive it is assumed
to enter the start ends of the phase windings, so that the unprimed
phase spreads are crossed when the current is positive, and the primed
phase spreads are dotted when the current is positive. The conven-
tion for e.m.f. is the same as that used for generator action in the
construction of Fig. 12.2.

Fig. 12.3(a) shows the m.m.f. waves for the synchronous motor on
no-load. It has been assumed that the no-load current is negligible

and the armature m.m.f. zero. The field and resultant m.m.f.s
are then identical as shown, and Fig. 12.3(a) corresponds exactly

to Fig. 12.2(a).

Fig. 12.3(6) shows the m.m.f. wave diagram corresponding to

motor operation at unity power factor. The armature m.m.f. is

reversed at all points compared with the corresponding armature
m.m.f. wave in Fig. 12.2(b). The field m.m.f. is found by carrying

out the subtraction Fr — Fa point by point round the air-gap.

It will be noted that, compared with the no-load condition, the

field m.m.f. is displaced by an angle a' in the direction opposite to

rotation, thus giving rise to a torque on the rotor acting in the

direction of rotation. The machine thus delivers mechanical power,

having absorbed electrical power from the supply.

Figs. 12.3(c) and (d) show the m.m.f. for operation at lagging and
leading power factors respectively. Synchronous motors are operated

from a constant-voltage supply, so that variation in the field excita-

tion cannot affect the machine e.m.f. It follows that the power
factor of the armature current must alter with variation of field

excitation (this effect also occurs in generators connected in large

constant-voltage systems).

From Fig. 12.3(c) it will be seen that the input power factor be-

comes leading when the excitation is increased above the unity p.f.

condition. Similarly when the excitation is reduced the p.f. becomes
lagging (Fig. 123(d)).

12.3 M.M.F. Travelling-wave Equations

Figs. 12.2 and 12.3 are the m.m.f. wave diagrams of a synchronous

machine for both the generating and motoring modes of operation at

various power factors. Each of the waves travels in the +6 direction

at synchronous speed. Therefore, each of these m.m.f.s may be

represented by a travelling-wave equation, or retarded function,

as explained in Section 11.12.

For example, the equation of the cosinusoidally distributed m.m.f.
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shown in Fig. 12.4, which is travelling in the + direction at co

electrical radians per second is

F = Fm cos {cot - 0) (12.2)*

Considering generator action at a lagging power factor, the resul-

tant m.m.f. (Fig. 12.2(c)) is

FR' = FRm cos {cot - 0) (12.3)

The field m.m.f. is

FF' = FFm cos {cot-6 + a') (12.4)

and the armature m.m.f. is

FA ' =FAm cos {cot - 6 - -n\2 -
<f>')

(12.5)

Fig. 12.4 TRAVELLING-WAVE M.M.F.

When the generator works at a leading power factor, eqns. (12.3)

and (12.4) still apply for the resultant and separate field m.m.f.s.

It will be seen, by examination of Fig. 12.2(d), that the equation

for the armature m.m.f. becomes

Fa = FAm cos {cot - - tt/2 + f

)

(12.6)

Considering now the motoring mode at a lagging power factor,

to which Fig. 12.3(c) refers, the resultant m.m.f. is the same as

for generator action, i.e.

Fr' = FRm cos {cot - 6) (12.7)

The separate field m.m.f. is

Ff = FFm cos {cot -6 - a') (12.8)

and the armature m.m.f. is

F/ = ^m cos(co?-0 + W2-f) (12.9)

* A prime (') is used to indicate instantaneous values of m.m.f.
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When the power factor is leading, the armature m.m.f. becomes

Fa = FAm cos (wt - 6 + -njl + <f>') (12.10)

These results may be summarized as follows: The resultant m.m.f.
for any mode of operation is

Fr = FRm cos (wt — 0) (12.3)

The separate field m.m.f. is

FF ' = FFm cos (cot - ± a') (12.8)

where +a' is used for the generating mode and — a' for the motoring
mode.

The armature m.m.f. is

Fa = FAm cos (cot - - 77/2 ± </>') (12.11)

for the generating mode and

Fa = FAm cos (cot - + -rrjl ± f

)

(12.12)

for the motoring mode. For both cases +</>' refers to operation at a

leading power factor and — <j>' to operation at a lagging power factor.

12.4 M.M.F. Complexor Diagrams

The sum (or difference) of two sinusoidally space-distributed m.m.f.s

may be found using the same methods as are used for time-varying

sinusoidal quantities. Although the sinusoidally space-distributed

m.m.f.s of the synchronous machine are all travelling at synchronous

speed (in a stator-wound machine), they may still be dealt with by

means of complexor diagrams, since, under steady-state conditions,

the relative positions of the waves do not alter.

The m.m.f. complexor diagrams may be deduced either directly

from the m.m.f. wave diagrams of Figs. 12.2 and 12.3 or from the

travelling-wave equations derived in Section 12.3.

Adopting the latter method for generator mode operation at a

lagging power the travelling-wave equations are

Fr = FRm cos (cot - 0) (12.2)

iV = FFm cos (cot -6 + a') (12.4)

Fa = FAm cos (wt - 6 - tt/2 - </>') (12.5)

At any particular point in the air-gap denoted by 6 = So the m.m.f.s

are

Fr' = FRm cos (wt - 0o) (12.13)

FF ' = FFm cos (cot -e + a') (12.14)

FA ' = FAm cos (wt -do- tt/2 - ft) (12.15)
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Since o is a particular value of and therefore not a variable, the

above equations represent, not travelling waves, but quantities

varying sinusoidally with time.

The corresponding complexor diagram is shown in Fig. 12.5(a),

where the m.m.fs. FR ', FP ' and FA are represented by the complexors

e=o

*-e=o

e=o

6=0

(d)

Fig. 12.5 M.M.F. COMPLEXOR DIAGRAMS FOR THE SYNCHRONOUS

MACHINE

(a) Generator operation at a lagging power factor

(6) Generator operation at a leading power factor

(c) Motor operation at a lagging power factor

'(rf) Motor operation at a leading power factor

FR , Ff and Fa- For simplicity the diagram has been drawn for the

air-gap position do = 0. The chain-dotted line indicates the unity-

power-factor position of the m.m.f. Fa. Figs. 12.5(6), (c) and (rf) are

similar diagrams for different power factors and different operating

modes.

12.5 E.M.F. Complexor Diagram

Assuming that the reluctance of the magnetic paths in the stator and

rotor is negligible and that the air-gap is uniform, the sinusoidally

distributed travelling-wave m.m.f.s Ff and Fa and their resultant

Fr may be assumed to give rise to separate sinusoidally distributed

flux densities. Each of these flux density distributions will travel at

synchronous speed, its maximum value occurring at the same place
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as that of the corresponding m.m.f. and travelling with it at syn-
chronous speed. The relative motion between these flux density
distributions and the phase windings will induce e.m.f.s in the wind-
ings.

Since only the air-gap reluctance is taken into account, the magnetic
circuit is linear and the principle of superposition may be applied.
For a particular phase winding let

£> = E.M.F. due to field m.m.f., FF
EA = E.M.F. due to armature m.m.f., FA
ER = Resultant e.m.f. due to the resultant m.m.f., FR

(b)

Fig. 12.6 M.M.F. AND E.M.F. COMPLEXOR DIAGRAMS FOR THE
SYNCHRONOUS GENERATOR

The relative phase angles of Ef, Ea and ER will be the same as

those of FF, Fa and Fr.

The m.m.f. complexor diagram, as explained in Section 12.4,

is drawn for a particular position round the air-gap do = 0.

The m.m.f. and e.m.f. complexor diagrams are shown in Figs.

12.6(a) and (b) respectively for the case of a generator working at a

lagging.power factor. The resultant e.m.f. ER is shown as the com-
plexor sum of EF and EA :

Er = Ef + Ea (12.16)

For a fixed value of separate excitation, Ep will be constant. An
examination of Fig. 12.6(Z>) reveals that any change of either the

armature current or the load power factor would alter the resultant

e.m.f. Er. It is more convenient to work with a constant-voltage

source in an equivalent circuit, so that Ep is customarily regarded

as the e.m.f. since it does not alter with load and is also the terminal

voltage on open-circuit (when EA = 0). The effect of the armature
m.m.f. is treated, not as a contribution to the available e.m.f. but
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as an internal voltage drop, and the phase opposite of Ea is sub-

tracted from Ep.

Examination of Fig. 12.6(6) shows that EA will always lag h by 90°

irrespective of the power-factor angle. The phase opposite of Ea,

namely —EA , leads 1A by 90° for all conditions.

The peak value of the e.m.f. due to the armature m.m.f. is EAm'-

EAm CC Fath °C IAm

Therefore

EAm Ea—— = —- = constant
'Am *A

Since the quotient of EA and Ia is a constant, and since the phase

opposite ofEA leads Ia by 90°, this voltage may be represented as an

inductive voltage drop, and the quotient as an inductive reactance,

i.e.

-Ea = IaXa

where

XA =
EA
Ia

(12.17)

Substituting for EA in eqn. (12.16) and rearranging,

EF = ER + IaXa (12.18)

This complexor summation is shown in Fig. 12.6(6).

In Section 12.7 an expression for XA is found in terms of the physi-

cal dimensions of the machine.

12.6 Equivalent Circuit of the Synchronous Machine

The preceding section has shown that the equivalent circuit of a

synchronous machine must contain a voltage source Ef which is

constant for a constant excitation current h and a series-connected

reactance Xa- In addition, an actual machine winding will have

resistance R and (in the same way as a transformer) leakage reactance

XL .

Fig. 12.7(a) shows the full equivalent circuit of the synchronous

machine in which the current flows in the conventionally positive

direction for generator-mode operation (a source), i.e. emerging

from the positive terminal. Applying Kirchhoff 's law to this circuit,

EF = V + IR + JIXl + jIXA (12. 19)
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Fig. 12.7(6) is the corresponding complexor diagram. The resul-

tant e.m.f. ER is shown for the sake of completeness but will be
omitted in subsequent diagrams.

E
F
=V+IR+jIX L+jIXA

(a)

V = EF+jIXA+jIX L+IR

(c)

Fig. 12.7 EQUIVALENT CIRCUITS AND FULL COMPLEXOR DIAGRAMS
FOR THE SYNCHRONOUS MACHINE

(a), (» Generator (c), W) Motor

Eqn. (12.19) may be rewritten as

EF = V + IZS

where Zs is the synchronous impedance.

Zs = R + j(XL + XA)

or

Zs = R+jXs

where Xs is the synchronous reactance:

Xs = Xl + Xa

In polar form the synchronous impedance is

Zs = Zs[y>

where

Xs

y) = tan-1
R

and

Zs = V(R* + X,?)

(12.20)

(12.21)

(12.22)

(12.23)

(12.24)

(12.25)

(12.26)
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Frequently in synchronous machines Xs ^> R, in which case eqn.

(12.26) becomes

Z5 = Xtl90°=jX, (12.27)

Fig. 12.7(c) shows the full equivalent circuit of the synchronous

motor, in which the current flows in the conventionally positive

direction for motor-mode operation (a load), i.e. entering the posi-

tion terminal. Applying Kirchhoff 's law to this circuit gives

V=EF + jIXA + jIXs + IR (12.28)

Fig. 12.7(d) is the corresponding complexor diagram.

EXAMPLE 12.1 A 3-phase ll-8kV 75MVA, 50Hz 2-pole star-connected

synchronous generator requires a separate field m.m.f. having a maximum value

of 30 x 104 At/pole to give normal rated voltage on open-circuit. The flux per

pole on open-circuit is approximately 5-3Wb.
Determine (a) the maximum armature m.m.f. per pole corresponding to rated

full-load current, and (6) the synchronous reactance if the leakage reactance of

the armature winding is 0-18H. Find also the p.u. value of the synchronous

reactance.

Neglect the effect of space harmonics in the field and armature m.m.f.s.

Assume the flux per pole to be proportional to the m.m.f. and the armature

winding to be uniform and narrow spread.

The e.m.f. per phase, from eqn. (11.20), is

KaKswQNp
Ev = V2

and the distribution factor for a uniform narrow-spread winding is

&, = 1 = 0-955 0113)
77

£p J''
8>"0i

= 6,800V
V3

Taking Ks = 1, the number of turns per phase is

= VZEP = 2 x 6,800 = 6-05P KsKaa>® 0-955 x 2tt50 X 5-3

Since the number of turns per phase must be an integer, take Np = 6.

The maximum armature m.m.f., from eqn. (11.28), is

\%Fpm 18 yilpNp
fAm ; ;

75 x 106
Rated current per phase = -r-rr-- = 3.680Ar r

3 x 6,800

so that

FAm = I! x V2 X
3 '68" X 6 = 2-85 x 104 At/pole

71"* 2 — —
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Since the flux per pole is proportional to the m.m.f.,

Ea

Ef

_FAm
Fpm

Ea = 6,800 X
2-85

30
X

X

104

104
= 6,450V

X, = XA + Xl = 1-75 + 0-18 = 1-93A

Taking rated phase voltage and current as bases,

3,680 x 1-93 , n .

12.7 Synchronous Reactance in Terms of Main Dimensions

It is assumed that (a) magnetic saturation is absent; (b) the armature

m.m.f. is sinusoidally distributed; (c) the air-gap is uniform; and

(d) the reluctance of the magnetic paths in the stator and rotor is

negligible.

Let D = Internal stator diameter

L = effective stator (or core) length

lg
= radial gap length

The synchronous reactance Xs is

Xs = XL + Xa (12.23)

The reactance Xa is

Xa=t < 12 - 17>

1a

where Ea is the armature e.m.f. per phase due to the armature m.m.f.

Fa, and Ia is the armature current per phase.

The value ofEa may be found by using eqn. (1 1.20), which gives the

e.m.f. per phase of a polyphase winding:

EA = KdKs^ (12.30)

where the distribution factor for a narrow-spread uniform winding

is, from eqn. (11.13), K& = 3/77; the coil span factor, k,= l;

and $a is the flux per pole due to the armature m.m.f. Fa.
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From eqn. (11.28), and assuming that the armature m.m.f. is

sinusoidally distributed,

Maximum armature^ 18Fpm 18 \/2IaNp
m.m.f. per pole

f

Am ~ „z
= ^ 2/7

Maximum air-gap 1 _ Fam _ 1 18 \/2IaNp
field strength

J

H"m ~ 1^
=
Jg ^ 2/7

Maximum air-gap| _ /*o 18 \/2IANp
flux density j

B
<>m ~ l*oH9™ = Tg :H2

2/7

Since the air-gap flux density is sinusoidally distributed,

Average air-gap \ 2

flux density ]
Bav = „

B«m

Flux per pole due] , „ ,

to armature m.m.f.) °^ = B™ x Pole area

2 ^18 ^/2IaNp ttDL

n lg 7fl 2/7 2/7

Substituting for Kd, Ks and <$>a in eqn. (12.30), and then substituting

the resulting expression for Ea in eqn. (12.17),

3 2 ftp 18 nPL V2IaNp

_ Ea _ n tt lg tt
2 2p 2p

p

Ia V2Ia

To obtain the synchronous reactance, an allowance for the leakage

reactance Xl must be added to Xa. The leakage reactance is mainly

due to (a) slot leakage flux, which links individual slots and is not,

therefore, part of the main flux, and (b) end-turn leakage flux, which

links the end turns of the stator winding following mainly air paths.

The evaluation of these leakage fluxes, particularly the latter, presents

some difficulties and is beyond the scope of the present volume.

The e.m.f. per phase, Ea, is due to the armature current itself and is

therefore an e.m.f. of self-induction. The reactance Xa is therefore a

magnetizing reactance.

Eqn. (12.31) shows that the value of this reactance may be reduced

by increasing the gap length lg .

Looked at in another way, for a given machine rating the rated

armature current is fixed as is also, as a consequence, the maximum
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armature m.m.f. per pole. This fixed value of armature m.m.f. has

a progressively smaller effect as the air-gap is lengthened.

EXAMPLE 12.2 A 3-phase 13-8kV 100MVA 50Hz 2-pole star-connected

cylindrical-rotor synchronous generator has an internal stator diameter of

l-08m and an effective core length of 4-6m. The machine has a synchronous

reactance of 2p.u. and a leakage reactance of 0-16p.u. The average flux density

over the pole area is approximately 0-6Wb/m2
. Estimate the gap length.

Assume that the radial air-gap is constant and the armature winding uniform.

Neglect the reluctance of the iron core and the space harmonics in the armature

m.m.f.

With the above assumptions the reactance Xa is

XA==w (iiy£„DL(^y (12.3D

138 x 103
Base voltage, Vb = Vp = = 7,960V

V 3

VA/phase 100 x 10« . , OA .

Base current, Is = —-f,
= =-^77: = 4,180A

Vb 3 X 7,960

a 7 Vb 7 >960 tornBase impedance, Zb = — = 7-757: = 1'91

"

IB 4, 1 80

Xapu = X,Pu - XlPu = 2-00 - 016 = l-84p.u.

XA = XavuZb = 1-84 x 1-91 = 3-52Q

„ ttDL 0-6 x 77 x 1-08 x 4-6
Flux per pole, Bav x Pole area = Bav —z— = ^

= 4-68Wb

E^KaKs 1^ (H.20)

For a uniform winding, Ka = 3/77 and Kb = 1 , so that

Np = ^2E* = ^ X 7 '960 =8-02
P

KaKsco® 3/rr x 2tt x 50 x 4-68

The number of turns per phase must be an integer, say 8. This will require a

slightly higher flux per pole and average value of flux density. From eqn. (12.31),

*-*x»«(3) , «$£g:,.x 1«x««(5)'
= 3-10 x 10-2m

12.8 Determination of Synchronous Impedance

The ohmic value of the synchronous impedance, at a given value

of excitation may be determined by open-circuit and short-circuit

tests (Fig. 12.8).
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On open-circuit the terminal voltage depends on the field excitation
and the magnetic characteristics of the machine. Fig. 12.9 includes a

M (b)

Fig
.
12.8 DETERMINATION OF SYCHRONOUS IMPEDANCE

(a) Open-circuit test (6) Short-circuit test

typical open-circuit characteristic showing the usual initial linear
portion and subsequent saturation portion of a magnetization curve:
On short-circuit the current in an alternator winding will normally

lag behind the induced voltage by approximately 90° since the leakage

Open-circuit
voltage

Short-circuit

current

Synchronous
impedance (Zs )

Field excitation (amperes)

Fig. 12.9 VARIATION OF SYNCHRONOUS IMPEDANCE WITH EXCITATION

reactance of the winding is normally much greater than the winding
resistance. The complexor diagram for short-circuit conditions is

shown in Fig. 12.10. It is found that the armature and field m.m.f.s

Fa -*-

'*/2

Fig. 12.10 COMPLEXOR DIAGRAM FOR SHORT-CIRCUIT
CONDITIONS

are directly in opposition, so that a surprisingly large excitation
is required to give full-load short-circuit current in the windings.
The resultant m.m.f. and flux are small since the induced voltage is

only required to overcome resistance and leakage reactance voltage
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drops in the windings. Since the flux is small, saturation effects will

be negligible and the short-circuit characteristic is almost straight.

The synchronous impedance Zs may be found by dividing the

open-circuit voltage by the short-circuit current at any particular

value of field excitation (Fig. 12.9). Over the range of values

where the open-circuit characteristic is linear the synchronous

impedance is constant, but when the open-circuit characteristic

departs from linearity the value of the synchronous impedance falls.

It is often difficult to estimate the most appropriate value of Zs to

use for a particular calculation.

12.9 Voltage Regulation

The voltage regulation of an alternator is normally defined as the

rise in terminal voltage when a given load is thrown off. Thus, if £>
is the induced voltage on open-circuit and V is the terminal voltage

at a given load, the voltage regulation is given by

Ef — V
Per-unit regulation = —

—

(12.32)

There are a number of methods of predicting the voltage regula-

tion of an alternator. None are completely accurate. Only the

synchronous impedance method is considered here.

12.10 Synchronous Impedance Method

Using a suitable value for Zs ,

EF = V + JZS (12.20)

EXAMPLE 12.3 A 3-phase star-connected alternator has a resistance of 0-5 fi

and a synchronous reactance of 5Ci per phase. It is excited to give 6,600V (line)

on open circuit. Determine the terminal voltage and per-unit voltage regulation

on full-load current of 130A when the load power factor is (a) 0-8 lagging,

(b) 0-6 leading.

It is best to take the phase terminal voltage V as the reference complexor since

the phase angle of the current is referred to this voltage. (The magnitude of V
is, however, not known) : i.e.

Phase terminal voltage, V = V/O"

The magnitude of the e.m.f EF is known but not its phase with respect to V;

i.e.

EP = &K =
^7J K = 3,810/o_°

where o° is the phase of Ep with respect to V as reference.
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(a) The phase current / lags behind V by a phase angle corresponding to a
power factor of 0-8 lagging, i.e.

/ = 130/-COS-1 0-8 = 130/-36-9°A

The synchronous impedance per phase is

Za = (0-5 +j5)Q. = 5-02/84-3°Q
In eqn. (12.20),

3,810/a° = K/CT + (130/-369° x 502/84-3°)

= Vj0F_ + 653/47-4°

Expressing all the terms in rectangular form,

3,810 cos a +j 3,810 sin a = V +y0 + 442 + y482

Equating quadrate parts,

3,810 sin a = 482

whence sin a = 0-127 and cos a = 0-992
Equating reference parts,

3,810 cos a = V + 442

V = (3,810 x 0-992) - 442 = 3,340 V

and

Per-unit regulation = 3 '810 ~ 3 '340 = 0141
3,340 =

(b) Phase current = 130A at 0-6 leading with respect to V
= 130/+53-1

Following the same procedure as in part (a) it will be found that there is an
on-load phase terminal voltage of 4,260 V. Hence the per-unit regulation, since

there is a voltage rise, is given by

3810 - 4260 . ,.,

4,260
= -0-"*P-»-

12.11 Synchronous Machines connected to Large Supply Systems

In Britain, electrical energy is supplied to consumers from approxi-
mately 200 generating stations. These stations vary considerably in
size, the installed capacity of the largest exceeding 2,000 MW. About
one-quarter of the stations have a rating of less than 50MW and
supply less than 2\ per cent of the electrical energy demanded from
the public supply.

The generating stations do not operate as isolated units but are
interconnected by the national grid, which consists of almost 10,000
miles of main transmission line, for the most part overhead lines

operating at 132, 275 and 400 kV. The total generating capacity
interconnected by the grid system is over 40,000 MW. The output
of any single machine is therefore small compared with the total



414 The Three-phase Synchronous Machine

interconnected capacity. The biggest single generator has a rating

of 500 MW. For this reason the performance of a single machine is

unlikely to affect appreciably the voltage and frequency of the whole

system. A machine connected to such a system, where the capacity

of any one machine is small compared with the total interconnected

capacity, is often said to be connected to infinite busbars. The
outstanding electrical characteristics of such busbars are that they

are constant-voltage constant-frequency busbars.

When the machine is connected to the infinite busbars the ter-

minal voltage and frequency becomes fixed at the values maintained

by the rest of the system. Unless the machine is grossly overloaded

or under-excited, no change in the mechanical power supply, load

or excitation will alter the terminal voltage or frequency. If the

machine is acting as a generator and the mechanical driving power
is increased the power output from the machine to the busbars

must increase, assuming that the efficiency does not greatly change.

In the same way, a decrease of mechanical driving power or the

application of a mechanical load (motoring) will produce a decrease

in output power or the absorption of power from the busbars.

12.12 Synchronizing

The method of connecting an incoming alternator to the live bus-

bars will now be considered. This is called synchronizing.

A stationary alternator must not be connected to live busbars, or,

since the induced e.m.f. is zero at standstill, a short-circuit will

result. The alternator induced e.m.f. will prevent dangerously

high switching currents only if the following conditions are almost

exactly complied with

:

1

.

The frequency of the induced voltages in the incoming machine

must equal the frequency of the voltages of the live busbars.

2. The induced voltages in the incoming machine must equal the

live busbar voltages in magnitude and phase.

3. The phase sequence of the busbar voltages and the incoming-

machine voltages must be the same.

In modern power stations alternators are synchronized auto-

matically. The principles may be illustrated by the three-lamp

method, which, along with a voltmeter, may be used for synchronizing

low-power machines.

Fig. 12.1 1(a) is the connexion diagram from which it will be noted

that one lamp is connected between corresponding phases while

the two others are cross-connected between the other two phases.

In the complexor diagram at (b) the machine induced voltages are

represented by Er, Ey and Eb, while the live supply voltages are
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represented by VR , Vy, and VB . The lamp symbols have been
added to the complexor diagram to indicate the instantaneous lamp
voltages. It will be realized that the speed of rotation of the com-
plexors will correspond to the frequencies of the supply and the

machine—if these are the same then the lamp brilliancies will be
constant. The speed of the machine should be adjusted until the

machine frequency is nearly that of the supply, but exact equality

is inconvenient for there would then be, in all probability, a per-

manent phase difference between corresponding voltages. The
machine excitation should now be varied until the two sets of voltages

@-
, Paralleling
switch

Live
supply -f 9T Q-

Incoming
machine

—

-@-—

i

(a) (b)

Fig. 12.11 SYNCHRONIZING BY CROSS-CONNECTED LAMP METHOD

are equal in magnitude. The correct conditions will be obtained at an
instant when the straight-connected lamp is dark and the cross-

connected lamps are equally bright. If the phase sequence is incor-

rect no such instant will occur as the cross-connected lamps will,

in effect, be straight-connected and all the lamps will be dark

simultaneously. In this event the direction of rotation of the

incoming machine should be reversed or two lines of the machine
should be interchanged. Since the dark range of a lamp extends

over a considerable voltage range it is advisable to connect a volt-

meter across the straight-connected lamp and to close the paralleling

switch when the voltmeter reading is zero. It should be noted that

the lamps and the voltmeter must be able to withstand twice the

normal phase voltage.
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12.13 Effect of Variation of Excitation of Synchronous Machine
connected to Infinite Busbars

Consider an alternator connected to infinite busbars. Fig. 12.12(a)

is the complexor diagram of such a machine when operating at

unity power factor. The voltage drop IaR is in phase with Ia and
the voltage drop IaXs leads Ia by 90°. The complexor sum of IaR
and IaXs is IaZs, and the e.m.f. (Ef) of the machine is obtained by
adding IaZs to V, the constant busbar voltage. R, Xe and Zs refer

to the winding resistance, reactance and impedance respectively.

IaZs makes an angle rp = tan-1 (Xs/R) with V.

Suppose that the excitation of the alternator is reduced while

its power input is not altered. The power output will thus remain

unchanged. As a result the active component of current, and the

voltage drop IaZs due to this current, will remain unchanged.

IaZs is shown separately in Fig. 12.12(6).

However, when the excitation of the alternator is reduced the

e.m.f. (£i?),of the machine must fall, so there must be a difference

between this new, lower value of£> and the complexor sum of Fand
IaZs , both of which remain unchanged. This difference is made up
by a leading reactive current (which contributes nothing to the power
output of the alternator) which sets up the voltage drop IrZs which
leads IaZs by 90°. The complexor diagram illustrating this condition

is shown in Fig. 12.12(6). If it is said that the alternator is normally

excited when it is working at unity power factor, then when the

alternator is under-excited it will work at a leading power factor.

In a similar way, if the excitation of the alternator is increased

from the normally excited unity-power-factor condition, the e.m.f.

(Ef) of the machine will increase, so that there must be a difference

between this new, higher value of Ef and the complexor sum of V
and IaZs, both of which remain unchanged. This difference is made
up by a lagging reactive current (which contributes nothing to the

power output of the alternator) which sets up the voltage drop IrZs

lagging behind IaZs by 90°. The complexor diagram illustrating this

condition is shown in Fig. 12.12(c). Thus when the alternator is

over-excited it will work with a lagging power factor.

Fig. 12.12(d"), (e) and (/), give the corresponding diagrams for the

synchronous motor connected to infinite busbars. These are essen-

tially similar to those of the alternator. It will be noted that when
the motor is under-excited it works with a lagging power factor,

whereas the alternator under similar conditions of excitation works
with a leading power factor; and that when the synchronous motor
is over-excited it works with a leading power factor, whereas the

alternator works with a lagging power factor.
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For a constant power output as a generator the voltage drop IaZs

will be constant. If the excitation is now varied, Ia remains un-
changed but Ir, and hence the IrZs drop, will change in size. This
voltage drop is always directed at right angles to the IaZs voltage drop,
however, so that the locus of EF as the excitation varies at constant
power is the straight line perpendicular to IaZs, as shown in Fig
12.12(c).

In the same way the locus of EP for constant load in a motor is

the straight line perpendicular to IaZs as shown in Fig. \2A2(J).
In each case illustrated in Fig. 12.12, the line joining the end point

of the complexor V to the end point of the complexor EF represents
the overall internal voltage drop in the machine, i.e. IZS . It should be
noted that the angle between complexors IaZs and IZS is in every case
the phase angle,

<f>,
of the resultant load current.

12.14 General Load Diagram

Fig. 12.13 shows the general load diagram of a synchronous machine
connected to infinite busbars. In the diagram OV, represents the
constant busbar voltage; VC, displaced from OV by the angle ?/>

= tan-1 (XsjR), the phase angle of the synchronous impedance of the
machine, represents a voltage drop, IaZs , caused by the full (100
per cent) load active component of current when the machine acts

as a generator. If the machine is working at unity power factor,

the e.m.f. £>, is represented by OC. If the machine works at other
than unity power factor, the voltage drop caused by the reactive

component of current (lrZs) must be at right angles to VC, since Ir
is at right angles to Ia . Hence the locus of Ef for constant full (100
per cent) load is AD, drawn at right angles to VC, passing through C.
The line ZZ is VC produced in both directions.

At 50 per cent load the active component of current will be half
its value at 100 per cent load. The IaZs drop at 50 per cent load is

therefore half the value corresponding to 100 per cent load. Thus
the locus of EF for constant 50 per cent load is the straight line

drawn parallel to AD and passing through the mid-point of VC. A
series of constant-power lines for operation both as a generator and
a motor may be drawn using the same principle and are shown in

Fig. 12.13. The no-load line is the one which passes through the
extremity of vector OV as shown.

If the machine is working at unity power factor there is no
reactive current and hence no IrZs voltage drop. The line ZZ
therefore represents the locus of Ef for unity power factor at any
load. ZiZi is a similar locus for power factor 0-866 leading, and
Z2Z2 for power factor 0-866 lagging.
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The locus ofEf for constant excitation is evidently a semicircle with

centre O. Loci for 50 per cent, 100 per cent, 150 per cent and 200

per cent normal excitation are shown.

Referring to Fig. 12.13, suppose the machine has 100 per cent

excitation and is on no-load; Ef is then coincident with V. Suppose

the mechanical power input to the machine is increased; it must

now act as a generator delivering electrical power to the busbars.

*° 'ood

Fig. 12.13 GENERAL LOAD DIAGRAM FOR A SYNCHRONOUS
MACHINE CONNECTED TO INFINITE BUSBARS

Physically the rotor is displaced slightly forward in the direction of

rotation with respect to the instantaneous pole-centres of the

stator field. In other words, Ef advances in phase on V along the

circular locus marked "100 per cent excitation". As the mechanical

power input is increased, there is an increasing phase displace-

ment between Ef and V until a stage is reached where Ef has

the position along the line YY, which is parallel to ZZ through O.

If the mechanical power input were further increased Ef would tend

to swing beyond YY. However, the extremity of Ef would then

approach the 50 per cent load line instead of moving further

away from it and the electrical power fed to the busbars woujd
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tend to decrease. The excess mechanical energy fed into the machine

must then be absorbed by the machine increasing its speed and

breaking from synchronism with the constant-frequency system.

YY therefore represents the steady-state limit of stability of the

machine. It gives the maximum load which the machine may deliver

for a given excitation when the load is very gradually applied. For

suddenly applied loads the limit is somewhat lower (see Section

15.6).

When the machine acts as a motor, the rotor poles are displaced

backwards against the direction of rotation and EF lags behind V
when the load is increased. Thus the steady-state limit of stability is

reached at OG along YY when the excitation is 100 per cent.

The general load diagram is based on the assumption that the

synchronous impedance Z5 is a constant. Since the value of Zs is

affected by saturation, numerical results obtained from the diagram

are only approximate.

The broken circle (Fig. 12.13) whose centre is the end point of

V and whose radius is the internal voltage drop (IZS to scale)

will represent the locus of Ef for a constant volt-ampere value.

EXAMPLE 12.4 An 11 kV 3-phase star-connected turbo-alternator delivers

200A at unity power factor when connected to constant-voltage constant-

frequency busbars.

(a) Determine the armature current and power factor at which the machine

works when the mechanical input to the machine is increased by 100 per cent,

the excitation remaining unchanged.

(b) Determine the armature current and power factor at which the machine

works when the excitation is raised by 20 per cent, the power input remaining

doubled.

(c) Determine the maximum power output and corresponding armature

current and power factor at this new value of excitation, i.e. as in (b).

The armature resistance is 0-4fl/phase and the synchronous reactance is

8fi/phase.

Assume that the efficiency remains constant.

The problem is best solved graphically; an analytical solution is tedious in

this case where the armature resistance is not neglected. The graphical solution

is shown in Fig. 12.14.

Using phase values,

KP„=ii^ = 6,350V
V3

OV is drawn as reference complexor 6,350V in length to a suitable scale.

Zs = 0-4 + /'8 = 8 -00/87-rn

Vb is drawn making an angle of 87 1° with OV as shown. This is the unity-

power-factor line.

laZs = 200 x 8 = 1,600V
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Va is cut off along the unity-power-factor line 1,600V in length to scale.

Oa represents the e.m.f. under the initial conditions stated.

Ef\ = Oa = 6,600V to scale

The line at right angles to Va passing through a is the constant-power line

corresponding to an active component of 200 A.

(a) When the mechanical power input is doubled the power output must be
doubled and therefore the active component of current, /„', is doubled.

Ia'Zs = 400 x 8 = 3,200V

Vb is cut off along the unity-power-factor line 3,200V in length to scale.

Scale (volts)

Fig. 12.14

A line at right angles to Vb passing through b is drawn. This is the constant-

power line. With centre O and radius Oa an arc is drawn to intersect this

constant-power line in c. Let the resultant current be /. Then

IZs = Vc = 3,300V to scale

Thus

/ = ^300 = 412A

Power factor, cos i> = ——- = — = 0-97 leading
IZs 3,300

s

(b) The new value of e.m.f. is 1-2 x 6,600 = 7,920V.

With centre O and radius Ef2 = 7,920V to scale an arc is struck to cut the

constant-power line in d, and OC, the steady-state limit of stability line, in C.

Yd = 3,300V (by measurement)
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3,300New current, h
8

= 412A

Power factor, cos
<t>
= j^ =

||^j
= 0-97 lagging

(c) At the steady-state limit of stability for this excitation (point C), the current

will be h, where hZs = CV = 9,900V. Thus

/4=^ = 1 ,235a

IaiZs = CO' = 7,600V

Power factor, cos <j>

hiZs 7,600

hZs 9,900

Maximum power output = V3K/cos <j>

= 0-768 leading

V3 x 11,000 x 1,235 x 0-768

1,000
18,100kW

12.15 Power/Angle Characteristic of a Synchronous Machine

Fig. 12.15(a) is part of the general load diagram for a synchronous

machine and shows the complexor diagram corresponding to genera-

tion into infinite busbars at a lagging power factor. Fig. 12.15(£>) is

(°) (b)

Fig. 12.15 POWER TRANSFER FOR A SYNCHRONOUS MACHrNE

(«) Generator (&) Motor

the corresponding complexor diagram for motor operation also at a

lagging power factor. The power transfer is

P = 3K/cos<£ = WIa (12.33)

where V is the phase voltage and I is the phase current.
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The projection of the complexors of Fig. 12.15(a) on the steady-

state limit of stability line OD gives

IaZs = EF cos (y> — a) — Fcos y> (12.34)

Substituting the expression for Ia obtained from eqn. (12.34) in eqn.

(12.33) gives

„ 3V
,P = ^-{EF cos (y> - a) - V cos f} (12.35)

Following the same procedure for motor action and using Fig.

12.15 (b) the power transfer is found to be

3V
P = Z^{V cosy-

E

F cos (y> + o)} (12.36)

Evidently eqn. (12.36) will cover both generator action and motor
action if the power transfer P and the load angle a are taken,
conventionally, to be positive for generator action and negative for

motor action.

Since, for steady-state operation, the speed of a synchronous
machine is constant, the torque developed is

T =i = db I.
{Ef C0S <*-°)- v cos V) (12-37)

In many synchronous machines Xs ^> R, in which case Zs/y) ««

Aj/90_°. When this approximation is permissible eqn. (12.35)

becomes

3V
P = ^-{EF cos (90° -a)- Kcos 90°}

3VEF= —%— sin a (12.38)

Similarly eqn. (12.37) becomes

-, 3 VEV .T =
2^o-xT

Sma
<12 -39>

The power/load-angle (or torque/load-angle) characteristic is

shown in Fig. 12.16. The dotted parts of this characteristic refer to
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operation beyond the steady-state limit of stability. Usually stable

operation cannot be obtained beyond this limit, so that if the load

angle exceeds ±90° the operation is dynamic with the machine either

Power
or torque

Load angle (a)

Power
or torque

Fig. 12.16 power/load-angle and torque/load-angle
CHARACTERISTICS OF A SYNCHRONOUS MACHINE
CONNECTED TO INFINITE BUSBARS

accelerating or decelerating. In this case eqns. (12.38) and (12.39)

are only approximately true.

12.16 Synchronizing Power and Synchronizing Torque Coefficients

A synchronous machine, whether a generator or a motor, when
synchronized to infinite busbars has an inherent tendency to remain

synchronized.

Locus of Ep-

Constant-power li

Fig. 12.17 DETERMINATION OF SYNCHRONIZING POWER
COEFFICIENT

In Fig. 12.17, which applies to generator operation at a lagging

power factor, the complexor diagram is part of the general load

diagram. At a steady load angle <xo the steady power transfer is Po-

Suppose that, due to a transient disturbance, the rotor of the

machine accelerates, so that the load angle increases by da. This

alters the operating point of the machine to a new constant-power
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line and the load on the machine increases to Po + dP. Since the

steady power input remains unchanged, this additional load retards

the machine and brings it back to synchronism.

Similarly, if owing to a transient disturbance, the rotor decelerates

so that the load angle decreases, the load on the machine is thereby

reduced to Po — SP. This reduction in load causes the rotor to

accelerate and the machine is again brought back to synchronism.

Clearly the effectiveness of this inherent correcting action depends

on the extent of the change in power transfer for a given change in

load angle. A measure of this effectiveness is given by the synchroniz-

ing power coefficient, which is defined as

dP
PS =

Ta
(12.40)

From eqn. (12.35),

P = ^=r{EP cos (y> - a) - V cos y} (12.35)

so that

dP 3VEF
Ps =

7a
=
"Z
- Sin (v ~ a) (12-41)

Similarly the synchronizing torque coefficient is defined as

dT 1 dP
Ts = — = -— — (12.42)

da 277«o da

From eqn. (12.42), therefore,

3 VEP
r

*
=
2^-o-zr

sin(v - ff) (12 -43)

In many synchronous machines Xs ^> R, in which case eqns. (12.42)

and (12.43) become

3,VEF
Ps = ~TT- cos a (12.44)

Xs

3 VEF
^ = 2^ro^7

COSff (12 -45)

Eqns. (12.44) and (12.45) show that the restoring action is greatest

when a — 0, i.e. on no-load. The restoring action is zero when
a = ±90°. At these values of load angle the machine would be at

the steady-state limit of stability and in a condition of unstable
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equilibrium. It is impossible, therefore, to run a machine at the

steady-state limit of stability since its ability to resist small changes

is zero unless the machine is provided with a special fast-acting

excitation system.

EXAMPLE 12.5 A 2 MVA 3-phase 8-pole alternator is connected to 6,000V
50Hz busbars and has a synchronous reactance of 4Q per phase. Calculate the

synchronizing power and synchronizing torque per mechanical degree of rotor

displacement at no-load. (Assume normal excitation.)

The synchronizing power coefficient is

Ps = lZEl cos a (12.44)
Xs

On no-load the load angle a — 0.

Since there are 4 pole-pairs, 1 mechanical degree of displacement is equivalent

to 4 electrical degrees; therefore

6,000 6,000 4 7T ,„, „„ . ,P,= 3x -i-r— x —- x x — = 627kW/mech. dee
V3 V3 x 4 1,000 180 s

f
Synchronous speed of alternator, no = — = 12-5 rev/s

Thus

2imoTs = 627 x 103

and
Synchronizing torque, Ts = 8,000 N-m/mech. deg

12.17 Oscillation of Synchronous Machines

In the previous sections, transient accelerations or decelerations of

an alternator rotor were assumed in order to investigate the syn-

chronizing power and synchronizing torque. Such transients may be

caused by irregularities in the driving torque of the prime mover or, in

the case of a motor, by irregularities in the load torque, or by

irregularities in other machines connected in parallel, or by sudden

changes in load.

Normally the inherent stability of alternators when running in

parallel quickly restores the steady-state condition, but if the effect

is sufficiently marked, the machine may break from synchronism.

Moreover, if the disturbance is cyclic in effect, recurring at regular

intervals, it will produce forced oscillations in the machine rotor.

If the frequency of this cyclic disturbance approaches the value of

the natural frequency of the rotor, when connected to the busbar

system, the rotor may be subject to continuous oscillation and may
eventually break from synchronism. This continuous oscillation of

the rotor (periods of acceleration and deceleration) is sometimes

known as phase swinging or hunting.
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Fig. 12.18 shows the torque/load-angle characteristic of a syn-
chronous generator. The steady input torque is T , corresponding to
a steady-state load angle a . Suppose a transient disturbance
occurs such as to make the rotor depart from the steady state by
a'. Let a' be sufficiently small to assume that the synchronizing

Fig. 12.18 OSCILLATION OF A SYNCHRONOUS MACHINE CONNECTED
TO INFINITE BUSBARS

torque is constant ; i.e. the torque/load-angle characteristic is assumed
to be linear over the range of a' considered.

Let Ts = Synchronizing torque coefficient (N-mj'mech. rad)
a' = Load angle deviation from steady-state position (mech.

rad)

/ = Moment of inertia of rotating system (kg-m 2
)

Assuming that there is no damping,

, </

V

J
~dfi

= -T*a
'

(12.46)

The solution of this differential equation is

a' = am ' sin IJ-j t + yj (12.47)

From eqn. (12.47), the frequency of undamped oscillation is

f= -kjl (12-48)

Synchronous machines intended for operation on infinite busbars
are provided with damping windings in order to prevent the sus-
tained oscillations predicted by eqn. (12.48).

In salient-pole machines the damping winding takes the form of a
short-circuited cage consisting of copper bars of relatively large
cross-section embedded in the rotor pole-face. In cylindrical-
rotor machines the solid rotor provides considerable damping, but a
cage winding may also be provided. This consists of copper fingers
inserted in the rotor slots below the slot wedges and joined together
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at each end of the rotor. The currents induced in the damping bars

give a damping torque which prevents continuous oscillation of the

rotor.

EXAMPLE 12.6 A 3-phase 3-3 kV 2-pole 3,000rev/min 934 kW synchronous

motor has an efficiency of 0-95p.u. and delivers full-load torque with its excitation

adjusted so that the input power factor is unity. The moment of inertia of the

motor and its load is 30kg-m3
, and its synchronous impedance is (0 +jll-l)Q.

Determine the period of undamped oscillation on full-load for small changes in

load angle.

934 x 103 ,_,.
Input current, / = — — —-. r--rz = lU/\
^ V3 x 3-3 x 103 x 0-95

Taking the phase voltage as reference,

EF = V - IXS

3-3 x 10^ _ (]72
^o x n-i^o") = 2,700/-45°V

V3

The synchronizing torque coefficient is

Ts = ±-^l cos a 02.45)
2-77770 Xs

= _L x
3 3 * 103

x ?:Z29 x 0-707 = 314 x lO^N-m/rad
2^50 \/3 11-1

The undamped frequency of oscillation is

1 2W J

The period of oscillation is

T =L = 2tt /
^2—- = 0-612s

f V 3-14 x 103 =^^

12.18 Synchronous Motors

A synchronous motor will not develop a driving torque unless it

is running at synchronous speed, since at any other speed the field

poles will alternately be acting on the effective N and S poles of the

rotating field and only a pulsating torque will be produced. For

starting either {a) the induction motor principle or (b) a separate

starting motor must be used. If the latter method is used the

machine must be run up to synchronous speed and synchronized

as an alternator. To obviate this trouble, synchronous motors are

usually started as induction motors, and have a squirrel-cage

winding embedded in the rotor pole faces to give the required

action. When the machine has run up to almost synchronous speed

the d.c. excitation is switched on to the rotor, and it then pulls into

synchronism. The induction motor action then ceases (see Chapter

13).
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The starting difficulties of a synchronous motor severely limit its

usefulness—it may only be used where the load may be reduced
for starting and where starting is infrequent. Once started, the motor
has the advantage of running at a constant speed with any desired

power factor. Typical applications of synchronous motors are the

driving of ventilation or pumping machinery where the machines
run almost continuously. Synchronous motors are often run with
no load to utilize their leading power factor characteristic for power
factor correction or voltage control. In these applications themachine
is called a synchronous phase modifier.

Locus of Ep
for constant

Locus of Efr for
unity power factor

Lagging
Leading

500 1 000
I

1 I

Scale (volts)

Fig. 12.19

EXAMPLE 12.7 A 2,000V 3-phase 4-pole star-connected synchronous machine
has resistance and synchronous reactance per phase of 0-2 CI and 1-9Q respec-
tively.

Calculate the e.m.f. and the rotor displacement when the machine acts as a
motor with an input of 800kW at power factors of 0-8 lagging and leading.

If a field current of 40A is required to produce an e.m.f. per phase equal to
rated phase voltage, determine also the field current for each condition.

Synchronous impedance, Zs = 0-2 -fy'1-9 = 1 91/84°fl/phase

Constant phase terminal voltage, V — —— = 1,150V
a/3

Total phase current in both cases = = 288Ar
\/3 x 2,000 x 0-8

Active component of current in both cases, la = 288 x 0-8 = 230A
Reactive component of current in both cases, lr = 288 x 0-6 = 173A
IaZs = 230 x 1-91 =440V
ItZs = 173 x 1-91 = 330V

Fig. 12.19 is now drawn to scale for the motoring condition.
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At the lagging power factor the excitation voltage is measured from the

complexor diagram as £"fi = 880V/phase.

880
Field current required, Ifi = 40 x = 30-5A

The rotor displacement is the phase angle between Efi and V with the rotor

lagging for motor action as previously described. Therefore at the lagging p.f.

Rotor angle = 27°e = 13-5°m for a 4-pole machine

At the leading p.f. the excitation voltage, Efi = l,520V/phase

Field current required, If2 = 52-9A

Rotor angle = 17% = 8-5°m

EXAMPLE 12.8 A 2,000V 3-phase 4-pole star-connected synchronous motor
runs at l,500rev/min. The excitation is constant and gives an e.m.f. per phase

of 1,150 V. The resistance is negligible compared with the synchronous reactance

of 3Q per phase.

Determine the power input, power factor and torque developed for an arma-

ture current of 200 A.

Synchronous impedance =/3 = 3/90° Q/phase

Phase voltage, K= ?^2? = 1,1 50V
v'3

E.M.F./phase, Ef = 1,150V

IZS = 200 x 3 = 600V

In Fig. 12.20 V represents the phase voltage taken as reference complexor.

A circular arc whose radius represents the open-circuit voltage of 1,150V is

the locus of Ef for constant excitation.

AB is the locus of Ef for unity power factor operation; in this case AB is

perpendicular to V since the phase angle of Z is 90°.

A circle whose radius represents 600V is the locus of Ef for constant kVA
operation. For the actual operating conditions Ef must lie at the intersection

of the two circles.

From the diagram,

IaZs = 580V

Active component of current, Ia = 193A

Therefore

>*. ,
• . 3V7a 3 x 1,150 x 193

Total power mput =
jm = ^ = 666kW

j 193
Operating power factor = ~ = —r = 0-96 lagging
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Torque developed, T -

3 Via

2nno

3 x 1150 x 193

1-n X 1,500

: 4,250 N-m

X 60

Locus of Ep for
constant excitation

Lagging

-

ly Locus of
l^for unity

Locus of Ep
for constant
kVA

Locus of Ep for
constant power

power factor

»- Leading

500

Scale (volts)

Fig. 12.20

1000
I

PROBLEMS
12.1 A 3-phase 1 1 kV star-connected alternator has an effective armature
resistance of 1 fl and a synchronous reactance of 20fl per phase. Calculate the

percentage regulation for a load of l,500kW at p.f.s of (a) 0-8 lagging, (b)

unity, (c) 0-8 leading.

Ans. 22 per cent, 4-25 per cent, —13-4 per cent.

12.2 Describe the tests carried out in order that the synchronous impedance of
an alternator can be obtained. By means of diagrams show how the synchronous
impedance can be used to determine the regulation of an alternator at a par-

ticular load and power factor.

A 6,600V 3-phase star-connected alternator has a synchronous impedance of
(0-4 +/6)fl/phase. Determine the percentage regulation of the machine when
supplying a load of l,000kW at normal voltage and p.f. (i) 0-866 lagging, (ii) unity,

(iii) 0-866 leading, giving complexor diagrams in each case. (H.N.C.)

Ans. 9-7 per cent, 1-84 per cent, —6-03 per cent.

12.3 Explain, with the aid of complexor diagrams, the effect of varying the

excitation of a synchronous motor driving a constant-torque load.



432 The Three-phase Synchronous Machine

A 3-phase 4-pole 50Hz 2,200 V l,870kW star-connected synchronous motor
has a synchronous impedance of (006 + /0-6lQ)/phase. The motor is to be run in

parallel with an inductive load of 1 ,000kVA having a power factor of0-707 lagging,

and is to be so excited that the power factor of the combined loads is 0-9 lagging.

If the motor output is l,870kW and its efficiency is 0-9 p.u., determine (a) the

kVAr, kW and kVA input to the motor, (b) the input current and power factor

to the motor, (c) the load angle of the motor in mechanical degrees, and (d) the

field current of the motor.

Arts. 64-8kVAr; 2,080kW; 2,170kVA; 570A; 0-955 lagging; 7-78 mechanical

degrees.

12.4 A 2,200V 3-phase star-connected synchronous motor has a resistance of

0-6ft/phase and a synchronous reactance of 6fl/phase. Find graphically or

otherwise the generated e.m.f. and the angular retardation of the rotor when the

input is 200kW at (a) a power factor of unity, (b) a power factor of 0-8 leading.

(C. & G.)

Arts. 2,200V, 15° e ; 2,640V, 13-5%.

12.5 A 400V 3-phase 50Hz star-connected synchronous motor has a syn-

chronous impedance per phase of (1 +j5)Ci. It takes a line current of 10A
at unity power factor when operating with a certain field current. If the load

torque is increased until the line current is 40A, the field current remaining

unchanged, find the new power factor and the gross output power.

(H.N.C.)

Ans. 0-957 lagging, 25 kW.

12.6 A 150kW 3-phase induction motor has a full-load efficiency and power

factor of 0-91 and 0-89 respectively. A 3-phase star-connected synchronous

motor, connected to the same mains, is to be over-excited in order to improve

the resultant power factor to unity. The synchronous motor also drives a con-

stant load, its power input being lOOkW. The line voltage is 415V and the

synchronous reactance per phase of the synchronous motor is 0-5Q, the resistance

being negligible. Determine the induced e.m.f. per phase of the synchronous

motor. (H.N.C.)

Ans. 306V.

12.7 A synchronous generator operates on constant-voltage constant-frequency

busbars. Explain the effect of variation of (a) excitation and (b) steam supply

on power output, power factor, armature current and load angle of the machine.

An llkV 3-phase star-connected synchronous generator delivers 4,000kVA
at unity power factor when running on constant-voltage constant-frequency

busbars. If the excitation is raised by 20 per cent determine the kVA and power

factor at which the machine now works. The steam supply is constant and the

synchronous reactance is 30O/phase. Neglect power losses and assume the

magnetic circuit to be unsaturated. (L.U.)

Ans. 4,280kVA; 0-935 lagging.

12.8 Describe briefly the procedure for synchronizing and connecting a 3-phase

alternator to constant-voltage constant-frequency busbars. How is the output

of the machine adjusted?

A single-phase alternator operates on lOkV 50Hz busbars. The winding

resistance is lfl and the synchronous impedance 10Q. If the excitation is

adjusted to give an open-circuit e.m.f. of 12kV, what is the maximum power
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output of the machine? Find the armature current and power factor for this

condition. (H.N.C.)

Ans. 10-9 MW; 1.480A; 0-737 leading.

12.9 Show that the maximum power that a synchronous generator can supply

when connected to constant-voltage constant-frequency busbars increases with

the excitation.

An llkV 3-phase star-connected turbo-alternator delivers 240A at unity

power factor when running on constant voltage and frequency busbars. If the

excitation is increased so that the delivered current rises to 300A, find the power

factor at which the machine now works and the percentage increase in the

induced e.m.f. assuming a constant steam supply and unchanged efficiency. The
armature resistance is 0-5ft per phase and the synchronous reactance 10ft per

phase. (H.N.C.)

Ans. 0-802 lagging; 24 per cent.

12.10 An llkV 300MVA 3-phase alternator has a steady short-circuit current

equal to half its rated value. Determine graphically or otherwise the maximum
load the machine can deliver when connected to 1 1 kV constant-voltage constant-

frequency busbars with its field excited to give an open-circuit voltage of

12-7kV/phase. Find also the armature current and power factor corresponding

to this load. Ignore armature resistance. (H.N.C.)

Ans. 300MW; 17-4kA; 0-895 leading.

12.11 An alternator having a synchronous impedance of R + jX ohms/phase is

supplying constant voltage and frequency busbars. Describe, with the aid of

complexor diagrams, the changes in current and power factor when the excitation

is varied over a wide range, the steam supply remaining unchanged. Thecomplexor
diagrams should show the locus of the induced e.m.f.

A star-connected alternator supplies 300A at unity power factor to 6,600V
constant voltage and frequency busbars. If the induced e.m.f. is now reduced

by 20 per cent, the steam supply remaining unchanged, determine the new values

of the current and power factor. Assume the synchronous reactance is 5 ft/phase,

the resistance is negligible and the efficiency constant. (H.N.C.)

Ans. 350A; 0-85 leading.

12.12 Deduce an expression for the synchronizing power of an alternator.

Calculate the synchronizing power in kilowatts per degree of mechanical

displacement at full load for a l.OOOkVA 6,600V 0-8 power-factor 50Hz 8-pole

star-connected alternator having a negligible resistance and a synchronous

reactance of 60 per cent. (L.U.)

Ans. 158kW per mechanical degree.

12.13 A 40 MVA 50Hz 3,000rev/min turbine-driven alternator has an

equivalent moment of inertia of 1,310 kg-m2
, and the machine has a steady

short-circuit current of four times its normal full-load current.

Deducing any formula used, estimate the frequency at which hunting may take

place when the alternator is connected to an "infinite" grid system.

(H.N.C.)

Ans. 314 Hz.

12.14 An 1 1 kV 3-phase star-connected turbo-alternator is connected to constant-

voltage constant-frequency busbars. The armature resistance is negligible and
the synchronous reactance is 10ft. The alternator is excited to deliver 300A



434 The Three-phase Synchronous Machine

at unity power factor. Determine the armature current and power factor when
the excitation is increased by 25 per cent, the load on the machine being unchanged.

(H.N.C.)

Arts. 356A; 0-843 lagging.

12.15 Derive an expression for the synchronous reactance per phase of a
3-phase cylindrical-rotor synchronous machine assuming the armature m.m.f. is

sinusoidally distributed, the armature winding uniform and the air-gap uniform.
Neglect armature leakage flux and all reluctance except that of the air-gap.

Using these assumptions, calculate the approximate synchronous reactance per
phase of a 3-phase 200MVA llkV 2-pole 50Hz star-connected synchronous
generator having a stator internal diameter of 1 m, a core length of 4-6m and an
air-gap length of 4-7cm. A flux per pole of 5Wb is required to give an e.m.f.

equal to rated voltage.

Ans. 1-21 Q.

12.16 If a synchronous generator operating on infinite busbars has a fast-acting

field excitation system, it is possible to operate the machine beyond the steady-

state limit of stability at load angles in excess of 90 electrical degrees.

A 3-phase 75MVA ll-8kV star-connected synchronous generator has such
an excitation system. Determine the maximum leading MVAr the machine can
supply to the infinite busbars to which the machine is synchronized without
exceeding its rating. The load on the machine is 30MW. What is the load angle
for this condition?

The synchronous reactance is 3 Q/phase and the resistance is negligible.

^nj. 68 -5MVAr leading; 128°.

12.17 Explain why a synchronous machine synchronized to infinite busbars
tends to remain synchronized.

A 3-phase 75MVA ll-8kV 50Hz 2-pole synchronous generator has a period

of oscillation of 1-3 s when synchronized to infinite busbars, the excitation and
steam supply to the prime mover being so adjusted that there is no current transfer

under steady conditions.

Neglecting the effect of damping, calculate the moment of inertia of the rotating

system. The synchronous reactance per phase may be taken as 30 and the

resistance per phase to be negligible.

Ans. 5 x 103kg-m2
.



Chapter 13

INDUCTION MACHINES

It was shown in Chapter 1 1 that, when a polyphase stator winding
is excited from a balanced polyphase supply, a stator m.m.f. dis-

tribution is set up and travels at synchronous speed given by eqn.

(11.10) as

m= f-
(13.1)

Associated with the stator m.m.f. distribution is a flux density
distribution which also travels at synchronous speed and is often

referred to as a "rotating field".

The stator field induces voltages in the rotor phase windings so
that a rotor m.m.f. distribution and an associated flux density
distribution are set up. The rotor distributions travel at the same
speed as the stator distribution. The axes of the stator and rotor
distributions have an angular displacement, and as a result a torque
acts on the rotor and causes it to accelerate in the same direction

as the stator field.

The steady-state rotor speed is normally slightly less than syn-

chronous so that the motor runs with a per-unit slip, s, defined as

no — Mr
s - ~^r ( 13 -2)

where nr is the rotor speed.

At standstill, nr = and s = 1. For the rotor to reach syn-
chronous speed (nr = «o and s = 0), an external drive is necessary,

435
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since for this condition there is no rotor e.m.f. and hence no rotor

current or torque. If the rotor is driven so that nr > no, the slip

becomes negative, the rotor torque opposes the external driving

torque and the machine acts as an induction generator.

In all cases the slip speed is

ns = «o — nr (13.3)

From eqn. (13.2),

ns = sn (13.4)

and

nr = (1 - s)n (13.5)

The frequency of the rotor e.m.f.s and currents is proportional

to the difference in speed between the rotating field and the rotor, so

that

fr = (no — nr)p = sn p = sf

where p is the number of pole pairs. Hence

fj=s (13.6)

Similarly for the angular frequencies corresponding to/r and/:

-r = |^;=, (i3.7)
a>o 2ttj

The 3-phase induction motor has a torque characteristic similar to

that of the d.c. shunt motor, is robust, and is low in initial cost.

Other forms of asynchronous machine are the a.c. commutator

motor, which gives a wide range of speed control, and various types

of single-phase motor, which are employed for fractional-horsepower

drives, in individual units, and in traction.

13.1 Construction

The induction machine consists essentially of a stator, which

carries a 3-phase winding, and a rotor. The stator winding is a

3-phase winding of one of the types described in Chapter 11, often

being a narrow-spread mesh-connected closed winding. The

winding is laid in open or half-closed slots in a laminated silicon-

steel core.

The rotor winding is placed in half-closed or closed slots, the air-

gap between stator and rotor being reduced to a minimum. There

are two main types of rotor, the wound rotor and the squirrel-cage

rotor. In the squirrel-cage rotor, solid conducting rods are inserted
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into closed slots, and at each end the rods are connected to a heavy

short-circuiting ring. This forms a permanently short-circuited

winding which is practically indestructible. In some smaller ma-
chines the conductors, end rings and fan are cast in one piece in

aluminium. The cage rotor is cheap and robust, but suffers from the

disadvantage of a low starting torque.

The wound rotor has a 3-phase winding with the same number
of poles as the stator ; the ends of the rotor winding may be brought

out to three slip rings. The advantage of the wound-rotor machine
is that an external starting resistance can be connected to the slip

rings to give a large starting torque. This resistance is reduced to

zero as the machine runs up to speed.

13.2 Equivalent Circuit of Induction Machine at Any Slip

The approximate equivalent circuit per phase of a polyphase induc-

tion machine at standstill (s = 1) is shown in Fig. 13.1. The equiva-

lent circuit takes the same form as that adopted for the power trans-

former, since at standstill the induction machine consists of two
polyphase windings linked by a common flux.

Unlike that of a power transformer, the magnetic circuit of

the induction machine has an air-gap, and this makes the per-unit

Fig. 13.1 EQUIVALENT CIRCUIT OF THE POLYPHASE INDUCTION
MACHINE AT STANDSTILL

value of magnetizing current much higher than that of the power
transformer. As a result the approximation of showing the shunt

magnetizing branch of the equivalent circuit at the input terminals

is less close than for the power transformer. The approximation is

nevertheless acceptable for large machines, but not for small machines.
To keep the magnetizing current as small as possible, the air-gap

length of induction machines is made as short as is consistent with

mechanical considerations.

A further difference between the polyphase induction machine and
the power transformer is that in the former the windings are distri-

buted, and this affects the effective turns ratio.
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In this and subsequent sections it is assumed that the rotor has a
3-phase winding. A cage rotor is, in effect, a rotor with a large

number of short-circuited phases. Such an arrangement may be
represented by an equivalent 3-phase winding; Ir is not then the
current in an actual rotor phase, but the stator current Is is preserved
as the true stator current.

The induced stator e.m.f. per phase when connected to a supply
of frequency/hertz is, from eqn (1 1.20),

ES — KdsKss
cqq<£>Ns

V2
(13.8)

where coo = 2tt/= lim^p.

Fig. 13.2 EQUIVALENT CIRCUIT OF THE POLYPHASE INDUCTION
MACHINE AT ANY SLIP, S

At standstill the frequency of the rotor e.m.f. per phase is the

supply frequency and the rotor e.m.f. per phase is, from eqn (1 1.20),

Er = KarKsr
w <J>Nr

~V2~
(13.9)

When the rotor rotates the rotor e.m.f. per phase is altered both in

size and frequency.

Rotor e.m.f. per phasel wr<&Nr
at any slip s ]

= KdrKl

Ka,rKst

V2

~V2~
= sEr

The rotor reactance per phase at standstill is Xr . At any slip s,

therefore, the rotor reactance per phase will be sXr , since reactance is

proportional to frequency. The equivalent circuit per phase of a

polyphase inductor motor at any slip s is shown in Fig. 13.2.
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13.3 Slip Ratios

The element enclosed by the dotted box in Fig. 13.2 represents an

ideal or lossless induction machine. This differs from the ideal

transformer considered in Chapter 9 in that (a) the current and volt-

age transformation ratios differ, and (b) the frequencies of the voltages

and currents at the input and output terminal pairs of the ideal

element also differ.

From eqns. (13.8) and (13.9) the effective turns ratio, kt, at

standstill (s = 1) is

lr
— — — KdsKssNs

C13 10 ">

Er KfirKsrNr

At any slip s the voltage ratio is

4?" = - (13.106)
sLr S

'

At any slip s, m.m.f., balance must exist between the stator and

rotor phase windings so that

'r KdsKgsNs = IrKdrKsr N

r

1/ _ KgrKsrNr l_

Ir KdsKssNs kt
l '

Assuming there are three phases on both the stator and rotor,

Power absorbed by ideall „ „„ x . , ,,„ ^
stator winding )

P
° = 3E°T' cos & <13 - 12)

This power is obtained from the supply when the machine acts as a

motor, and from the prime mover driving the rotor when it acts as

a generator.

Power dissipated inl
,

, . . } Pr = 5sErIr cos <pr
the rotor circuit

)

= 3.5-7" kJr' COS &>r
kt

= 3sEsIr' cos
<f>r (13.13)

Dividing eqn. (13.12) by eqn. (13.13),
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The power dissipated in the rotor circuit consists of winding loss

in the rotor circuit and core loss in the rotor magnetic circuit. Since
the core loss varies with frequency this implies that the equivalent
circuit-element, Rr, is frequency dependent. Under normal running
conditions, for plain induction motors, however, the rotor frequency
and rotor core loss are low and the latter may usually be neglected.

The power dissipated in the rotor is obtained from the ideal stator

winding when the machine acts as a motor and from the prime
mover when the machine acts as a generator.

When the machine acts as a motor the power absorbed by the
ideal stator windings is greater than that dissipated in the rotor
circuit except when the rotor is stationary (standstill) when they are

equal. The difference in these two powers appears as gross mechani-
cal power output:

Mechanical power, Pm = P — Pr = P — sP

or

Pm =Po(l-s) (13.15)

Combining eqns. (13.14) and (13.15),

Po-Pr-Pm = 1 =J:(1 - s) (13.16)

When the machine acts as a generator the net mechanical power
input is the sum of the stator and rotor powers

:

Mechanical power, Pm = P + Pr

or

Pm = Po(l + s) (13.17)

For generator action, therefore,

P --Pr--Pm=l--S:(l +S) (13.18)

Eqn. (13.16) will serve for both motor and generator action if the

slip s, the power absorbed by the ideal stator winding P and the

mechanical power Pm are taken to be negative for generator action,

and it is remembered that Pm is the gross mechanical power output
for the motoring mode and the net power input for the generating
mode. Figs. 13.3(a) and (b) are block diagrams representing the

power transfer in a plain induction machine for motor and generator

action.



Stator
losses

Stator t

power
input Stator

winding

Po Pr Rotor
winding

Gross
mechanical
power
output

Shaft ^Windage
and
friction

losses

Net mechanical
power output

(a)

Induction Machines 441

Stator
losses

Stator 1

power L

output Stator

winding

Po Rotor
winding

Net
mechanical
power
output

Shaft ^ Windage
and
friction

losses

Gross mechanical
power input

(b)

Fig . 13.3 POWER TRANSFER IN A PLAIN INDUCTION MACHINE

(a) Motoruig mode (W Generating mode

EXAMPLE 13.1 A 37-3 kW 4-pole 50Hz induction machine has a friction and
windage torque of 22N-m. The stator losses equal the rotor circuit loss. Calcu-

late:

(a) The input power to the stator when delivering full-load output at a speed

of l,440rev/min.

(b) The gross input torque and stator output power when running at a speed

of l,560rev/min. The stator losses are as in (a) and the windage and
friction torque is unchanged.

/ 50 x 60
(a) Synchronous speed = -x 60 = = l,500rev/min

Per-unit slip, i
no - «r 1,500 - 1,440

nr 1,500
:004

2-n x 1,440 x 22
Windage and friction loss = 2^nrT - -nr = 3,320W

Gross mechanical power output, Pm = 37,300 + 3,320 = 40,620W

Power absorbed by ideal stator winding, Po
40,620

1 - s 0-96

Stator losses = Rotor loss = sP = 004 x 42,300 = 1.690W

Stator input power = 42,300 + 1,690 = 44,000W

= 42.300W

1,500 - 1,560
(b) Per-unit slip = r-^ = -004
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That is, the machine is now operating as an induction generator. Since the rotor
circuit loss and the stator losses are equal and the latter are unchanged,

Rotor circuit loss, Pr = 1.600W

u • , „ 1 + * 1-04
Net mechanical power input, Pm = Pr = —— x 1,690 = 44.000Wr

s 0-04

-r .. u . , 44,000 x 60
Torque corresponding to net mechanical power input = TTZZ

= 269N-m
Gross input torque = 269 + 22 = 291 N-m

Power absorbed by ideal stator winding, P = 7-7— = ,'„,, = 42,300

W

J °
\ + s 1-04

Stator output power = 42,300 - 1,690 = 40,300W

13.4 Transformer Equivalent Circuit of the Induction Machine

Referring to the equivalent circuit of Fig. 13.2, the rotor current per

equivalent phase is

sEr
lr —

Rr+jsXr

If the numerator and denominator are divided by s this gives

Er
lr = -g (13.19)

vs rc :

Fig. 13.4 TRANSFORMER EQUIVALENT CIRCUIT OF THE
INDUCTION MACHINE

This latter expression for the rotor current per equivalent phase is

consistent with the rotor equivalent circuit shown in Fig. 13.4.

Although the value of Ir is unchanged this equivalent circuit is

significantly different from that of Fig. 13.2 in that both the induced

voltage and the reactance per equivalent rotor phase have their

standstill (s = 1) values. Nor do the voltage and current ratios now
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differ as they did in the equivalent circuit of Fig. 13.1. Both are

now equal to the virtual turns ratio, kt. The element enclosed

in the dotted box of Fig. 13.4 represents an ideal transformer. There-
fore the power absorbed by the ideal stator winding must be equalled

by the power delivered by the ideal rotor winding to Rr/s. Thus the
power dissipated in the rotor equivalent circuit of Fig. 13.4 must be
both the rotor loss and the gross mechanical power output. This
may be shown to be so as follows.

Added resistance per equivalent! Rr /I — s\

rotor phase j
~

s ~ r ~ r
\ s /

Power dissipated in \

added rotor resistance)»™(t)=''(t)-'-
That is, the equivalent circuit has additional resistance of Rr I

)

in each phase and the power dissipated in these additional resistances

is equal to the gross mechanical power output. Fig. 13.4 shows the

equivalent circuit of an induction machine which is also the equiva-

lent circuit of a transformer the power dissipated in whose secondary
load is equal to the gross mechanical power output of the induction

machine when operating in the motoring mode.
Since the equivalent circuit of Fig. 13.4 is that of a transformer,

the secondary values may be referred to the primary by multiplying

them by kt
2

, the square of the virtual turns ratio. The turns ratio

is defined in eqn. (13.10a). Fig 13.5 shows the referred equivalent

circuit in which

R ' R
-i- = kt2— and Xr

' = kt2Xr
s s

It should be noted that the equivalent circuits are valid only if

the variations in speed or slip are relatively slow. Usually the moment
of inertia of the rotor is sufficiently large for this condition to be
realized.

13.5 Torque developed by an Induction Machine

An expression for the torque developed by an induction machine may
be obtained by reference to the equivalent circuit of Fig. 13.5.

Assuming that the stator winding has three phases,

Rotor circuit loss, Pr = 3(Ir')2Rr
'

(13.20)

Power absorbed by ideal) Pr Rr
'

stator winding )

P
« = 7 = 3(//>

2T (13 "21 >
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Gross mechanical) „ .,, ,..,_ , 1 — s
)Pm = 3(/r YRr —

—

power output )
s

3 1 — s

Gross torque developed, T = j^— (Ir')
2Rr —

—

where nr = (1 — s)no

Substituting for nr in eqn. (13.23),

T-— (T'V—T -2nn Ur)
s

(13.22)

(13.23)

(13.5)

(13.24)

Xs
+X r

''Ir

Fig. 13.5 REFERRED TRANSFORMER EQUIVALENT CIRCUIT OF THE

INDUCTION MACHINE

Comparing eqn. (13.23) with eqn. (13.21) it will be seen that

Po
T =

27T«0
(13.25)

Thus the torque developed is proportional to the power, P ,

absorbed by the ideal stator winding . The quantity P is sometimes

referred to as the torque measured in "synchronous watts", which

presumably implies that, if this power is divided by the synchronous

angular velocity, the torque is obtained.

Referring to the equivalent circuit of Fig. 13.5, evidently

// =

Jh+f) + (Xs + Xr'Y

Substituting for (7/)
2 in eqn. (13.24),

3 Vs
2

T =
2-rrno

(r. + ^ff + (xs + jt/) !

3i.
s

(13.26)
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Multiplying numerator and denominator by s gives

T =
3VJ sRr

'

2t7H (sRs + Rr'Y + s\X, + Xr'y-

If the stator impedance is neglected, this equation reduces to

(13.27)

T =
iv;• SRr'

lirno (R/)2 + s\Xr')
2 (13.28)

Eqns. (13.27) and (13.28) have been obtained by considering motor
action, but they apply equally to generator action. If the torque is

taken to be positive when the machine acts as a motor it will be nega-
tive for generator action since the slip then becomes negative.

For motor action eqn. (13.28) gives the gross torque developed, but
for generator action it gives the net input torque, as will be evident

from a consideration of Figs. 13.2(a) and (b), the torque in each case

being Pmj2-nnr.

13.6 Slip/Torque Characteristics of the Induction Machine

Referring to the expression for torque given by eqn. (13.27), since the

slip s is positive in both the numerator and the denominator, the

Fig. 13.6 PERTAINING TO MAXIMUM DEVELOPED TORQUE

torque will be zero both at s = and s = oo. Therefore, the torque
will be a maximum at some intermediate value of slip.

From eqn. (13.24),

T-2k™°T- (13.24)

Therefore the torque will be a maximum when there is maximum
power transfer into the load R/js. As shown in Fig. 13.6, the source
impedance is Rs +j(Xs + Xr') assuming the supply itself to have
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zero internal impedance. According to Section 2.4 the maximum
power is transferred to Rr'js when

— = ±V{R*2 + {Xs + Xr
') 2

}
s

or

R '

S = ±
V{Rs2 + (Xs + X/) 2

}

(13 '29)

The plus sign refers to motor action, the minus sign to generator

action.

An expression for maximum torque may be obtained by sub-

stituting in eqn. (13.27) the value of s given in eqn. (13.29). The

algebra is a little simplified if in the first instance a substitution for

s2(Xs + Xr')2 is made. From eqn. (13.29),

s2(Xs + Xr')
2 = (R/)2 - S2Rs2

In eqn. (13.27),

3VS
2 sRr

'

Tmax —
lirnoisR, + Rr') 2 + (Rr')2 - S2RS

2

3FS
2

1 s

~limo2{sRs + Rr')

Substituting for s and simplifying further,

3K2 1

±
2irn 2

1

,V{Rs2 + (Xs + Xr')
2
} ± Rs

(13.30)

Here again the plus signs refer to motor action, the minus signs to

generator action. It is to be noted that the maximum net input

torque for generator action is greater than the maximum gross

output torque for motor action. This inequality would disappear

if the stator resistance were negligible. Although, as eqn. (13.29)

shows, the slip at which the maximum torque occurs is proportional

to the referred value of rotor resistance per stator phase, Rr\ the

actual value of the maximum torque in independent of R/. There-

fore variation of R/ changes the slip at which maximum torque

occurs without affecting its value. The maximum torque is sometimes

called the pull-out torque.

If stator impedance is neglected (i.e. Rs = 0, Xs = 0) eqn. (13.29)

becomes

. , = ±g (13.31)
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and eqn. (13.30) becomes

3 1

27TH0 1Xr
' (13.32)

It will be appreciated that, to obtain a high starting torque and a

high maximum torque, the combined rotor and stator leakage

reactance must be small. The shorter the air-gap is made the more the

leakage flux is reduced. This is an additional reason for minimizing

the air-gap.

Fig. 13.7 is a typical slip/torque characteristic of an induction

machine. The hatched areas in the region of s = show the normal

operating range of the machine for motor and generator action.

Referring to motor action, AB represents the torque at standstill or

starting torque. Provided the load torque is less than this the motor

will accelerate until the developed motor torque and load torque

come into equality at a speed close to but less than synchronous

speed. The machine operates stably as a motor over the range indi-

cated. If the machine is operating in this region and a load torque

in excess of the maximum motoring torque, CD, is imposed on

the machine, it will decelerate to standstill or stall. The range DB
represents unstable motor action.

Fig. 13.7 shows positive values of slip greater than unity. To
achieve such values the rotor must be coupled to a prime mover
and driven in the opposite direction to that of the stator rotating

field, the stator still being connected to the 3-phase supply. In such

conditions of operation the machine acts as neither a motor nor a

generator as it receives both electrical and mechanical input power,

all the power input being dissipated as loss. This mode of operation

is referred to as brake action.

For the machine to operate as an induction generator a prime

mover must drive the rotor in the same direction as the stator rotat-

ing field but at a higher speed with the stator connected to a pre-

existing supply. In Fig. 13.7 OF represents the range of stable

generator action. If the input torque to the generator exceeds the

maximum generating torque, EF, the machine accelerates and passes

into the region of unstable generator action, FG. Unless the input

torque is removed, the speed may rise dangerously.

At some negative value of slip the machine will pass from unstable

generator action to brake action. This will occur when the stator

I2R loss exceeds the power absorbed by the ideal stator winding,

since the machine must then draw power from the electrical supply

to meet completely the stator loss as well as having mechanical

power input.
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I
—

Brake
action

Standstill

s=2
wm ">m0

5= + Ooj

s=-Z

Ff£. 13. 7 slip/torque characteristic of the induction machine
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Stator PR loss = 3(//)27?s (13.33)

R '

Power absorbed by ideal stator, Po = — 3(//)
2— (13.21)

Po is taken to be negative when the input to the ideal stator winding is

derived from a mechanical source. Equating eqns. (13.33) and (13.21),

s= -~ (13.34)

At this value of slip the machine changes from unstable generator to

brake action. Since R/ and Rs will be of the same order this value of

slip will be approximately — 1.

The slip/torque characteristic shown in Fig. 13.7 has its maximum
value at a relatively small value of slip. This is typical of induction

machines and is desirable, since when the machine operates as a

motor the speed regulation with load is small, giving the machine a

speed/torque characteristic over its operating region similar to that

of the d.c. shunt motor. This matter is discussed further in Section

13.7. Further, since from eqn. (13.14) the slip is equal to s = Pr/Po,

an induction machine operating with a large value of slip would have

a large rotor loss and consequently a low efficiency. A disadvantage

of having the maximum torque occur at a low value of slip is that,

as Fig. 13.7 shows, this arrangement makes the starting torque low.

EXAMPLE 13.2 A 440V 4-pole 3-phase 50Hz slip-ring induction motor has

its stator winding mesh connected and its rotor winding star connected. The
standstill voltage measured between slip rings with the rotor open-circuited is

218 V. The stator resistance per phase is 0-6CI and the stator reactance per phase

is 30.. The rotor resistance per phase is 005Q and the rotor reactance per phase

is 0-25 ii. Calculate the maximum torque and the slip at which it occurs. If the

ratio of full-load to maximum torque is 1 :2-5 find the full-load slip and the power
output.

All values must be referred to either the stator or the rotor. It is usual to refer

to the stator. Since the rotor is star connected

:

218
Induced standstill rotor voltage, Er = —p; — 126V

From eqn. (13.10a) the standstill turns ratio is

Rotor resistance/phase referred to stator, Rr
' = 005 x 3-49 2 = 0-61 il

Rotor reactance/phase referred to stator, X/ — 0-25 x 3-492 = 3-05H

From eqn. (13.29) the slip for maximum torque is

Rr' 0-61

VUXsT + (X, x Xr'Y) V(0-6
2 + 6-052

)

= 01
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f 50
Synchronous speed, n = - = — = 25 rev/s

From eqn. (13.30) the maximum torque is

_. =W 1
f 1 I

ma" 277« 2LvW + (A'5 + Xr')2
} + RsJ

3 x 4402
1 1

2tt25 2 606 + 0-6
= 278N-m

278
Full-load torque = -^T = 111 N-m

The slip for full-load torque may be obtained from eqn. (13.27):

3KS
2 sRr'

(13.27)"
277/10 (SRS + R/Y + S\X, + Xr')*

i.e

111
3 x 4402 0-61s

~
277 x 25 (0-6.J + 0-61) 2 + 605V

This gives

i2 -- 0-53s + 001 =

so that

*-
0-53 ± V(0-53

2 - 4 x 001) _ . „ of 0-51
2

Since the slip for maximum torque is 0-1, j = 002 is on the stable part of the

slip/torque characteristic and s = 0-51 is on the unstable part. Selecting the

value of s giving stable operation,

Power output, Pm = 27rnrT = 2t7 x 25(1 - 002) x 1 1 1 = 171 kW

13.7 Starting

SLIP-RING MACHINES

To obtain a satisfactory operating characteristic giving a reasonable

efficiency and a small speed regulation with load, the slip for the

maximum torque developed by an induction motor must have a value

in the range from 0-1 to 0-2, as explained at the end of Section 13.6.

From eqn. (13.29) the slip for maximum torque is

s = vW + tf-. + **,)} = from °' 1 10 °'2

At starting s = 1, and to obtain maximum torque on starting,

Rr'

V{Rg
* + (Xs + X'r)*}

= 1
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In the plain-cage-rotor induction motor these conflicting require-
ments cannot well be met, though specially shaped rotor slots or a

double-cage rotor may make this possible. In slip-ring machines,

Run Start

Supply

Stator Rotor Trirr
Starting

x

resistance

Fig. 13.8 STARTING OF WOUND-ROTOR MACHINES

however, the rotor resistance per phase is such as to give a satis-

factory operating characteristic.

Slip-ring machines are invariably started by means of external
resistances connected through the slip rings to the rotor circuit

(Fig. 13.8). The machine is started with all the resistances in,

giving a high starting torque. As the machine runs up to speed the

s=o

r increasing

torque

Fig. 13.9 slip/torque curves for rotor-resistance starting

external resistance is reduced until the machine attains full speed
with no external resistance.

Fig. 13.9 shows the slip/torque curves of a slip-ring induction
motor corresponding to various positions of the starting resistance.

NON-SLIP-RING MACHINES

Stator starting must be used for cage-rotor machines, since no
connexion can be made to the rotor, and direct switching of large
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machines would cause huge starting currents, which must be

avoided. The cage-rotor machine suffers from the disadvantage

that the starting torque is low if the resistance is low, while the

efficiency is reduced if the rotor resistance is high. Various methods

of starting will be examined.

Direct-on-line starting. In small workshops, direct-on-line starting

may be restricted to motors of 2 kW or less, but in large industrial

premises the tendency is to "direct switch" whenever possible, direct-

on starting of motors of 40 kW at medium voltages being common.

Supply

>-¥-¥ Isolator

B, B 2

C2

Stator
windings

Fig. 13.10 STAR-DELTA STARTING

Eft!
JJ

j
Run (A)

1

j
p P o | Start (Y)

U_____J
Stai—delta
switch

Reduced-voltage starters, described below, may be used to limit

the initial starting torque and thus to reduce the shock to the driven

machine.

Star-delta starting. In this type of starter the stator is star-

connected for running up to speed, and is then delta connected.

The applied voltage per phase in star is only 1/V3 of the value which

would be applied if the windings were connected in delta; hence,

from eqn. (13.27), the starting torque is reduced to 1/3. The phase

current in star is l/yl of its value in delta, so that the line current for

star connexion is 1/3 of the value for delta. Fig. 13.10 shows a con-

nexion diagram for a star-delta starter.

Auto-transformer starting. In auto-transformer starting the

transformer has at least three tappings giving open-circuit voltages

of not less than 40, 60 and 75 per cent of line voltage for starting,

and the stator is switched directly to the mains when the motor has

run up to speed (Fig. 13.11). If the fractional tapping is x, then the

applied voltage per phase on starting is xV\ (where V\ is the mains

voltage), and the starting torque is reduced by x2
. The starting

current from the mains will also be reduced by approximately x2
.
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Supply

:

Auto-transformer

p <
V <v Start

U U U Run

Fig. 13.11 AUTO-TRANSFORMER STARTING

-Stator

EXAMPLE 13.3 A 3-phase squirrel-cage induction motor has a stator resistance
per phase of 0-5O and a rotor resistance per phase referred to the stator of 0-5Q.
The total standstill reactance per phase referred to the stator is 4-92Q. If the
ratio of maximum torque to full-load torque is 2:1, find the ratio of actual
starting to full-load torque for (a) direct starting, (b) star-delta starting and
(c) auto-transformer starting with a tapping of 75 per cent.

The maximum torque is given by eqn. (13.30):

Tmax — i ;

2ttoo

For motor action

Vf]_V
iroo2 L

1

V{R*Z + (xs + xry}±Rs.

Tmax — &

'

i

2 V(0-5
2 + 4-922

) + 0-5

kVs
2

10

kVs
2

Full-load torque, Tfl = iTmax = -jjt-

(a) Direct-on-line starting. The starting torque is obtained by substituting
= 1 in eqn. (13.27), which is

T =
3VS* sR/

iTmoisR* + R/)2 + s2(Xs + X,'Y

The starting torque is

0-5 kVfi

(13.27)

T = kVs2
;
(0-5 + 0-5)2 + 4-922 2 x 24-2

Therefore

Starting torque _ To _ kV,2 20

Full-load torque Tfl 2 x 24-2 * kV*2

(fi) Star-delta starting. The effective phase voltage is reduced to 1/V3 of its

original value. Therefore

= 0-413

/ 1 \ 2

To = \~TXj of To for direct starting, and

Starting torque _ 0-393 _
Full-load torque 3 =
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(c) Auto-transformer starting. The effective phase voltage is reduced to 0-75

of its original value. Thus

To = 0-75 2 of To for direct starting

and

Starting torque

Full-load torque
= 0-393 x 0-752 = 0221

Where a high starting torque is required from a squirrel-cage

motor, it may be achieved by a double-cage arrangement of the rotor

conductors, as shown in Fig. 13.12(a). The equivalent electrical

Torque
Combined

(a) (b)

Load torque

(c)

Speed

Fig. 13.12 IMPROVEMENT IN STARTING TORQUE OF CAGE ROTORS

(a) Double-cage rotor

(W Equivalent circuit

(c) Combined torque/speed characteristics

rotor circuit is shown at (b), where Xi and X% are leakage reactances.

This equivalent circuit neglects mutual inductance between the cages.

For the upper cage the resistance is made intentionally high, giving a

high starting torque, while for the lower cage the resistance is low,

and the leakage reactance is high, giving a low starting torque but

high efficiency on load. The resultant characteristic will be roughly

the sum of these two as shown in Fig. 13.12(c).

If a 3-phase induction motor starts in the wrong direction, this can

be remedied by interchanging any two of the three supply leads to

the stator.

13.8 Stability and Crawling

Curve (a) in Fig. 13.13 is the torque/speed curve for a typical induc-

tion motor. Consider that this motor is required to drive a constant-

torque load having the torque/speed characteristic illustrated by

curve (6). T , the starting torque with direct-on switching, is greater

than the load torque Tb ; thus there will be an excess starting torque

(To-Tb) which will accelerate the motor and the load. The accelera-

tion at any speed will be proportional to the torque difference (T-Tt)
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so that the acceleration will be a maximum when the driving torque,

T, is a maximum; and the acceleration will be zero, i.e. a steady

speed will be obtained, when the speed corresponds to the operating

point A. This is a stable operating point, since if the speed rose by a

small amount A«r from its value at A, the load torque would exceed

the driving torque and there would be a deceleration back to the

Fig. 13.13 PERTAINING TO STABILTY

. . Load characteristics— Motor characteristics

speed at A, and vice versa for a decrease in speed. The conclusions

from this argument are

:

(a) The operating point must be at the intersection of the two

torque/speed characteristics.

(b) The slope of the load torque/speed curve must be greater than

that of the driving-motor torque/speed' curve for the operating

point to be stable; i.e.

-r- for the load > -r- for the drive
anr ctnr

Curve (c) in Fig. 13.13 represents a second load. In this case the

load torque Tc is greater than the starting torque To of the motor.
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and with direct-on switching the motor would fail to start. The
motor could be started by the use of additional rotor resistance

sufficient to give the motor the characteristic of curve (d). The
motor would drive the load at the speed corresponding to point C
when the additional rotor resistance is short-circuited. Operation

at point C may be unsatisfactory, since C is relatively near the maxi-

mum torque point and fluctuations in the load might too easily

stall the motor. If the fluctuation does not cause the speed to fall

Fig. 13.14 torque/speed characteristics to illustrate
CRAWLING

te) Resultant of (c) and W)
(6) Constant-torque characteristic
(c) Characteristic due to 7th harmonic flux density
W) Characteristic due to fundamental flux density

below that at D the motor should accelerate the load back to its

speed at C when the load torque returns to normal. Since dTjdnr for

the load is not greater than dT\dnr for the drive at D, this is an un-

stable operating point; i.e. if some random cause makes the speed

fall slightly the load torque will exceed the driving torque and cause a

further reduction in speed, or vice versa. The portion of the normal
characteristic curve (a) which lies to the left of the maximum-
torque point is called the nominally unstable portion. Though it is

not normally possible for a motor to operate at a point on the nomin-
ally unstable portion of its characteristic, this may be arranged if a

load, such as a fan, with a steep rising characteristic is chosen. A
particular case is represented by curve (e); the motor would drive

this load at a speed corresponding to the point E.

An induction motor may sometimes run in a stable manner at a

low speed on a constant-torque load. This can be the result of a

kink in the normal torque/speed characteristic. In Fig. 13.14
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curve (a) shows a torque/speed curve with such a kink, and curve

(b) represents a constant-torque load. The intersection A of curves

(a) and (b) represents a stable operating point, so that the machine

would not run up to full speed but merely drive the load at the speed

corresponding to point A. This is termed crawling. To make the

motor run up to full speed the load would have to be reduced to a

value less than that of the minimum occurring between A and B. The

kinks are due to irregularities (such as teeth) in the machine which

accentuate the effect of space harmonics in the flux density dis-

tribution. Curve (c) in Fig. 13.14 shows the slip/torque charac-

teristic due to the 7th space harmonic, which rotates at a speed of

nop in the same direction as the fundamental. When the rotor speed

nr is less than n /7 this space harmonic produces a motoring torque,

but when nr is greater than n /7 it produces a generating torque.

When this torque/slip characteristic is added to the torque/slip

characteristic due to the fundamental (curve (d)) a kink in the

resultant torque/slip characteristic occurs.

13.9 Stator Current Locus of the Induction Machine

Fig. 13.15(a) shows the approximate referred equivalent circuit of

the induction machine. The impedance Zs is

Zs=Rs + ^f+ jXXs +Xr') (13-35)

As the slip 5 varies the locus of Zs is that of an impedance of fixed

reactance Xs + Xr
' and of variable resistance. In Fig. 13.15(6)

W'AW represents the locus of Zs . For any positive slip s, OP8

represents the impedance Zs in modulus and phase, OA represents

the fixed reactance Xs + Xr', and APS represents the particular

resistance Rs + Rr'ls. For negative values of slip points such

as Ps
'

fall to the left of A and represent induction generator

action.

As shown in Section 1.7, if the complexor representing the current

Ir
'

in the impedance Zs , is drawn from the origin O and Vs is taken as

reference complexor, the extremity of // must lie on a circle of dia-

meter V$IXS + Xr'). This locus is shown in Fig. 13.15(6). OB is

the current V8j(Xs + Xr') when the slip takes up a value such as to

make Rs + Rr'ls = 0.

For any value ofZs (such as OPs making an angle 6 with the first

reference axis), the corresponding value of // is found by drawing

OQs making an angle —6 with the first reference axis, as shown in
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Fig. 13.15(6). OQs
' is the current complexor corresponding to the

impedance OPs
' drawn for a negative slip.

To obtain the total stator current Is the fixed current I must be
added to //, whose value varies as s varies. This may be done most

Locus of if. w.r.t. O

Locus of Is w.r.t. o'

Fig. 13.15 STATOR CURRENT LOCUS OF THE INDUCTION MACHINE
(a) Equivalent circuit at any slip, s
(6) Impedance and current loci

conveniently by shifting the origin of measurement for the current by
an amount equal to I (to scale) from O to O' as shown in Fig. 13.15(b).

The locus of Is is then the same circle as the locus of //, but the origin

of measurement for /s is O', while that for // is O.
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13.10 Torque and Mechanical Power Lines of the Induction Machine
Circle Diagram

Fig. 13.16 again shows the locus of the impedance

Zs = Rs + -j + j(Xe + X/)

and of the current, //, flowing through this impedance. For the

2nd reference axis

Generation
action

Brake
action

Fig. 13.16 TORQUE AND MECHANICAL-POWER LINES ON
INDUCTION-MACHINE CIRCLE DIAGRAM

sake of clarity the size of the complexor O'O representing the

no-load current Io has been exaggerated.

OP„ represents the fixed impedance Z = Rs + j(Xs + X/) so

that AP„o = Rs and OA = Xs + X/. The locus of the impedance
Z + R/ls as the slip s varies from + oo to — oo is the straight line

W'PocW parallel to the reference axis. Ps , any point on the locus,

lies to the right of P,,, for positive values of slip (motor action)

and to the left of P,,, for negative values (generator action).
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When s = ± oo, Rr '/s = 0, so that any point Ps on the impedance

locus is at P„o.

When j = 1, R/ls = /?/ - P„Pi, and Ps is at Pi.

For any positive slip s,

— - P P
s ~ " s

PlPs = ProPs - P»Pl =^ ~ Rr' = *r' (^)
AP„:PMPi:PiP3 = Rs-Rr'-Rr' V~yA ( 13 -36)

OA = A^ + Z/ is the minimum value of the impedance Z + Rr'js

and OB is the correspondingmaximum value ofcurrent Vsj{Xs+ Xr').

The circle on OB as diameter is the locus of V,\(Z + Rr'ls) with

respect to O when Vs is taken as reference complexor. Points Q„o,

Qi, Qs and Qs
' on this locus corresponding to points Pm , Pi, Ps

and Ps
' respectively. The subscripts refer to the values of slip to

which the points correspond.

When s = + oo, a condition not practically attainable since it

implies that the rotor is driven at infinite speed, any point Ps on the

impedance locus is at Poo, and any point Qs on the admittance locus

is correspondingly at Qco- As the value of s decreases, Ps moves to

the right to Pi, corresponding to 5 = 1 (standstill), and Qs moves

to Qi. In the range between P^ and Pi, the mode of operation is

brake action as explained in Section 13.6. As the slip decreases

from unity, Ps moves to the right of Pi and correspondingly Qs

moves round the circular locus towards O. If the slip were to become

zero, Ps would be an infinite distance to the right of Pi and Qs would

move to O. For the range of slip from + 1 to almost zero the mode of

operation is motor action.

When 5
1 = — oo, a condition also not practically realizable, Ps

is at Pa, and Qs at Q„. As s takes up smaller and smaller negative

values, Ps moves to the left of Pm and Qs moves anticlockwise

round the circular locus towards O, which it would reach when

Ps was an infinite distance to the left of P„.

MECHANICAL POWER LINE

In Fig. 13.16 QST is drawn parallel to the reference axis cutting

OQi in R, OQ,, in S and meeting OB in T. QiV is also drawn

parallel to the reference axis, cutting OQm in U and meeting OB in

V. Evidently,

VU:UQi = AP«,:PJPi = RS :R/ (13.37)
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Also

* A
VQl

cot fl =W =

APi Rs + R/ „, w= OA-Zs +Z/
(13 -38)

// = OQa = -
7> '

-R. +
-J-

+;(*'. + *'/)

K« is the reference complexor, i.e. Vs = V[0°.

OQs = ^5 (R. + R/ls) -j~-2 (Xs + Xr
')

or

OQs = TQ3 -;OT

TR = otw = z? iXs + Xr) xs + xr
' - z^R* + Rr)

RQS = TQS - TR = ^5 (*, + /ir'/*) -Vi (*« + ^')

The mechanical power is

P„ = 3(/,w(^) (13-22)

= 3FS .RQ8 (13.39)

Thus for any point Qs on the current locus the distance RQS

parallel to the reference axis is proportional to the mechanical power,

so that OQi is called the mechanicalpower line. For generator action

R'Qs' represents the mechanical power input.

TORQUE LINE

Rr' _V±
~Z8

*
RrSR - RQ° *m -h Rr' (M) x

R , n_^\

Rotor loss, Pr = 3(//)2J?/ (13-20)

Vs
2

= 3 z? Rr
'
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i.e.

i.e.

Pr = 3Fs .SR (13.40)

Rr'
Ideal stator power transfer, Po = 3(7/)2— (13.21)

= 3
|£

{/?/ + Rr
'

(

]

~~)} = 3^(SR + RQ5)

Fo = 3K5 .SQs (13.41)

3
Torque developed, T = -— F5 . SQS (13.42)

Thus for any point Qs on the current locus the distance SQS

parallel to the reference axis is proportional to the developed torque,

so that OQ„ is called the torque line. For generator action the torque

is S'Q/.

13.11 Determination of Equivalent Circuit and Locus Diagram

The current locus may be directly determined by test, and this is

usually achieved by means of a no-load test and a short-circuit test.

NO-LOAD TEST

In Fig. 13.16, 0'O represents the current /o, which may be determined

by operating the machine in such a way that // = 0. Referring to

Fig. 13.15(a) it will be seen that this condition could be achieved

exactly by coupling the machine to a prime mover and rotating the

rotor at exactly synchronous speed so that the slip was zero. In

these circumstances Rr'(s is infinite and // is zero. In practice it is

usually sufficiently accurate to take h as the input current with the

machine running unloaded, when the slip will be very small and //

negligible compared with h. The test is usually performed with full

voltage applied to the stator.

Let Vo — Input voltage per phase on no-load

/o = Input current per phase on no-load

Po = Input power per phase on no-load

In the approximate conditions of the test it should be noted that the

power Po is made up of stator core loss, stator PR loss, rotor loss,

and windage and friction loss. The stator I2R loss and the rotor loss
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are usually negligible, but the windage and friction loss may well be

comparable to the stator core loss.

cos<^o = -^7- (13.43)
Yolo

Hence the complexor / of Fig. 13.17 can be drawn.

The quantities in the shunt arm of the equivalent circuit of Fig.

13.15(a) are

/» = lo cos <£o Im = ^o sin <£o

and

S. = £ = -^— (13.44)
Iw lo cos <po

* - r - r£r (13 -45)
lm Jo sm <po

ft should be noted that the power dissipated in Rc, namely

Iw2Rc, represents stator core loss together with windage and friction

loss for this method of testing.

LOCKED-ROTOR TEST

In Fig. 13.16, O'Qi represents the total input current h at s = 1,

and this can be measured with the rotor at standstill. Since the

machine produces a torque at standstill it is necessary to lock the

rotor to prevent its accelerating. The test is usually performed with

reduced voltage.

Let Vsc = Input voltage per phase at standstill

Isc = Input current per phase at standstill

PSc = Input power per phase at standstill

The power input Psc includes stator PR loss, stator core loss and

rotor loss. The stator core loss will be negligible, however, since Vse

will be a small fraction of the rated value, whereas Isc will be of the

same order as the rated current.

cos^sc =^-^- (13.46)

The standstill stator current if full voltage were applied would be

/. = ho p- (13.47)

Hence the complexor ls (O'Qi) of Fig. 13.17 may be drawn.
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The input current Is is I + I/. Since I is normally negligible

compared with // at standstill, the input impedance at standstill

may be taken as

Zt = Rs + R/ + j(Xs + Xr')

=— cos cj) Sc + j -r- sin (p 8C
lsc *sc

Reference axis

Fig. 13.17 CONSTRUCTION OF THE CURRENT LOCUS DIAGRAM
FROM TEST RESULTS

Therefore

-K« + Rr
' = -r- cos </>sc

Xs + Xr
' = -^ sin 4>sc

*8C

(13.48)

(13.49)

R8 may be separated from R/ by performing a d.c. resistance test

on the stator winding.

In Fig. 13.17 O'O represents h and O'Qi represents the value of

Is at standstill with normal voltage applied. Both O and Qi lie

on the circular locus, so OQi is joined and represents a chord of the

circle. WW is the perpendicular bisector of the chord OQi. The
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centre, C, of the circular locus lies along WW' where it intersects OX,

the line drawn through O perpendicular to the reference axis.

EXAMPLE 13.4 A 2-25 kW 440V 4-pole 50Hz 3-phase induction motor gave

the following test results at the stator terminals.

(i) Standstill test (rotor locked): 142V, 5A, 205 W.

(ii) No-load test: 440V, 2-21 A, 122W.

The ratio of stator: rotor I 2R loss at standstill is 1-2: 1.

From these data construct the circle diagram for the machine, and hence

determine

(a) Full-load stator current, power factor, slip, speed and efficiency.

\b) Pull-out torque, and the slip at which it occurs for both motor and generator

action.

(c) The maximum mechanical power for both motor and generator action.

(d) The starting torque for direct-on-line starting and star/delta starting.

From the standstill test the standstill current is

v> c
440 ,<<A

/, = /«X|r = 5Xj^ = 15-5A

and the power factor is

(
"sc 205 = 0167cos "t**' V3V*J«~ V3 X 142 x 5

whence

<t>sc
= 80° 30' lagging

h = 15-5/-80 30'

A

From the no-load test,

122
( = 00725 laggingcos *° ~~

V3 X 440 x 2-21

whence

^ = 85° 50' lagging

Open-circuit line current, /o = 2-21/—85° 50'

A

The circle diagram of the machine is shown in Fig. 13.18. The diagram is

drawn for line values of current, and the circular locus is obtained by the method

explained in Section 13.11.

/„ and h are drawn as the complexors O'O and O'Qi. The perpendicular

bisector of the chord OQi is drawn to cut OX in C, the centre of the circular locus.

OX is the line through O perpendicular to the reference axis. A point U is chosen

in VQi according to eqn. (13.37) such that

VU _ Stator winding loss _ R, _
UQi ~ Rotor winding loss RS

OQi is the mechanical power line, and OU is the torque line. OZ is an axis

drawn through O parallel to the reference axis.
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(a) Full-load power output = 2-25 kW
Active component of current corresponding to full load output

2,250 = 2-93AV 3 x 440

Current scale

Fig. 13.18

Reference axis

In Fig. 13.18, OW is drawn equal to 2-93A to scale. WQ2 is drawn parallel to
the mechanical power line to cut the circle in Q2 . OQ2 is joined Q2K 2 is

drawn parallel to the reference axis to meet O'Y in K 2 and to cut the
mechanical power line in R2 .

Full-load stator current = 0'Q2 x 2 = 2-15 x 2 = 4-30A

Input power factor = cos $2 = cos 41 -5 = 0-748 lagging
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From eqn. (13.14) the slip is

P,
S =

Po

Fig. 13.19 shows an enlargement of the area at the origin of Fig. 13.18. In that

diagram

S 2R2 012 n „s = = = OOzp.u.
S2Q2 5-94 ST

Reference axis

Current scale

Fig. 13.19 ENLARGEMENT OF AREA AT ORIGIN OF FIG. 13.18

The speed is

nr = (1 - s) = (1 - 002) x \& = 24-5rev/s or l,470rev/min

It should be realized that Q2K2 is the reference or active component of the
input current 0'Q2 . Of the current Q2K2, the component R2Q2 is equal to OW,
which corresponds to the output. Hence the component R.2K2 corresponds to
losses, and Q2K2 corresponds to the electrical power input. Therefore

Efficiency = 2*! = 12Z
1 Q2K2 1-60
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(b) The pull-out torque is the maximum torque. Hence two points, Q3 for

motor action and Q3' for generator action, must be found on the circular locus

which make the horizontal distance from the locus to the torque line a maximum.
This is most easily accomplished by drawing a line from the centre of the circle,

perpendicular to the torque line, to meet the circle at Q3 and Q3'. Q3S3 and
Q3'S3' are then drawn in the reference direction to meet the torque line in S3

and S3'.

3K».SsQs
Pull-out torque, motoring = — (13.42)

or, when line values of voltage and current are used,

t, .. .

.

. • \/3 x 440 x 3-09 x 2 ,„..
Pull-out torque, motoring = - — = 30N-mn &

2tt x 50/2

Slip for pull-out torque = |^2 = 2^f = 0078
S3Q3 3-09 ^^5^^

Since S3Q3 is now known to represent a torque of 30N-m, all other torques may
be found by simple proportion.

Pull-out torque, generating = 30 x -^- = 30 x —- = 36-2N-m
S3Q3 3*09 —

The slip for maximum torque, generating, will be numerically the same as that

for maximum torque, motoring, but will be negative.

(c) To find the maximum mechanical power, the points Q4 and Q4' must be

found on the circular locus which make the horizontal distance from the locus

to the mechanical power line a maximum. A similar method is used as was used

to obtain the maximum torque. A line is drawn from the centre of the circle at

right angles to the mechanical power line to meet the circular locus in Q4 and Q4'.

Q4R4 and Q4TU' are then drawn in the reference direction to meet the mechanical

power line in R.4 and R4'.

Maximum mechanical power, motoring = 3V5 . R4Q4 (13.39)

or, when line values of voltages and current are used,

Maximum mechanical power motoring = \/3 x 440 x 2-84 x 2
= 4,320W

Otherwise, since it is already known that Q2R2 represents 2,240W (full load), all

other mechanical powers may be found by ratio.

Q4R4
Maximum mechanical power, motoring = 2,240 x _ _

2-84= 2,240 x^ = 4.320W
1-47 -

Q4'R4'
Maximum mechanical power generating = 2,240 x _ R

4-03
= 2,240 x— = 6.140W

1-47

(d) The starting torque is the torque when s = 1 and is therefore represented

by UQi on the diagram.
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Starting torque for direct-on starting = 30 x

= 30 x

UQi
S3Q3

055
_

309
" 5-34N-m

When a star-delta starter is used, the voltage applied to each stator phase is

1/V3 of the normal running value. Eqn. (13.27) shows that the torque is pro-

portional to the square of the voltage applied to each stator phase. Therefore,

1-460

-vw-
16-2fl

4760n: 347D

Fig. 13.20 (example 13.4)

when a star-delta starter is used the starting torque will be (1/V3)2 or 1/3 of that

for direct-on-line starting.

5.34
Starting torque for star-delta starting = —— = 1-78N-m

The equivalent circuit calculated from the test results using the method given in

Section 13.11 is shown in Fig. 13.20.

EXAMPLE 13.5 In the approximate equivalent circuit of one phase of a 3-phase

mesh-connected induction motor shown in Fig. 13.21, Vs — 415V, Rc = 250Q,

Fig. 13.21 (example 13.5)

R, = 01 H, RS = 0-2Q, Xm = 25 C2, and Xs + X/ = 10O. Determine the

input current, power factor, output power and efficiency if the full-load slip is

003 when the machine is connected to a 3-phase 415V 50Hz supply.

This problem could be solved by finding the input current on no load (when

swO) and on short-circuit (when s = 1) and then constructing the circle diagram

as in Example 13.4. An alternative solution by calculation is given below.

Z. = R. + ^- +j(X, + X/) = 0-1 +
0-2

+003 + /1-0 = 6-85/8-4
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Y„ = — = 146 x 10-3/-8-4 = 144 X 10"3 -/21-3 X lO"3

Yo =i -J-k - 2T0 ">B = 5 * 10
"3 -*° * 10

"3

Total input admittance, Yt = Yo + Ys = 149 x 10" 3 - /61-3 x 10"3

= 161 x 10-3/-22-4°

Input current per phase = VYT = 415 X 161 x 10"3 = 66-8A

Input power factor = cos 22-4° = 0925 lagging

Input power = 3 X 415 x 66-8 x 0-925 = 77.100W

// = VYS = 415 X 146 X 10-3 = 60-5A
Rotor loss, P, = 3(IrTR/

(\-s\
Mechanical power output, Pm — Pr I

J

1 - 003
= 3 x 60-52 x 0-2 x

= 71.100W

003

71,100 AO„
Efficiency = jp^ = 0-923 p.u.

13.12 Speed Control

In the majority of applications the speed of a driving motor is

required to be almost constant, and hence the plain induction

motor is very suitable. Sometimes, however, it is desirable to be

able to control the speed of the motor, and this may be achieved in

three main ways. From eqn. 13.5,

nr = (1 - s)n = (1 - s)
f- (13.50)

It follows that the speed n , may be varied by varying the number of

stator poles or varying the supply frequency. It is rarely that varia-

tion of the supply frequency is used.

In wound-rotor machines the speed for a given load torque may be

varied by varying the rotor resistance. This (as shown in Fig. 13.22)

gives a range of speeds near full speed, four speeds being possible

for the same load torque, with a four-position resistance. The

disadvantages of this method are the heat lost in the regulating

resistor, and the dependence of the speed variation on the load torque.

If two or three different operating speeds are required near the

synchronous speeds of 3,000, 1,500, 1,000, 750, 500, etc., rev/min.

these may be achieved by having two or more stator windings each

having a different number of pole-pairs. The required speed is
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obtained by switching on the appropriate winding. This is only

possible with cage-rotor machines, since wound-rotor machines

must have a fixed number of rotor poles. To avoid the added

cost of separate windings with different numbers of pole-pairs,

pole-changing windings were introduced. In these, by a series or

parallel grouping of the coils (achieved by switching), the number

Speed

SZ° -r-

Speed range

:= 1

j = Torque

Fig. 13.22 SPEED CONTROL BY VARYING ROTOR RESISTANCE

fa) Rr
' = 0-lSVI-Rj2 + (Xs + */> 2

]

(6) Rr
' = 0-4\/[Rs2 + (Xs + X/)2]

(c) R,' = 0-7VU?s2 + iXs + -ST/)2 ]

M) Rr' = VIRs2 + (Xs + Xr
">2

]

of stator poles may be altered. Speed ratios of 2 : 1 and 1-5:1 may
be achieved in this manner.

EXAMPLE 13.6 An 8-pole 50Hz 3-phase slip-ring induction motor has a

total leakage impedance of (20 +j5-4)Ci per phase referred to the stator. The
stator resistance per phase is 1 1 Q. When 415V is applied to the mesh-connected

stator winding the voltage between any pair of open-circuited slip rings to which

the star-connected rotor winding is connected is 239 V. The motor develops full-

load torque with a slip of 004 with the slip rings short-circuited. Calculate the

approximate speed of the machine if a 3-phase non-inductive resistor of 0-5 CI

per phase is connected in series with the slip rings when full-load torque is applied.

Since the rotor winding is star connected,

239
Induced rotor voltage/phase on open-circuit, Er = "y;V
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Since the stator winding is mesh connected,

Induced stator voltage/phase on open-circuit, E = 415V
Voltage drop due to any magnetizing current is neglected.

415
Effective phase turns ratio = = 3

Rotor resistance/phase referred to stator, Rr\ = 2-0 — 1-1 = 0-9Q
Added rotor resistance/phase referred to stator = 0-5 X 32 = 4-50

Total rotor resistance/phase referred to stator, Rr/ = 0-9 + 4-5 = 5-4Q

Torque developed, T =
ô (s^ + Rny+iKXs + x/)2

(13.27)

3K,2 s2Rr2

2nn {.SiR, + Rri'y + sz2(X, + X/)*

where si = slip for full-load torque with slip rings short-circuited, and
s» = slip for full-load torque with added rotor resistance.

004 X 0-9 5-4.T2

(004 X 11 + 0-9)2 + 0042 X 5-42 (1-lsa + 5-4)2 + 5-4

V

Therefore

J22 - 4-22*2 + 0-96 =

whence

.52 = 0-235 or 3-92

The second result refers to brake action and may be neglected here.

Speed = (1 - s) = (1 - 0-235) x ¥ X 60 = 573rev/min

13.13 Single-phase Induction Machines

The construction of the single-phase induction motor is similar

to that of the 3-phase type: a single-phase winding replaces the

3-phase winding. For the same output, the size of the single-

phase machine is about 1-5 times that of the corresponding 3-

phase machine.

A single-phase current in a single-phase winding produces a

pulsating, not a rotating, magnetic field. However, the theory of
single-phase motors may be placed on the same basis as that of 3-

phase motors by representing a single-phase pulsating m.m.f. by
two fields of constant amplitude rotating in opposite directions.

This representation is valid so long as the original pulsating field

has a sinusoidal distribution round the armature and varies sinu-

soidally with time.

If the current in the single-phase stator winding is

'• = Ism sin (at
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then the fundamental stator m.m.f. at any position 6 is

_, IsmN$ . , .

F s = ~

~

— sin cot sin a
2P

= Ij~ {cos {cot - 0) - cos {cot + 6)} (13.51)

Thus the pulsating stator m.m.f. may be represented by two

oppositely rotating cosinusoidally distributed m.m.f.s each travelling

at synchronous speed. Each of these component stator m.m.f.

distributions gives rise to corresponding rotor m.m.f. distributions.

The resulting instantaneous torque developed has four clearly dis-

tinguishable components, which are

:

1. A torque due to the interaction of the forward-travelling

stator and rotor m.m.f. distributions.

2. A torque due to the interaction of the backward-travelling

stator and rotor m.m.f. distributions.

3. A torque due to the forward-travelling stator m.m.f. distribu-

tion and the backward-travelling rotor m.m.f. distribution.

4. A torque due to the backward-travelling stator m.m.f. dis-

tribution and the forward-travelling rotor m.m.f. distribution.

The first component gives a steady non-pulsating torque acting

on the rotor in the forward direction and gives rise to a component

slip/torque characteristic of the form obtained from a polyphase

induction machine as shown in Fig. 13.23. The second component

gives rise to a similar slip/torque characteristic, the torque acting

in the opposite, backward direction.

The third and fourth components give rise to torques which pul-

sate at twice supply frequency and do not contribute to the mean
torque. Thus, unlike the polyphase induction machine, the single-

phase induction machine has a pulsating component of developed

torque. Examination of the component slip/torque curves of Fig.

13.23 reveals that at starting the forward- and backward-directed mean
torques are equal, so that the single-phase machine is not self-

starting. If the machine is started in either direction it will run up to

speed and run stably in that direction.

Following eqn. (13.2), the slip when the rotor runs in the forward

direction is

"o — n, nr M , „>st = =1 (13.52)
«o "o
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The corresponding value of slip for the rotor measured with

reference to the backward-travelling m.m.f. is

—no — nr . nr
sb = = 1 H—«o "o

(13.53)

Backward
torque

Fig. 13.23 slip/torque characteristic of a single-phase

INDUCTION MOTOR

Adding eqns. (13.52) and (13.53),

Sf + sb = 2

or

Sb = 2 — Sf (13.54)

13.14 Equivalent Circuit of Single-phase Induction Machine

An equivalent circuit for the single-phase induction machine may be

obtained by considering it as a 3-phase machine with one supply

line disconnected as shown in Fig. 13.24. Evidently, from Fig. 13.24,

lR = I Iy= -I IB =0

vRS = \v VYS = -\V
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Also, Vbs = since the voltages induced in the blue phase due to its

couplings with the red and yellow phases cancel out.

Considering first the symmetrical components of the voltage

applied, the zero-sequence voltage is

VR0 = KFjw + Vys + Vbs) =

so that

VRQ = Vyo = Vbo =

Fig. 13.24 SINGLE-PHASE OPERATION OF A 3-PHASE INDUCTION
MACHINE

The applied voltage is

V = VRS - VYS

= (Vr+ + VR- +. VR0) -{Vy+ + Vy- + Vyo)

= (1 - a?)VR+ + (1 - a)VR- (13.55)

Considering now the symmetrical components of the current,

the zero-sequence current is

ho = iih + Iy + h)=0
The positive phase-sequence current is

Ir+ = K& + "Iy + aHB)

= i/(l - a) (13.56)

Ir- = Wr + aHY + ah)

= J/(l-a2) (13.57)

Thus from eqns. (13.56) and (13.57),

/ » 3&t .^ (13.58)
1 — a 1 — a2
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The total input impedance is

I 3IR+
+

3/r_

1 -a 1 -a2

Fr+(1 - a2)(l - a) Kr-(1 - a)(l - a«)

Ir+

Vr+ Vr-

Ir+ Ir-

1r-

i.e.

Z = Z+ + Z- (13.59)

vR_

Fl^. 13.25 PHASE-SEQUENCE NETWORKS OF THE 3-PHASE INDUCTION
MACHINE

(a) Positive (W Negative

where Z+ and Z_ are the positive phase-sequence and negative

phase-sequence impedance operators of the 3-phase induction ma-
chine respectively.

The positive phase-sequence equivalent circuit of the induction

machine, as shown in Fig. 1 3.25(a), is evidently of the same form as the

normal equivalent circuit per phase, except that the parallel mag-
netizing branch has been replaced by its equivalent series circuit. No
simplification is obtained by the approximation of showing the

magnetizing branch at the input terminals. It should be noted that

the parameters in the magnetizing branch will have different values

for single-phase excitation than for 3-phase excitation owing to

different mutual effects.

The negative phase-sequence equivalent circuit, as shown in

Fig. 13.25(Z>), is the equivalent circuit for the machine when a

negative phase-sequence 3-phase supply is applied to the stator and

the rotor is driven in the opposite direction to the stator field. For

any given rotor speed, if Sf is the slip for the positive phase-sequence
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network, the corresponding slip for the negative phase-sequence

network is, according to eqn. (13.54),

Sb = 2 - sf (13.54)

Evidently the positive phase-sequence currents give rise to the

forward-travelling component wave and the negative phase-sequence

currents to the backward-travelling wave, so that the positive

phase-sequence network may be used to calculate the forward torque,

Fig. 13.26 EQUIVALENT CIRCUITS OF THE SINGLE-PHASE

INDUCTION MACHINE

and the negative phase-sequence network to predict the backward
torque.

Eqn. (13.59) shows that, to obtain the equivalent circuit of the

single-phase induction machine, the positive and negative phase-

sequence networks must be joined in series. Since one phase of the

3-phase machine corresponds to half of the single-phase winding, the

equivalent circuits of the single-phase machine are as shown in

Figs. 13.26(a) and (b).

Following eqn. (13.24) for the 3-phase machine, the forward

torque component is

7> =
(IrfyRr'l2sf

2777J0
(13.60)
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and the backward torque component is

(7rftQ2/y/2(2 - sj)
Tb 2^ (13 " 61)

EXAMPLE 13.7 A single-phase 230V 4-pole 50Hz 0-5 kW induction motor
gave the following test results

:

Locked rotor test 60V 1-5A Power factor, 0-6 lagging

No load test 230V 0-535A Power factor, 0-174 lagging

Determine the approximate equivalent circuit for the machine. Find also the

torque developed, the power output, the input current and power factor when the

machine runs with a fractional slip of 005.

Assume that the stator and rotor I2R losses at standstill are equal, and that

the rotor leakage reactance referred to the stator and the stator leakage reactance

are equal.

For the locked-rotor test, Sf = 1. The referred value of rotor impedance,

Rr
' + jXr', will be much smaller than the magnetizing impedance, Ro + jXo\

therefore, to a good approximation the equivalent circuit for ,$ = 1 is as shown in

Fig. 13.27(a).

Input impedance with rotor locked, ZSc — Rs + Rr + j\Xs + X/)

60/0°

=
l-5/-co7-iQ.6 -

(24 +^°
Rs + Rr

' == 2AQ. so that Rt = R/ = 12£2

Xs + Xr
' = 32£2 so that Xs = X,' = 16fl

For no-load conditions s/ -* 0, in which case the magnetizing impedance,
D y p ' y '

z- +j-~, will be much smaller than ——r-y~y which tends to infinity when

R ' X

'

R ' \

'

st -* 0. On the other hand, -ztz . + / -r-, which tends to —- + -r- when
2(2 — Sf)

J 2 4 2

Ro Xo
5/-+0, will be much smaller than — +j-z-. A good approximation for the

equivalent circuit of the single-phase machine on no-load is therefore as shown in

Fig. 13.27(6).

Ro Rr ( Xo Xr \
Input impedance on no-load, Zn i = Rs + -^r + -r- + j \XS + -z- +—

J

230/IT

0-535/ -cos- 1 01 74
(75 +/424)Q

Therefore

f - 75 - ft -.S_„

f - 424 - X. -f-«

12 - 3 = 6on

424 - 16 - 8 = 400ti
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(lis

Xs

2 2 2

lllh

(a)

l_nnri—v\AA—

'

2 2 Vnl

2 4

(b)

/=}£. 75.27

The full equivalent circuit is shown in Fig. 13.27(c). When sf = 005,

6
Zr/ =

Zrb =

x 005

6

(2 - 005)

+/8 = 120 +/8 = 120/3-8°fl

+./8 = 308 +/8 = 8-55/69"fl

= 60 +y'400 = 404/81 -5QZo

2

Zrf + ^ = 180 +y408 = 446/66-2°nZo

2

ZoZr6 + ^ = 63-1 +y408 = 413/81-3°n
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The total impedance is

_ ,
120/3-8° X 404/81-5° 8-55/69° X 404/81-5°

446/66-2° 413/81-3°

= (118 + y59-6)Q = 132/26-9Q

230/0°
Input current, / = ,„„,~-, = 1-74/

-

26-9°Ar
132/26-9° '

Input power factor = cos 26-9° = 0-892 lagging

/ 50
Synchronous speed, «o = -= -~- = 25rev/s

Zo/2
, nA 404

' = 1*74 v —
Zrf + Zo/2

1/H *446W = J ^ ,'^,„ = 1-74 X-= 1-57A

., , Zo/2 1#M 404 , „ A/rt=/^+^2 =sl -74X
4T3 = 1 -7A

From eqns. (13.60) and (13.61),

VtfPXr'to, VI* x 120
r
'
=^ 2^5" = 1

'88N-m

n = (W72(2-„) = ^7^08 = .0566Nm
IttI1o 2w25

Net forward torque = 1-88 - 0-0566 = l-82N-m

Power output = 2mrT= 157(1 - 0-05) x 1-82 = 0-27 kW

13.15 Starting

One of the chief disadvantages of the single-phase induction motor
is the fact that special arrangements must be made for starting,

so increasing the cost and limiting the motor size which is practical.

A second starting winding of short time rating is used. This winding
is connected to the single-phase supply through a capacitor or an
inductor, producing a phase shift which causes the machine to

start as a 2-phase induction motor. A centrifugal switch discon-

nects the starting winding from the supply when the machine runs

up to speed. Fig. 13.28 shows connexion diagrams and a torque/

speed curve for this type of motor. It will be observed that the

starting direction is reversed with inductance starting.

13.16 Synchronous Induction Motor

A disadvantage of the induction motor, as has been seen, is the

fact that it operates at a lagging power factor. It is, however, self-

starting. On the other hand, the synchronous motor, which can be
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Singte
phase
supply

Main
winding

Starting^

torque

V 'Starting
winding

(a)

Speed

(b) (c)

Fig. 13.28 STARTING OF SINGLE-PHASE INDUCTION MOTORS

(a) Capacitor start

(6) Inductor start

(c) TorQue/speed characteristics

operated with a leading power factor, has no starting torque. The

synchronous induction motor combines the high starting torque

of the induction motor with the leading power factor of the syn-

chronous motor. The machine consists essentially of a wound-rotor

induction motor, which has a longer air-gap than the normal in-

duction motor to reduce the effect of armature m.m.f. in the

machine when it is running as a synchronous motor. It is started by

3-phase
supply

P.F. control

Fig. 13.29 SYNCHRONOUS INDUCTION MOTOR

resistance starting as an induction motor, and when it has run up to

speed the starting resistance is disconnected, and direct current from

a small exciter on the same shaft as the motor is fed into the rotor

(Fig. 13.29). The machine then runs as a synchronous motor, the
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power factor being varied by controlling the direct current in the
rotor.

The most common method of connecting the rotor for direct

current is shown in Fig. 1 3 . 30, from which it will be seen that one phase
carries the total current h, while the two other phases carry half
each in the opposite direction. Since the rotor runs at synchronous
speed, the rotor currents will move with the rotating field, and will

produce a synchronously rotating field. Thus the rotor current may
be represented on the stator complexor diagram. For the connexion
shown the direct currents correspond to the instant when a 3-

phase system has positive maximum current in one phase, and half

Fig. 13.30 CONNEXION OF A 3-PHASE WINDING FOR DIRECT CURRENT

the negative maximum current in the two other phases. The equiva-
lent r.m.s. rotor current will thus be

1

Iac = —^kc (13.62)

This current must be multiplied by the rotor/stator turns ratio,

to obtain the equivalent stator current.

13.17 Circle Diagram for a Synchronous Induction Motor

For starting and running up to speed the current locus will be the

same as the circle diagram for the induction motor. When the direct

current is switched into the rotor, there will be an additional stator

current (at supply frequency) due to transformer action. The
resultant stator current will be the complexor sum of the no-load

current and this additional current, so that, for a constant direct

current, the locus of the stator current h (Fig. 13.31), will be a circle,

centre D, and of a radius representing the rotor current; i.e.

Id Rotor turns
1
—

y/2
X

Stator turns

The operating point for a given power output may be found (approx-

imately) by the following procedure.
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Calculate the active component of the total current which will

correspond to the required output power. Mark this component

from D parallel to the voltage complexor:

Power output (watts)
DQ' =

3Vph

(The entire diagram should preferably be drawn for phase

values of voltage and current.)

Rotor direct

current to .

stator scale\

Full-load

current J~

Current locus for

constant excitation

Pull-out point
sync, machine

Magnetizing- and iron-

loss current

Fig. 13.31 CIRCLE DIAGRAM FOR SYNCHRONOUS INDUCTION MOTOR

2. Draw a line at right angles to DQ' from Q' to cut the circle

representing the rotor current in use at the point Q. Q is then

the operating point and OQ represents the total stator phase

current.

It will be seen that for this load and rotor excitation current the

machine has a leading power factor. DM represents the maximum
possible load which the motor could supply with this particular d.c.

excitation without falling out of step as a synchronous machine.

PROBLEMS

13.1 A 4-pole induction motor runs from a 50Hz supply at l,450rev/min.

Determine the frequency of the rotor current and the percentage slip.

Arts. 1-67, 3-3 percent.

13.2 The rotor of a 3-phase 440V 50Hz 4-pole induction motor has a resistance

of 0-3Q/phase and an inductance of 0008 H/phase. The ratio of stator to

rotor turns is 2:1. Determine the voltage between the rotor slip-rings on open-

circuit, if the stator is delta connected and the rotor is star-connected. Also
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calculate the standstill rotor current and the rotor current when running with
3 per cent slip.

Arts. 381V, 87A; 21 -4A.

13.3 A 6-pole 3-phase 440V 50Hz induction motor has an output of 14-9 kW
the rotor e.m.f. making 90 cycles per minute. Calculate the motor input power
and efficiency if the rotational losses absorb a torque of 16-4 N-m, and the stator

losses are 800W. {H.N.C.)

Ans. 17-9kW, 84 per cent.

13.4 The power input to a 3-phase induction motor is 40kW. The stator losses

total lkW, and the mechanical losses are l-6kW. Determine the brake output
power, the rotor winding loss per phase, and the efficiency if the motor runs
with a slip of 3-5 per cent. {H.N.C.)

Ans. 36 kW; 445W; 0-9.

13.5 A 3-phase wound-rotor induction motor has six poles, and operates on a
50Hz supply. The rotor resistance is 0-1 A/phase and the standstill reactance
0-5H/phase. Draw on graph paper the torque/slip curve of the motor. Calculate:

1. The speed for maximum torque.

2. The torque, expressed as a percentage of maximum torque, when the slip

is 4 per cent.

3. The value of the external rotor starter resistance to obtain maximum torque
on starting. (H.N.C.)

Ans. 800rev/min; 38-5 per cent; 0-40/phase.

13.6 A 200V 50Hz 3-phase induction motor has a 4-pole star-connected stator

winding. The rotor resistance and standstill reactance per phase are 0-1 fl

and 0-9H respectively. The ratio of rotor to stator turns is 2:3. Calculate the

total torque developed when the slip is 4 per cent. Neglect stator resistance and
leakage reactance. (H.N.C.)

Ans. 39-8 N-m.

13.7 A 3-phase 50Hz induction motor with its rotor star connected gives 500V
(r.m.s.) at standstill between slip rings on open circuit. Calculate the current and
power factor in each phase of the rotor winding at standstill when joined to a

star-connected circuit each limb of which has a resistance of 10O and an induc-
tance of 0-6H. The resistance per phase of the rotor is 0-2ft and its inductance
per phase is 003H. Calculate also the current and power factor in each rotor

phase when the slip rings are short-circuited and the motor is running with a slip

of 4 per cent. Neglect the impedance of the stator. (L.U.)

Ans. 1-46A; 00515 lagging; 271 A; 0-4 lagging.

13.8 Explain the advantage gained by using a slip-ring rotor instead of a cage
rotor for a 3-phase induction motor.
A 3-phase 4-pole induction motor works at200 V, 50Hz on full load of 7-5kW

;

its speed is l,440rev/min. (Frictional losses total 373 W.) Determine approxi-
mately (a) its speed at 200V and half load, and (b) its speed with an output of
7-5 kW at 190V, 50Hz. (L.U.)

Ans. l,470rev/min; l,433rev/min.

13.9 A 3-phase 4-pole induction motor connected to a 50Hz supply has a
constant flux per pole of 0-05Wb.
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The 3-phase star-connected rotor winding has 48 slots and 6 conductors per

slot, all the conductors of each phase being connected in series. The resistance

of each phase is 0-2£l and the inductance 0-006H.

Assuming the flux to remain constant in magnitude, determine the rotor current

and the torque in newton-metres (a) when the rotor is stationary and short-

circuited, and (b) when the rotor is running at 5 per cent slip.

Assume that the distribution factor for the rotor winding is 0-96.

(L.U.)

Arts. 270A, 279 N-m; 116A, 1,030 N-m.

13.10 Explain the action of a 3-phase induction motor (i) at starting, (ii) when

running. Deduce expressions for the rotor current, torque and slip when running,

assuming the resistance of the rotor circuit to be constant. Sketch a typical

slip/torque characteristic from standstill to synchronous speed.

A 6-pole 3-phase induction motor runs at a speed of 960rev/min when the

shaft torque is 136 N-m and the frequency 50Hz. Calculate the rotor PR loss

if the friction and windage losses are 150W. (L.U.)

Ans. 574W.

13.11 Explain the action of a 3-phase induction motor when running loaded.

Derive the expression for the torque as a function of the slip assuming the

impedance of the stator winding to be negligible.

If the star-connected rotor winding of such a motor has a resistance per phase

of01 fi and a leakage reactance per phase at standstill of 0-9 ii, calculate: (a) the

slip at which maximum torque occurs, and (b) the additional resistance required

to obtain maximum torque at starting. (L.U.)

Ans. 0-111; 0-8H.

13.12 A 33-5 kW 4-pole 440V 3-phase 50Hz induction motor gave the following

results on test:

(a) No load—440V, 22A, 1.500W

(b) Standstill—220V, 140A, 12.000W

Draw the circle diagram and determine the power factor, load current, and

efficiency on full load.

If the rotor winding loss is 45 per cent of the total winding loss, find the slip,

and the ratio of starting to full load torque. (H.N.C.)

Ans. 0-85, 56A, 95 per cent; 0022, 0-69.

13.13 Tests on a 440V 50Hz 3-phase 4-pole induction motor showed that on

no-load the motor took 22A at a power factor of 0-2, while at standstill the current

was 135A at a power factor of 0-4 with the applied voltage reduced to 200V.

Determine (a) the maximum power output, (b) the maximum torque, (c) the

starting torque on normal voltage. Assume a star-connected stator of resistance

0-164H/phase.

Ans. 75 kW, 585 N-m, 280 N-m.

13.14 A 6-pole 50Hz 3-phase induction motor develops a useful full-load torque

of 1 63 N-m when the rotor e.m.f. makes 120 complete cycles per minute. Calculate

the brake power. If the mechanical torque lost in friction is 17-6N-m and

the stator loss is 750W, find the winding loss in the rotor circuit, the input to the

motor, and its efficiency. (E.E.P.)

Ans. 16-4 kW, 770W, 20kW, 82 per cent.
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13.15 A 75 kW 440V 3-phase 50Hz 2-pole synchronous induction motor takes
a no-load current of 30A at a power factor of 0-2 lagging when operating as an
induction motor. If the stator-to-rotor turns ratio is 1:2, determine the pull-out
torque for a direct current of 99A. What is the power factor on full load if the
direct current is maintained constant ? (H.N.C.)

Arts. 340 N-m, 0-84 leading.

13.16 Use the test data of Problem 13.12 to determine the parameters of the
approximate equivalent circuit of the induction motor.

Ans. Re = 388 CI; Xm = 35-2 CI; Xs + X,' = 2-65 fi;

Rs = 0-34 CI R,' = 0-278 CI.

13.17 Tests on a 3-phase 4-pole 50Hz induction motor established the following
values for the parameters of the approximate equivalent circuit (per phase) as
shown in Fig. 13.21 : V = 415 V, Rc = 1.600D, Xs + X,' = 5-4n, Xm = 120ft,

Rs = 0-48 CI, R/ = 0-41 ft. Determine the input current and power factor and
the gross torque and mechanical power developed when the slip is 0-05 p.u. The
stator is mesh connected.

Ans. 114A; 0-53 lagging; 260N-m; 38-8kW.

13.18 For the 3-phase induction machine whose equivalent circuit parameters
are given in Problem 1 3 . 1 7, (a) draw the impedance locus, and (b) draw the current
locus. (Shift the origin of the current locus by h as explained in Section 13.9.)

(c) Use the locus diagram to find the input current and power factor at a slip

of 005. Compare the values obtained with those found in Problem 13.17.

(Hint. Find the point on the impedance locus corresponding to Rs + Rr
'

70-05.)

13.19 A single-phase 230V 4-pole 50Hz 0-4 kW induction motor gave the
following test results

:

Locked-rotor test 60V 1A 36W
No-load test 230V 0-35A 16W

Determine the approximate equivalent circuit for the machine. Find also the
torque developed, the power output, the input current and power factor when the
machine runs with a fractional slip of 004. Estimate the value of slip when
full-load torque is applied. Assume the stator and rotor winding losses at

standstill equal and the rotor leakage reactance referred to the stator and the

stator leakage reactance equal.

Ans. 1-03 N-m; 155W; 0-99 A; 0-89 lagging.

13.20 A 3-phase 440V 4-pole 50Hz mesh-connected double-cage induction

motor has a stator leakage impedance of (1 + /5)fi/phase. The impedance of
the inner cage referred to the stator is (1 +/10)n/phase at standstill, while that

of the outer cage is (5 +/0)n/phase at standstill. Determine (a) the starting

torque for full stator voltage applied, and (b) the gross torque developed when
the fractional slip is 0-04.

Ans. 105 N-m; 123 N-m.

13.21 Tests on a 3-phase 440V 33-5kW synchronous induction motor gave the

following results:

No-load 440V 50A 3,400W
Locked-rotor 220V 152A 1 3,000W "
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When running synchronously at full load the excitation is adjusted to give unity

power factor.

Stator turns per phase _ 1

' Rotor turns per phase 2

Calculate the d.c. field current required.

For synchronous operation the rotor is connected with one phase joined in

series with two in parallel. Draw the locus of stator current for both synchronous

and induction running. From the diagram determine the maximum power

output and the corresponding input currents and power factors for (a) syn-

chronous running at the above excitation, and (6) induction running.

Ans. 47-6A; 51-5kW, 87-2A, 0-83 lagging; 77-6kW, 199 A, 0-67 lagging.



Chapter 14

THE D.C. CROSS-FIELD
MACHINE

The d.c. cross-field machine is a two-axis machine consisting in

effect of two machines connected in cascade. The armature winding

plays a double role, acting as a field winding on one axis and as an

output winding on the second axis. The machine as a whole operates

as a two-stage d.c. amplifier suitable for use as a relatively fast-

acting exciter to control large machines. The general arrangement of

d.c. machines is described in Chapter 10 and is not repeated here.

To reduce the effects of eddy currents in slowing response times, the

entire magnetic circuit of a cross-field machine is often laminated.

14.1 E.M.F. and Torque Equations of a Single-axis D.C. Machine

Let Ea = Average e.m.f. induced in any one parallel path in the

armature winding

O = Flux per pole

Z = Number of armature conductors

2p = Number of poles

2a = Number of parallel paths in the armature winding

nr = Speed, rev/s

N = Number of turns in series in any one of the parallel paths

in the armature winding

Ia = Armature winding current

TA = Torque developed by armature

488
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(14.1)

where AO is the change in the flux linked with a coil in time A/.

A coil whose coil sides are at A and A' in Fig. 14.1 links the flux

per pole, O. When the coil moves through a pole-pitch from this

position it links the flux per pole in the reverse direction so that the

Fig. 14.1 INDUCTION OF E.M.F. IN A SINGLE-AXIS D.C. MACHINE

change in flux linked with coil is 2<J>, i.e.

A$ = 2<D

This change takes place in the time required for the coil to move
through one pole-pitch, i.e.

Af =
1

2pnr

Since it requires two conductors to make a turn,

Substituting in eqn. (14.1),

P1 Z 2Q
Ea ~ la 2 1

2pitr

= <$>Znr (14.2)

This is the average e.m.f. induced in any one of the parallel paths in

the armature winding, and is the voltage measured between the

positive and negative brushes when they are positioned to give

maximum output voltage and the machine acts as a generator on
open-circuit.

Since energy is conserved,

2-TTftrTA = EaIa
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Therefore the torque developed by the armature is

z-rrrir

^ZIA p

Ta = x OZnr ? IA
ZTrrir a

2tt a
(14.3)

q-axis

Control-field

m.m.f., IfNf

Fig. 14.2 TWO-POLE SINGLE-AXIS D.C. MACHINE

14.2 Performance Equations of a Generalized D.C. Cross-field

Generator

Consider a 2-pole single-axis d.c. machine driven by a prime mover
at constant speed as shown in Fig. 14.2. It is assumed that the mag-
netic circuit of the machine is unsaturated and that the flux per pole

<s proportional to the m.m.f. causing it.

A main field or control winding m.m.f., IfNf, gives rise to a direct-

axis flux

Of = AalfNf (14.4)

where A* is the permeance of the direct-axis magnetic circuit. The

control winding is sometimes called the variator winding.
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When the field is excited, voltages are induced in the armature

conductors in the direction indicated by the dots and crosses in

Fig. 14.2 for anticlockwise rotation. A voltage will be obtained at

a pair of diametral brushes, and this brush voltage has its greatest

value when the brushes are in the position shown in Fig. 14.2.

Brushes in the position DD', on the other hand, have zero generated

voltage and would be absent in a conventional single-axis machine.

If the quadrature axis brushes QQ' are joined together, an arma-

ture current Ig will flow which will be large relative to the control-

field current, //. The distribution of the armature current Iq
corresponds to the dots and crosses of Fig. 14.2. This armature

current gives rise to an armature flux Og in the direction shown in

Fig. 14.2, where

% = AqIgNA '

(14.5)

and Aq is the permeance of the quadrature-axis magnetic circuit.

The effective number of turns in the armature winding, Na, is the

number of turns which when multiplied by the total armature flux,

<ta, gives the total flux linkage. The effective number of turns is less

than the actual number, since not all the armature turns link all the

armature flux.

The armature flux, <f>q , resulting from a given armature current,

Iq, may be increased by increasing the value of A q . This may be

done by providing poles on the quadrature axis as shown in Fig. 14.3.

In a conventional d.c. machine an interpole winding would be

provided. This would be excited so as to reduce <I>9 to zero or even

to produce a commutating flux in the opposite direction. In a

cross-field machine, where a relatively large flux is required,

commutation may be critical. To improve commutation the pole

may be bifurcated as shown in Fig. 14.4, leaving only a small flux

in the commutating zone. High-resistance brushes are employed,

and the current to be commutated is reduced by providing a stator

quadrature winding g excited so as to aid <t>9 . Thus for a given

quadrature axis flux the current Iq required is reduced by increasing

the effective number of turns. Thus

Oe + 4>„ = AqIq(N/ + Ng) (14.6)

The stator quadrature winding is sometimes called the ampliator

winding.

The total quadrature axis flux, <£>
q + <S> g , will give rise to induced

voltages in the armature conductors. The directions of these e.m.f.s

are indicated by the dots and crosses placed beside the armature

conductors in Fig. 14.3; the dots and crosses within the armature

conductors indicate the induced voltages due to the control flux, O/.
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Due to the existence of the quadrature-axis flux, a voltage will

occur at the direct-axis brushes DD' (but the quadrature-axis flux

does not, of course, give an e.m.f. at the brushes QQ')-

When the direct-axis brushes are joined to a load resistance, Rl,

a direct-axis armature current, h, flows. The distribution of this

Fig. 14.3 TWO-POLE TWO-AXIS D.C. CROSS-FIELD MACHINE

current in the armature winding is also given by the dots and crosses

placed beside the armature conductors. It will be noted that the

m.m.f., UNa, due to this load current flowing through the armature

winding is in opposition to the input m.m.f., IfNf, due to the control

field. This means that the m.m.f. constitutes negative feedback that

is proportional to the output current. In this mode of operation the

machine will act as a constant-current generator. The component

flux due to the direct-axis armature current is

<t>a = AdlaN/ (14.7)

The negative feedback due to the armature m.m.f. may be reduced

or entirely eliminated by leading the output current h through a
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compensating winding that provides an m.m.f. hNc acting in the

opposite direction to that due to the armature. The component flux

due to the compensating winding is

S>c = AalcNc (14-8)

The machine is exactly compensated when

hN/ = IdNc (14.9)

The compensating winding is more effective if it is distributed in a

similar manner to the armature winding. In some cross-field machines

Fig. 14.4 BIFURCATED POLE STRUCTURE

the stator field windings are distributed in slots that are fewer and

of a larger size than those on the armature.

The e.m.f. induced in the armature winding due to the component
fluxes on the direct axis is

E„ = (<&/ -<&<* + Oc)Zwr
'

(14.10)

The e.m.f. induced in the armature winding due to the component
fluxes on the quadrature axis is

Ea = (% + QglZnr'- (14.11)

Substituting for the component fluxes in terms of the winding

m.m.f.s in eqns. (14.10) and (14.11),

Eq
= Ad{IfNf - h{NA ' - Nc)}Zn r

t (14.12)

Ea = AaIq(NA' + Ng)Zn/- (14.13)

Cross-field machines are commonly designed with the permeances

of their direct and quadrature axes equal. Assuming this to be so,

let

P P
A = AaZnr - = AaZnr

-
a a
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Eqns. (14.12) and (14.13) then become

Eq = UfNf - X(NA ' - Nc)h (14.14)

Ea = %NA ' + Ng)Iq (14.15)

These e.m.f.s are equal to the sums of the voltage drops in the

quadrature-axis and direct-axis circuits respectively. Therefore, for

generator action,

XlfNf - KNa - Nc)h = Iq{RA + Rg) (14.16)

Xlq(NA ' + Ng) =Vd + h(RA + Rc) (14.17)

where Ra = Armature winding resistance

Rg = Stator quadrature-winding resistance

Re = Compensating-winding resistance

If the directions of the armature currents, h and Iq, are considered

with respect to the total component fluxes on each of the axes in

Fig. 14.3, it will be seen that:

1. The direct-axis armature current I& produces no resultant

torque with the direct-axis component fluxes.

2. The quadrature-axis armature current Ig produces no resultant

torque with the quadrature-axis component fluxes.

3. The component torques due to the interaction of la. and quadra-

ture-axis component fluxes, and due to the interaction of fQ
and the direct-axis component fluxes, are additive.

The torque due to the quadrature-axis armature current and the

direct-axis flux is

r,-^^ +V; 04.18)

and the torque due to the direct-axis armature current and the

quadrature-axis flux is

Ta = % ° hZP- (14.19)

Substituting for the component fluxes in terms of the winding m.m.f.s,

^aZP-Iq
Tq =

27T
(IfNf - UNa' + We)

Td = —^ (lqNA ' + IqNg)
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The total torque is

T=Tq + Td

= 2^ WfNf - IMNa - Ne) + IqIdNA ' + IflgNg}

= 2^" WfNf + !MNc + Ng)} (14.20)

14.3 Fully Compensated Cross-field Generator

The cross-field machine is said to be fully compensated when the

m.m.f. of the compensating winding is equal and opposite to the

armature winding m.m.f. due to the direct-axis armature current,

la- To ensure exact compensation, the compensating winding is

usually overwound (i.e. provided with more turns than necessary),

and fine adjustment is then made by connecting an adjustable diverter

resistance in parallel with the compensating winding. When the

machine is fully compensated, hNA = hNc .

Substituting this condition in eqn. (14.16),

XlfNf = Ig(RA + Rt) (14.21)

As previously,

Mq{NA ' + Ng) =Vd + h{RA + Re) (14.17)

If the machine is driven at constant speed as a generator and is

excited with a constant control-field current, the quadrature-axis

armature current, from eqn. (14.21), is

XlfNf
h = rTTRs

= constant

From eqn. (14.17), therefore,

Va + MRa + Re) = constant

In this mode of operation the machine will act as an approximately

constant-voltage source, provided that the internal voltage drop,

h(RA + Re), is small compared with the output voltage Va, a

condition which usually obtains since internal losses must be small

for the machine to have reasonable efficiency. Amplidyne generators

are fully compensated cross-field machines.
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14.4 Uncompensated Cross-field Generator

When the cross-field machine has no compensating winding, Ne =
and Rc = 0, and eqns. (14.16), (14.17) and (14.20) become

XlfNf - XldNA ' = Iq(Ra + Rg) (14.22)

M^Na' + Ng) =Vd + hRA

X

IttHt
(IglfNf + IthNg)

(14.23)

(14.24)

If the machine is driven at constant speed as a generator and is

excited with a constant control-field current, then

MfNf = constant

n^
Fig. 14.5 TWO-MACHINE EQUIVALENT OF AN UNCOMPENSATED

CROSS-FIELD GENERATOR

Provided that the internal voltage drop, I^Ra + Rg), is small

compared with either of the generated voltages, then

or

i.e.

XlfNf-XhNA'^0

XhNA' -> MfNf

XlfNf
h -» —rr>—* constant

Na

In this mode of operation, therefore, the machine acts as an approxi-

mately constant-current source, a result already anticipated because

of the existence of the negative-feedback term proportional to output

current. Metadyne generators are uncompensated or undercompen-

sated cross-field generators.

Fig. 14.5 shows the two-machine equivalent of the uncompensated

cross-field generator. An external feedback loop is shown providing

an m.m.f. proportional to output current at the input in opposition

to the separately excited control-field m.m.f.
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14.5 Determination of Winding Transfer Constants by Test

In order to predict the operation of a cross-field machine using

eqns. (14.16) and (14.17) it is necessary to determine the values of the
winding resistances Ra, Rg and Rc, and the values of the terms

XNf, INa, hNe and XNg . These latter quantities may be called the

winding transfer constants. They can be determined by performing
a series of open-circuit tests on the machine. All the winding inter-

connexions are removed, and with the machine running at rated

speed one winding only is excited with a known current and the

appropriate open-circuit brush voltage is measured.

For example, with the control-field winding only excited, the

quadrature-axis brush voltage is, from eqn. (14.14),

p
Eq = XlfNf so that XNf = -?

h

The other winding transfer constants are found in a similar

manner. To determine XNA ', a known current must be fed to one set

of brushes and the open-circuit voltage measured at the other set.

If the permeances of the direct and quadrature axes are equal, the

same result will be obtained whether the current is fed in at the

direct or quadrature-axis brushes.

EXAMPLE 14.1 A fully compensated d.c. cross-field generator has the follow-

ing winding resistances

:

Armature winding Ra = 0-05Q
Compensating winding Rc = 0-05A
Quadrature winding Rg = 0-15Q

Separate excitation open-circuit tests gave the following constants at rated

speed:

O.C. quadrature-axis brush voltage 750V/control-winding ampere
O.C. direct-axis brush voltage 1 -5 V/quadrature-winding ampere

The number of stator quadrature-axis turns is equal to the effective number
of armature turns. The permeances of the direct and quadrature axes are equal.

Magnetic saturation is negligible.

Determine for steady-state operation:

(i) The output voltage on open-circuit and for a load current of 50A when
the machine runs as a fully compensated generator at rated speed with a
control current of 3 -43mA.

(ii) The output current on short-circuit and for an output voltage of 50V
when the machine runs without the compensating winding connected at

rated speed and with a control current of 73-3 niA.

Sketch the output-voltage/output-current characteristics in each case.
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Winding transfer constants are AN/ — 750V/A and ANa' = 1-5 V/A. Since

the stator quadrature-winding turns are equal to the effective armature turns,

ANg = ANa = 1-5 V/A

For the fully compensated machine,

ANc = ANa' = 1-5V/A

For the uncompensated machine,

ANc =

(i) Fully compensated machine
Substituting the known constants in eqns. (14.16) and (14.17),

750// = 0-2/, (i)

3/» = Va+Olh (ii)

Substituting the value // = 3-43 x 10-3 in eqn. (i),

750 x 3-43 x 10-3 ,„„,
k =

q^
~ = 12 '9A

When the machine is open-circuited, U = and from eqn. (ii),

Va = 3/, = 3 x 12-9 = 386V

When the load current is 50 A, from eqn. (ii),

Va = 3/a - 01/j = (3 x 12-9) - (01 x 50) = 336V

(ii) Uncompensated machine
Substituting the known constants in eqns. (14.16) and (14.17),

750/f- 1-5/d =0-2/, (iii)

37, = Va + 0051a (iv)

Substituting the value // = 73-3 x 10~3 in eqn. (iii),

55 — 1 -5/a = 0-2/« (v)

When the machine is short-circuited, Vd = 0. From eqn. (iv),

005/ri

Substituting for /„ in eqn. (v),

so that

" = ii>3 =^
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When the load voltage Vd = 50 V, then from eqn. (iv),

, _ 50 - 0-057,*
h 3

Substituting for Iq in eqn. (v),

55 - !«, = 0-2
(

5°-
3

° 05fe

)

This gives

20 30
I d , amperes

Fj^. 14.6 Valid CHARACTERISTICS OF FULLY COMPENSATED AND
UNCOMPENSATED CROSS-FIELD GENERATORS

It will be noted that lq is constant in the operation of the fully compensated

machine, and is approximately proportional to the output voltage in the un-

compensated machine. The Valla characteristic for each mode of operation is

shown in Fig. 14.6.

The Valid characteristics shown in Fig. 14.6 are straight lines since

the operating equations were derived assuming that the machine

was linear and that, in particular, magnetic saturation was absent.

In practical machines the magnetic circuits are subjected to

magnetic saturation, and this causes the characteristics to be non-

linear. As magnetic saturation grows the values of the direct-axis

and quadrature-axis permeances, At and Ag, will fall, and this causes

the Valla characteristics of the fully compensated and uncompensated

machines to be modified in the way indicated by the dotted lines in

Fig. 14.6.
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PROBLEMS

14.1 A 220V 0-8kW fully compensated cross-field generator has the following

winding resistances:

Armature winding Ra = 0-5Q
Compensating winding Rc = 0-5fl

Quadrature winding Rg = \-5Cl

Control field winding R/ = 340Q

Separate excitation open-circuit tests at rated speed gave the following

constants:

O.C. quadrature-axis brush voltage l,000V/control-winding ampere
O.C. direct-axis brush voltage 250V/quadrature-winding ampere

The stator quadrature-axis turns are equal to the effective armature turns.

The permeances of the direct and quadrature axes are equal. Magnetic saturation

is negligible.

Determine for steady-state operation (a) the control-winding current required

to give rated voltage output on open-circuit, and (b) the terminal voltage at rated

full-load current and with a control-field current as calculated in (a).

Arts. 0-88mA; 216V.

14.2 The cross-field generator of Problem 14.1 is operated with only half the

compensating winding connected (Rc = 0-25C1 and Ne = 0-5Na'). Determine,

for steady-state operation,

(a) The control-winding current required to give rated output current on
short-circuit.

(b) The output current at rated full-load voltage and with a control-field current

as calculated in (a).

Ans. 0-455A; 3-64A.

14.3 A cross-field machine has an armature resistance of Ra when measured

either at the direct-axis or the quadrature-axis brushes. The open-circuit

quadrature-axis brush voltage is XNa per ampere of the direct-axis brush current.

Themachine has no stator windings. Thepermeances ofthe direct- and quadrature-

axis magnetic circuits are equal.

Show that, if a constant direct voltage, Vq, is applied to the quadrature axis,

and the direct- and quadrature-axis brush currents are l& and lq , the operating

equations of the machine are

XNa'U =Vq - I«Ra
/LNa'Iq = Va + URa

Assume that magnetic saturation is negligible and that the speed is constant.

Find the value of h when Ra = 0-50Q, Vq = 500V and XNa' = 50V/A

(a) if Rl = 0, and (6) if Rl = 60f2.

The subject of this question is a simple example of a machine called a metadyne

transformer.

Ans. 10A; 9-88A.
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14.4 Starting from eqns. (14.16) and (14.17), show, by eliminating lg between

the equations, that the control-field current of a cross-field generator is related

to the output voltage and current by the equation

= Ra + R, v , INaV ~ k) {Ra + Rc)(Ra + R,)
] j1 KNs(Na' + A« I Nf VNANa' + Ng) I '

where the compensation ratio, k = NcIN/.

14.5 Using the equation derived in Problem 14.4, show that the control-field

current of a cross-field generator is related to the output voltage and current by

the equation

// = CoVa + {c(l - k) + c (Ra + Rc)}k

where

and

Output voltage on open-circuit _ Ra + Rs

Control-field current A?Nf(Na + Ne)

Output current on short-circuit with no compensation

Control-field current

Id Nf , , „= — =—, when k =
// Na'

For the machine to be efficient Na'/N/ p> c„(Ra + Re), and this should be

assumed.

14.6 Open- and short-circuit tests on a cross-field generator running at rated

speed gave the following results:

Open-circuit tests: voltage gain, Va/Vf = 25

Short-circuit test (no compensation) : current gain la/If = 0-95

The armature winding resistance is 5 CI, the compensating winding resistance is

50 and the control-field winding resistance is lOOH.
Use the equation found in Problem 14.5 to determine the output voltage and

current of the generator when it is driven at constant speed with a control-field

current of4mA and a load resistance of 100O, when the machine has a compensa-
tion ratio of 0-99.

Arts. 73-5V; 0-735A.



Chapter 15

INTERCONNECTED
SYSTEMS

Fig. 15.1 is a line diagram of two power stations A and B joined by

an interconnector, the interconnector being connected to the busbars

Station A Station B

\AAAz \AA/V

Busbars

Transformers

Interconnector

\A/W MA/

To load on BTo load on A

Fig. 15.1 INTERCONNEXION OF POWER STATIONS

of each station through transformers. Each station also has a feeder

load connected through a transformer to its busbars.

The power sent across the interconnector will depend, ultimately,

on the steam supply to the turbines of each station. For example,

if the feeder loads on the busbars of A and B are each 50MW and

the output of the generators on A's busbars is 30MW, the output

of the generators on B's busbars must then be 70MW, and 20MW
must be transmitted across the interconnector from B to A. As

502
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was shown in Chapter 12, the output of the generators depends only

on the power supply to their prime movers. Thus the power trans-

mitted from point to point in an interconnected network depends

ultimately on the steam supplies to the prime movers. Where more

than one path is available between interconnected points, the propor-

tion of power transmitted by each path may be controlled, but the

total remains dependent on the load conditions.

The control of the power transmitted over the National Grid in

this country is centralized in the control rooms of the Generating

Divisions and in the National Control Room. These maintain

communication with the generating stations coming under their

control and issue instructions to station engineers to increase or

reduce station loadings. The control room engineers thus control

the frequency and the loading of transmission links in the network.

Apart from the question of the control of the power flow there is

the question of voltage regulation. When power is transmitted

across the interconnector there will be a voltage drop in the inter-

connector, the magnitude of which will depend on the impedance

of the interconnector and on the power factor at which the power

is transmitted. This voltage drop may be accommodated in a

number of ways. Assuming that power is being transmitted from B
to A (Fig. 15.1) these are as follows.

1. The busbar voltage at B or at A may be so adjusted that the

difference in the busbar voltages is equal to the voltage drop in the

interconnector and associated transformers. The disadvantage of

this method is that it affects the voltages at which the loads connected

to the station busbars are supplied.

2. The interconnector transformers may be equipped with on-

load tap-changing gear. The voltage drop in the interconnector may
then be supplied by adjusting the secondary e.m.f.s of the inter-

connector transformers, and the busbar voltages may be maintained

constant. This method is commonly used where main transformers

are, in any case, necessary.

3. A voltage boost in the appropriate direction may be injected

into the interconnector either by an induction regulator or by a

series boosting transformer. The latter is now of less importance

due to the modern practice of incorporating on-load tap-changing

gear in main transformers which, in effect, performs the same
function as the series boosting transformer.

4. The secondary terminal voltages of the interconnector trans-

formers may be held constant and the voltage drop in the inter-

connector may be accommodated by adjusting the relative phase

of the voltages at the sending and receiving ends of the interconnector

by means of a synchronous phase modifier. Synchronous phase
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modifiers are used only on transmission links some hundreds of

miles in length.

A further use of voltage regulating equipment is to control the

division of power between two or more feeders or transmission lines

operating in parallel. In the absence of voltage regulating equipment
the division of the load between two lines is determined by their

respective impedances. This division of the load may be modified

by the introduction of a voltage boost in one line.

The control of the power division between lines in parallel by

voltage boosting has the important advantage that both lines may be

utilized to maximum capacity. It was shown in Chapter 9 that,

when lines are operated in parallel, one may become fully loaded

before the other has taken up its full load because of disproportionate

impedances. A voltage boost of the appropriate magnitude and

direction in such under-loaded lines may allow them to take up
their full load.

15.1 Tap-changing Transformers

Fig. 15.2(a) shows a transformer having variable tappings in the

secondary winding. As the position of the tap is varied, the effective

Short-circuiting
switch

(b)

Fig. 15.2 TAP-CHANGING TRANSFORMER

number of secondary turns is varied, and hence the e.m.f. and output

voltage of the secondary can be altered.

In supply networks, however, tap-changing has normally to be

performed on load (that is, without causing an interruption to

supply). The arrangement shown in Fig. 15.2(a) is unsuitable for

this purpose. Suppose that the tapping is to be altered from position

1 to position 2. If contact with position 1 is broken before contact

with position 2 is made, an open-circuit results. If, on the other

hand contact with position 2 is made before contact with position 1

is broken, the coils connected between these two tapping points are
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short-circuited, and will carry damagingly heavy currents. Moreover,

in both cases, switching would be accompanied by excessive arcing.

Fig. 15.2(b) shows diagrammatically one type of on-load tap-

changing transformer. With switch 5 closed, all the secondary turns

are in circuit. If the reactor short-circuiting switch is also closed,

half the total current flows through each half of the reactor—since

the currents in each half of the reactor are in opposition, no resultant

flux is set up in the reactor and there is no inductive voltage-drop

across it.

Suppose now it is desired to alter the tapping point to position 4.

The reactor short-circuiting switch is opened. The load current now
flows through one-half of the reactor coil only so that there is a

voltage drop across the reactor. Switch 4 is now closed, so that the

coils between tapping points 4 and 5 are now connected through the

whole reactor winding. A circulating current will flow through this

local circuit, but its value will be limited by the reactor. Switch 5 is

now opened and the reactor short-circuiting switch is closed, thus

completing the operation.

The tapping coils are placed physically in the centre of the trans-

former limb to avoid unbalanced axial forces acting on the coils,

as would arise if they were placed at either end of the limb. Electric-

ally, the tapped coils are at one end of the winding, the practice

being to connect them at the earth-potential end.

15.2 Three-phase Induction Regulator

In construction, the 3-phase induction regulator resembles a 3-phase

induction motor with a wound rotor. In the induction regulator,

the rotor is locked, usually by means of a worm gear, to prevent its

revolving under the action of the electromagnetic force operating

on it. The position of the rotor winding relative to the stator winding

is varied by means of the worm gear.

If the stator winding is connected to a constant-voltage constant-

frequency supply, a rotating magnetic field is set up and will induce

an e.m.f. in each phase of the rotor winding. The magnitude of the

induced rotor e.m.f. per phase is independent of the rotor position,

since the e.m.f. depends only on the speed of the rotating field and

the strength of the flux, neither of which varies with rotor position.

However, variation of the position of the rotor will affect the phase

of the induced rotor e.m.f. with respect to that of the applied stator

voltage.

Fig. 15.3(a) shows the star-connected stator winding of a 3-phase

induction regulator with each of the rotor phase windings in series

with one line of an interconnector. In Fig. 15.3(6) Oa, Ob, Oc
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represent the input values of the line-to-neutral voltages of the

interconnector. The circles drawn at the extremities a, b, c of these

complexors represent the loci of the rotor phase e.m.f.s as the rotor

position is varied with respect to the stator. The complexors aa', bb'

and cc' represent the voltage boosts introduced by the induction

Stator phase winding

Rotor phase winding

Fig. 15.3 POLYPHASE INDUCTION REGULATOR

regulator when the rotor position is such as to cause these voltage

boosts to lead on their respective line-to-neutral voltages by 90°.

Oa', Ob' and Oc' represent the resultant voltages V/, Vy' and FV'.

It will at once be seen that the induction regulator has altered

the phase of the voltages as well as introducing a voltage boost.

To eliminate this phase displacement, a double polyphase induction

regulator is employed, in which two rotors are assembled on a

common shaft. The connexion diagram is shown in Fig. 15.4(a).

The rotor windings of each regulator are connected in series with the

interconnector. The stator windings are star-connected, but the



Interconnected Systems 507

phase sequence of one regulator stator is reversed with respect to

the other. This reversal has the effect of eliminating any phase

displacement in the resultant voltage boost in the interconnector.

Thus, when the shaft of the double regulator is displaced, both rotors

move by the same angular amount, but if the e.m.f. induced in one

leads its former value, then the e.m.f. induced in the other lags by

the same amount since the rotating fields in the regulators rotate in

./YYYVL.

b
i

Regulator 1

(a)

Regulator 2

^5>tLf

o o
(i) Maximum

boost

JCt„-
,,a

o o
(iii) Zero boost

O O
00 507. boost

(b)

Fig. 15.4 DOUBLE POLYPHASE INDUCTION REGULATOR

opposite directions. Fig. 15.4(6) is a complexor diagram for various

rotor positions. One phase only is shown for clarity. Oa represents

the unboosted input-end voltage, Vs, ab and ab' represent the voltage

boosts supplied by each rotor, ac represents the resultant voltage

boost, and Od represents the resultant voltage Vt'.
It is often convenient to reverse the functions of the stator and

the rotor windings in induction regulators used for boosting. The
rotor then carries the primary winding. This has the advantage of

requiring only three connexions to the rotor instead of six, and the

interconnector current flows in the stator instead of the rotor.
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15.3 Synchronous Phase Modifier

In Chapter 12, it was shown that variation in the excitation of a

synchronous motor alters the power factor at which the machine
works. As the excitation of the machine is increased, the power
factor passes from a lagging, through unity, to a leading power factor.

Use is made of this characteristic of the synchronous motor to

correct the power factors of loads taking a lagging current. When so

used the motor always acts with a leading power factor and is often

Vm

J h
\

Ir2

Ir

IrZ

Fig. 15.5 VOLTAGE REGULATION BY SYNCHRONOUS PHASE

MODIFIER

called a synchronous capacitor. When the synchronous motor is

used as a means of controlling the voltage of a transmission line

the term synchronous phase modifier, or synchronous compensator is

usually preferred, since, in this application, the machine may be

adjusted to take either a leading or a lagging current. The machine

is connected in parallel with the load at the receiving end of the line.

The action of the synchronous phase modifier in controlling the

voltage of a transmission line is best understood by reference to the

complexor diagram shown in Fig. 15.5. For simplicity the diagram

is that of a short line where the effects of capacitance are neglected,

but it should be understood that this method of control is mostly

applied to long lines where, with other methods of control, the

voltage drop along the line would be excessive.
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In Fig. 15.5, Ofl represents the receiving-end voltage Vr, and Oe
represents the receiving-end current, h, lagging behind the receiving-

end voltage by a phase angle <f>R\. Of and Og represent the active

and reactive components (/« and Ir) of current, respectively, ab

represents the voltage drop IaZ caused by the active component of

current, which leads Vr by the phase angle of the line impedance, f
(tan-1 Xl/R), Z being the line impedance, be represents the voltage

drop IrZ caused by the reactive component of current, be lags

laZ by 90°, since Ir lags behind Ia by 90° when the load power factor

is lagging. In an unregulated line the sending-end voltage, Vs\,
is the complexor sum of Vr, IaZ and IrZ.

Suppose now that the sending-end and receiving-end voltages are

to be held constant at the same value; then the extremity of Od
representing the new value of the sending-end voltage V& must be

at some point along the arc ad, whose centre is O and radius is OD.
Moreover, if the same power is to be sent along the line as previously,

the IaZ drop will remain the same since the active component of

current must remain the same. However, if the excitation of a

synchronous phase modifier connected to the receiving end is

adjusted so that it takes a leading current—the current will lead

by almost 90° since the modifier works on no-load—then as this

leading current is increased the lagging reactive current drawn along

the line will be reduced and the voltage drop IrZ will be reduced.

The extremity of the complexor representing the sending-end voltage

will move along the line cb towards b. When the leading reactive

current taken by the modifier is equal to the lagging reactive current

of the load, there will be no reactive current drawn along the line

and no lrZ drop, and hence the extremity of the complexor represent-

ing the sending-end voltage will be at b. If the leading current taken

by the modifier is further increased, the overall power factor of the

load and the modifier together becomes leading and the extremity

of the complexor representing the sending-end voltage lies along the

line bd between b and d. Thus if the leading current taken by the

modifier is made sufficiently great the sending-end voltage complexor
takes up the position Od.

The synchronous phase modifier may therefore be used to control

the voltage drop of a transmission line. If the sending-end voltage is

maintained constant, then on full-load at a lagging power factor (the

usual condition) the modifier will be over-excited to take a leading

current. The receiving-end voltage will thus increase compared with

its value had the line been unregulated. On no-load, on the other

hand, the modifier would be under-excited and would take a lagging

current in order to offset the voltage rise which occurs at the receiving

end of a long unregulated line when the load is removed.
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The power which may be sent along a transmission line is limited

by either the power loss in the line reaching its permissible maximum
value or by the voltage drop along the line reaching the maximum
value which can be conveniently dealt with. On long transmission

lines it is the voltage drop which limits the power which can be
sent. Thus, if synchronous phase modifiers are used to regulate the

voltage, more power can be dealt with by the line. Moreover, since

voltage drop in the line and associated plant is not the first con-

sideration when synchronous phase modifiers are used to control

the voltage, current-limiting reactors may be incorporated in the

system to reduce the maximum short-circuit current should a fault

occur.

The principal disadvantage, apart from cost, of using synchronous
phase modifiers is the possibility of their breaking from synchronism

and causing an interruption to the supply.

15.4 Sending-end Voltage

In constant-voltage transmission systems using synchronous phase

modifiers, the sending-end and receiving-end voltages are held

constant, but they do not necessarily have to be equal. There is,

indeed, an advantage in having the sending-end voltage higher than

the receiving-end voltage, particularly with short lines, since under

such conditions a smaller synchronous phase modifier capacity will

satisfactorily regulate the voltage. For example, referring to Fig. 15.5,

if the sending-end voltage had been greater than the receiving-end

voltage, the reactive voltage drop cd, due to the reactive current of

the synchronous phase modifier, would have been smaller and a

synchronous phase modifier of smaller capacity would have been

sufficient.

On longer lines, the capacitive effect tends to cause a voltage rise

on light loads and no load, and the synchronous phase modifier has

to work with a lagging power factor in order to hold the voltage

constant. Thus the longer the line the less is the advantage of

having the sending-end voltage higher than the receiving-end voltage.

EXAMPLE 15.1 A 3-phase transmission line has a resistance of 8-75Q and an

inductive reactance of 15fi per phase. The line supplies a load of 10MW at

0-8 power factor lagging and 33 kV. Determine the kVA rating of a synchronous

phase modifier operating at zero power factor such that the sending-end voltage

may be maintained at 33 kV. The effect of the capacitance of the line may be

neglected. Determine, also, the maximum power which may be transmitted by

the line at these voltages.

The problem is most easily tackled graphically.
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1

The line current drawn by the load is

10 7

/ = /-cos'1 0-8

V3 x 33 x 103 x 0-8 '

= 219/ -36-9° = (175 -yl32)A

Phase impedance = 8-75 + /15 = 174/59-7 Q

The voltage drop caused by the active component of the load current is

IaZ = 175 x 17-4 = 304 x 103V

2000 6000 10000
| 1 1 1 ) 1

4000 8000
Scale (volts)

Fig. 15.6

The voltage drop caused by the reactive component of the load current is

IrZ = 132 x 174 = 2-3 x 103V

Receiving-end voltage (phase value), Vr = 19-1 x 103V

Phase angle of line impedance, y> = tan-1— = tan-1 —— = 59-7°

The graphical construction is shown in Fig. 15.6.

Oa is drawn to represent Vr to a suitable scale.

ab, equivalent in length to 3 04 x 103V to scale, is drawn making an angle

w (=59-7°) with Oa to represent IaZ.

be, equivalent in length to 2-3 x 103V to scale, is drawn lagging behind ab

by 90° to represent I,Z.

The line joining O and c would then represent the necessary sending-end

voltage in an unregulated line. With centre O and radius Oa (equivalent in
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length to 19-1 x 103V) an arc ae is drawn. The extremity of the complexor
representing the sending-end voltage must lie on this arc. cb is now produced
until it cuts arc ae in d. Od represents the sending-end voltage.

cd represents the voltage drop due to the reactive current of the modifier
alone.

It will be observed that the resultant power factor is leading and the resultant

voltage drop, bd, due to the reactive current leads the voltage drop, IaZ, due to

the active component of current by 90°.

If // is the reactive current of the synchronous phase modifier,

h'Z = dc = 4-46 x 103V to scale

Therefore

. , 4,460
/r=

TT4
=257A

Reactive MVA drawn by modifier = 3 x
VrIt

106

_ 3 x 19-1 x 103 x 257

10°

= 14-6 MVA

To find the maximum power which can be sent along the line it is necessary

to determine the maximum value which the active component of current, Ia ,

may have. This may be done from the diagram by determining the maximum
value of the voltage drop IaZ.

With centre O and radius Oa (equal in magnitude to the sending-end voltage

Vs), an arc, ae, is described. Oe is drawn parallel to ab to cut this arc in e. From
e a perpendicular to ab is drawn meeting ab inf. af is the maximum value which
voltage drop IaZ may have; fe is the corresponding voltage drop caused by the

reactive component of current.

The maximum power is transmitted when the phase angle between the receiving-

end and sending-end voltages is equal to that of the line impedance. Ifthe sending-

end voltage Vs were to lead the receiving-end voltage Vr by more than y the

power sent would decrease, since the projection of the sending-end voltage on
ab would decrease. From Fig. 15.6,

9-6 x 103
jaZ = af= 9-6kV so that /„ = * = 552A

D , V3VJa V3 x 33,000 x 552 „ „._„
Power sent = -—— = -— = 31-5MW

106 106 ===
EXAMPLE 15.2 A 3-phase 50Hz 132 kV transmission line 100 km long has

the following constants per km: resistance 0-2CI, inductance 2mH, capacitance

0015/^F.

The sending-end voltage is 132kV and the receiving-end voltage is held con-

stant at 132kV by means of a synchronous phase modifier. Determine the

reactive kVA of the synchronous phase modifier when the load at the receiving

end is 50MW at a power factor of 0-8 lagging.

One method of taking the effect of line capacitance into account is to use a

nominal-w equivalent circuit. The advantage of doing this is that the graphical

method developed for the short line is still applicable if, instead of the receiving-

end current, Ir, the current in the mid-section of the 7r-circuit, /', is used.
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Fig. 15.7(a) shows the nominal-^ equivalent circuit, and Fig. 15.7(6) shows the

complexor diagram of this circuit. The voltage drop in the line impedance is

shown as the sum of Ia'Z (the voltage drop caused by the active component of

V and lr'Z (the voltage drop caused by the reactive component of /'). The voltage

diagram showing the relationship between Vr and Vs is now similar to that for

the short line.

73-3'

Scale (volts)

Fig. 15.7

Taking the receiving-end voltage as reference complexor and working with

phase values,

Vr =
132 x

^

103
/0° = 76-2 x los/rv

Ir =

V3 —
50 x 106

. /-cos- 1 0-8 = 273/-36-9°A
V3 x 132 x 103 X 0-8 '

Z = 0-2 x 100 +;'2tt x 50 x 2 x 10~3 x 100

= 20 +/62-8 = 66-2/72 -4°Q

Y
2

'

.277 x 50 x 0015 x lO"6 x 100
,j _

= /0-236 x 10"3 = 0-236 x lQ-3/90° S
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Before proceeding to the normal graphical construction, /' should first be
calculated with its active and reactive components.

r-. + sr

= (273/-36-9°) + (76-2 x 103 X 0-236 X 10-3/90")

= 219 -yl46A

h'Z = 219 x 66-2 = 14-5 x 103V

I/Z = 146 x 66-2 = 9-65 x 103V

The graphical construction shown in Fig. 15.7(c) is the same as that described
in Example 15.1.

If h" is the reactive current of the modifier, then

l,"Z = cd= 15-7 X 103V so that //' = 157 X !°3

= 236A
66-2

»* A-a xa\ik V3VIr" V3 x 132 x 103 x 236
Modifier MVAr = - =

106 106

= 54 MVAr

15.5 Power/Angle Diagram for a Short Line

In a constant-voltage system of transmission where the sending-end

and receiving-end voltages, Vs and Vr, are maintained constant,

d «-f)

3-"

\<r 9o»-f /"l/y
u

Ia Vr

Vr=Vs==V

Fie.15.8 COMPLEXOR DIAGRAM FOR A SHORT LINE

the power transmitted depends on the phase displacement between

these voltages. It is possible to derive an expression for the power
sent as a function of the phase displacement between Vs and Vr.

To simplify the derivation it will be assumed (i) that the line is a

short one, and (ii) that Vs = Vr = V (phase values).

Fig. 15.8 shows the complexor diagram in which the receiving-end

voltage Vr is taken as the reference. By geometry,

/_adb — (f — a12) so that ab = ad sin (tp — ct/2)
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But ad = 2 V sin a/2 ; therefore

ab = 2Ksin (<r/2)sin (tp — a/2) = F{cos (<r — y>) — cos y}

Therefore

IA = — {cos (a — f) — cos f)

and

J/2

Power transmitted per phase = VIa = -y {cos (a — xp) — cos v>}

When ff = the power transmitted is zero. When a = y> the

power transmitted is a maximum (compare with Example 15.1).

The power/angle diagram is shown in Fig. 15.9.

15.6 Stability of Operation of Synchronous Systems

Experience in operating transmission lines with synchronous

machinery at both ends has shown that there are definite limits

,

, Power

P= Y {cos(o"-^)-cos i]

(ff=tfr) Angle (cr)

Fig. 15.9 power/angle diagram for a short line with equal
SENDING- AND RECEIVING-END VOLTAGES

beyond which operation becomes unstable, resulting in a loss of

synchronism between the sending and receiving ends. It is possible

to distinguish two limits of stability, a static limit and a dynamic

or transient limit.

For given constant values of sending-end and receiving-end

voltages, the load on a transmission line can be gradually increased

until a condition is reached corresponding to B in Fig. 15.9. At
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this point the power transmitted is a maximum and corresponds
to an angle of phase difference between the sending-end and receiving-

end voltages of ip (tan-1 XL[R). This point represents the static

limit of stability (i.e. for a gradually applied load), and any attempt
to impose further load on the line results in loss of synchronism
between the ends of the line.

Short lines, where constant-voltage transmission using synchron-
ous phase modifiers is not used, cannot be operated near the limit

of stability, since the voltage drop along the line would become
excessive. On long lines, however, where synchronous phase modi-
fiers are used to control the voltage this limit may be approached
and becomes of practical importance. Because of the high capital

cost of transmission lines, the more power which can be transmitted

over a given line the more economical becomes the operation.

The limit of stability of transmission lines is analogous to the

limit of stability of a synchronous motor, where, as load is imposed
on the machine, the rotor shifts backwards relative to the rotating

field of the stator, and the angle of phase difference between the

applied voltage and the e.m.f. increases. The limit of stability is

reached when the e.m.f. lags behind the applied voltage by an angle

equal to tan-1 Xe/R.

This analogy may be made use of in examining the transient

stability of a transmission line by considering a line loaded by a

synchronous motor. Fig. 15.10 shows the power/angle diagram of

a transmission line with the power axis scaled in units of the torque

output of the synchronous motor at the receiving end of the line.

This may be done conveniently since the synchronous motor is a

constant-speed machine and consequently the torque output is

proportional to the power transmitted.

When a load is suddenly applied to a synchronous motor, the

inertia of the rotor prevents it from immediately falling back by the

appropriate electrical angle. Suppose that, in Fig. 15.10, a motor is

operating stably at a point A, where the torque developed, Ta, is

equal to the load torque. If the load torque is suddenly increased to

Tb, the angular displacement of the rotor remains momentarily

at aA so that the electrically developed torque remains at TA . The
difference torque (7b — Ta) must therefore slow down the rotor

causing its angular displacement to increase. The rotor, in slowing

down, loses an amount of kinetic energy proportional to the area of

the triangle DBA (energy = torque X angular displacement), this

energy being transferred to the load.

At B the rotor is running below synchronous speed, so that the

angular displacement will continue to increase. However, for angular

displacements greater than ob the generated torque will exceed the
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load torque and the rotor will be accelerated; it will regain syn-

chronous speed at an angular displacement ac- During this time

the load torque remains constant at TB , so that the torque represented

by the difference between the curve BC and the line BE must be

that which accelerates the rotor. The area BCE is then proportional

to the energy stored in the rotor due to its acceleration. The areas

ADB and BCE must be equal if the kinetic energy taken from the

rotor during deceleration is all to be returned during the accelerating

ht,

J X °U °Z Angle

Fig. 15.10 TRANSIENT STABILITY OF A TRANSMISSION LINE

period. This is necessary for the operation to be again stable. This

is called the equal-area criterion for stability.

At C the electrically developed torque, Tc, exceeds the load torque,

so that the machine will continue to accelerate and its speed will

rise above synchronous speed. The angular displacement will there-

fore be reduced, and the electrically developed torque will fall.

Beyond B the rotor will experience a synchronizing torque tending

to decelerate it. It will fall in speed until it again runs at synchronous

speed at A. The whole cycle of events will then be repeated, giving

rise to phase swinging or hunting between A and C.

In actual fact the damping which takes place means that the

swing of the rotor will becomes less and less, and the machine will

eventually run stably at B. The frequency of the oscillation may
be determined from eqn. (12.48).

Consider now the motor operating at V with a load torque TV.

If the load torque suddenly increases to Ts, then the shaded area

VSR represents the energy which is taken from the rotor as it slows

down to accommodate the increased torque. The energy returned
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to the rotor while it accelerates under the influence of the synchroni-
zing torque is the shaded area RUY. This is less than area VSR,
so that the rotor cannot have as much energy returned to it as has
been taken from it. It must therefore fall out of step (i.e. lose

synchronism).

The maximum load which can be suddenly applied at V is repre-

sented by VW, where area VWX is just equal to area XYZ. Note
that in this case it is possible for the rotor to swing through an angle

which is greater than the maximum angular displacement for static

stability. It is, of course, not possible for the operating point to lie

beyond the peak point Y on the power/angle diagram.

PROBLEMS

15.1 Explain, with the aid of a complexor diagram, how the power factor of the

load influences the voltage drop in a transmission line.

A 3-phase load of 10MW at 0-8 p.f. lagging is supplied at 33 kV by an overhead
line, each conductor of which has a resistance of 2-9fl and an inductive reactance

of 6-5fl. A 3-phase bank of capacitors is connected to the load end of the line

so that the voltage at the sending end is equal to that at the load. Calculate the

MVA rating of the capacitors. (L.U.)

Ans. 12-2 MVA.

15.2 A 3-phase transmission line 25 km in length supplies a load of 10 MW
at 0-8 p.f. lagging at a voltage of 33 kV. The resistance and reactance per km
per conductor are 0-35fi and 0-6H respectively. Neglecting the capacitance of

the line, determine the rating of a synchronous capacitor, operating at zero power
factor, connected at the load end of the line such that the sending-end voltage

may be 33 kV. (L.U.)

Ans. 14-7 MVA.

15.3 A 3-phase transmission line is automatically regulated to zero voltage

regulation by means of a synchronous phase modifier at the load end. If the

full-load output is 50MW at 0-8p.f. lagging delivered at 200kV and the line-to-

neutral impedance is (20 + J60)C1, find the input to the synchronous set under

these conditions. Deduce any formula employed. (H.N.C.)

Ans. 60-3 MVAr.

15.4 A 3-phase overhead line has resistance and reactance of X2Q. and 40fi

respectively per phase. The supply voltage is 132kV and the load-end voltage

is maintained constant at 132kV for all loads by an automatically controlled

synchronous phase modifier. Determine the kVAr of the modifier when the load

at the receiving end is 120MW at power factor 0-8 lagging. (H.N.C.)

Ans. 145 MVAr.

15.5 A 3-phase transmission line has a resistance of 6£l/phase and a reactance

of 20n/phase. The sending-end voltage is 66kV and the voltage at the receiving

end is maintained constant by a synchronous phase modifier.
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Determine the MVAr of the synchronous phase modifier when the load at the

receiving end is 75 MW at 0-8 p.f. lagging, and also the maximum load which

can be transmitted over the line, the voltage being 66kV at both ends. (L.U.)

Ans. 96-8 MVAr; 148 MW.

15.6 A 3-phase transmission line has a resistance per phase of 50. and an
inductive reactance per phase of 12Q, and the line voltage at the receiving end
is 33kV.

(a) Determine the voltage at the sending end when the load at the receiving

end is 20 MVA at 0-8 p.f. lagging.

(b) The voltage at the sending end is maintained constant at 36kV by means
of a synchronous phase modifier at the receiving end, which has the same
rating at zero load at the receiving end as for the full load of 16 MW.
Determine the power factor of the full-load output and the rating of the

synchronous phase modifier. (L.U.)

Ans. 401 k\; 0-90 lagging; 7-92 MVAr.

15.7 The "constants" per kilometre per conductor of a 150km 3-phase line

are as follows:

Resistance, 0-25 Q; inductance, 2 x 10~3 H; capacitance to neutral, 001 5/jF.

A balanced 3-phase load of 40MVA at 0-8 p.f. lagging is connected to the
receiving end, and a synchronous capacitor operating at zero power factor

leading, is connected to the mid-point of the line. The frequency is 50 Hz.
If the voltage at the load is 120kV, determine the MVA rating of the synchron-

ous capacitor in order that the voltage at the sending end may be equal in magni-
tude to that at the mid-point. The nominal-T circuit is to be used for the
calculations. (L.U.)

Ans. 3 1-9 MVA.

15.8 A 3-phase 50 Hz transmission line has the following values per phase per
km: R = 0-250; L = 2-0mH; C = 0-014,«F. The line is 50 km long, the
voltage at the receiving end is 132kV and the power delivered is 80MVA at 0-8

power factor lagging.

If the voltage at the sending end is maintained at 140kV by a synchronous
phase modifier, at the receiving end, determine the kVAr of this machine (i) with
no load, (ii) with full load at the receiving end. (L.U.)

Ans. 30-4MVAr lagging; 42-6MVAr leading.

15.9 A 3-phase transmission line has a resistance of 10O per phase and a
reactance of 30Q per phase.

Determine the maximum power which could be delivered if 132kV were
maintained at each end.

Derive a curve showing the relationship between the power delivered and the
angle between the voltage at the sending and receiving ends, and explain how this

curve could be used to determine the maximum additional load which could be
suddenly switched on without loss of stability if the line were already carrying,
say, 50 MW. (L.U.)

Ans. 380MW.

15.10 Develop an expression connecting the power received with the angle
between the sending-end and receiving-end voltages of a regulated transmission
line in terms of these voltages and the line constants, ignoring capacitance
between lines.
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Sketch the curve which this equation represents and use it to describe briefly

what is meant by (a) static, and (6) transient stability.

Find the maximum power which can be transmitted over the following line

:

Impedance per conductor: (24 + /45)C2

Receiving-end voltage: HOkV
Regulation: Zero (H.N.C.)

Ans. 126MW.

15.11 Describe the necessary conditions under which power can be transmitted

between two interconnected power stations.

Two power stations are linked by a 3-phase interconnector the impedance per

line of which (including transformers and reactors) is (10 + y'40)fl. The busbar

voltage of each station is 66kV. Calculate the angular displacement between the

two station voltages in order to transmit 8 MW from one station to the other.

(H.N.C.)

Ans. 4-8°.



Chapter 16

TRAVELLING VOLTAGE
SURGES

A voltage surge in a transmission system consists of a sudden
voltage rise at some point in the system, and the transmission of
this voltage to other parts of the system, at a velocity which depends
on the medium in which the voltage wave is travelling.

The initiation of voltage surges on overhead transmission lines is

frequently caused by lightning discharges. The voltage may be
induced in the line due to a lightning discharge in the vicinity

without the discharge occurring directly to the line. A most severe
voltage rise may be caused where the lightning discharge is direct
to a line conductor; such direct strokes, however, are not common.
Voltage surges may also be initiated by switching. Such transient

disturbances are due to the rapid redistribution of the energy associa-
ted with electric and magnetic fields. For example when the current
in an inductive circuit is interrupted the energy stored in the magnetic
field must be rapidly transferred to the associated electric field and
will give rise to a sudden increase in voltage.

Fig. 16.1 shows the waveform of a typical surge voltage. This
is, in effect, a graph of the build-up of voltage at a particular point
to a base of time. The steepness of the wavefront is of great impor-
tance, since the steeper the wavefront the more rapid is the build-up
of voltage at any point on the network, and the properties of in-
sulators depend on the rate of rise of voltage. In most cases the
build-up is comparatively rapid, being of the order of 1-5 ^s.

521
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Surge voltages are usually specified in terms of the rise time and

the time to decay to half maximum value. For example, a 1/50 /is

wave is one which reaches its maximum value in 1 /j.s and decays to

Wavetail

2 4 6 8 10 12
t (microseconds)

Fig. 16.1 WAVEFORM OF A VOLTAGE SURGE

half its maximum value in 50 fis. Impulse voltage tests are usually

carried out with a wave of this shape.

16.1 Velocity of Propagation of a Surge

In the circuit of Fig. 16.2 the high-voltage source is assumed to

give a constant high voltage E, which is applied to one end of the

H.v.
source -JAxJ-H

(a)

Surge voltage

M

Surge current

(W T
Fig. 16.2 CONSTANT VOLTAGE SURGE

line when the switch is closed. This will simulate a lightning stroke

with a rapid rise of voltage and a long tail. It will also represent

50Hz phenomena on short lines for reasons which will be discussed
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later. The lines will be assumed loss-free, i.e. no conductor resis-

tance or leakage conductance. This greatly simplifies the theory

and errs on the right side, since the effect of losses is to reduce
the size of a surge and the rate of rise of voltage. Real surges then
will not be quite so severe as those calculated by the present theory.

Let C = Line capacitance per unit length (F/m)
L = Line inductance per unit length (H/m)

When the switch is closed the whole line will not immediately
become charged to a voltage E, for raising the voltage of a length of
line entails charging the capacitance of that length and this entails

a current flow from the source. The current cannot immediately
Bow due to the inductance of the line and therefore the line voltage

cannot immediately rise to the voltage E, though in time it will do so.

Suppose that at an instant t after the closing of the switch a

length x of the line has become charged to voltage E, and that those
parts of the line beyond a further distance Ax are not yet charged
at all. The intermediate region of length Ax will be called the

"disturbance" since it is only in this region that the voltage is

changing—in front ofthe disturbance the voltage is zero ; behind it the

voltage is constant at E. The disturbance will move along the line

from the switch with a uniform velocity since the line is uniform.

Let v be the velocity of the disturbance; i.e. the surge velocity,

or speed ofpropagation.

Since the velocity is uniform equal lengths (v units) of the line will

be charged up each second as the disturbance moves along the line.

Therefore

Charge required per second = E X capacitance of length v

- ECv
i.e.

Charging current flowing along line, / = ECv (16.1)

f is called the surge current.

As the surge proceeds along the line a new length v will carry the
current / each second, i.e. a length which has an inductance Lv has
the current in it changed from zero to / in 1 sec.

Potential required to increase current

= Inductance x Rate of change of current

= Lvl volts

The potential applied to increase the current is E since in front of
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the disturbance the potential is zero and behind it the potential

is E. Therefore

E = Lvl (16.2)

From eqns. (16.1) and (16.2),

Surge velocity, v = /nr\ (16.3)

Consider, for example, the velocity of propagation in a concentric

cable.

Inductance/unit length = ^ log e - henrys/metre (7.29)

Capacitance/unit length = 2n ^ farads/metre (7.7)

loge-

where b and a are the sheath and core radii respectively, and /i and e

are the permeability and permittivity of the dielectric material

respectively. The internal sheath linkages are not considered since

a surge is a high-speed effect equivalent to a high-frequency effect

and skin effect will reduce the internal linkages. If the resistance is

zero, the depth of penetration is also necessarily zero.

H = ;Ko if the dielectric is non-magnetic

e = ere where er is the relative permittivity

Therefore

1

v =
y/(LQ V(j*oeoer)

(16.4)

i.e. the velocity is independent of the size and spacing of the con-

ductors. This applies to all configurations of lossless conductors,

e.g. a core that is not concentric, or a twin-line system. Substituting

numerical values for /uo and eo,

r- = ;— metres/second

36tt x 109 / (16 -5)

V =

J{
4tt X 10-7 X

This is the velocity ofelectromagnetic waves in the medium concerned

.

The surge velocity is seen to be extremely fast (3 x 108m/s in air).

Even in a cable with a relative permittivity of 9 (fairly high) the

velocity is 108 m/s. If, say, 5,us is the time of rise of the surge voltage

(length of the wavefront), then the length of the disturbance is
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5 X 10~6 X 108 = 500m, which is short for power transmission-line

distances (not, of course, for high-frequency transmission-line dis-

tances). For power transmission lines, surges are often represented

by a "vertical front block" as in Fig. 16.2(6) since the length of the

disturbance is small.

In Troth second a surge will travel -re X 3 x 108 = 6 x 106m
(3,730 miles). Thus in -Mh of a cycle, for a 50Hz system, a surge will

travel the whole length of a 600 km line (about 400 miles). In this

period the voltage of the 50Hz source will not have greatly changed,

so that if a 50Hz source is suddenly connected to a line the surge

may be examined by the present theory taking the surge voltage as

the instantaneous voltage when the switch is closed. Naturally

the peak voltage should be considered, since this will be at the most
dangerous instant at which the switch might be closed.

16.2 Surge Impedance

Dividing and simplifying eqns. (16.1) and (16.2),

E IL

1'Jc (16 -6)

\Z{LjC) is called the surge impedance, or characteristic impedance,

Zo, of a line. For a lossless line the surge impedance is evidently a

pure resistance.

It should be noted that the surge current /, consequent on a

voltage surge E, is related to the voltage surge by eqn. (16.6), i.e.

by the properties of the line in which the surge travels.

The magnitude of the surge impedance for a particular conductor

configuration may be determined from

V CZo ~ Jc ohms ^16-7)

For an overhead power line the surge impedance is usually about
300Q; for a power cable it usually is about 50 Q. The inductance

per unit length of a line increases with the spacing of the conductors

while the capacitance per unit length decreases as the spacing is

increased. Thus, by eqn. (16.7), the surge impedance will increase

with the spacing.

16.3 Power Input and Energy Storage

When the switch of Fig. 16.2(a) is closed, the high-voltage source

maintains a potential E volts across the input to the line and supplies

a current / amperes

:

Power input to line = EI watts
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This energy input must become the energy stored in the line, for

until the surge reaches the termination, there can be no output of

energy from the line.

If v is the surge velocity, then in one second a length v stores

electrostatic energy \CvE2 and electromagnetic energy \Lvlz
.

Energy input per second = Energy stored per second

i.e.

El = bCvE* + iLvP (16.8)

Now,

and

Thus the electrostatic and electromagnetic stored energies are equal.

16.4 Terminations

Consider a surge, of voltage Ei, impinging on the termination of a

transmission line; if the characteristic or surge impedance of the

line is Zo, then the surge current h in the transmission line is given by

h = J- (16.6a)

This surge impinging on the termination is called the incident

surge; Ei is the incident surge voltage and h is the incident surge

current.

Power conveyed to termination with incident surge = Eth

Consider the particular case of a line terminated in a pure resistor

equal to the surge impedance of the line. When the surge arrives

the current in the resistor is Et/Zo.

Et

Power absorbed by resistor = Et x =- = Eth

= Power transmitted by the surge

In this case the surge power is exactly absorbed by the terminating

impedance and there will be no further changes, i.e. the line wiH

continue to be charged to potential Et , and will continue to carry a

current h.
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If the terminating resistor has a resistance R, either higher or

lower than the surge impedance Zo, then changes in both voltage

and current will occur. For instance if R > Zo, then, on the arrival

of the surge at the termination, the current through the terminating

resistor will be EijR, which will be less than Ei/Zo- The incident

current on the line is in excess of the current which can be absorbed

by the terminating resistor at the surge voltage. Since the current

cannot instantaneously decrease due to the inductance of the line,

the excess current will increase the charge on the capacitance at the

end of the line. This increases the voltage at the termination to a

value higher than the incident voltage Ei.

Let the voltage at the termination rise to Et- Then

Et
Current through terminating resistor = — = It

Excess voltage appearing at termination = Et — Ei

Excess current at termination = It — h

The whole line is now charged to a potential Ei, but there has

been a further rise of potential to Et at the end of the line, i.e. an
excess potential suddenly appears at the termination of the line.

This is a similar condition to the initial closure of the switch which

produced the incident surge, and so, in a similar manner, a surge

will now travel from the termination back along the line. This is

called the reflected surge.

Reflected surge voltage, Er = Et — Ei

Therefore

Ei + Er = Et (16.9)

Reflected surge current, Ir = It — h
Thus

It + lr = lT (16.10)

where h = Ei/Zo, Ir = —Er/Z , It = ET/R.

The positive current direction is the direction of the current in

the incident surge. Since the reflected current has the opposite

direction the minus sign is necessary.

Substituting in eqn. (16.10),

Ei Er Et
Zo
-

Zo
=

~R
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Substituting for Et from eqn. (16.9),

Ei Er Ei + Er

Zo Zo R

Therefore

REi
and

— REr = ZqEi + ZoEr

Er =
R-z
R + Zo

£i

Substituting for Er in eqn. (16.9),

(16.11)

p R ~ Z° r r
^t + p I ry El = ETK + Zo

Thus

2p
£, =^^ * (16.12)

Also

£V 1 R — Zo

^-Zo—ZoF+Zo^ <16 - 13 >

Graphs of the voltage and current distributions along the line are

shown in Fig. 16.3 for instants before and after the incident surge

reaches the termination. Since R > Z , the current at the termination

is reduced and the reflected current surge is negative.

If the terminating resistance R is less than Zo, then on the arrival

of the incident surge the current, EijR, in the terminating resistor

will be greater than the surge current h — Ei/Zq. Due to the

line inductance the line current cannot suddenly increase. The
capacitance at the end of the line is then discharged, so reducing

the voltage at the termination. The reduction of voltage at the

termination is equivalent to the sudden application of a negative

voltage surge at the termination which travels back along the line.

This is the reflected surge.

Since the reflected voltage is negative the reflected current will

be a negative current in the negative direction, i.e. equivalent to a

positive current.
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All the previous equations apply without change. The voltage

and current distributions are shown in Fig. 16.4.

For an open-circuited line, R -* oo, and hence the terminating

current tends to zero. Therefore, by eqn. (16.11),

oo — Zo
Reflected voltage, Er = r-^r Ei = Ei

co + Zo

Incident surge—>-i S R (>zo'

V.i

I,.

V,,

I.,

_L
. Incident
surge

Arrival at
termination

V"
1 V—j Er

__ i_
Ei

1

1
i/r

T=fHT

Reflected
surge

Fig. 16.3 REFLECTION AT A TERMINATION WHERE R > Zo

and

Termination voltage, Et — E% + Ei = 2Et

Er Ei
Reflected current, 7r = — = — — = —It

Zo Zo

Thus

Termination current, It = Ir + h =
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Incident surge

V.,

J .

J I

;r«z )

Incident

surge

V,,

II

V,,

I"

h

^r"^r
*ET

V

*—

,

-^--Jj

Arrival at
termination

Reflected
surge

,ft£. 7(5.^ REFLECTION AT A TERMINATION WHERE R < Zo

For a short-circuited line, R = 0; therefore by eqn. (16.11),

-Zo
Reflected voltage, £r = £« = —Et

and

Termination voltage, £V = Ei — Et =

Er Ei
Reflected current, Ir

Zo Zq

Thus

Termination current, It = h + h = 2/j

Obviously there can be no voltage at the short-circuit. It should

be noted that the terminating voltage and current are often called

the transmitted voltage and current.
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To summarize, if R > Z the voltage surge is reflected unchanged

in sign, while the current surge is reflected with the opposite sign.

If R<Z the sign of the reflected voltage surge is reversed, while

that of the current surge is unchanged.

Er=E{ Zr+Z.

Reflected surge voltage Er

Incident surge voltage Ei

Line Zq-Zl

Incident surge current l{

Reflected surge current lr

Ir=~

2Zc
ET- ElzFzL

Transmitted surge voltage ET

Cable Z -Zc

Transmitted surge current IT

-« •

Reflected surge voltage Er

Incident surge voltage E\,

Line Z =Z L
*-

Incident surge current Ij,

Reflected surge current Ir

Ir Zl

Transmitted
surge voltage Ej

Transmitted
surge voltage E-r

Fl£ . /6.5 SURGES AT LINE JUNCTIONS

16.5 Junctions of Lines having Different Characteristic Impedances

If a voltage surge travels along a line towards a junction where

the characteristic impedance of the line changes, reflexion will take

place at the junction and the surge transmitted into the section

beyond the junction will be modified in value (Fig. 16.5(a)).
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Consider the case of a junction between an overhead line and a
cable. Let the characteristic impedance of the line be Zl and that

of the cable be Zc- Suppose a surge voltage Ei is initiated in the

line and travels down the line to the junction between the line and
the cable. The cable presents a terminal impedance of Zc to the

line, since the cable voltage will be Zc times the cable current under
surge conditions.

Initial surge voltage in line = Ei

Initial surge current in line = h = -j-
£>L

The final voltage in the line after reflexion from the junction is the

voltage surge transmitted into the cable:

ET =z^zL
Ei <16 - 12)

The final current in the line after reflexion from the junction is the

current surge transmitted into the cable:

2Et
lT = Zc~+ZL <16 " 14>

7 *y

Reflected voltage in line, Er = -

—

-—- Ei (16.11)

Reflected current in line, 7r = — — ~

—

r~^r Ei (16.13)z Zc + Zl

It should be noted that, since the characteristic impedance of the

cable Zc is likely to be much less than the characteristic impedance
of the line Zl, the magnitude of the voltage surge in the cable will

be much less than that in the line.

If there is a junction between three lines or a "tee" junction on
one line (Fig. 16.5(Z>)), the reflected and transmitted surges may be

calculated by the above equations with Zv replacing Zc, where

ZXZY
Z*i) — Zx+Zy

EXAMPLE 16.1 An underground cable having an inductance of 0-3 mH/km
and a capacitance of 0-4 ,uF/km is connected in series with an overhead line

having an inductance of 20 mH/km and a capacitance of 0014 ,uF/km.

Calculate the values of the transmitted and reflected waves of voltage and

current at the junction, due to a voltage surge of 100 kV travelling to the junction

(a) along the cable, and (b) along the line. (L.U.)



Travelling Voltage Surges 533

Characteristic impedance of cable, Zc = /—

/
°- 3 * 10

-3
= 27-4n

0-4 x 10"6

Characteristic impedance of line, Zl = J -

= I" 1""' = 378Q
V 0014 X 10-6

(a) 100 kV surge initiated in cable

Initial value of surge voltage, Ei = 100kV

Initial value of surge current, /( = — = r=— = 3-65kA

Surge voltage transmitted into line, Et = „ Et

2 X 378
x 100 = 186kV

V0-4 X io-6

L

20 X 10-3

' 378 + 27-4

Et Et
Surge current transmitted into line, It = — = —

„ lf| = 0-492kA

Reflected surge voltage in cable, Er = Ei -——

—

° Zl. + Zc

= 100x
378 - 2

r
4 = 86kV

378 + 27-4 =====

E 86
Reflected surge current in cable, h = — y = — xjtz = —3-16kA

(b) 100 kV surge initiated in line

Initial value of surge voltage, Ei = lOOkV

Initial value of surge current, /( = — = :r=r = 0-264kA
Zl j Io

Surge voltage transmitted into cable, Et = —— •£<

Zc + Zl

2 x 27-4
"

27-4 + 378
= 100 = 13-5kV

Surge current transmitted into cable, It = — = rrr = 0494kA

Reflected surge voltage in line, Et = Et — Et = —86-5kV

Reflected surge current in line = — £- = + -t=t- = 0-23kA
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EXAMPLE 16.2 A single-phase overhead line is 50km long and has a surge
impedance of 300Q. The line has a circuit-breaker at the input end. A dead

(a)

(W

(c)

(d)

(e)

(f)

(9)
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Initial

conditions

First
surge

First surge
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short circuit

cb.
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surge

Third
surge

Fourth
surge

Fig. 16.6
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Tlr-Ii
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4-400A'

120kV

MI
"}-»-v

I,

400A

-400A'

120kV

I;

400A

short-circuit occurs at the terminating end and the circuit-breaker suddenly

interrupts the short-circuit current when it has an instantaneous value of 400 A.

Describe the surge phenomena which will occur in the line.

The line is shown in Fig. 16.6(a). Under the initial short-circuit conditions the

voltage along the line may be taken as zero and the current as uniform at 400 A.
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When the circuit-breaker opens, the current of 400A cannot immediately cease

due to the line inductance; thus the line capacitance at the circuit-breaker end

must become negatively charged by the instantaneous continuation of the 400A
current. A negative voltage then arises at the circuit-breaker end while the rest

of the line is uncharged; hence a negative voltage surge travels from the circuit-

breaker end. The current associated with this surge will be —400A, since there

can be no resultant current at the open-circuited circuit-breaker end. Therefore

Voltage of surge = -400 x Z = -400 X 300V = -120kV

i.e. a surge of — 120kV and —400A travels down the line to the short-circuit

termination.

At the short-circuit the termination voltage is necessarily zero; thus a reflected

surge arises with a voltage of +120kV and a current of —400A. (At a short-

circuit the surge voltage is reflected with change of sign and the surge current

is reflected without change of sign, see Section 16.4.) When the reflected surge

reaches the open-circuited circuit-breaker end it will in turn be reflected back
down the line. The third surge voltage will be +120kV and the third surge

current will be +400 A. (At an open-circuit the surge voltage is reflected

without change of sign and the surge current is reflected with change of sign;

see Section 16.4.) These reflexions obey the rules: (i) the resultant voltage at a

short-circuit must be zero, and (ii) the resultant current at an open-circuit must
be zero.

The fourth surge stage is shown in Fig. 16.6(g).

It will be seen that after the fourth stage the resultant voltage and current are

the same as the initial voltage and current. The fifth surge would then be the

same as the first surge. In all real lines the losses will continually be reducing the

magnitude of the surges so that the later surges are much smaller than the first

ones.

Since this line is an overhead line, the surge velocity will approach 3 X 108 m/s.

Thus the time required for a surge to travel the length of the line will be

50,000/(3 x 108)s, i.e. 0167ms.

16.6 Surges of Short Duration

The previous theory has been developed on the assumption of a

sudden rise of voltage followed by the steady application of the

same voltage. In practice the sudden rise of voltage is usually

followed by a slow fall of voltage back to normal. If the surge front

reaches the far end of the line before the input voltage falls appreci-

ably, then the previous theory gives a good representation of the

surge conditions on the line. If the sudden rise of voltage is followed

by a rapid fall so that the voltage surge becomes a voltage pulse,

the previous theory does not give a clear representation of the

conditions on the line. The theory is, however, still applicable and a

further simple assumption gives a good representation of the actual

conditions.

Fig. 16.7(a) shows a pulse or short-duration-surge source connected

to a line. The output voltage of the source is shown in Fig. 16.7(6).
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This output voltage may be considered as (i) a positive voltage surge

of infinite duration followed at a discrete interval by (ii) a negative

voltage surge of infinite duration and the same magnitude. The
negative surge will then cancel the "tail" of the positive surge.

Since both the positive and negative long-duration surges will obey
the previous equations, the pulse voltage will also obey them.

Line

+ve surge

: """-Pulse width
-ve surge

Equivalent "long-duration"surges

(0

Li

•t It
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waveform

Ctt

Incident pulse
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Reflection if R>Z
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O^^rrj *

Reflected pulse, R>Z
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V
Lo 1- #Incident

Reflected
Reflected

Incident

Reflection if R<Z
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Fig. 16.7. SURGES OF SHORT DURATION

v=rrr

'L*EL
Reflected pulse, R<Z

(h)

Incident and reflected pulses are shown in Figs. \6.1(d)-(h).

Losses along the line will tend to decrease the pulse magnitude and
to broaden the pulse front and pulse tail.

EXAMPLE 16.3 A short-duration pulse of magnitude lOkV travels along a

very long line of characteristic impedance 300ft. The line is joined to a similar

very long line by a cable of characteristic impedance 30ft and with a relative

permittivity of 4. If the cable is 1-5km long, calculate the magnitude of the first
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and second pulses entering the second line. What is the time interval between the

two pulses?

2 x 30
Magnitude of pulse transmitted into cable = 10 x (16.12)

= l-82kV

Part of the input pulse will be reflected back along the first very long line and

thus conveyed away from the cable. Assuming no losses in the cable, the pulse

of l-82kV will be incident on the junction of the cable with the second length

of line.

Magnitude of pulse transmitted into second line from cable

= 1.82x
2 * 300

=3-31kV
300 + 30 ==

This is the first pulse to travel along the second length of line.

Magnitude of pulse reflected back into cable from junction with second

length of line

= 1-82 x
30° ~ 30 = l-49kV (16.11)
300 + 30

This reflected pulse will travel back along the cable to the junction with the

first length of line. Part of the reflected pulse will be transmitted into the first

length of line and part of it will be reflected and will again pass down the cable

toward the second length of line.

Magnitude of pulse reflected back into cable from junction with first length

of line

= 1-49 X
30° ~ 3° = l-22kV (16.11)
300 + 30

This pulse will form a second pulse incident on the junction of the cable and

the second length of line. Therefore

Magnitude of second pulse transmitted into second line

= l-22x
2x30°

=2-22kV
300 + 30 ==

The time interval between the two pulses will be the time required for a pulse

to travel first back and then forward along the length of cable, i.e. a total distance

of 3 km in the cable.

3 x 108
Velocity of pulse in cable = —- = 1-5 x 108m/s

Therefore

3 x to3
Time interval = , " = 2 x lO-^s

1-5 x 108 ==
Note. The surge pulses in the second line were much smaller than those in the

first. Equipment in stations at the ends of overhead lines is sometimes protected

from overvoltage surges by bringing the overhead lines through a short length of

cable before reaching the station.
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16.7 Mitigation of High-voltage Surges

High-voltage surges are mainly due to either (a) lightning discharges,
or (b) switching. The voltages set up by lightning discharges are
reduced by stringing one or two earth wires above the main con-
ductors. The voltages set up by switching are reduced by using
resistance switching.

A direct lightning stroke to a line causes enormous voltages and
there is little possibility of preventing these. Fortunately direct
lightning strokes are rare. It is more common for high-voltage
surges to be caused by the charge induced on the conductors of an
overhead line when a charged cloud passes over or near to the line.

The charge induced on the conductors will have the opposite
polarity to that in the cloud. If the cloud passes slowly away, the
charges induced on the conductors will gradually flow to earth and
no disturbance will be caused. If, however, the cloud is suddenly
discharged by a lightning stroke to earth or another cloud, then the
induced charge on the line will be suddenly released and a surge
voltage will travel along the line in either direction.

The charge induced on an overhead transmission line system by a
charged cloud is mainly concentrated in the uppermost conductor,
since the other conductors are to some extent electrostatically

shielded by the uppermost one. If the uppermost conductor is made
an earth wire and not one of the system conductors, then the charges
induced on the system conductors are considerably reduced. This
reduces the surges in the system conductors. It also affords some
mitigation of the effects of a direct lightning stroke.

Where an earth wire is present the resistance of the tower footings
must be kept low or backflashover from the earth wire may occur.
For example, in the extreme case of the resistance to earth of the
tower footing being infinite, any surge voltage wavefront reaching
the tower base is doubled and reflected back to the earth wire.

Eventual build-up of earth-wire potential to a value well above that

of the system conductors may result in a discharge from the earth
wire to the system conductors.

Transient currents and voltages naturally occur with most switching
operations. Generally switching-in and disconnecting can be per-
formed without dangerous disturbances arising. The interruption
of a high short-circuit current by an efficient circuit-breaker does,
however, tend to give high-voltage surges. These can be mitigated
by arranging that the circuit-breaker will be opened in stages.

During the stages one or more resistance sections carry the current
which is being interrupted and part, at least, of the energy stored in

the line inductance is dissipated in the switch resistors.
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16.8 Protection of Insulation

The insulators which support an overhead line and the insulation

of cables, switches or transformers will, under some surge conditions,

have voltages impressed on them which are greater than the break-

down strength of the insulators or insulation. To prevent the break-

down of these costly units and to prevent the interruption of the

supply which would result from their breakdown, the insulation

is usually protected by an air-gap so arranged that the surge voltage

will produce breakdown of the air-gap rather than of the insulation.

A string of insulators for an overhead line, or the bushing of a
transformer, has frequently a rod gap across it (Fig. 16.8), so that a

Arcing
horns

Arcing
distance

Fig. 16.8 ROD GAP PROTECTING AN INSULATOR STRING

spark or an arc will jump across the rod gap rather than down the
insulator or the bushing.

Alternatively a metal ring concentric with the insulator string and
about level with the third insulator shed may be used as the lower
electrode in place of a rod electrode.

When setting the rod gap two factors must be taken into account

:

(a) impulse ratio and (b) time factor.

Impulse ratio

_ Breakdown voltage under surge conditions

Breakdown voltage under low-frequency conditions

It is found that the breakdown voltage under surge, i.e. rapidly
changing or high-frequency conditions, is often higher than the
breakdown voltage under steady or low-frequency conditions. The
impulse ratio is a measure of this difference. Supposing the break-
down voltage of a string of insulators is, say, 300kV at 50Hz and
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that the string is protected by a rod gap with a breakdown voltage

of, say, 200kV at 50 Hz. If the impulse ratio for the insulators is,

say, 1-3, then the surge breakdown voltage for the insulators will

be 390kV; and if the impulse ratio for the rod gap is, say, 2-1, then

the surge breakdown voltage for the rod gap will be 420 kV. The
rod gap does not then protect the insulators under surge conditions.

Either the impulse ratio for the rod gap must be improved or the

50Hz setting for the rod gap must be reduced. The impulse ratio

is found to depend on the geometry of the air-gap. A sphere gap,

with relatively close spacing, has an impulse ratio of unity—

a

needle gap may have an impulse ratio of between 2 and 3.

Time Factor. The breakdown of insulation or an air-gap does not

occur instantaneously on the application of the excess voltage. The
time for the complete breakdown to develop depends (i) on the

magnitude of the excess voltage, (ii) on the material in the break-

down path, and (iii) on the shape and spacing of the electrodes.

Naturally the greater the excess voltage the shorter is the time

required for breakdown to develop—a typical characteristic is shown
in Fig. 16.9(a).

Fig. 16.9(6) compares the characteristics of a rod gap and an

insulator which are used in conjunction with one another. If the

voltage across them were slowly increased, the rod gap would

correctly break down first, i.e. at the lower voltage. If a voltage

greater than Ve were suddenly applied, the insulator would break

down first and thus, under a steep-wavefront surge condition, the

rod gap does not protect theinsulator. The correct relative character-

istics for a rod gap to protect the insulation for all surge voltages

is shown in Fig. 16.9(c).

The time delay is relatively short for sphere gaps and relatively

long for needle gaps.

16.9 Surge Diverters

Rather than permit a surge to impinge on the terminal apparatus

it is advantageous to eliminate the surge if possible. The elimination

may be carried out in two ways, either (a) the surge may be diverted

to earth, i.e. short-circuited, or (b) the surge energy may be absorbed.

The latter method is not now used.

Modern surge diverters consist essentially of elements having a

non-linear volt/ampere characteristic, and made of a ceramic

material consisting of silicon carbide bonded with clay.

To protect plant successfully against high-voltage travelling waves

the surge diverter must operate, as far as possible, simultaneously

with the incidence of the surge. Since the surge is travelling at
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Fig. 16.9 breakdown-voltage/time characteristics

(a) Typical rod gap characteristic

(W Unsuitable combination of insulator and rod gap
(c) Correct relative characteristics for insulator and rod gap protection

approximately 3 x 108 m/s a short delay will permit the surge to

pass the diverter and be transmitted into the plant which the diverter

is intended to protect. Moreover, the surge diverter should be placed

as close as possible to the plant to be protected to obviate the risk
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of a surge being initiated in the line between the horn gap and the
plant. The line between the surge diverter and the plant should be
protected by an earth wire or wires.

Fig. 16.10 shows approximately a typical characteristic of a
Metrosil disc suitable for incorporation in a surge diverter designed

500

.400

i300

200

100

8 12 16
Peak current (kA)

20

Fig. 16.10 TYPICAL METROSIL VOLT/AMPERE CHARACTERISTIC

to operate on a high-voltage transmission system to protect trans-

formers and other plant from high-voltage surges.

The law connecting the applied voltage and the current is of the

form

V=kP
where A: is a constant depending on the geometrical form and (1 is a

constant depending on the composition and treatment of the sub-

stance. Ideally /? should be zero, so that whatever the value of the

surge current the voltage would be constant. In practice values for

/? of the order of 0-2 are achieved.

The principle of operation is that a stack of Metrosil discs is

connected between line and earth close to the transformer (or other

plant) to be protected. Because of the nature of the volt/ampere

characteristic, at normal voltage the diverter passes only a very small

current to earth, but when a high over-voltage occurs the resistance
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Fig. 16.11 METROSIL DIVERTER AND SPARK-GAP ASSEMBLY

(AEILtd.)
id) Surge diverter
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Glazed porcelain housing
2. Metrosil disc
3. Metallic spacers
4. Spark-gap assembly
5. Compression spring

6. Inner sealing gasket
7. Outer sealing gasket
S. Sealing plate
9. Terminal assembly

10. Spacing tube

(W Section through spark-gap assembly

1 1

.

Contact clips

12. Metrosil grading ring

13. Mica disc

14. Electrode
15. Locating disc

16. Porcelain housing
17. Metal spacers
IS. Compression spring
19. Contact plate
20. Sealing cap

of the diverter falls and the diverter passes a high current, diverting

the surge energy to earth.

In practice, in a diverter suitable for operation on a 132kV
system, a stack of Metrosil discs 6in. in diameter is assembled in a

glazed porcelain housing which is provided on its exterior with rain

sheds, which may be of a special shape for operation in dirt-laden



544 Travelling Voltage Surges

atmospheres. Spark gaps are incorporated to prevent current flow

to earth under normal-voltage conditions. The air in the interior

of the porcelain housing containing the spark-gap assembly is evacu-

ated and then the housing is filled with nitrogen. Fig. 16.11 shows
the details of the arrangement of a 33kV Metrosil diverter and
spark-gap assembly.

The diverters are mounted vertically, mechanical support being

also provided at the top of the assembly for larger ratings. External

stress rings are provided for ratings above HOkV.
The diverters are normally set to operate on twice normal voltage,

it being undesirable for them to operate on small over-voltages.

Operation is extremely rapid, taking less than a microsecond. The
impulse ratio is practically unity.

PROBLEMS

16.1 An overhead line of surge impedance 500 CI terminates in a transformer of
surge impedance 3,500fl. Find the amplitudes of the current and voltage surge

transmitted to the transformer due to an incident voltage of 30kV. {H.N.C.)

Ans. 52-5kV; 0015kA.

16.2 Derive an expression for the surge impedance of a transmission line.

A transmission line has a capacitance of 0012 fiF per km and an inductance

of 1-8 mH per km. This overhead line is continued by an underground cable

with a capacitance of 0-45 /«F per km and an inductance of 0-3 mH per km.
Calculate the maximum voltage occurring at the junction of line and cable when
a 20kV surge travels along the cable towards the overhead line. (H.N.C.)

Ans. 37-5kV.

16.3 Obtain an expression for the surge impedance of a transmission line and for

the velocity of propagation of electric waves in terms of the line inductance and
capacitance.

A cable having an inductance 0-3 mH per km and a capacitance of 0-4 fiF

per km is connected in series with a transmission line having an inductance of

1-5 mH per km and a capacitance of 0-012 ftF per km. A surge of peak value

50kV originates in the line and progresses towards the cable. Find the voltage

transmitted into the cable. Use the result to explain the practice sometimes

adopted of terminating a line by a short length of cable before connecting to

reactive apparatus. (H.N.C.)

Ans. 7-2kV.

16.4 An overhead transmission line 300 km long, having a surge impedance
of 500 CI is short-circuited at one end and a steady voltage of 3 kV is suddenly

applied at the other end.

Neglecting the resistance of the line explain, with the aid of diagrams, how the

current and voltage change at different parts of the line, and calculate the current

at the end of the line 00015s after the voltage is applied.

Ans. 0.
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16.5 Two stations are connected together by an underground cable having a

capacitance of <M5juF/km and an inductance of 0-35mH/km joined to an

overhead line having a capacitance of 001 /*F/km and an inductance of 2-0

mH/km.
If a surge having a steady value of lOOkV travels along the cable towards the

junction with an overhead line, determine the values of the reflected and trans-

mitted waves of voltage and current at the junction.

State briefly how the transmitted waves would be modified along the overhead

line if the line were of considerable length. (L.U.)

Ans. 81kV; 181 kV; l-57kA; 0-404kA.

16.6 Derive an expression for the velocity with which a disturbance will be

transmitted along a transmission line.

A disturbance, due to lightning, travels along an overhead line of characteristic

impedance 200 Q. After travelling 30 km along the line the disturbance reaches

the end of the line where it is joined to a cable of surge impedance 50 CI and

dielectric constant [relative permittivity] 6. Calculate the relative magnitude of

the energy of the disturbance in the cable and the time taken between initiation

and arrival at a point 15 km along the cable from the junction. (H.N.C.)

Ans. 0-64; 225 fis.

16.7 An overhead transmission line having a surge impedance of 500 O. is

connected at one end to two underground cables, one having a surge impedance

of 40fl and the other one of 60Q. A rectangular wave having a value of lOOkV

travels along the overhead line to the junction.

Deduce expressions for, and determine the magnitude of, the voltage and

current waves reflected from and transmitted beyond the junction.

If the rectangular wave originated at a long distance from the junction, state

how and why it would be modified in its passage along the line. (.L.U.)

Ans. 90-8kV; 0182kA; 9-I6kV; 0-229kA; 0153kA.

16.8 Two single transmission lines A and B with earth return are connected

in series and at the junction a resistance of 2,0000 is connected between the lines

and earth. The surge impedance of line A is 400 £2 and of B600O. A rectangular

wave having an amplitude of 100kV travels along line A to the junction.

Develop expressions for and determine the magnitude of the voltage and current

waves reflected from and transmitted beyond the junction. What value of

resistance at the junction would make the magnitude of the transmitted wave

lOOkV? (L.U.)

Ans. 7kV; 0018kA; 107kV; 0178kA; 1.200Q.



Chapter 17

SHORT-CIRCUIT
PROTECTION

The possibility of a short-circuit to earth or between the phases of

any transmission system due to mechanical and/or electrical break-

down cannot be ignored. Hence it is essential that the maximum
fault currents which could exist in such a system be calculated and

that adequate measures be taken to reduce to a minimum the effects

which these currents would have. It is also necessary to ensure that

the circuit-breakers which are installed in the system will be capable

of interrupting these fault currents.

Modern switchgear ratings are approximately

:

35,000 MVA for the 400 kV system

15,000 MVA for the 275 kV system

7,000 MVA for the 132 kV system

2,500 MVA for the 66 kV system

Usually the internal leakage reactances of the interconnected

generators and transformers are sufficient to limit the prospective

fault MVA within these ratings, but in exceptional cases separate

reactors may be used to limit fault levels. In older power stations

the use of external reactors was standard practice. The methods of

reactor connection are discussed below.

17.1 Reactor Control of Short-circuit Currents

The circuit-breakers connected in a transmission network must

546
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be capable of dealing with the maximum possible short-circuit current

that can occur at their points of connexion. If no steps are taken to

limit the value of the possible short-circuit currents, not only will

the duty required of circuit-breakers be excessively heavy, but damage
to the lines, cables and interconnected plant will almost certainly

occur.

Reactors may be connected in power station circuits to limit

the maximum possible short-circuit current occurring at any point

to a value which will not cause damage to plant for the short time

during which it flows, and to relieve the duty required of circuit-

breakers. The use of reactors may also increase the chance of con-

tinuity of supply by making it possible for healthy sections of the

power station busbars to continue in operation.

There are three types of reactor in general use.

IRON-CORED MAGNETICALLY-SHIELDED REACTOR (Fig. 17.1)

The turns of the reactor are surrounded by a number of iron cores

providing a complete magnetic path. The cross-sectional area of

the cores is made as generous as possible to limit the change in

reactance due to magnetic saturation of the cores. The disposition

of the cores gives almost complete magnetic shielding. The whole

unit is reinforced mechanically and immersed in oil to enable it to

withstand high voltages, to permit of good cooling, and to make
outdoor operation possible.

AIR-CORED RING-SHIELDED REACTOR (Fig. 17.2)

A reactance coil having an air core is surrounded by short-circuited

shielding rings mounted sufficiently far from the coil not to reduce

the inductance unduly. The shielding achieved is sufficiently good
to permit the assembly to be inserted in an oil-filled tank. The chief

advantage of this type is that saturation difficulties are avoided, but,

compared with the iron-cored type, the LjR ratios obtainable are

smaller.

AIR-CORED NON-SHIELDED REACTOR (Fig. 17.3)

In this type of reactor, the air-cored coil is supported by cast concrete

pillars. The reactor is mounted on porcelain pedestal-type insulators.

The construction is cheap and robust, but since no shielding is

provided the reactor is not suitable for immersion in an oil tank.

The reactor is not suitable for outdoor operation and may not be

placed near metal objects,
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17.2 Location of Current-limiting Reactors

Current-limiting reactors may be connected in series with each

generator, in series with each feeder, or between busbar sections.
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Fig. 17.1 IRON-CORED MAGNETICALLY-SHIELDED REACTOR

(a) Elevation on XX
(*) Plan

The connexion of reactors in series with each generator is not

common, since modern power station generators have sufficient

leakage reactance to enable them to withstand a symmetrical short-

circuit across their terminals. The disadvantages of connecting

reactors in series with the generators are (i) that there is a relatively

large power loss and voltage drop in the reactor, (ii) that a busbar

or feeder fault close to the busbar will reduce the busbar voltage to a

low value thereby causing the generators to fall out of step, and (iii)



Short-circuit Protection 549

that a fault on one feeder is likely to affect the continuity of supply

to others.

When the reactors are connected in series with each feeder, a

feeder fault will not seriously affect the busbar voltage so that

Section of air-cored
, reactance coil

1 \ y
;•

iR

I i %
k

Short-circuited
' shielding turns

o

Fig. 17.2 AIR-CORED RING-SHIELDED REACTOR

there is little tendency for the generators to lose synchronism,

other feeders will be little affected and the effects of the fault will be

localized. The disadvantages of this method of connexion are (i) that

/Concrete supporting pillars

Reactance
coil turns

^Pedestal insulators

Fig. 17.3 AIR-CORED NON-SHIELDED REACTOR

there is a relatively large power loss and voltage drop in each reactor,

since the reactors are in series with the feeder currents, (ii) if the

number of generators is increased so the size of the feeder reactors

will also have to be increased to keep the short-circuit current within
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the rating of the feeder circuit-breakers, and (iii) no protection is

given against busbar faults.

The most common system of connecting reactors is between
busbar sections. There are two methods, the ring system and the
tie-bar system, and these are shown in Fig. 17.4. Under normal
operating conditions, each generator will supply its own section of
the load and no current will flow through the reactors, thus reducing
power loss and voltage drop in the reactors. Even when power has
to be transferred from one busbar section to another, a large voltage

difference between sections is not necessary, since the voltage drop

v \j \j

9 0© G G
s—

-

TF
(a)

6

TF TF

(b)

Busbar

Tie-bar

Fig. 17.4 BUSBAR REACTORS

(a) Ring reactors
(b) Tie-bar reactors

in the reactor will be almost in quadrature with the busbar voltage.

The transfer of reactive current between sections is, however,
difficult and would necessitate large voltage differences between
sections, so that each generator must supply the reactive current

for its own load.

The presence of the reactors between busbar sections has the effect

of tending to localize any fault which occurs. Thus a feeder fault

is likely to affect only the busbar section to which it is connected,

the other sections being able to continue in normal operation.

Comparing the ring system with the tie-bar system, it will be

seen that in the tie-bar system there are effectively two reactors in

series between sections so that the reactors must have approximately

half the reactance of those used in a comparable ring system. The
tie-bar system has the disadvantage of requiring an additional bus-

bar, but has the advantage that additional generators may be

added to the system without necessitating changes in the existing

reactors. This is because there is a limiting value of short-circuit

current which can be fed into a busbar fault when the tie-bar system

is used (see Section 17.5),
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17.3 Per-unit Reactance and Resistance*

The per-unit value of a quantity A was defined in Chapter 9 as

_^
Abase

The per-unit reactance is therefore

APU = -7—
(9.78)

Xpu = y

—

(17.1)

From eqn. (9.80) the base reactance is

,

,

'base
Abase = 7 (9.80)

*base

The rated full-load values are usually chosen as bases, so that

Xbase =y (17.2)

Substituting for Xbaee in eqn. (17.1),

Xvu =Xy-
fl

(17.3)

Consider a supply system of reactance A' ohms and negligible
resistance supplying a load ; if the load is suddenly short-circuited,

the current he which will flow is

, Vn Vn Ifl
Isc ~~x

= ~v-n ^Xu (17 -4)

Xpu T

If the rated full-load volt-amperes is S/i, then multiplying eqn.
(17.4) by Vn gives

,, , Vfilfi S/i
Yfl'sc = -j;— = -p—

Apu -Apu

i.e.

Short-circuit volt-amperes = -—-
(17-5)

Aitipu

* Reactances and resistances are often quoted in percentage values. The correspond-
ing per-unit values are obtained by dividing the percentage values by 100.
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Per-unit resistance is dealt with in an analogous manner; thus

I\pu — J* T7~

and

Sfi
Short-circuit volt-amperes = —

—

Kvu

(17.6)

(17.7)

In a supply system containing both series resistance and reactance,

(17.8)
Sfi Sfi

Short-circuit volt-amperes = =— .v = ^—
Kpu ~r J-Xpu £pu

17.4 Reference of Per-unit Impedance to a Common Base

Where a system contains units of different volt-ampere ratings the

per-unit impedance of each unit may be based on one of the several

ratings of the units involved. Before any calculations can be under-

taken the per-unit impedances must all be referred to the same

base volt-amperes.

Suppose the following details refer to two units A and B.

kVA
Per-unit

impedance

Full-load

current

A Sa Zapu r
Sa

B Sb ^Bpu j
Ss

Following eqn. (9.77) the per-unit value of any quantity A to

Abase i is

Apui —
sl-basei

Similarly the per-unit value of A to a second base value is

A
Apuz — ~\

Abasel

Combining the above equations,

. Abasel
Avu2 = ApulA^

(9.77a)

(9.776)

(9.82)
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Let ZAvu be the per-unit value ofZA referred to base C; i.e.

, _ _. ZbaseA
^Apu — ^Apu

Zbase C

Vnh_
IA Vfl

' ^APU T js

or

Sc

''SA

Similarly the per-unit impedance of B referred to base C is

Sc
l SA

Zapu = Zapu~ (li-"i

ZB pu' = ZBp^ (17-10)

EXAMPLE 17.1 A generating station is laid out as shown in Fig. 17.5(a).

The ratings and per-unit reactances of the different elements are as indicated.

Calculate the volt-amperes and the current fed into the following symmetrical

3-phase short circuits: (a) at a busbar section, e.g. at D; (6) at the distant end

of a feeder, e.g. at I.

Refer to a base of 5 MVA.

Reference value of generator per-unit reactance = 0-30 x
Jq
= 015p.u.

Reference value of reactor per-unit reactance = 010 x y^
= 0-05 p.u.

(a) The equivalent reactance diagram for a fault on a busbar section is shown

in Fig. 17.5(6).

. 0-2 x 0-2

Equivalent per-unit reactance of parallel branch =
Q

_ 4. 02
= ^'U '

Equivalent per-unit reactance of branch 1=01+ 005 = 015p.u.

015x015
Total equivalent per-unit reactance =

. 15 j.rj-15
= 0075 P U -

Short-circuit MVA = -~— = 66-7 MVA

. .
66-7 x 106 .„-. .

Short-circu.t current = ^ x &6 x 10>
= *«*A

(b) The equivalent impedance diagram for a fault at the distant end of a

feeder is shown in Fig. 17.5(c).

Total equivalent per-unit impedance = (006 +y'0-205)p.u.

Magnitude of per-unit impedance = 0-214p.u.

Short-circuit MVA = —— = 23-4 MVA
0-214

23-4 x 106
, ....

Short-circuit current =
^ ^ iQ3

= l-24kA
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X = 0-3p.L
ot 10MVA

~ o ^
u'(^) X=03 P.u.(^ X=0-3pu.Q4W atlOMVAVV at 10 MVAW

X=0-1 p.u.
\

at 10 MVAf
X=0-1p.u. >

at 10 MVAf
X=0-1 p.u. $

at 10 MVAf

6-6kV

X=0-05p.u.wW X=0-05p.u.wW X=0-05p.u.wW
at 5 MVA WW at 5 MVA VWVat5MVA WW

(11kV feeder: 1 i
iX=0-08p.u. '

*

-oG

D%
(2)

IiR = 0'06 p.u.

at 5 MVA
(a)

B

0'15p.a f0-15pu.

E iF

0-15p.u. £o-05p.u C0-05p.u.

0-05 p.u.

(1)

(b)
!!0-05p.u.

B

0-15p.u. f0-15p.u.

E <>F

0-15p.u. f0-05p.u. £0-05p.u.

G

;0O5p.u.

(c)

Fig. 17.5

^008p.u.

>0-06p.u.

17.5 Limiting Value of Short-circuit VA using Tie-bar Reactors

Consider a generating station having N busbar sections connected
on the tie-bar system. Let each section have a generating capacity
of S volt-amperes with internal per-unit reactances Xgpu on a basis
of S volt-amperes. Let each tie-bar reactor have a per-unit reactance
of XrVu also on a basis of S volt-amperes. Assume a symmetrical
3-phase short-circuit occurs in a feeder connected to the busbars of
section 1, as indicated by X in Fig. 17.6,
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Per-unit reactance to fault from 1st generator = X
(9P«

s
Short-circuit VA fed into fault by 1st generator = -rr

*g_

Per-unit reactance to fault from remaining (N — 1) generators

Xrpu 4" Agpu Xgpu ~r M-Xrpu
— Arpu T N- 1 N - 1

Section 1 Section 2 Section 3
S kVA S kVA . S kVA

(X r)pu

Fig. 17.6 CALCULATION OF SHORT-CIRCUIT VOLT-AMPERES ON
TIE-BAR SYSTEM

Short-circuit VA fed into fault by (N — 1) generators

S(N - 1)

Xgpu T N-Arpu

Total short-circuit VA - s (t-\Agpu
+

N- 1

Xgpu 4" NXrpurpu/

Therefore

Lt(s.c.VA) = s(TJ-+ TM (17.11)

This is the short-circuit volt-amperes at the fault if N is very

large. A smaller number of generators would reduce the short-

circuit volt-amperes. If the circuit-breaker on the faulty feeder

has the rating derived from eqn. (17.11), then no matter how many

extra generators and reactors are added, the circuit-breaker rating

will remain adequate. This is a useful property of the tie-bar

arrangement. With the ring arrangement extra generators may not

be added without changing the existing circuit-breakers or increasing

the existing reactance.

EXAMPLE 17.2 The busbars of a generating station are to be divided into

three sections by the use of three reactors. A 60MVA generator having 01 5 p.u.
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leakage reactance is to be connected to each busbar section. Determine the

minimum value of reactor reactance, in ohms, if the maximum MVA fed into

a symmetrical 3-phase short-circuit at a section is to be 500, (a) if the three

reactors are connected to a common tie-bar, and (6) if the three reactors are

ring connected. The busbar voltage is 22kV.

(a) Tie-bar Reactors (Fig. 17.7(a)).

60MVA 60MVA

A ( r\j) B (
r\j

Fig. 17.7

The equivalent reactance diagram is shown in Fig. 11.1(b).

Let x be the per-unit reactance of each reactor on a 60MVA base.

015 + x
Equivalent per-unit reactance of parallel branch = r P u -

015 + x
Equivalent per-unit reactance of branch 1 = x -I r

015 + 3*
-p.u.

015 x
015 + 3x

Total equivalent per-unit reactance

0-15 +
015 + 3*

p.u.

01 5(005 + x)_

015 +x
-p.u.
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015 + x
Short-circuit MVA =

. 15(0 ,05 + x)
= 500

since the short-circuit MVA is not to exceed 500MVA. Solving gives

Per-unit reactance of each reactor, x = 0-35 p.u.

60 x 106
, „. .

Full-load current, //, =
V3 x 22 x 1Q3

= L580A

VVh 22 x 103 „ -, - ori
Reactance of each reactor, X = —— =

} 58Q
x 0-35 = l-xu

(6) Ring Reactors (Fig. 17.7(c)).

The equivalent reactance diagram is shown in Fig. 11.1(d).

Let x be the equivalent per-unit reactance of each reactor on a 60MVA base.

To obtain an expression for the total equivalent per-unit reactance, the mesh

BCFE may be replaced by the equivalent star.

Let the star-point of the equivalent star be O.

015 x 015 _ 00225
Xbovu -

., 5 + . 15 + x
-

.30 + ^P-U-

0-1 5* 0-15*
Xfopu -

. 15 + . 15 +x -
.30 + ^P-U-

0-15* 0-1 5x
Xeopu -

. 15 + . 15 +x -
.30 + XP

U -

The equivalent reactance diagram is redrawn in Fig. 17.7(e).

1 / 0-15* \ 00225 _ * + 015
Xbdvv. =

2"lo-30 + ;t
+ X

)
+

0-30 + x 2

x + 015
015 x

^
—

Total equivalent per-unit reactance =
!x~f~(M5

015 + j

015(x + 0-15)

= x + 0-45 P-U -

60(* + 045) „„,.,.,.
Short-circuit MVA =^ + . 15)

= 500MVA

since the short-circuit MVA is not to exceed 500MVA. Hence

Per-unit reactance of each reactor, x = 1 05 p.u.

As before, the full-load current is 1,580A; hence

, u 22 x 1Q3 105 -sin
Reactance of each reactor = x

100
_

Note. In this particular problem, it is not absolutely necessary to use the delta-

star transformation, since the symmetry of paths BED and CFD in Fig. \l.\4(d)

will mean that there is no current in the reactor EF.



558 Short-circuit Protection

17.6 Principles of Arc-extinction in Circuit-breakers

The calculation of the currents fed into symmetrical 3-phase short-
circuits made in the previous sections, while giving an indication
of the duty to which a particular circuit-breaker may be subjected,
ignores the fact that there may be considerable asymmetry in the
short-circuit current due to the presence of a d.c. component. It
was seen in Section 6.4 that, when a short-circuit occurs in a circuit
whose resistance is negligible compared with the inductive reactance,
which is usually the case in transmission networks, the resulting
short-circuit current has a d.c. component except when the short-
circuit occurs at the instant at which the circuit voltage is a maximum.
This d.c. component has a maximum value when the short-circuit
occurs at the instant at which the circuit voltage is zero. Since in a
3-phase system there are six voltage zeros per cycle, it is certain that
there will be considerable asymmetry in the current flowing in at
least one of the phases. In considering the operation of circuit-
breakers it is therefore necessary to take account of this asymmetry.

Fig. 17.8 indicates the process of arc extinction in a circuit-breaker.
Fig. 17.8(a) shows the alternator line-to-neutral voltage. This voltage
is shown as having constant amplitude, but it may be subjected to
some decrement due to alternator armature reaction until the arc is

extinguished, when the alternator voltage will' slowly recover.
Whether or not this effect is noticeable depends on whether the short-
circuit endures for a sufficient length of time and on the distance of
the fault from the alternator. If this distance is great (say at the
distant end of a feeder), the alternator voltage decrement will not
be marked.

In Fig. 17.8 it is assumed that the short-circuit occurs when the
alternator phase voltage is passing through zero. As has been seen,
this gives rise to maximum asymmetry when the circuit reactance
is much greater than the resistance. The maximum peak current
is about 1-8 times the peak symmetrical current, i.e. about 1-8 X \/2,
or 2-55 times the r.m.s. value of the symmetrical short-circuit current!
The d.c. component rapidly dies away, a typical value of decrement
factor being 0-8 per half-cycle. Thus, under this decrement factor,
the d.c. component will have fallen to about 30 per cent of its initial
value after 2\ cycles.

Fig. 17.8(c) shows the voltage across the contacts of the circuit-
breaker. This is zero until the instant of separation. The voltage
across the contacts after separation is the arc drop. The arc extin-
guishes each half-cycle and the principle of arc extinction in an
a.c. circuit-breaker is to permit the arc to interrupt itself at a current
zero. Whether or not the arc will restrike after a current zero
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depends on whether the insulation strength of the medium between

the contacts (usually the medium is air or oil) builds up more rapidly

or less rapidly than the voltage across the contacts. The build-up of

insulation strength depends largely on the speed and thoroughness

time

Fig. 17.8 INTERRUPTION OF AN ASYMMETRICAL SHORT-CIRCUIT

CURRENT

(a) Alternator line-to-neutral voltage

(W Short-circuit current

(c) Voltage across circuit-breaker contacts

with which the ionized gas (caused by the heat and electronic bom-

bardment in the arc) is removed and replaced by un-ionized air or oil.

When the arc is finally extinguished, there is an extremely rapid

rise of voltage across the circuit-breaker contacts. This voltage,

which is called the restriking voltage, is a high-frequency transient
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voltage and is caused by the rapid redistribution of energy between

the magnetic and electric fields associated with the plant and trans-

mission lines of the system.

The recovery voltage is the 50Hz voltage that appears across the

circuit-breaker contacts when final extinction takes place and is

approximately equal to the alternator phase voltage. Since the

power factor of the fault circuit is low, the instantaneous recovery

voltage will be almost equal to the maximum value of the alternator

phase voltage.

If the alternator voltage has been subjected to decrement due to

armature reaction, then after final extinction of the arc has taken

place there will be a relatively slow growth in the value of recovery

voltage. This is not shown in Fig. 17.8(c).

17.7 Rating of Circuit-breakers

It was seen in Section 17.6 that, when a symmetrical 3-phase short-

circuit occurs in a transmission system, there will be a considerable

asymmetry in the short-circuit current of at least one phase. The

more rapidly a circuit-breaker operates after the occurrence of a

short-circuit, therefore, the more onerousmay be its duty. Ifthe opera-

tion of the circuit-breaker is delayed for a few cycles, the asymmetry

will be considerably reduced. On the other hand, the longer the

short-circuit persists, the greater is the chance of synchronous plant

losing synchronism and causing a serious interruption to the supply.

Therefore circuit-breaker action is made as rapid as possible even

though this may tend to make their duty more onerous.*

It is normal practice to specify the rupturing capacity of circuit

breakers in kilovolt-amperes or megavolt-amperes. This practice

is well established but may be criticized as not being logical, since

the breaking capacity in megavolt-amperes is obtained from the

product of short-circuit current and recovery voltage. While the

short-circuit current is flowing, however, there is only a small

voltage across the circuit-breaker contacts (the recovery voltage

does not appear across them until final extinction has taken place).

Thus the MVA rating is the product of two quantities which do not

exist simultaneously in the circuit-breaker. It would appear more

logical to have a current rather than an MVA rating for circuit-

breakers. The agreed international standard method of specifying

circuit-breaker rupturing capacity is defined as a rated symmetrical

current at a rated voltage.

* Asymmetry in the short-circuit current may actually relieve circuit-breaker duty

since current zeros occur closer to voltage zeros so that the value of the fundamental

component of recovery voltage is reduced.
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The symmetrical breaking current of a circuit-breaker is the

current which the circuit-breaker will interrupt at a power factor of

0-15 for ratings up to 500MVA and a power factor of 0-3 for ratings

of 750MVA or upwards with a recovery voltage of 95 per cent

normal voltage.

The asymmetrical breaking current is the current the circuit-

breaker will interrupt when there is asymmetry in one of the phases.

It is assumed, for purposes of proving the capacity of a circuit-

breaker, that the asymmetrical d.c. component is 50 per cent of the

maximum value of the a.c. component. Normal British practice is

to make the a.c. component equal to the rated symmetrical current.

With a decrement factor of 0-8 per half-cycle, the maximum asym-

metrical d.c. component, which is initially 80 per cent ofthe maximum

value of the a.c. component, will have fallen to 50 per cent of this

value in a little over one cycle.

The r.m.s. value of an asymmetrical current having a 50 per cent

d c. component is approximately 1 -25 times that ofthe a.c. component.

If the a.c. component (Iac) is equal to the rated symmetrical com-

ponent, then the asymmetrical breaking current (/) will be equal

to 1-25 times the rated symmetrical breaking current. This may be

shown from eqn. (5.19), since

where Im is the peak value of the a.c. component. Therefore

/ = V(0-25V + 0-5V) = 0-866/m ~ l-2S/«e

17.8 Types of A.C. Circuit-breaker

It is impossible here to give more than an outline of the many

types of a.c. circuit-breaker in use. Circuit-breakers may be divided

into (i) those which do not incorporate some form of arc control, and

(ii) those which do. The latter class may be subdivided into (iia) self-

blast arc-control circuit-breakers, and (lib) circuit-breakers in which

the arc control is provided by mechanical means external to the

circuit-breaker. Fig. 17.9 shows a classification of circuit-breakers in

the form of a diagram.

Circuit-breakers which do not have a form of arc control may be

either plain air-break or plain oil-break. In these types the contacts

separate either in air or in oil. In the plain oil-break circuit-breakers

some assistance to arc extinction is afforded by the gas bubble

generated around the arc. The gas bubble, by setting up turbulence

in the oil, helps to eliminate ionized arc-products from the arc path.

Long and inconsistent arcing times are obtained with these types of
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circuit-breaker and they are only suitable for low-current low-voltage

operation.

Self-blast circuit-breakers are oil circuit-breakers in which the

pressure of the gas bubble set up in the oil by the arc is utilized to

force fresh, un-ionized oil into the arc path, thus materially increasing

the rate of rise of insulation resistance in the circuit-breaker.

A.C. circuit-breakers -

-Plain oil-break

i-arc-eontrol

es

-Plain air-break

Arc-control
"types

Self-blast

types

External-blast
types

Cross-jet-pot oil

Explosion-pot oil

Impulse-type oil

Air-blast

Fig. 17.9 TYPES OF CIRCUIT-BREAKER

Fig. 17.10 shows the explosion pot of a cross-jet oil circuit-breaker,

which incorporates this principle of arc control. In this type of

circuit-breaker, as the moving contact is withdrawn, the gas genera-

ted by the arc exerts pressure on the oil in the back passage, and as

a result, when the moving contact uncovers the arc-splitting jets,

fresh oil is forced across the arc path.

Circuit-breakers of this type are made with rupturing capacities

of up to 2,500MVA at 66 kV. For higher voltages and capacities

multiple-break units have been developed. In these, two or more sets

of cascaded contacts open simultaneously. The main difficulty

associated with multiple-break units is to ensure uniform voltage

distribution over the breaks. On open-circuit the voltage distribution

is mainly controlled by the self-capacitance of the breaks, the

insulation resistance being extremely high. Fig. 17.11 shows the

opening sequence for a multi-break circuit-breaker with four cross-jet

pots per phase. Four Metrosil resistors are used to control the

voltages across the breaks and to eliminate over-voltages.

A difficulty experienced with self-blast oil circuit-breakers is that
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Gas bubble

Oil forced out

Arc splitters

Fig. 17.10 EXPLOSION POT OF A CROSS-JET OIL CIRCUIT-BREAKER

Fig. 17.11 OPENING SEQUENCE FOR A MULTI-BREAK CIRCUIT-BREAKER

(AEILtd.)

(a) Switch closed

(6) Resistors in circuit

(c) Switch completely open



564 Short-circuit Protection

arcing times tend to be long and inconsistent when operating against

current considerably less than rated current—say about 30 per cent

of rated current. This is so because the gas pressure generated is

much reduced compared with that generated at rated current.

Indeed the most onerous duty of the self-blast circuit-breaker is when

it is called upon to break fault currents of the order of 30 per cent

of its rated current.

This particular difficulty is overcome in circuit-breakers which

utilize a form of arc control in which the blast is provided by external

means and thus is independent of the value of fault current to be

broken. Circuit-breakers using this form of arc control may be

either impulse-oil circuit-breakers or air-blast circuit-breakers.

In impulse oil circuit-breakers, oil is forced across the arc-path;

the necessary pressure, being produced by external mechanical

means, does not in any way depend on the strength of current to be

broken. Such circuit-breakers are usually multi-break and have

capacitance or resistance shunts to control the voltage across the

cascaded breaks. They are suitable for very-high-voltage systems

of 200kV and over.

A disadvantage attaching to all oil circuit-breakers is the risk of

fire due to the inflammability of the oil. For this reason, and others,

the air-blast circuit-breaker has been developed.

Air-blast circuit-breakers are similar to impulse oil circuit-breakers

in that arc control, which takes the form of an air blast which may

be across the arc (cross-blast), along the arc (axial blast), or radial

to the arc (radial-blast), is provided by an external air compressor

and is independent of the current to be interrupted.

Fig. 17.12 indicates one type of air-blast circuit-breaker. The

type shown has four series breaks shunted by non-linear resistors.

Arc control is used basically to remove ionized gas, which acts

as a conductor rather than an insulator, from the arc path. A recent

development is to surround the circuit-breaker contacts with either

sulphur hexafluoride (SFe) or vacuum which makes it possible to

dispense with external arc control.

In an SF6 circuit-breaker the contacts are surrounded by SF6

gas at a pressure of 45 lb/in.2 when the breaker is quiescent. Move-

ment of the contacts is synchronized with the opening of a valve

which allows additional gas to flow into the interrupter from a

receiver containing gas at about 250 lb/in.2 The increased pressure

assists in arc quenching.

The large SF6 molecules rapidly absorb free electrons produced

in the arc path to form heavy negative ions oflow mobility which are

ineffective as charge carriers. Rapid restrike-free arc interruption

is thus achieved.
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A typical SF6 circuit-breaker consists of interrupter units each

capable of dealing with currents of up to 60 kA and voltages of

50 to 80 kV. A number of units is connected in series according to

the system voltage.

SF6 circuit-breakers for lower voltages sometimes operate in the

same manner as oil impulse breakers where the movement of the

contacts operates a piston which produces a gas flow across the arc.

Fig. 17.12 AIR-BLAST CIRCUIT-BREAKER

(.AElLtd.)

A. Air reservoir

B. Blast valve at earth potential
C. Porcelain blast tubes
D. Porcelain interrupting chamber
E. Non-linear resistor

I. Current paths

The advantageous features of SF6 circuit-breakers are that SF6
is odourless, non-toxic, inert and non-inflammable, and should any

decomposition take place, the products (fluorine powders) possess

high electric strength and are not a maintenance problem. The
circuit-breakers are extremely quiet in operation, and maintenance

costs are low.

Vacuum circuit-breakers are based upon the employment of a

number of vacuum interrupter units in series. Each unit consists of

a pair of separable contacts in a sealed, evacuated envelope of

borosilicate glass. The moving contact is operated by flexible metal

bellows, and it is essential that all occluded gases be removed from
all components within the envelope during manufacture to maintain
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Current flowing
in arc across
circuit-breaker
contacts

Arc voltage
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Short-circuit Protection 567

vacuum. The high electric strength of the vacuum allows a short

contact separation (0-25 in.) and rapid restrike-free interruption ofthe

arc is achieved. A tubular shield around the contacts condenses any

metallic vapours expelled from the contacts during operation, and

effective interruption depends on the thoroughness and speed with

which these arc products are condensed. The interrupter units are

sealed into an outer envelope containing SF6 gas. A typical 132 kV

3,500 MVA vacuum circuit-breaker uses eight interrupter units in

series in each phase, each shunted by a capacitor to secure uniform

voltage distribution across the units.

The advantageous features of vacuum circuit-breakers are that

vacuum is non-inflammable and non-toxic, that the circuit-breaker

has a light, simple, short-stroke mechanism giving high-speed

performance. The relatively rapid rate of recovery of electric

strength in vacuum circuit-breakers make them ideal for the inter-

ruption of large leading-power-factor currents encountered in under-

ground cable systems. These circuit-breakers require little maintenance

and are extremely quiet in operation.

17.9 Current Chopping

Current chopping is the name given to a phenomenon associated

with circuit-breakers when they extinguish the arc before the natural

current zero. This occurs when the circuit-breaker is breaking

against a fault current considerably below its rated current. When
the current is chopped in this manner the energy associated with the

inductance of the circuit (£L/2
, where i is the instantaneous value of

the current chopped) is rapidly transferred to the circuit capacitance

and gives rise to a high voltage of high frequency, the frequency being

determined by the inductance and capacitance of the circuit.

Current chopping occurs in all types of circuit-breaker but is

probably more marked in those in which the arc control is not

proportional to the fault current, i.e. in impulse oil circuit-breakers

and air circuit-breakers. In air circuit-breakers, where the electric

strength is usually lower than in oil circuit-breakers, the rise in

voltage across the contacts may cause the arc to restrike, thus

relieving the electric stress on the system insulation and preventing

the transmission of a high-voltage surge. Indeed the arc may restrike

several times as indicated in Fig. 17.13. In oil circuit-breakers,

where electric strengths are normally higher than in air circuit-

breakers, restriking may not take place and other methods of protec-

tion against the effects of current chopping such as resistance

switching are necessary. Such methods may also be applied to air

circuit-breakers.
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17.10 Resistance Switching

The value which the restriking voltage reaches after arc extinction

may be limited by the use of a shunt resistance connected across the

main contacts of the circuit-breakers. The effect of the resistance

is to prevent the oscillatory growth of voltage and to cause the

voltage to grow exponentially up to the recovery value. Fig. 17.14

shows oscillatory growth and exponential growth when the circuit

is critically damped. The dotted line represents the generated e.m.f.,

which is approximately at maximum value when the current zero

occurs. The value of resistance required to obtain critical damping

is i\/(L/C). When this technique is used some form of auxiliary

contact is required to break the current through the resistor.

PROBLEMS

17.1 Explain what is meant by the percentage leakage reactance of an alternator

Two 18MVA alternators each with a 25 per cent leakage reactance, run in

parallel on a section busbar A which is connected through a 36 MVA reactor

having 30 per cent reactance to a busbar B having two alternators similar to

those on A. A 9 MVA feeder having 10 per cent reactance is connected to

busbar A. Estimate the initial fault MVA if a short-circuit occurs between the

three conductors at the far end of the feeder. (L.U.)

Arts. 62-8 MVA.

17.2 The busbars of a station are in two sections, A and B, separated by a

reactor. Connected to section A are two 15 MVA generators of 12 per cent

reactance each, and to B one 8 MVA generator of 10 per cent reactance.

The reactor is rated at 10 MVA and 15 per cent reactance. Feeders are con-

nected to the busbar A through transformers, each rated at 5 MVA and

4 per cent reactance. Determine the maximum short-circuit kVA with which

oil-switches on the outgoing side of the transformer have to deal. (H.N.C.)

Ans. 87-1 MVA.

17.3 The 3-phase busbars of a station are divided into two sections, A and B,

joined by a reactor having a reactance of 10 per cent at 20 MVA.
A 60 MVA generator with 12 per cent reactance is connected to section A

and a 50 MVA generator with 8 per cent reactance is joined to section B.

Each section supplies a transmission line through a 50 MVA transformer with

6 per cent reactance which steps up the voltage to 66kV.

If a 3-phase short-circuit occurs on the high-voltage side of the transformer

connected to section A, calculate the maximum initial fault current which can

flow into the fault.

Explain how you would estimate the current to be interrupted by a circuit-

breaker opening after 0-3 s, and show why this value would differ from the

maximum value calculated. (L.U.)

Ans. 3.210A.
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17.4 Explain the object of (i) sectionalizing the busbars of a large generating

station and (ii) connecting reactance coils between the sections. Sketch alterna-

tive arrangements of connecting the sections and reactance coils, and discuss

their relative advantages and disadvantages.

A station has three busbar sections A, B and C, which are interconnected by

reactance coils (one coil between A and B, and one coil between B and C), each

coil being rated at 14 per cent reactance on a basis of 60MVA. Generators are

connected as follows: one 50MVA of 18 per cent reactance to A; one 60MVA
of 20 per cent reactance to B; one 75MVA of 20 per cent reactance to C. Calcu-

late the MVA which would be fed into a short-circuit on section B when all the

generators are running.
(L.U.)

Ans. 668 MVA.

17.5 A generating station has three section busbars with the following plant:

Busbar Plant Percentage

section reactance

1 10 MVA generator 10

2 7 MVA generator 5

3 8 MVA grid transformer 8

Sections 1 and 2 are connected through a 6 MVA, 5 per cent busbar reactor,

and sections 2 and 3 by a 6 MVA, 6 per cent reactor. Calculate the MVA fed

into a short-circuit at the distant end of one of the outgoing feeders on section 2.

The reactance of the feeder may be taken as 10 percent on a basis of 5 MVA.

Treat the grid networks as having infinite capacity. (H.N.C.)

Ans. 40-2 MVA.

17.6 Write a short account of the use of reactors in busbar layouts.

Generators aggregating 10 MVA and 20 per cent reactance are connected

to each section busbar of a system consisting of three sections which later are

connected in ring formation by a 4 MVA, 8 per cent reactor between each

section. A feeder having a rating (including transformer) of 8 MVA and 10 per

cent reactance is connected to one section. If a fault occurs at the distant end

of the feeder, find the percentage of normal voltage at each busbar section.
v

(H.N.C.)

Ans. 45 per cent; 901 percent; 90-1 percent.

17.7 Describe the "star" or "tie-bar" method of interconnecting the busbar

sections in a generating station and compare it with other busbar arrangements.

A station contains 4 busbar sections to each of which is connected a generating

unit of 30 MVA having 12 per cent leakage reactance, the busbar reactors

having a reactance of 10 per cent.

Calculate the maximum MVA fed into a fault on any busbar section and also

the maximum MVA if the number of similar busbar sections were increased to

infinity. Deduce any formula used. (L.U.)

Ans. 422 MVA; 550 MVA.

17.8 What are the objects of sectionalizing the busbars in a large power station?

The busbars of a generating station are divided into three sections to each of

which is connected a 1 6MVA generator having 30 per cent reactance. The busbars

are connected to a common tie-bar through 12MVA reactors having 15 per cent

reactance. To each busbar is connected a 10MVA transformer having 10 per

cent reactance and a 20km 10MVA feeder having a reactance of 0-7a/km and

negligible resistance is connected to the 33 kV secondary of one transformer.
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Find the current fed into a symmetrical 3-phase short-circuit at the distant end
of the feeder. (H.N C)

Arts. 513A.

17.9 In a generating station there are four busbar sections with a 60MVA 33 kV
3-phase generator having 15 per cent leakage reactance connected to each section.
The sections are connected through a 10 per cent reactor to a common tie-bar.
A 1 MVA 3-phase feeder joined to one of the busbar sections has a resistance
of 60fl/phase and a reactance of 70fl/phase.

If a symmetrical 3-phase short-circuit occurs at the receiving end of the feeder,
determine the MVA and also the voltage on the four busbar sections.

(L.U.)
Ans. 11-6 MVA, 3-83 MVA; 32-3 kV, 32-7 kV.

17.10 Define the terms "symmetrical breaking current" and "asymmetrical
breaking current" as applied to oil circuit-breakers. Show how these quantities
are determined from oscillograms of short-circuit tests on a circuit-breaker.
Explain why, on symmetrical 3-phase short-circuit tests, some initial asymmetry
in the current always occurs.

A 50MVA generator of 18 per cent leakage reactance and a 60MVA generator
of 20 per cent leakage reactance are connected to separate busbars which are
interconnected by a 50MVA reactor. Calculate the percentage reactance this
reactor must possess in order that switches rated at 500MVA may be employed
on feeders connected to each of the busbars. (L.U.)

Ans. 7 per cent, or 0-07p.u.

17.11 Enumerate the positions in which current-limiting reactors may be
connected. What advantage does the tie-bar system have over the ring system?
A station busbar has three sections A, B and C, to each of which is connected

a 20 MVA generator of reactance 8 per cent. Two similar reactors are to be
connected, one between the busbar sections A and B and one between the busbar
sections B and C. Calculate the percentage reactance of these reactors if the
MVA fed into a symmetrical short-circuit on section A busbar is not to exceed
400. The reactors are to be rated at 10 MVA. (H.N.C.)

Ans. 4 per cent, or 004p.u.

17.12 Three llkV 40MVA alternators are connected to three sets of 33 kV
busbars A, B and C by means of three ll/33kV 40MVA transformers. The bus-
bars are joined by two similar reactor sets, one set being connected between A
and B and the other between B and C. The reactance of each alternator is 20 per
cent and that of each transformer is 6 per cent at 40MVA.
Determine the percentage reactance of each set of reactors at 10MVA in

order that the symmetrical short-circuit on busbars A should be limited to

350MVA. (L.U.)

Ans. 1-5 per cent, or 0-015p.u.

17.13 The 33 kV busbars of a generating station are divided into three sections

A, B and C, which are connected to a common tie-bar by a reactance X ohms.
To section A is connected a 60MVA generator having a leakage reactance of
15 per cent, to B a 40MVA generator of leakage reactance 12 per cent, and to C
a 30MVA generator of leakage reactance 10 per cent.

If the breaking capacity of the circuit-breaker connected to section A is not to

exceed 500MVA, determine the minimum value of the reactance X.

Ans. 6-12Q.



Chapter 18

CLOSED-LOOP CONTROL
SYSTEMS

In almost every sphere ofhuman endeavour there is a need to exercise

control of physical quantities. Manual control, involving a human

operator, suffers from several disadvantages among which may be

numbered fatigue, slow reaction time (some 0-3 s), lack of exact

reproducibility, limited power, tendency to step-by-step action and

variations between one operator and another. The demand for

precision control of physical quantities has led to the development of

automatic control systems or servo systems. It is the purpose of this

chapter to examine some simple servo systems, as an introduction

to a subject which is of ever-growing importance.

All precision control involves the feedback of information about

the controlled quantity, in such a way that if the controlled quantity

differs from the desired value an error is observed, and the control

system operates to reduce this error. This type of control is called

closed-loop control and can be either manual or automatic. In simple

regulating systems there is no feedback of information, and precise

control cannot be achieved. This is called open-loop control, since

there is no feedback loop.

18.1 Open-loop Control

The operation of an open-loop regulating system may be understood

by considering one or two illustrations of such systems. For example,

571
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the flow of water in a pipe may be controlled by a valve. The opening
of the valve can be measured on a scale, but for any one setting the

actual flow of water will depend on the available head at the inlet

to the valve, and on the loading at the outlet, as well as on the valve

setting. The accuracy of the setting is thus dependent on external

disturbances.

Again, consider the speed control of a d.c. shunt motor by field

resistance. Increasing trie field resistance increases the motor speed,

but at any setting of the field rheostat the actual speed will depend

on the supply voltage and on the load on the machine. The rheostat

cannot be calibrated accurately in terms of speed, and the system

is an open-loop control. If now we connect a tachometer to the

shaft, and mark on its scale the desired speed, then a human operator

may adjust the field rheostat as required to keep the actual speed as

near as he can to the desired speed. The operator then acts as the

feedback loop, and the system has become a closed-loop system,

where the control action depends on the observed error between

actual and desired speed. An increased accuracy of control is thus

achieved. An automatic control is achieved by replacing the operator

by an error-measuring device and output controller.

18.2 Basic Closed-loop Control

The basic elements of a simple closed-loop control system are

illustrated in Fig. 18.1. In this case the output of some industrial

Input

Input

control

Process

Measuring
device

o
Error

Output

_Desired value
of output

Controller

Fig. 18.1 SIMPLE CLOSED-LOOP PROCESS CONTROL

Comparison
device

process is being controlled by a control element. The actual output

from the process is measured and compared with a desired value in

the comparison device. The magnitude and sense of any difference

between the desired and actual values of the output is fed as an error

signal to the controller which in turn actuates the correcting device

in such a way as to tend to reduce the error. Note that correction
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takes place no matter how the error arises, e.g. by external distur-

bances or changes in input conditions. The control gear forms a

closed loop with the process.

The essential elements of the automatic control system are thus

(a) a measuring device, which can often be combined with (b) a

comparison device to produce an error signal, (c) a controller,

which normally incorporatespower amplification, and (d) a correction

device.

One very important type of control system is that in which the

angular position of a shaft has to be controlled from some remote

position with great accuracy. Such a system is called a remote

position control (or r.p.c.) servo, and has applications including the

automatic control of gun positions, servo-assisted steering of vehicles

and ships, positioning of control rods in nuclear reactors, and auto-

matic control ofmachine tools. In the following sections an electrical

r.p.c. servo will be considered in more detail. In such a system, the

shaft position is measured electrically, an electrical error signal is

generated, amplified, and used to control an electric positioning

motor.

18.3 The Summing Junction

In electrical servos it is often required to apply the sum of or differ-

ence between two or more signals to an amplifier. This can con-

veniently be done by means of a summing junction, as illustrated

*-v

Fig. 18.2 THE SUMMING JUNCTION
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in Fig. 18.2(a). Thus, if the free ends of the input resistors Ri, R2 , R3

have voltages v\, v2 , v3 to earth, then by Millman's theorem,

El 4. El 4. El
ZvneYn Rl R2

+ R3 „„„vo = vGE =^f
- =

1 j - (18.1)

1 1 1

—

Ri^ R2 R3 R

The output voltage is thus dependent on the sum of the input
voltages taken in proportions which depend on the ratios of the

resistors. Note that, if (as is not uncommon) Ri = R2 = R3 and
R> Ri, then

tfo = ifai + vz + v3) (18.2)

For two inputs (i.e. if R3 were disconnected) this would reduce to

vo = i(vi + v2)

A more sophisticated version of the summing junction is obtained

by using a high-gain d.c. amplifier as shown in Fig. 18.2(6). If the

gain of the amplifier is —A and its input impedance is very high, then

1 = — («'i + h + h)

and the potential of point G is — volA which will be very small if

A is large (typically A can be of the order of 107). Thus G can be
considered to be almost at earth potential, and is called a virtual

earth, so that

Vl V2
.

v3 Vo

Hence

tl=z
Ri

t2= R2
l3 =R3

l =R

— — _ (
Vl Vl

R~i
+

R~2
+

or

( R R R) , <0 „ x»o=-[vi
Wi

+ v
2R

-
2
+ v3 -y (18.3)

In the case where ^1 = ^2 = ^3 = ^,

vo = -(»i + v2 + v3) (18.4)

This arrangement is called an operational amplifier, and finds an

application in analogue computers as well as in servo systems.
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18.4 Measurement of Shaft Position Error by Voltage Dividers

Two methods of obtaining an electrical signal which will give a

measure of the size and sense of the difference between the actual

angular position of a shaft and the desired angular position will be

considered. The first of these methods involves voltage dividers

whose sliders are fixed to a reference and an actual output shaft

respectively.

Consider the two linearly wound voltage dividers shown in Fig.

18.3, connected to a summing junction, G, though resistors which

are of such high values that they give negligible loading on the voltage

dividers. The slider of the reference voltage divider is set at the

desired angular shaft position 6 t , so that, assuming the divider to be

wound over 300°,

yi =
300

X(- F)

The slider of the output voltage divider is connected to the output

shaft, and for an output shaft angular position of d ,

v
* = 300

X {V)

It follows from eqn. (18.4) that

The voltage ve is thus proportional to the shaft error (i.e. the differ-

ence between the desired and actual shaft positions (6 t — o) and

is called the error voltage.

18.5 Synchros as Shaft Position Error Detectors

The synchro gives an a.c. error voltage whose amplitude is propor-

tional to the shaft error and whose phase depends on the sense of

the error. The principle of operation can be seen from Fig. 18.4.

The stator houses three windings whose centre-lines are 120° apart.

The rotors may be of the salient-pole type or of the wound-rotor

type.

Two units are used. The transmitter has its rotor supplied from

an a.c. source, the rotor shaft being set to the desired angular

position. The rotor current sets up an air-gap flux which links the

three stator windings and induces e.m.f.s in them according to

the relative position of the rotor. The stator windings of the

transmitter are linked to those of the receiver as Shown in Fig. 18.4,
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so that the induced e.m.f.s will set up circulating currents, which in

turn cause a flux in the air-gap of the receiver. This receiver flux

will have the same direction relative to the receiver stator as the

transmitter air-gap flux has relative to the transmitter stator.

When the centre-line of the receiver rotor is at 90° to this flux,

the e.m.f. induced in the rotor winding will be zero. For any devia-

tion 6 from the 90° position, the alternating e.m.f. induced in the

receiver rotor will be

Ve = Fsin 6 = V sin (6t - d„) (18.6)

where V is the r.m.s. voltage induced in the receiver rotor when it

links all the stator flux. For small deviations from exact quadrature

between receiver flux and rotor centre-line, sin (0j — 8 ) <*& 6i — o

and

Ve t* V(6{ - 6„) (18.7)

i.e. the error voltage is linearly related to the difference between

input and output shaft positions (after allowing for the initial 90°

displacement). The phase of this error voltage will be 180° different

for the case when 8 < Bi than it is when B > 6i, thus giving a

measure of the sense of the error.

Shaft error detection is only one of several applications of these

devices. As error detectors they have the advantage over voltage

dividers of negligible wear, greater accuracy, and error detection

over a full 360° rotation.

18.6 Small Servo Motors and Motor Drives

Electrical servos may be (a) entirely d.c. operated, using voltage

dividers, d.c. amplifiers, and d.c. driving motors, (b) entirely a.c.

operated using synchros, a.c. amplifiers and 2-phase a.c. driving

motors, or (c) a.c./d.c. operated using a.c. error detection, phase-

sensitive rectification and d.c. driving motors.

SPLIT-FIELD MOTOR

Small d.c. servo motors are generally of the split-field type illustrated

in Fig. 18.5. Neglecting saturation and assuming a constant

armature current, the output torque will be proportional to the net

field current, and will reverse when this net field current reverses.

The field may be fed from a push-pull amplifier stage. If the armature
is not fed from a constant-current source, the build-up of armature
e.m.f. with speed causes a falling torque/speed characteristic, which
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is equivalent to viscous-friction damping in the servo system.

Approximately constant armature current can be achieved by feeding

the armature through a high resistance from a high-voltage d.c.

supply.

Ia
= constant
armature
current

Motor
field

windings

Fig. 18.5 THE D.C. SERVO MOTOR

PHASE-SENSITIVE RECTIFIER

An a.c. error signal may be used with a phase-sensitive rectifier

(p.s.r.) to produce a d.c. error voltage. The basic operation of a

p.s.r. is shown in Fig. 18.6. When there is no error voltage, each

diode conducts during positive half-cycles of the reference voltage

and there is no net voltage between A and B. The peak error signal,

Error
voltage

D,

Reference
voltage

-w-

Fig. 18.6 PHASE-SENSITIVE RECTIFICATION

ve, is arranged to be smaller than the reference voltage, vr. When the

error signal is in phase with the reference voltage, the voltage applied

to Di during the positive half-cycles of vr, i.e. (vr + vei), is greater

than that applied to D2 (vr — ve2), and hence A is positive with

respect to B. During the negative half-cycles of vr both diodes

remain non-conducting (since vR > ve). If the error voltage is now
changed in phase by 180°, D 2 has a larger voltage applied to it during
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the positive half-cycles than Di and B is positive with respect to A.

Hence the voltage between A and B gives the magnitude and sense

of the error, and may be applied direct to the bases of a long-tailed

pair (Section 22. 1 1). The capacitors provide smoothing of the output

signal.

TWO-PHASE SERVO MOTOR

In an ax. servo the error signal from a synchro is fed to an a.c.

amplifier, whose output feeds one phase of 2-phase motor. The phase

of the voltage applied to this winding is arranged to be in quadrature

with that applied from a constant reference source to the second

winding ofthe motor (the reference winding), as shown in Fig. 18.7(a).

Stator
coils

Rotor-

Amplified
error voltage

(a)

increasing

Speed

(b)

Fig. 18.7 THE 2-PHASE SERVO MOTOR

When there is no error voltage, only the reference winding is energized

and the rotor is locked in position. The motor is designed to give

maximum torque at standstill. The size of the output torque will

depend on the magnitude of the error signal, and the direction of the

torque will depend upon whether the error signal lags or leads the

reference voltage by 90°. Typical characteristics are shown in Fig.

18.7(Z>).
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The a.c. servo is not used where large power is required, because

the electronic amplifier has a limited power output. In such cases

rotating d.c. amplifiers (amplidyne or metadyne type) or magnetic

amplifiers are used with d.c. driving motors. High-power servos

will not be dealt with in this text.

Note that in both d.c. and a.c. servo motors the armatures are

usually long and of small diameter in order to give a high torque/

inertia ratio.

18.7 Simple Torque-controlled R.P.C. Servo

The main components of an electrical r.p.c. servo system having

been briefly discussed, a simple control system can now be con-

sidered. Such a closed-loop system is shown schematically in Fig.

18.8, where the servo motor drives a load shaft (the inertia of the

load and the motor being / kg-m2
), and where there is viscous-

friction damping (i.e. a frictional force proportional to the angular

velocity of the output shaft). The driving torque produced by the

motor is directly proportional to the error voltage, ve, and is given by

TD = KAKmve newton-metres

where Ka is the amplifier transconductance in amperes per volt,

and Km is the motor torque constant in newton-metres per ampere

of field current.

The error voltage is related to the shaft error by the equation

Ve == Ksidt - 6 )
(18-12)

where Ks is the voltage divider and summing junction constant in

volts per radian of error.

Neglecting any load torque, the motor driving torque must be

sufficient to overcome the inertia torque, J{dW jdt 2), and the viscous

friction torque, KF(dd ldt) (where KF is the friction torque per unit of

angular velocity), so that

J
d
^£ + Kp

d
^ = KAKmve = KaK^Ks^ - 6 ) = K(d{ - 6„)

(18.13)

where K = KAKmKs newton-metres per radian. Rearranging,

dWo
+

KrdJh
+
K

dg =
K

( (18H)
dt* J at J J

Obviously, at standstill, when d2d ldt* = dd [dt = 0, then 6 = 6t

and there is no error.
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The response of the system (which is known as a second-order

system) to a step change in input, 0«, may be computed in exactly the

same way as was used for the double-energy transient in Chapter 7.

Rewriting eqn. (18.14) in standard form,

d 26 dd
-jjg- + 2Ccore -j

t
+ a)„W = to^Bi (18.14a)

where

(On = V(KjJ) = undamped natural angular frequency (18.15)

and £ (zeta) is the damping ratio given by

_ Actual damping constant _ Kf
~ Damping constant for critical damping

—
2\/(JK)

As shown in Fig. 18.9, there are four solutions to eqn. (18.14a).

Fig. 18.9 RESPONSE OF A SECOND-ORDER SERVO TO A STEP

CHANGE OF INPUT

(a) Zero damping (£ = 0; i.e. Kf — 0)

The response to a step input change is given by

6 = 6t(l - cos wnt) (18.17)

The output oscillates continuously, the amplitude of the oscillations

corresponding to the input step change. This condition should

obviously be avoided.

(b) Underdamping (£ < 1 ; i.e. KF < 2V(JK))
The output oscillates but finally settles down to a steady value of

Bo — 6i. The response is characterized by an overshoot (or several
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overshoots) but gives a fast rise to around the value of 8t . The actual

equation of the response is

»<, = »i

where

1
1 _ e-Wfcos m t + _ „

2
r sin cor)} (18.18)

The time constant of the decaying oscillation is r = l/£e»„. The

slightly underdamped response is the type usually employed for fast-

acting servos, damping ratios of the order of 0-6 being common.

(c) Critical damping (£ = 1 ; i.e. KF = 2^/{JK))

This condition marks the transition between the oscillatory and the

overdamped solution, and the response to a step input change is

d = 0,(1 - iwnt e"w - e- 4a,»J

)
(18-20)

(d) Overdamping (£ > 1 ; i.e. KF > 2y/(JK))

This represents a condition of slow response and is normally avoided

in practice. The mathematical expression for the response is

d = di [l - e-f »* (cosh /ft +
V(1 ^_ g2)

sinh j8r

j j
(18.21)

where

fi = OJnVtt2 ~ 1) ( 18 -22)

It should be noted that exactly the same results are obtained with

and a.c. servo, or a d.c. servo with synchro error detection and a

phase-sensitive rectifier.

In all servos there is a lower limit to the size of error signal which

will just cause a correcting action to take place. If the system is made

too sensitive, spurious operation may result from random noise

inputs to the amplifier. The dead zone of an r.p.c. servo is the range

of shaft errors over which no correcting action will take place, since

the motor torque will not be sufficient to overcome stiction (static

friction). This dead zone will give the limit of accuracy of the system.

18.8 Gearing

It is usually economic to design servo motors which run at a much

higher speed than that required for the output shaft. A reduction

gear is then used to connect the motor to the load shaft (Fig. 18.10).
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If the gear ratio is n: 1, the shaft output angular rotation, velocity

and acceleration will each be \\n ofthe corresponding input quantities.

Also, assuming that there is no power loss in the gearing,

Input power = Output power i.e. T\w\ = T%k>i

or

T2 = nTi (18.23)

where !Trepresents torque, co is the angular velocity, and the subscripts

1 and 2 refer to the input and outp.ut sides of the gearbox.

U)2 '
a2

Fig. 18.10 SERVO MOTOR WITH GEAR TRAIN

The torque at the motor shaft required to overcome the motor

inertia (Jm) is /m«i where ai is the angular acceleration at the motor.

This torque at the motor shaft gives a torque of nJm <x.i at the output

shaft.

Hence

Output shaft torque = nJma.i = n2Jm<X2

where 1x2 is the output shaft acceleration; i.e. the motor inertia is

equivalent to an inertia at the output shaft of

Jm' = rfijm (18.24)

If the load inertia is Jl, the load acceleration, a2 , due to a motor

torque Tm will be

_ nTm
**~Jl + n*Jm

where the total inertia referred to the load shaft is

J = JL + rfiJm (18.25)

a2 is a maximum as n varies when n = \f{Jh\Jm), and this gear ratio

is said to match the inertias.

18.9 Velocity-feedback Damping

Normal viscous friction of the mechanical system is usually in-

sufficient to provide enough damping for the satisfactory operation
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of an r.p.c. servo, and any increase in the mechanical viscous friction

would involve additional power loss. The damping term in eqn.

(18.14) can be readily increased, however, by velocity feedback, in

which a second feedback loop is provided to give a negative signal at

the amplifier input proportional to the shaft velocity. This signal

can be obtained from a d.c. tachogenerator connected to the motor
shaft, usually before the gearing, as shown in Fig. 18.11. In a.c.

servos an a.c. tachogenerator can be used in the same way.

SYNCHRO ERROR DETECTION

The dynamic equation of the system is obtained as before by
equating motor driving torque to the opposing torques. Neglecting

mechanical viscous friction and load torque, and assuming a total

inertia at the output shaft of/,

Ks(6t - o)
- KTn-^\=J-j^ (18.26)

where Kt is the tachogenerator constant in volts per rad/s at the

motor shaft, Ks is the error constant in volt/rad error, and it is

assumed that the summing junction adds the input voltages (alge-

braically) directly. Rearranging,

d*d„ rfiKAKmKT dd -nKAKmKs nKAKmKs
1F+ 7~lf +

j °°- j 0t (18 -27)

This equation is of exactly the same form as eqn. (18.14) and will

thus yield similar results. The damping can be readily varied by

including a voltage divider in the tachogenerator feedback path.

EXAMPLE 18.1 An r.p.c. servo uses voltage dividers with a 300° travel and a

total voltage of 30V across them for error detection. Damping is provided by a

d.c. tachogenerator, whose output is added to the shaft error voltage in an opera-

tional summing amplifier. The amplifier has a transconductance of 250mA/V,
and the motor has a torque constant of 4 x 10~4N-m/mA and an inertia of

50 x 10~6kg-m2
. The motor is coupled to the load, whose moment of inertia

is 40 x 10-2kg-m2
, through a 100: 1 reduction gear. Calculate (a) the undamped

natural frequency of the system, and (b) the tachogenerator constant in volts per

1,000 rev/min to give a damping ratio of 0-8. Neglect viscous friction.

From eqn. (18.25),

Total inertia referred to load shaft = (40 x 10"2
) + (104 x 50 x 10-»)

= 90 x 10- 2kg-m2

Voltage divider constant = —— x —— = 5-73 V/rad
300 277
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Hence eqn. (18.27) can be written

£2?+I,110*r^? + 72fl.»72fl,
dt" at

Thus from eqn. (18.15), u>„ = V?2 = 8-5, so that

/. = y„ =
135Hz

Comparison with eqn. (18.14a) yields

2£<o» = 1,1 10Kt

Hence

/fT =
2 x ° 8 x 8 5 = 00123V per rad/s

1,110
v

= 1 -28V per l,000rev/min

18.10 Velocity Lag

In a second-order r.p.c. servo with viscous friction damping, suppose

that the input shaft is rotated at a constant angular velocity

coi = ddtldt. The output shaft will continue to accelerate until it is

rotating at the same angular velocity as the input. Then, since

d 26„ldt
2 will be zero under these conditions, the steady-state equation

of motion will be, from eqn. (18.13),

KF^ = KAKmKs{6i - d ) = KAKmKse
dt

where e is the angular difference between input and output shafts.

Hence

e =
KpWi

(18.28)

KaKmKs

This constant error is required to give the motor torque needed to

drive the output shaft against the viscous friction loading, and is

called the velocity lag.

For an r.p.c. servo which is stabilized by negative velocity feedback

in addition to viscous friction damping, the dynamic equation is

J^- + k/-^ = nKAKm \m t - Bo) - KTn ^j

(from eqn. (18.26)), where J is the total inertia referred to the output

shaft. Under conditions of steady velocity input (d 26 ldt2 = 0,

ddoldt = wi), the velocity lag is

(Kf + n2KTKAKm)wt nKT0H n 8 -Qx

6 = 9
< ~ °° ^KlK^Ks

~ ~kT ° 8 -29)

if (as is usually the case) Kf <§; n 2KTKAKm .
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It is possible to eliminate the velocity lag in an r.p.c. servo with
negative velocity feedback by arranging that the velocity feedback
is removed when steady-state conditions are achieved. This is done
by connecting a large capacitor in series in the velocity feedback
loop. Essentially the capacitor passes any changing voltage condi-
tions, but acts as a d.c. block to steady voltages. Thus the velocity
feedback is effective only when the velocity of the output shaft is

changing. This is termed transient velocity feedback.

EXAMPLE 18.2. An r.p.c. servo with velocity-feedback damping uses synchros
as error detectors. The output of the phase-sensitive rectifier is 1 -5V/deg error,
and is fed to the summing junction of an operational amplifier through a 1 MQ
resistor, the feedback resistor being also 1 MH. The amplifier transductance is
400mA/V, and the motor torque at standstill is 5 x 10-2 N-m when the full
field current of 81 mA flows in one half of the split field and zero in the other
half. The tachogenerator output is 0-3 V per rev/s and is fed through a 2 Mil
resistor to the summing amplifier, the tacho generator being on the motor shaft.
The output shaft is coupled to the motor through an 80:1 reduction gear the
total inertia at this shaft being 50 x 10^2kg-m2

. Determine the system damping
ratio, the magnitude of the first overshoot when the input shaft is given a sudden
displacement of 10°, and the velocity lag when the input shaft is rotated at
5rev/min.

The motor torque constant is (5 x 10"2
)/81 = 6-24 x 10-4N-m/mA- KT is

0-3/2wV per rad/s; and Ks is 1-5 x 360/27rV/rad.
The dynamic equation of the system is

at 2
\ dt

The factor of one-half is present since the tachogenerator output is fed to the
summing junction through a 2Mfl resistor. This gives

^? + 76-2^-° + 3,44000 = 3,4400,
at* dt

Comparing with eqn. (18.14a),

(On = \/3,440 = 58-5 and 2£co„ = 76-2

Hence the damping ratio, £, is 0-65.

The system is thus underdamped and the response to a step input of 10° is

given by eqn. (18.18) as

0o = 10{1 - e-38-i*(cos <ot + 0-86 sin cot)}

( e-381(- 1°( 1
-
V(l+0-86«)

COS(a,f - tail
"
1() -86)

where to = co„\/(l - £
2
) = 58-5 x 0-76 = 44-5.

Thus 0o has its first maximum when cosf oit — 40-5°) = — 1, i.e. when

, 40-5 X 2tt 1-2377 nnoncot — = 77 or / = —— = 0087s
360 44-5 =
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Hence

0omax = lW + e-»-»l-32} = 10£

so that the magnitude of the first overshoot is 0-T .

The velocity lag is given by eqn. (18.29) as

iiKtiih , _ 80 X , 3 X 5 _ j.^o

Ka 1-5 X 60

18.11 Effect of Load Torque on a Simple R.P.C Servo

So far, position control systems where the load torque is negligible

have been considered. If there is a constant load torque, the motor

must supply this even at standstill, and must therefore have an input.

This in turn presumes that there is an error between input and output

shafts. The dynamic equation for the system of Fig. 18.11 will be

(18.30)j
d̂ l + Tl = „KAKm \Ks(d ( - 6o)
at*

dd„
nKT

~dt

where Tl is the constant load torque.

Under steady-state conditions when the input is set at some hxed

value (fit
= costant), d^dfi = dd„jdt = 0, and the expression for

the error is

«-*-«-^KS
radkQS °8 -31)

This error is often called the offset. Offset may be eliminated by

altering the input signal to the servo amplifier so that it corresponds,

not only to the error, but also to the error plus the time integral of

the error.

18.12 Simple Speed Control—the Velodyne

The speed of the output shaft of a small servo motor can be controlled

by a closed loop system similar to that used for position control.

Such a system is shown in Fig. 18.12 and is commonly known as a

Tachogenerator

*Ia
tconst.

t-3 <>===Q4

Fig. 18.12 VELODYNE SPEED CONTROL
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velodyne. The output shaft drives a d.c. tachogenerator, and the
voltage which it produces is compared with a set value derived
from a reference voltage-divider, which can be calibrated in terms of
output speed. With the polarities shown, the error voltage ve is

Ve = Vt — KTCOo (18.32)

where KT is the tachometer constant in volts per rad/s and a>

(= dd jdt) is the angular velocity of the output shaft.

The motor torque (assuming a constant armature current, an
amplifier transconductance Ka, and a motor torque constant Km)

is K.AKmVe, so that, neglecting friction and loading, the dynamic
equation for the system is

r dcoJ
-jf

= KaKmoe = KAKm(vi — KT<o ) (18.33)

where J is the total inertia at the motor shaft.

Under conditions of steady output speed, dm jdt = 0, and this

condition is fulfilled only when vt = Ktco , so that the output speed is

If there is a constant load torque, Tl, coupled through an n : 1

reduction gear, with the tachogenerator direct on the motor shaft,

then the tachogenerator output will be nKrWo (where co is the output

velocity). If the total inertia referred to the output shaft is J', the

dynamic equation becomes

J'~W + Tl = KAKm(Vt ~ nKT<»o) (18.35)

In this case the condition for steady output-shaft angular velocity

(i.e. when d<o /dt = 0) is

Tl = KAKm(vi — nK.TU>o) = KAKm(nKTa>i — nKrwo) (18.36)

since the reference input voltage, vi, can be calibrated in terms of the

desired speed, a>i, by eqn. (18.34), taking the gear ratio into account

in this case. The difference between the desired speed, cot, and the

actual speed, m , is given by

T
e = a)l -co = „ v „ (18.37)
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This error is called the droop, and it should be noted that it is in-

dependent of the output speed. Thus at high shaft speeds it will

represent a smaller percentage error than at low shaft speeds. It

may be eliminated by the use of integral-of-error compensation as in

the r.p.c. servo.

EXAMPLE 18.3 In the velodyne speed control shown in Fig. 1 8 . 1 2 the constants
are as follows: amplifier transconductance, 200mA/V; motor torque constant,

5 x 10_3N-m/mA; tachogenerator constant 10V per I,000rev/min. Determine
the input voltage to give a speed of 2,000 rev/min. If the input setting is at half

this value, find the droop when a load torque of 6 x 10_2N-m is applied.

The tachogenerator constant in volts per rad/s is

„ 10 x 60
Ar =

1,000 X 2n

Hence, since there is no gearing, eqn. (18.34) gives

vi = (o Kt = 20V

When the input is set at 10 V, the no-load shaft speed will be 1,000 rev/min.
If the load torque is now applied there must be an amplifier input voltage given by

Ve = -Ik 6XJ0^__ =
KaKm 200 x 5 x 10-3 "

x iu v

Hence the tachogenerator output is 10 — (6 x 10~2
) V, and the actual shaft

speed is (10 - 6 X 10~2 x 1,000/10) rev/min, i.e. the droop is

6 x lO-2 x 100 = 6rev/min

Note that this result can also be obtained by applying eqn. (18.37).
The speed regulation is 6/1,000 x 100 = 0-6 per cent.

18.13 Some Limitations of the Simple Theory

In the simple theory developed in the preceding sections no account
has been taken of any non-linearities in the system, such as the
saturation of the amplifier, backlash in gearing, and stiction. Nor
have the effects of actual servo-motor characteristics on the system
damping, the mechanical limit of system acceleration (to keep
acceleration stresses within reason), or the effect on dynamic response
of the introduction of integral compensation been considered. Only
velocity-feedback stabilization has been dealt with, and other forms
of stabilization have been omitted. Such subjects, together with the
important questions of system stability and harmonic response are
the concern of full courses on servo-mechanism, as are considerations
of large power systems using magnetic or rotating amplifiers.
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PROBLEMS

18.1 A summing junction has three inputs A, B and C connected through
resistors of lMfl, 2MQ and 250kf2 to a star point, G. A resistor of lkft is

connected between the star point and earth. The voltages of A, B and C with

respect to earth are 20V, —19V and —2V respectively. Find the voltage

between G and earth.

Ans. 2-49 mV.

18.2 An operational amplifier has a feedback resistor of 1 Mii and three inputs

A, B and C with input resistors of 1 MCI, 1 MA and 2Mii respectively. If the

input voltages on A, B and C are 3-5 V, —3-7V and — 1-2V what is the output
voltage?

Ans. -0-8 V.

18.3 A shaft-error-measuring system employs voltage dividers with 330° of
travel, having 20V d.c across them. What is the voltage per radian error?

Ans. 3-48.

18.4 The transient action of an r.p.c. servo can be described by the differential

equation

dt 2 dt

Define the terms used, and use the equation to find expressions for (a) the

undamped natural frequency, and (b) the critical viscous friction coefficient,

FcHt. Verify that these expressions are dimensionally correct. (It may be

assumed that the solution to* the differential equation is of the form

0o = AePi1 + fie«2«).

An r.p.c. servo has a moment of inertia of 0-024kg-m2 referred to the output

shaft. The error-measuring element gives a signal of 1 V per degree of misalign-

ment. The motor torque constant referred to the output shaft is 10- 2 N-m/mA,
and the amplifier transconductance is 50mA/V. Determine: (a) the undamped
natural frequency of the system, and (b) the viscous friction coefficient in newton-

metre-seconds [i.e. N-m per rad/s] as measured at the output shaft, which will

give a damping ratio of 0-6. (H.N.C.)

Ans. 5-5 Hz; 0-99 N-m-s.

18.5 An r.p.c. servo uses synchros for error detection, giving an output of 1

V

per degree error. The motor is coupled through a 100: 1 reduction gear to the

load. Given that amplifier transductance = 400mA/V; motor torque con-

stant = 5 X 10_4N-m/mA; motor inertia = 30 x 10"6kg-m2
; load inertia =

0'5kg-m2
; calculate (a) the viscous friction coefficient in N-m-s at the output

shaft to give a damping ratio of 0-6, (6) the undamped natural frequency, (c) the

steady-state error in degrees when the input shaft is rotated at 12rev/min.

(H.N.C.)

Ans. 36-3N-m-sec; 6Hz; 2-3°.

18.6 What do you understand by the term "dead zone" as applied to a servo-

mechanism?
A servo system has a motor with inertia lO^kg-m2 matched through a gear-

box to a load of inertia 0-01 kg-m2
. The viscous friction coefficient measured at

the load is 0-64 N-m-s. The motor is excited from an amplifier and produces a

torque of 10_4N-m/mA of amplifier output. The error-measuring element gives

1V per degree of misalignment of input and output shafts.
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If the amplifier transconductance is 56mA/V calculate (a) the undamped
natural frequency of the system, (b) the damping factor, and (c) the steady-state

error in degrees for an input speed of lOrev/min. (H.N.C.)

Ans. 6-4Hz; 0-4; 1-2°.

18.7 The following data relates to an r.p.c. servo with the output connected
direct to the motor shaft

:

Error transducer constant, 57-4V/rad

Motor torque constant, 10~2N-m/mA of amplifier output
Moment of inertia at motor shaft, 0- 143 kg-m2

Viscous friction coefficient at motor shaft, 0- 1 3 N-m-s
Damping ratio, 1 03

Determine (a) the amplifier transductance, and (b) the undamped natural

frequency of oscillation. (H.N.C.)

Ans. 60-7mA/V; 2-49 Hz.

18.8 A servo motor of moment of inertia Jm drives a load of moment of inertia

Jl through a reduction gear-box of ratio n 1 . Deduce an expression for accelera-

tion in terms of these quantities and the motor torque. Hence, determine the

gear ratio for maximum acceleration of the load.

A motor is required to drive a load whose moment of inertia is 5 kg-m 2 through
a gear-box of ratio 10:1. Two motors, A and B having moments of inertia

5 x 10~2 kg-m2 and 3 x 10~2 kg-m2 respectively are available. If both motors
have the same torque-to-inertia ratio of 006N-m/kg-m2

, which will give the

maximum angular acceleration of the load, and what is the value of this accelera-

tion? (H.N.C.)

Ans. A; 0-3rad/s2 .

18.9 Fig. 18.13 is a block diagram of a simple remote-position servo-mechanism
which drives a load through a gear-box of ratio n-\. The moment of inertia of

the moving parts is J; Kf is the viscous friction coefficient; KaKm is the motor
torque per volt ; and Ks is the error constant in volts per radian of misalignment.

Establish the differential equation of the system when it is stabilized by velocity

feedback, the tachogenerator having a constant of Kt volts per rad/s.

In this control system the total moment if inertia referred to the output shaft

is 10 kg-m2
, the motor torque is 2 N-m/V and the error constant is 25 V/rad.

If the gear-box ratio is 20 : 1 and the tachogenerator constant is 003 V per rad/s

referred to the output shaft, calculate the natural angular frequency. Find the

coefficient of viscous damping if the system is critically damped by combined
viscous friction and velocity feedback and the steady-state velocity error if the

input velocity is 0-2 rad/s.

Ans. 10 rad/s; 176 N-m per rad/s; 004 rad

18.10 A velodyne speed control uses an amplifier with a transconductance of

300mA/V, a motor with a torque constant of 2 x 10 4N-m/mA, and a tacho-

generator with a constant of 2 V per l,000rev/min. The reference input and the

tachogenerator feedback voltage are fed into the amplifier through equal resistors.

Find (a) the reference input voltage for a shaft speed of 2,500 rev/min on no

load, and (6) the droop when a constant load torque of 8 x 10_3N-m is applied.

Ans. 5V; 70rev/min.



Chapter 19

ELECTRON DYNAMICS

In the following chapters it is intended to cover some of the basic

concepts of the subject of electronics but it is assumed that the

student is already familiar with the more elementary ideas. For this

reason only a brief summary of the characteristics of electronic

devices will be given.

In considering the dynamics of electron motion in a vacuum the

electron will be visualized as a particle which has a negative electric

charge, —e coulomb. The electron is associated with a mass m,

which increases as the velocity of the electron increases towards the

velocity of light, but may be assumed constant at 9-1 X 10~31kg

up to one-third of the velocity of light. Since the negative charge is

— 1-6 x 10-19 C, the ratio of charge to mass for a single electron is

— 1-76 x 10n C/kg. This huge ratio accounts for the fact that when

an electron is placed in an electrostatic field the gravitational forces

on it may be neglected compared with the electrostatic forces.

19.1 Acceleration of an Electron

Newton's second law of motion gives the force ^required to produce

an acceleration of a metres per second per second on a mass of

m kilogrammes as

F = ma newtons (19.1)

If an electron is placed in an electrostatic field of strength E volts

per metre (or newtons per coulomb), it will be acted upon by a

force given by

F = —eE newtons .19.2)

595
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the minus sign indicating that the force acts in the opposite direction

to that of the field. The electron will, if free to move, be accelerated

towards the positive electrode (Fig. 19.1). Combining eqns. (19.1)

Negative plate

(cathode)

Positive plate

(anode)

Fig. 19.1 FORCE ON AN ELECTRON BETWEEN TWO PARALLEL PLATES

E = Electric field strength = —Fe = — Vd F — Force on electron

and (19.2) gives the acceleration produced as

eE
a = metres/second2

(19.3)

19.2 Motion of an Electron in a Plane Electrostatic Field

In considering the motion of an electron between the large plane

electrodes shown in Fig. 19.1 it is assumed (i) that the space between

the plates is completely evacuated, (ii) that the electrodes have a

large area compared with their distance ((/metres) apart so that the

field strength at all points between the plates is V/d volts per metre,

and (iii) that an electron leaves the negative plate (cathode) with zero

initial velocity. If the positive X-direction is taken as shown from

the cathode to the anode, then the following relations exist.

V
Electric field strength = — -? volts/metre

(negative since the cathode is more negative than the anode).

V
(-5)-Force on electron = (— e) x

e V
Electron acceleration = — -% metres/second2

e -z newtons
a

(19.4)

Considering that the electron travels from the cathode with this

uniform acceleration for a time t seconds, then

e V
Final velocity attained = —-7 / metres/second (19.5)

1 e V
Average velocity = r—^-r metres/second (19.6)
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and

1 e V
Distance moved = ^ — -3 1

2 metres (19.7)
2m a

When the electron reaches the positive plate it will have moved

a distance d metres. Let h be the time taken to traverse the whole

distance (transit time). Then

llZtf-d (from 19.7)
2 ma

Therefore

and

Final velocity = '-^ =£ IJL-Jlly (19.8)/nWa

N 2m
md md \ e V m

N 2m

This is seen to depend only on the potential difference V, through

which the electron has moved, and on the ratio e\m.

19.3 Energy Relationships for an Electron in an Electrostatic Field

At a point in an electrostatic field an electron will possess (a) kinetic

energy by virtue of its motion (i.e. |mu2 joules), and (b) potential

energy by virtue of its position in the field and the electrostatic

forces acting upon it. When the electron is at the negative plate, or

cathode, its potential energy is a maximum. The potential energy

declines as the electron moves toward the positive plate, or anode.

If the electrostatic potential at a point is V volts, then the work

done in bringing a positive charge of 1 coulomb to this point from

a point of zero potential is Vjoules. The work done in bringing an

electron (of charge — e coulomb) up to the point will be —<?Fjoules.

This is the energy stored by virtue of the electron's position.

Potential energy of electron = —eV joules (19.9)

If the .electron moves under the action of the electrostatic forces

only, it will accelerate towards the anode, losing potential energy

and gaining kinetic energy but having a constant total energy,

provided there are no collisions with stray gas particles.
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If at one point an electron has velocity v\ metres per second, and

the point potential is V\ volts, then

Total electron energy = \mv^ — eVi joules

If, at a second point, the electron velocity is v%, and the potential is

V2, then the total energy at this point is \mv£ — eVz. But since the

total energy must remain constant,

|mui2 — eV\ = \mv$ — eVi

Therefore

tf - v22 = —{Vi - Vz) (19.10)m

Often an electron starts with effectively zero velocity from a

cathode with effectively zero potential, i.e. v\ = 0, Vi = 0. Then

lie
V2 — — V<i metres/second (19.8a)

This gives the same result as was derived in the previous section.

These particular conditions are so often met with that it is impor-

tant to remember the above equation and also to realize that, in the

"zero-initial-velocity earthed-cathode" case, the magnitude of the

electron velocity at any point depends on the potential of that point

only, e and m being assumed constant.

19.4 The Electron-volt

Compared with the energy usually associated with a single electron,

the joule is inconveniently large. The more common unit in electron-

ics is the electron-volt (eV).

One electron-volt is defined as the kinetic energy gained or lost

by an electron when it passes, without collision, through a p.d. of

IV.

Now, the work done when a charge of 1 C moves through a p.d.

of IV is 1J. Thus

Work done when 1 electron moves through a p.d. of 1

V

= eVjoules = 1-6 X 10-19 X 1 joule

Therefore

leV = 1-6 x 10-19 J

If an electron "falls" through a p.d. of one million volts the work

done is 1 million electron-volts (1 MeV).
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19.5 Electronic Conduction through a Vacuum

The dynamics of electron motion which have been considered so

far has assumed that the movement of the electrons depends only on

the electrode potentials and on the properties of individual electrons.

This is true only so long as the number of electrons which are

involved is small (e.g. the beam current of a cathode-ray tube). For

most valves the simple theory is inadequate as it takes no account

of the forces which the electrons in the valve exert on each other.

Consider the simple diode circuit shown in Fig. 19.2(a). With the

!A*

4) C

<<j

Temperature
limited

Saturation
"current

Space-charge
limited

(a)

Heater Anode voltage VA
(b)

Fig. 19.2 CONDUCTION IN A THERMIONIC DIODE

heater current at a constant value the cathode will attain a constant

temperature and electrons will be emitted from it at a constant rate.

If the anode voltage is gradually increased, the anode current does

not immediately increase to the saturation value corresponding to

the cathode temperature, but rises to this value in the manner

indicated in Fig. 19.2(A). Once saturation has been reached any

alteration in the cathode temperature will alter the valve current.

The operation is said to be temperature limited.

The more important region of the characteristic is the initial part

where the anode current increases with the anode voltage. The

explanation for this lies in the effect on each other of the electrons

in the space between the cathode and the anode. These electrons are

said to form a space charge, a sample space charge being shown m
Fig. 19.3(a). For an electron on the cathode side of the space charge

the electrostatic force will be reduced since the repulsion of the

negative space charge counters the attraction of the positive anode.

On the other hand, the force (and therefore the field strength) towards

the anode will be increased for the same reason. This gives rise to

the voltage distribution between cathode and anode as shown in

Fig. 19.3(A). Unless the field strength at the cathode is reduced to

zero by the space charge, all the emitted electrons must be attracted

to the anode. Hence the initial portion of the characteristic is due

to the field strength at the cathode being reduced to zero, and the
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operation in this region is called space-charge-limited operation
The action m the space-charge-limited region may be viewed as
follows. When the cathode is heated, electrons are emitted and
form a ' cloud" or negative space charge round the cathode so that
any further emitted electrons are repelled and fall back into the
cathode. Some electrons may, however, be emitted with velocities

Sample negative
space charge

+

Cathode Anode

(a)
Anode

Distance

Fig. 19.3 EFFECT OF SPACE CHARGE ON VOLTAGE DISTRIBUTION
IN A DIODE

(a) Voltage distribution without space charge
(by Actual voltage distribution

Ia

Space-
charge
limited o£*^d

1 .

yr \ Temperature
/ limited

Due to initial

electron velocity
from cathode

/ 1

Fig. 19.4 DIODE CHARACTERISTICS

sufficient to overcome the repulsion of the space charge, and these
will reach the anode, giving the small anode current for zero anode
voltage shown in Fig. 19.4. When a positive potential is applied to
the anode some of the electrons from the space charge are attracted
to the anode, so that temporarily the space charge is reduced and
further electrons will leave the cathode to join the space charge.
It can be shown that in this region the anode current is proportional
to the three-halves power of the anode voltage, i.e.

IA cc VAz,z
(19.11)
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If the anode voltage is sufficient to draw the electrons from the

space charge at the maximum rate at which they are emitted from

the cathode, then the space charge disappears and the current reaches

its temperature limited saturation value.

The space charge may be assumed to collect very close to the

cathode.

19.6 Cathode-ray Tubes

In the cathode-ray tube a pencil-like beam of electrons is directed

at a fluorescent screen, where it produces a visible spot. The beam,

and hence the spot, may be directed at any part of the screen by a

beam deflecting system. The construction of a typical tube with

electrostatic deflexion and focusing is shown in Fig. 19.5. It con-

Def lecting
system

Cathode

^ater

e ' \

Ncdt

Brilliance Focus

-*4High-voltage
d.c. supply

Fig. 19.5 CONSTRUCTION OF A CATHODE-RAY TUBE WITH

ELECTROSTATIC FOCUSING AND DEFLEXION

j
Powdered
graphite

sists of (a) an electron gun to produce the beam of electrons, (b) the

deflecting system, and (c) the fluorescent screen. The whole is

mounted in an evacuated glass envelope.

The source of electrons for the electron gun is an indirectly heated

cathode in the form of a nickel cylinder, the end cap of which is

oxide coated. Surrounding and extending beyond the cathode is a

second cylinder {modulator) which is kept at a negative potential with

respect to the cathode. A constriction at the end of this cylinder

serves to concentrate the electrons into a rough beam before they

pass through the first or accelerating anode (Al). If the modulator is
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sufficiently negative the beam will be cut off, so that by varying the
modulator potential a brilliancy control is achieved
The anodes Al and A2 are in the form of discs with small central

holes through which the electrons pass. Between them is a third
anode in the form of a cylinder, the whole arrangement serving to
ocus the electrons into a narrow beam and being termed an electron

lens.

It is usual to have the final anode A2 at earth potential so that
the deflecting plates and the screen may also be at earth potential
This in turn means that the cathode is considerably negative with
respect to earth, and explains why the filament supply must be well
insulated from earth.

After leaving the electron gun the beam passes between two pairs
of parallel deflecting plates which are mutually perpendicular If
no potential is applied between the plates, then the beam strikes the
centre of the fluorescent screen. A potential applied between the
^-plates produces a horizontal deflexion of the spot, and a potential
between the F-plates produces a vertical deflexion. Both deflexions
may take place at the same time.

The funnel-shaped part of the tube leading to the screen is usually
coated with graphite and earthed to form a shield. The screen itself
is coated with a fluorescent powder such as zinc sulphide (blue glow)
or zinc orthoscilicate (blue-green glow). Special powders have been
developed to give black-and-white and coloured pictures for
television.

For television tubes, magnetic focusing and deflexion have been
widely used; electrostatic focusing and magnetic deflexion are now
common; and electrostatic focusing and deflexion are coming into
favour. For oscilloscopes, electrostatic focusing and deflexion are
universal (apart from large-screen display osilloscopes).

19.7 Electrostatic Deflexion of an Electron Beam

Consider a beam from an electron gun passing between two charged
parallel plates, d metres apart and impinging on a screen which is
D metres from the centre of the plates, as shown in Fig. 19.6. If the
potential of the final anode in the electron gun is VA volts relative to
the cathode, then the velocity of the electrons emerging from the
gun will be, by eqn. (19.8),

lie
vz — J— Va metres/second

This velocity will be called the z-velocity.
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If the p.d. between the parallel plates is V volts, then the field

strength between them is V\d volts/metre, directed at right angles to

the original direction of the electron beam. The field is assumed to

be uniform between the plates ; hence while the electrons are travelling

between the plates they are acted on by a force of eV\d newtons (from

Section 19.2), which causes an acceleration in the ^-direction of

-^metres per second per second (eqn. (19.9)). The velocity in the

z-direction is unaffected, so that the transit time (i.e. the time an

electron remains between the plates) will be

ti = — seconds
v z

where / = length of plates in metres.

Hence the final velocity in the j-direction will be

vy = (acceleration in j-direction) X (transit time)

_e_VJ_
~~ m dvz

The resultant velocity, v, after deflexion will be obtained by the

vector addition of % and v g :

v = V(%2 + ^2
)

(19 - 13)

This velocity will make an angle 6 = tan"1 (%/»«) with vz .
The

path of the beam between the plates will be parabolic (shown dotted

in Fig. 19.6), but there is no loss of accuracy in assuming that the

Electron
gun

(19.12)

Fig. 19.6 ELECTROSTATIC DEFLEXION OF AN ELECTRON BEAM

beam suddenly deflects by an angle 6 at the centre of the plates.

Assuming that the screen is flat, the resultant deflexion of the spot

is AB, where
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EXAMPLE 19.1 In a given cathode-ray tube the anode voltage is 2kV. The
^-deflecting plates are 3 cm long and 0-5cm apart, the distance from the centre

of the plates to the screen being 20cm. Determine the deflexion sensitivity in

volts per centimetre.

From eqn. (19.14) the deflexion 5 for a voltage V between the plates is

8 = * X 20 X
<k * db0

=
3T3

Cm

Thus

V
Sensitivity = - = 33-3 V/cm

Note that in this example the transit time for an electron between the ^-plates is

tl = - = ,°'03 = 113 x 10-"s
Vl Le

vA
V m

Thus the electron passes between the deflecting plates in an exceedingly short

time. If an alternating voltage with a frequency of less than, say 1MHz is applied

to the plates, then each electron will pass through the plates in such a small

fraction of a cycle that during the passage of the electron the deflecting voltage

may be regarded as constant at its instantaneous value.

19.8 Magnetic Deflexion of an Electron

When an electron moves across a magnetic field it is found that the

path of the electron is affected by the field. The deflexion produced

depends on the velocity of the electron and may be calculated by

assuming that the moving electron is equivalent to a current-carrying

element. Consider an electron of charge —e coulombs moving with

velocity v along an element of length A/:

Time to traverse element = Aljv seconds

Therefore

e ev
Rate of passage of charge = — -tjt- = — -r-. coulombs/second

Hence
ev

Equivalent current, ' = — T7 amperes

Therefore

iA.1 = —ev

The force acting on the electron is the same as the force on the

current element iAl. If the electron is moving at right angles to the

field, which has a flux density of B teslas, then

Force on electron = BiA/ = —Bev newtons (19.15)
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The minus sign is included since the direction of positive current

is opposite to the direction of electron motion. The force will act

in a direction which is mutually perpendicular to the electron path

and to the magnetic field. The relative directions are illustrated

in Fig. 19.7.

^
<r

Equivalent
current

Fig. 19.7 FORCE ON A MOVING ELECTRON IN A MAGNETIC FIELD

F. Force B. Magnetic flux density

19.9 Motion of an Electron in a Uniform Magnetic Field

Two cases will be considered.

(a) Electron passing completely through the field. Consider an

electron entering a magnetic field with a linear velocity v metres per

second. Let the path of the electron be directly across the magnetic

field. From eqn. (19.15) the force on the electron is Bev newtons.

Since this force acts perpendicular to the direction of motion of the

electron, the linear velocity of the electron will be unaffected, but

the electron will describe a circular path as shown in Fig. 19.8.

If the radius of the path is R metres, then since the inward magnetic

force is equal to the outward centrifugal force,

mvz

Be» =-
Thus

nwR=— metres (19.16)
Be

By geometry the angle 6 through which the electrons are deflected

is the angle subtended at the centre of curvature. Hence, from

Fig. 19.8,

/

Deflexion of beam, d = sin
-1 — (19.17)
K

where / is the width ofthe magnetic field.
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(b) Electron moving in a large field. Since an electron projected
into a magnetic field moves with constant linear velocity along a
circular path, it follows that if the extent of the field is large enough
the electron will describe a complete circle. This is the basis of
operation of some types of particle accelerator such as the cyclotron

Uniform flux

x density, B

Fig. 19.8 PATH OF AN ELECTRON IN A MAGNETIC FIELD

B. Uniform magnetic field O. Centre of curvature

and the betatron, and also of some types of ultra-high-frequency
valves, particularly the magnetron. It should be noted that, if the
electron enters the magnetic field at an angle other than 90°,
its component of velocity in the direction of the field remains
unaltered, and it will describe a spiral path.

PROBLEMS

19.1 If an electron is accelerated from rest through a potential difference of
4kV, determine the final energy of the electron and the time required for the
electron to pass along an evacuated tube lOin. long after it has attained its final
velocity.

Arts. 6-4 X lO-wj; 6-73 X 10"9
s.

19.2 Two large plane parallel electrodes are placed 1 cm apart in a vacuum and
a p.d. of 100V is applied between them. If an electron is emitted from the nega-
tive plate with zero initial velocity, calculate the time required for this electron
to reach the positive plate.

Arts. 3-37 X 10~9
s.

19.3 Define the electron-volt.

400V electrons are introduced at A (Fig. 19.9) into a uniform electric field of
intensity 150V/cm. If the electrons emerge at B 50 x 10~ 8

s later, determine
(a) the distance AB; (b) the angle 8. (H.N.C.)

Arts. 4-95cm; 33-8°.
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19.4 Find the path of an electron moving perpendicular to a uniform magnetic

A 15cm cathode-ray tube is to be magnetically deflected. The final anode

voltage is 2kV, the deflecting coil is 2icm long and the distance from its centre

to the screen is 15 in. Find the flux density required to deflect the spot *° the edge

of the screen.
(H.N.C.)

Ans. 106 X 10-ST.

19.5 A cathode-ray tube has an accelerating potential of 2kV. It is fitted with

two pairs of deflecting plates, the pairs being mutually perpendicular. Each plate

is l-5cm long, the spacing between the plates being 1 cm and the distance between

Fig. 19.9

centres of pairs being 2-5cm. Neglecting fringing effects, calculate the length of

the line produced on a fluorescent screen 30cm distant from the centre ot the

nearer pair of plates when (a) a 50V (r.m.s.) voltage is applied between the further

pair of plates, {b) a 50V (r.m.s.) voltage is applied between the nearer pair of plates,

(c) both voltages are applied simultaneously.

Ans. l-72cm; l-59cm; 2-34cm.

19.6 Electrons are projected with a velocity v centimetres per second into a

magnetic field of strength B teslas and are observed to travel in a circular path of

10 Sn radius. An electrostatic field, existing between a pair of plates 3 cm apart

is now superimposed on the magnetic field at right angles to both the magnetic

field and to the initial direction of motion of the electrons. If the voltage between

the plates is adjusted until the electron beam passes through the combined nelds

without deviation, and is found to be 22-5 V, calculate the strength of the mag-

netic field and the velocity of the electrons at their time of entry into the field

Ans. 206 x 10~4T; 3-64 x 106 m/s.



Chapter 20

ELECTRONIC DEVICE
CHARACTERISTICS

In order to understand electronic circuits it is necessary to know
something about the characteristics of the devices which are employed

in these circuits. In this chapter the operating characteristics of

valves and transistors will be described. The physical basis of

operation of these devices will be discussed very briefly. There will

be no attempt to develop the theory of physical electronics in great

detail.

Transistors and valves are called active devices, because their

operation can be described in terms of equivalent constant-voltage or

constant-current sources whose output is controlled by input voltages

or currents. The essential basic feature of these active devices is that

the controlled current or voltage can be much larger than the input

current or voltage. Thus the output current or voltage variation can

be an amplified version of the input signal variation. The output

power is derived from an external supply and not from the con-

trolling input signal.

20.1 TheTriode

In the vacuum triode a heated cathode is surrounded by a metal

anode, A, and a fine wire spiral, G, called the grid is placed between

the cathode, K, and the anode, to act as the control element. The

assembly is housed in an evacuated envelope. The graphical symbol

608
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for a triode is shown in Fig. 20.1(a). For a given positive anode
voltage, the more negative the grid with respect to the cathode,

the smaller will be the anode current.

When the grid-cathode voltage Vqk is zero, the static anode
characteristic (Fig. 20.1(A)) is similar to that of a space-charge-

limited diode. The greater the negative value of Vgk (i.e. the larger

the negative grid bias) the larger is the anode-cathode voltage

(a) (b)

Fig. 20.1 ANODE CHARACTERISTICS OF A TRIODE

VGK increasing

negatively

Vak required to give the same anode current. Hence the static

curves for various values of negative grid-cathode voltage are

displaced to the right as shown in the diagram.

So long as the grid is maintained at a negative potential with
respect to the cathode, relatively few electrons will hit it—i.e. the

grid current will be negligibly small. Most of the electrons moving
towards the anode will pass through the spaces in the grid wire
helix.

20.2 The Tetrode—Secondary Emission

The vacuum tetrode was originally developed to reduce the capacitive

coupling which exists between the grid and anode of a triode. To
do this a second grid called the screen grid is introduced between
the control grid and the anode. This grid also consists of a wire
helix, through which most of the electrons comprising the cathode
current can pass. It is maintained at a fixed potential and so "screens"
the electrostatic field at the anode from that of the rest of the valve.

The screen potential must be positive with respect to the cathode,
since otherwise there would be no electric field to draw electrons from
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the space charge, and hence no anode current. The graphical
symbol for a tetrode is shown in Fig. 20.2(a).

The static anode characteristics are shown in Fig. 20.2(6). Because
of the constant screen voltage and the screening effect on the anode,
the cathode current, Ik, will be nearly constant for any negative
value of grid-cathode voltage, VGK . (Ik is shown for VGK = at

(b).) This current divides between screen and anode in a manner

Control
grid

[A^VGK negative)

__ Is (VSK=0)

°*
1 *K 2 *4

(b)

Fig. 202 TETRODE CHARACTERISTICS

which depends on their relative potentials. As the anode-cathode
voltage is increased, three distinct stages of anode current, Ia, can

be distinguished.

Stage 1. When Vak = 0, nearly all of the cathode current passes

to the screen grid so that Ia is almost zero. Any electrons passing

through the screen helix are attracted back to it by the positive screen

potential. As Vak is increased, however, more electrons which pass

through the screen helix will reach the anode, so that Ia increases

and the screen current, Is, falls by a corresponding amount.

Stage 2. When Vak exceeds about 20V (the exact voltage depends

on the anode material), the electrons which reach the anode bombard
it with sufficient energy to cause electrons to be emitted from the
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anode surface. These secondary electrons are relatively slow moving,

and will tend to be attracted to whichever electrode is more positive.

So long as the screen is more positive than the anode the secondary

electrons will tend to be attracted to the screen. Since the bombarding

electrons can each cause more than one electron to be emitted from

the anode, the anode current will fall and the screen current will

correspondingly rise. As Vak rises the secondary emission increases

and the anode current falls further.

Stage 3. When Vak exceeds VSk the secondary electrons emitted

from the anode will generally return to the anode, so that the anode

current rises towards the value ofthe almost constant cathode current,

and the screen current falls to a relatively low value (most of the

electron stream will pass through the screen and will reach the anode).

The anode current is then almost independent of the anode-cathode

voltage.

Note that during stage 2 the anode exhibits a negative resistance

characteristic—an increase in voltage causes a decrease in current.

This is an unstable operating region. In practice, simple tetrodes

were never popular owing to the negative-slope-resistance "kink"

in the characteristics, but it should be noted that the curve in stage 3

gives the possibility of high amplification, since anode current in this

region depends on negative grid voltage only and is almost indepen-

dent of anode voltage (unlike the triode). This is discussed further

in Section 20.4.

20.3 The Pentode

The pentode gives the advantages of the tetrode (high amplification

and low electrostatic coupling between control grid and anode

circuits) without the disadvantage of the negative-resistance kink

in the anode characteristics. A third open-wire helical grid (the

suppressor grid) is inserted between the screen grid and the anode.

This suppressor grid is connected either internally or externally to

the cathode. Hence any secondary electrons from the anode find

themselves in an electric field which forces them back to the anode,

so that they have no net effect on either the anode or the screen

currents. The cathode current is determined almost entirely by the

constant screen potential, Vsk, and the control grid voltage, V0K .

Hence the anode current is largely independent of the anode voltage

above some critical value which can lie between 20V and 100V.

The graphical symbol for a pentode and typical anode characteristics

are shown in Fig. 20.3.

Similar "kink-free" characteristics are obtained in the beam

tetrode, by aligning the control and screen grid helices and using the
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electron beam itself as a suppressor of secondary emission effects.

The alignment of the grids also has the effect of reducing the screen-

grid current below the value obtained in the equivalent pentode,

which can be very advantageous. Beam tetrodes are often used in

Suppressor
grid

Control
grid

VeK increasing

negatively

Fig. 20.3 ANODE CHARACTERISTICS OF A PENTODE

the audio-frequency power-output stages of amplifiers and in radio-

frequency power amplifiers. Note that the screen-cathode voltage

must be kept constant in order to obtain normal pentode or tetrode

characteristics.

20.4 Simple Valve Voltage Amplifier—Load Line

The circuit of a simple amplifier using a pentode is shown in Fig.

20.4(a). A steady negative voltage (the grid-bias voltage VGB) is

applied to the grid through the grid-leak resistor, Rg . The grid

carries no current, and hence if the input voltage, Vi, is zero there

will be no voltage drop across Rg and Vgt = — VGB . Note that this

form of negative grid-bias supply from a separate source is not now
used (see Section 20.5). The anode is supplied from a constant-

voltage supply, Vb, through the anode load resistor Rf..
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When a signal, Vu is applied across Rg the grid voltage will vary,

causing a variation, in the anode current IA . The voltage drop across

RL will also vary, and hence the output voltage V will vary, since

V = Vak = VB - IaRl (20.1)

If the change in Vak is greater than the voltage, Vu which caused

it, the circuit is a voltage amplifier. Note that when Vt becomes more

vi' [R4 v^H?

Fig. 20.4 SIMPLE VOLTAGE AMPLIFIER

positive, /„ will increase, and from eqn. (20.1), V will decrease, i.e.

the output voltage variation is inverted with respect to the input

voltage variation.

The relationship between Vak and /„ must satisfy two conditions

simultaneously, namely those imposed by the anode characteristics

of the valve and those expressed by eqn. (20.1). If (VB — TaR£) is

plotted on the anode characteristics, as shown in Fig. 20.4(6), it
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gives the straight line MN running from M (when Ia = and
Vak= VB) to N (when /„ = VB/RL, &nd Vak = 0). This is called the
load hne; its slope is -l/RL amperes per volt (siemens).
For any value of grid voltage, the operating current and anode-

cathode voltage must be represented by a point on that particular
grid-voltage curve and also by a point on the load line, i.e. the
intersection of these two curves represents the operating point.
Thus for Vgk = the intersection is at point A, and the anode

current is given by OF. The voltage across the valve is OC and the
voltage across RL is CM. With no input signal, the grid voltage is- VGB and so the operating point is Q, which gives the quiescent
anode current (OG) and anode voltage (OD).
Suppose that an alternating input voltage of peak value Vt max

is applied to the grid (this maximum value is so chosen that the grid
will never be positive to the cathode). The operating point moves
up and down the load line between points A and B. Hence the
output voltage varies between OC and OE and the voltage gain
A v is given by

. _ Change in output voltage CE
" ~ Change in input voltage

= ~ 2Vimax (20 -2^

The minus sign indicates the inversion which takes place between
input and output voltage variations.

If the static characteristics are equally spaced for equal changes
in Vglc, the output-voltage waveform will be an exact copy of the
alternating input-voltage waveform. If the static characteristics are
not equispaced, the output voltage will be a distorted version of the
input. The grid-bias voltage is chosen so that a minimum of dis-
tortion is produced.

EXAMPLE 20.1 The anode characteristics of a pentode (Mullard EF37A) are
given by the curves of Fig. 20.5(a) for a screen grid voltage of 100 V.

If the supply voltage is 400V plot the load lines for anode resistances of
(a) 50ki2 and (b) 200kQ. (i) Choose a suitable grid bias voltage for operation
with each of the above resistances, (ii) Estimate the power dissipation at the
anode of the valve for each of the grid-bias/anode-resistance conbinations when
there is no input grid voltage, (iii) Estimate the voltage amplification obtained
with each resistance.

The load lines are drawn on the characteristic curves of Fig. 20.5, as shown
Suitable grid-bias voltages would be, say, -2V for the 50kQ line (Qi) and
-3-3V for the 200k£3 line (Q2).

With these grid bias values and no alternating grid voltage:
(a) For 50kn,

S 5

Steady anode current = 3mA
Steady anode voltage = 245 V
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Therefore

Power dissipation at anode = 0003 X 245 = 0-735

W

(b) For200kn,

Steady anode current = l-2mA

Steady anode voltage = 160V

100
Load line

for 200kn
VB (volts)

Fig. 20.5

Therefore

Power dissipation at anode = 0-192W

To determine the voltage amplification for 50kO suppose the grid voltage

varies by ±1 V about the -2V bias.

Voltage amplification = — 325 - 150 -87-5

To determine the voltage amplification for ,200k£i suppose the grid voltage

varies by ±0-5V about the -3-3V bias.

.„ . 275 - 70 .„,
Voltage amplification = = — f^J

Similar conditions apply for a triode amplifier. The construction

of the load line is the same as for a pentode. In this case, however,

the anode current is not independent of the anode voltage, but rises

and falls as the anode voltage rises and falls. Hence, if the grid

voltage falls so that the anode current decreases, the anode voltage

will rise, and this will tend to counteract the decrease in anode

current. The result is a smaller change in anode voltage compared

with a pentode, where the anode voltage hardly affects the anode

current, i.e. the voltage amplification is less in the triode circuit.



616 Electronic Device Characteristics

20.5 Cathode Bias

The grid-cathode bias voltage (i.e. the steady or quiescent value of

Vgk) is commonly obtained by connecting a resistor in the cathode

lead as shown in Fig. 20.6.

Fig. 20.6 AUTOMATIC CATHODE BIAS

Then, if the quiescent cathode current is Iq, a direct voltage given by

Vke = IqRk (20.3)

will be developed across Rk, and hence the grid will be more negative

than the cathode by this voltage (G is connected to E through the

grid-leak resistor Rg). The capacitor Cr connected across Rk
serves to short-circuit the cathode to earth for alternating components

of current, and so smooths out voltage variations across Rk due to

any alternating component of cathode current. The calculation of

the value of Ck is deferred until the next chapter, but as a rule of

thumb the reactance 1/wCk at the lowest signal frequency is normally

less than 0-l/g m , where g m is a constant of the valve (see Section

20.6). Note that, if RK is returned to the earth line, then RK should

be approximately equal to \jg m .

20.6 Linear Valve Parameters

When the a.c. signals which are being dealt with by an amplifier

are small, it is usually possible to operate the valve over a range of

current and voltage where the static characteristics are linear and

equally spaced. In this case the operation of the valve may be

represented by constants (or parameters) which are assumed to

remain unchanged in value over the whole operating range. This

will not be true if large signals are dealt with (see Chapter 24).
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Consider a section of the static anode characteristics of a valve

as shown in Fig. 20.7. From these the following expressions are

obtained.

1. The anode slope resistance, ra, of the valve is defined as the

change in anode voltage per unit change in anode current when
the grid voltage is held constant. Hence from Fig. 20.7,

(W<*\ = AB (volts)
ra

\ <5/a }v,k const. BC (amperes)

Fig. 20.7 CALCULATION OF LINEAR VALVE PARAMETERS

2. The mutual conductance, gm , is defined as the change in anode

current per unit change in control grid voltage when the anode

voltage is held constant; i.e.

_ / dla \ _ BC (amperes)

\0Vgicjv
ai;

const. Vgkl — Vgk2
(20.5)

\°Vgk]vak const.

Since the anode current is normally measured in milliamperes,

g m is usually expressed in milliamperes per volt.

3. The amplification factor, jn, is defined as the change in anode

voltage per unit change in grid voltage with the anode current

held constant, i.e.

= /6Vat\ = AB
'

\&Vglclla const. Vgkl — Vgkl

From eqns. (20.4)-(20.6), the following important relation can

be deduced:

fi -(
6Vak\

Vgkf I const \ dla /Vgk const. \dVgk)Vak const.

i.e.

,« = ragm (20.7)
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The mutual conductance depends mainly on the sparine and
construction of the control grid and cathode. It has thus approxi-
mately the same value for triodes and pentodes, and is usually
withm the range 1-lOmA/V.
The anode slope resistance is the reciprocal of the slope of the

state anode characteristics, and will therefore be much larger for
pentodes than for triodes. Typical values range from lkn-50kQ
for triodes and 100kQ-2MQ for pentodes.
From this and by considering eqn. (20.7) it follows that the ampli-

fication factor of a triode is much lower than that of a pentode
typical values being 20 for triodes and 1,000 for pentodes.

20.7 Anode Resistors for Voltage Amplifiers

Fig. 20.8(a) shows the anode characteristics of a triode with two
load lines drawn for the same supply voltage VB . Consideration of
the diagram will show that the load line for the high resistance, RH,

gives a larger voltage amplification than the load line for the lower
resistance, RL . Though the amplification is not markedly different
it appears that the larger the load resistance the better. However

Fig. 20.8 CHOICE OF ANODE RESISTOR FROM VALVE CHARACTERISTICS
(a) Triode (ft) Pentode

the load line for RH runs through the curved and less regular parts
of the characteristics so that the output voltage variations will be a
less faithful reproduction of the input voltage variations than if
the load line for RL were traversed. An intermediate value, usually
two or three times ra , is chosen.
The same arguments for and against a high load resistance apply

with even more force for a pentode. Load lines for both high and
low resistance in this case are shown in Fig. 20.8(6). Since ra for ^
pentode valve is very high, a load resistance of the order of ra
would give marked distortion of the output. A suitable value is
very often one for which the load fine runs through the knee of
the Vglc = characteristic. This is usually about two or three times
the value which would be used with a roughly equivalent triode.
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The increased amplification obtainable with a high anode resistance

is often, in any case, illusory, since this gives a large internal resis-

tance to the amplifier and hence the output voltage falls considerably

when the next stage is connected to the amplifier terminals. Also,

with a high anode resistance, stray capacitances have a relatively

greater shunting effect, giving reduced amplification, particularly

at high frequencies.

EXAMPLE 20.2 For the triode, whose anode characteristics are given in

Fig. 20.9(a), determine the valve parameters in the linear region. Design an

100 200 VB 300 VaK (volts)

(a)

-VBt

. 25 kO

1,290 o:

C2

Ci
25fiF

(b)

+50
I VQk (volts)

Ji

-50 - v_/ (c)

Fig. 20.9
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amplifier using this valve and a supply of 250V to give uniform amplification

to audio frequencies above 50 Hz. Include a cathode bias circuit. Estimate the

voltage amplification obtainable and draw the output voltage waveform cor-

responding to a sinusoidal input of 2V(r.m.s.).

The parameters are taken for the region around the point h = 5mA,
Vaic = 200V in Fig. 20.9(a).

ra = ^? =— x 1,000 = 14-4kQ
CB 2-3

5-3 2 =
The —3V and —5V characteristics were interpolated.

A suitable anode resistance might be 25kfl for a 250V supply, i.e. approxi-

mately 2ra (up to about 50kfl may be used without severe distortion).

The load line for 25 kQ at 250V is shown, i.e. the line from

/ 250 \

(Va* = 250V, /o = 0) to ^ K.* = 0, /„ = 25-555
= 10mA

j

For an input of 2V r.m.s., i.e. 2-83 V peak, the grid-bias voltage should be at

least —3V. Suppose —4V is chosen for convenience; the static operating point

is then Q in Fig. 20.9. Thus

Mean anode current = 31mA

And by eqn. (20.3),

4
Cathode bias resistance, #1 = 3- x 1,000 = l,290fi

When the internal impedance of the valve is taken into account it can be shown
that the effective cathode-to-earth resistance is 1,290A in parallel with \lgm -

The capacitor C\ is chosen so that its reactance at the lowest frequency to be

amplified is very much less than the effective cathode-to-earth resistance;

Cx = 25fiF (say). The circuit is shown in Fig. 20.9(6).

To estimate the voltage amplification assume that the input voltage is 2 V
peak so that the grid voltage varies from —2V to —6V, i.e. a variation of 4V
from S to T in Fig. 20.9(a).

At S, anode voltage = 135V
At T, anode voltage = 207V

Therefore

,.^ . 207 - 135
Voltage amplification = = — 18

It will be appreciated that the voltage amplification varies somewhat with the

amplitude of the input voltage.
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For a sinusoidal input voltage of 2V r.m.s., the anode voltage wave may be

derived from the load line in Fig. 20.9(a).

(Ot
45° 90° 135° 180° 225° 270° 315° 360°

Input voltage 2 2-83 2 -2 -2-83 -2

Operating point Q S X 5 Q T Y T Q

Anode voltage 173 135 120 135 173 207 218 207 173

Variation of Vak -38 -53 -38 34 45 34

The anode voltage variation, i.e. the output waveform, is shown in Fig. 20 9(c)

The waveform will, of course, be nearer to a true sinusoid if the amplitude ot

the input voltage is reduced.

20.8 Estimating Voltage Gain from Valve Parameters

For a valve amplifier the anode current, Ia , is some function of the

grid-cathode and anode-cathode voltages, i.e.

la =f(Vgk, Vak)

Hence any change in anode current, dla, due to changes dVgk and

d Vaic in the grid-cathode and anode-cathode
voltages can be expressed

as

dla = &V,gk
\dVglc/v alc

const. \dVakl\ ,, const.

dla = gmdVgk + -dVak

Also

SVaic = -RL^Ja

(20.8)

(20.9)

where Rl is the anode circuit resistance, and the minus sign is used

to indicate that if la increases Vak decreases.

From eqns. (20.8) and (20.9),

Rl r«

or

bVcak
-gmraRL0Vgk _ -/*Rl 6V,gk

ra + Rl ra + Rl
(20.10)
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and
C

F ^h/r
epreSe

u
the

.

r 'm - s
-
alternating grid-cathode voltage,and Vak the r.m.s. alternating anode-cathode voltage; then, in termof complexors, eqn. (20. 10) can be rewritten as

Vak =
ra + RL

ra + Rl
(since -1 = 180°)

The complex stage gain, Av, is thus

A =~ = ~/uRl _ i"^/180
°

Vgk ~ ra + RL
~

ra + RL

(20.11)

(20.11a)

(20.12)

Eqns. (20.11) and (20.12) thus represent the operation of theamplifier under small-signal linear conditions. They refer only tothe alternating components of voltage.
y

20.9 Coupling of Multistage Valve Amplifiers

In order to increase the overall gain of an amplifier several stages

K?MiSm" CaSCadC
-

A tW°-Stage amPlifier is shown intig. 20.10, m which resistance-capacitance coupling is used to isolate

output

VR+

Fig. 20.10 C«-COUPLED TWO-STAGE AMPLIFIER

each stage from the d.c. levels of the previous stage. Thus capacitor
Ci acts as a d c. b ock for the input signal source, and C3 preventsthe direct anode voltage of valve Vi appearing at the grid of valve V2 .

l ne values ol d and C2 must be chosen so that at the lowest frequency
ot the input signal they are virtually short-circuits to alternating
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currents. Usually it is sufficient to make the reactance of the capaci-

tors less than one-tenth of the resistance ofthe following grid resistors,

at the lowest frequency that is to be amplified; i.e.

-4r<0-li?„i and -pr <0-lRg2

Coupling circuits will be discussed in greater detail in the next

chapter. . .

Note that in a two-stage amplifier the effective resistance, RP ,
in

the anode circuit at signal frequencies is the parallel combination of

the anode resistor, Rli, and the following grid resistor, Rg2 .
In

estimating the gain from the characteristics an a.c. load line must be

used. This has a slope of -l/Rp and passes through the d.c.

operating point, Q.

20.10 The Semiconductor Junction Diode

It is assumed that the reader is aware that in an intrinsic semi-

conducting material (such as pure monocrystalhne germanium,

silicon, gallium arsenide, indium antimonide, etc.) conduction takes

place by the movement of two types of charge carriers, electrons

and holes. These are produced in equal numbers m the intrinsic

material by thermal generation or by radiation. The number of

electron-hole pairs increases rapidly as the temperature rises. Holes

may be regarded as positive charge carriers, while electrons are, ot

course, negative charge carriers. In an extrinsic or doped semi-

conductor, impurities are added to the intrinsic material to give a

predominance of either electrons (in n-type material) or holes (in

p-type material) as charge carriers. The conductivity of a doped

semiconductor is greater than and is less temperature sensitive than

that of the intrinsic material up to fairly high temperatures. The

charge carriers which predominate in a doped semiconductor are

called the majority carriers.

Elemental semiconductors (e.g. silicon and germanium, m group

IV of the periodic table of elements) have four electrons in the valence

band, and form crystals of the diamond lattice structure where each

atom' shares its valence electrons with four adjacent atoms. This is

called covalent bonding. If impurities in group V of the periodic

table (e.g. phosphorus or arsenic) are added to the intrinsic semi-

conductor, these impurity atoms fit into the crystal lattice quite

happily, and share four of their five valence electrons with four

adjacent elemental semiconductor atoms, the fifth electron moving

into the conduction band to contribute to the conductivity of the
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material. The material is then said to be n-type. Impurities which
produce this effect are called donor impurities.

Intrinsic semiconductors are also formed when elements of group
III (e.g. gallium) and group V (e.g. arsenic) form compounds (e.g.

gallium arsenide) which have an average of four valence electrons

per atom. Similarly some group II-group VI compounds form semi-

conductor crystals (e.g. cadmium sulphide), and silicon carbide is

an example of two elements in Group IV forming a semiconductor

crystal. Doping to give an n-type material can be achieved in a

similar manner to that for elemental semiconductors. Thus if a

group VI impurity (e.g. tellurium or sulphur) is added to a III-V

compound, the impurity atom can replace one of the group V
elements, its extra valence electron then being free to contribute to

conduction. The same effect can be achieved by adding an excess

ofthe group V element to the compound. Compound semiconductors

are more difficult to purify and dope than elemental semiconductors.

In all n-type semiconductors, each added impurity atom gives one

extra conduction electron. This increased number of conduction

electrons results in a reduction in the mean density of thermally

generated holes. This follows since if there are more conduction

electrons there is a greater statistical probability of their recombining

with holes, so that the mean lifetime of the holes falls. Note that

since the donor atom loses one of its valence electrons it becomes a

positive ion. These ions do not contribute to conduction since they

are fixed in the crystal lattice. The net result of adding an n-type

impurity is to increase the number of mobile electrons and to reduce

the number of holes. Conduction in n-type semiconductors is thus

mainly by electrons.

Elemental semiconductors become extrinsic /?-type material when
acceptor impurities (e.g. indium or boron in group III of the periodic

table) are added to the intrinsic material. The impurity atoms fit

into the crystal lattice, but since they have only three valence electrons

instead of the four of the semiconductor atom that they replace,

they each contribute a mobile hole (or space in the valence band that

can be filled by an electron from an adjacent atom). Compound
semiconductors can be similarly doped (e.g. zinc, in group II is

often used as an acceptor to dope Group III-V compounds).

By analogy with the conditions in n-type semiconductors the in-

crease in the number of holes in ap-type material due to the acceptor

impurities gives rise to a reduction in the mean density of thermally

generated electrons, and results in a material in which conduction

is mainly by the movement of holes. These act as positive charge

carriers.

In general, doped semiconductors are of higher conductivity than
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intrinsic semiconductors, the conductivity being a function of the

number of impurity atoms added. The conductivity is also less

temperature dependent than that of intrinsic material.

The conductivity of a material can be expressed in terms of the

number of mobile charge carriers per unit volume, the size of the

charge, and a constant, p, called the mobility of the charge carriers.

The mobility simply expresses the mean velocity attained by the

charge carriers per unit of applied electric field. Mathematically

the conductivity, a, of a semiconductor may be written as

a = enfin + ep/j,p

where e = electronic charge (1-6 x 10-" C); n = electron density,

i.e. the number of mobile electrons per cubic metre; /in = electron

mobility (m/s per V/m); p = hole density; \iv = hole mobility.

In intrinsic material « = p = n4 (the intrinsic carrier density),

and it may be shown that in doped semiconductors the product np

is a constant, equal to rn2 .

Generally hole mobility is smaller than electron mobility. Table

20.1 gives some idea of mobilities in different materials at room

temperature (mobility varies with temperature—at around room

temperature it falls as the temperature rises).

TABLE 20.1

Material Electron

mobility, fin

Hole

mobility, Hv

Intrinsic

conductivity

Germanium
Silicon

Gallium arsenide

Indium antimonide

Silicon carbide

m/s per V/m
0-38

019
0-5

100
<001

m/s per V/m
018
005
003
0-3

<001
-

S/m
2

2 X 10-3

Consider a junction formed between p-type and n-type materials

as shown in Fig. 20.1 1(a). The alloy junction shown can be achieved

by fusing an indium pellet into a small n-type wafer. This alloying

process produces a very heavily doped p-type region to the left of

the junction as the indium fuses into the n-type wafer. The n-type

region may be lightly doped. Three conditions will be discussed.

1. No external bias and open-circuit connexion. At the junction

shown schematically at (b), holes from the p-type material diffuse

across into the n-type region, where there is an excess of conduction
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electrons. The holes recombine with electrons in the «-type region
so that a positive charge of captured (bound) holes is built up near
the junction. Similarly, electrons diffusing into the /?-type material
from the H-type combine with the majority carriers (holes) there, to
form a bound negative charge just on the />-side of the junction.
The bound charges build up until the repulsion between them is just
sufficient to prevent any further net diffusion of holes from p to n
or electrons from n to p.
However, the bound charges attract across thejunction the minority

carriers (electrons 'mp and holes in n) which are generated thermally

n-type
wafer

Depletion
layer

(a)

Bound
charges

Fig. 20,11 ALLOY JUNCTION DIODE
(a) Construction of diode (A) The p-n junction

on the opposite side of the junction; i.e. minority holes in n are
attracted across to the bound negative charge in p, and minority
electrons in p are attracted to the bound positive charge in n. Let
these currents be

hn = Minority hole current from n to p
he = Minority electron current from/? to n (see Fig. 20.11(6))

Since the /^-region is assumed to be much more heavily doped than
the «-region, there will be a lower concentration of thermally generated
electrons in p than of holes in n; i.e.

hn> he (a ratio of 100: 1 can easily be achieved)

A junction of this nature is referred to as ap+-n junction, to indicate
that the/>-region is more heavily doped than the «-region.

In equilibrium these minority-carrier currents must be exactly
balanced by the majority-carrier currents crossing the opposite way
to maintain the bound-charge distribution; there is no net junction
current.

In the region in which bound charges exist there are virtually no
free carriers, and this is called the depletion layer. Mobile carriers
are moved out of this region because of the electrostatic field due to
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the bound charges. Since the diffusing carriers must penetrate

further into a lightly doped region before finding an opposite carrier

with which to recombine, the depletion layer extends further into

the lightly doped side of the junction than into the heavily doped

side Indeed if one side is much more heavily doped than the other,

the depletion layer exists almost entirely on the lightly doped side

of the junction.

If the junction is short-circuited by an external connexion, an

alternative path for the return of charge carriers exists and there

pn

"V v

V ... V Reverse
(b) , bias

Fig. 20.12 EFFECT OF BIAS ON A p-H JUNCTION

(0) Forward bias

(6) Reverse bias

(c) Forward and reverse // V characteristics

can be no net build-up of charge and hence the current will normally

be negligible.

It is worth noting that the heavier the doping of the two regions

the greater is the charge barrier which is produced to maintain

equilibrium.

2. Forward bias. If an external d.c. supply is connected across

a p-n junction as shown in Fig. 20.12(a), electrons in the />-type

material will drift away from the junction towards the positive

connexion to the supply, while holes in the n-type region will drift

towards the negative connexion (where they recombine with electrons

from the external circuit). This drift reduces the bound charge

density at the junction, and allows majority carriers to flood both

ways across the junction, giving rise to a large current. This is the

foward bias connexion.

Since the /7-region is assumed to be more heavily doped than the

n-region, the junction current will consist mainly of holes crossing

from p to n, i.e. majority carriers from the heavily doped region.

The current in the connecting wires is, of course, an electron current.

Above about 0-2 to 0-3V forward bias for germanium and about



628 Electronic Device Characteristics

0-6 to 0-7V for silicon, the current is limited only by the bulk resis-

tance ofthe semiconductor material and the external circuit resistance.

3. Reverse bias. If the polarity of the supply is reversed (to give

the reverse bias connexion of Fig. 20.12 (6)),the potential barrier

at the junction is increased so that the majority carrier current falls,

and eventually (above about 0-1 V reverse bias) becomes negligibly

small. However, the minority carriers continue to be attracted

strongly across the junction. The number of these minority carriers

is limited by the thermal generation rate of electron-hole pairs on
each side of the junction to the equilibrium values in the unbiased

junction i.e. to hn for holes crossing from n to p and he for electrons

crossing from p to n. Hence the reverse bias current becomes con-

stant at a value

h = hn + he

It has been seen that hn^ he for a p+-n junction so that the

reverse bias current depends mainly on the flow of minority carriers

from the lightly doped region.

The complete characteristic is shown in Fig. 20.12(c). The reverse-

bias saturation current is typically of the order of a few microamperes
for germanium diodes, and at least two orders of magnitude less

for similar silicon diodes at room temperature, depending upon
fabrication techniques.

Since the reverse bias current depends on the minority carrier

concentration in the lightly doped region it increases rapidly with

temperature, approximately doubling for every 10°C rise in tempera-

ture in germanium and 6°C rise in silicon. The equation for junction

current can be shown to be

/ = ifaerikT - 1) (20.13)

where e is the magnitude of the charge of an electron or a hole

(1-6 x 10~19C), V is the bias applied to the depletion layer, k is

Boltzmann's constant (1-38 X 10"23J/K), and T is the absolute

temperature of the junction in kelvins.

Similar considerations apply to a junction in which the n-region

is more heavily doped than the ^-region (a p-n~ junction). In this

case the forward current across the junction is mainly electrons from

the n-region (majority carriers from the heavily doped region), while

the reverse bias current is mainly electrons from the /^-region

(minority carriers from the lightly doped region).

20.11 The Junction Transistor

There are two main types of transistor

—

junction also known as

bipolar because carriers of both polarities, electrons and holes, take
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part in the action, and field-effect, also known as unipolar because

carriers of only one polarity are involved. Field-effect transistors

are considered in Chapter 26.

The construction of a p-n-p germanium alloy junction transistor

is shown in Fig. 20.13 together with its graphical symbol. A small

indium pellet is fused into one side of a thin, lightly doped n-type

wafer of germanium (called the base) to give a heavily doped p-region,

called the emitter. A p+-n junction is thus formed. On the other

side of the base wafer a slightly larger indium pellet is fused, to give

a second p-n junction. This second ^-region is called the collector.

Emitter 1 A Collector

(p) ^ ft* (P)

Base
(n)

Fig. 20.13 ALLOY JUNCTION p-n-p TRANSISTOR

The p-n-p alloy junction germanium transistor was one of the

earliest types to be produced. It is still widely used for low-frequency

applications. Owing to difficulties with the materials used, n-p-n

transistors (in which the base layer is of /Kype material and the

collector and emitter regions are of n-type) are not made by the alloy

process; nor are satisfactory devices made of silicon manufactured

in this way.

Since silicon has considerable advantages electrically compared

to germanium when used to make transistors, considerable effort

has been put into the technology of silicon device manufacture,

despite the fact that silicon is a more difficult material to handle

than germanium. It has been found that p- and n-regions can be

introduced into semiconductor crystals by a diffusion process, and

that both silicon and germanium devices can be made using this

'

process. With diffusion methods it is relatively easy to obtain silicon

n-p-n transistors with higher gain, lower leakage current and much

better high-frequency response than is possible with germanium

p-n-p alloy junction types. In addition it is possible to use diffusion

in order to produce complete circuits on a single silicon crystal chip.

Such integrated circuits are becoming widely used in present-day

technology.

The construction of a planar n-p-n transistor is shown in Fig.

20.14(a), together with its graphical symbol. A lightly doped wafer
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of n-type silicon is used as the collector (the light doping enables
an increased collector voltage to be used compared to the alloy
junction type). A thin/Mype layer is formed by exposing an etched
area of the surface to hot gases containing acceptor impurities. The
/7-type impurity diffuses into the n-type wafer to form the base of
the transistor. A small n-type layer is then diffused into a further
etched area in the centre of the base layer to give the emitter; this

sio2

Ir 1PJ1 Ir

-Mb

(b)

Fig. 20.14 n-p-n silicon planar transistor
(a) Construction and graphical symbol
(6) Method of biasing

is a heavily doped region. Aluminium electrodes are evaporated on,
and the terminations of the junctions are protected by a layer of
silicon dioxide, which prevents the ingress of moisture and reduces
surface leakage current.

Since the diffusion process can be accurately controlled (as
distinct from the alloying process), very thin base widths (about
l^m) are possible, and this increases the gain and improves the
high-frequency response of the device.

In operation the emitter-base junction is forward biased, and the
collector-base junction is reverse biased as shown for an n-p-n
transistor in Fig. 20.14(A). Owing to the forward bias on the emitter-
base junction, a large current, IE, flows. Since the emitter is heavily
doped, IE consists mainly of electrons injected into the base from the
emitter. Transistor action depends on these injected majority
carriers, and this is why it is essential to have a heavily doped emitter
and a lightly doped base (the holes injected from the base into the
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emitter play no part in transistor action). A ratio of electron current

to hole current of more than 100:1 can readily be achieved. The

ratio of electron current to hole current is called the emitter injection

ratio. , ,

The injected electrons diffuse across the base towards the reverse-

biased collector-base junction. As soon as they reach the collector-

junction depletion layer the electrons are pulled into the collector

(or collected) so that the collector current increases by almost the

same amount as the injected electron current from the emitter.

(Remember that the current across a reverse-biased junction is

mainly formed by minority carriers from the lightly doped side, and

electrons are the minority carriers in the very lightly doped />-type

base) Since the base is very thin and the collector area large, almost

all the injected electrons are collected. However, some recombination

of injected electrons with the majority holes in the base does take

place. To maintain charge neutrality a current of electrons must

flow out of the base. This current, IB, will normally be only a very

small fraction of the collector current Ic. Obviously,

':'" ;'*.'

f
* ¥
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IE = Ic + Ib
(20.14)

Note that the transistor (unlike a valve which requires a heated

filament in order to produce an electron stream) does not require a

heater supply. This is one of its main advantages over valves.

The p-n-p transistor operates in a similar manner, but the injection

is of holes at the emitter junction, and it is the hole current which

is collected by the collector. The polarities for forward and reverse

bias are reversed.

20.12 Static Characteristics—Common Base Connexion

The connexion of the n-p-n transistor illustrated in pig. 20.15(a) in

which the input is applied between emitter and base and the output

is taken between collector and base is called common base (C.B.)

connexion. The input characteristic relating emitter current and

base-emitter voltage shown at (b) exhibits the curvature of a forward-

biased junction.
,

The static collector, or output, characteristics are shown at (c).

In the first quadrant they have been drawn as horizontal lines, but

they should really have positive slopes of less than 1/iA/V, and

should therefore have counterparts in a family of current-transfer

curves, each for a particular value of Vcb. However, corresponding

to the horizontal lines is the single current-transfer characteristic

at (d). When the extremely small slope of the output characteristics
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is taken into account, the equation for the collector bias current at a

particular quiescent point is

Ic = Icbo + v-bIe (Vcb constant) (20.15)

Icbo is the collector leakage current, i.e. the current through the

reverse-biased collector-base junction when Ib = 0, and S.b is

the mean static current amplification factor, or the inherent static

XE E „_ C *C

I

vCB

(a)

I
1mA

Collector
forward
biased

iE
increasing

I E=1mA

Xt l;r =

(c)

Ic-.

1mA

'CBO

Fig. 20J5 COMMON BASE CONNEXION

(a) Circuit

(£>) Input characteristic

(c) Output characteristics

1mA

(d)
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forward current-transfer ratio, for the C.B. connexion. Icbo is

small, especially with silicon, and aB may lie between 0-95 and almost

unity, so that Ic is very nearly equal to IE . The ratio Ic\Ie is given

the symbol -hFB , which, with silicon, means much the same as SB .

EXAMPLE 20.3 A silicon transistor has a collector leakage current, Icbo,

of 002mA at 300K. The leakage current doubles for every 6K rise in tempera-

ture. Calculate the base current at (a) 300K, (6) 330K when the emitter current

is 1 mA, given that 5cb = 0-99.

(a) At 300K, eqn. (20.15) gives

lc = 0-00002 + 0-99 = 0-99mA

Hence, since Ie = Ic + Ib,

lB _ i-o - 0-99 = 001mA = 10M directed towards the base

ib) At 330K, Icbo will be 0-64. Hence

Ic = 000064 + 0-99 <* 09906mA so that Ib - 9-4M-

If the temperature were to increase sufficiently the base current would reverse

in direction.

At any given temperature, germanium transistors have a much

larger leakage current than silicon transistors. Hence they are much

more affected by temperature variations, despite the fact that the

per-unit change in Icbo with temperature is smaller in germanium

than in silicon.

Note that when Vcb = the collector still collects almost all

the injected emitter current, since its barrier charge pulls the minority

carriers across. This is particularly true of transistors with thin

bases. It is only when the collector junction is forward biased that

the collector current becomes zero, due to the forward collector-

base current cancelling the reverse current. The larger the emitter

current the greater must be the collector forward current and hence

the greater must be the forward bias voltage, in order to give Ic — 0.

This explains why the knee of the characteristics is usually in the

forward-biased collector-voltage region.

20.13 Static Characteristics—Common Emitter Connexion

The common emitter (C.E.) connexion of a transistor is illustrated

in Fig. 20.16(a). This corresponds to a normal common-cathode

valve configuration. The input is applied between base and emitter,

and the output is taken between collector and emitter. The static

collector characteristics give the relation between collector current,

Ic, and collector-emitter voltage, VCe, for various values of base

current, Ib, as shown at (b).
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IB increasing

Fig. 20.16 COMMON EMITTER CONNEXION
(a) Circuit (6) Output characteristics

The collector current, Ic , is obtained from eqns. (20. 14) and (20. 1 5)

:

Ie = Ic + 1b and Ic = Icbo + olbIe

whence

Ic = Icbo + xb{Ic + Ib)

or

Ic =
Icbo

+
v-bIb

(20.16)
1 — ob '

1 — 5-b

This equation is of the same form as eqn. (20.15), so that, for the

C.E. connexion we may write

Ic — Iceo + o-eIb (Vce constant) (20.17)

Iceo (=Icbo/(1 — as)) is the collector leakage current, i.e. the

current through the collector-base junction when IB — 0, and
5.E (=o.b/(1 — as)) is the static current amplification factor, for the

C.E. connexion.

Since xb is nearly unity (1 — as) is small, so that Iceo is very

much larger than Icbo. Thus any temperature effect which increases

Icbo will cause a much greater increase in Iceo, so that ifgermanium
transistors are used it is particularly important to stabilize against

temperature changes. Again because (1 — xb) is small, ole can have
values ranging from about 20 to 100 or more. The ratio Icjh is

given the symbol Hfe, which, with silicon, means much the same
as ole-

The C.E. static characteristics shown at (ft) have a greater slope

than those for the C.B. connexion, mainly because o.b increases
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slightly with increased collector-base voltage and the small increase

in Icbo with collector voltage is magnified 1/(1 - u-b) times—indeed

the slope in the C.E. connexion will be greater by about this factor

than that in the C.B. connexion. The knee voltage of a C.E.

characteristic occurs at a voltage which is much lower than that of a

pentode and in small power transistors is less than a volt. The knee

occurs at a positive value of collector-emitter voltage (for n-p-n

transistors) since the voltage drop of the forward biased emitter

junction must be added to VCb in order to obtain the corresponding

value of Vce-

In the C.E. connexion the input current/voltage relation is a curve

which resembles that relating emitter current to base-emitter voltage

in the C.B. connexion. Eqn. (20.16) shows that the change in collector

current is a linear function of base current, and it therefore follows

that the change in collector current is not a linear function of base-

emitter voltage. This is why transistors are normally operated with

a current drive, as distinct from valves, which have a voltage drive.

It should be noted that in fact o.B and tie both vary slightly with

collector current so that the linear relations expressed by eqns. (20. 16)

and (20.15) are themselves an approximation.

20.14 The C.E. Amplifier

In order to utilize the transistor as an amplifier in the C.E. connexion,

the base-emitter junction is forward biased, and a load resistor is

connected in the collector lead. The signal source is connected in

series with the base connexion, and the resultant variation of base

current causes a change in collector current. This in turn gives an

alternating component of voltage across the load resistor. A simple

circuit is shown in Fig. 20.17(a), using an n-p-n transistor.

A constant-current d.c. bias source is used to give a suitable

quiescent collector current. When the constant-current a.c. source,

is connected in parallel with the bias source, the base current will

vary about its quiescent value to give a corresponding amplified

change in collector current.

The operation of the circuit may be described graphically by

drawing a load line on the static collector characteristics in a manner

similar to that for the valve amplifier. Thus the operating point of

the transistor must satisfy two requirements, namely

1. The collector current must be related to the base current by

the static characteristics.

2. The collector current must satisfy the equation

Vce =V = Vcc - IcRl
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This is the equation of the load line shown in Fig. 20.17(A), which
runs from (Ic = VccJRl, VCe = 0) to (Ic = 0, VCe = VCc)- Then
if the bias is adjusted to give a base current of Ibo, the quiescent

operating point will be Q. If now the signal causes the base current

oVcc+

Ic- i

Vcc

^ Slope" -1/Rl

\
B

IB-2IBQ

— I B"* IBQ

IB=<:

i
i\

0^ c E D
1

vCE

(b)
Vcc

Fig. 20.17 SIMPLE C.E. AMPLIFIER

(fl) Circuit

(W Output characteristics with load line

to vary sinusoidally with a peak value of Tec, the operating point will

move up and down the load line between A and B, giving an output

peak-to-peak swing of CD volts. This simple circuit gives no com-
pensation for temperature variations in Icbo-

Note particularly that when Ib increases, Ic increases, so that the

voltage drop across Rl increases and the output voltage (between
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collector and emitter) decreases, i.e. there is inherent phase reversal

in the amplifier just as there is in the equivalent valve amplifier.

The steady bias current is chosen so that the quiescent operating

point lies about the middle of the load line where the characteristics

are most linear. Distortion of the signal is thus minimized.

20.15 Automatic Bias and Stability

The base-bias circuits employed in C.E. amplifiers should not only

provide a suitable quiescent base current, but should also provide

against changes in temperature, transistor characteristics, and supply

voltage from affecting the quiescent operating point. It has been

seen that, in an uncompensated transistor any increase in leakage

current, A/cbo, causes an increase in ICeo of A/cbo/(1 — as). In

germanium transistors a rise or fall in temperature may change the

quiescent collector current so much that the transistor is forced to

operate over a non-linear range of its characteristics, and distortion

will result. The stability factor, S, may be defined by the relation

s =
Change in Ic = JIc_ „

Given change in Icbo SIcbo

For the unstabilized circuit S = 1/(1 — S.b) = ole + 1 (since ag =
aB/(l — aB)).

Two other stability factors may also be defined :

dinM = j^ (20.19)
OOCfi

which relates the change in Ic to changes in the C.B. current amplifica-

tion factor 5Lb, and

N =i (20.20)
oVcc

which relates the response of Ic to changes in the supply voltage,

Vcc- In the ideal case S, M and N are all zero. Generally, if N
turns out to be unacceptably high, the answer is to provide a supply

that is better stabilized, so that dVcc -» 0.

20.16 Base Resistor Bias

Perhaps the simplest way to achieve the required base-bias current

is that shown in Fig. 20.18. A high-value resistor, Rx, is connected
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-oVcc+

Signal

Fig. 20.18 SIMPLE BASE BIAS

from the supply direct to the base. Then if the base-emitter voltage
drop is Vbe, it follows that the quiescent base current is given by

Vcc — Vbe

~R[ (20.21)
h =

The quiescent collector current is

Ic = Icbo/(1 - &B) + &b/b/(1 - &b) = (1 + &e)Icbo + oleIb

= (1 + o-e)Icbo + &e(Vcc — VBe)/Ri (20.22)

so that the stability factor is

•J — — = 1 + <X.B61CBO (20.23)

The circmt is not stabilized at all against changes in ICB0 or *B
caused by changes in temperature or tolerances in transistor
parameters, since S has the same value as in the uncompensated
circuit.

Also from eqn. (20.22),

N = Sic OLE

6Vc~c
= T1

(20.24)

In a typical case with »B = 100 and Rt = lOOkO, S would be
101 and N would be 1 mA/V.

20.17 Collector-Base Resistance Bias

A measure of stability can be achieved by connecting the base-bias
resistor (i?2 in Fig. 20.18) to the collector instead of direct to the
supply rail. This is shown in Fig. 20.19(a).
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Stabilization against changes in Icbo is achieved since the quies-

cent base current now depends on the collector potential. If Icbo

increases, Ic will also increase; the collector potential will therefore

decrease and the base current will decrease, tending to reduce the

collector current to its original value.

The emitter resistor R3 shown at (b) further increases stability,

since any increase in quiescent collector current, Ic, will now reduce

the base-emitter voltage and again cause a reduction in Ib counter-

Vrf-+

R1

I
—vw

—

1f3>

Jlc

(a) (b)

Fig. 20.19 COLLECTOR-BASE BIAS

acting the increase in Ic. To prevent this effect from also reducing

signal-current changes, R3 is short-circuited for alternating currents

by the capacitor C3. As far as d.c. conditions are concerned, in-

serting R3 is equivalent to increasing the collector load resistance, Rl.

The stability factor, S, is obtained from the following relations.

Ie = Ic + Ib (hence the current in Rl is Ie)

Ic = (1 + o.e)Icbo + «e/b

and

Vcc = IeRl + IbRx + Vbe + IeRz

Hence, after some manipulation,

Ri + RL + Rs
Ic =

Ri
Icbo +

so that

5 =

(1 + aB)

die

+ Rl + Rz

Ri + Rl + Rs

dlcBo Ril(l + «B) + Rl + R3

o-e(Vcc — Vbe)

Ri + (Rl + Rs)(l + ole)

(20.25)
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Since Ib must always be positive in this circuit, the minimum collector

current is equal to Iceo, and this occurs when Ib = 0.

Note that there will be signal feedback through R\ which will

reduce the overall gain unless R\ is divided into two sections, the

junction being connected through a capacitor to earth as shown at

(b).

It follows from the equation for Ic that

dIc *E
(20.26)N =

SVcc Ri + (Rl + Rs)(l + S«)

This factor in turn is obviously very dependent on any changes in

&E (and hence in Sb).

20.18 Base Voltage-divider Bias

The circuit shown in Fig. 20.20 is one of the most commonly used

in C.E. amplifiers for base current bias and operating point stabiliza-

tion. Essentially the resistors Ri and R2 fix the base potential.

The capacitor Cz short-circuits the emitter for a.c. signals to prevent

reduction of signal gain.

oVrn+

Fig. 20.20 VOLTAGE-DIVIDER BASE BIAS

(a) Complete circuit (6) A.C. circuit
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The stabilizing action is achieved because the base potential is

kept nearly constant, so that any increase in Icbo (and hence increase

in Ic and Ie) causes the emitter potential to rise, and hence the base-

emitter voltage to fall. The base current is therefore reduced and the

collector current falls towards its original value.

Expressions for the stability factors can be obtained by using

Norton's theorem to replace the voltage divider Ri, Rz by the constant-

current source Vcc\R\ in parallel with the resistance Rb — R1R2I

(jRi + R2) as shown in Fig. 20.20(6). Then, for the d.c. conditions

(zero signal),

Ic = (1 + ole)Icbo + *eIb (20.27)

VBG = Vbe + (/b + Ic)Rz = I'Rb (20.28)

and

v -l j
Vcc Vbe a.<t -l t \

Rz
a. 1I + h =— = — + (lB + ic)- + IB

or

Vcc Vbe
t
Rz

1. -
*~*~ c*

(20 .29)

l + 1

Substituting in eqn. (20.27) from eqn. (20.29),

Ic = (1 + *e)Icbo + *
ERb (^-^-Ic ^\° U + *E)lCBO 1-

Rs + Rb \ Rl Rb
1C

RbJ

so that

_ (I + &e)Icbo &ERb ( Vcc _ Vbe\

It follows that

die l + V.E
S =

dlcBO 5fii?3

RS + Rb

R3 + Rb R3 + Rb

Rb Rb(\ - as) + Rs

(T+17) + R°

(20.30)
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Also

. . _ die Rb «-E

6Vc~c
=

Ri Rb + R3(l + 5*)
(20-31)

With this circuit the above equations indicate that it is possible

to bias so that the quiescent collector current Ic < Iceo, the base

current then being in the reverse direction. Indeed if Rb -» and
R3 -* 00 the minimum collector current will tend to Icbo- The
quiescent base current Ib will then be negative. Note that the im-
provement in stability factor S compared with the unstabilized

circuit is given by the factor 1/(1 + 0LER3KR3 + Rb))-

From eqn. (20.26) it will be seen that the stabilization is best when
Rb <C R3- In practical circuits this cannot be achieved since if Rb
is small a large part of the signal input current will be bypassed by
it (so that current gain is lost), while if R3 is large, a large value of

supply voltage is required.

The stability factor S can be used in designing circuits for ger-

manium transistors. Thus if the largest permissible change in Ic

is known, and the greatest variation in Icbo due to expected tempera-

ture changes is assumed, then S and hence the ratio RsjRb is deter-

mined.

EXAMPLE 20-4 For the circuit of Fig. 20.20 (a) Ri = 33 kQ, R2 = 5 kft,

R3 = 2-2 kii and aB = 0-99. Determine the stability factors S and N.

Hence from eqn. (20.30),

s _ die _ (4-5 + 2-2)103

SIcbo (4-5 x 0-01 + 2-2)103 =
From eqn. (20.31),

die 4-5 x 10s 99N= —— = — x
dVcc 33 x 103 (4-5 + 2-2 x 100)103

= 6 x IO-5 A/V = 60/tA/v

Although the foregoing analysis applies equally to germanium
and silicon transistors, the value of Icbo in silicon is so small that

stabilization against any change of temperature on this account is

virtually unnecessary unless the circuit is operating at unusually

low values of collector current or at very high temperatures.

Another factor which affects the quiescent operating point in

transistor circuits is the variation in ole from one transistor to another.

This spread in values is generally greater than the production spread

of valve parameters. It could give rise to large variations in the. gain of

transistor amplifiers.
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Moreover, &e, like Icbo, has a positive temperature coefficient,

and Vbb has a negative temperature coefficient. Generally, however,

if S is small, the circuit will also be stabilized against changes in

5le and Vbe-

Stabilization circuits are applications of the negative feedback

principles discussed in Chapter 22.

20.19 Reverse Breakdown—the Zener Diode

The forward and reverse bias characteristics of a p-n junction were

described in Section 20.10, where it was seen that when reverse bias

is applied the current is almost constant at the very small reverse-bias

Breakdown

|
Jo

,

„ ^
Ir

4

/

Fig. 20.21 REVERSE CHARACTERISTIC OF A p-n JUNCTION

saturation value. If the reverse bias voltage is increased, a point will

be reached at which a large reverse current flows, and breakdown
of the junction is said to have occurred.

The voltage across the junction then remains almost constant
as shown in Fig. 20.21. Breakdown is due to two causes: Zener

effect and avalanche effect, both of which arise in the depletion layer.

Avalanche Effect. The reverse bias voltage creates an electric

field across the depletion layer. Carriers in the depletion layer are

accelerated by the field, and if the electric stress is large enough,
they may gain sufficient kinetic energy to produce electron-hole

pairs by collision with some of the atoms in the crystal lattice.

The electrons released by this ionization may then themselves be
accelerated sufficiently to cause further electron-hole generating
collisions, so that the process becomes cumulative. This is the
avalanche effect. The holes produced by collision are less mobile
than the electrons and are unlikely to add to the cumulative process.

Avalanche effect gives rise to a very large increase in current, with
little change in the reverse bias voltage. Hot spots may form at any
imperfection at the junction, causing destructive breakdown.
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Zener Effect. This effect occurs when the electric field in the deple-

tion layer is large enough to produce electron-hole pairs by pulling

electrons forcibly away from their parent atoms, i.e. by breaking

the covalent bonds. This high field effect causes an increase in free

charge carriers and hence a large increase in current for small

increases in voltage, as in the avalanche effect.

Both effects depend on a high electric field, i.e. a large voltage

gradient across the depletion layer. This in turn depends on (a) the

applied voltage, and (b) the width of the depletion layer. Since the

depletion layer is wider in a lightly doped material it follows that the

breakdown voltage depends on the degree of doping of the lightly

doped side of the junction, being higher for a more lightly doped

material.
,

In Zener diodes the junction is specially made to be as uniform and

free from imperfections as possible, so that breakdown will occur

uniformly and will not be destructive. The voltage at which break-

down occurs can be chosen by a suitable choice of doping, and this

gives a wide range of diodes suitable as voltage stabilizers. With a

high level of doping the depletion layer will be narrow so that a

small voltage will establish a high enough field in the depletion layer

to cause breakdown. In a lightly doped junction, the depletion layer

will be wide and the applied voltage will require to be large in order

to give the electric field necessary for breakdown.

For breakdown voltages below about 6V the main effect is Zener

breakdown. Above this voltage the main effect is avalanche break-

down. The effects may be distinguished since the temperature

coefficient of avalanche breakdown is positive because a higher

temperature reduces the mean free path of the electrons and so

requires a higher voltage for breakdown; whereas the temperature

coefficient of Zener breakdown is negative, because increased thermal

vibrations help the electric field to break the covalent bonds in the

semiconductor. Diodes which break down at about 6V show almost

zero temperature coefficient—both avalanche and Zener effects

are present, and their temperature coefficients almost cancel, being

slightly negative for low currents and increasing through zero to

become slightly positive at high currents due to the increased

avalanche effect. Another distinguishing feature is that, since

avalanching is a multiplicative process, the onset of breakdown is

much more sudden than in the case of Zener breakdown.

20.20. Depletion Layer Capacitance

In Section 20.10 it was seen that when ap-n junction is formed in a

semiconductor, holes from p diffuse across to n while electrons from
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n diffuse across to p. These diffusing minority carriers combine
with the majority carriers on the other side of the junction to set up a

bound charge distribution. The result of this recombination is that

a layer exists on both sides of the junction which is depleted of
mobile carriers. On the p-side of the metallurgical junction this

depletion layer will have a net negative charge. On the «-side it will

have an equal positive charge. Hence opposite charges exist across

the junction separated by a depletion layer with few free carriers.

This constitutes a capacitance called the depletion layer capacitance.

The extent of the junction depletion layers is dependent on the

doping levels on either side. Thus for a p
+n junction holes must

diffuse further into the lightly doped n-type region before they

{

Impurity concentration
(nd-na ) ,

*ND

T*x

<• Metallurgical

junction

, i Bound charges, q

Equal
areas

w
p. ////////////A

I

K x

* * Electric field, E

k Junction
potential, V

(a) (b)

Fig. 20.22 JUNCTION CONDITIONS AT A p-n BOUNDARY
(a) Zero external bias. (fe) Applied reverse bias
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recombine to form bound charges than do the electrons that diffuse
across to the /?+-side. In other words, the depletion layer is wider
on the more lightly doped side of a p-n junction. Indeed if the
difference in doping levels is large enough it can usually be assumed
that the depletion layer exists entirely on the lightly doped side of
the junction.

Idealized junction relations are shown in Fig. 20.22(a) for zero
bias conditions. The top diagram shows the impurity doping density
at an abrupt junction, (ND donors per cubic metre in n, and A^
acceptors per cubic metre in p). For a p+n junction A^ > ND .

The next diagram shows the bound charge density. The relative

O' v

Fig. 20.23 VARIATION OF DEPLETION-LAYER CAPACITANCE WITH VOLTAGE

lengths of the depletion layers, Wv and Wn , may be estimated from
the fact that the bound charges must be equal, i.e. WVNA = WnND ,

and the shaded areas are thus equal. The charge distribution sets up
an electric field across the junction, as shown in the third diagram.
The electric field E, has a maximum value at the metallurgical
boundary (it can be shown that E is proportional to

J" (bound
charge density) dx). The junction potential, V, is found (since
v = ~lEdx) by taking the negative of the integral of the curve of
E, as shown in the fourth diagram. The total depletion layer width
is Wv + Wn , which in a heavily doped p+n junction becomes Wn .

If a reverse bias is applied externally the corresponding conditions
are shown at (b). The top diagram here shows the bound charge
distribution. The reverse bias increases the junction potential, and
this in turn increases the electric field and also the total bound
charge. Since the height of the bound charge distribution is depen-
dent on the impurity concentration, this will be constant. Hence the
width of the depletion layer will increase and the depletion layer
capacitance will decrease (the usual capacitor effect—if the dielectric
is wider the capacitance is less).

It may be shown that the depletion layer width varies with the
square root of the reverse bias voltage, and that the associated
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capacitance varies inversely as y/V. Typical curves of capacitance

variation are shown in Fig 20.23. This indicates the possibility of a

voltage-sensitive capacitive element which finds applications in

frequency-modulation circuits and parametric amplifiers.

PROBLEMS

20 1 A region of the anode characteristics of the Mullard EC52 triode is

given in the following table. Estimate the values of r«, gm and p for the given

region.

Vgk -*v(£T'
.
Ka(V)

1a (mA)
Va(V)Vgk = -3V

{

Ans. 9,500a 6-OmA/V, 57-5.

5

150

4
200

4

260

10

205

10

260

9

310

15

245

15

305

14

360

20.2 One stage of a low-frequency amplifier employs a tetrode haying static

characteristics as given in the accompanying table. The anode load of the valve

is a resistance of 17k£2. Determine the maximum amplification of the stage.

Va volts 50 100 150 200

Kok volts Ia milliamperes

-2-25
-4-5
-6-75

11-6 12-4

70
2-9

130
7-5

3-2

7-75

3-4

Ans. 33-5.

20 3 The accompanying table gives anode-current/anode-voltage characteristics

for a beam tetrode for two different values of screen voltage. Determine:

(a) the constants of the equivalent generator for the valve operated normally

as a tetrode, and calculate the voltage amplification obtained with a

5,000ii pure-resistance anode load; and

(b) the corresponding data for the valve operated as a triode with anode and

screen directly connected. The current drawn by the screen under tetrode

operation may be neglected.
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Assume the static operating point to be at VA = 200V and Vgk

Screen Voltage750\

-5V.

Vok = 0V
Va Ia

100 104mA
200 110

300 112

Vgk = 0V

Vgk = -5V
VA IA
100 76mA
200 82

300 85

Screen Voltage 300V
Vgk = -5V

Vgk = -10V
VA
100

200

300

Ia

55mA
59

61

VA
100

200

300

Ia

125mA
135

141

Va
100

200

300

Ia

100mA
108

114

Vgk = -10V
Va
100

200

300

Ia

76mA
84

88

(L.U. part question)

Ans. (a) 5-lmA/V, 33kQ, 22; (b) 5-lmA/V, 1,6000, 6-2.

20.4 Explain the action of the three-electrode valve when used as an amplifier.

In a particular case, with a load resistance of 8,OO0H the voltage amplification

was 5-5 and with 12,000ii it was 6-5. What amplification at a frequency of 800Hz
would be expected, using a choke coil of 10H inductance? (L.U.)

Ans. 10.

20.5 A single-stage triode voltage amplifier has a gain of 20. The gain is

reduced to 15 by halving the load resistance. Find the amplification factor of the

triode. If the operating voltages are 300V and —3V, calculate the change in

static current caused by doubling the bias assuming that the 3/2 power law is

adhered to. (H.N.C.)

Ans. 30; 56-7 per cent reduction.

20.6 The static collector characteristics of an n-p-n transistor are linear over
the range indicated.

/b = / Vcb (volts)

I Ic (mA)

/B = 20MJ
Fc* (volts)

.
Ic (mA)

/B =40M(^ (VOl,S)

1

004
10

008

1

0-93

10

0-98

1

1-9

10

1-96/c(mA)

The transistor is used as a common-emitter amplifier from a 10V d.c. supply.

The load in the collector circuit is 5kii, and the quiescent base current is 20/iA..

Determine the current gain (ratio of change in Ic to change in Ib) when the signal

gives a base current variation of ±20fiA. What are the maximum and minimum
values of collector voltage?

Ans. 46; 9-6V; 0-5V.

20.7 In the CE amplifier circuit shown in Fig. 20.20(a) a p-n-p germanium

transistor is used, the supply voltage is — 6V, and R\ = 25kii, Ri = 5kfi,

Rz = 0-8 kii, Rl = 2-5kii, and Icbo = 1/*A. Determine the quiescent collector-

earth voltage if aa = 0-98 and the base-emitter voltage is 0-3 V. What is the

value of the stability factor S?

Ans. -3-75V; 5-7.
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20.8 A silicon n-p-n transistor is used in the circuit of Fig. 20.19.

If «B = 0-99, Icbo = 01M, Rl = 3kfl, Sr = 330kn and R3 = 0-5kQ

determine the quiescent collector voltage if the supply voltage is 10V and

VBE = 0-7 V. Evaluate the stability factor S.

Arts. 6V; 49.

20.9 In the circuit of Fig. 20.24 show that

die Ri + R* „„,, J*2-.
5*

dVccIcbo Ui(1 - <*b) + ^2
and :

jRi + (1 + *e)Rz

Neglect the base-emitter voltage drop. Would you expect this circuit to be more

stable than that of Fig. 20.18 ? Explain your answer.

Fig. 20.24

20.10 An n-p-n silicon transistor at room temperature has its emitter dis-

connected A voltage of 5 V is applied between collector and base, with the

cXtorPosWve A
g
current of 0-2 A flows. When the base is disconnected and

melame voUage is applied between collectors! emitter the current is found to

he 20 «A Explain this effect and calculate the d.c. short-circuit current gain of

fhe tra^istoS Ae base and emitter currents when the collector current ,s

1mA.
Ans. 0-99; WfiA; 11,010 M-

20 11 In the transistor of Problem 20.10 the leakage current may be assumed to

double for every 8°C rise in temperature above ambient. Determine the base

and emitter currents when the collector current is 1 mA at a temperature 40 C

a"mbienrAssume that the d.c. short-circuit current gain remarns constant.

Ans. 3-6 M; 1,004 M-

20 12 Find the values of Ri and Rl for the simple base-resistor bias circuit of

Fig 20.18 assuming that a p-n-p germanium transistor is used and that Vcc -

-15 V Vbe = -0-3 V, Icbo = 5M and aE = 50. The quiescent values of

Ic LdVcE are to be 2.5 mA and -5 V respectively. Determine the values of

the stability factors S and iV.

,te. 330kQ; 4kfl; 51; 0-15 mA/V.

20 13 In the circuit of Fig. 20.18 an additional resistor Re is connected between

the emite and earth. Determine the values of J? lf Re and RL assuming hat

the trSor used is the same as in Problem 20.12 and that the qu.escent values
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l:
of /c

:
V
fB *?? Ve (the voltage across Re) are 2-5 mA, -3 V and -3 V re-

l\
spectively. Also find the values of the stability factors ,£ and M

J
An^- 260 kfl; 1-2 kQ; 3-6 kO; 41-5; 0-155 mA/V.

h-
2
?
14
v ^i?*011 n-P~n transistor is used with the collector-base resistance bias

f
rc^ °f F'S- 20.19. Design the circuit (i.e. find suitable values ofRu RL and R3)for the following conditions: Vcc = 20 V; a£ = 100; ICB0 = 0-2 «A- VBE =

,-, °/7,
V; *e quiescent values of Ic, VCE and the voltage across Rs are 1-5 mA

8 V and 2 V respectively. Find the values of the stability factors S and N
Arts. 480 kO; 6-66 kii; 1-33 kQ; 38; 78M/V
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Chapter 21

SMALL- SIGNAL
AMPLIFIERS

Small-signal amplifiers are assumed to operate over the linear range

of the active device (valve or transistor) which they employ. They

may be either voltage or current amplifiers, and will normally feed

a further amplifier stage. The d.c. bias circuits are designed so that

the active device operates over the linear parts of its characteristics.

The quiescent voltages are found by considering the maximum peak-

to-peak currents or voltages required for the signal (the quiescent

current may have to be appreciably larger than the peak current

swing to ensure linear operation). Under linear operating conditions

the a.c. operation of the amplifier may be deduced by representing

the active device by an equivalent circuit consisting of linear genera-

tors and circuit elements. In this chapter bipolar-transistor small-

signal circuits will be considered. Field-effect transistor amplifiers

will be dealt with in Chapter 26.

21.1 Transistor Equivalent Circuits

Unlike valves, which are voltage-controlled devices with almost

infinite input impedance (the grid normally takes no current),

bipolar junction transistors are generally current-controlled devices.

The input impedance is not normally very high, and must be taken

into account when circuit calculations are made.

Several transistor equivalent circuits can be drawn, and manu-

facturers quote many different parameters. Only two of these will

651
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be considered, namely (a) the equivalent-T circuit, and (b) the h-

parameter equivalent circuit. It is assumed that the quiescent point

has been chosen in the middle of the linear portion of the transistor

characteristics, and that suitable d.c. bias circuits have been selected.

In a.c. (signal) equivalent circuits only those external components
that are effective under a.c. conditions are shown. Thus the d.c.

power supply is simply a short-circuit to alternating currents.

Similarly, at mid-frequencies, decoupling and coupling capacitors

will act as short-circuits. The effect of d.c. bias circuits on the signal

is usually small so that they too can often be neglected in a.c.

equivalent circuits.

EQUIVALENT-T CIRCUIT

The graphical symbol for ap-n-p transistor is shown in Fig. 21.1,

together with the equivalent-T circuit, which applies to either type

of transistor. The parameters of this circuit can be related to the

r-a>iEC E re
o ,C J\ o o-*—VW- -AAAA-

P-n-P i B

Fig. 21.1 TRANSISTOR EQUIVALENT-T CIRCUIT

physical operation of the transistor. Thus the resistance re represents

the relatively low resistance of the forward-biased emitter-base

junction, rb represents approximately the resistance of the base layer

(which will be appreciable since the base is very lightly doped, thin,

and fed from its edge), and rc represents the very high resistance of

the reverse-biased base-collector junction. Physically, the emitter

current is injected into the base and is transported across the base-

collector junction by diffusion or drift, so that a proportion, a,

actually crosses to the collector. This is represented by the constant-

current generator, aie , across rc, where a <=w a except at high

frequencies.

The small-signal operation of a transistor amplifier stage may be

determined by replacing the transistor by its equivalent circuit and

solving the resulting circuit by conventional means. It will be noted

that in common-base connexion, the resistance /•& is common to
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both input and output circuit loops. This means that the output

load will affect input conditions—i.e. there is internal feedback in

the transistor—and this causes considerable complications.

In practice the equivalent-T parameters are now seldom quoted

on manufacturers' data sheets since it is rather difficult to measure

the parameters re, rb and rc and the approximation made lead to

inaccuracies if the common-base T-circuit is converted for common-

emitter connexion. Typical values at a quiescent collector current

of 1mA for a small germanium audio-frequency transistor are

re = 20Q, rb = 700Q, rc = 1MQ and a = 0-98; and for a small

silicon transistor, re = 10Q, rb = 1,000Q, re = 0-5MQ and a = 0-99.

THE ft-PARAMETER EQUIVALENT CIRCUIT

In the small-signal range the transistor can be regarded as an active

two-port "black box", i.e. it has two input terminals and two output

terminals (Fig. 21.2(a)). There are four external variables, the

Vi

- Eqn.(21.1) *-

LM ('ft

-Eqn.(21.2) *-

(b)

Fig. 21.2 ^-PARAMETER EQUIVALENT CIRCUIT

input voltage and current (F« and h) and the output voltage and

current (V and /„). Since operation takes place over the linear range

of transistor characteristics, Vt , /«, V„ and /„ can be related to each

other by constant parameters. Thus Vi and /,, can be related to

It and V by four constants, called the h-parameters, giving the

following complexor equations:

Vi = hjt + hrVo

I = hflt + h„V„

(21.1)

(21.2)
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The directions of the currents and the polarities of the voltage are
conventionally chosen as shown in Fig. 21.20). There are several
alternative ways of relating the input and output voltages and currents
but these will not be discussed.

Eqns. (21.1) and (21.2) give rise to the equivalent circuit of
Fig. 21.2(Z>). Thus the input voltage to the black box is made up
of the voltage drop hdt across a resistor and the e.m.f. hr V of a
constant-voltage generator (the left-hand half of Fig. 21.2(6)).
It follows that h has the dimensions of a resistance and that hr is a
numerical constant. Also /„ is made up of the current h/It in a
constant-current source and the current V h through an admittance,
h

, which is connected across the output terminals (the right-hand
half of Fig. 21.2(6)). The parameter hf is a numerical constant.
The subscripts used for the A-parameters indicate their function

in the equivalent circuit—h( is the input impedance with short-
circuited output (i.e. when V = 0), hr is the reverse voltage transfer
constant, h is the output admittance when the input is open-circuited
(i.e. when h — 0), and hf is the forward short-circuit current-transfer
constant (i.e. hf = I /It when V = 0).

Since the transistor is a three-terminal device, it is possible to
choose any one of its terminals as the one which is common to input
and output circuits. This gives rise to the three practical connexions,
common base, common emitter and common collector. The h-
parameter equivalent circuit has the same form for each connexion,
but the values of the parameters are different for all three. It is usual
to indicate the connexion to which the parameters refer by a second
subscript, b for common base, e for common emitter and c for
common collector. Thus hfe is the forward short-circuit current
gain in the common-emitter connexion. Typical values of the small-
signal A-parameters are indicated in Table 21.1, for a quiescent
collector current of 1 mA.
The small-signal /z-parameters can be evaluated by simple circuit

tests. Suppose the output terminals are short-circuited (V = 0)
and a voltage Vt is applied to the input. Then if a small change
bVi in V( causes a small change dlt in the input current h,

, 6Vt

hi =
-bTi

(21.3)

If the corresponding change in the output current is dl , then

(21.4)

. dl.

Fo -=0

hf may be negative or positive, according to the connexion used (see

Table 21.1).



""*»? T Tl "N ""'
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Parameter OC71
Gep-n-p

BCY30
Si n-p-n

2N930
Si n-p-n

hio(0.)

hrb

hfb

hot (jiS)

35

7 x 10-4

-0-98

10

30
1-5 X lO-4

-0-98
0-5

20

6 X lO"4

-0-995
0-5

huikG)
Are

A/e

Aoe 0*S)

1-5

8 x 10-4

49

50

1-4

6 X lO" 4

49
25

40
4 x lO- 4

199

100

Aic (kO)

Arc

hfc

floe (flS)

1-5

1

-50
50

1-4

1

-50
25

40
1

-200
100

In order to determine hr and h the input is open-circuited (7* = 0)

and a voltage V is applied at the output terminals, giving rise to a

current I and a voltage across the input terminals of Vt . For a

small change dV in V„, let the corresponding changes in I„ and V%

be dl and 6Vt . Then

hr =

arid

h =

6Vi

6V„

dVo

dlo

/(=0

7i=0

(21.5)

(21.6)

21.2 Common-emitter Amplifier

In the common-emitter connexion, the input to the transistor is

between base and emitter and the output is taken between collector

and emitter. The graphical symbols for a p-n-p and an n-p-n

transistor, and the common-emitter ^-parameter equivalent circuit,

are shown in Figs. 21.3(a) and (b). It is convenient in the analysis to

assume that all signal currents are directed towards the transistor as

shown, whether the transistor is n-p-n or p-n-p. Thus the following

equation is always true

h + h + Ic = (21.7)
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Bo- -Sl

-oC

•®
len

p-n-p
B»-

-oC

®
I "

n-p-n

(a)

B°-

Vi

hie

!it
v=

(c)

/^. 2i.5 COMMON-EMnTER A-PARAMETER EQUIVALENT CIRCUIT

Comparing Figs. 21.3(a) and (b) it will be seen that

Ib = lt Ie = I Vbe = Vt Vce = V„

Under normal operating conditions, and considering alternating

currents and voltages only,* the value of hre is small, so that there

is small error in neglecting the generator hreV in the input circuit.

This assumption considerably simplifies the equivalent circuit

calculations.

From the simplified small-signal equivalent circuit of Fig. 21.3(c),

it follows that

Vt = htJt (21-8)

and
/„ = hfelt + hoeVo (21-9)

* Subscripts in small letters are used with the symbols for signal quantities, and

subscripts in capital letters, with the symbols for quiescent d.c. quantities. Thus h
•m emitter signal current and Is = emitter bias current.
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Hence

Input resistance, Rt — — = hie (21.10)

and

Output resistance, R = 7- (21.11)
hoe

The output impedance of an amplifier is the internal impedance as

seen by any load placed upon it and may be defined as the ratio of
output voltage to output current when an a.c. source is applied to

the output terminals and the input is represented by the internal

impedance of any input source.

n , . . VoIRl -Io
Current gain, A% = —=— = -r—

h h

From eqn. (21.9),

Io = hfeI( + hoe V

= hfJt — hoeRiJo (since V = —I Rl)

so that

7 _ ^M
1 + hoeRL

and

Al
—^!*-=wm. (21.12)

1 + hoeRL 1 + h„eRL

Since hfe is positive, the minus sign indicates the 180° phase reversal

between output and input.

„ ,, . Vo —IoRl
Voltage gam, Av = y = -j^-

RL -hfeRL~ Ai Rt
- R((l + hoeRL)

(21 -U)

Again the minus sign indicates the 180° phase reversal between

output and input voltage.

„ . ^ Output power I 2Rl
Power gain, G = r

r
,

= -7^5-
Input power hzRi

i.e.

G = A^^ = AiAv (21.14)
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Typical figures for the C.E. circuit are as follows:

Germanium Silicon

Input resistance

Output resistance

Current gain

Voltage gain

l-5kn
25kO
-45
-80

2-5kQ
70kf2
-80
-120

The actual values depend on the source and load resistances, as can
be seen by carrying out an exact analysis of the circuit.

It is left as an exercise for the reader to deduce from the complete
a-parameter equivalent circuit (i.e. including the feedback generator)
that

Input impedance = hie -~^- m 15)

Output admittance = hoe - -~^ (21 16)
"ie + -Kg '

where Rg = resistance of signal source, and

Currentgain^ = 5r
= rrlk <21 - I7>

From these expressions it is seen that the input resistance is hie
ifRl is small (this is the value of input resistance which the simplified
circuit gives), and falls towards hle - hrehfelhoe as RL -> oo (an
unusual operating condition). Also the output admittance rises
towards hoe as Rg rises.

EXAMPLE 21.J For the common-emitter amplifier stage shown in Fig. 21 4(a)
determine (a) the approximate d.c. conditions, (b) the small-signal mid-frequency
current and power gains. Tht transistor is a BCY30; Rx = 60kfi; R2 = lOkn-
/?3 = lkn; li4 = 5kfi; Rl = l-4kn

; Ci = C2 = 100/*F; C3 = 250aF.
Neglect the leakage current.

The coupling capacitors, Ci and C2, are required to isolate the source and the
load from the direct voltages on the transistor; and the emitter bypass capacitor
C3 , effectively connects the emitter to earth for the a.c. signal.

It is assumed that the reactances of the capacitors are negligibly small, and that
the d.c. supply is also of negligible impedance. Hence the a.c. equivalent circuit
is as shown in Fig. 21.4(b). The parallel combination of Ri and /f2 shunts
some of the input current, I(„, and so reduces the gain. Also the transistor output
current, / , is divided between the load Rl and the collector circuit resistance R4 .

On small a.c. signals the input impedance of the stage, Rin , is the parallel com-
bination of Si, Rz and ha,, i.e.

Rin = Ri\\Ri\\hie = 103/(l/60 + 1/10 + 1/1-4 = 1.200Q
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>vcc
+

12V

c
1 In

fin

Vb
n—>—i—rr

c2

Ra| T C3

(a)
777777"

(b)

Fig. 21.4

I in
hie lo II

h I

r4 1

EfCv
>Ri i>R 2 QjhfJi 2

> 1 ^

>hoe
*>R4 rl|

__ 4 __—4 — 1 1 o

(«) The d.c. operating conditions may be obtained by assuming that the base

bias current, Ib, is very much smaller than the direct current through R2, so that

the direct voltage on the base, Vb, is given approximately

VB =
VccRu 12 X 10,000 = 1-7V

Ri + Rz 70,000

Since a silicon transistor is used it may be assumed that the base-emitter

voltage is 0-7 V, so that the emitter bias voltage is

VE = Vb -0-7 = IV

The emitter quiescent current is therefore

Vtr
Ie =y = L^

This is also approximately the collector quiescent current, Ic, so that the quiescent

voltage on the collector is

Vc = Vcc - IcRt <* 12 - 5 X 10-3 X 1000 = 7V

Note that the quiescent base current is Ib «* Ic/hps, where Hfe is normally

approximately the same as hte (50 in this case). Hence Ib «< 1/50 = 0-02mA.

The quiescent current through R2 is Irz = Vb/Ri = 1-7/104 = 017mA. This

demonstrates that the quiescent base current is indeed small compared to the

current through Rz, as was originally assumed.



660 Small-signal Amplifiers

(b) From eqn. (21.12) the mid-frequency current gain of the transistor is

given by

_/„ flfell80°

U 1 + hoeR'

where R' is the resistance of Rt and Rl in parallel (i.e. 1-1 k£2).

The actual stage current gain is At = h/Iin and is less than the transistor gain

since (i) the input current is partially shunted by Ri and Ri, and (ii) the output
current is divided between R4 and RL . Thus

= 8-6knIi
1 Rp u n R1R2— 'in -^—!—r~ where Rv —RV + hie Rl + #2

and

II
-T0R4

R4 + Rl

Hence the current gain of the stage is

At
II 'I0R4 Rp

Tin (Ri + Rl) h{RP + hie)

—hfeR^Rp

(1 + hoeR')(Ri + Rl)(RV + hie)

Inserting numerical values,

-50 x 5 x 103 x 8-6 x 103

{1 + (25 x- 10-° x 11 x 103
)}(5 + 1-4) x 103(8-6 + 1-4) X 103

= -33 = 33/180°

The mid-frequency power gain is

G = Aiz -^ = 33 2 x ^ = 1,250
Rin 1

-2 ss-s

21.3 Common-base Amplifier

The common-base amplifier was frequently used in the early days

of transistors owing to its good high-frequency response. It has

a very low input impedance and high output impedance combined

with a current gain of less than unity, so that matching transformers

are required for cascaded stages. The fractional current gain is the

main disadvantage of this connexion. The modern improvement in

the high-frequency performance of transistors has meant that the

common-base circuit has been largely replaced by the common-
emitter circuit, which can be cascaded simply. However, thecommon-
base circuit can be used as a low-to-high impedance-matching stage.

This has basically the same buffer action for a current amplifier as
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the emitter follower (see Chapter 22) has for a voltage amplifier.

A typical stage is shown in Fig. 21.5(a).

The a.c. small-signal equivalent circuit is shown in Fig. 21.5(£>),

where again the feedback generator has been omitted. The expres-

sions for input and output resistance, current and voltage gain have

-o vrr-

Fig. 21.5 COMMON-BASE AMPLIFIER STAGE

therefore the same form as those derived for the common-emitter
stage, but the common base (C.B.) A-parameters replace the common-
emitter (C.E.) ft-parameters. Thus

Vl = Veb = fable

h — le = hfbh + hobVcb

(21.18)

(21.19)
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and

Input resistance = htb (21.20)

Output resistance = \jh b (21.21)

-Io
Internal current gain = -—

- =
li

—h/b

1 + hobRL
(21.22)

Voltage gam -
j +^^ (21.23)

The fact that the current gain is positive is accounted for by

describing hfb as a negative constant. There is, of course, no phase

reversal through the amplifier—as is apparent since the input current

(the emitter current) flows across to the collector to become the

output current. Expressions similar to eqns. (21.15)—(21.17) are

obtained if the full /z-parameter circuit is used. As with the common-
emitter circuit, and because of the production spreads of transistor

parameters and the small value of hTb it is normally sufficiently

accurate to use the simplified circuit.

Frequently only common-emitter parameters are quoted by manu-
facturers, so that it is often more convenient simply to rearrange the

common-emitter equivalent circuit for common-base operation as

shown in Fig. 21.5(c). Then, from eqn. (21.9),

Ie = hfJb + hoeVce

= —hfe(Ic + Ie) + hoeVce

since h + Ic + Ie = 0. Hence

— hfele hoeVce
l
° ~ \~Thf~e

+ l+hU
-hfele

+
hpeVcb

(21 24)~ 1+ hfe
^

1 + hfe

since Ve\>= Vce + Veb', and if the voltage gain is high, Fc!)> Veb,

so that Veb «=* Fee-

Comparing eqns. (21.24) and (21.19), it will be seen that

*»-rrfc
(21 '25)

1 + hfe
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It is sometimes convenient to remember that h b <^ \jrc and

hfb f*4 —a in the common-base equivalent-T circuit.

Also

Veb = —high — hiJe + hielc

= hieIe - Y~^h +^~
e
Vo (from eqn. (21.24))

hiJe ,
hietloe ..

+ 1 , . "cb
l + hfe l + hfe

Then, since fuJioeVcb <^ #ie/e,

Veb^r—T-h (21.26)

Comparing eqns. (21.26) and (21.18),

*»- rrfe
(2L27)

It will thus be seen that the input resistance, output admittance

and current gain of the CB. amplifier are less by a factor of (1 + hfe)

than the corresponding quantities for the C.E. amplifier. Owing to

the low input and high output resistances, however, there is both

voltage and power gain in a common-base stage. It is also- evident

that, since hfb = —hfe[(l + hfe), the value of hfb will always be slightly

less than unity. Note that h/e corresponds to a term which is

frequently found in manufacturers specifications under the symbols

a' or /S, and that hfb corresponds to a.

21.4 Low-frequency Response of C.E. Amplifier

EFFECT OF COUPLING CAPACITORS

Consider the common-emitter stage shown in Fig. 21.6(a), which is

fed from an a.c. source, /, of internal impedance RB . If the reactance

of Cz is small enough, the impedance, Rfn, seen looking into the

transistor from the coupling capacitor Ci, consists of Ri, R2 and hie

in parallel (i.e. the impedance to the signal current), so that the

equivalent a.c. input circuit is as shown in Fig. 21.6(6). At mid-

frequencies, the reactance of Ci is negligibly small, and the current,

/<„, is given by

j _ IR9

Ra + Rin
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*vcc+

•—Ih

c2

HI-®

(a)

R3> Sr C3

77777"

(b)

Gain

Frequency

Fig. 21.6 COMMON-EMITTER AMPLIFIER STAGE

The low-frequency response is determined by the coupling and emitter bypass
capacitors. C1-C3

As the frequency falls, however, the reactance of C\ must be taken
into account, and the current /«„' is then

lin —
IR,

R„ + Rm + y

1

ja>Ci

As the frequency falls the term l//coCi becomes comparable in size

with (Re + Rin) so that the current /'«» becomes smaller than /«».

The effective current gain h\I will therefore fall. At mid-frequencies

/<>// has the value

-h'fe R„. lo lo Mn
{0 ~l~lTn X T =

1+ hoeRL Rg + Rin
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at low frequencies this ratio becomes

Io Io lin —hfe Rg
M = — =

/ lin ' Io 1 + hoeRL Rg + Rin + \\J0iCl

The difference between the expressions for Au and Ai is the

inclusion of the term IjjcoCx in the denominator. This term causes

a reduction in the size of I jl and also an increase in its phase angle.

A convenient way of describing this effect is to determine the fre-

quency for which

Rg + R%% = 7777

At this frequency (called the lower cut-off frequency, f£) Rg + Rm +
l/y'wCi may be written as

Rg + Rin + *> r ri
= (^ + ^to) + 7^ + ^in)

jIttJiLi J

= (Rg + Rin)(l-jl)

= V2 (Rg + Rin) /-45
°

i.e. the current gain will be 1/V2 of its mid-frequency value and the

phase angle of the current gain will be increased by 45°. The fre-

quency at which this occurs is given by

1

Rg + Rin

i.e.

fL ^2-nCl(Rg + Rin)
(2L28)

The current gain at any frequency, /, can now be written as

. _ —hfe Rg
Ai ~ 1 + hoeRL Rg + Rin + flftl-affl£\

_ —hfe _^£~
1 + hoeRL Rg + Rin + (Rg + Rt*)fljjf

Hence

When f= fu Ai = A{0/(1 -;'l) = ^Wv2/-45° as derived pre-

viously. Note that for this condition

20 logio (AilAio) = -20 logioV2 = -10 logio2

= -3dB
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ThTl?
fTU

^u y{
L iS °ften Called the lower 3 dB cut-off frequencyThe bandwidth of an amplifier is arbitrarily taken to extend betweenthose frequencies for which the gain falls by 3 dB from the mid-

Son 21.5) ^^ 3 dB ***** **»»*** is deaIt with in

Similar conditions apply to the voltage gain of the stage.
Very often it is sufficiently accurate when calculating the value ofd required for a given low-frequency response to assume that *!

foe™ m oTh

eD°Ugh t0 bC
,

De
f
1CCted COmPared with hi° so that R^

Si 2£ S^P °°meS Simply *" Xt is further obvious from eqn
(21.28) that for a given coupling capacitor, Ci, the higher the valueof R, the lower will be the cut-off frequency/,,. Hence a voltage
signal source (which will normally be of low impedance) gives apoorer low-frequency performance than a current signal source
(which will be of high impedance-e.g. a preceding common-base
or common-emitter amplifier stage).

It is evident that the second coupling capacitor, C2 , will produce
a similar effect, which can be calculated in the same way The
approximate shape of the gain/frequency characteristic for low
frequencies is shown in Fig. 21.6(c).

EFFECT OF EMITTER BYPASS CAPACITOR

The emitter bypass capacitor, C3, is required in order to connect the
emitter to earth with respect to the signal. If it were removed therewould be a signal feedback effect and a consequent fall in gain, which

Fig. 21.7 A.C. EQUIVALENT CIRCUIT OF FlG 21.6, INCLUDING
EMITTER-CIRCUIT RESISTANCE

will be discussed further in the next chapter. At low frequencies the
reactance of C3 increases, and hence the emitter may no longer be
considered as an earth point for the signal. This reduces the gain
of the stage by an amount which may be determined as follows
The equivalent a.c. circuit for the stage shown in Fig. 21.6 is

shown in Fig. 21.7, including a finite emitter impedance, Ze,'and
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neglecting the effect of the coupling capacitors Ci and C2 . The signal

source is represented by the equivalent constant-voltage generator

of e.m.f. E and internal impedance Rg . For simplicity the bias

resistors, Ri and #2, are assumed high enough in value to carry

negligible signal current, and additional loading on the stage is

assumed incorporated in R4. The mesh equations can then be

written (using small letters for mesh currents) as

Mesh 1 E = (Rg + he + Ze)h — ZeiL

** (Rg + he)h - ZelL (21 -30)

/ 1 \ . hfe .

Mesh 2 = -Zeit> + I^ + Ze + R*J il + J^/b

^!^ Ib+ (±. + R4)iL (21.31)

hoe \hoe I

and iL> h\ k = h; hence Zeib < ZeiL . Also Ze •< 1/Aoe.

From eqns. (21 .30) and (21 .3 1),

-(Rg + hie) \j£ + RiJ i.

hfe/hoe

(Rg + hie)(l + hoeRi) + Zehfe

\"oe 1 17 .

hfejhoe

hfe

so that

Vo_iLRi -Ruhfe

E ~ E ~ (Rg + fae)(\ + hoeRi) + Zehfe

As Ze
-> this ratio gives the mid-frequency value of gain:

(21.32)

Vo

E

— Rihfe

mid-/ (Rg + hie)(l + hoeRi)

If it is now assumed that Ze is the reactance of C3 alone (i.e.

Ze
= WcoCs), the ratio of V„/E, or the voltage gain, will be 3dB

down oh its mid-frequency value when the reactive component of the

denominator in eqn. (21.32) is equal to the resistive component, i.e.

when

hi. = (Rg + hu)(\ + hoeRi)
(0C3

or

J (R9 + hie)(\ + hoeRi)

C0C3 hfe
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Hence the frequency for a 3 dB fall due to Cz alone is

hfe
fL ** 2*{RB + h(e)(l + hoeRi)C3

(2133)

This again shows that the higher the source impedance, Rg, the lower
will be the 3dB cut-off frequency. Also note that, since hoeRi is

generally less than 1, the value of Cz is generally hfe times the value

of the coupling capacitor for the same low-frequency cut-off.

In the actual circuit both the coupling-capacitor and emitter-

capacitor effects will occur together. Generally the leakage through

Cz is less critical than that through C\ or C2, so that it may economic-
ally be chosen to have a high enough capacitance to make the emitter

effect occur at a much lower frequency than the cut-off frequency

due to Ci or Ci.

The emitter circuit resistance, R3, can affect the result, but if

IjmCz < 0-lRz at the low-frequency cut-off the effect is small.

EXAMPLE 21.2 The transistor used in the circuit of Fig. 21.6(a has
hoe = 40 fiS; hie = 15kQ; hfe = 100; Ri and R2 are large enough to be
neglected compared with hie at signal frequencies; R3 = lkfl; and R4 = 5kft.

Find suitable values for Ci and Cz to give a low-frequency cut-off at 15Hz
for a source resistance of 5kQ. If the source resistance is reduced to 500 Q. what
will be the low-frequency cut-off?

(a) From eqn. (21.28), the coupling capacitance is

Ci = where Rin is taken as equal to hte
2lTjL(Rg + Rin)

106=
2, x 15(5 + 1-5) x 103 =

1-63
'

°r ^M,
If the emitter decoupling capacitor is to have only a small effect at this frequency

then, from eqn. (21.32),

c ^ hu ^ 100
5s>150 F3 "^

o>(R9 + hie){l + heRi) 2tt x 15 X 6-5 x 103 x 1-2
*"

A suitable value for C3 would be 500,uF.

(b) For a source resistance of 500fl, eqn. (21.28) gives

f * 106 AWjl = = = 40Hz
2nCi(Rg + Rin) 2n x 2 x 2 x 103 =_

21.5 Transistor Characteristics at High Frequencies

Whereas the low-frequency response of transistor amplifiers is

determined mainly by the associated circuit components, the high-

frequency response is largely a function of the transistor itself.

By far the most important high-frequency effect is due to the time

taken for charge carriers to cross from the emitter junction to the
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collector junction. This is called base transit time. In addition, the

junction capacitances and stray circuit-wiring capacitances will affect

the high-frequency performance of transistor amplifiers, but these

effects are of less importance in general.* The following treatment

represents a much simplified approach. In practical transistors,

different physical constructions give different high-frequency charac-

teristics, which are only approximated by the following derivation.

Io
-«s-

(b)

Fig. 21.8 EFFECT OF TRANSIT TIME ON THE HIGH-FREQUENCY

RESPONSE OF A TRANSISTOR

In order to understand the physical basis for the loss of gain at

high frequencies in a transistor, consider the device as a "black box"

in which there is an input current, Ie. This current divides between

the collector and the base; i.e. if Ie enters the device, Ic and h
must leave it—this corresponds to the physical operation. In the

purely mathematical convention adopted earlier, all alternating

currents are assumed to flow into the device as shown in Fig. 21.8(a).

It follows that the currents are related both instantaneously and in

complexor representation by the equation

Ie = -(lb + Ic)

At low frequencies the transit time is only a small fraction of the

period of the signal, and hence there will be negligible delay through

the transistor and the complexor diagram will be as shown in Fig.

21.8(&), the 180° phase reversal being due to the conventional

current directions chosen.

* The situation, however, is very dependent on current advances in production

technology, particularly with silicon transistors.
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Under short-circuit conditions at the output, eqn. (21.9) gives
Ic = hfeolt,

where hjeo is the low-frequency value of hfe .

In this equation, Ib is the normal recombination base current of
tne transistor.

As the frequency increases the time taken for the charge carriers
to cross the base becomes a significant fraction of the signal periodThe collector current, Ic, will therefore lag behind its low-frequency

THLTt °? SmCe f°r a Si§nal Period r = 1// second,

hence a dlZT^ * "7 PhaTangle laS of 2- radians, and

S tL K
y B C0

/
resP°nds to a la§ of ItttbIT =2^ radians.

fotI CurreiV6
'
IS

J
eqUal to -^ + 7«)> so that //must be the

complexor joining the end points of Ic and -Ie , as shown in Fig.
21.8(c). This current can be resolved into two components, Ib

'

in phase with ~Ie, and /*' leading -/e by 90°. The current &represents the normal low-frequency base-recombination current
Ic/rlfeo.

Assuming that dcj> is small,

lb" f& Icd<f> = It2.Tr/TB

and leads -Ie by 90°. Hence

h = Ib ' + Ib" ^j
ô
+ j27TfrBIc

^The complex short-circuit current gain is defined as hfe = Ic]Ib, sothat

1 +j2nhfeofTB
(2L34>

A,. = - 1 hfUL
1 1 J- 7%r/,,

Obviously ifrB is very small so that2^/eo/TB < 1, then A/e = hfeo

nw"/ ^f SS^f> WiU fal1 * 3dB ^d wiU introduce aphase lag of 45° when 27r/fc/eoTB = 1. The frequency at which this
occurs is often called the /? cut-offfrequency, ft or alternatively
hfe, and is given by ^

/W,=/,=2S^ (2L35)

It is now more usual to quote the frequency,fu at which A„ falls

£^\ S
^!

°btained by letting/in eq°- (21-34) become so large
that 2TtfhreoTB> I. Then 5

A/«o 1
A/«

InfhfeoTB Itt/tb
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This will have a magnitude of unity when

f=fl = J- (21.36)
J J 2tttb

Combining eqns. (21.35) and (21.36), the following important

relation is obtained

:

1 _

Also, for frequencies at which lirfhfeoTB> 1, eqn. (21.34) gives

u f
hie°f - U (21 -37)

This is called the gain-bandwidth product of the transistor, and is an

important design parameter.

Sometimes a frequency, fT, is quoted in relation to transistors.

This is the frequency at which the magnitude of hfe falls to unity

if the fall in gain is constant at 6dB per octave from the break

frequency fm . NormallyfT is only slightly different from/i.

From eqns. (21.34) and (21.35), a general expression for hfe can

be written as

hfe» (21.38)
hfe

1 + jfJb

Although this applies only so long as the frequency is below or not

much aboveA, it gives some approximation to the actual characteris-

tic up to the frequency fi.

21.6 High-frequency Response of C.E. Amplifier

The characteristics of a common-emitter amplifier at high frequencies

can be obtained by substituting the expression for hfe given by

eqn. (21.38) in eqns. (21.10)-(21.17). Thus the internal current

gain is

—
~

llfe

Ai ~
1 + hoeRL

hf°° (21.39)

(1 + KeRL)(•+'0-

This is 3dB down on the mid-frequency gain when f= fp (-/ft/«)
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and falls at a rate of 6dB per octave for frequencies above fp (i.e.

for each doubling in frequency the gain falls by a further 6dB).*
Also when the frequency isfa there will be an added 45° phase lag.

A similar situation exists for voltage gain. In both cases there is

an increase of phase lag up to an additional 90° as the frequency
approaches infinity.

It is obvious from Fig. 21.8(c) that at sufficiently high frequencies

there is a component of base (input) current which leads the normal
low-frequency base current by 90°—i.e. there is an added capacitive

component of input impedance. This is also demonstrated by sub-

stituting the expression for h/e of eqn. (21.38) in eqn. (21.15), which
gives the exact expression for input impedance.

21.7 High-frequency Response of C.B. Amplifier

The response of the common-base amplifier to high-frequency

signals is obtained by substituting for h/e from eqn. (21.38) in the

expression representing the operation of this type of amplifier. Thus
from eqn. (21.22) the current gain of the common-base amplifier is

At = —hfb hfe

1 + KbRL (1 + hfe){\ + hobR£)

hfeolil +JM)

hfeo

~
(1 + hfeo + jflfe)(l + h„bRL)

Thus as the frequency increases the current gain falls, owing to

the term Jf/fs, and is 3dB down on its mid-frequency value of

hfeoj(l + A/eo)(l + hobRi), when

1 rf hfeo
I

„ _, . Gain at a high frequency, /* The ratio
Gain at mid-frequencies , /

1 +Jj-

so that

Gain in decibels = 20 log10 „ , ,,,, . - -20 logio V(l + /2
//p

2
)

I U + jJIJfi) |

= - 20 logio (JIM for/> ffi

Hence for a frequency of 2/ (an octave higher than/),

Gain = -20 logio 2///JS = -20 logio 2-20 logio flfB

= (Gain at frequency / — 6) decibels
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The frequency at which this occurs is called the a cut-offfrequency

/«, given by

/a = (1 + hf„)f„

The expression for current gain can therefore be written

(21.40)

Ai = —hfbo

(
1+

'i)
a

where hfbo —
hfe,

+ hobRL)
1 + A/«

At the frequency^ there will be a phase lag of 45°.

The response characteristics of a transistor in common-emitter

and common-base connexions are shown in Fig. 21.9, where gain

f«ft logf

Fig. 21.9 FREQUENCY RESPONSE CHARACTERISTICS OF TRANSISTORS

IN CE. AND C.8. CONNEXIONS

in decibels is plotted against the logarithm of frequency. The band-
width of the amplifier is the frequency range between the lower and
upper cut-off frequencies. For a good high-frequency transistor the

base transit timemay be as short as 0- 125 ns (i.e. 0-125 x 10~9second),

giving

fl =
2-rr x 0-125 x 10-9 ~ l GHz
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Table 21.2 summarizes the characteristics of common-base and
common-emitter amplifiers at mid-frequencies. The numerical
values given are to be considered as giving orders of magnitude, and
depend on the values of load and generator resistances. Thus the
input resistance m common-base connexion rises significantly as the
load resistance, RL, increases (above about lOkQ) while that in

TABLE 21.2

Connexion
Input

resistance

Output
resistance

Short-

circuit

current

gain

Voltage

gain

Mid-
frequency

phase
characteristic

Common
emitter

medium
l-5kO(Ge)
2-5 kfl (Si)

medium
25ka (Ge)
70kQ (Si)

high
(20-
over 200)

high 180°

Common
base

low
25Q (Ge)
40H (Si)

high

1 MO (Ge)
1 Mfl (Si)

low
<1

high 0°

common-emitter connexion falls slightly as RL increases. Similarly
the output resistance in common-base connexion falls appreciably
as the source resistance, Rg, falls (below about lkQ) while that in
common-emitter connexion rises slightly as Rg falls.

Ifthe collector resistance RL< l/h e, then C.E. and C.B. amplifiers
have approximately the same voltage gain. If RL is very high the
C.B. connexion will give the higher voltage gain.

21.8 Tuned Transistor Amplifiers

A simple tuned amplifier with transformer input is shown in Fig
21 .10(a), with the simplified equivalent a.c. circuit at (b). At resonance
(angular frequency, co = 1/V(LC)) the impedance of the tuned
circuit is Ro = L/Cr and at an angular frequency m near resonance
it is

Z = *o

i +)2Q^ (21.41)

' (co — a>o)/wo is the per-unit
where Q = wL/r = RojcoL and A
frequency deviation.

Capacitors C2 and C3 provide a low-impedance path between
input and emitter for signal currents. Their capacitances may be
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€>

Rg< ±C2

777777

(a)

3^h
!t
hfeIb ifc i R

° T
c

(b)
77777~

f|_ f fH Frequency

(c)

Fl£. 21.10 TUNED TRANSISTOR AMPLIFIER
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relatively small, since they are only required to bypass signal-

frequency currents, and not low-frequency currents. Hence the

input current is given by

h = £ (21.42)

and the output current is

/<- = hfJb + Vohoe

Hence the output voltage, V , is

(hfjb + Vohoe)Iio

or, from eqns. (21.41) and (21.42),

VoRdloe —hfeViRo
V +

1 +J2QA hie{\ +J2QA)

The voltage gain is thus

a -Yl
-hfRo

(2143^
* ~ Vi

~
(1 + hoeRo +j2QA)h(e

K
' '

The relationship between gain and frequency around resonance is

shown in Fig. 21.10(c). At resonance, A = 0, and the gain has a

maximum value of

Avm =
(1 + £eRo)hu

(21l44)

It follows that the gain falls 3dB below its resonance value when
(from eqn. (21.43))

2QA = 1 + hoeRo

i.e. when

A _£_I+Wb 1
(21 .45)

Jo 2Q J-U

where df is the half bandwidth at the 3dB points, and Q' is the

effective g-factor of the circuit when it is loaded by the output

resistance (\jh e) of the transistor; i.e.
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where Rm is R in parallel with \\hoe :

Rojllhoe) _ Ro
Req ~ Ro + llhoe 1 + hoeRo

Hence
Ro Q__

® ~
(1 + h eRo)uL 1 + hoeRo

The voltage gain (eqn. (21.43)) can thus be expressed in terms of

Rm and Q' as

_ -hfeReq (21.46)
Av -(\+j2Q'Mie)

If the lower and upper frequencies at which the gain falls 3dB

below the resonance value are/i and/ij, then

, ,- u. _ f A (21.47)

and

, ,.,, f ,l (21.48)

while the overall bandwidth in hertz is

W--A-# (2L49)

Note that the bandwidth between half-power frequencies of the

unloaded tuned circuit is given by 5= /o/ Q-

It is thus apparent that the active device lowers the effective Q-

factor and increases the bandwidth between half-power points. In a

C.E. transistor amplifier 1/ft* may be appreciably smaller than * ,

and the bandwidth may thus be undesirably wide (the whole object

of a tuned amplifier usually being to give selective amplification over

a narrow bandwidth around the resonant frequency). In order to

overcome this the factor of the circuit must be increased. This may

be done by increasing the C\L ratio while keeping the product LC

constant (for a given resonant frequency).* However this can lead to

unrealistically large values for C (if it is a tuning capacitor).

a>L a)L
* Q=°~~

LjCRa

since Ro = L/Cr, where r is the series resistance of L; i.e.

Q = mCRo = RoJl

since at resonance a> = \IV(LC).

u ,. tv,r c fcmh n CIL must be large. Note also that ifL is reduced, then r will also

faluTnS: ^incfSS« the sauare of the number of turns, and r. to

the number of turns, Q will increase.
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An alternative approach is to connect the transistor across a
tapping of the tuning inductor as shown in Fig. 21.1 1(a). This gives
the simplified equivalent circuit shown at (b), which may be further
reduced to the circuit shown at (c), assuming that there is perfect
coupling between the primary and secondary windings. The tapping
is taken at a fraction, kt , of the total number of turns. It is left as

DE

ib
o >—

?//;//

(a)

lh f.Ife'b k
t
V

(b)

(c)

Fig. 21.11 USE OF A TAPPED COIL TO INCREASE THE EFFECTIVE
g-FACTOR OF A TUNED TRANSISTOR AMPLIFIER
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an exercise for the reader to verify that circuits (b) and (c) are in

fact equivalent.
"

The resultant g-factor is then Q' = Req'lmL where Reg' is the

resistance of R in parallel with lj{kt
2hoe). Without the tapping the

value of Reg has already been shown to be Ro in parallel with (l/Aoe),

so that the tapping has increased Reg (kt < 1). The voltage gain

becomes

—ktflfeReq
(
~. -mA

» - (1 +j2ffMu
(2L50)

Rea' = 7r-r-r*r-K-, (23 - 51 )

where

_Ro_

(1 + kt*hoeRo)

A further complication arises in transistor tuned amplifiers, since

the input resistance, Rin, of the following stage may be low, and its

input capacitance, C<„, high. This can be partially compensated

by taking the output from a secondary winding as shown in Fig. 21 . 1 1

.

Then if the ratio of primary to secondary turns is hz, the input will

reflect aparallelresistanceA«22-Rte into the tuned circuit(wherefo2> 1).

It will also reflect a parallel capacitance Cin\kt& into the tuned circuit,

so that the effects of Rtn and Cin on bandwidth and tuning are very

much reduced.

Tuned amplifiers are designed on a power gain basis. Hence

\\hBe is matched to the load by suitable transformer tapping. The

tuned circuit acts as a negligible power-loss shunt at resonance. Off

resonance it absorbs more signal power, and so reduces the gain.

21.9 Neutralization and Unilaterization

The capacitance, Cbc, which exists between the base and collectoi

of a transistor can result in a part of the output voltage of a tuned

amplifier being fed back to the input base connexion, as shown in

Fig. 21.12(a) where only the a.c. components of the circuit have

been shown. As will be seen in Chapter 22, this feedback can have

undesirable effects, and may result in the amplifier becoming an

oscillator. It can be eliminated by extending the tuning inductance,

Li, by a few turns, and connecting a neutralizing capacitor, Cn,

between this extension and the base input. Then Li, L2, Cbc and Cn
form a simple bridge circuit, in which at balance

V x I/O, V„x

Vo~n

= Wn Cn ~V^ CbC

(i.e. the neutralizing current is equal to the feedback current, so thai

the alternating voltage between B and E is zero, and no base current
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can flow). Assuming perfect coupling the ratio of voltages is the

same as the turns ratio, NijNz, so that

Cn — Tf Cbc (21.52)

A practical alternative is to use the secondary winding to provide

a connexion for the neutralizing capacitor as shown at (b).

Cbc:

Cn*

® t
M

'ol

( \M-
I Neutralizing -^fa- si
\current

|

|Von

(a) (b)

Fig. 21.12 NEUTRALIZATION OF A TUNED AMPLIFIER TO PREVENT
OSCILLATION

In some instances the internal feedback inherent in the transistor

can provide the equivalent of a resistance connected across CbC -

In this case a resistance must also be connected in parallel with Cn,

and the process is then called unilaterialization. In practice the

parallel combination of Cn with a resistor would give a d.c. path,

and it is usual to employ the equivalent series combination. This

means that unilateralization is achieved at one particular frequency

only.

Both these processes are nowadays important only at the highest

frequencies, due to the cheapness and improved quality of high-

frequency transistors, which means incidentally that they can be used

for low-frequency amplification.

21.10 Transistor Amplifiers in Cascade

The gain of a single-stage small-signal transistor amplifier is normally

between 30 and 50 dB. To increase the gain, amplifiers are connected

in cascade and a typical two-stage amplifier is shown in Fig. 21.13.

Equivalent circuits may be used to determine the overall gain of

such amplifiers. The load on the first stage is then the input resistance

of the second stage, comprising the parallel combination of the bias

resistors and the input resistance of the second transistor. The

effective input current to the second transistor is only that fraction
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Fig. 21.13 TYPICAL TWO-STAGE i?C-COUPLED TRANSISTOR
AMPLIFIER

of the output current of the first transistor which flows into the

second transistor base.

Similar considerations regarding overall bandwidth apply as in

cascaded valve amplifiers.

Sometimes the complementary properties of transistors are used

to give a cascaded circuit with direct coupling. This improves the

77Trrr

Fig. 21.14 USE OF COMPLEMENTARY SYMMETRY IN TWO-STAGE
DIRECT-COUPLED AMPLIFIER

frequency characteristics, since it eliminates the high-pass CR
coupling circuit. A typical circuit is shown in Fig. 21.14, where the

first transistor is of the n-p-n type and the second is a p-n-p. The
circuit is designed from the fact that the quiescent voltage at the
emitter of Tr2 combined with the emitter resistance, R$, gives the

operating current of Tr2. The collector potential of Tri must then

be the emitter voltage of Tr2 plus the base-emitter voltage of Trj.
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For a chosen value of quiescent current in Tn this then gives the
required value of Ri, remembering that the quiescent base current
of Tr2 flows towards Tn.

PROBLEMS

21.1 A common-emitter amplifier uses a transistor which has the followingcommon-base T-parameters: n = 700 Q; re = 17 Q; rc = 900 kft; a = 0-97The internal resistance of the signal source is 30 kfl, the collector load resistance
is 2-2 k!2 and the input resistance of the next stage is 1 kQ. Calculate, from

S/^nwf a* mld-frequ«n«t
s ") the c>™ gain, (2) the amplifier input

resistance (3) the voltage gain, (4) the power output for an input of 0-5 V r m sNeglect the effect of bias circuit resistors on a.c. operation. (Hint. Draw the
C.E. circuit, then replace the transistor by its equivalent-T circuit (common base)

S01VeJ -

(H.N.D.)
Arts. -31-5; 1250O; -17-4; 0-18 mW.

21
.-
2

,
Fr°m common-base tests on a transistor the following results were ob-

tained: (i) with Is constant, an increase of 1-0 V in collector-base voltaeecaused an increase in emitter-base voltage of 1 mV and an increase in collector
current of 2/tA; (u) with collector-base voltage constant an increase of 75 mVm emitter-base voltage produced increases in base and collector currents of
50 ixA and 5mA respectively.

Determine the parameters of an equivalent T circuit for this transistor Givetwo limitations in the use of this circuit.

Arts. re = 0-5MQ; n = 500ft; r« = 9-9Q; a = 0-99.

21.3 A small-signal single-stage C.E. amplifier employs a transistor for whichhu = 1-5 kQ, hfe = 80, hoe = 20 fiS. The collector load resistance is 4-7 kfi

S^T1,e *he ™d-fl"e
,1
uency current gain of the stage. If the input source

has an e.m.f. of 50 mV r.m.s. determme the output signal voltage if the internal
source resistance is (a) 600 Q, (6) 70 CI. Assume thlt the bale-bias circuitis
equivalent to a resistance of 5 ka at the input terminals, and neglect hrt

Arts. —56; 7-57 V; 10-8 V.

21.4 Repeat the calculations of Problem 21.3 for the 600 n source resistance,
but include the feedback factor hre = 4 x 10~*.

Arts. -49; 8-1 V.

21.5 A single-stage transistor C.E. amplifier employs a transistor for which
hfeo - 100 and /i = 0-5 GHz. Determine the frequency at which the current
gain falls 3 dB below the mid-frequency value.
What will be the fall in current gain relative to the mid-frequency value at a

frequency of (a) 10 MHz, (6) 20 MHz, (c) 40 MHz?
Arts. 5 MHz; 7-1 dB; 12-3 dB; 181 dB.

21.6 A single-stage transistor C.E. amplifier has a current gain which is 3 dBdown on its mid-frequency value of 80 when the frequency is 12 MHz. Determine
the approximate value of the base transit time and the gain-bandwidth product
of the transistor. r

Arts. 0-17 ns; 960 MHz.

21.7 The g-factor of the tuned circuit of a tuned transistor C.E. amplifier is
80, the resonant frequency is 470 kHz, and the resonant impedance (dynamic
resistance) is 100 kCl. Determine (a) the bandwidth of the simple amplifier
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(6) the coil tapping required for a bandwidth of
f

10 kHz^and (c) the tuning

capacitance required. The transistor has a value of A., of 40 a»S.

kns. 29-5 kHz; 0-42; 271 pF.

21 8 Derive an expression for the lower cut-off frequency of a transistor

RC-couDled C.E. amplifier, stating any approximations made.

A trSor for which A* = 60 and fee = 50 pS is used in the first stage

ofl™oup£ C.E. amplifier. The, input resistance,« the second stage is

1-5 kfl and the coupling capacitance is 2 jiF. The gam falls by 3 dB at 16 8 Hz

Determine (a) the collator load resistance, (6) the mid-frequency gam, c) the

SSXtS and phase shift at 10 Hz. Neglect the effect of input coupling^

the first stage.

Arts. 3-9 k£l; -41; -5-9 dB, 239°.

21.9 Derive the common-base A-parametersof a transistor from ta«n»»
emitter A-parameters assuming A„ to be^negligible and **£*»<£ + *$*

Two identical transistors are used in the cascode arrangement ^ *& 21 -15 -

The transistor parameters are hie = 1 kfl; h* = 80; hoe = 10
4 S and h„

ne^gSaScSSe current and power gains for the load resistor RL at the

Fig. 21.15

resonant frequency of the tuned collector circuit. (Hint. Find the common-base

A-parameters; then treat the circuit as having a C.E. input transistor followed

by a C.B. output transistor).

Ans. -65-7; 4,310.

21.10 Sketch and explain biasing and coupling arrangements for a two-stage

common-emitter .RC-coupled transistor amplifier.

Such an amplifier has a second stage which employs a transistor with ft/e - W,

hu = 2kQ and hoe = 15yuS. If the collector load resistance is 12kil, determine

the voltage gain of the second stage, neglecting bias and coupling components.

Ans. -305.

21 11 If the reverse voltage-feedback ratio in Problem 21.10 is A« = 2 x 10- 4
,

draw the exact equivalent circuit for the second stage and solve for the voltage

gain.

Ans. -288.
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21.12 Design a single-stage transistor amplifier using an n-p-n transistor for

which he = 2kft; h/e = 60; hoe = 25,uS. The collector circuit is to take

1mA from a 10V supply. Find the voltage gain. If the stage feeds a second,

similar stage, to what value does the voltage gain fall ? Assume a base-emitter

voltage of 0-7V, and a collector-emitter voltage equal to the voltage drop across

the collector load resistance. (Start by choosing a suitable quiescent emitter

voltage.)

Ans. Typical gains, —120; —40, with emitter resistance of lkfl.

21.13 A common-emitter amplifier stage is fed through a CR coupling from a

similar previous stage. The transistors used have hie = T5 kft/tS, h/e = 50 and

hoe = 40 fiS. The collector-circuit load resistance is 5kQ. Determine the

coupling capactance required for a low-frequency cut-off at 20Hz. Neglect bias

circuits and emitter decoupling.

Ans. Minimum value, l-84jt«F.

21.14 A common-emitter amplifier has a collector load resistance of 10kf2.

Assuming typical values of hfeo — 50, hoe = 25 /*S, determine the mid-frequency

current gain. If the amplifier is to have an upper cut-off frequency of 3 MHz,
determine a minimum value for/i and hence find the current gain at 4-5MHz.

Ans. -40; 153 MHz; 22/124° .

21.15 Two common-emitter stages with CR coupling use transistors for which

hie = 2k£l, hre = 5 x 10"", hte = 60 and hoe = 25 pS. The collector resistances

are each 5kQ, the source impedance is 2-5k£i and the load is 2kQ. Determine

the voltage gain (V E) and the current gain (i) neglecting hre, (ii) including fee,

where E is the source e.m.f.

Ans. (i) 760; 1,710, (i) 756; 1,700.

21.16 A common-base amplifier is used as a current buffer stage to feed a load

of 20kfl from a current source of 0-1 5mA which has an internal resistance

lOkfl. The transistor used has ha, = 35 CI, hob = lfi$ and hJb = —0-98. Deter-

mine the current in the 20 kCl load if it is (a) connected directly to the current

source, (b) used as the collector resistor of the common-base amplifier.

Ans. (a) 005mA, (b) 0147mA.

21.17 Show that the two-transistor circuit of Fig. 21.16 is equivalent to a single

transistor of equivalent overall gain h/e = hfei + hfez + h/ei hfez and input

Fig. 21.16

impedance he- = hui + (1 + h/ei) hu2, where the subscript 1 refers to the first

and the subscript 2 refers to the second transistor. (This is known as the Dar-

lington connexion).
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FEEDBACK AMPLIFIERS

In the simple amplifiers discussed so far, the input signal current or

voltage controls the output, without itselfbeing affected by the output.

It has been seen, however, that in the exact A-parameter equivalent

circuit of a transistor, one of the terms (which has been neglected in

the present treatment) represents an effect which the output voltage

has on the input circuit. Also the emitter circuit impedance was
shown to couple output and input circuits. This effect is called

feedback, and by the intentional use of feedback the characteristics

of amplifiers can be considerably modified.

If the feedback effect reduces the value of the overall gain, it is

called negative feedback. The advantage of negative feedback is

that it enables some of the output characteristics to be stabilized,

i.e. to become less dependent on supply voltage and active device

parameter changes. Thus negative voltage feedback (where the feed-

back signal isproportional to the output voltage) will reduce the voltage

gain, but make it less liable to vary, and will also increase the

amplifier voltage-gain bandwidth. Negative current feedback (where

the feedback signal is proportional to the output current) will reduce

the current gain, but will stabilize it and will increase the bandwidth.

In both cases the distortion and noise will be reduced in the same
ratio as the gain, so that the signal-to-noise ratio is unaltered, but it

is, in fact, possible to increase this ratio because the active device

may not be driven into a non-linear part of its characteristic when
negative feedback is applied. In general, the selected gain character-

istics become more dependent on circuit components than on active

685
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device parameters. Negative feedback will also affect amplifier input
and output impedances, as will be seen.

If the feedback effect causes an increase in the overall gain it is
called positive feedback. In this case the amplifier stability suffers
(i.e. the gain becomes more dependent on active device variations
and supply voltage changes). If there is enough feedback the
amplifier may become completely unstable and act as an oscillator
Often stray coupling (especially at high frequencies) can give un-
wanted positive feedback and result in undesired oscillation or
instability of gam.

22.1 Series Voltage Feedback

Fig. 22.1 represents an amplifier having a constant voltage amplifica-
tion Av between the input and the output terminals, i.e.

Ai) — v (22.1)

A fraction, p say, of the output voltage V is fed back and connected
in series with the input voltage (e.g. by using a simple resistance

—

f A
Amplifier
(gain, A v ) V

*
«v

,

Feedback
network

Fig. 22.1 SEMES VOLTAGE FEEDBACK IN GENERAL

voltage-divider). The effective input voltage to the amplifier V
is then the complexor sum of the input voltage to the circuit, V.'and the voltage which is fed back, /9F :

* = 'in + pro (22 2^

Note that can be a complex number if the feedback path contains
reactive elements.

Substituting for V in eqn. (22.1) gives

V = A v(Vt„ + pV )

so that

V {\ - $AV) = Av Vin



J$e"'''t rY-

Feedback Amplifiers 687

and the overall gain, A„/, with feedback is

If the magnitude of the denominator on the right-hand side of this

equation is greater than unity the amplification is reduced and the

feedback effect is negative, or degenerative. If the magnitude of the

denominator is less than unity the amplification is increased and

the feedback is positive, or regenerative.

Positive feedback apparently gives an attractive method of in-

creasing the gain of an amplifier. It is seldom used in such a role

because it leads to instability of amplification.

Note that if the feedback is taken over anyodd number ofcommon-

emitter stages and is fed back in series aiding with the input then the

overall gain at mid-frequencies, A v , will be negative and /? will be

positive. The denominator of eqn. (22.3) will then be greater than

unity, and the feedback will be negative. A similar result is obtained

by taking the feedback over an even number of stages but feeding it

in series opposition to the input. In this case A v is positive but /? is

negative, again giving overall negative feedback.

Also if Av is large so that $A V> 1 then eqn. (22.3) reduces to

EXAMPLE 22.1 A 3-stage C.E. amplifier has a mid-frequency voltage gain,

A v of — 105 . If 2 per cent negative series voltage feedback is employed, determine

the gain with feedback, Avj. Also find the maximum percentage change in A v

so that Avt will not decrease by more than 2 per cent.

From eqn. (22.3),

_ -10"
_. -i _A "f ~

i + 002 x 10s
** 002 =

Let Av be the value of A v that results in a 2 per cent change in Avf . Then

-0-98 x 50 = T-~r, °r ~49 + 0-9M.' = A,'
1 — pA v

whence

^' = -oS = - 2 '
450

so that the change in A v is

105 - 2,450

105
X 100 = 97-5 per cent
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22.2 Shunt Voltage Feedback

In shunt voltage feedback the feedback signal is applied in parallel

with the input signal, and is proportional to the output voltage.

The general circuit fed from a constant-voltage source is shown in

>
1 I

° * >
V'<

,1*2

'777?

Fig. 22.2 SHUNT VOLTAGE FEEDBACK IN GENERAL

Fig. 22.2. In this circuit, feedback is achieved by adding the im-

pedances Z\ and Z2 . Then by Millman's theorem,

V = E/Zx + VojZt _ Vo

1/Zi + 1/Z2 + l/Rln A v

where Rin is the input resistance of the amplifier without feedback.

Hence

£ Vo

Z\ z%

_Vo\_

where

7
1

Kin

1 1

Z\ Z<L

It follows that

Vo Av-^p

Hence the overall voltage gain is

Vo uA v

Avf = -£
=

1 -0A,

where a = Zp/Zi and /S = ZV\Z%.

(22.4)
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This equation has the same form as eqn. (22.3). In the above Z\

includes the source impedance. The derivation for a source of high

impedance will be delayed until Section 22.7.

The current gain without feedback is /„//', and with feedback is

Iojlin. It is shown in Section 22.7 that /*»>/', so that shunt

voltage feedback reduces the current gain.

Negative shunt voltage feedback is achieved automatically in a

single-stage C.E. transistor amplifier when Z\ and Zi are added,

owing to the inherent 180° phase shift through the amplifier. It is

also obtained if feedback is taken over any odd number of stages.

This type of amplifier is often referred to as a virtual earth amplifier,

since if the gain of the amplifier is high, then for any normal output

the input will be very small. The base of the first transistor must

therefore be only a fraction of a volt above or below earth potential,

and constitutes a virtual earth point (see Section 22.10).

22.3 Effect of Negative Feedback on Stability

If Av (the gain of an amplifier without feedback) changes as the

result of supply voltage changes or variation in the active device

parameters then Avj will also change, but by a much smaller fraction,

i.e. the amplifier will have become more stable (see Example 22.1).

For example, consider an amplifier with shunt voltage feedback in

which Zi and R%n are both very much greater than Z\; then if

Av = -100, /? = 0-1, a. = 1, gives eqn. (22.4).

^=mo = -9 -09

If Av now falls to —90, the new value of overall gain is

-90
A« = T+9

= -9'°°

This shows that in this case a 10 per cent change in Av gives less

than 1 per cent change in A/. The increase in stability is achieved

at the expense of the corresponding reduction in gain. If the term

f$A v is large, eqn. (22.4) becomes

enA

—flA v (3

i.e. the voltage gain is independent of the active device parameters

and the supply voltage provided only that the gain is large enough.

Avf ~ -=£r = - £ (22.5)

EXAMPLE 22.2 For the circuit shown in Fig. 22.3, determine the voltage gain

Vol Vi and the quiescent d.c. potentials ofthe base, emitter and collector terminals.

The transistor is a silicon n-p-n type for which hie = 5kO, hoe = 40 /tS
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and hfe = 90. The base-emitter voltage is 0-7V and Rg = 50O- Rr = 5k£l-
*/ = 250kn; RL = 7kQ; and RE = 1-5MX If the production spread of
«/« is yo — 100 determine the expected variation in gain.

Fig. 22.3

In order to determine the dx. operating potentials it may be assumed that the
d c. current gam, hPE , is the same as the small signal value, hfe, i.e. 90. Note that
the leedback resistor, Rf, provides stabilization of the d.c. operating voltages
since its shunt feedback effect is operative on direct as well as alternating current'
The direct currents through RL andRE are practically equal, so that, if this current

and

Vce = Vcc - IRl - IRe
VCB = Vce - 0-7

Ib =

Hence
1 +hfe

Vcb

Rf

IRt

T+hfe
~ VCC ~ IRl ~ IrE ~ °'7

so that

• hfe
+ Rl + Re )- 9-3

and

/ = 0-825mA
The various potentials can now be found.

Emitter potential = 0-825 x 1-5 <w 1-2V

Base potential = 1-2 + 0-7 ^ 1-9V

Collector potential = 10 — (0-825 x 70) <* 4-2V

The small-signal voltage gain may be found by finding the gain without feed-
back from eqn. (21.13) and substituting this in eqn. (22.4). This is relatively
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straightforward when the signal source is of low impedance as in this case. Thus,

neglecting Rg, the gain without feedback is

-hfeRL
Av =

(.l+hoeRL)h(e-- llh,e

Also Z
?
= Ai«p/||Ui = 2-5Q; a = Zv\Rx = 0-5; and = Z„/Z/ = 0-01. The

gain with feedback is therefore

-05 x l-lhf,
A"f ~

1 + (0-01 X MA/.)

For hfe = 90, A Vf = ^25, and for ht, = 100, /4t>/ = -26 .

In this case the gain of the single stage without feedback is fairly low, and the

variation of the transistor parameters still has a significant (though smaller)

effect on gain with feedback. Frequently the required characteristic is obtained

by using a three-stage amplifier with overall feedback from the last to the first

stage.

22.4 Effect of Negative Feedback on Bandwidth

The expression for the gain of a single-stage C.E. transistor amplifier

is obtained from eqn. (21.39) as

A{Rl —hfeoRL Av0

Av = ^T ~
(1 + h„eRL){\ +jflfe)Rin

~
1 + Jftff

If negative feedback is applied, with feedback factor /?, then the

general expression for the gain with feedback is

_ ^v
Avf ~ 1 - 0Av

ivhich at mid-frequencies becomes

AVf
=

1 — fiAvo

At a high frequency,/, the overall gain is

Avoljl + jfIf,)Av/ = l~pAv„Kl+jflfB)

where/0 is the upper 3 dB frequency of the amplifier without feedback

.

"Simplifying,

A Vf' =
(1 pAvo) \\ +JMl _ fiAvo))

(22.6)
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This is 3dB down on the mid-frequency value when

L = 1

/fl
(l - (3AV„)

i.e. when

/=/e(l - 0A„) (22.7)

where the product $A V0 is negative with negative feedback, so that

/>/«•
This shows that the "voltage-gain" bandwidth of the amplifier

(i.e. the bandwidth between 3 dB points on the voltage-gain/frequency

characteristic) has been increased by a factor (1 + (iAvo), again at

the expense of a corresponding reduction in voltage gain. If the

feedback reduces the current gain, similar considerations show that

"current-gain" bandwidth is increased in the same proportion.

Note that the gain-bandwidth product remains constant for a single-

stage amplifier since bandwidth is increased by the same factor as the

gain is reduced by the feedback. This simple relationship does not

apply to multi-stage amplifiers.

EXAMPLE 22.3 A single-stage amplifier has a voltage gain of —100 +J0
at 1kHz and —10 +/30 at 50kHz. Find the upper 3dB cut-off frequency.

If 20 per cent negative series voltage feedback is now introduced determine the

gain at (i) 1kHz, and (ii) 60kHz.

Without feedback the gain at frequency /is

-100

1 +Jflft

Hence at 50kHz,

-100
-10 +/30 -

(1 +J5Q x m/g)
so that

(-10 +/30)(1 +j50 x 10»//,) = _ioo

i.e.

-10 - 15 X 106//j +;30 -;50 x 104
//fi = -100

Equating reference terms,

Jo

so that/; = 16-7kHz.

As a check, the quadrate terms give/j = 50 x 104/30 = 16- 7kHz.

With 20 per cent negative feedback, |3 = 0-2 and at 1 kHz the gain ts

A - ~ 10° - 4-8

A v =
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At 60kHz the gain is, from eqn. (22.6),

. ,
-4-8 -4-8

A«-\—60—T=fT7o^ = iZ^!1+
'l6^7

X
21

The upper 3dB frequency limit with feedback is, of course, fB{\ + 20) =
350kHz.

22.5 Effect of Negative Feedback on Distortion and Noise

Distortion occurs in amplifiers when the signal is so large that the

active device operates outside the linear range of its characteristics.

The output then contains components which are not present at the
input. These components are harmonics of the signal frequencies.

Generally the last stage of an amplifier is the one in which most
harmonic distortion occurs.

Noise also will occur in amplifiers, where "noise" is taken to mean
unwanted voltages appearing at the output. These noise voltages
may be due to (a) poor smoothing in the rectifier supply, (b) 50Hz
or 100Hz hum pick-up, (c) mechanical vibrations of valve electrodes

(microphony), (d) drift in transistors due to changes in temperature,

(e) thermal noise in resistors due to molecular vibrations, (/) shot

noise in the active device (due to the fact that the charge carriers

are emitted randomly). Generally the first stage of an amplifier

determines its noise performance, since it is in this stage that the
signal is smallest, and hence the signal/noise ratio is also smallest.

The size of the input signal which can be usefully amplified is deter-

mined largely by the noise in the first stage, since for any useful
gain it must be possible to detect the signal in the presence of the
noise. Hence generally the minimum input signal must be greater
than the noise. When low signal levels are to be amplified special

low-noise input circuits must be employed.
An important amplifier criterion is the ratio of signal/noise power

at the input to that at the output. This is called the noise factor, F
(in decibels it is 10 logio F). Thus for a signal power St at the input
and a power gain G in the amplifier the output signal power is GSt .

The input noise power Nt is also amplified and added to by the internal

noise so that the output noise power, N , will be greater than GNf .

Then

SilNt No
~ GSilN„ ~ GNt

(22-®>

Noise and distortion generated within an amplifier can be repre-
sented by a constant-voltage generator having an e.m.f. en, in series
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with the output as shown in the series-feedback circuits of Fig 22 4
This e.m.f. can be assumed constant if the output signal is maintained
at the level which it had without feedback (i.e. by increasing the
input voltage). 5

Without feedback the harmonic or noise voltage output is enLet this become me„ when feedback is present, where m is a fraction.

m =

Fig. 22.4 FEEDBACK OF DISTORTION AND NOISE

Then the fraction of harmonic or noise voltage which is fed back is
Pmen . This is amplified in the amplifier (of gain -Av) to give an
output harmonic or noise voltage of -A^men, so that

men = en — Av^men
Hence

1

1 +M (22.9)

where negative feedback has been assumed. This shows that the
noise or distortion is reduced in the same ratio as the gain. Note
that adding feedback alone does not improve the signal/noise ratio
at the amplifier output. Indeed, since noise and harmonic distortion
voltages may well cover a wider bandwidth than the signal, they may
be present at the lower and upper frequency ranges where the
phase shift of a multi-stage amplifier is such that the feedback be-
comes positive. In this case the noise may be increased by the
feedback, and careful design of the frequency characteristics of the
feedback path is essential to prevent this. Note that the same
arguments apply to drift in d.c. amplifiers—i.e. the percentage drift
is not reduced by negative feedback.

Generally feedback in the output stage of an amplifier can be
used to reduce distortion, because extra stages are inserted before the
feedback stage in order to restore the overall gain. Since these are
low-signal-level stages they will hardly contribute any distortion
themselves, and hence the overall distortion will be reduced, for the
same output power.
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Consideration of the shunt voltage feedback circuit gives the same

results as those derived above.

22.6 Current Feedback

SERIES CURRENT FEEDBACK

The simplest way to obtain series current feedback (in which the

feedback signal is proportional to the load current) is to have an

unbypassed resistor in the emitter or cathode circuit. Then the

ii=ib

Fig. 22.5 SERIES CURRENT FEEDBACK

output current flowing through this resistor gives rise to a voltage

(proportional to current) in series with the input. A typical transistor

circuit with series current feedback is shown in Fig. 22.5(a).

It will be seen that the voltage drop across the unbypassed portion

of the emitter-circuit resistor is common to both the input and output

circuits, and hence causes feedback which an inspection of relative

current directions shows is negative. Neglecting the effect of

RP (=Ri\\Ri) for simplicity, the small-signal equivalent circuit



696 Feedback Amplifiers

becomes that shown at (b). Using the mesh equations (with small

lettters to represent the complexor mesh currents),

Input mesh = (Rg + hie + R/)h - Rgi + RfU (22.10)

Output mesh =
(
RL + ~ + Rf) i + Rfib -^ (22.11)

\ "oe J n e

Since i <^ i , eqn. (22.11) can be simplified by neglecting Rfk which
is small compared to R/i , so that

— ^{Rf + RL + -y
For the mesh currents shown, the conductor currents /& and I

are equal to the corresponding mesh currents i and i , so that the

internal current gain with feedback is

Atf ~ h ~ h ~ l + hURt + Rf)
(22J2)

If Rf <^ Rl, the current gain is thus hardly affected by the feedback

(without feedback A% — —hfel(\ + hoeRL))-

The voltage gain with feedback is given by

Vo -IoRl -I Rl , .

A»f
= 17 ~ 771

—

, p \
i i p ^ Tu—i j p (smce h% J )V{ IbQlie + Rf) + IoRf hhe + IoRf

-IoRl

IbhfeRf
Wie +

1 + hoe{RL + Rf)

-IoRl

where

., L hfeRf \ 1 - PA V
(22.13)

_ Rf 1 + hoeRL
P ~ RL 1 + Aoe^/iz. + Rf)

Rf . -hfeRL
rk — and .4„

is the voltage gain without feedback. Since eqn. (22.13) has the

same form as eqn. (22.5), the same considerations regarding stability

and bandwidth will apply.
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SHUNT CURRENT FEEDBACK

With negative shunt current feedback the signal that is fed back to

the input is proportional to the output current, and is fed back in

parallel with the input. One possible circuit is shown in Fig. 22.6(a),

where the effective a.c. circuit elements only are shown.

Fig. 22.6 SHUNT CURRENT FEEDBACK

In this case it may be shown that the current gain l \hn is reduced

by a factor of (1 — fiAi), where /? = Re/R/ and A\ is the magnitude

of the current gain over the two stages without feedback. The input

impedance is reduced by the same factor, and the output impedance

is increased.

For the general circuit shown at (b) the current gain without feed-

back is the ratio of output current I to input current h, i.e.

At = — = -£- where 1% = /«» = source current
h hn

When shunt current feedback is applied the current gain (assuming

the same source current, /««) becomes

Aif = y- where I f is the output current with feedback
Hn

In this case the input current to the first transistor is

lit = Hn + If = IT.
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Since G is a virtual earth,

/ ~ I°fRE Io/Re
If ^RE~TRr~R7^^Iof

provided that *,> RE and where p = J^/i?,. Hence

At
so that

> _ hf At
if ~hn

=
T=jAt

(22.14)

In the absence of feedback the input impedance of the circuit is

~ Vin Vin AiVin
£*in = -f— = —r- = —-

—

Hn h I

Assume now that feedback is applied and that the input current is

increased until the output current has the same value as without
feedback. The input current to the first transistor will be h = l \At
and the input voltage will be Vin—the same values as without feed-
back. The source current /<„ must now be changed to

hnf = Ii-If = It - pi = /< (1 - fat)

so that the input impedance with feedback becomes

Ztnf ~i~r itd-PA t)
- o^paT) (2215)

The input impedance is thus changed in the same ratio as the gain.
For negative feedback the input impedance is reduced in the same
ratio as the gain. Note that for positive feedback the input impe-
dance will be increased and may become negative after passing
through the value infinity.

22.7 Effect of Feedback on Impedance Levels

It has been seen in the last section that negative shunt current feed-
back reduces the input impedance to an amplifier circuit. In general,
feedback can affect both the input and output impedances of amp-
lifiers. The way in which the feedback is introduced into the input
circuit will affect the input impedance (i.e. the ratio of input voltage
to input current). Thus, for series negative feedback, the input
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voltaee required for a given input current must be increased-i.e.

Sput Zedance is Lreased. For shunt negative feedback the

S£T£3 can divide between the amplifier an
I *£*£*±^^^^^^^^^^

x^rsroTou&
the feedback signal is proportional to output voltage or output

cunlnf In geS volUgeWack reduces the output nnpedance

while current feedback increases it. „u„„„
OutDuUmpedance can be obtained by inspection of the voltage

gam expresSn for an amphfier. Thus if the voltage gam is written

in the form

Av —
PZl (22.16)

Q + ZL

,„Wp 7r k the load then P is the intrinsic voltage gain as ZL -> <»,

rndolrtU output Spedance. The Thevenin equivalent output

drcu* i Is shownlnTl 22.7(a). The Norton equivalent circuit

< ^
(b)

(a)

Fig. 22.7 EQUIVALENT OUTPUT CIRCUITS OF AN AMPLIFIER

is shown at (b). The output impedance seen by any other load which

may be connected across Z, is then simply Q m parallel wi h Zu

An alternative method of finding the output"°P^ " to"^
a constant-voltage or a constant-current generator to the output

te^ds with tie input signal source represented by tts interna

impedance. The output impedance is then the ratio of voltage at

the output to the current flowing into the output terminals.

SERIES VOLTAGE FEEDBACK

In the series voltage feedback circuit of Fig. 22.8(a), let the amplifier

(which will usually be multistage) have an intrinsic gain Av and an

Sutput impedance of Z without feedback. A constant-voltage

source V is applied across the output terminals, and the input
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(a)

r in a

Fig. 22.8 IMPEDANCE LEVELS FOR SERIES VOLTAGE FEEDBACK

terminals are short-circuited. A fraction, /?, of the voltage V at the

output is fed back to the input. Then the voltage Vab at the input

is fi V, and neglecting the impedance of the feedback network (which
must be purely resistive for pure voltage feedback), the current, /,

from the source is

/ = V-AvVab V-PVAV

Z Z

Hence the output impedance is

Znut — T — Zo

I 1-PAv
(22.17)

If the feedback is negative the output impedance is smaller when
feedback is applied than without feedback. Note that if A v is positive

the feedback is still negative if /? is negative—this normally requires

a transformer coupling.

The input impedance with feedback is obtained by considering

the circuit at (b). A signal is applied to the input, and the output is

open-circuited; Then neglecting the impedance of the feedback
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network, the feedback voltage is /3F = (3VabAv and the new input

impedance is

Zin f — r — Va»~PV Ml-W
'in 'in

= Zin(l — fiAv) (22.18)

where Zm is the input impedance without feedback. For negative

feedback fiAv is negative, and the input impedance is therefore

increased.

EXAMPLE 22.4 A transistor amplifier uses a transistor for which hu = 1 kfl

in the first stage, which is in common-emitter connexion. The overall current

gain without feedback is —15,000. If there is 0-05p.u. negative series voltage

feedback, determine the input impedance of the feedback amplifier if the load

resistance is 75 Q. If the output impedance without feedback is 20 kfi, determine

the ouput impedance when feedback is applied.

The input resistance, Ru, without feedback will be almost equal to hu
(neglecting the d.c. bias resistors).

The overall voltage gain without feedback is

A(XRl -15,000x75 ,,,«,. „ . ,= —1,125 (since Rin <* hu)
Rin 1,000

Hence

Zint = Rtn(\ - PA V) (eqn. (22.18))

= 1,000(1 + 56-3) = 57-3kQ

From eqn. (22.17) the output impedance with feedback applied is

Zaut f =
Zo 20,000

1 - 0A, ~ 57-3
= 350H

SHUNT VOLTAGE FEEDBACK

The input impedance of the shunt voltage feedback circuit shown in

Fig. 22.9 is

Zinf — 7~ = Zl + Zqe
Un

Fig. 22.9 MULTISTAGE AMPLIFIER WITH SHUNT VOLTAGE FEEDBACK
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Z^l^*GEKl'- h)
-

T&e admittance Poking into the

VGE Kin Vgb

= J_ _ (AvVge - VGE)
,

Rtn, Z2 Vqe

= _L .

] - A"

Rln
+ Z2 (22.19)

where Av = V„/VGB .

R ^n n
r

n?n
S

f
nt

!,
the admi"ance of a circuit consisting of a resistanceRn,m parallel with an impedance Z2/(l - Av). Hence the impedance

%S 1S

i
e°!"ef^

d by the negative feedback. The input impedance
is thus Z± + 1/YGE . Note that if Av is large, the impedance of the

' SSz?h
iT$\* %

SCen ,00king fn at P°int G is^mately Z2I(-AV), which will generally be small
The gain of the amplifier fed from a high-impedance source cannow be found. The circuit is that of Fig. 22.9, but Z, is now the

ITZ T^l T;u
Tb

,

e V°Itage gain A°(= volVGB) is almost un-
altered by the feedback, provided that /2 </0) since the amplifier
input terminals are now G and E.
With feedback applied the input current, Iln , divides between

Rtn and the equivalent impedance ofZ2 as seen looking into point G
(i.e. Z2/(l - Av), from eqn. 22.19). The current gain is now

. h Io 1

Hn 1 Hn

A Z* 1= At
(1 -^)i?«„ + Z2/(l - Av)

At

Rtn

Ai

^ 0-*)+l

'"PA,
(assumin8 A"> J ) (22.20)

and where = R(n/Z2 .

The current gain thus is reduced by the negative feedback.

MILLER EFFECT

It should be noted that shunt voltage feedback may occur uninten-
tionally in single-stage amplifiers owing to the stray capacitance
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between input and output circuits providing the feedback impedance,

Z2 . This stray capacitance is called the Miller capacitance. In this

case the impedance Z2 is 1/jeoC, where C is the Miller capacitance.

The admittance of the feedback circuit seen at the input to the

amplifier is, from eqn. (22.19),

Yf =
l-^=jwC{l-Av)

(22.21)

Three special cases are of interest. First, if Av is a negative

reference quantity, then Yf is a capacitive susceptance of magnitude

<wC(l + Av). Second, if Av has a phase angle between 90° and 180°

so that it can be represented as A v = —P + JQ, then

Yf = JwC(l + P- JQ) = <»CQ +K(l + P) (22-22)

i.e. it consists of a conductance (frequency dependent), coCQ, in

parallel with a capacitive susceptance, coC(l + P). Third, if Av

has a phase angle between 180° and 270° (e.g. in a single stage with

an inductive load such as a tuned circuit operating below resonance),

so that it can be represented as A v == —P — jQ, then

Yf =jwC(l +P+ JQ) = -O.C2 +>C(1 + P) (22.23)

i.e. there is a negative component of input conductance. If this is

larger than the conductance of the source the amplifier will be

unstable.

EXAMPLE 22.5 In the transistor amplifier shown in Fig. 22.10(a), find ex-

pressions for the input admittance and the output impedance. There are stray

capacitances G* between collector and base and Cw between base and earth, and

the collector load is an inductance jcoL.

The small-signal equivalent circuit is shown at (6) neglecting Ra and Rt and

assuming that the emitter resistor, R3, is adequately decoupled. From this, the

current gain without feedback is

Ai = . , J'-r where Zl- =j(oL

Hence the voltage gain without feedback is

_ —hfeZh —htej(oL
A

" ~ hied + hoeZL)
*

hte

so that the input admittance with feedback is (from eqn. (22.21))

] / jhfeOiL\

Ytnf = Yin + Yf =jmCbe + j^ + ja>C*
[ 1 + -j^-

}

— l0 2LCcbhfe 1 . _ „ ,.

= ; +7 1- 10)(Cbe + Ccb)
hie hie

where Yin = JcoCm + 1//He = input admittance without feedback.
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Fig. 22.10 MILLER CAPACITANCE

For a low-impedance source (Ri <^ hie), the output impedance, obtained by

replacing the load L by a constant-voltage source, V, and representing the input

generator by its internal impedance, Ri, is very nearly \jh e in parallel with

lljcoCcb.

For a high-impedance source (i?i ^> hie) and neglecting Q>c , the same pro-

cedure yields an alternating input current to the transistor of approximately

VjcoCct, (assuming that jcoCct, > 1/fae). Hence at point C in Fig. 22.10(6) the

currents are as follows:

h «< VjCoCcb

Current in hoe = Vhoe

Current in constant-current generator, h/eh <%> h/eh

The sum of these gives the current, /, from the constant-voltage source which

replaces L. Hence

/ = VjOiCeb + Vhoe + hfeVjwCcb,

so that the output impedance with feedback is

7 _f *

*""" ~ / ~ hoe +jtoCco{\ + hfe)

which is even smaller than in the case of a low value of Ri.

SERIES CURRENT FEEDBACK

With this form of feedback the calculation of output impedance

follows closely that used for series voltage feedback, but here a
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constant-current generator delivering a current / is connected across

the output as shown in Fig. 22.11.

The voltage across Rf is IRf and this is fed back to the input to

give an input voltage of —IRf. If the intrinsic voltage gain is Av,

then from the diagram,

V = /(Z„ + Rf) + AVVX = I(Z„ + Rf) - IRfAv

Hence the output impedance with feedback is

Zout = -j = Z + (1 — Av)Rf (22.24)

For negative feedback A v is negative, and hence the output impedance

is greater with feedback than it is without it.

Fig. 22J1 TO FIND OUTPUT IMPEDANCE WITH SERIES CURRENT
FEEDBACK

The input impedance of the amplifier can be found as before and
will be higher with feedback than without it.

EXAMPLE 22.6 In the transistor series current-feedback amplifier of Fig. 22.5,

Rf = lOOfi; Rl = 2,0000; hte = l-5k£2; hfe = 80; andfc e = 10- 4
S. Deter-

mine approximately the input impedance, the voltage gain, and the output

impedance.

Referring to Fig. 22.5(6), the input impedance with feedback is

_ Vi hhie + hRf . . , .,,
Zinr = — «

j
(assuming h <^ /,,)

hhie — AihRf=
h

= hie — AiRf

where At = current gain without feedback = -

—

, ,
"„

."
1 + hoeRh

Hence

Zinf = hie(l — fiAv)

where /? = RffRt and Av — AiRLJRi* = AiRvlhu. Note that this expression
for impedance is in the same form as that obtained in eqn. (22.18) for series

voltage feedback.
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Inserting numerical values,

Zint = 1,500 + 80 x 100

1 + 10-* x 2 x lip
=
!^°JJ

From eqn. (22.13) the voltage gain with feedback is

A v/ =
Av = -ht>*Llhie(\ + hoeRL)

l-M» 1 + Rfhfelhuil + hoeRL)

—hfeRh

(i)

hJl+/heRL+^)V hie I

_ -(,hfelhiehoe)RL

-1 + **«
. Rr

hoe ^ hoehte
+ Kh

Comparing this with eqn. (22.16), it will be seen that the output impedance is

Zwt =— + Rfll,e

hoe hoehte

= 10* + 1°
4 X 100 x 80 = 63kfl

1,500 ^±
(IS).

^ Same r6SUlt aS W0UW be °btained ** the direct application of eqn.

Inserting numerical values in (i), the voltage gain with feedback is

A vf = -16-5

22.8 Compound Feedback

In some instances it may be desired to achieve the increased stability
that negative feedback gives together with definite levels of input

Fig. 22.12 TYPICAL COMPOUND FEEDBACK CIRCUIT

and output impedance. In such cases it may be necessary to use
more than one feedback path. This is called compoundfeedbackA typical circuit is shown in Fig. 22.12. The resistor RE1 gives
negative series current feedback for the first stage (giving an increase
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in input impedance of the stage), and Re2 and Rf provide negative

shunt current feedback over both stages (giving a decrease in input

impedance). By suitable choice of components the input and output

impedance levels may be made to have designed values.

An alternative arrangement is to remove Rez and connect Rf

between the collector of Tri and the emitter of Tr2 . Note, however,

that such a connexion no longer provides shunt-applied feedback.

EXAMPLE 22.7 In the circuit of Fig. 22.12 the value of Rei is chosen to

give 0-02 p.u. negative feedback in the first stage, and the values of Rf and Rez

give 0.01 p.u. negative feedback over the two stages. If hie for the first transistor

is 1-2 kQ determine the new value of input impedance. The loaded voltage

gain of the first stage is Avi = — 100, and that of the second stage is AV2 = — 120,

both without feedback.

The resistor Rei in the first stage gives negative series current feedback.

This increases the input impedance of the first stage from Rm «* hit to

Zin <** hie(l — flAvi)

The gain of the first stage with the series current feedback falls to

Avl -100

^'-r^M^-1 + 2--333

Hence the overall gain of both stages with feedback in the first stage only is

Av = Av2 x Avir = (-120X-33-3) = 4,000

The new overall input impedance is reduced by the second form of feedback

from hu(l — fiAvi) to

Ml - M«i) 1,200 (1 + 2) oo
Zinf =

1 - Put.'
=

1+40
=
212

22.9 The Emitter Follower (Common Collector)

The emitter follower circuit employs 100 per cent negative series

voltage feedback, and therefore from Section 22.7(a) it will have a

high input and a low output impedance. The voltage gain will be

shown to be slightly less than unity, with no phase reversal, and the

circuit is frequently used as a buffer stage between a high-impedance

source and a low-impedance load. The circuit is shown in Fig. 22.

1

3(a)

and the small-signal a.c. equivalent circuit at (b). The circuit is

often called the common-collector circuit, since the collector terminal

is common to input and output circuits (through the low impedance

of the d.c. supply).

The d.c. conditions are set by the resistors Ri and R. Thus for a

quiescent collector current Ic (<=»/e) the emitter voltage is IcR and
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Vin

-M-J-b®

(a)

Fig. 22.13 EMITTER FOLLOWER

the base voltage is IcR + Vbe, so that for a forward d.c. short-

circuit current gain Hfe (to give Ib = Ic/hFE), the value of R\ is

{Ycc — IcR — VbeWfe
Ri =

Ic

For the signal, the output mesh equation can be written

= (r- + R)lo- — It, (assuming I R> hR)
\noe ] hoe

so that

hfe = A (

Ib ~l +hoeR-- (22 -25)

The current gain is thus the same as that derived for the common-
emitter amplifier using the simplified equivalent circuit.

In the input mesh, the input signal voltage is

Vin = Ibhte + IoR

hoeR)hie-^
f

i+y^ + n}

V„Ul+hoeR)h(e
,
J=

-r\ hZ
+

*J
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Hence the voltage gain is

_Vo hfeR
v ~ Vin ~ he + (hfe + hoehle)R

(
' '

Note that

Vo huR
E hleR + (1+ hoeR){hie + Rg)

(22 '27)

There is no phase reversal, and Av is obviously smaller than unity.

The input impedance is readily obtained from the relation

Vin — Ibhte + I R

= Ib
(
hie + T+ltk)

so that the input impedance is

hfeR
Zte - ** +nro (22 -28)

The simplest way of determining the output impedance is by
inspection of eqn. (22.27) and comparison with eqn. (22.16). Thus
the ratio of V to E can be written

Vo = hfeR
E

{hfe + hoe(hie + Rg)} ,( , \ t,\ - . + r\
(hfe + hoAhte + Rg)

)

It follows that the output impedance with feedback is

_ hu + Rg
Z°Ut ~ hfe + hoeiku + Rg)

(2Z29)

and the output admittance is

Yout = hoe + ,

Hf

2 g (22.29a)
hie + Kg

For a constant-voltage source (Rg -> 0) T^ becomes hfe\hle,

while for a constant-current source (Rg -» oo), F0M t
-» A0(..

The frequency characteristic of the emitter-follower amplifier is

obtained by substituting hfe = A/WO +jflfs) (i-e. from eqn. 21.38)

in a simplified form of eqn. (22.26). Thus

Av «* ;—fh—n (assuming Aoe/*ie< A/e)
««« + hfeR

hfeoR

hie(l+jM) + hfeoR
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This is 3dB down on the mid-frequency gain when

hef
~f~ = me + hfeoR
Je

i.e. when

f~ fe
(

1 + J
JhT} ** hfeô **& (22-30)

assuming R is of the same order as hie .

22.10 The Operational Amplifier

The shunt voltage feedback amplifier can be used to perform certain
linear and non-iinear "mathematical" operations (e.g. adding,

if
R
f—«—VW ,

(b)

-v„

V.-IL

If v-

-4—II-

>
(c)

Fig. 22.14 OPERATIONAL AMPLIFIER

witSK i
ertmg)

?r0Vlded that the Sain' **> of *e mwithout feedback is negative and very high (generally at lea-and usually higher). The amplifier is then called aVrtmt
operational amplifier. The basic circuit is shown in Fig. 2

arr
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Several important features follow the assumption of high gain.

S If17= VJ Vge) is very large it follows that, since K, is limited

by
(l supply voltagVto the order of 100V, Van must be very small

and G is virtually at earth potential.
. .

1) i Ledlnce of the feedback path seen looking into G is

Z2/(l -A.) (from eqn. (22.19)), and as A—» th* tends to

Ze
/^ Since Z,/f 1 - A v) will in general be very small compared to

th npri5 dance 'L of tie amplifier without feedback it

follows that r < -h, so that all the input current can be assumed

to flow in Z2 , or in other words h = —h-

(TsSce Van- 0, the input voltage, Vln ,
must all appear across

Zi and the output voltage V„ across Z2 .
Hence

Vin = hZi and V = /2Z2

or

2! _ M! =— (22 - 31)

Vin
~ hZi Zl

At (b) the amplifier is shown arranged to add several input signals.

For this circuit

lf = -h -h-h
Hence

Vo = _Vi_V1 _Vz
Rf
~

i?! i?2 ^3

or

resistances. Obviously, if these resistances are all of equal magnitude,

V = -(Fi + F2 + F3)

If only one input is used the amplifier becomes a simple inverter

(V = - Fi) when the input and feedback resistances are equal.

At (c) the feedback element is a capacitor. In this case, using

instantaneous values,

1 f
(

Vl = hR and ^°
=
c J

?/ *

Since ii = -if, it follows that
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The output voltage in this case is the time integral of the input voltage

multiplied by the constant \jCR (which is usually chosen as unity).

If the input consists of a d.c. step, the output will be a ramp, which

will rise linearly until the amplifier becomes saturated.

When a capacitor is used to provide the input impedance and a

resistor to provide the feedback impedance, an analysis similar to the

above shows that the amplifier will differentiate the input signal.

Differentiators are not commonly used since they tend to introduce

instability and noise because the gain rises with frequency.

It should be noted that it has been assumed that the gain of the

amplifier without feedback is very much greater than unity, and is

negative. For low-gain amplifiers, an analysis must use eqn. (22.4),

and the addition and integrating properties are adversely affected.

22.11 D.C. Amplifiers—the Long-tailed Pair

The amplifiers described in Section 22.10 must have a high gain down
to zero frequency—i.e. they are d.c. amplifiers. Such amplifiers find

applications in other areas also, such as instrumentation and power-

supply stabilizers. In general d.c. amplifiers are inherently more
difficult to design and stabilize than the corresponding a.c. amplifiers.

In capacitively-coupled or transformer-coupled a.c. amplifiers the

coupling capacitors or transformers act as d.c. blocks, so that small,

slow changes in the quiescent point of one stage (due to slow change

of temperature or supply voltage, for example) are not passed on to

the next stage; sudden changes are not passed on permanently.

Such couplings cannot be used in d.c. amplifiers which must be

direct coupled, and hence any change in the quiescent point will

affect the output and will not be distinguishable from a change in

the d.c. input signal. Any change in the output of a d.c. amplifier

that is not due to a change in the input is called drift. Amplifier

drift is usually expressed in terms of the equivalent input signal that

will produce the same change of output. Drift is one of the main

problems in d.c. amplifier design.

The chief sources of drift are:

(a) Changes in temperature, which (i) can change transistor

leakage currents and base-emitter voltages, (ii) can give rise to

changes in contact potentials, and (iii) can alter the ohmic

value ofresistors (hence silicon transistors and low-temperature-

coefficient resistors should be used, together with temperature-

compensating techniques).

(b) Changes in the supply voltage which alter the quiescent point

(hence the supplies to d.c. amplifiers should be very well

stabilized.
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(c) Random changes and ageing of components (hence stable,

long-life components should be used, together with circuits

balanced to give zero output with zero input.

In multi-stage d.c. amplifiers any drift in the first stage is amplified

in succeeding stages, so that the overall drift is largely determined

by that of the first stage.

Drift cannot be reduced by straightforward feedback since this

reduces the gain in proportion; the technique of compensation may

Fig. 22.15 BASIC LONG-TAILED PAIR CIRCUIT

however be employed. In this method drift in one part of a circuit

is balanced against corresponding drift in another part. The long-

tailed or emitter-coupled pair circuit shown in Fig. 22.15 is an

example.

. this circuit, ideally, R\ and R<i are equal and the two transistors

matched and mounted together so that they are both subject to

same temperature variations. The "tail" resistor, R3, should be

irge (ideally the tail should be a constant-current source). The
Icircuit operates either as a difference amplifier (giving a differential

output, (Vol — V02)), which is proportional to the difference

(Ei — E2), between the isolated inputs), or (when one of the inputs

is set at zero) as a single-ended stage.

Drift is minimized by this configuration. Thus if the supply

voltage changes, both halves of the circuit are equally affected, and

the differential output is (ideally) unchanged. Similarly, temperature

changes will (ideally) give the same change in leakage current and

base-emitter voltage in both transistors, so that again the current

changes in both halves of the circuit will be the same and the differ-

ential output will not alter. Drift due to changes in the current gain,

hfe, will also tend to cancel, and may be further reduced by operating

at low bias currents, using low source impedances and having

transistors with high values of matched current gain. In a practical
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vcc +

Bi° W
( L )Tr.

ffiV,

1

Co"

Tr„

1

61, "i«

Fy. 22.76 EQUIVALENT CIRCUITS FOR LONG-TAILED PAIR



Feedback Amplifiers 715

circuit there will, of course, be some residual drift, but the above

compensating actions will operate to keep this small.

The initial balance of the circuit is achieved by setting both inputs

to zero (or ex to zero in the single-ended case) and adjusting i?4

until the differential output is zero.

Consider a single-ended input applied to Tn with the base of

Tr2 held at a fixed potential. Tri acts as an emitter-follower stage

with the emitter load consisting of the tail resistor Rz in parallel

with the input impedance of the Tr2 circuit, which acts as a common-

base circuit. If Rs is large compared to this input impedance, then

any change in current in Tn gives rise to an almost equal and opposite

change of current in Tr2 . Hence if V i rises, V„2 falls by an almost
k

amount, and the circuit will act as a phase splitter with antiphase

its dVoi and <5Fo2 , where 6V i <*> -SV z-

iming linear operation, suppose that the input to Tr2 now vanes

equal but opposite amount to the input to Tn. The total

i in output voltage will be twice that for the single-ended input.

;iieral, therefore, the differential output will be proportional to

difference between the input signals, i.e. to the differential input,

the two inputs change together by the same amount and in the

same sense there will ideally be no change in the differential output

voltage. The quality of a practical differential amplifier may be

measured in terms of its ability to amplify only the difference between

the input signals and to reject the signal common to both inputs.

The property is called common-mode rejection, and numerically it is

issed as a ratio

:

Gain for antiphase inputs

Common-mode rejection ratio = Gain for in-phase inputs

(22.34)

te higher this ratio (which is normally expressed in decibels)

the better is the amplifier.

An approximate analysis of the long-tailed pair circuit of Fig.

22.16(a) follows from the approximate equivalent circuit at (b), where

the transistors are represented by their common-emitter equivalents,

neglecting hre . The two collector resistors are assumed to be equal.

Then for a single-ended input change of dVi, the current changes

will be

SV1 -dVz . W*
dh = ; and oh = —r~1

hie
nie

The constant-current sources, hfeSh and hfeSh, and their shunt

resistors, \\h e, may be replaced (Norton/Thevenin conversion) by
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the constant-voltage sources of e.m.f. (hfelhoe), {hfv\hoe)6hh and

series resistors \jhoe as shown at (c). Then, using Millman's theorem,

dVl/hje + hfedhlhpejR! + Ijhpe) + hfedh/hp^Rl + 1IKe)
6Vi ~

2\hu + \\Rz + 2/(7?! + \jhoe)

Substituting for dh and <5/2 and collecting like terms,

A V 11 4. 1 4.
2

.

2^
)° K2

\A,.
+

ii3
+

(i?l + 1/Ao.)
"*"

Ao^tt(*i + 1/MJ

Aje fl ehie(Ri + l/hoe)}

Since 2/A«e, I/.R3 and 2/(i?i + l//*oe) are all very much smaller^

hfelh ehte(Ri + l/hoe), it follows that

OVz «a -x-

To find the differential gain, the changes in the collector voltages

at Ci and at C2 must be determined, and this can be done by referring

back to Fig. 22.16(6). The change in output voltage at collector Ci

is then, since l/hoe j> Ri,
i

6Vci = -hfeRidh = -hfeRiQVi - dVz)/hie ~ ~^Rl

and at collector C2 is

AV J, DAT ,

hfeRldVz hfeRl
SVc2 — —hfeRidh = H 1 est -^r—oVi

hie 2.n%e

The differential output voltage is therefore

6Vci - 8Vc2 = -^p (22.37)

By superposition, the gain with equal antiphase inputs, dV\, will be

iVci - SVC2 = - 2H^ (22.38)
hu
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The input impedance of the amplifier for single-ended operation

will be

dVi dVihte ,_. ,„* " -EK - (lyT^S * 2/!<e ( }

since for differential input (<5Ki - <5F2) = <5Ki -(-<5Fi) = 2<5Ki.

Differential gains of several hundred can be readily achieved,

with input impedances of well over a kilohm. The long-tailed pair

forms the basis of all integrated-circuit operational amplifiers.

An alternative approach to the problem of d.c. amplifiers is to

convert the d.c. input signal to a.c. by a mechanical or electronic

chopper. The a.c. signal is then amplified in a conventional amplifier,

nd is reconstructed to d.c. by a phase-sensitive rectifier at the output.
"

£ main disadvantage of this approach is the reduction in high-

ency response which results. D.C. amplifiers can also be de-

d in which the chopper and a.c. amplifier are placed in the

ack loop. These are known as chopper-stabilized amplifiers,

ave a considerably greater bandwidth than the simple chopper

triers, though still less than that of the long-tailed pair.

PROBLEMS

22.1 In an amplifier having an overall amplification of 50,000 without feedback,

002 per cent of the output voltage is fed back in antiphase to the input. Calculate

the percentage reduction in amplification if the overall amplification, without

feedback, falls to 40,000.

Ans. 2-2 per cent.

22.2 A resistance-capacitance-coupled amplifier has a voltage gain of —80.

The coupling capacitor has negligible reactance at the frequency of operation.

A very-high-resistance voltage divider across the output taps off one-tenth of the

output voltage, and this is fed back and connected in series with the input voltage

to give negative feedback. If there is an output ripple voltage of 1-8 V r.m.s.

due to the supply to the amplifier without feedback calculate the ripple voltage

appearing in the output of the amplifier when feedback is applied.

Ans. 200 mV.

22.3 A single-stage RC amplifier has a mid-frequency voltage gain of 46 dB
and an upper 3 dB cut-off frequency of 1-5 MHz. Determine the mid-frequency

gain and the bandwidth if 0-01 p.u. negative shunt voltage feedback is applied.

Also evaluate the overall gain and bandwidth for two such stages in cascade.

Ans. -66-7; 4-5 MHz; 4,600; 2-9 MHz.

22.4 An amplifier without feedback has a voltage gain 4» of— 1,500. Determine

the percentage negative feedback that must be applied so that the sensitivity of

the gain to changes in A v is reduced to 0-01 of the value without feedback.

What is the new overall gain 7

Ans. 6-6 per cent; —15.
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22.5 In the circuit of Fig. 22.17 the component values are Ri = 33 kQ., R2 =
10 kQ; Rl = 4-7 kQ, jR£ = 330Q. The A-parameters of the transistor are

h te = 2-5 kQ; h/e = 60; fee = 50 ftS. Determine the input impedance, current

gain, voltage gain and output impedance. Do not neglect the effect of Ui and
i?2 on the equivalent a.c. circuit. Assume a constant-current source.

Ans. 5-4 kQ; —14-3; -12-3; 50-4 kO.

^

Fig. 22.17

Fig. 22.18

22.6 Calculate the mid-frequency voltage gain and the input impedance of the
simplified amplifier circuit of Fig. 22.18. For the transistors it may be assumed
that hfe = 70, hte = 1-2 kfl, hoe = hre = 0. The d.c. bias circuit may be assumed
to give an equivalent resistance of 30 kfl at the input terminals.

Ans. 98-8; 25-2 kil.

22.7 The circuit shown in Fig. 22.19 has a two-stage amplifier with an overall
gain of +100. The input and output impedances are very large. If Ri = 0-1 NK2
and C = 2-5fiF, determine the value of Ri which is required if lOOe is to be equal
to KlVmdt and find the value of K.
The amplifier saturates when e = 1-0V. Find the maximum time over which

an input step of 5V can be integrated. (Note that the feedback is positive.)

Ans. 9-9MD; K = 400; 50ms.
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R
: <\AAA

X

R2

100e

Fy. 22.79

22.8 A two-stage d.c. amplifier has a gain ^ OT = 1,550/(1 -/2 10~8 +/2/10-4
)

where/is in hertz. Negative voltage feedback using a network of pure resistances

ipplied to reduce the d.c. gain to 50. Determine the fraction of the output

age that is fed back, and calculate the gain with and without feedback at

and 50kHz. Sketch the modulus of the gain/frequency response with and
t feedback, and comment on the shapes. (L.U.)

ite that the feedback becomes positive as the frequency increases.]

Is. 0019; no feedback, 775/ -90° ; 92/-152° : 60/ -157° ; with feedback,

50/T; 83/ -25° ; 121 /-51" .

22.9 The load on a C.E. transistor amplifier is a tuned circuit of dynamic
resistance lOOkfl. -The amplifier has series current feedback through an un-
bypassed 100£i resistor in the emitter lead. The resonant circuit is tapped in the

ratio 1 : 6 for matching to the transistor. If 1 1hoe = 20kH, h ie — 1 kti, hfe = 60,

and the source generator has an internal resistance of 5kfi, determine the effective

additional damping due to the transistor circuit, and the dynamic efficiency.

(Dynamic efficiency = (power in tuned circuit)/(transistor output power).)

Ans. 710kO; 0-87p.u.

22.10 A transistor amplifier uses shunt voltage feedback. It is fed from a source
of internal resistance 2k£l. The feedback resistance is lOkQ and the collector

load resistance is lkii. If hu = l-2kO, 1/hoe = 40kO and hfe = 70, determine
the output voltage if the signal generator e.m.f. is 200mV.

Ans. 0-81 V.

22.11 An emitter-follower circuit is fed from a C.E. amplifier which has a
collector circuit resistance of 5HI. The emitter-circuit load of the emitter follower
is 500CJ. For a given current input to the first transistor, determine the ratio of
the output voltage of the emitter follower to the voltage across a 500H resistor

used as the load on the first stage with the emitter follower disconnected. Also
find the output impedance of the emitter follower. Both transistors have
hu = 1 kfl, hoe = 50/tS and hfe = 90.

Ans. 81; 60 Q.
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22.12 A transistor amplifier has a 2-5 k£2 load resistor. Bias is obtained through
a 60kO resistor connected between collector and base. This resistor is divided
into two 30kO sections, with the mid-point connected to the supply rail by a very
large capacitor C. Calculate the current gain and input impedance when (a) C is

connected (hence no negative signal feedback), (b) C is removed. The transistor
has hie = 800Q; fee = 60^; hfe = 100.

Ans. 87, 780Q; 19, 170.



Chapte r 23

OSCILLATIONS AND PULSES

In the previous chapter it was seen that negative feedback in general

improves the stability but decreases the gain of an amplifier. If the

feedback is positive the stability will decrease but the gain will

increase. This increase in gain may be such that an a.c. output is

obtained without an input, and the amplifier has become an oscillator,

giving an a.c. output whose energy is obtained from the d.c.

supply.

Oscillators may be divided into two types according to the output

waveform:

(a) Sinusoidal oscillators, giving pure sine-wave outputs.

(b) Relaxation oscillators, giving pulse or square-wave outputs.

All oscillators work on a negative-resistance principle, and each

of the above types may be further divided into (i) retroaction oscilla-

tors, where the negative resistance is obtained by use of the feedback

principle, and (ii) dynatron oscillators, where the device itself intro-

duces the negative resistance. Basically, if a tuned circuit is connected

in parallel with a negative conductance (i.e. a system in which an
increase in current gives rise to a reduction in voltage), then when the

negative conductance is equal to the equivalent parallel conductance

of the tuned circuit, the total parallel conductance is zero. The
circuit damping will then be zero and oscillations will be sustained

in the tuned circuit at its self-resonant frequency.

Only retroactive oscillators will be considered in this chapter.

721
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23.1 General Condition for Oscillation

The block diagram of a voltage amplifier of gain Av without feedback

is shown in Fig. 23.1(a). As in the previous chapter, the expression

for gain with feedback is

A Vf = ~77 =
Ai)

Vi 1 - 0AV

If the feedback is positive the term /L4» is positive, and AVf is greater

than Av, and indeed rises towards infinity when 1 — f$A v = 0, or

M, = l (23.1)

To investigate this condition further, consider the feedback loop

broken as shown in Fig. 23.1(6). With a given a.c. signal, V,

v' A v . Vo

-0

fi

¥f
Av

1
v

/3V
1

fl

(a) (b)

Fig. 23.1 DEVELOPMENT OF A FEEDBACK OSCILLATOR

applied, the loop gain is defined as ft V j V. If this is unity, then the

input source can be removed and replaced by the feedback voltage

as shown at (c). The circuit will continue to give a signal output,

and has become an oscillator. In this condition the source of the
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signal is in fact the noise in the circuit. This noise is selectively

amplified to give the output. For this to occur,

-yT =1 or [iAv = 1 (as above)

Since in general both p and Av may be complex, eqn. (23.1)
implies two conditions:

(a) In magnitude, f}Av = 1.

(b) The phase of ()AV is zero or any multiple of lit.

For sinusoidal oscillators the open loop is designed to be fre-

quency dependent, so that only at one frequency is the condition
(3AV = 1 fulfilled, and this is the frequency of oscillation.

If the magnitude of flAv is less than unity when the phase angle is

zero or an integral multiple of 2tt, then insufficient voltage will be
fed back to maintain the output voltage in the absence of an input.

If the external input voltage, Vu shown at (a) is removed, the output
will fall to zero.

If fiA v > 1 when the phase angle of f$A v is zero or Itth then the
feedback voltage is more than enough to maintain the output voltage

even when the external input is removed, and any oscillation will

increase in magnitude. With the large voltage swings which will

become established, the amplifier will operate in a non-linear mode,
so that Av will fall. Eventually this fall in A v will bring fiAv to unity,

and the amplitude of the output voltage will become stabilized at

the level at which flA v = 1. Any further increase in the output
voltage will cause A v to fall further, and the output voltage will also

tend to fall to its stable level. Similarly, any random decrease in the
output voltage will cause A v to rise, so that the output voltage will

also tend to rise to its stable level. Thus, if the condition (1AV > 1

when arg f)A v = or Itm is satisfied for small voltage variations

(i.e. for operation in the linear region of the amplifier), oscillations

will build up to a stable value.

In addition, if (SAV > 1, not only will oscillations be maintained
but they will be self-starting. This is due to the noise voltages which
must exist jn any circuit, and which can be shown to cover a wide
range of frequencies. Selective amplification causes the build-up of
oscillations at the frequency forwhich the phase condition arg f}Av —
or Inn is satisfied.

EXAMPLE 23.1 A three-stage transistor amplifier uses transistors for which
at frequency/, ht, = 30/(1 +y//10e

); hle = lkQ; and fc, = 50/iS. The
final stage feeds a load of 1 kQ. Find the maximum series voltage feedback
factor, /?, that can be used if instability is to be avoided at high frequencies.
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The collector load resistances are 5kQ in each case, and base-bias resistors can

be neglected.

The effective load, Rl, of each stage is 5kfi in parallel with lkfl, i.e. 840 Q.

The voltage gain per stage without feedback is thus, from eqn. (21.13),

-hfeRL -30 x 840

(1 + h„eRL')hu ~ (1 +y//106)(l + 004) x 1,000

24/180°
=

(1 +y//106
)

At frequencies- for which //106 <^ 1, each stage introduces 180° phase shift,

so that the three stages introduce a total phase shift of 360° + 180°, i.e. a resultant

phase shift of 180°. Any feedback from the last stage to the first will then be

negative. If, however, each stage introduces a further phase shift of ±60°, the

resultant phase shift will be zero, and the feedback will be positive, so that the

amplifier may be unstable. In this case the phase angle of (1 +y//106
) must be

60°. This means that

arg(l +jf/W) = 60°

or

f/W = tan"1 60° = \/3

or

/= V3 x 10«Hz

At this frequency the value of A v per stage is 24/VO + 3) = 12, so that for

the three stages it is 123 = 1,730.

Hence, if the feedback factor, ji, is greater than 1/1,730, eqn. (23.1) will be
satisfied and oscillations will build up at a frequency of V3MHz.

It should be noted that, in an i?C-coupled multistage amplifier, the coupling

capacitors introduce phase shift at low frequencies. Oscillation may occur if

this amounts to 60° per stage, and if the gain at such frequencies is large enough.

23.2 General Theory of Transistor LC Oscillators

In all oscillators the basic criterion is that the critical loop gain is

unity (Barkhausen criterion); i.e. power, voltage and current gains

are all unity. With bipolar junction transistors the input impedance
is not infinite and it is most convenient to take the condition for

oscillation that the loop current gain is unity, where this gain is

calculated by opening the feedback loop and terminating it in an

impedance, he, equal to the input impedance of the transistor. The
current in this terminating impedance with the open feedback loop

will then be the input current to the first transistor when the loop is

closed.

Consider the general circuit shown in Fig. 23.2(a), where only

the a.c. components are shown. The a.c. equivalent circuit is shown
at (b), where the resistance 1/Aoe has been assumed large compared
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BP^® u
z

(b)

<-cb

hi.

^eb

I—>-

>h
ie

'(load

I
resistor)

(c)

Fig. 23.2 GENERALIZED TRANSISTOR LC OSCILLATOR

with the load impedance, Zce- Thevenin's theorem is now used to

transform the constant-current source hfJb and impedance Zce to

the constant-voltage equivalent as shown at (c). The circuit is loaded

by a resistor hu and the feedback connexion is not made. In this

case the current / in the load resistor hu is

—flfJbZce
1 = Zbe

Zce + Za> + ZbehiefcZbe + he) (Zbe + hie)

—nfeZeeZbehy

(Zbe + hie){ZCe + ZCb) + Zbefke

Now, for oscillation to take place, / = /&. Hence

-hfeZceZbe*b
h =

ZbeZce + ZbeZcb + hie(ZCe + Zcb + Zbe)

so that

ZbeZce + ZbeZcb + h%e{Zce + ZCb + Zbe) = —ZceZbehfe
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If it is now assumed that Z&e , Zce and ZCb are pure reactances, it

follows that the terms ZbcZce, ZbeZcb and ZceZbhfe are positive or

negative reference terms, while hu(Zu + Zcc + Zeb) is quadrate.

Equating reference terms and substituting reactances for impedances
where appropriate*,

XbeXce 4~ XbeXcb = — XceXbehfe

or

Xcb + (1 + hfe)Xce = (23.2)

so that Xcb and Xce must be opposite types of reactance, i.e. if X<#, is

inductive thenXce must be capacitive and vice versa.

Equating the quadrate term to zero,

hie(Xce + XCb + Xbe) =

and since hu ^ it follows that

Xce + Xcb + Xbe = (23.3)

Substituting for Xcb from eqn. (23.2) in eqn. (23.3),

Xce — (1 + hfe)XCe + Xbe =
or

Xbe = hfeXce

so that Xbe and Xee must be reactances of the same type.

® ® +

(a) (b)

Fig. 23.3 THE TWO BASIC LC OSCILLATOR CIRCUITS

Note that eqn. (23.3) gives the frequency condition for oscillation,

while eqn. (23.2) gives the necessary gain condition for the main-

tenance of oscillation. Also, the relation between the reactances is

Xce'-Xbe-Xcb = l-hfe -—(l + hfe) (23.4)

There are therefore basically two types of LC oscillator as shown
in Fig. 23.3. These lead to several variants, depending on the

position of the d.c. supply.

* Xj,e will represent ±jXt,e, and so on.
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23.3 Colpitts and Hartley Oscillators

These oscillators illustrate the application of the general theory very

simply. The Colpitts oscillator is basically the two-capacitor type

shown in Fig. 23.4. The bias circuit is required to ensure that the

transistor will be biased "on" when the supply is connected, so that

Fig. 23.4 PRACTICAL COLPITTS OSCILLATOR

the oscillator will be self-starting. Capacitor C acts as a base-

decoupling capacitor for the signal. For this circuit, eqn. (23.3) gives

the frequency condition as

+ ja>L + -^r =
ja)C2 jcoCi

or

L\Ci + C2)
(23.5)

while eqn. (23.2) gives the gain condition as

. (1 + hfe)
'wL -\

—— =
JC0C2

i.e.

l+hfe = CO*LC2 = ^ + 1

Hence

hfe >-£ (23.6)
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Frequencies over 5 GHz are possible with this oscillator. Similar
expressions can readily be obtained for the Hartley oscillator shown
in Fig. 23.5. It is left as an exercise for the reader to show that, if

Fig. 23.5 PRACTICAL HARTLEY OSCILLATOR

there is no mutual coupling, M, between the coils L± and Lz, then

the frequency of oscillation is given by

„2 = 1

C(Li + L2)

and the gain condition by

(23.7)

(23.8)

IfM =£ 0, these expressions are modified to co 2 = \\C{L\ + L% +
2M) and hfe = {U + M)j(L2 + M).

23.4 Frequency Stability

In the foregoing derivations, the frequency at which an oscillator

operates has been found as a function of circuit components only.

In practical oscillators, external loading, non-linearity of active

device and component losses all introduce effects which make the

frequency dependent on supply voltage, active device parameter

changes and temperature. The frequency stability depends upon how
rapidly the phase criterion expressed by eqn. (23.13) changes with

frequency near the critical frequency. If the change is not rapid,

small changes in parameters may cause a large frequency change as
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the closed loop adjusts itself to maintain the phase and gain response

required for oscillation. Note that, if f}AV0 > 1 when arg {IAV0 =
or 2im, then oscillations build up in amplitude until the amplifier

operates in a non-linear region so that Avo falls until {IAV0 = 1.

To achieve frequency stability one of the frequency-determining

elements is often chosen as a tuned circuit, operated very slightly

off resonance, so that it behaves either as an inductance (at fre-

quencies below resonance) or a capacitance (when operated slightly

above resonance). The higher the g-factor of the tuned circuit, the

greater will be the change in phase with frequency near the critical

frequency, and hence the greater will be the frequency stability.

Expressed mathematically the condition for frequency stability

~7~ (Xce + Xcb + Xbe)

is as high as possible when

Ace T" -Xcb ~T Afye ^

Since a piezo-electric crystal behaves as a tuned circuit of very

high g-factor, oscillators in which one of the elements is a crystal

have very high frequency stability.

The piezo-electrical effect is the mechanical contraction or elonga-

tion along one axis of a crystal when a voltage is applied across

another axis (and vice versa). If a voltage pulse is applied then on its

removal the mechanical strain relaxes and the strain energy is

converted to stored electrical energy—a voltage appears on the

voltage axis. This in turn leads to further mechanical stress. The

crystal will continue to oscillate between mechanical and electrical

stored energy states until internal losses use up all the original stored

energy. It is thus equivalent to a tuned circuit as shown in Fig 23.6(a).

g-factors of the order of 50,000 are readily obtained from quartz

crystals. Because of their larger electrical output crystals of Rochelle

salt are commonly used in piezo-electric pick-ups, microphones and

transducers. The self-resonant frequency of crystals is determined

largely by their thickness—the thicker the crystal the lower the self-

resonant frequency.

A simple piezo-electric oscillator is shown at (b). This is

effectively a Colpitts oscillator—with the coil replaced by the crystal,

which must therefore operate slightly below its self-resonant fre-

quency. This is often called the Pierce oscillator. A similar circuit

in which the capacitors Ci and C2 are replaced by coils gives the

crystal equivalent of the Hartley oscillator.
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(a)

Crystal I

Fig. 23.6 PIERCE OSCILLATOR

23.5 Oscillators with Mutual Coupling

Mutual coupling is often used in oscillator circuits. When general-

ized theory is applied in these cases the mutual inductance should

be replaced, as far as the calculations are concerned, by the equivalent

7r-circuit shown in Fig 23.7.

MfLa =

Li+M L2+M
&. OHO . . , fYVX*—q ,

La
_mo_.

(a) (b) (c)

Fig. 23.7 EQUIVALENT CIRCUITS OF A MUTUAL COUPLING

By considering mesh equations it is easy to verify that the circuit

at (b) with no mutual coupling is equivalent to that at (a), and the

star-delta transformation then gives the equivalent ir-circuit, where

LA =
LiL2 - M 2

-M LB =
L1L2 - M 2

Lz + M U =
Li + M

(23.9)
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Note that La is a negative inductance. This means that it has a

negative reactance which increases with frequency. A negative

inductance in parallel with a positive inductance does not, however,

form a tuned circuit with a resonant frequency, but simply gives a

larger positive inductance (if the negative reactance is larger than the

positive reactance).

Fig. 23.8 TUNED-COLLECTOR OSCILLATOR

(a) Actual circuit (M Equivalent a.c. circuit

Using the above relations it is seen that the tuned collector oscilla-

tor of Fig. 23.8(a) reverts to the general form as shown at (b).

The inductance Lc is positive and La is negative (i.e. Xbe is positive

and Xd is negative). Hence Xce must be positive, i.e. Lb in parallel

with C must operate below the resonant frequency,/= 1I2tt\/(LbC).

The conditions for oscillation are then fulfilled provided that the

gain is high enough. In a practical transistor oscillator of this type

the tuned circuit coil will normally be tapped in order to reduce the

loading of the circuit due to the transistor. A third winding is often

used for the output.
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The frequency of the oscillator will be slightly below II2tt\/(LbQ,

i.e. slightly above 1/2tt<\/(LiC). The frequency stability of the circuit

can be high, but because the rate of change of reactance with fre-

quency of the negative inductance, La, is negative, the stability is

not so high as it would be if a capacitor were to replace La (the rate

of change of reactance of the capacitor with frequency would be

positive). Mathematically,

d
-j- (%ce + Xcb + Xbe)

is smaller if Xcb is the reactance of a negative inductance than if it is

the reactance of a capacitor, and so the frequency stability is lower.

23.6 Transistor Wien Bridge Oscillator

For the circuit shown in Fig. 23.9(a) the voltage transfer function is

Vf _ i

V 3 +jcoCR + 1/jcoCR

21 C R
o

|i—V^AA

V' >r ic

(a)

Vf

2'

2 I'
o—*

—

R C 1

-WV 1|
9

±C <R

(b)

"If

Fig. 23.9 SIMPLE TRANSISTOR WIEN BRIDGE OSCILLATOR
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The current dual of this circuit is obtained from a simple applica-

tion of the principle of duality. It follows from this principle that

the ratio of output to input voltage for an open-circuited two-port

passive network is the same as the ratio of the current through a

short-circuit across the input terminals to the current fed into the

output terminals. Thus, if the output terminals 2, 2' in Fig. 23.9(a)

are made the current input terminals at (b) of the current dual,

it is easy to verify that

/,/

/' 3 +jwCR + 1/jwCR

In the oscillator circuit shown at (c) the feedback resistance is

chosen to be (R — hte), so that when the transistor input resistance,

hie, is taken into account, the circuit is equivalent to a capacitor C
and resistor R in series feeding into a short-circuit. The input base

current of transistor Tri is

f

If
3 +jwCR + lljcoCR

(23 ' 10)

neglecting the effect of the base bias resistors. Hence, if

y>3 (23.11)
If

the circuit will oscillate at the frequency which makes the quadrate

terms in eqn. (23.10) vanish; i.e. at a frequency given by

wCR =
mCR

»-A (2112)

It is, of course, relatively simple to achieve a current gain of 3 in a

two-stage amplifier, but the frequency stability of this circuit is poor.

For this reason the full Wien bridge oscillator shown in Fig. 23.10

is to be preferred.

This requires a differential amplifier whose output is a constant,

A v times the difference between the inputs ; i.e.

V = A v{Vx - V2 ) (23.13)
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The gain Av must be positive reference number—i.e. the differential

amplifier must have an even number of stages, as in the half Wien
bridge. The bridge is almost balanced, so that the voltage across AB
is small.

Fig. 23.10 THE FULL WIEN BRIDGE OSCILLATOR

R'
-—vw

-.Ic

-Vrr+

C I3
4H-

c C R-h ie

HI—VW—

1

"SSlf

777777

\

Fig. 23.11 SINGLE-STAGE RC OSCILLATOR

Analysis of the circuit shows that the frequency of oscillation is

given by

J 2ttV(CiRiCzR2)

and, since the voltage across AB is small, the condition of oscillation

will be that A v is large enough to satisfy eqn. (23.10) (high gains are

however, easily obtained). The frequency stability of the circuit

is high; i.e. the effective Q-factor of the selective network is much
greater than that of the half Wien bridge.
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23.7 Single-stage Transistor RC Oscillator

The circuit of a single-stage RC phase-shift oscillator is shown in

Fig. 23.11. The circuit to the left of the broken line is a simple

amplifier, in which the bias is obtained by means of the collector-base

resistor R'. Since the amplifier is in the common emitter connexion,

the collector current, Ic, will be approximately in antiphase with the

base input current, //. Hence, for oscillation, the phase-shift network

of C's and R's must introduce a further 180° phase shift, and the

transistor current gain must compensate for the network attenua-

tion. Assuming a transistor input resistance of hie, the following

equation can be deduced (neglecting any current through the bias

resistor R') by considering the current division between Rl and the

feedback chain, and the current division in the feedback chain

itself.

Ic = Io + h

~ If
\ Rl ~ a>2C*R \R + RL)

+ ja>C\R
+ RL)

";^cWJ (23 - 14>

Oscillation will occur at the frequency which makes the quadrate

term zero, provided that the current gain makes Ic equal to // times

the reference term. For zero quadrate term,

l_/4 _6\ 1

oC\R + Rl) ~ m3Cs
l

or

*C3R2RL

RRl 1

(23.15)

(23.16)

~ C2R2RL(4RL + 6R) C*R(4RL + 6R)

so that

I

m ~ Cy/[RLARL + 6R)]

When this condition is satisfied,

h_., R Wl + 6R)(RL + 5R)

If
- 5+

RL
~

RRl K °

(substituting for m2C2R from eqn. (23.15) in the reference part of

eqn. (23.14)).
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The current gain, Ai, must be greater than this in order to sustain

oscillations; i.e.

R 4Rl n , 30/?
Ai>3 + TL -ir- 26

--R;

> (»+%+'-¥)
Neglecting l/Aoe , since \jhoe <^ Rl, and assuming /<• s%* —hfeIb «s

-h/Jf,

hfe> 23+
2^ +

4

-f (23.18)

It has been assumed that \\hoe > \0RL, and that Ic <=v —hfJLb-

For example, if C = 0-05/^F, i?z, = 3-3kQ and i? = 5-6k£), then

the oscillation frequency is approximately

106

y
2t7 x 0-05V[3-3(13-2 + 33-6) x 106 ]

and A/e > 23 + 49 + 2 > 74.

It is left as an exercise for the reader to show that if the resistor

{R — hie) is omitted, the frequency of oscillation is given by

2 = 1m
C\hieRL + 3RRl + 3/?2 + 3Ai.il)

and the gain condition is that

2hie hie

(Rl + hie + 4R)(hleRL + 3RRL + 3R2 + 3Aiei?)

R2Rl

If hie —*• and Rl = R, these expressions reduce to

1

6C2i?2
and A/e > 29

In general, i?C oscillators are convenient at low frequencies, since

no large tuning inductance is required. Further, since the frequency

of oscillation is inversely proportional to the capacitance (while

in LC oscillators it is inversely proportional to the square root of

the capacitance), the same capacitance change gives a larger fre-

quency variation in RC than in LC oscillators.

23.8 Astable Multivibrator (Relaxation Oscillator)

In the astable multivibrator, two cascaded RC coupled stages are

given 100 per cent positive feedback, and this gives rise to a
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conduction process whereby one stage is fully conducting while the

other is switched off, conduction being transferred from one stage

to the other by the discharge of a capacitor through a resistor.

The output consists of square waves or pulses whose repetition

frequency depends upon the CR time constants involved.

A simple circuit is shown in Fig. 23.12. The basic design criterion

is that when either transistor is conducting it will operate in the

Output

Fig. 23.12 CROSS-COUPLED ASTABLE MULTIVIBRATOR

saturation region. Up to the saturation value of collector current

the relation Ic & HfeIb applies (where Ixfe is the large-signal d.c.

current gain before saturation). If Ib is further increased there will

be no corresponding increase in Ic since it has reached its saturation

value (all that will happen is that Ib will increase slightly). Hence the

criterion for saturation is IifeIb > Ic-

For transistor Tri, the base current in the saturated "on" state is

approximately VCc\Ri (neglecting the transistor base-emitter voltage),

and the collector current is VccJRli- Hence, for this state,

~R~2 Rlx
or Rli >ITe

Similarly RL2 > RilhFE (normally Rli and RLi are chosen as equal).

The initial setting of the circuit can be seen by assuming that, when

the d.c. supply is switched on, both transistors carry equal rising

currents: some random variation will be bound to slightly increase

or reduce one current with respect to the other—suppose that the

current in Tr2 is increased above that in Tri by a small amount.

The following reactions will occur

:

(a) The voltage drop across Rl2 will increase, so that Vc% will

fall, and since the voltage across C2 cannot change instantane-

ously, this fall in voltage is also effective at the base of Tri.
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(b) Since VB\ has fallen, the base current in Tri falls and the
collector current is reduced, so that the collector voltage Vox
rises, this rise being transferred across d to the base of Tr2.

(c) Since Vm rises it causes the current in Tr2 to increase further,

and the process repeats until Tr2 is saturated and Tri is cut
off (provided that RL2 > RijhFE).

The system is thus inherently unstable. It may be taken that the
changes take place instantaneously since there are no reactive

Vro"

vR,i

H

Fig. 23.13 WAVEFORMS OF ASTABLE MULTIVIBRATOR

elements except Ci and d, whose instantaneous charges are constant.

It is, of course, purely random which transistor becomes saturated

and which is cut off initially.

The wave diagrams shown in Fig. 23.13 commence at the instant

when Tri is cut off, so that, to a fair approximation, Vb2 = ;
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Vci — 0; Kbi is rapidly going negative with respect to earth;

and Vci is rapidly rising to the supply voltage, Vcc The reactions

from this instant are as follows:

1. The positive-going voltage at the collector of Tn is applied

across C\ and gives a base current flow in Tr2 , so that Ci can rapidly

charge through the forward-biased base-emitter diode of Tr2 .

Vbz rises sharply above earth but rapidly falls to just above earth

potential, so giving the small positive spike shown. It is convenient

to assume that, just prior to the present voltage changes, Vc% has

been at the supply voltage, Vcc, and that VBi has been at zero voltage

;

this may not be so initially but becomes so after only a very few

oscillations. Then the change in the collector voltage of Tr2 is from

Vcc (when Tr2 is non-conducting) to zero (when Tr2 is saturated).

Since the charge on C2 cannot change instantaneously, the base

potential of Tn must fall by the same amount, i.e. from about zero

initially to —Vcc, so that the voltage across i?2 is IVcc-

2. In the interval marked "2" in Fig. 23.13, relatively static con-

ditions prevail. Vcz remains at about zero voltage, Vci at + Vcc,

and VB% at about zero. However the voltage across Rz is now

2VCc, and so a current flows in it which charges C2 from — Vcc

towards + VCc, the time constant of the exponential charging current

being C2R2. The equation of this "relaxation" is

Vbi =-Vcc + 2VCc{\ - e-" **)

- Vcc -IVcc
*-Wt* <23 -19>

However, as soon as its base comes to zero voltage, Tr2 starts

conducting and a second stage of precipitate amplification (labelled

"3") occurs. The variation of base voltage during phase 2 is shown,

the broken curve indicating the "prospective" rise, which is cut

short at instant 3.

3. As soon as VB\ reaches zero voltage, Tri starts conducting.

Hence VCi falls, and the fall is transferred across Ci (whose voltage

cannot change instantaneously) to the base of Tr2, which therefore

becomes cut off. Vc% rises (short time constant, CzRlz) to Vcc

so that (since the voltage across C2 cannot change instantaneously)

the base voltage of Tn also rises, to saturate Tn and cause its

collector voltage to fall to about zero. The base voltage of Tr2

falls to - Vcc volts.
.

4. As soon as this precipitate amplification period is over, a further

quiescent period follows, with VCi « 0, VC2 & Vcc and VBi «* 0.

Vm now rises (time constant, C1R1) from -Vcc towards + Vcc-

The equation for the rise is

VBz=Vcc-2VccS-t,ClRi (23 -2°)
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The whole process repeats as soon as Vbz reaches zero, when a
further stage of precipitate amplification takes place.

The output from either collector is thus a series of rectangular
pulses, whose repetition frequency can now be found. Thus for the
first relaxation period, the time, n, required for the base voltage
to rise from — Vcc to zero is given, from eqn. (23.19), by

= Vcc - IVcc e- Ti/c2*2

Hence

exp (tiICzRz) = 2 or T1 = C2R2 loge 2 (23.21)

Similarly the time for the second relaxation period is

r2 = dRi loge 2

and the pulse repetition frequency (p.r.f.) is

'

ti + t2
=

(CiRi + C2R2)loge 2
(23 -22)

For the symmetrical multivibrator, CiRi = C2R2 = CR, and
hence

?RF
=2CRloge 2

=
h4CR Pulses/second (23.23)

The p.r.f. can be altered by (a) changing the CR constant or (b) re-
turning the base resistors Rx and R2 to a different potential than that
of the supply rail (increasing the voltage to which they are returned
increases the frequency).

The frequency stability of transistor multivibrators is not high,
and in particular the temperature sensitivity of the reverse leakage,
current ICeo (especially in germanium transistors) causes frequency
drift. This is because the leakage current at the base of the "off"
transistor affects the charging rate of the "relaxing" capacitor. The
basic circuit is not suitable for use with silicon planar transistors if

Vcc > 6V since the base-emitter junction may break down when it

becomes reverse biased.

23.9 Synchronizing

It is often desirable to lock the frequency of a multivibrator to that
of a more frequency-stable oscillator that can produce short pulses
(clock pulses). This can be done in the circuit of Fig. 23.12 by feeding
positive clock pulses through diodes to the base connexions. The
transition between states can then be made to correspond to clock
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impulses as shown in Fig. 23.14. If the clock pulse frequency is

slightly higher than that of the multivibrator, the multivibrator will

be brought into exact synchronism. If the clock pulse frequency is

several times the multivibrator basic frequency, the multivibrator

will act as a dividing circuit (as in Fig. 23.14) giving one output pulse

Clock
pulses

Base voltage

Collector
voltage

Fig. 23.14 SYNCHRONIZING WAVEFORMS FOR A MULTIVIBRATOR

for every 2, 3, 4 . . . etc. clock pulses. This division is not usually

carried beyond 10, since it is then difficult to make synchronizing

determinate and stable.

23.10 Monostable Multivibrator

The astable multivibrator has been seen to have no stable state,

conduction being transferred continuously from one transistor to the

other and back. The monostable multivibrator (Fig. 23.15(a)) has

one stable state to which it will always revert. When an external

trigger pulse is applied the circuit switches over, and then, after

some delay, returns to the stable state until a further trigger pulse is

applied. The circuit is used to give a time delay action, or to produce

a known pulse width.

In the circuit shown, the voltage of the base of Tri is set by the

resistor chain RL, R2 and R3 to be below the emitter voltage. Thus

Tri is normally cut off. The base of Tr2 is connected through Ri

to the positive supply, so that Tr? is normally conducting (i.e. in
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the "on" state). This is the stable state, in which Vci = VCc and
VC2 «a 0,

When a negative trigger pulse is applied to the base of TY2, the

current in this transistor falls, Vc% rises, and since the voltage across

C% cannot change instantaneously, the voltage Vbi also rises. This
starts Tn conducting; its collector voltage falls, and since the voltage

across Ci cannot change instantaneously, the base of Tr2 also falls

Vrr+

(b)

Fig. 23.15 MONOSTABLE MULTIVIBRATOR
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to maintain Tr2 in the cut-off condition* This precipitate amplifica-

tion ends with Tri on and Tr2 off, so that Vci <** 0; VCz **s Vcc
(neglecting the voltage drop across RL2 due to the resistor chain
current); Vbx «* 0; and Vbz = — Vcc-

The quasi-stable state follows, as C\ charges towards VCc (time

constant, CiRi), with Vci «« and VC2 & Vcc- The duration of
this state is the time required for Vb% to rise from — Vcc to zero;

when aiming at + Vcc', i.e. it is given by eqn. (23.21) as

r = Cii?i loge 2

As soon as VB2 reaches zero, Tr2 starts conducting, and a further

stage of precipitate amplification occurs to change Tri to "off"

and Tr2 to "on." The circuit is then back in its stable state and awaits

a further trigger pulse before again switching over. The waveforms
are shown in Fig. 23.15(A).

Base leakage current in Tr2 causes the same effect as in the astable

circuit, and results in some temperature dependence of the output

pulse-width.

EXAMPLE 23.2 In the monostable circuit of Fig. 23 . 1 5, Rli = Rm = 1 -8 kfi

;

Ci = C2 = 10,0OOpF; Ri = 22kH; R2 = 15kO; V?3 = 120kQ. The supply

voltage, Vcc, is 6V and the bias voltage is —6V. Verify the stable-state currents

and voltages, and show that Tri is bottomed in the quasi-stable state. The transis-

tors used have Ape = 70.

In the quiescent state Tri is off and Tr2 is on. Assuming that Tra is saturated

(bottomed) and that the voltage drop across it is then negligible, the collector

current in Tr2 will be

Vcc 6

The base current is then

Vcc 6

^~-r7 = 22^00
A =°-27fflA

(neglecting the base-emitter voltage).

Since Ibi > IczIIife, the transistor is saturated.

The base voltage of Tri is determined by the voltage-dividing action of Rz
and Rs across Vci and — Vbb, i.e.

— VbbRz 6 x 15
K" - rTTrs

= --nT = "°-7V (s,nce "<» ~ 0)

Hence the base of Tri is at a lower potential than the emitter, and so Tri must be

cut off. Note also that the drain of R2 and R3 is approximately

,
Vbb as a

which gives a negligible voltage drop across Rtz-
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The width of the output pulse when triggering occurs is

T = C1R1 loge 2 = 10-8 X 22 X 103 X 0-69s = 152/iS

In the quasi-stable state Tr2 is off. If there were no base current in Tri the

voltage at the mid-point of Rz and R3 would be

VccRz , 12 x 120 x 103~ Vbb + RL, + R, + R3

= ~6+
137 x 103 = +4-5V

Hence the base must be forward biased, and neglecting the base-emitter voltage

drop, the actual base voltage is zero. The actual current through R2 is therefore

6
fea =

1,800 + 15,000
A = °-357mA

The current through Ra is, similarly, 6/120,000A = 0-05mA, so that the base

current is 0-375 — 005 = 0-325mA. Since this is greater than Ici/Iife the

transistor is bottomed.

23.11 The Bistable Multivibrator

The bistable multivibrator has two stable states, since either transistor

may conduct and in doing so cuts the other one off. The circuit is

shown in Fig. 23.16(a). Each transistor is d.c. coupled to the other.

The capacitors Ci and C2 are called "speed-up capacitors" and act

simply to ensure precipitate amplification during the transition

from one stable state to the other.

Suppose that Tri is on. The voltage-divider resistor chain is

designed so that the low collector voltage of the "on" transistor is

sufficient to keep the other transistor offunder steady-state conditions.

Hence if Tri is on, Tr2 is held off. If a negative trigger pulse is now
routed through diode Di to the base of Tri, the base potential falls

and Tri takes less current. The collector potential of Tri rises, and
hence the base potential of Tr2 rises. Tr2 starts conducting and
precipitate amplification then follows to turn Tr2 fully on and to

cut Tri off. The circuit remains in this state until a negative reset

pulse is applied through D2 to the base of Tr2. This will turn Tr2

off and Tri on. The relevant waveforms are shown in Fig. 23.16(b).

By interconnecting the trigger and reset pulse circuits, the input

negative pulses may be routed by the diodes to whichever of the two
bases is the more positive, so that successive input pulses will cause

the bistable multivibrator to change state. The output at either

collector will then be at half the pulse repetition frequency of the

input pulse train. The circuit is then a scale-of-two counter or a

divide-by-two circuit, which has many important applications in

computers and static switching.

Leakage currents do not affect the operation of the bistable

multivibrator, which is inherently stable and largely independent of

temperature variations.
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Fig. 23.16 BISTABLE MULTIVIBRATOR

(a)

Fig. 23.17 IDEAL AND PRACTICAL PULSES
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23.12 Rise Time and Tilt of Pulse Waveforms

An ideal pulse is rectangular in shape, as shown in Fig. 23.17(a).

In practice it is not possible for a pulse to rise or fall instantaneously,

and often the top of the pulse is not level. These effects are exag-

gerated at (b) for clarity.

When the leading edge of any practical pulse is observed on a

cathode-ray oscilloscope with a fast enough time base, it is impossible

to determine the exact instant at which the rise starts, since (as shown
at (b)) the rise starts on an asymptotic curve. For the same reason it is

also impossible to determine the time at which the peak is first

reached. It has therefore become usual to specify the rise time of a

pulse as the time taken for the pulse to grow from 0-1 to 0-9 of its

peak value.

The tilt of a pulse waveform is a measure of the slope of the top
of the pulse. The per-unit tilt is the difference between the peak
value and the value at the start of the trailing edge expressed as a
fraction of the peak value.

23.13 Pulse Response of a Low-pass CR Network

The voltage transfer function of the low-pass circuit shown in

Fig. 23.18 is

V lljmC 1

Vi (R + 1/jcoC) 1 + jcoCR

If a> is small so that w <^ IfCR, the voltage transfer function is unity.

Vol Vi will fall by 3 dB from this value whenmCR = 1 . The frequency,

/h, at which this occurs may be taken as a measure of the upper
limit of frequency of the circuit, where

f" - tJcr <23 -24>

Hence, for any frequency^,

V„ 1

T,
=

f
(23 -25>

fa

When a pulse waveform is applied to the circuit, transient analysis

shows that the output will be in the form of an exponential growth
and decay. If the time constant is less than 0-2 of the pulse-width,

the output pulse will eventually reach about 99 per cent of the peak
value of the input as at (b) (a CR transient may be considered to reacb



»**>*- »' ^f1
?.

1*. ?!>v^ W / ' y^:^N*:??Ki"'V"'. ,' -t f-r-.,

Oscillations and Pulses 147

( R
*-—-V\AA"

(a)

Fl£. 23.18 PULSE RESPONSE OF LOW-PASS RC NETWORK

a steady value in five time constants). The expression for the leading

edge of the output voltage waveform for a pulse of height V( is

Vo = Vi{\ - e-"CB)

The rise time is (h — h), where h is the time for v to reach 0-1 Vt,

and H is the time to reach 0-9 Vi. Thus

0-1 Vi = Vi(l - c-U™) or h = 0-1C/J

and

0-9Vt
- Fi(l - e-'2/0*) or r2 = 2-3CR

so that

2-2

Rise time = t\ — ti — 2-2CR —
2nfn

seconds (23.26)



748 Oscillations and Pulses

On the trailing edge the output decays according to

v = Vte-ww

where t is reckoned from the instant when the trailing edge of the
input pulse commences.

If the pulse width is less than five time constants, the output pulse
will never reach the peak of the input. This condition is shown in

Fig. 23.18(c). The decay will, however, last at least five time con-
stants, unless the next pulse arrives before this.

If the time constant, CR, is very large, the output of the circuit will

be approximately equal to the time integral of the input for integrat-

ing times which are small compared to CR. Thus, for the circuit of
Fig. 23.18(a), the instantaneous output voltage, v , is given by

Vo== C

where q is the instantaneous charge on C. Therefore

dv i

~di
=
C

and

Vi = iR + v = CR
dV

° + v
dt

If CR is large enough, so that v < Vi, then

~CRJ JVo== cr) Vldt (23 '27)

The disadvantage of this form of integrating circuit is that the output

voltage is very small. The output of such a circuit with a step input

is shown at (d), and is simply the initial part of an exponential growth
curve of long time constant.

23.14 Pulse Response of a High-pass CR Network

In the high-pass CR circuit shown in Fig. 23.19(a), the a.c. voltage

transfer function is

V R 1

Vi R+ l/jcoC 1 + 1/jwCR

For very high frequencies this ratio is unity. It falls 3 dB below unity

at a frequency, fh, for which

2nfL = ^ (23.28)



Oscillations and Pulses 749

The voltage transfer function can hence be written for any frequency,

/.as

Vo _ 1

Vt
i-y

f

(23.29)

When a pulse waveform is applied to this circuit, on the rising

edge the change of input causes the output voltage to rise instantane-

ously by the same amount, since the voltage across C cannot change

Vo.i

3 ^^^ Equal areas

(b) CR>Tp

>

f
(c) CR«T

p

Fig. 23.19 PULSE RESPONSE OF HIGH-PASS RC NETWORK
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instantaneously. C charges through R, and hence the output voltage
falls exponentially towards zero. The fall in voltage stops when the
negative edge of the input pulse arrives. A similar process then occurs
at this falling edge as shown in Fig. 23.19(6). Since C acts as a d.c.

block, the mean output voltage must be zero, so that the shaded
areas above and below the time axis in the diagram must be equal.
The per-unit tilt of the output pulse can be found readily if CR

is very much greater than the pulse-width, Tv . In this case TV\CR< 1

and the exponent in e-TPlcR js approximately equal to \—TvjCR.
Also, if the output voltage rises from V\ to V2, then

V2 = Vi + Vi

where V\ will be negative, and

V3 = Vzc-Wx, v2 (\-^\

so that the per-unit tilt is

v»~r> „ V* - F2(l - TvjCR) V,TP
Vt

~

"

Vt

= V^R (2130)

If Vi is small, Vt ku V% so that

T
Per-unit tilt =~ = 2nfLTp (23.30a)

For a CR time constant which is less than 0-2 of the pulse-width,

the capacitor C can completely charge before the negative-going edge
of the pulse arrives, and the output voltage will consist of positive-

and negative-going spikes as shown at (c).

If the output voltage, v„, is a very small fraction of the input
voltage, vu then to a good, approximation all the input voltage appears
across the capacitor C so that the alternating current in C is

. „dvi

Thus, if there is no external loading,

dvi
v„ = iR^CR~ (23.31)

i

1
i.e. the circuit acts as approximate differentiating circuit. Note,
however, that if the input is an ideal pulse with zero rise time, the

derivative is infinite, and this cannot be obtained from the given

circuit. In other words, the circuit acts as an approximate differen-

tiator if (a) the CR time constant is small compared to the input
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rise time, (b) the output voltage is very small compared to the input,

and (c) the rise time of the input is finite.

EXAMPLE 23.3 A pulse waveform of peak value 10V is applied to the high-
pass CR network of Fig. 23.19(a). The pulse-width is 100 (is and the pulse
repetitionfrequency (p.r.f.) is 2,000 pulses/second. IfC= 01 yuFandTJ = lOOkii,
determine the maximum positive and negative output voltage and the per-unit

tilt.

Since the p.r.f. is 2,000 the pulse period is

T
1 1

p.r.f. 2,000
s ~ 500^s

The output waveform is that shown in Fig. 23.19(6), where

V2 = Vx + Vt (0

K3 = K2 e- JW°* (")

Vi = V3 - V{

and

Vi = V4e-<T ~ TPVCR (iii)

For equal areas above and below the axis,

V2 e~ tlCR dt +
Jo . Jo

"
Va e-"0ii dt =

Hence

f

-CRV2(e- T"ICR - 1) - CRV4(e-(T - Tp)ICR - 1)

Substituting the given numerical values,

-F2(e-°
01 - 1) = F4(e-°-°* - 1)

and, to a close approximation,

-V2(l - 0-01 - 1) = Vi{\ - 0-04 - 1) or V2 = -4V4

From eqn. (iii),

Vi ™ Vi{\ - 0-04) = 0-96 Vi

Solving these equations for V\ and V% gives V± = — 1-9V and
F2 = 8-1V.

The per-unit tilt is found by substituting in eqn. (23.30):

. ., V2TP 8-1 x 10-4
Per-umt t.lt ~^ =

10 x 10-7 x W =£^



752 Oscillations and Pulses

23.15 Preservation of Pulse Waveform

When a pulse waveform is applied to an .RC-coupled amplifier

the output will in general have a longer rise time than the input and

will also have tilt. The Fourier analysis of a pulse waveform shows

that it contains a large number of harmonics, and hence it is essential

that the amplifier should have a wide bandwidth if the output is not

to be distorted.

The high-frequency response of a single-stage amplifier determines

the rise time of the pulse output. This is equivalent to the response

of alow-pass RC network, and eqn. (23.25) gives the relation between

rise time and the upper cut-off frequency, fn, as

2-2
Rise time = _ ,.

2ttJh

The low-frequency response of a single-stage amplifier determines

the per-unit tilt of the output, given by eqn. (23.30a) for a pulse-

width, Tp , as

Per-unit tilt *=» 2TrfLTp
provided that the pulse period, T, is long enough to ensure that

(T - Tp) > 5CR.
Hence for best response /h must be as high as possible and/z,

as low as possible.

If a pulse waveform is applied to a circuit which has appreciable

input capacitance, an increase in the rise time will occur unless the

source is. of zero impedance.

This is of particular importance if pulses are to be observed on

a cathode-ray oscilloscope, since the trace obtained may not then

correspond to the actual input, owing to the input capacitance of the

oscilloscope. This effect may be partly overcome by the use of a

compensated attenuator.

Consider the simple attenuator shown in Fig. 23.20(a). Using

the normal transient analysis for a step input, it may be readily showr>,

that the output for a step input is given by

j/„ = ViR2 n _ e.-tici)p\

where Rp = R1R2KR1 + -fo). Hence the output rise time is 22CRV

seconds.

If the attenuator is compensated by the addition of capacitor Ci,

as shown at (b), then for r.m.s. voltages,

* = , + *£ = ! + *!
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where Ys
= \jR\ +jcoCi and YP = 1/K2 +;'coC2 . Hence

Vt
,

7?i(l +;toC2/?2)

F ~ +
i?2(l+y'ft>Ci/?i)

If CiRi = C2#2 this expression becomes independent of frequency,

and will therefore give no distortion of the pulse waveform. For this

case,

Vo

Vi

1 Rz

a. 3i ^1 + ^2
(23.32)

If the attenuator is undercompensated (CiRi < C2R2), there will

be degradation of the rise time. If it is overcompensated

(C1R1 > C2R2), there will be an overshoot on the output waveform.

These effects are shown at (b).

-0—vw-

R2<

Vi-I

(a)

Vi—

1

t

r— o-l—W\A-1

s>
Vi

,

Ri

Ri<

(<vj

13 ,

_n. t

V (C
1
R

1
= C2R2)

(b)

Fig. 23.20 PULSE RESPONSE OF ATTENUATOR

(a) Uncompensated (W Compensated

V (P^<C2 HZ )

V (C,R,>C2 R2 )
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23.16 Sawtooth Generator

In many applications a voltage that increases linearly with time is

required (e.g. for the deflexion of the spot on a cathode-ray tube;

in television scanning circuits; in radar displays; etc.). Normally

a slow sweep followed by a very rapidflyback is wanted, such as the

sawtooth waveform shown in Fig. 23.21(a). This waveform may be

(aiming
voltage)

t+

-J\AW °
I
o

1
I

(b)

Fig. 23.21 SAWTOOTH WAVEFORM

generated by alternately charging a capacitor through a high resis-

tance and discharging it through a low resistance. This is shown

schematically at (b). The switching mechanism will be an electronic

circuit. In order to achieve reasonable linearity, the flyback must b«S

initiated when the capacitor voltage has reached a value Vi which is

a small fraction of the aiming voltage, Vm .

From transient theory, the instantaneous capacitor voltage, vc, is

ve = Vm{\
-tlCB\

= Km
(

1 - 1 + CR &)" +)
CR((-»<* + •)



* .»»f m !s l

~:\

Oscillations and Pulses 755

For true linearity the capacitor voltage would be VmtjCR, so that

the term \t\CR represents a fractional error. Since the neglected

terms in the exponential series alternate in sign, and (provided that

tjCR < 1) become smaller, the actual fractional error will always

be less than it/CR. If flyback occurs at time T\ after the commence-

ment of the sweep, when the capacitor voltage is V%, then

Vz <=&

VmTi

CR HS) (23.33)

Hence the error in linearity is small provided that 7i is a small

fraction ofthe CR time constant ofthe charging circuit. If a constant-

current source is used to charge C, there will be no error in linearity,

since effectively the aiming voltage will then be infinite. The rate

of growth of voltage can be varied by altering Vm, C or R.

An extremely simple sawtooth generator using a neon discharge

tube is shown in Fig. 23.22(a). The capacitor, C, charges through

oVout

Fig. 23.22 SIMPLE SAWTOOTH GENERATORS
(a) Neon (6) Bootstrap integrator
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R until the breakdown voltage of the neon is reached, when it dis-

charges rapidly through the protective resistance in the neon circuit.

The neon is extinguished and the process repeats. The voltage rise

will, of course, start from the extinction voltage of the neon and not
from zero. For good linearity, Vm requires to be very large, and the

sweep time, 7i, must be small compared to CR.
A more sophisticated circuit is the bootstrap integrator shown in

Fig. 23.22(6). This relies on the fact that the integral of a square
wave is a linearly rising curve. In principle, capacitor C\ charges
slowly through Ri when transistor Tri is non-conducting, and
discharges rapidly through Tri when this transistor is switched into

conduction by the rising edge of the input square wave. The function
of transistor Tf2 is to give a constant voltage across the charging
resistor R± (and hence to give a constant charging current for Ci).

Since Tr2 is in the emitter-follower connexion, it has a low-impe-
dance output, so that the output waveform is very little affected by
any load at the output terminals.

With no input, Tn conducts, so that the voltage at A is almost
zero (and hence Ci is discharged), while the voltage across Ri is

almost Vcc- The output voltage is also almost zero, owing to

emitter-follower action.

When the input voltage goes negative, Tri becomes cut off, and
Ci starts to charge through Ri. The voltage at A rises, and owing
to emitter-follower action, so does the output voltage. The output
voltage rise is fed back through the large capacitor Cz to point B,
so that, if the gain of the emitter follower is unity, the voltages at A
and B will both increase by the same amount and the charging current
will remain constant. The rising voltage at B will cut off diode D2.
This linear rise continues as long as Tri is cut off—the output of
Tr2 may be thought of as lifting itself during this time by its own
bootstraps. The linearity depends on how closely the gain of the

emitter follower approaches unity, and on the fact that Ci > C\.

PROBLEMS

23.1 The open loop gain of a feedback amplifier is given by

PAm = -10/(1 +Jf(10
7
)
3

Determine whether the amplifier will be unstable. Determine the frequency at

which the amplifier will become unstable if the numerator becomes —5.

Ans. 17 MHz.

23.2 For the Colpitts oscillator shown in Fig. 23.4 the value of L is 20 fiH and
the two tuned circuit capacitors each have a value of 500 pF. Determine from the



Oscillations and Pulses 757

generalized conditions for oscillation the frequency of oscillation and the mini-

mum value of h/e required for the transistor.

Ans. 2-25 MHz; 1.

23.3 Repeat Problem 23.2 for the Hartley oscillator of Fig. 23.5 given that

Li = 500 ,uH, Z.2 = 200^H and C = 1,000 pF, and assuming no mutual coupling

between the coils.

Ans. 190 kHz; 2-5.

23.4 Determine the figure of merit

d

dm
(Xce + Xcb + Xbe)

for frequency stability of the oscillator of Problem 23.3.

Ans. 40 X 10-6
.

23.5 Repeat Problem 23.4 for the Hartley oscillator of Problem 23.3.

Ans. 1-38 x 10"3
.

23.6 In the tuned-collector oscillator of Fig. 23.6 the tuned circuit has a

dynamic resistance of i?o. Show that the circuit will oscillate at a frequency given

by coo «« l/V(LiC) when

n(hie + i?)(l/i?o + hoe) + l/« = hfe

where R is the resistance of Ri and Rz in parallel. The transformer has a turns

ratio of n : 1 and a coupling coefficient of unity.

23.7 Sketch the circuit and describe the operation of a free-running (astable)

multivibrator.

In a symmetrical multivibrator the collector resistors are l-8k£2 and the

coupling capacitors are 001,uF. The transistors are p-n-p and the base resistors

of 27kfl are connected to the negative supply rail. Calculate from first principles

the pulse repetition frequency. Also determine the rise time of the output pulses.

Ans. 2,650pulses/second; 39-5,«s.

23.8 Explain the operation of a monostable transistor multivibrator.

For the circuit shown in Fig. 23.30 determine the output pulse-width and the

+10V

Fig. 23.23

base and collector voltages and currents in the quiescent state. Rl = 4-7 k£2,

d = C2 = OOQl/iF; Ri = R2 = lOOkft; R3 = 47kfl. Assume a base-emitter

voltage of 0-7V and negligible collector-emitter voltage at saturation.

Ans. 69/is; Vc\ = 10V; VB i = -0-96V; Vcz = 0; Vbz = 0-7V; /C2 =
2-13mA; /B2 = 93M-
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23.9 A train of positive pulses, of amplitude 20V, pulse-width 0-2ms and
repetition frequency 1kHz, is applied to a high-pass CR network in which
C = 001 ^F and R = 60k£X Sketch the output waveform and determine the

maximum positive and negative values of the output voltage. (H.N.C.)
Ans. 18-2V; -7V.

23.10 A square-wave pulse train (1 : 1 mark-to-space ratio) is applied to a low-
pass RC network. The input pulses have a peak-to-peak amplitude of 10V.
If R = 100 kii, C = Ol/tF and the pulse repetition frequency is 150 pulses per
second, determine the peak-to-peak output voltage. Sketch the input and output
waves.

Ans. 0-28 V.

23.11 Explain the action of a compensated attenuator.

In a compensated attenuator as shown in Fig. 23.20(6), Cz = 250pF,
Ri = lOkfi, R2 = 15kD. Determine the correct value of Ci. If Ci is 10 per
cent high, find the fractional overshoot when a rectangular step is applied at the

input.

Ans. 375pF; 0054.

23.12 The symmetrical astable multivibrator shown in Fig. 23.24 uses n-p-n

12V

MOV

Fig. 23.24

transistors. Determine the

R = lOOkO and C = 500pF.

Ans. 16,000 pulses/second.

pulse repetition frequency if Rh = 4-7kO,
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Chapte r 24

POWER AMPLIFIERS

Power amplifiers can be generally classed into two groups:

(a) Those intended to deliver power over a wide frequency range.

{b) Those intended to deliver power at one particular frequency

only.

The first type is principally used for audio-frequency power (30-

30,000Hz) and may be either transformer coupled or direct coupled;

the second type is principally used for radio-frequency power

(100kHz upwards) and is generally a tuned amplifier.

The power amplifier stage in an equipment is generally the final

stage which must drive a given load, e.g. a mechanical indicator, a

loudspeaker, cathode-ray-tube magnetic deflexion coils, a transmitting

aerial of a communication network. Power amplifiers are also used

in regulated power supplies, chopper amplifiers, motor controllers,

etc. In general the load will demand a certain power from the

amplifier and the output stage must be capable of dealing with this

power. The design of an equipment often commences with the

output stage and with its required output power. The preceding

stage is then designed to give the input required to drive the output

stage. Amplifiers are then added until there is the required amplifi-

cation between the initial input signal and the output power amplifier.

In a power amplifier a large portion of the active-device character-

istic is used (i.e. there is large alternating input voltage or current)

to make efficient use of the device. This gives rise to non-linear

distortion in the device due to the curvature of the characteristics.

759
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It is important to keep the non-linear distortion within tolerable

limits.

The power transistor is rapidly replacing the valve as the active

device in most power amplifier applications. Triodes and tetrodes,

however, are still used as output valves in broadcast transmitters,

and special thermionic devices are still required at frequencies in the

microwave range, where valves (Klystrons) having continuous out-

put powers of over 50 kW at 10 GHz are used. It is not proposed
to discuss these special devices in this book.

Power transistors are now available for operation at voltages in

excess of 1 kV, or at currents in excess of 250 A (at low voltage).

They can be obtained in complementary n-p-n and p-n-p con-

figurations, which in many applications, gives them further advantages

over valves, besides the great advantage of requiring no heater supply.

The value of fr for power transistors has been continuously in-

creased over the past few years due to improvements in manu-
facturing technology, and for many nominally "low-frequency"

power devices /t exceeds 15 MHz.
The construction of the power transistor may differ mechanically

from that of the small-signal transistor, in that the collector is

usually directly connected to the metal outside case. This facilitates

direct connexion (thermally and electrically) to a metal heat sink and
enables the highest possible power rating to be achieved. At elevated

temperatures care must be taken to observe the requirements of the

derating curves supplied by the manufacturers.

24.1 Class A Power Amplifier

A Class A amplifier is one in which the current flows in the output

valve or transistor at all instants throughout the cycle—other types

will be described in following sections. A Class A valve amplifier

is shown in Fig. 24.1(a). A triode, a pentode or a beam tetrode

may be used—the triode has less distortion, but requires a larger

alternating input grid voltage. For small powers (less than, say,

25W) a pentode i| more common, but for higher powers a triode or

tetrode becomes essential as it is difiicult to dissipate any appreciable

power from the screen grid of a pentode.

A transistor power output stage is shown at (c). In transistor

stages particular attention must be paid to heat dissipation (to

preventthermal runaway ofthe transistor), and to voltage breakdown.

Since power amplifiers may operate over wide ranges of the active-

device characteristics, it is no longer permissible to use the small-

signal linear equivalent circuit—actual device characteristic curves

must be used. The load resistor, R, is usually connected through a
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step-down transformer in order to achieve maximum power output.

This has the additional advantage that it prevents the flow of direct

current through the load.

Typical output characteristics are shown at (b) and (d). In both

cases the resistance of the transformer primary has negligible effect

on the static load line, which is therefore the vertical ordinate from
the supply voltage Vs. The quiescent (no signal) operating point is

determined by the bias conditions, and is chosen to give equal

Static load line

I

(G.B.+Vm )

Vgk=G.B.

(G.B.-VJ

Dynamic
load line

Dynamic
load line

Fig. 24.1 CLASS A AMPLIFICATION
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excursions along the dynamic load line above and below Q. For
signal currents the load resistance referred to the primary of the out-

put transformer is kt
2R, where kt (=NilN2) is the turns ratio.

The dynamic load line is drawn through Q with a slope of — l/kt2R,
assuming that the transformer winding resistance is negligible

(this may not always be true, however, particularly for small trans-

formers).

For an alternating input the operating point moves along the

dynamic load line between A and B, and the variation of the primary
current of the output transformer is then proportional to AC, and
the corresponding voltage variation, to CB.
Assuming sinusoidal variations, the r.m.s. alternating component

of the transformer primary current, /, is proportional to AC/2V2.
Also the r.m.s. alternating component of the transformer primary
voltage, V, is proportional to BC/2\/2. Therefore

AC BC
Alternating power developed = VI oc j (24.1)

o

By geometry, this alternating power is represented by one-quarter

of the area ABC, or, if distortion is neglected, by the shaded area

CQD.
The power drawn from the supply is the supply voltage times the

mean direct current, i.e. VIq. This is represented by the rectangle

OEQF shown at (b).

c~ . c ,.„ Signal power output VI
Efficiency of amplifier = -=r h S— = tttr Power from supply VIq

| x area ABC area CQD
(24.2)««

•

area OEQF area OEQF
For the cases depicted the efficiency is less than 12J per cent.

Power dissipated in active device = VsIq — VI (24.3)

If there is no signal input, the entire supply power, VsIq, will be

dissipated in the valve or transistor, and the quiescent operating

point must be chosen so that this power does not exceed the permissible

limit for the device.

Due to the low efficiency and the possibility of thermal runaway in

the absence of an input signal, transistors are not commonly used

in Class A power operation.

24.2 Maximum Efficiency in Class A

As the signal input increases, the output power and efficiency will

increase. Neglecting distortion, and assuming that the output
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characteristics extend to the current and voltage axes in Figs. 24.1(6)

and (d), maximum power output is obtained if the entire dynamic

load line is used as at (e). Then

area OQF
Efficiency = areaOEQF

= 0-5 (24.4)

This is the theoretical maximum efficiency of any Class A amplifier.

In valve amplifiers it is unusual for efficiencies to exceed 0-25 owing

to the large amount of distortion produced with large grid-voltage

swings. Some transistor amplifiers achieve a value much nearer

the theoretical maximum.
Note that, if the input signal is a square wave or a pulse wave-

form, the maximum theoretical efficiency is" increased to 100 per

cent. Pulse operation of a power amplifier has been called Class D
operation.*

EXAMPLE 24.1 The anode characteristics of a triode are shown in Fig. 24.2.

The triode is to be used as a power amplifier valve feeding a load resistance of

50fi through a 10:1 step-down transformer. The supply voltage, Vb, is 530V.

The maximum power dissipation at the anode of the triode is 20W.

(i) Draw a line across the triode characteristics representing the maximum

anode dissipation.
.

(ii) Choose a suitable grid-bias voltage and determine the corresponding

cathode bias resistor.

(iii) Draw the dynamic load line.

(iv) Determine the power output and efficiency for peak grid voltages of

(a) 20V, and (b) 40V. The transformer may be assumed perfect.

(i) For a power of 20W at the anode, VaIa = 20, where Ia is the anode

current in amperes. The line representing 20W on the anode characteristics is

the rectangular hyperbola given by the above equation and detailed in the

following table:

Va (volts) 200 300 400 500 600 800

Ia (mA) 100 66-7 50 40 33-3 25

• An oscillator is said to operate in Class D when the active device is switched on

and off. at successive angles of current flow of 180°. The maximum theoretical

efficiency, like that of Class C, is 100 per cent. The power is limited only by the

permissible peak current and voltage, and by the switching speed obtainable as

distinct from Class C, where the power tends to zero as the efficiency approaches

Class D operation may be applied to amplifiers. The angle of current flow in the on

(or off) condition is modulated by the signal to give a pulse-width-modulated output

from which the signal is recovered by means of a low-pass filter.
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VAK (volts)

(u) To give operation in the linear region without exceeding the permissible
anode power, a grid bias of -30V will be seen from Fig. 24.2 to be suitable with
a supply voltage of 530V. The anode voltage will thus be 530 - 30 = 500V.
Q represents the quiescent operating point and quiescent current. Therefore
Iq = 33mA, and

Cathode bias resistance ;

Vrit 30L25 = £ x 1,000 = 910O
Iq 33 =

(iii) The impedance in the anode circuit to alternating currents is kt 2R, i.e.

10a x 50 = 5,000fi. (This is about twice ra for the valve.) Thus the anode load
line is a line through Q with a slope of -1/5,000. (Although at some points the
load line is above the 20W permissible limit, the mean and quiescent power will
still be less than 20 W.)

(iv) (a) For a peak grid voltage of 20V the operation is between points A and
B on the dynamic load line.
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Power output (assuming sine waves) = —— = 1-3W

Peak-to-peak current swing = AC = 46mA
Peak-to-peak voltage swing = BC = 222V

46 x 222

,000

. t, r
530 x 33 ,_,.„,

Power input «< VbIq = = 17-5W
1-3

Efficiency = X 100 = 7-5 per cent

(b) For a peak grid voltage of 40V the operation is between A' and B' on the

dynamic load line. Thus

, , 84 x 420 . ....

Power output (assuming sine waves) = = 4-4W

and
4-4

Efficiency =—- X 100 = 25 per cent

The following point may be noted: when the power is calculated from the

peak-to-peak current and voltage swings, the assumption of sine waves gives

negligible error. Indeed it gives the fundamental output power without error if

only even-order curvature is present.

24.3 Choice of Transformer Ratio in Class A

When a power amplifier is designed the following will normally

be specified (a) load resistance ;
(b) load power (which, after assuming

a reasonable anode or collector efficiency, will determine the rating

of the valve or transistor used); (c) permissible distortion. Some-

times the supply voltage is also specified, but more usually this is

chosen to suit the active devices. A suitable output transformer ratio

must then be selected. From the output characteristics of the active

device the required bias and signal input are determined, and power

output and distortion may then be checked graphically.

Ifthe output characteristics are reasonably linear, and the excursion

of the input is not too great, then the maximum power transfer

theorem shows that the maximum power transfer occurs when the

reflected load resistance, kt
2R, is equal to the slope of the output

characteristics (i.e. the output impedance of the active device).

In practice, in order to obtain the best utilization of the active

device, it is usual to operate into the non-linear region of the charac-

teristics as shown in Fig. 24.3. The output characteristics of transis-

tors, tetrodes and pentodes are generally closer together at both ends

of the dynamic load line, and hence for a large output signal which

extends into these regions there will be some flattening of both its

positive and negative peaks. Such a flattening has been seen in

Chapter 5 to introduce third-harmonic distortion. If only the

negative or only the positive peaks are flattened the resulting distortion
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is mainly second harmonic—this is the most usual form of distortion
in triode power amplifiers.

If the dynamic load line represents too high a reflected load
impedance (e.g. the line marked (1) in Fig. 24.3), intolerable distor-
tion occurs at the positive peak of the signal. On the other hand, if

the reflected impedance is too low (line (2)), the maximum power
output is small. By choosing the transformer ratio so that the dyna-
mic load line passes through the knee of the output characteristic

Maximum
permissible
dissipation

Fig. 24.3 PERTAINING TO THE CHOICE OF A TURNS RATIO TO GIVE A
DYNAMIC LOAD LINE THROUGH THE KNEE OF THE
OUTPUT CHARACTERISTIC

as shown by line AB on the diagram, a high maximum power
output with minimum distortion is achieved. With transistors this

knee voltage may be quite small (less than 1 V), but in valve circuits

it is generally several tens of volts. This is a further important
reason why transistors are so much more efficient power amplifiers

than valves, since they enable a much larger range of the character-

istic to be used. In all cases care must be taken not to exceed the

maximum power dissipation of the transistor or valve.

It can be shown that in triode amplifiers, limited to a negative
grid voltage, the optimum ratio is that which makes kt2R = 2ra .

24.4 Square-law Distortion

In many cases the relation between input and output signals (par-

ticularly in triode amplifiers) may be simply approximated by a
square law. Thus let the relation between anode current, ia , and
grid voltage, vt , for an output valve be given by

ia = do + aiVg + avog'1 (24.5)

Let the grid voltage be given by

Vg = Vgb + Vm cos wt
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i.e. a steady bias of Vg \> in series with a sinusoidal signal. Then

ia = flo + aiVgb + a2 Vgb
2

(1)

+ a{Vm cos mt + fl2 . 2K? (, . Km cos cof (2)

+ ia2Vm *
(3)

+ ia2^m2 cos2cof (4)

since cos2 wt = |(1 + cos 2cot).

Part 1 of the anode current is the normal quiescent current Ig
for the grid bias Vg\,.

Part 2 is the anode current variation at the frequency of the input,

i.e. the desired anode current variation.

Part 3 is an extra direct current introduced owing to the curvature

of the characteristics and proportional to the square of the alternating

input voltage. It also represents the rectified signal which is charac-

teristic of a square-law transfer relation.

Part 4 is an unwanted double-frequency, or second harmonic,

component in the output waveform which is not in the input wave-

form. This is the result of non-linear distortion. It should be noted

that the amplitude of the second-harmonic term is the same as the

magnitude of the direct current due to the curvature.

The component and total current waveforms are shown in Fig.

24.4. It will be seen that from quiescent current to peak positive

current corresponds to peak fundamental current plus twice peak

Part 1

Part 2

Part 3 Im£ -Idc[*
o'

—

Resultant

*-t

*-t

Fig. 24.4 COMPONENTS OF A WAVE WITH SQUARE-LAW DISTORTION
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second-harmonic current, and that from quiescent current to peak
negative current corresponds to peak fundamental current minus
twice peak second-harmonic current.

Referring to the resultant waveform,

AC = Iml + 2/m2

CD = ImX — 2/m2

so that

/ml
AC + CD

2

and

ImZ '

AC -CD
A

Therefore

Percentage second-harmonic distortion

Thus the second-harmonic distortion may be simply estimated

from the dynamic characteristic. This is actually the distortion of

the current waveform—the percentage distortion of the voltage

waveform will be the same since the voltage and current are related

by the dynamic resistance of the anode load. Though it is actually

the second-harmonic power which is undesirable, it is always the

percentage second-harmonic current or voltage which is referred

to in specifications. "A limiting distortion of 5 per cent" means
that the harmonic current should not exceed 5 per cent.

With triodes only the second harmonic is of importance. The

distortion in pentodes and transistors has already been mentioned,

in Section 24.3.

24.5 Class B and Class C Amplifiers

Operation in Class B is obtained if the active device is biased in the

quiescent condition to the cut-off point. Current can therefore flow

only during one half-cycle of the input signal. In a "single-ended"

wide-band amplifier as shown in Fig. 24.1, this would, of course,

give an intolerably distorted output. It may, however, be used

in tuned power output stages, where the output frequency is

determined by the resonant frequency of the tuned circuit, and hence

distortion is negligible ifthe Q-factor ofthe tuned circuit is reasonable.
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The advantage of this class of operation is a higher theoretical

efficiency. This may be derived as follows.

Assume that the output current of the active device is a series of

half sine-waves of peak value Im . Then

Mean output current = - Im

Since the device is cut off for one half-cycle, the power taken from

the supply is

Supply power = - Im Vcc

when Vcc is the supply voltage. There is an a.c. power output only

during the conducting half-cycle, and this has a value given by

. _, 1 Vm 'mA -C-P°Wer = 2V2V2
where Vm is the peak alternating output voltage. From this,

Conversion efficiency = —-.— . T , = -. 77— (24.7)J 4 ImVcc 4 Vcc

Since the maximum theoretical value of the peak alternating output

voltage must be equal to the supply voltage, Vcc, if the full output

characteristic is used, it follows that

77

Maximum possible Class B efficiency = -r X 100

= 78-5 per cent

Actual efficiencies of around 50 per cent may be achieved in tuned

Class B amplifiers.

In Class C operation, the active device is biased well beyond the

cut-off point, so that conduction occurs only during a fraction of a

half-cycle of the signal. The output efficiency is higher than for

Class B, but applications are limited, owing to the obvious dis-

advantage that there will be no output whatever if the input voltage

falls below a critical value. Class C operation is, however, much
used in tuned high-power valve amplifiers where the high efficiency

is a great advantage.

Sometimes, particularly in push-pull circuits as described in the

next section, an intermediate class of amplification designated as

Class AB is employed. In this case the bias is set so that the active

device conducts for more than half a cycle of the input. It is inter-

mediate between Class A and Class B. Very frequently transistor

amplifiers which are designated Class B are in fact Class AB.
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The various classes of power amplification are illustrated for valve

circuits on the mutual dynamic characteristics shown in Fig. 24.5,

I„" .Mutual dynamic

, "ZUTAI Class A

Cut-offcut-on yrt i

-v
9 k \Xrrf

-"

—

1^1
I—I—I- 7V7\ A "Class B -VgK

Class C

A*7r-7r

<b)

Fig. 24.5 CLASS A, B AND C OPERATION

where output current waveforms are shown for a sinusoidal input

and resistive load superimposed on the appropriate grid bias.

Notice that it is more usual to employ fixed (external) bias or grid

current bias for Class B or C amplifiers, since the devices are cut-off

in the quiescent state.

24.6 Class B Push-pull Operation

In Class B push-pull circuits the valves or transistors are arranged in

such a way that each conducts for alternate half-cycles of the input.

The outputs are combined to give a composite output which is the

sum of those due to each active device alone.

A simple transistor output stage is shown in Fig. 24.6(a) using

centre-tapped input and output transformers. The bases are driven

in antiphase by the input transformer. During the positive half-cycles

of the input, Tri conducts and Tr2 is cut off, so that the dotted end

of the output transformer secondary goes negative. During the

negative half-cycles of the input, Tri is off and Tr2 conducts, so that

the dotted end of the output transformer secondary goes positive.

Hence, theoretically, the output is an amplified version of the input.

In practice the base-emitter voltage, Vbe, required for conduction

means that a transistor will not conduct until the input voltage

exceeds Vbe. The output wave may therefore be considerably

flattened near the zero current values. This flattening, which is

shown in the output waveform at (b), gives rise to a type of distor-

tion known as crossover distortion, which has a large third-harmonic

component and is normally quite unacceptable. There is, however,

almost no second-harmonic distortion, since positive and negative
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half-cycles are identical. If the transistors are not well matched,

however, the positive and negative half-cycles of the output will not

be identical so that second-harmonic distortion will appear. Cross-

over distortion is minimized by forward biasing of the base by an

amount which is sufficient to overcome Vbb- This is shown schema-

tically at (a).

Input

lea

(a)

VCC . n,

*\~~i—ri f ^fl*

Input

*-t

Tri conducts

(b)

Fig. 24.6 CLASS B PUSH-PULL OUTPUT STAGE

The advantages of push-pull operation include the following:

1. Class B or Class AB operation is possible without the introduc-

tion of second-harmonic distortion (which generally has the

most unpleasant effects in audio amplifiers). Hence high output

efficiencies can be achieved, since larger inputs can be tolerated.
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2. There is no resultant d.c. magnetization in the output trans-
former, since the mean currents in each half of the primary
winding flow in opposite directions. It follows that no specially
large iron cross-section need be used to reduce the second-
harmonic distortion which would arise due to asymmetrical
magnetization (and hence asymmetrical saturation) of the core.
Any saturation effects will be symmetrical, and will therefore
introduce odd harmonics only.

3. Since the fundamental signal currents are in anti-phase in each
transistor, the signal current which flows through the d.c.

supply (i.e. the sum of IcX and /c2) can contain no fundamental
component.

4. Conversely, hum or noise in the d.c. supply will affect each
transistor equally, and since the output is proportional to the
difference between Ici and Ic2 , any such variations will cancel
out.

24.7 Power Output—Class B Push Pull

For the circuit of Fig. 24.6(a), the load resistance reflected into
each half of the primary of the output transformer is

«-m« (24.8)

For a supply voltage of Vcc, the maximum possible collector current
occurs if the whole output characteristic is used, i.e. if the transistor
is driven up to saturation. The collector-emitter voltage will then
be almost zero, so that the peak collector current is instantaneously

i _ Vcc
tern — —jp-

and the voltage across the relevant half of the output transformer
is Vcc.

Note that at this point the collector-emitter voltage of the cut-off

transistor will be the supply voltage plus the voltage induced in its

own half of the primary (which will have a peak value of Vcc also),

i.e. it will have a possible maximum value of 2VCc- This helps to
determine the output transistor to be used in a design (or the supply
voltage for a given transistor), since it means that the transistor should
have a peak voltage rating of at least twice the proposed supply

voltage.
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(24.9)

The maximum fundamental-frequency power output to the load

R, assuming 100 per cent efficiency of the output transformer, is

given by

Pm = wv R ' =
(vS7

)
R, = ik

The collector dissipation can now be found. It is simply the power,

Ps, taken from the d.c. supply less the a.c. load power, Pm . Thus
assuming half sine-waves of collector current through each transistor,

the mean supply current is (2/7r)/em . Hence

m

Ps = ~ IcmVcC
77

so that

Collector dissipation per transistor =
Ps-Pn,

(24.10)

The output current waveform for one half-cycle can readily be

obtained from a load line drawn on the output characteristic of

one transistor, the load line having a slope of —R' and passing

through the point Ic = 0, Vcb = Vcc- For identical transistors the

other half-cycle of output current will be the same.

EXAMPLE 24.2 Two transistors whose characteristics are shown in Fig. 24.7(a)

are used in ClassB push-pull, to supply a 1 5 £1 load through an output transformer.

The supply voltage is 15 V. Determine (a) a suitable transformer ratio, (6) the

power output, and (c) the conversion efficiency. Sketch one half-cycle of the output

waveform, assuming a sinusoidal base-current drive.

(A)

2

IB-80A/
mA
70

-60

_-50

.

-40

i

_^
i

i

i \
i

i

i \
OB

30

20

10

10 Q
VCE (volts)
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20

(A)

2
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^Jb
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i B
(mA)

50

4

(b)

180°

Fig. 24.7
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(a) For maximum efficiency the dynamic load line (which starts at point Q in
Fig. 24.7(a)) passes through the knee of the characteristic. From the diagram
the effective primary resistance, R', is

Hence, from eqn. (24.8), the turns ratio of the transformer is

Ni = JR^ = /4-4 _ 1

N2 V RL V 15 1-86

(6) With this turns ratio, the maximum power output to the load is

Pcm = hj. R > = 22? x 44 = 22-5W

(c) Assuming that the output current consists of a sine wave of peak value
3-2A, the mean current from the supply is (2/w) x 3-2 = 2-03A, so that the
supply power is 203 x 15 = 30-5W, and

22-5
Conversion efficiency = —— = 0-74p.u.

The collector-current waveform is obtained by sketching the sinusoidal base-

current waveform over one half-cycle (i.e. to a peak of80mA) against phase angle
as at (b). At any phase angle the collector current corresponding to the instantane-
ous base current is obtained from the intersection of the dynamic load line with
the given base current.

Note that practical Class B amplifiers are normally arranged to

have a small quiescent current in order to reduce crossover distortion.

24.8 Class AB Push-pull Amplifiers

In order to reduce crossover distortion, and at the same time to

maintain a reasonably high conversion efficiency, it is usual to bias

the output transistors (or valves) so that under quiescent conditions

they are not quite cut off. This is Class AB operation. A typical

circuit is shown in Fig. 24.8(a). Resistors i?i and R2 provide the

base bias, and resistors JR3 and Ra in the emitter leads help to stabilize

the circuit against changes in temperature.

The graphical solution for the output may be obtained by drawing
the composite characteristics ofthe push-pull pair. First the reflected

load resistance is found from the following relations

:

Primary voltage per turn = Secondary voltage per turn

i.e.

and

i.e.

Vi V2

Total primary ampere-turns = Secondary ampere-turns

tfa - l*)Ni = hNz (24.12)

where lc\ and Ic% are the collector signal currents.
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Fig. 24.8 CLASS AB PUSH-PULL OUTPUT STAGB
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Dividing eqn. (24.11) by eqn. (24.12),

Vi _ V2

(hi - Icz)Ni 2 ~ hN£
or

Vi V2N12 (N-lY

This equation shows that the reflected load resistance, R', may be
represented by a line of slope — IjR' on a characteristic of the differ-

ence current (IcX — Ic2) plotted to a base of collector voltage, Vce-
To obtain this characteristic it is convenient to plot two sets of
collector characteristics, one of which has both current and voltage
axes reversed. The voltage axes are arranged so that the points
corresponding to the supply voltage, Vcc, coincide as shown in

Fig. 24.8(6).

The composite characteristic for the quiescent base current (the

same in each transistor) is then obtained by adding the currents shown
by the static curves Ibqi and IBqz at each value of voltage to give

the broken line labelled Ib = (i.e. no signal). Similarly for a signal

current of 6Ib the composite curve is obtained by adding the currents

shown by the static curves IBqi + Slb and IBq2 — 6Ib (corresponding
to a signal current of + dlb in one transistor and — dlb in the other),

to give the broken line labelled +dlb ; and for a signal current of
— 6Ib by adding the currents shown by the static curves Ibqi — dlb
and IBQ2 + dlb to give the broken line labelled — 6lb . This process

may be repeated for other values of dlb as required.

The composite load line then has a slope of — IjR' (—N^fNi^R)
and passes through the point Ic = 0, Vce = Vcc-
A similar construction will apply in the case of valve push-pull

amplifiers.

Class A push-pull operation is sometimes used in valve amplifiers

where a large output with low distortion is required. This class of
operation is unusual in transistor circuits because of the large

quiescent dissipation and the resulting difficulty in achieving adequate
thermal stability. Also in Class A the efficiency is below 50 per cent,

and for a given power output the cost of transistors is higher than
that of valves.

EXAMPLE 24.3 The valve push-pull amplifier shown in Fig. 24.9(a) is operated
with a supply voltage of400V and a grid bias of — 12V to give Class AB operation.

The valves used are identical Mullard EL31 pentodes whose characteristics are
shown at (6). The output transformer has an overall ratio of 20: 1 and the load

resistance is 10O. At an anode voltage of 400V, the valve is cut off if the grid

voltage is less than —20V.
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Composite V=275V
load line vg1=ov

Composite^,

load line

(b)

Fig. 24.9
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Draw the composite characteristics, and determine the power output, and
estimate the conversion efficiency if the sinusoidal signal input voltage is 12V
peak at each grid.

The composite characteristic is drawn by inverting one set of individual
characteristics, and setting the supply voltage points (400 V) together.
For a zero signal (v = 0) the composite characteristic is obtained by adding

the currents shown by the static curves for Vgi = -12V at each value of anode
voltage. This is the line marked v = at (6), passing through the 400V zero-
current point. For a signal of +4V on valve Vi (and hence -4V on valve V2)
the composite curve is obtained by adding the currents of the static characteristic
for Vgi = -12 + 4 = -8V for Vi and that for Vgl = -12 - 4 = -16V
for K2 . This is the line marked v = +4V at (b).

When the signal exceeds ±8V one or other valve becomes cut off and the
composite characteristics coincide with the static characteristics for each valve
alone.

The composite load line has a slope of — \jR' (where R' = R(Ni/Nz)2 = 10 x
(10) 2 = 1,000, since the ratio for each half of the output transformer is 10:1).
This load line passes through the 400V zero-current point as shown. Notice
that the individual load lines are curved—these represent the current/voltage
relations for the individual valves. Thus, for zero resultant output current, the
anode voltages are each 400V and the grid voltages each - 12V, giving quiescent
anode currents of 60mA, so that (400 V, 60mA) is a point on the individual load
characteristics. When the signal voltage is v = +8V, the anode voltage of the
conducting valve is 200 V, and the current is 180mA, while the anode voltage of
the valve which is cut off is 600V and its anode current is zero. Hence points
(600V, 0mA) and (200V, 180mA) are points on each individual load line.

The d.c. power input is found by estimating the mean anode current when the
± 12V signal is applied. This is done by drawing the anode-current waveform for
one valve, using the individual load lines. In this problem, it is estimated that the
mean anode current is 100mA. Hence

D.C. power input = 2 x 400 x 01 = 80

W

The a.c. power output is obtained from the composite characteristics. Thus
Peak difference current = 263mA (at v = ±12V)

Hence

R.M.S. difference current = 186mA
Peak alternating voltage on one side = 260V

Hence

R.M.S. alternating voltage on one side = 184V

It follows that

A.C. power output = 184 x 01 86 = 34W
Therefore

Conversion efficiency = it — 0-43 p.u.

24.9 Push-pull Complementary-symmetry Output Stages

The fact that both p-n-p and n-p-n transistors are available enables

push-pull circuits to be designed without transformers—i.e. with
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single-ended inputs and outputs. Thus if a p-n-p and an n-p-n

transistor are fed from the same drive, a given input swing will cause

one transistor to conduct more while the other conducts less, giving

a push-pull operation.

Consider the circuit of Fig. 24.10. Tn acts as the driver, the bias

being designed so that the voltages at A and B are just sufficient to

cause both Tr2 and Tr3 to conduct slightly. The voltage at D is set

by adjustment of Ri to be approximately Fcc/2. Diode Di will be a

silicon diode if Tr2 and Tr3 are silicon power transistors, in order to

Fig . 24.10 TRANSFORMERLESS OUTPUT STAGE

improve the thermal stability of the circuit; i.e. the change of voltage

between A and B with temperature will match the corresponding

changes at the emitters of Tr2 and Tr3 . Rz is of low value so that A
and B are approximately at the same vuuage so far as the signal is

concerned.

When the current in Tn falls, the voltages at A and B both rise,

causing Tr3 to cut off and Tr2 to take more current—the current flow

being through the load resistor RL . Under maximum power condi-

tions the voltage at D approaches VCc When the current in Tri

rises above its quiescent value, the voltages at A and B fall, and Tr2

becomes cut off while Tr3 takes more current (by discharging capaci-

tor C). The load current through RL therefore reverses as C dis-

charges, and for maximum power the voltage at D falls to almost

zero. Positive and negative half-cycles will be identical if the transis-

tors Tr2 and Tr3 have identical characteristics.

For high power outputs the complementary pair of transistors is
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used to drive two high-power transistors of the same type—added to
a circuit such as that of Fig. 24.10, these would be two n-p-n power
transistors as in Fig. 24.11.

Fig. 24.11 HIGH-POWER COMPLEMENTARY-SYMMETRY OUTPUT STAGE

EXAMPLE 24.4 For the circuit of Fig. 24.10, the complementary transistors
have the characteristics shown in Fig. 24.12. The supply voltage is 40 V. Assum-
ing practical Class B operation (i.e. in the quiescent state both output transistors
are almost cut off), determine the optimum load resistance, the approximate
power output and the conversion efficiency.

300
IB=3mA

—2mA

=1mA

10 20
VCE (volts)

Fig. 24.12

In the quiescent state assume that Vce = 20, lc = (point Q). The optimum
load will give a load line from Q to the knee of the characteristic as shown. Then
the optimum load resistance is

AB 0-28 =^
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The peak voltage swings across the load will be ±18-6V, so that the maximum
power output will be approximately

_ 18-62 _ 18-62

m
2Rl 2 x 66

Assuming sine waves, the peak output current is 280mA, and hence the

current from the supply is (1/w) x 0-28 = 009A. The conversion efficiency is

thus

r) =—— = 0-72p.u.
' 009 x 40

v

Note that, since Tr2 is cut off for half a cycle of the signal, current is drawn

from the d.c. supply for only one half-cycle and hence the mean current is

(1/tt) of the peak signal current.

PROBLEMS

24.1 A certain pentode has the following characteristics when operated at a

screen voltage of 400V:

Vg VA 200 300 400 800 volts

-8V 100 110 116 120mA
-16V Ia 51 59 63 67mA
-24V 19 21 22 23mA

Find the amplification factor, ra , im&gm, when the grid bias is —16V and the

anode voltage is 400V. If the peak grid signal is 8 V, calculate the output power

if the load is 4,0000. (L. U. part question)

Ans. 170; 30kQ; 5-8mA/V; 3-3W.

24.2 Draw the anode characteristics for

test figures were obtained

:

the triode from which the following

K„=0V [VA
\Ia

50 100 150 200 250V
18 53 110 183 260mA

Vg = -40V IVa 100 150 200 250 300 350V
3 20 50 100 170 240mA

Vg = -80V IVa 200 250 300 350 400V
5 22 50 100 160mA

Vg = -120V IVa

\1a

300 350 400 450 500V
7 25 52 100 150mA

Vg = -160V IVa

\Ia

350 400 450 500 550V
1 10 30 58 95mA

Vg = -200V IVa

\1a

450 500 550 600 650V
2 10 22 58 100mA

Vg = -240V IVa

\Ia

550 600 650 700 750V
3 12 30 62 105mA

Vg = -280V IVa 650 700 750 800V
\1a 3 15 30 60mA
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The triode is required to deliver power to a purely resistive load of 30012An output transformer of ratio 3a is available. A d.c. supply voltage of 500V
is to be used. Considering a mean anode current of 100mA and a peak grid
signal of 120 V, calculate (a) the power delivered to the load, (6) the anode
efficiency, (c) the percentage second-harmonic distortion.

Ans. 7-5W; 17 per cent; 6 per cent approx.

24.3 Draw the anode characteristics for the tetrode for which the following test
figures were obtained when the screen voltage was 250 V.

Va 40 80 120 200 300 400V
Vg=0 Ia 62 72 76 79 81 83mA
V, = -5V Ia 50 57 61 64 67 70mA
Vg - -10V Ia 37 43 46 48 50 52mA
Vg = -15V Ia 27 32 34 37 37-5 37-5mA
Vg = -20V Ia 17-5 22 24 26 27 27mA
Vg = -25V Ia 10 13 15 17-5 18 18mA
Vg = -30V Ia 4 7 8 10 11 11mA

The tetrode is required to deliver power to a purely resistive load of 70O.
An output transformer of ratio 10: 1 is available A d.c. supply voltage of 250V
is to be used. Considering a mean anode current of 30mA and a peak grid signal
of 10V, calculate (a) the power delivered to the load, (b) the anode efficiency
(c) the percentage second-harmonic distortion.

Ans. 1-2W; 15 per cent; 4 per cent.

24.4 A push-pull power amplifier utilizes two identical triodes, each of which has
the anode characteristics given in Problem 24.2. If the anode supply is 500V
and the grid bias is -160V for both valves, determine the power output and
efficiency when the peak grid voltage is 160V and the valves are coupled to a
load of 150 by a transformer of total primary turns to secondary turns ratio of
16*7: 1.

Ans. 32W; 30 per cent approx.

24.5 A push-pull power amplifier utilizes two identical tetrodes, each of which
has the anode characteristics given in Problem 24.3. If the anode supply is
300V and the grid bias is -25V for both valves, determine the power output and
efficiency when the peak grid voltage is 25V and the valves are coupled to a load
of 1 512 by a transformer of total primary turns to secondary turns ratio of
31'6: 1.

Ans. 8W; 45 per cent approx.

24.6 Discuss, with the aid of sketches, the causes and effects of distortion in
amplifiers.

The anode current flowing in an amplifier is given by

Ia = 005(15 + Vg)2 milliamperes

where Vg is the grid voltage. Calculate (a) the steady anode current with a grid
bias of 8 V, (b) the mean anode current when an alternating signal of 6 sin cot
is superimposed on this grid bias, (c) the amplitude of the fundamental anode
current in (6), and (d) the amplitude of the second-harmonic current in (6).

(H.N.C.)
Ans. 2-4mA; 3-3mA; 4-2mA; 0-9mA.
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24.7 A power transistor is used in the circuit of Fig. 24.1(c). The operating

region on the collector characteristic is bounded by (i) /cmax = 2A ; (ii) maximum
collector dissipation = 10W; (iii) maximum collector voltage = 30V. The
emitter resistor has a value of 1 ii. Sketch the limits of the permissible operating

region, and determine suitable values for the effective collector load resistance,

supply voltage, quiescent collector current and maximum power output for a

sinusoidal signal.

Ans. 10CI; 11V; 1A; 5W.

24.8 Two transistors with the ratings givfcn in Problem 24.7 are to be used in

Class B push-pull. The supply voltage is 15 V. Determine a suitable value for the

effective resistance presented to each collector, the corresponding maximum
power output for a sinusoidal signal, and the maximum collector dissipation.

Ans. 7-5Q; 15W; 2-1W.

24.9 Fig. 24.13 shows the circuit for a popular linear power amplifier using a

complementary pair of transistors Tn and Tr2. Describe the operation of this

Fig. 24. J

3

circuit, and comment on the factors that affect the linearity. Discuss the use of

the diode D.



Chapter 25

POWER RECTIFICATION

Since electrical distribution almost universally uses alternating

currents, applications which require direct current necessitate the

provision of either a d.c. generator or a rectifier equipment. For
fixed voltage d.c. supplies, half-wave, full-wave, bridge or polyphase
connected rectifiers may be used, employing vacuum or gas-filled

valves, or semiconductor diodes. In these cases the required output
voltage is obtained by a suitable choice of ratio for the transformer

which supplies the rectifier circuit. Diode rectification is used for

power and communication circuits over the range of frequencies

extending from power frequencies up to microwave frequencies,*

and including signal-detection circuits. Semiconductor devices can
conveniently be used for most applications, ranging from high-power
mains-frequency installations right through to applications at fre-

quencies in the microwave region.

Powers involved range from microwatts in signal-detection circuits

to megawatts in, for example, the rectifiers employed in d.c. power
system interconnectors. Only power rectification will be considered

in this chapter.

In many applications a variable d.c. supply is required (e.g. control

of d.c. machines). This may involve the use of devices which can be

controlled so that conduction takes place for a predetermined frac-

tion of the a.c. cycle. Such devices include the thyratron, mercury-arc

rectifier and silicon controlled rectifier (or thyristor).

* Electromagnetic waves whose frequencies are higher than 1 gigahertz are called

microwaves (1 GHz = 109 Hz).

784
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25.1 Conduction in a Gas

Gas-filled valves contain a gas at a pressure between 10-4 and 10

metres of mercury depending on the design and application of the

valve. In these valves there are frequent collisions between gas
atoms and electrons during the passage of electron current from
cathode to anode. The most common gas filling is mercury vapour,
but argon, neon, hydrogen and other gases are also used.

There are three types of collision which may occur between an
electron and a gas atom depending on the speed or kinetic energy
of the bombarding electron. If the speed is low (corresponding to

an energy of 2 or 3eV), the electrostatic fields of the bombarding
electron and the outer electrons of the atom interact with one
another and the electron is repelled. The "collision" follows the
ordinary laws of mechanics, and the electron rebounds with only a
small transference of energy to the very much more massive atom.
This is called an elastic collision. If the bombarding electron has a
somewhat greater energy, it may, on collision, cause a temporary
disturbance of the electron orbits within the atom. In the disturbance
the atom will, internally, absorb some of the energy of the bombarding
electron so that the electron rebounds with reduced energy. The dis-

turbance within the atom consists of the temporary raising of the
energy associated with an internal electron followed by the return of
that electron from its abnormal energy state to its normal energy state.

During the return the excess energy, which has been absorbed from the
bombarding electron, is emitted from the atom as an electromagnetic
wave with a characteristic wavelength depending on the atom. For
some gases the wavelength is in the visible band (e.g. sodium vapour
gives a characteristic yellow light), and this is the basis of operation of
some electric discharge lamps. During the disturbance the atom is

said to be excited and the collision is known as an excitation collision.

The third type of collision is known as an ionizing collision. The
energy ofthe bombarding electron is then from 10 to 20eV, depending
on the gas. With this energy an internal electron may be completely
freed from the atom so that there are two free electrons and a positively
charged atom, or positive ion. The atom will have absorbed from
the bombarding electron an amount of energy equal to the amount
required to free an electron from the atom.
The ionizing collision is by far the most important from an electrical

circuit point ofview, and this type of collision will be implied hereafter
unless otherwise stated. The potential difference through which an
electron must pass to gain sufficient energy to give an ionizing
collision with a particular gas atom is called the ionization potential
for the gas.
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The above are the fundamental concepts of gaseous conduction
upon which the operation of gas valves depend. It will be evident

that a gas will be a good insulator unless ionizing collisions (ioniza-

tion) occur. It will then be a fairly good conductor.

25.2 Gas Diodes

The gas diode has an indirectly heated cathode which provides a

copious supply of primary electrons. The gas is almost invariably

mercury vapour, since (i) this gas has a low ionization potential

(10-6 V), which leads to efficient operation, and (ii) the mercury

Current-limiting
resistor

—AAAA-

Variable
d.c. supply

(a)

Fig. 25. J CHARACTERISTIC OF A OAS DIODE

\ Ionization
potential

(b)

vapour does not react chemically with the oxide coating on the

cathode. The principal disadvantage of mercury vapour is the large

pressure variation which occurs with a moderate temperature

variation (0-0001 mm Hg at 0°C to 0-1 mm Hg at 80°C). This makes
the operation satisfactory over only a narrow temperature range

(40-80°C). The anode is either solid carbon or carbon coated to

give a good thermal emissivity.

The circuit of Fig. 25.1(a) may be used to determine the valve

characteristics. If the supply voltage is raised from zero, the current

will be found to be negligible until a critical voltage is reached. At
this voltage ionization occurs and the valve becomes highly con-

ducting. The current-limiting resistor R must be included in the

circuit to limit the current when ionization occurs. For all values

of current up to the permissible limit, the voltage drop across the

valve remains almost constant at approximately the ionization poten-

tial. The current conduction continues until the applied potential

falls to too low a value to maintain the ionization. The anode

characteristic is shown in Fig. 25.1(6).
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The action of the gas diode depends on the greater mobility of the

electron compared with the positive ions (due to the much smaller

mass of the electron). The electrons move much more quickly

towards the anode than do the positive ions towards the cathode, so

that a resultant positive space charge develops; this tends to increase

the electric stress towards the cathode, and to decrease the electric

stress towards the anode. This is depicted in Fig. 25.2(a), where it

Region of
decreased stress

Positive space |||® -*~ Plasma

charge (gmmm Positive space

x ^ . charge
Region of

|

increased stress I

(a) (b)

Fig. 25.2 CONDITIONS IN CATHODE-ANODE SPACE OF A GAS DIODE

has been assumed that the positive space charge first builds up in the

middle of the interspace. Owing to the high stress, electrons will move

quickly from the negative space charge around the thermionic

cathode to the positive space charge, and at the same time electrons

will move slowly from the positive space charge to the anode,

owing to the decreased electric field strength in this region. With

the increased flow of electrons from the cathode space charge more

positive ions will be formed and the positive space charge will

continue to increase, the limit being the value of the anode potential,

for if the space charge potential exceeded the anode potential,

electrons would move back into the positive space charge and

neutralize the effect of positive ions until the space charge potential

again fell below the anode potential.

Between the positive space charge and the anode there is a region

in which the electric stress becomes very low; this region is filled

with about equal numbers of positive ions and negative electrons;

it is highly conducting and is called the plasma. This is illustrated

in Fig. 25.2(fc). It will be seen that, in effect, the positive space

charge has become the effective anode joined to the actual anode

by the highly conducting plasma. Since the plasma contains about

equal numbers of electrons and positive ions at any given instant,

and since, even in the plasma, the electrons will be moving with a

much greater velocity than the positive ions, there must be many
more electrons passing through a given section in any given time

than there are positive ions. Therefore by far the larger portion of

the current through the valve is due to electrons thermionically
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emitted from the cathode. The proportions have been estimated
to be of the order of 100 to 1. It should be clearly realized that the
function of the positive ions is to assist the thermionically emitted
electron current rather than to contribute to the current themselves.
The constant-voltage nature of the conduction results from the

tendency of the positive space charge to approach the cathode
surface. The closer the positive space charge is to the cathode the
higher will be the electric stress. However, provided that saturation
current for the given cathode temperature is not reached, the electric

stress at the cathode will determine the electron current from the
cathode space charge. For a given external current the positive

space charge will only approach the cathode surface to a distance

that will correspond with the required current. If the space charge
approached more closely than this, there would be an excess electron

emission which would cancel the positive space charge. Ifthe external

current is increased the space charge will move correspondingly
nearer to the cathode and so give the additional current through
the valve with no additional voltage drop across the valve. In most
cases it is sufficiently accurate to assume that the voltage drop is

constant for all normal currents and is equal to the voltage at which
conduction will first start (ignition voltage) or the voltage at which
conduction ceases (collapse or extinction voltage).

The most severe limitation on the use of gas valves is the peak-
current limitation—this, usually, must not exceed two or three times

the mean current even momentarily (bombardment of the coated
cathode by ions may permanently destroy the surface if excess

currents are permitted). Reservoir capacitors should not be used in

gas-valve rectifier circuits as these tend to produce high peak currents.

EXAMPLE 25.1 A gas diode is connected in series with the output of a single-

phase transformer to supply the following circuits in turn:

(a) a pure resistance of 50fl in series with a choke of 0-2H inductance and
negligible resistance,

(6) a battery of constant e.m.f. 80V (connected for charging) in series with a
limiting resistance of 10Q.

If the gas diode has an effective voltage drop of 10V and the transformer gives

a sinusoidal output of 100V (r.m.s.) at 50Hz, calculate the mean and peak
currents in each case.

(a) The circuit is represented in Fig. 25.3(a) and the wave diagram is shown in

Fig. 25.3(i). VA is the potential of the anode with respect to earth potential.

The instant at which conduction starts (i.e. when Va » 10V) is taken as the zero
reference for the time base. Therefore

VA = 141 sin (col + <f,)

where 141 sin <j> = 10, i.e.
<f>
= sin" 1 (10/141) = 4°.
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•Total current

1-76s!n(oot-47-5°)

0-2A

141V
90V

100 5 '1A

D d^"i
80V-=-

J-

(c) (d)

Fig. 25.3

Thus the valve may be taken as conducting between the instant / = and the

instant at which the cathode-anode voltage is again 10V, i.e. the instant at which

the current becomes zero. For this range,

L
d
4 + Ri
dt

141 sin (cot + 4>) - 10

This is a transient equation which will have a solution of the form i = steady-state

current (/.) + transient current (it) (by Section 6.1), where

,. = (

141

, 2
sin («,, + + - tan- %) -$WR2 + a>*L2 V R / Rl

and

\VR2 + <»2L2
'

= {1-76 sin (cot - 47-5°) - 0-2}A

-7'
it = At L

where y4 is a constant.

At t = 0, i = 0, due to the inductor effect. Thus

/-i« + /,-0~^ + 1-76 sin (-47-5°) - 0-2

so that A = 1 -5, and the total current is

, = 1.5 e-250( + i-76 sin (cot - 47-5°) - 0-2

The three components of this current wave are drawn and added graphically

in Fig. 25.3(6). It will be seen that the conduction is spread over more than halt

a cycle. From the graphs

Peak current _ Wj_ _ j.4
Mean current 0-33 =

Inductive smoothing is very useful with gas valves for it helps to overcome the

peak current limitations. Capacitor smoothing has the opposite effect.
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(b) The circuit is shown in Fig. 25.3(c). It will be seen that the potential of the
cathode is 80V above earth when no current flows. Thus the anode potential
must exceed 90V above earth to start conduction. If the peak positive voltage
is taken as the zero reference of time, then conduction will commence when

4> = -cps- 1 -^ = -50-4°
141

and conduction will cease when

90
<t>
= cos- 1~ = +50-4°

141

Between — 4, and +<f> the voltage across the current-limiting resistor is

vr = 141 cos cot — 90

Therefore

Charging current = — =— cos cot — —
10 10 10

and

Peak current = 14-1 - 9 = 51

A

1 1 f+*Mean current = — — [141 cos cot - 90]d(wt)
10 2it J — <£

= 141sin * _m = 0-93A
10* 10* Z^Jt

Note that with a load consisting of a pure resistance the conduction will
commence at the striking voltage ofthe valve and will cease at the extinction voltage.

25.3 Gas Triodes (Thyratrons)

A cross-section of the electrode assembly for a gas triode is shown
in Fig. 25.4(a). The anode and cathode are screened from each
other by a shield or grid electrode. The shield is designed to prevent
any electron reaching the anode from the cathode except by way of
the hole in the grid electrode. The circuit for testing a gas triode is

shown in Fig. 25.4(6).

If the grid potential is held negative with respect to the cathode,
then until the anode voltage reaches a critical potential (the striking

voltage) no electrons will leave the cathode space charge and there
will be neither ionization nor conduction. This corresponds to the
cut-off conditions in a vacuum valve. If the striking voltage is

exceeded, electrons will pass from the cathode space charge and give
ionizing collisions with gas molecules.

When ionization commences, positive ions immediately collect

around the negative grid and completely neutralize its effect. The
conditions in the triode are then identical with those in the gas diode,

i.e. the anode voltage falls to an almost constant value approximately
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equal to the ionization potential and nearly independent of the

current through the valve. This current is limited only by the

external impedances and will cease only when the supply voltage

is reduced below the ionization or maintaining voltage. Any change

in grid voltage after ionization has occurred will not affect the

conduction through the valve, and the grid cannot be used to stop

Limiting
resistor

-WV-
R

Shield
or grid

> Indirectly

heated cathode

'a)

Limiting
Variable- res|stor
voltage da j^. ^
supply ^r^i r-)

(b)

Striking

voltage

Fig. 25.4 THE GAS TRIODE

conduction. The grid of a gas triode only controls the value of

anode voltage at which the valve will start to conduct.

Fig. 25.4(c) shows the grid-control characteristic for a gas triode

(i.e. the anode striking voltage for a range of negative grid potentials).

Above about 3V the ratio of striking voltage to control voltage is

constant at a value called the control ratio. This ratio is usually

about 30.

Gas triodes are not of great use in circuits with direct current

supplies, since once conduction has commenced it is difficult to

interrupt the anode current except by interrupting the supply.

The principal use of gas triodes is as grid-controlled rectifiers, in

which case the grid regains control of the valve every negative

half-cycle.
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25.4 Grid-controlled Single-phase Rectification

Simple negative bias control of a thyratron is not normally employed,
since it permits control only over the first quarter of the a.c. wave-
form applied to the anode.

PULSE CONTROL

The circuit is shown in Fig. 25.5(a). The grid has a large negative
bias so that even the peak supply voltage will not be sufficient to

Variable-phase
positive-pulse
generator

-v-t!

i ,.

o
h fT°:

' LtU.
(b) (c)

Fig. 25.5 PULSE CONTROL OF A GAS TRIODE

cause conduction through the valve in the absence of the positive

pulses injected into the grid circuit. The amplitude of the positive

grid pulses is at least equal to the magnitude of the grid bias voltage

so that conduction will always commence at the instant in the cycle

at which the positive pulse is applied, provided only that the supply
voltage is positive and greater than the ionization potential at the
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instant atwhich the pulse occurs. Fig. 25.5(b) shows the anode voltage

and current waveforms when the pulse occurs in the first positive

quarter-cycle. Fig. 25.5(c) shows the same waveforms when the

pulse occurs in the second positive quarter-cycle. It will be clear

that this method has the advantages of (i) controlling the current

from maximum mean value to zero mean value, and (ii) starting the

conduction at a definite instant in the cycle independent of any

supply voltage variations. The mean current for a resistive load

may be determined from the following equation

:

1 f
v

Mean output current = ^"d lVm sin wt ~ volt ^°V\dimt)

(25.1)

where R = Load resistance

<f>
= Ignition angle

y = Extinction angle '.

The pulse unit may be a mechanical contact driven by a syn-

chronous motor, a peaking transformer supplied from a phase-

shifting circuit, or an electronic pulse generator with a phase-shifting

circuit giving pulses synchronized with the supply frequency.

PHASE-SHIFT CONTROL

This method has been developed to preserve the advantages of

the pulse control circuit without the necessity of having a pulse

generator. A sinusoidal voltage with or without a negative grid bias

is applied to the grid of the gas triode. The sinusoidal voltage has

the same frequency as the supply voltage and usually a constant

magnitude. It will be found that, by altering the phase of the grid

voltage relative to that of the supply voltage, the instant at which

conduction commences may be controlled.

Fig. 25.6(a) shows a phase-controlled gas-triode rectifier circuit

incorporating one possible method of deriving a constant-magnitude

variable-phase voltage. By Section 1.7 an RC series circuit with

variable resistance has a semicircular complexor locus diagram as

shown in Fig. 25.6(Z>). It will be seen that the potential difference

between the centre point of the winding an the junction of the resistor

and capacitor has a constant magnitude and a phase which is variable

over almost 180° as R is varied from zero to infinity. An additional

180° phase shift may be obtained by reversing the connexions to

the auxiliary transformer winding.

The value of the mean output current may be obtained from

eqn. (25.1), where the ignition angle <j> is found in the following
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manner. In Fig. 25.6(c) the supply voltage waveform is drawn and
also the waveform of critical grid voltage corresponding to the supply

voltage, i.e. the negative grid voltage which would be just sufficient

to prevent the valve from striking at the instantaneous value of

supply voltage. The external grid-voltage wave is now superimposed

Auxiliary
transformer £*

winding
Negative grid bias^ may- be inserted

(b)

Locus of V.R1

\——

V

Voltage applied
to grid =

Applied grid
voltage

Critical

grid voltage

Fig. 25.6 PHASE-SHIFT CONTROL OF A GAS DIODE

on the critical grid-voltage wave in the correct phase. The point, E, of

intersection of the external grid-voltage waveform and the critical

grid-voltage waveform where the external voltage is going positive

gives the striking point in the cycle. It is evident that by altering the

phase of the external voltage the striking point and hence the mean
current may be controlled.

EXAMPLE 25.2 A gas-filled triode, used as a phase-controlled rectifier on a

250V supply, has a control ratio of 20 and a negligible tube drop. If the voltage

applied to the grid is 100V (r.m.s.) lagging behind the anode supply voltage by
60°, find the mean anode current in a load of 1.500A. (H.N.C.)
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The supply voltage may be represented as 354 sin cot volts. Therefore

354
Critical grid voltage = —— sin cot = —17-7 sin cot

Voltage applied to grid = 141 sin {cot — 60°)

These waves may be drawn as in Fig. 25.6(c) or, since in this case the control

ratio is assumed to be constant, the ignition angle ^ may be found by solving the

equation

- 17-7 sin <j> = 141 sinW - 60°)

= 141 sin <t>
cos 60° - 141 cos $ sin 60°

= 70-7 sin <t>
— 122 cos $

whence tan $ = 122/88-4 = 1-38; therefore the ignition angle, <£, is 54°.

Since the voltage drop is to be neglected, the extinction angle, y, may be taken

to be t.
1 fl80°

Mean load voltage = — 354 sin cot d{cot) = 89-5V

and
89-5

Mean anode current =—— = 59-5mA

25.5 Mercury-arc Rectifiers

In its single-phase form the mercury-arc rectifier consists of a

graphite or carbon-coated iron anode and a mercury-pool cathode

enclosed in an envelope from which all air has been removed.

Mercury vapour fills the space between anode and cathode, the

pressure of the vapour varying widely with temperature. Unlike

the gas diode and triode, there is not an external power source to

provide a supply of primary electrons. Thus conduction will not

commence by merely raising the anode-cathode voltage above the

ionizing potential for mercury vapour (10-6 V).

In one type of single-phase rectifier (called an ignitron) an auxiliary

pointed electrode (ignitor) dips into the mercury pool. At the instant

during the positive voltage cycle at which conduction to the anode

should commence, a heavy short-duration current is passed through

the ignitor to the mercury pool. This current raises the temperature

at the point to a white heat so that some primary electrons are

emitted. The primary electrons ionize the mercury vapour, where-

upon positive ions travel back to the cathode. The action of the

positive ions at the cathode is such that copious primary-electron

emission develops at a particular spot, which becomes white hot.

The mechanism by which electrons are emitted at the cathode spot

is not clearly understood. It would seem that thermionic, secondary

and field emission effects are all present. The conduction through

the mercury vapour is of the same nature as in the gas diode, i.e.

a positive space charge forms in front of the cathode and is joined to

26a
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the anode by the plasma. The voltage drop between anode and
cathode when the rectifier is conducting is somewhat greater than the

ionization potential alone, since with the greater currents and greater

anode-cathode separation there is an appreciable voltage drop

across the plasma, and a voltage drop is also found to exist at the

anode surface. The total voltage drop is usually between 20 and
30 V. Ignitrons capable of carrying currents of several thousand

amperes have been constructed.

3

Starting electrode

rJWA

^Cut-out relay
contact

Fig. 25.7 BASIC MERCURY-ARC RECTIFIER

The mercury-arc rectifier has the advantage over the thermionic

gas diode in that, though the mean current will naturally be limited

by temperature rise as a whole, the peak current is almost unlimited

and very high overloads may be tolerated for short periods. There

is also the considerable advantage that, since the mercury cathode

is almost indestructible, the life of the rectifier is exceedingly great.

The single-phase form of the rectifier is particularly useful for

the control of welding currents. It will be noted that the mean
current may be controlled by varying the instant at which conduction

starts.

A glass-bulb permanently-evacuated mercury-arc rectifier is

illustrated in Fig. 25.7. Two anodes only are shown, although

rectifiers of this kind usually operate from a 3-phase supply and have
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3, 6 or 12 main anodes with two auxiliary anodes. In this case the

arc is continuous and does not require to be restruck each cycle.

After conduction starts a relay cuts out the ignition system, which

consists of a flexible electrode which is pulled into contact with the

mercury pool by an electromagnet. When the flexible electrode

contacts the mercury pool the electromagnet is short-circuited so

that the flexible electrode springs back giving a spark as it breaks

contact with the pool. This spark gives the initial electrons which are

attracted by an anode at a positive potential and give rise to ionization

of the mercury vapour.

In the glass-bulb rectifier the anodes are housed in arms which

leave the bulb at acute angles. This is to prevent mercury globules

forming on the anode surfaces. If these form, then backfire (reverse

conduction) or crossfire (anode-to-anode conduction) may occur.

Steel-tank rectifiers are also manufactured; in these the anodes are

protected by insulating barriers. Another method of protection

against crossfire and backfire is the use of grids controlling the instant

at which an anode may start to conduct. The grids are in the form

of a perforated metal sheet or a metal grill cutting off the anode from

the rest of the rectifier. The grids are held at a negative potential

except at the instant when the anode should start to conduct. The
grids may also be used to reduce the conduction angle and hence the

output voltage.

In addition to the main anodes which carry the load current

there are usually two auxiliary anodes arranged to form a separate

full-wave rectifier supplying a small dummy load. The purpose of

this is to maintain the cathode hot spot should the main load current

temporarily fell to zero. When the load is reimposed the main

anodes will again conduct without the ignition system requiring to be

separately operated.

Glass-bulb rectifiers are generally used for loads up to 500A at

500V. Permanently-evacuated steel-tank rectifiers are used for

loads above this and up to 750A at 750 V. Continuously-pumped

steel-tank rectifiers are used for loads up to 3MW at voltages exceed-

ing 20kV.
The internal efficiency of a rectifier largely depends on the voltage

at which it operates since the voltage drop along the arc is constant.

Let Vac and Idc be the direct voltage (including arc drop) and

current generated when the arc drop is Van- Then

„„ . Vdchc — Varcldc 100
Efficiency, rj = . .

T
x -r- per cent

Vdddc 1

1
rare ,„ -.= I -— p.u. (25.2)
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e.g. if the arc drop is 25V the efficiency at 100V output is only
75 per cent, but at 1,000V it is 97-5 per cent.

A rectifier will, however, always require a transformer and various
auxiliary circuits and the losses in these must also be taken into
account.

25.6 Polyphase Rectification

The semiconductor diode rectifier is now replacing the mercury-
arc rectifier for polyphase rectification in all applications except those
involving the highest voltages. The forward voltage drop across a

Sec.

V RE VYE VBE

Fig. 25.8(a) simple 3-phase rectifier connexions

semiconductor diode is only a fraction of a volt, and hence the

efficiency as defined by eqn. (25.2) will be almost unity (replacing

Van by the diode forward voltage). Germanium diodes are used for

high-current and silicon diodes for high-voltage applications.

By using polyphase rectification, the ripple voltage in the d.c.

output may be made small without the necessity of using smoothing

capacitors—this is a great advantage in power rectification.

The secondary of the transformer supplying a polyphase rectifier

must have a neutral point when a mercury-arc rectifier (which has
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only one cathode) is used in order to give the negative output

connexion. The primary winding is generally delta-connected to

avoid the difficulties which arise with star-star transformers. The

primary is fed from a 3-phase supply, and the secondary is connected

to give 3, 6 or 12 phase operation as required. A delta-connected

primary is shown in Fig. 25.8(a) and is assumed in Figs. 25.8(5)

and (c). In these diagrams diodes are shown, but the connexions apply

R' E R—nnn

—

Y',

B', _nro_

»dc

V,
vRE vB'

EvYE vR.
EvBE v/E

AAA'TVW
^vde

\'V\A/\A/\A/
t

Fig. 25.8(b) SIMPLE 6-PHASE rectifier connexions

equally to 3- and 6-anode mercury-arc rectifiers in which case all

the "cathodes" are common and are in fact the mercury pool.

A simple 3-phase circuit is shown in Fig. 25.8(a), together with the

corresponding wave diagrams. Conduction takes place through

whichever diode (or to whichever anode in a mercury-arc rectifier)

has its anode at the highest positive potential. The common cathode

potential will then be equal to the potential of the most positive

anode less any internal voltage drop. (Remember that this voltage

drop may be 20 to 30V in a mercury-arc rectifier). The d.c. output
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is shown by the heavy line in the wave diagram. The ripple is seen
to be considerably less than that in a full-wave rectifier.

A simple 6-phase connexion is shown in Fig. 25.8(c). The supply
transformer has three centre-tapped secondary windings, the centre
taps forming the neutral. The e.m.f.s of each side of one phase
winding will be in antiphase, and the wave diagram shows that the

V 3E V 2E

Fig. 25.8(c) ZIGZAG RECTIFIER CONNEXIONS

e.m.f.s on the diodes will reach their positive maxima in the sequence
R, B', Y, R', B, Y'. Each diode conducts for one-sixth of a cycle.

The primary currents will not be sinusoidal, since each diode passes
a block of current for only one-sixth of a cycle. The output d.c.

ripple is less than for the 3-phase connexion.
An alternative connexion, shown in Fig. 25.8(c), is the zigzag

connexion. This gives a more sinusoidal form of transformer primary
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current than the simple 6-phase circuit, but maintains 6-phase

smoothing. The complexor diagram shows how the symmetrical

6-phase system is developed. Note that the transformer primary

current is distributed over two phases no matter which diode is

conducting.
. .

In Fig. 25.9 is shown a 3-phase bridge circuit which is commonly

used with diode rectifiers. It cannot be used with a mercury-arc

3-phase y-
supply

B-

vdc

-o —

Fig. 25.9 THREE-PHASE BRIDGE RECTIFIER

rectifier since the cathodes are not common. This circuit does not

require a star-connected secondary. The peak output direct voltage

is the peak line voltage of the supply. Smoothing is 6-phase.

25.7 Voltage and Current Ratios

In polyphase rectifiers, conduction always occurs to the most positive

anode. The "cathode" potential will therefore be the potential of the

most positive anode minus the voltage drop Va, across the rectifier

/ffsf^f=£
V2VS I

i ! out

(a)

Fig. 25.10 WAVEFORMS IN POLYPHASE-RECTIFIER OPERATION

at any instant. Thus, as conduction commutates from anode to

anode, the output voltage waveform for a 3-phase connexion will be

as shown in Fig. 25.8(a). A 6-phase system could be dealt with

similarly, and it will be seen that increasing the number of anodes

reduces the ripple in the output voltage waveform.

Fig. 25.10 shows the general waveform for an m-phase rectifier,
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with the origin of the angular base at a peak value. Conduction to
one anode will commence at —n\m and be complete at +n/m.

Let Vs be the r.m.s. secondary output voltage per phase; then

Output voltage = y/2Vs cos a>t — Vd for — — < cot < + —mm
Therefore

Mean output voltage = -r-j- W2Vs cos cat — Vd)d(iot)ZTTjm J—„/m
so that

Mean output voltage, Vac = y/2Vs
Sm

,

m — Va (25.3)
7T/m

= Edc — Va

where

V2Vs smirlm
Edc = ; (25.4)

From eqn. (25.4) it will be seen that Eac increases with the number
of anodes and tends towards \/2Vs as m —> oo.

The current ratio is usually calculated on the assumption that the

load circuit has a smoothing choke or at least sufficient inherent

inductance to eliminate any ripple in the current waveform as

shown at (b). It is also assumed that the full current instantaneously

commutates from one diode to the next (see Section 25.8).

Let lac be the output current and Is be the r.m.s. current at a

transformer terminal; then

Is = \/(mean square of diode current) = / 1— he2, —
I

whence

ym K
'

There is only one pulse of current through each diode per cycle.

The rating of the transformer secondary winding is then given by

Rating of secondary = mVJs volt-amperes (25.6)

The primary winding may have a rating somewhat less than this

owing to the improved current waveforms, but this depends on the

method of connexion.
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Substituting for Vs and Is from eqns. (25.4) and (25.5),

Eac it Idc

Secondary rating = m^^^ - ^~

njm

sin Trjm 'JlEaeldc /= (25.7)

Edckc is the actual power output (neglecting rectifier losses). There-

fore

Actual power _ sin Trjm /2 , „.

Full-load rating
~"

nfm V m

This is termed the utilization coefficient of the transformer secondary.

It may be shown that the utilization coefficient has its maximum
value of 0-675 for a 3-anode rectifier and is only 0-4 for a 12-anode

rectifier. A low utilization coefficient will increase the size and cost

of the transformer. Thus, though a large number of diodes gives

a smooth output, it also leads to an expensive transformer.

25.8 Overlap Effects

In deriving the previous voltage and current relationships it has

been assumed that the commutation of the current from one anode to

the next is accomplished in zero time, i.e. the full current instan-

taneously stops flowing to one anode and starts flowing to the next.

This is, in fact, impossible since the transformer windings in the

anode circuits must have some leakage inductance, through which

it is not possible to have an instantaneous change of current.

Fig. 25.11(a) shows two successive phases of a secondary winding

with the equivalent reactance represented as external to the windings.

The resistance may usually be neglected. Suppose that diode 1 is

first conducting and that the full current he flows to it. When the

potential of diode 2 reaches that of diode 1 the current to diode 1

cannot immediately cease but must decay over a finite time while the

current to diode 2 increases from zero to lac- Thus for a short

period the current must split between diodes 1 and 2, and for this

period the anodes of these diodes must have the same potential.

This is called overlap. During the overlap period the output e.m.f. is

the mean of the e.m.f. s of the two secondary phases alone as shown

at (b). The length of time during which overlap takes place and the

reduction of the mean output voltage due to it are proportional to

the load current.
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Since the current through the transformer secondary windings

has no longer the rectangular waveform previously assumed, the

relationship between the r.m.s. anode current and the direct load

current will be modified from that given by eqn. (25.5). For 3-phase

rectification the modification is negligible, and may often be neglected

Ideal transformer
secondary V

t
Leakage
re a£ reactance

Mean output
voltage

Fig. 25.11 EFFECT OF OVERLAP

for 6-phase rectification. For 12-phase rectification the modification

is considerable.

25.9 Double Three-phase Connexion

By the addition of an interphase reactor* to the simple 6-phase

connexion it is possible to obtain rectifier action with the smoothness

of normal 6-phase rectification and the utilization factor of 3-phase

rectification. The principal characteristic of the double 3-phase

connexion is that conduction is made to split into two parts at all

instants of the cycle. The basic principle is similar to that of overlap

where the transformer leakage inductance causes the current to

split into two parts at each commutating point.

* Also called interphase transformer.
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A centre-tapped iron-cored choke is used as shown in the circuit

diagram of Fig. 25.12. Since the sides of the interphase winding

have equal numbers of turns and are wound round the same core

in the same direction, the e.m.f.s induced in the two halves of the

winding will be equal in magnitude and in direction at all instants.

Neglecting resistance and leakage reactance, the potential differences

across the two halves will then be equal in magnitude and direction

at all instants. It is to be particularly noted that successive anodes

are connected on opposite sides of the interphase reactor, so that.

Fig. 25.12 INTERPHASE REACTOR OPERATION

if ordinary 6-phase operation occurred, the direct current would

alternate between the sides of the interphase reactor.

Suppose that the whole current flows to anode 1 and attempts to

commutate naturally to anode 2. This means that the direct current

should cease to flow in the right-hand side of the interphase reactor

and should suddenly start to flow in the left-hand side (Fig. 25.12).

The inductance of the interphase reactor will react against these

changes of current: the right-hand terminal of the reactor will be

driven positive with respect to earth potential while the left-hand

terminal becomes negative. This raises the potential of anodes 1, 3

and 5 while lowering that of anodes 2, 4 and 6. Provided that the

inductance of the interphase reactor is sufficient, the current will not

wholly transfer from anode 1 to anode 2, for the raising of the poten-

tial of the right-hand side and the lowering of the potential of the

left-hand side will maintain anodes 1 and 2 at the same instantaneous

potential with respect to earth. The instantaneous potentials are

illustrated in Fig. 25.13(a). Eventually the potential of anode 3 will

exceed that of anode 1 and the current which flows to anode 1 will

transfer to anode 3, since this does not involve a change of current

in the interphase reactor (there may be some delay due to simple

overlap). The current is now shared between anodes 2 and 3. The
potential of anode 3 will eventually tend to exceed that of anode 2

and this will cause the interphase reactor e.m.f.s to reverse, so that
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the potential of the left-hand side is raised and that of the right-hand

side is lowered.

The current continues to be shared between anodes 2 and 3 until

the current flowing to anode 2 transfers to anode 4. This is illustrated

in Figs. 25.l3(b)-(d). The process will continue in a similar manner
round all the anodes.

Potential rise across
interphase transformer
on one side 1

Earthed centre of
interphase transformer

(a)

Potential drop across
interphase transformer
on other side

<c) (d)

Fig. 25.13 WAVEFORMS WITH INTERPHASE REACTOR

It will be seen that there are always two successive anodes conduct-

ing and that the mean current in each half of the interphase reactor

will be half the output current, i.e. Idc/2. It should also be noted

that the mean currents in each part of the interphase reactor are in

opposite directions and will produce no net magnetizing effect in

the iron core.

The output voltage at any instant is the mean of the e.m.f.s of

the conducting secondary windings at the same instant. Fig. 25.14

2 and 3 4 and 5

1 and 2/3 and 4
'

\ / / ^
Output without
interphase
transformer

O-866^2 E
0-75^2 E

0-5V2Es

/ / /\ /\ /\ '\
i

/ / v V V \
'

Output with
interphase
transformer

Fig. 25.14 OUTPUT VOLTAGE WITH INTERPHASE CONNEXION
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shows the e.m.f.s of the secondary windings, and also the waveform

of the average voltage of successive pairs of anodes as these pairs

share the conduction. This latter waveform is also the waveform
of the effective output voltage; the output voltage ripple obviously

corresponds to 6-phase rectification.

If the load current is less than a critical value which depends on
the inductance of the interphase reactor, then the operation will

be almost normal 6-phase operation. As the load is increased the

transition between normal 6-phase and double 3-phase operation is

marked by a sudden sharp decrease in the output voltage from the

6- to the 3-phase value. Often a small permanent load is connected

across the output of the rectifier so that lac does not fall below the

critical value.

Exact analysis shows that the mean output voltage (neglecting

overlap) is 0-826y/2Es, which happens to be exactly the output

expected for a 3-phase rectifier where the r.m.s. secondary e.m.f. is

Es . Therefore

Mean output voltage = \/2Es^j Va (25.9)

It will also be seen that each anode and each secondary winding

carries a current Ifafl for one-third of a cycle. Thus

R.M.S. current per secondary phase = -y —p: (25.10)

This gives the arrangement the same utilization coefficient as is

normally obtained for 3-phase rectification.

25.10 Primary Current Waveforms

In the following examination of waveforms, the effect of overlap

on the current waveform will be neglected for the sake of clarity.

In general, the overlap effect will give rise to smoother primary

current waveforms than are obtained when the effect of overlap is

neglected.

DELTA PRIMARY, SIX-PHASE SIMPLE SECONDARY (Fig. 25.15(a))

Fig. 25.15(Z>) shows the current waveforms for the primary phases

and lines. It will be realized that current flowing in the secondary

to anode 1 will have a corresponding current in the primary phase 1,

and current flowing in the secondary to anode 4 will have a
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jRg'. 25.75 PRIMARY CURRENTS FOR A DELTA-CONNECTED PRIMARY
AND SIMPLE 6-PHASE OPERATION

corresponding current in the same primary phase, but in the reverse

direction. The currents in the other phases will have similar effects.

The primary phases each carry current for one-third of a cycle, and
hence the primary utilization factor will be better than the secondary

utilization factor.

DELTA PRIMARY, DOUBLE THREE-PHASE SECONDARY

Each secondary phase carries current over one-third of a cycle (see

Section 25.9). The primary waveforms are shown in Fig. 25.16.

It will be seen that each primary phase now carries current over two-

thirds of a cycle so that the utilization factor is still further improved.
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The primary line currents are also more nearly sinusoidal so that

there will be less harmonic current in the lines.

Fig. 25.16 PRIMARY CURRENTS WITH INTERPHASE CONNEXION

25.11 TheThyristor

The thyristor is a four-layer silicon semiconductor junction device,

which has characteristics similar to those of a gas-filled triode. It

can be triggered into the conducting state, and conducts unidirec-

tionally until the voltage across it is reduced to almost zero. The

voltage drop across it in the conducting state is small. This device

is also known by the term silicon controlled rectifier (s.c.r.). Impor-

tant characteristics of the thyristor are the extreme rapidity with

which the device can be turned on and the very fast switch-off time.

Fig. 25.17(a) is a schematic drawing of the thyristor together with

its circuit symbol. The operation can be deduced by considering

that the four layers form two transistors and a diode as shown at (b).

If reverse bias is applied (i.e. if the "anode" is connected to the

negative of the supply), then junctions 1 and 3 are reverse biased,

and only the small reverse-bias saturation current will flow until

reverse breakdown occurs. This is almost independent of any

voltage on the gate terminal.

Consider the gate connexion open-circuited, and a positive bias

applied (i.e. the anode positive). Then junctions 1 and 3 will be

forward biased and junction 2 will be reverse biased. The first three
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layers form a p-n-p transistor, with junction 1 forming an emitter-

base junction. Hence holes injected across junction 1 will be collected

across the reverse-biased junction 2 by normal transistor action to

give a hole current anh as shown at (b). In the same way, the last

three layers form an n-p-n transistor, in which junction 3 forms the

emitter-base junction. Electrons injected from right to left across

junction 3 are collected across the reverse-biased junction 2. At the

same time junction 2 acts as a reverse-biased diode junction, and

Anode

.

1 2 3

I \ \

p
+

n P n
Cathode A r

I h «,Ih (holes)

1 2

Gate

H
. —«- (holes)

-— (electrons)

(a)

2 3

CE2 Ie Ie (electrons)

(b)

Wg. 25.17 THE TWO-TRANSISTOR REPRESENTATION OF A THYRISTOR

the reverse bias saturation current Io (consisting of holes moving
from n top and electrons from p to ri) flows.

If h is the injected hole current across junction 1 (assuming that

the/7-layer is heavily doped), then ai/» is the fraction of this flowing

across junction 2. Also, ifIe is the electron current flowing from right

to left across junction 3, then a fraction a.zle is collected across

junction 2. The total current across 2 is therefore

Io + aiTft + a2/e

flowing conventionally left to right. But by Kirchhoff's law, there

is the same current across each junction, and hence across 1 and 3,

h = h = I and across 2, 1 = T + ceil + a2I, or

/ = /o

1 — (<*1 + aa)

(25.11)

By suitable choice of doping, the current gain, a, of silicon

transistors can be made to have a low value at very small emitter

currents, the gain rising towards unity as the current increases.
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For small values of applied voltage ai and oc2 can both be well below

0-5 so that the resultant current is small. As the applied voltage

increases (<xi + <x2) can become unity, and eqn. (25.11) shows that

in this condition / increases without limit (hence a current-limiting

resistor must be included in the circuit). When this happens junction

2 breaks down, and the voltage across the thyristor falls to the small

constant breakdown voltage across junction 2 plus the even smaller

voltage drops across the bulk resistance of the layers and the forward-

biased junctions 1 and 3.

The characteristic is shown in Fig. 25.18(a). Between and A
the term (oci + 0C2) is less than unity, but is increasing so that /

r
c

fh
B

,«,

' ^__
1

—' Vs V

(a)

Fig. 25.18 current/voltage characteristic of a thyristor

(a) Gate current zero
(b) Effect of increasing gate current

increases. At A (ai + 0C2) = 1 and breakdown occurs—the voltage

falls abruptly (AB). Breakdown conditions will persist so long as the

anode current is above the holding value h, giving an almost constant

voltage across the device, irrespective of the current (BC on the

characteristic).

If a current is now fed into the gate connexion, this increases the

current across junction 3, so that 0C2 increases and (ai + 0C2) now
becomes equal to unity at a lower value of applied anode-cathode

voltage, as shown at (b). If the applied voltage is less than the switch-

ing voltage, Vs , at which breakdown occurs when there is no gate

current, then breakdown will not occur until a gate current flows.

In this way the thyristor can be made to act as a switch.

In order to avoid undue heat dissipation at the gate it is usual to

feed the gate with a pulse waveform. When an a.c. supply is con-

nected across the thyristor, the instant in the positive half-cycle at
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which the device "fires" is controlled by the time at which the gate
pulse is applied. A typical thyristor bridge rectifier circuit and wave-
forms are shown in Fig. 25.19.

Care must be taken in thyristor circuits when the load is inductive

since high reverse voltages may then appear across the rectifier when
the load is switched off. Sometimes an avalanche diode is connected
with reverse polarity across the load, as shown by the broken line in

Fig. 25.19, in order to minimize this effect.

Supply

(b) *

Fig. 25.19 THYRISTOR-CONTROLLED BRIDGE RECTIFIER
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25.12 Grid-controlled Mercury-arc Rectification

Grid control may be applied to polyphase mercury-arc rectification

in the same way as it was applied to single-phase rectifier circuits

(Section 25.3). The electron path to an anode may be blocked by a

negatively biased grid so that conduction to a given anode may not

Smoothing
choke

qLT^f
Output

Fig. 25.20 GRID-CONTROLLED MERCURY-ARC RECTIFIER

commence until the negative grid potential is reduced. Usually phase

shift control with an additional steady negative bias is used. A
variable-phase voltage for grid control may be obtained from a phase-

shifting transformer (which is constructed like an induction motor),

with a 3-phase stator winding and a stationary rotor wound for the

number of phases corresponding to the number of anodes. By
varying the angular position of the rotor the grid voltage may be

given any desired phase relationship to the supply voltage.

A connexion diagram for 3-phase grid-controlled rectification

is shown in Fig. 25.20, a battery being shown as providing the steady

negative grid bias where normally a single-phase metal rectifier

circuit would be employed.

25.13 Controlled Polyphase Rectification-Output Voltage

The output voltage waveform for an m-phase rectifier in which

grid or gate control has delayed the commutation by a phase angle a

is shown in Fig. 25.21. Taking a voltage maximum as the reference
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zero, the angle of conduction per phase will be seen to be from
(—Tr/rn + a) to (+7r//w + a). Therefore

n

1 Cm + <x

Mean output voltage = ^-y- W2E, cos wt — Vd)d(cot)
^ + «

Fig. 25.21 CONTROLLED POLYPHASE RECTIFICATION WAVEFORMS

where Va is the drop across the rectifier.

Vout = £V2ES [sin
(J

+ «) - sin (- £ + a) - F«

= v2£« ~ sin — cos a. — Va
77 m

.__, sin nlm= V2.cs ; cos a — K<«
77/m

(25.12)

This equation, however, ceases to apply if the delay angle a is greater
than (jt/2 — w/w), for in this case the current conduction becomes
discontinuous. The waveform is shown in Fig. 25.22.

i/2E

Fig. 25.22 DISCONTINUOUS CONDUCTION WITH GRID OR GATE CONTROL

For this case,

Mean output voltage =— P
iTrjmJ

-+<*

(\/2Es cos cot — Va)d((ot)

(25.13)
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25.14 Invertor Operation

A controlled polyphase rectifier may be used to link a d.c. system

to an a.c. system so that energy flows from the d.c. system to the a.c.

system. In this case the rectifier is called an invertor. This operation

will only be considered briefly.

The a.c. system must have at least one synchronous generator

connected to it to determine the frequency of operation. The d.c.

Motor

Generator

Fig. 25.23 INVERTED OPERATION OF A MERCURY-ARC RECTIFIER

(n) Rectifier (b) Inversion

system must, naturally, include a d.c. source of energy. It should

be first noted that, when a rotating machine changes from motoring

to generating operation, the current direction rather than the e.m.f.

direction changes. With a rectifier, however, it is not possible for

the current direction to change and thus the e.m.f. direction should

be changed. (This illustrated in Fig. 25.23.) With respect to the a.c.

system, it will be realized that, if current conduction during a

positive voltage half-cycle led to the transmission of power from the

a.c. system to the d.c. system, then for power transmission in the

opposite sense and with the same direction of current conduction it

will be necessary to have the current conduction during a negative

voltage half-cycle. This is arranged by the connexion ofthe generator

and by using grid control to delay conduction to a negative half-

cycle.

As shown in Fig. 25.23 the generator voltage raises the potential

of the transformer neutral to a positive value with respect to earth
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potential. The anode potentials are then the d.c. potential plus the
e.m.f. of the corresponding secondary phase. The anode potentials
are shown in Fig. 25.24. The direct voltage of the generator is
assumed to be approximately equal to the output voltage of the
same rectifier if used to deliver power from the same a.c. system.
This is usually approximately the case but is not necessarily so.'
Except for the p.d. across the choke the cathode of the rectifier is at

m 2

;(i

2 3

A~,
* \ w J \ /
Vdo

X. KmK
Fig. 25.24 WAVEFORMS FOR INVERTED OPERATION

earth potential, and the anodes are positive with respect to the
cathode over most of the cycle.

It is essential that commutation be delayed over at least
(77/w + ir/2) radians so that conduction to a given anode will only
occur when the secondary e.m.f. is negative. If conduction occurs
when the secondary e.m.f. is positive, there will be rectifier action
and short-circuit conditions will ensue. Conduction may be per-
mitted to start at a point such as B in the alternating voltage cycle
of each anode. It is essential also that commutation occurs before
the point C is reached; otherwise it will not occur at all as the anode
"carrying" the arc will become more positive than the succeeding
anode after the point C is reached. If commutation to the succeeding
anode does not occur, the arc will remain with an anode whose
alternating potential will become positive, giving rectification and
short-circuit conditions. Thus the phase angle of the grid may only
be varied over a limited range.

Neglecting the arc drop, the cathode potential becomes the poten-
tial of the conducting anode at each instant. The difference between
the cathode potential and earth potential is the p.d. across the
smoothing choke.

It should be remembered that with a constant d.c. system voltage
and a constant a.c. system voltage the grid potential will control
the current flow between the two systems.
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Exactly similar considerations apply in the case of thyristors.

D.C. links (with a rectifier at one end and an invertor at the other

end of the link) are now commonly used to connect two a.c. power

distribution systems together. By doing this the following advan-

tages are obtained:

(a) There is no need to synchronize the two a.c. systems.

(b) Only power flow takes place in the d.c. link (i.e. there is no
reactive flow through the link).

Such links are used to connect the British grid to the European

power network, and are also used to interconnect parts of the

British grid system.

PROBLEMS

25.1 A single gas diode is to be used to charge a 100V battery of negligible

internal resistance from a 250V 50Hz supply. The voltage drop and ignition

voltage across the gas diode may be taken as 20V. Find the series resistance so

that the average charging current is 2A.

Arts. 28 n.

25.2 An a.c. supply at 20V is connected in series with a full-wave rectifier to a

12V battery. The total resistance of the circuit is 5fl in the conducting direction

and infinity in the reverse direction. Plot the current waveform and determine the

mean value of the current in the circuit. (L.U.)

Ans. 0-7A.

25.3 A thyratron with a control ratio of 20 is to be used as a half-wave rectifier

from a 250V 50Hz supply. Plot a curve of mean output voltage to a base of

grid bias voltage for a variation of grid voltage between and —20 V. The ignition

voltage and voltage drop may be taken as 20V (assume a pure resistance load).

25.4 A thyratron used in a grid-controlled rectifier has a voltage drop of 25V
when conducting, this being also the extinction voltage. Its control ratio is 30.

An alternating p.d. of 212V (r.m.s.) is applied, via a load resistance between
anode and cathode, and a p.d. of 10-6V (r.m.s.) lagging a quarter of a cycle

behind the anode p.d. is applied between the grid and cathode. During what
fraction of the alternating voltage cycle does the valve conduct? What is the

mean anode current if the resistance is 100 ii?

Ans. 0-34; 0-69A.

25.5 A gas-filled triode, having a control ratio of 15 and negligible tube drop,

is used as a controlled rectifier on a 180V 500Hz supply. Find the mean current

in a load of 1,00012 resistance when a bias voltage of — 10V is applied to the

valve grid. (H.N.C.)

Ans. 73mA.

25.6 A gas-filled triode has a control ratio of 14-1 and operates from a 250V
a.c. supply. The load resistance is 150O. Calculate the mean current in the load

if the grid voltage consists of a steady voltage of —20V superimposed on an
alternating voltage of r.m.s. value 70-7V which lags behind the anode voltage

by 90°. Neglect valve voltage drop. (H.N.C.)

Ans. 0-395A.
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25.7 A mercury-arc rectifier has an arc drop of 25 V. What will be its internal
efficiency when giving (a) 250V, (b) 2,000V on the d.c. side?

Ans. 91 percent; 98-8 percent.

25.8 A 250V 400A 6-anode mercury-arc rectifier operates from a transformer
star-connected on the secondary side. Ignoring arc drop and impedance, calcu-
late (a) the transformer secondary voltage, (b) the r.m.s. anode current and
(c) the rating of the secondary winding.

Ans. 185V; 163 A; 181 kVA.

25.9 A 6-anode mercury-arc rectifier is to be supplied from 3-phase mains
Discuss the possible transformer arrangements and compare their relative
advantages.

In a particular case the 800-turn primary windings are connected in delta and
supplied at 6-6kV

;
the direct voltage is 480V and the arc drop is 25 V. Neglecting

other voltage drops, determine the requisite number of secondary turns for six-
phase star connexion.

(L U}
Ans. 45.

25.10 Explain the operation of a six-anode mercury-arc rectifier with an inter-
phase reactor. If the output is 300 V and 100 A, determine the secondary current
and voltage for the supply transformer. Neglect overlap and assume an arc
voltage drop of 20 V. If the transformer is delta connected, sketch and explain
the theoretical primary current waveform. (HNC)

Ans. 28-9; 278 V.

25.11 In the 3-phase bridge rectifier of Fig. 25.8, the three top diodes are
replaced by thynstors. The 3-phase line voltage is 400 V, and pulses are applied
to the gates to delay conduction by an angle of 25°. Determine the mean output
voltage (d.c), and sketch the line current waveforms. The thyristor voltage drop
may be neglected. v

Ans. 425 V.

25.12 Repeat Problem 25.11 for a- delay angle, a, of 35°.

Ans. 384 V.

25.13 A thyristor bridge rectifier, as shown in Fig. 25.18 is used to supply a
load of lOOii resistance. The a.c. supply voltage is 40V r.m.s., and the holding
current of the thyristor is 35mA. Determine (a) the extinction angle, and (b) thi
mean load voltage when the gate firing pulses are adjusted to give a firing delay
of 90°. The thyristor voltage drop may be assumed constant at 1-2V.

Ans. 175°; 17'3V.

Hint. Remember that conduction is discontinuous.
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Chapter 26

FIELD-EFFECT
TRANSISTORS

Field-effect transistors, or fets, are a group of semiconductor

devices that complement, and in some cases may replace, bipolar

transistors. Although they have been known in principle for some
time, production on a commercial scale has become possible only

because of recent advances in metallurgical technology. The fet

is so called because it uses a transverse electric field to modulate the

longitudinal current.

In some ways fets have characteristics that closely resemble

those of thermionic valves—for example, both valves and fets have

very high input resistances. However, in common with bipolar

transistors and unlike valves, fets require no heater current and can

be obtained in complementary forms. They may have a very high

frequency response. In addition, at zero bias, they can be either

cut off or conducting depending on type. They have very high cur-

rent and power gains, and because they are majority carrier devices

(bipolar transistors are, of course, basically minority carrier devices)

they have a high resistance to radiation damage and are less tempera-

ture dependent. In particular fets are very suited to integrated cir-

cuit technology.

This chapter will briefly review the two main types of fet and
will give some circuit applications.

819
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26.1 The Junction-gate Field-effect Transistor

The junction-gate field-effect transistor, or jugfet, was the first

commercially available type of fet. It can be fabricated by either alloy

junction or planar techniques. An «-channel alloy device is shown
schematically in Fig. 26.1(a). It consists of a thin wafer of w-type

Drain

Gate

Vl^P+

A —£4—Channel

A ^ n-type
silicon

substrate

-©=!: ^
feeSource

(a)

n-channel

(b)

p-channel

(c)

Fig. 26.1 THE JUGFET, WITH GRAPHICAL SYMBOLS

silicon into the opposite faces of which are diffused two very heavily

doped /7-type regions which are normally connected together to form
the gate or control electrode. Ohmic connexions called the drain

and source are made at the ends of the wafer for the load current.

The gate, source and drain correspond to the base, emitter and collec-

tor of a bipolar transistor, or to the grid, cathode and anode of a
thermionic triode.

With no external voltages the usual potential barrier builds up
across the two p-n junctions and depletion layers are formed.

Because the doping of the /^-regions is much greater than that of the

n-type wafer the depletion layers are mainly in the «-region. The
drain and source are connected by the relatively narrow «-type

channel and are separated from the gate connexions by the depletion

layers. A similar device is possible using a /'-type wafer and w-type

gate connexions, giving a ^-channel type. The graphical symbols
are shown at (b) and (c) for an n-channel and a /7-channel fet

respectively.

In operation the gates are reverse biased with respect to source

and drain, so that the gate current is only the very small reverse-bias

saturation current. The reverse bias voltage extends the width of

the depletion layers and hence narrows the conducting channel and so

controls the drain-to-source current. This current is, of course,

mainly a majority carrier current for the basic silicon wafer (electrons
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in the n-channel and holes in the /7-channel type). The shape of the

depletion layer is shown in Fig. 26.2 for a biased n-channel jugfet.

Depletion
layers

Fig. 26.2 AN n-CHANNEL JUGFET

WITH BIAS

Since D is more positive than S the reverse bias across the gate-

channel junctions is greater towards the drain end than at the

source end. This explains why the channel is narrower at the drain

end than at the source end, as shown.

The drain characteristics of an n-channel jugfet are shown in

Fig. 26.3(a) where the drain current Id is drawn as a function of

Breakdown
I, region

ves=0

Fig. 26.3 CHARACTERISTICS OF AN n-CHANNEL JUGFET

(a) Drain characteristic

(W Transfer characteristic

drain-source voltage, Vds, for various fixed values of gate-source

voltage, VGs- The characteristics can be divided into three regions—

the triode region, the pinchoff region and the breakdown region.
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Consider VGS = 0. As VDS is increased the channel current, ID ,

increases almost linearly. However, since the drain is now positive,
while the gate remains at zero potential, a reverse bias builds up
between the gate and the drain and the depletion layer takes the form
shown in Fig. 26.2. As VDS is further increased a point is reached
when the two depletion layers almost meet. The voltage at which
this occurs is called the pinchoff voltage, Vp . Further increase in
Vds causes practically no further increase in ID—all that happens is

that the depletion layers almost meet over a longer distance and this
gives rise to an increase in the channel resistance in proportion to the
increase in voltage. If VDS continues to increase a point is reached
where breakdown of the channel occurs and the current may rise
to destructively high values.

At any negative value of VGS , the depletion layers will already
be closer together than for VGs = 0, so that the initial slope of the
curve in the triode region is less and pinchoff will occur at a value of
VDS lower than Vv by about the value of gate bias applied.
The size of the pinchoff voltage depends on the thickness of the

initial channel. For relatively thick channels Vv will be large and
drain voltages will be of the same order as in pentode valve circuits.

For thin channels Vv will be low, and operating voltages will corres-
pond to those of bipolar transistors. Minimum values of Vv are
around 0-5 V, but normally jugfets have much higher values of
Vp . The transfer characteristic of a jugfet at a fixed value of Vds
in the pinchoff region is shown in Fig. 26.3(b).

In the triode region of the jugfet characteristics the curves of ID
against Vds are reasonably linear, with a slope that depends on the
applied gate-source voltage. The characteristics apply for negative as
well as for positive values of Vds (Fig. 26.4) as long as the negative

Fig. 26.4 the fet can be used as
A VOLTAGE-CONTROLLED
RESISTOR
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value is not large enough to cause appreciable conduction of the

gate-drain diode. In silicon jugfets this negative voltage will be

approximately 0-6 V. Over the range of voltages of ±0-6 V, there-

fore, a jugfet may be used as a linear resistor, and this is often

done in integrated circuits. In addition, the resistance will vary

with the bias voltage. This latter effect can be used in automatic

gain control circuits in amplifiers, and amplitude control circuits

in oscillators.

26.2 The Insulated-gate Field-effect Transistor

As with the jugfet, the insulated-gate field-effect transistor, or

igfet, can be constructed with either an «-type or a /?-type channel.

In addition, it can be designed so that it conducts only when forward

gate-source bias is applied {enhancement mode) or conducts with

zero bias {depletion mode). Because of its construction, this type of

fet is often called a most (metal-oxide-semiconductor transistor).

Source

Channel

Drain

4§C
n-channel

(b)

IS

p-channel

(c)

Fig. 26.5 TYPICAL CONSTRUCTION AND GRAPHICAL SYMBOLS
FOR AN IGFET

An enhancement-mode «-channel igfet is shown in Fig. 26.5(a).

Two heavily doped n-regions, m and «2, are diffused into a lightly

doped p-type substrate. A thin (~ 0-2 ^m) insulating layer of silicon

dioxide is grown over the surface, with gaps to allow the ohmic
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connexions to be made to m and n2 . These source and drain "win-
dows" are etched by photolithographic techniques. The gate
connexion is a metallic layer (often aluminium) on the silicon dioxide
that lies between the two «-regions. Similar metallic layers on
«i and «2 form the source and drain connexions.
With no gate voltage (VGs — 0) the two w-regions are separated

by a />-type region, typically 5 jum long. Hence for any voltage
applied between drain and source there will always be two opposing
p-n junctions in series and negligible current will flow no matter what
polarity is applied between D and S. If the gate is made positive with

Ves more
positive

In"

fy*T<WW

ves
(b)

Fig. 26.6 CHARACTERISTICS OF AN H-CHANNEL ENHANCEMENT-
TYPE IGFET

(a) Drain characteristics

(2>) Transfer characteristic

respect to the source, then an electric field is set up beneath the gate
electrode. Since the silicon-dioxide layer is thin and since the silicon

substrate is not a very good conductor this field will extend into the
/?-type silicon and will cause an attraction of electrons to just
beneath the dioxide layer. Eventually as the gate-source voltage,

VGS, is increased it reaches a sufficiently positive value (called the
threshold voltage, Vtn) for the movement of electrons to the surface

to be large enough for a predominately «-type region to form near
the surface. This then constitutes a conducting channel between
«i and «2 as shown in Fig. 26.5(a).

With VGs more positive than the threshold value any voltage on
the drain will cause conduction between drain and source. This
drain current will be almost linearly related to both VDs and VGs-
However, as the drain voltage is made more positive, the voltage

between gate and drain falls, until eventually the pinchoff voltage is

reached and the conducting channel becomes pinched off as in the

jugfet. The drain current cannot increase further and becomes
almost constant until breakdown occurs, at which point the current
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rises very rapidly. The family of drain characteristics are shown in

Fig. 26.6(a)—the corresponding transfer characteristic is shown at

(b). The transfer characteristic approximates very closely to a

square law, giving, in the pinchofT region,

Id=-^ (Vgs - Vf„VVm) 2 (26.1)

where /? is a constant that depends on the geometry of the device.

It is because the application of forward bias increases the channel

conductivity that this device is said to operate in the enhancement

mode.
In the depletion-mode ^-channel igfet, an n-type surface layer is

diffused between the drain and source, giving an initial channel which

allows conduction when Vgs = 0. If the gate is made negative,

electrons are repelled from the channel, which becomes a poorer

conductor. If Vgs is made positive the channel becomes more defin-

itely n-type and the drain current increases. For any values of Vgs

the pinchofT effect described in considering the enhancement-mode
igfet will apply, so that the drain characteristics will be as shown in

Fig. 26.7.

Fig. 26.7 DRAIN CHARACTERISTICS OF AN H-CHANNEL
DEPLETION-MODE IGFET

One parameter that is often quoted by manufacturers is the satura-

tion drain current that flows when gate and source are connected

together. This is given the symbol Idss-

Exactly similar relations will be obtained using an K-type sub-

strate with a/j-type channel and heavily dopedp-type drain and source

areas, i.e. the igfet can be manufactured in complementary forms.
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Transfer characteristics for /^-channel and n-channel depletion-
and enhancement-mode igfets are shown in Fig. 26.8.

A depletion-mode igfet is conducting when VGS = 0. This can
sometimes be a useful property, e.g. in oscillator circuits. An
enhancement-mode igfet must be biased for conduction to take
place. As with bipolar transistors, this has the advantages of (i)

allowing circuits to be designed for direct interstage coupling without
requiring an auxiliary d.c. supply of opposite polarity, and (ii)

giving automatic cut-off when VGS = 0. Note that depletion-mode
devices operate by enhancement when the gate voltage increases.
Enhancement-mode devices, on the other hand, can never act in the
depletion mode—there is nothing to deplete!

Enhancement

Enhancement

Depletion/

p-channel

Fig. 26.8 IGFET TRANSFER CHARACTERISTICS

The substrate of an igfet is normally connected to the source

but may be biased to alter the pinchoff voltage. In the pinchoff

region the equivalent circuit may be deduced by considering the

load line on drain/source characteristics that are assumed to be
parallel straight lines of slope 1/rDS (rDS is the drain/source slope

resistance). A simple enhancement-mode common source amplifier

circuit is shown in Fig. 26.9(a). Here the gate bias is obtained from
resistors Ri, i?2 and Rg . With this arrangement Rg can be of a high

value to give a high impedance bias voltage source as seen from the

gate. The drain/source characteristics with a load line AB are shown
at (b). This load line is drawn from B (where Vds is equal to the

supply voltage Vdd) to A (where Id is equal to VddIRl). For any
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If vGS+vgs i

G
o-

"gs Q=c«^

-U-
1 ~~^AiA/*~

rGD

:rss gmvgsl

6S
(d)

D Id
-o—*-

»
rDS R l_<

(e)

Fig. 26.9 LOAD LINE AND SMALL-SIGNAL EQUIVALENT CIRCUITS
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variation in gate voltage about the quiescent value, the operating
point moves up or down AB to the corresponding value of VGS .

Consider the drain/source characteristics as at (c). With RL =
any change in gate-source voltage would cause a proportional
change in drain current Id, given by

<5/z/ = gmd VGs where gt dVGS VDS -» Constant

gm is known as the mutual conductance of the fet. The change in
current, dID ', is represented on the characteristics by QE in Fig.
26.9(c). With RL connected the actual drain current change, dID,

will be QF (the operating point will actually move to C). Hence

SId = gmdVos — EF = gmdVos — —
rDs

But CF is the change in output voltage 6V , where 6V = —6IDRL
(an increase in ID causes a decrease in F ). Hence

old = gmOVas

or

6ID = gm6VGS-^- ^.2)

This is the current that would flow in a load resistance Rl connected
across a constant-current source of value gmVGS with internal
impedance ros as shown at (d).

The above analysis applies to both jugfets and igfets, and to
both depletion and enhancement modes.
The other components of the equivalent circuit represent the

leakage resistances, rGs and rGD, between gate and source, and gate
and drain, respectively, and in jugfets the depletion-layer capaci-
tances, or in igfets the insulation-layer capacitances, CGS and CGD .

Typical values for these quantities are 100 MD. and 10 pF for
jugfets, and 108 MQ. and 2 pF for igfets. Typical values of mutual
conductance, gm, are 2 mA/V for jugfets and 1-5 mA/V for igfets,
though in some devices much higher values are obtained. These
values are considerably lower than the 40 mA/V common in bipolar
transistors. Note that the gate input resistances are generally so high
that they may often be neglected, giving the low-frequency equivalent
circuit shown in Fig. 26.9(e). At high frequencies, however, the

gate input capacitance cannot be neglected.
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The phase relationships in the common-source circuit which has

been described (and which is equivalent to the bipolar common-

emitter circuit) are obtained from the fact that any increase in

gate-source voltage causes an increase in drain current. This in

turn increases the voltage drop across the load resistance and causes

a decrease in output voltage—i.e. there is an inherent 180° phase

shift. Hence in complexor r.m.s. signal values

h-g.v.-7zfRL (263)

and

Vo = -hRL = _ I=rZ*L
Vgs (26.4)

rDS + -Kl

The voltage gain is thus

V± _ gmrDSRL
265)

' V„ rDS + RL

The product gmrDS is sometimes called the fet amplification

factor /i. Note that subscripts in small letters are used to denote

r.m.s. quantities.

EXAMPLE 26.1 An n-channel igfet is connected as a simple amplifier as in

Fig. 26.9(a). If gm = 1-5 mA/V, rDs = 45 kQ and Rl = 47 kQ, determine the

overall mid-frequency voltage gain. If Ri = 100 kfl, i?2 = 10 kQ. and Rg
=

10 Mti find the current and power gains.

From eqn. (26.4),

2jL — a = — SmrDsRL

Vgs rDS + Rl

15 x 1Q-3 x 45 x 103 x 47 x 103

= _
92 x 103

= -34-5

The input resistance of the igfet can be considered to be very much greater

than the 10 MO of Rg . Hence the input current U is essentially that which flows

through Rg and the parallel combination of Ri and Rz—i.e. it is almost equal to

VgCjRg, since R1R2KR1 + Rz) < Rg- Since the output current /„ = Vo/Rl the

current gain is

and the power gain is A v At = 253 X 103

These results should be compared with those for bipolar transistors.
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26.4 Temperature Effects

In jugfets the reverse biased gate diode exhibits the increase in leak-
age current with temperature that is common to all junction diodes;
hence the input resistance falls as the temperature rises. This effect

is much less pronounced in igfets because the input resistance is

determined by the temperature coefficient of the insulating silicon-

dioxide layer. In both types the channel resistance increases with
temperature (due to a decrease in carrier mobility) giving a negative
temperature coefficient of drain current. In jugfets the gate diode
contact voltage drops with temperature (by about 2 mV/K at around
300 K)

. This causes a positive temperature coefficient of drain current
which will be more pronounced the lower the value of pinchoff
voltage, Vp . Thus jugfets with low values of Vv (~ 0-5 V) have
normally an overall positive temperature coefficient, while those with
VP > 1-5 V have normally an overall negative temperature coeffi-

cient of drain current.

Since the carriers in the conducting channel do not tend to "freeze
out", igfets can be operated down to liquid helium temperatures
(~4K), and temperature effects are generally small even up to
400 K (~ 130°C). (In bipolar transistors the impurity centres tend
to fix or "freeze" the excess holes or electrons at low temperatures so
that they are no longer mobile. In fets the channel field prevents
this effect).

Because of the small changes that occur in drain current with
increase in temperature, fets are not subject to the thermal runaway
that can occur in bipolar transistors.

26.5 High-frequency Performance

As with bipolar transistors, the high-frequency performance of
fets is basically limited by the source-to-drain transit time of the
majority carriers. In addition, parasitic channel impedances and gate
capacitance can limit high-frequency performance. In general the
h.f

. performance can be specified in the same manner as was developed
in Chapter 21 for bipolar transistors. Operating frequencies extend
well into the 100 MHz region, and are generally limited by the external
circuit strays rather than the device itself. This is where the higher
mutual conductance of the bipolar transistor can be of advantage.
One advantage of the fet over the bipolar transistor arises because

it is a majority-carrier device. For this reason, on step inputs
the turn-off time will be small due to the absence of minority-
carrier storage effects. Turn-on and turn-off times in the nano-
second region are possible.
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26.6 Bias Arrangements

Some typical small-signal common-source circuits are shown in

Fig. 26.10. At (a) the bias resistors, Ri and Rz, can be of high value

to give the required bias for operation in the enhancement mode

-o+

Hh
—WV->
mi

r2 ;

(a)

Substrate o—|J-

:Rl

Rs^ ic-

(b)

D I d

Fig. 26. 10 TYPICAL BIASING ARRANGEMENTS FOR AN n-CHANNEL IGFET

(a) Enhancement type

(W Depletion type
(c) Either type
W) Equivalent circuit

but taking very little power from the supply. A possible bias

arrangement for the depletion-mode igfet is shown at (b). The
circuits at (a) and (b) may be combined to give that at (c), which can
be applied to both modes. The source resistance Rs gives negative

feedback on direct current, and this increases the temperature
stability. The voltage gain for these circuits is given by eqn. (26.5):

A„= -
rps + Ri
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If the bypass capacitor Cs is omitted from (b) or (c) then signal

negative current feedback takes place. The equivalent circuit for
both connexions is then as shown at (d). For this

Vg» = Vln - hRs (i)

/<? = /' + gm Vgg

and

URl + Rs) + I'rus = = Id(RL + Rs + rDS) - gmrDS Vg8
(ii)

Hence, substituting in (ii) from (i) to eliminate Vgs ,

Id(RL + Rs + rDs) = gmrDs(Vin — IaRs)

so that

, gm.rDsVin

Rl + (1 + gmrDs)Rs + rDs

and the voltage gain A Vf with feedback is

A = Ze. = _ l^i = gmrpsRL
*" Vtn Vin rDS + RL + (1 + gmrDS)Rs

{/b 'b)

This expression should be compared with the corresponding result

in Chapter 22, i.e.

A °f *T^jA v
<26 -7>

which can be derived from the expression for A v and eqn. (26.6)

if P = RsIRl.
Note that for all of these circuits the input resistance of the

fet itself is very high (hundreds of megohms). The circuit input

impedance depends on the bias circuit arrangements. The output
impedance is rDS without feedback. This impedance is increased

by negative current feedback and reduced by negative voltage feed-

back.

26.7 Common-drain Connexion (Source Follower)

This connexion is shown in Fig. 26.11. The circuit is one with
100 per cent negative voltage feedback. From the equivalent circuit

at (b),

V9S = Vm - V (i)

h=*gmVft + r (ii)
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(iii)

(a) (b)

Fig. 26.11 SOURCE FOLLOWER AND EQUIVALENT CIRCUIT

and

/Vbs = —V = -(h- gmVgs)rDs

Hence

-— = h - gm(Vin - V )
rDS

so that

V = IdRL (Note that there is no phase reversal with this

connexion)

= -—Rl+ gmVinRL - gmVoRh
rDS

and the voltage gain is

.
V gmRL .

l+-+gmRL

provided that gmRL> 1 + Rl^ds-
Rewriting eqn. (26.8),

gmRL

(26.8)

(26.91

A vf —
(-+*) (73?*- + ^)Vds * / \1 + gmrDS JVds "'"I \v + gmrDS

so that (comparing with eqn. (22.16)) the output impedance is

„ rDS

1 + gmrDS

1

gm
if gmrDS> 1

(26.10)

(26.11)

i.e. the output impedance is very low.
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The input impedance of the circuit will depend on the bias
arrangement rather than the fet.

The source follower may be used as a buffer stage in the same
way as the emitter follower.

26.8 Common-gate Circuit

The common-gate circuit corresponds to the common-base circuit

of the bipolar transistor. It may be used as an impedance convertor
from low input to high output values.

26.9 Cascaded Stages

fets may be cascaded in the same way as bipolar transistors.

Couplings may be CR or direct. A typical circuit is shown in Fie.

26.12.

<L2

-to-

-tyW-J
mi

HM

v
"<S1

—VW-"
Rg2

4£
:c, <r4 rS2 :

Fig. 26.12 CASCADED FET AMPLIFIER

Frequently fet circuits are cascaded with bipolar power transistors

using the high-impedance fet to feed the low-impedance bipolar
transistor. High power gains can be achieved, but the low input
impedance of the bipolar transistor acting as the load on the fet
reduces the voltage gain to a low value.

fets are particularly suited to incorporation in integrated circuits.

They may also be used in digital circuits and logic circuits. In

integrated circuits the ability of the fet to act as a resistor is of great

value. Normally in integrated circuits /^-channel operation is used.

In general fets have been used only in small-signal or low-power
applications due to difficulties with power dissipation. However,
they have been employed from audio to ultra-high frequencies

(>400 MHz).
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PROBLEMS

The n-channel depletion-mode igfet used in these problems has the following

characteristics. Id is in milliamperes, and all voltages are in volts.

fGS = 3 Vds
Id

10

1-2

20
1-7

30

1-85

Vgs = 2 Vds
Id

10
0-8

20
1-2

30
1-28

Vas= 1 Vds
Id

5

0-38

10

0-65

20
0-72

30
0-77

40
0-82

Vgs=0 Vds
Id

5

0-20

10

0-31

20
0-35

40
0-38

Vos = -1 Vds
Id

5

006
10

008
50

009

26.1 Draw the fet characteristics. From these determine for a quiescent

operating point at Vds = 25 V and Vos = 1 V approximate values for ros,

gm and fi.

Ans. 400 Jd>; 0-45 mA/V; 180.

26.2 A common-source amplifier uses the above fet. The supply voltage is

50 V and the load resistance is 25 kii. Draw the load line. If the quiescent

gate voltage is 1 V determine from the characteristics the approximate small-

signal voltage gain. Sketch the output voltage waveform for a sinusoidal signal

input voltage of peak value 1 V.

Ans. 10.

26.3 The fet is used in the amplifier shown in Fig. 26.10(6). If the supply

voltage is 40 V, Ri = 24 kfl and Rs = 1 kfi, determine the quiescent operating

point.

Ans. Vds = 33 V; Id = 0-66 mA.



Chapter 27

LOGIC

Logic circuits are used in digital computers, data processors, and
many forms of control and sequencing systems. The individual
elements (or gates) of a logic system are normally obtained direct

from the manufacturers as "black boxes", and it is the interconnexion
of these elements that gives rise to a particular logic system. Hence
it is very important to understand the interconnexions, and such
overall systems will be dealt with before the individual electronic
elements are considered. This "systems approach" applies whether
the logic elements are pneumatic (fluidic) or electrical, electronic, etc.

The chapter will close with a brief outline of some electronic means
of achieving logic functions. It is emphasized, however, that the
chapter as a whole attempts only to introduce the subject.

Essentially logic circuits operate on a digital or two-state basis.

In positive electronic logic circuits the presence of a positive voltage
at a point is conventionally designated the logic "1" state at that
point (or on state). The absence of a voltage is described as the logic
"0" state (or off state). Note that the symbols "1" and "0" do not
have their normal mathematical meaning, but indicate simply the
presence or absence of voltage. Various voltage levels may be
chosen for the "1" state, e.g. + 1 V, +5 V, + 20 V, etc. In negative
logic the "1" state is represented by the more negative voltage of the
two voltage levels chosen. Generally the output of any logic element
or gate will be either almost the circuit supply voltage or almost
zero. This output will depend on the states ("0" or "1") ofthe various

inputs to the gate. (Note that in some instances the "1" state may be

836
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represented by zero volts—e.g. in a positive logic system with refer-

ence voltages of -3 V and V, or a negative logic system with refer-

ence voltages +5 V and V—this however is not common.)

Logic circuits are so called because the output quantity depends on

the logic inputs on a "yes-no" (or "true-false") basis, just as the

results of classic logic depend on the initial statements.

27.1 The Logic OR Gate

This gate gives a logic "1" output if any bne of its various inputs

is in the " 1 " state. The number of inputs possible for the gate depends

on the design and output loading of the element and is referred to as

the fan in. The or gate may be considered symbolically as resulting

from the parallel connexion of switch contacts as shown for a 3-

input gate in Fig. 27.1(a), where the switches are taken to be in the

A

B
•<
C

V|n{

X
(a)

A-
B-

C-

1

(b)

Inputs Output

A B c X

1

1

1 1

1

1 1

1 1

1 1 1

Fig. 27.1 THREE-INPUT "OR" GATE

"1" state when closed. The logic symbol is shown at (b); the figure

1 inside the semicircle represents the minimum number of inputs

that must be in the logic "1" state in order to give a logic "1" out-

put—in this case one. The truth table on the right of the diagram

relates the state of the output, X, to that of the three inputs, A,

B and C. Symbolically, using the notation of the algebra developed

by George Boole, and called Boolean algebra^

X= A + B +

C

(27.1)
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where the + sign is taken to represent the logic function or. This
equation means that X takes the logic value "1"

if, and only if, at
least one of the inputs A or B or C has the logic value "1". The
truth table shows how X varies with A, B and C.

27.2 The Logic AND Gate

The and gate gives a logic "1" output only if all its inputs are in

the "1" state. It may be considered to be the result of connecting
a group of switch contacts in series as shown in Fig. 27.2(a). There

X
(a)

A-
B-

C- V
(b)

Inputs Output,

A B c X

1

1

1

1

1

1

1

1

1

1

1

1 1

Fig. 27.2 THREE-INPUT "AND" GATE

will be an output only if contacts A and B and C are closed. The
logic symbol is shown at (b), and the truth table on the right

represents the Boolean expression

X= A.B.C (27.2)

where the points represent the logic function and. The equation

means that the output Stakes the value "1" only if A and B and C
are all in state "1".

Notice that in both the or and the and truth tables the conditions

of the inputs have been arranged for convenience in a logical form
that derives from binary arithmetic. Thus the first input (A) alter-

nates between "0" and "1", the second input (B) is in pairs of zeros

and of ones, and the third input (C) is in groups of four zeros and
four ones. If this scheme is followed, no possible combinations of
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inputs will be missed from the truth table. Note that the total

number of different combinations of input for an n-input gate will

be 2".

27.3 The NOT Gate—NOR and NAND

The not gate is essentially an invertor with one input. The output,

X, is "1" if the input is "0", and is "0" if the input is "1". The
logic and circuit symbols are shown in Fig. 27.3. Notice that the

X=NOT A

o VW-
X
-o

A X

1

1

Fig. 27.3 the "not" gate

small circle in the logic symbol represents the negation or inversion

of the output (in the same way a small circle at the input represents

negation of that input).

In Boolean notation the output X is not A, and the negation is

represented by a bar above the symbol, i.e.

X= A (27.3)

The truth table is shown on the right. Obviously two not gates in

cascade (i.e. with the output of the first not gate providing the

input to the second) cancel each other, i.e.

A=A '

Usually the operations of or and not and of and and not are

combined, since this normally results in some simplification of the

electronic circuitry involved due to the inherent inversion of a

single stage. These combined operations are termed nor and nand
respectively. Truth tables for two-input nor and nand gates are
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shown in Figs. 27.4(a) and (b) respectively, the logic symbols being
shown on the left.

B-

(a) NOR gate

A B X = A + B

1

1

1

1

1

B-

A B X = A.B

1

1

1

1

1

1

1

(b) NAND gate

Fig. 27.4 TWO-INPUT "nor" and "nand" gates

The Boolean expressions for the nor and nand functions for

multiple-input gates are

nor X=A+B+C+..
nand X = A.B . C ....

(27.4)

(27.5)

Note that multiple-input nor or nand gates in which only one
input is used simply give the not function. (See Section 27.5 and
later).

It is left as an exercise for the reader to draw the truth tables

for 3-input nor and nand gates.

27.4 Simple Boolean Relations

It is obvious that, for more than three of four inputs, truth tables

become cumbersome. In such cases it is usually more convenient to

simplify the logic system by using some of the following relationships

that apply to Boolean algebra. The logic system required in any

given instance is, of course, a function of the action required.
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Boolean algebra obeys the three basic laws of ordinary algebra,

namely commutation (A + B = B + A), association ((A + B) + C)

= (A + (B + C)) and distribution (A . {B + C)) = (A . B + A . C).

It differs, however, from ordinary algebra in two significant respects,

namely

:

(a) "add", "negate" and "multiply" are the only allowed opera-

tions,

(b) the "answer" must be either "1" or "0".

The following equations illustrate this:

+ = (27.6) 0.0 = (27.9)

0+1 = 1 (27.7) 0.1 = (27.10)

1 + 1 = 1 (27.8) 1.1 = 1 (27.11)

In particular, eqn. (27.8) expresses the fact that two closed switches

in parallel are simply equivalent to a single closed switch. If A is

taken as a logic gate input which can be either in the "1" or the "0"

state, then the following Boolean expressions apply:

A+A+A+...=A (27.12)

A + 1=1 (27.13)

1+^ = 1 (27.14)

+ A = A (27.15)

A + I=0 = A.A (27.16)

A.A.A.. . . = A (27.17)

A. 1=0 (27.18)

1 . A = A (27.19)

0.^=0 (27.20)

T72 = \=A + I (27.21)

For two inputs A and B (both of which can take the logic value

"1" or "0") the following can readily be verified by drawing up the

appropriate truth tables, or applying the relationships stated above:

A+A.B = A(l+B) = A.l=A (27.22)

A.(A+B) = A.A + A.B = A + A.B = A (27.23)

A + I.B = A + B (27.24^

A.(A + B) = A.A+A.B = A.B (27.25)
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The following important relations, which are known as de
Morgan's theorem, may also be verified by a truth table:

nor A + B+ C= I.B.C (27.26)

NAND A.B.C = 1 + B+ C (27.27)

Extending these equations,

A+B+ C = I.B.C (27.28)

and

A . B . C = 1 + B+ C (27.29)

Equation (27.28) shows that a nand gate may be used to perform
the or function provided that each input is inverted before being
applied to the gate. In the same way, by inverting the inputs, a
nor gate will perform the and function. Such inverted inputs are
normally available from the input transducers. Thus, if the input is

derived from a changeover microswitch as shown in Fig. 27.5,

then both A and A inputs are available.

-^ -oA

-° A Fig. 27.5 A CHANGEOVER MICROSWITCH

PROVIDING BOTH A AND A
OUTPUTS

Vinj

7777- 7777

EXAMPLE 27.1 A coin-operated hot-drink dispenser will provide a paper
cup of tea or coffee under the following conditions:

(a) the correct coin is inserted (/)

and (b) a paper cup is in position (P)

and (c) hot water is available (W)
and (rf) the selector is set at "tea" (X) or "coffee" (C)

and milk (M) or no milk (M)\
and sugar (5) or no sugar (5)/

are set

Obtain the logic expression for the conditions under which a drink D, may be
obtained. Show how this may be implemented using (a) nor gates only, (6)
nand gates only.

The Boolean expression for D is derived from the conditions under which
action is required, i.e.

D = / . P . W . {(T + C) . (M + M) . (S + S))

= I.P.W.(T+C)

since (A/ + lit) = (S + S) = 1 where a drink is obtained whenever D = 1

.

Note that a drink will be obtained whichever setting of the "milk" and "sugar"
selectors is used.

(a) From eqn. (27.29),

D = I + P + W + (T+C)
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i.e. D is the output of a nor gate whose inputs are 7, P, W and (T + C). Note

that (T + C) is itself the output of a nor gate whose inputs are T and C. The
resultant logic circuit is shown in Fig. 27.6(a).

T-

C-

(T+C)

W-

P-
T-

w-

p-
I-

8.V 8.b—*-

(a) (b)

Fig. 27.6

(b) In order to be able to realize the expression for D using nand gates only,

the equation D = I . P . W . (T + C) must be manipulated so that only nand
expressions appear on the right-hand side. The part in brackets is readily

expressed in terms of a nand gate using eqn. (27.28). Thus

T+ C =T.C
i.e. T + C can be obtained using a nand gate with inputs T and C. It is not,

however, possible to express D directly in terms of nand gates. We must first

obtain D as

D = I.P. W .(T .C)

i.e. D is obtained as the output of a nand gate whose inputs are /, P, W and

T . C. Then D itself is readily obtained by adding one further nand gate as

shown in Fig. 27.6(b) and recalling that D = D. Note that the inverted inputs

T and C are represented at (b) by the small circles at the input of the first nand
gate.

27.5 Electronic Logic Families

Electronic logic circuits are commonly constructed in integrated

circuit form, where a complete gate (or indeed several complete

gate circuits and their interconnexions) are formed on a single mono-
crystalline silicon chip. They may also be constructed from discrete

components. Such circuits may be obtained in and, or, nand, nor
etc., configurations over a range of positive or negative logic voltages.

The various types of circuit may be considered as families that are

distinguished from one another on the basis of the following pro-

perties.

(a) Cost per gate. Very frequently this is the most important

criterion.
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(b) Propagation delay time per gate. It always takes a finite time

for an electronic circuit to change over from one steady state to

another.

(c) Threshold voltage. This is the input voltage level that is

required to make the circuit change from one logic state to

another. It is important since logic inputs are often the out-

puts from other logic elements.

(d) Noise margin. It is undesirable that an unwanted signal

(or "noise") should cause malfunction of any logic gate.

The noise margin of a logic circuit is the difference between the

operating voltage and the threshold voltage. If any unwanted
disturbance exceeds this noise margin the gate may change
state without any change in the true logic input.

(e) Maximum fan-in. This is the total maximum number of logic

inputs with which any particular logic circuit is designed to

operate. If the design number is exceeded, faulty logic opera-

tion may result.

(f) Maximum fan-out. This is the total maximum number of

logic circuits that any one gate is capable of driving. If it is

exceeded, operating voltages may fall below the threshold

value.

(g) Power dissipation per gate. Where there are a great many
logic elements, it becomes important to keep the overall power
dissipation to as low a value as possible.

Four families of logic circuit will be considered in the next four

sections. There are:

RTL. Resistor-transistor logic

dtl. Diode-transistor logic

ttl. Transistor-transistor logic

ecl. Emitter-coupled logic

Generally the cost, power dissipation per gate and fan-out all

increase as we go from rtl to ecl, while the propagation delay

time decreases. The noise margin is typically highest for the ttl

family of circuits, while the fan-in is highest for dtl and ttl. It is

left as an exercise for the reader to account for these facts from the

following circuit descriptions.

27.6 Resistor-Transistor Logic (RTL)

A typical circuit using rtl to produce the nor logic function with

positive logic is shown in Fig. 27.7. A nand form of circuit is also

possible.
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In the circuit shown, the voltage — Vbb, the input resistors, and the

resistor i? 4 are so chosen that with input voltages of near zero at

A, B and C the base-emitter junction of transistor Tri is reverse

biased. The transistor is therefore cut off, and the output at X will

be very nearly Vcc or logic "1", depending on the external loading

of the gate; obviously this loading must be restricted or the voltage

at X will be considerably below VCc)- If any one of the inputs has a

sufficient positive voltage applied to it then the transistor will be

turned "on" and will saturate, with the result that the output voltage

-vbb? r +vcc

Ao—WV—i >R4
-X=A+B+C

®rri

R2
Bo—fyV\A—

R3CMAW—

'

Fig. 27.7 THREE-INPUT RESISTOR-TRANSISTOR-LOGIC "NOR" CIRCUIT

falls to almost zero. Thus, if A or B or C is "up" in voltage (i.e.

logic "1") the output at X is "down" (i.e. logic "0") and the nor

function has been produced.

Note that, if only one input is used and the others are left uncon-

nected, then the circuit acts as an invertor or not circuit, i.e. the

output is "up" if the input is "down" and vice versa. A nor followed

by a not gives an or circuit.

In some rtl circuits each input is applied through a resistor

direct to the base of a separate transistor (hence there are as many
transistors as inputs). The transistors all have one common-
collector load resistor from which the output is taken. This form of

circuit has the advantage that it does not require a separate negative

supply rail. The added complexity of additional transistors does not

increase the relative cost of integrated circuits in the proportion that

it would do in discrete circuits.

The relatively high propagation delay time of rtl circuits arises

because of (a) the combination of input resistors and the transistor

base-emitter capacitance, giving rise to a CR delay, and (b) the

fact that the transistor saturates (giving high turn-off times).

rtl circuits, which were the first commercially available, are not

now common in new equipments.
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27.7 Diode-Transistor Logic (DTL)

A typical 3-input dtl nand gate is shown in Fig. 27.8. Again positive
logic is used. Only if all the inputs, A, B and C are positive together
will none of the diodes Di, D2 , or D3 conduct. In this case point
K will be at a positive potential, D4 and the base-emitter junction
of transistor Tri will conduct, Tri will saturate and the output at X
will be almost zero (typically 0-2 V). The voltage between K and

-+vr

c^-K-

D4
-»-X= A.B.C

^r-K€)-
77777"

Fig. 27.8 THREE-INPUT DIODE-TRANSISTOR-LOGIC "NAND" GATE

.earth will be 1-4 V (twice the mean forward conducting voltage of a
silicon junction diode, since two junctions are in series between
K. and earth). This may be increased in 0-7 V steps by adding diodes

in series with D4 in order to increase the noise margin.

If any input voltage goes "down", the corresponding input diode

conducts and the voltage at K becomes approximately 0-7 V. D4
and the transistor are then both cut off and the output voltage rises

to almost + Vcc depending on the output loading. This represents

the logic nand operation. If only one input is connected the circuit

acts as a simple invertor.

The propagation delay time is less than for rtl on account of the

low forward resistance of the input diodes.

In integrated-circuit form, dtl may be cheaper than rtl since

diodes are more readily produced than resistors.

21.8 Transistor-Transistor Logic (TTL)

The circuit of a multi-emitter ttl nand gate is shown in Fig. 27.9.

This form of emitter has been developed with integrated circuits and
provides considerable flexibility in circuit design. The second

transistor, Tr2 , provides a power output stage and permits a high

fan-out.

With each input "up" (i.e. at a positive voltage, or logic "1"), the

emitter-base junctions of Tri are reverse biased, but the collector

junction is forward biased, so permitting the flow of base current to
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transistor Tr2 , which saturates. The output voltage is therefore nearly

zero (typically 0-2 V).

If any of the inputs A, B or C goes "down" (logic "0") to almost

zero, then the corresponding emitter-base junction ofTn is forward

biased. The base voltage of Tri becomes almost zero, and hence so

does the base voltage of Tr2 , which cuts off, so that the output rises

(logic "1").

+vr

Fig. 27.9 THREE-INPUT TRANSISTOR-TRANSISTOR-LOGIC "NAND" GATE

Thus only if A and B and C are all in the logic "1" state together

will the- output be at logic "0"—this is the nand gate condition, i.e.

X= A.B.C

Alternative connexions allow for ttl nor gates, while the inclu-

sion of invertors allows and and or operations to be performed.

27.9 Emitter-Coupled Logic (ECL)

Because it operates in the non-saturated condition the ecl family of

logic circuits provides the lowest propagation delay times achieved

so far commercially, but at the expense of higher cost and increased

power dissipation per gate. When designing a logic system, the

usual engineering compromises are thus seen to be necessary,

balancing speed of operation and overall performance, etc., against

cost per gate.

A basic ecl nor gate is shown in Fig. 27.10. The emitter resistor,

R3 , is assumed to be large enough to give almost constant-current

operation for transistors Tri-Tr4 . With inputs A, B and C all at

about zero volts (logic "0"), Tri, Tr2 and Tr3 are all cut off so that

their common collector leads rise towards Vcc volts. This turns

transistor Tr5 on and gives an output voltage.

Transistor Tr6 and diodes Di and D 2 provide a constant reference

voltage, Vref, at the base of Tr4 . If, now, any one of the inputs
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rises above Vrel , that input transistor is turned on (current is still

limited to below the saturation value by R3) and the collector voltage

falls so that Tr5 is cut off and the output falls to nearly zero (logic

"0"). This describes the logic nor function. The reference voltage

defines the circuit threshold voltage, but since non-saturated opera-

tion is used the on and off voltage levels are less precisely denned.

The emitter-follower output gives the possibility of a very large

maximum fan-out.

Oh

B»-

C»-

®Tr2

SLr
*F

M HD;,

4) Tr=

-»-X=A+B+C

^ D
i :>r 5

77777

Fig. 27.10 THREE-INPUT EMITTER-COUPLED-LOGIC "NOR" GATE

ecl circuits are sometimes supplied with OR outputs but are not

suitable for generating nand or and functions.

PROBLEMS

A knowledge of binary arithmetic is not required in solving these problems.

27.1 The logic equations of a binary half-adder, which can be used in computer

circuits as part of the process of binary addition for two inputs A and B, and a

"carry" function C, are as follows.

Sum = S = A.B + A.B Carry = C = A . B

Show that S can be represented by {A + B) . AB. Hence or otherwise construct

the logic circuits required to realize 5 and C using and, or and not logic elements.

27.2 Repeat Problem 27.1 using nor logic elements only.

27.3 The truth table for an "exclusive or" or "modulo 2 adder" is given below.

The inputs are A and B, and a logic "1" output is obtained only when A and B
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have different logic states. Using any logic gates you wish, construct a suitable

logic circuit to realize this function.

A B X=A.B + A.B

1 1

1 1

1 1

1

27.4 Repeat Problem 27.3 using nor elements only.

27.5 In a 4-bit coincidence detector a logic "1" output is required if-and only

if thP irmnR A B C and D are equal to four reference inputs At, Br ,
C r ana ur

r^Sly Obikin Suitable £gic circuit using («) nano gates, (6) nor gates.



Chapter 28

THE RELIABILITY OF
ELECTRICAL AND
ELECTRONIC EQUIPMENT

The concept of reliability has always been associated, in a qualitative

way, with good design, endurance, consistent quality and depend-
ability. In recent years, however, the much greater complexity of

electrical and electronic equipment and the seriousness of a failure

in the system have made it necessary to attempt not only to improve
the reliability of equipment but also to assess it in quantitative terms.

In order to appreciate some of the difficulties which are involved

in the quantitative assessment of reliability, imagine a discussion

concerning the relative merits of two types of television receiver.

In the first place the specifications are compared objectively and this

is followed by, say, comparisons of the picture quality and styling.

The discussion may then turn to the likelihood of faults developing

in the sets. This is important not only because of the annoyance
caused to the viewer by a failure but also because of the cost of

repair. The customer should be prepared to pay a higher initial

cost for a receiver in return for an assurance that the extra cost will

mean smaller maintenance costs.

If the reliability of each type of set is to be compared the number
of faults occurring in their operation will have to be measured.

For the comparison to be meaningful the measurements will have

to be made on a reasonably large sample of each type of set, operated

850
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under the same environmental conditions, for the same length of

time. The type of fault would also need to be considered since

faults vary in their seriousness and in the maintenance costs they

cause.

From these considerations alone it will be seen that the assessment

of reliability is not a simple matter and it will be appreciated that the

achievement of high reliability is an aim in which many people

must be involved. The component manufacturer, the designers,

the production team, the test and quality control engineers, the

installation engineer and the customer must all contribute to this

aim, and it is the object of this chapter to indicate some of the con-

siderations which are involved.

28.1 Quantitative Measurement of Reliability

The important factors which must be included in any statement of

reliability have already been mentioned, and while it is difficult to

evolve a definition satisfactory in all circumstances, the following

meets most requirements

:

Reliability is the characteristic of a component or of a system

which may be expressed by the probability that it will perform a

required function under stated conditions for a specified period

of time.

There are a number of difficulties which arise when this definition

is applied to the assessment of an equipment. For example, it is not

always easy to specify precisely its required function, or to determine

the environmental conditions in which the equipment must operate

reliably.

The reliability characteristic is unlike the other equipment

characteristics in that it is based on statistical concepts. Whereas, for

example, the gain of an amplifier can be specified either as, say,

55 ± 2 dB or as, say, <£37 dB, the reliability cannot be expressed

as "this equipment will function for 1,000 ± 15 hours", or even as

"this equipment will function for not less than 700 hours".

Since a probability of zero means that the event cannot happen

and a probability of unity means that the event certainly will happen,

a practical reliability figure will be between and 1, and values

which are very close to unity mean that it is very improbable that

the equipment will fail.

EXAMPLE 28.1 Explain what is meant by the statement: "the probability

that a certain capacitor will not fail within the next 50 hours is 0-9995".
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Imagine that a very large number of similar capacitors are tested under the

stated conditions for 50 hours each and that the number which have failed in that

time is recorded. Then, on average, 5 capacitors in every 10,000 tested will have
failed.

Although it is very unlikely that a selected capacitor will fail in the specified

time, it is important to note that in complex equipment which uses many com-
ponents it is quite likely that an equipment fault will occur within the 50 hour
period. This is because it is assumed that the equipment fault will be produced
by a failure in any one capacitor.

28.2 Reliability and Unreliability

Ifthe number ofcomponents tested is No, the number ofcomponents
which fail in time t is Nf and the number which survive is Ns, then

N?
Reliability, R(t) = ^ (28.1)

and

Nf
Unreliability, Q(t) = -r£ (28.2)

JVO

provided that No is very large.

Since No = Ns + Nf, then

*(0 + 6(0 = 1 (28.3)

Thus reliability is a function which varies with time from unity

at the beginning of the test {t — 0) to zero at a time when all the com-
ponents have failed. Note that the term "failure" includes a change

in a parameter to a value outside the permitted tolerance, as well as

complete failures, such as short- and open-circuits. A component
or system failure is any inability of the item to carry out its specified

function.

Failures may be either partial or complete, gradual or sudden,

and may be caused by an inherent weakness or by misuse.

Catastrophic failures are both sudden and complete, whereas

degradation failures are both gradual and partial.

Primary failures are failures in components which are not caused

by a failure or failures in another part of the system. Secondary

failures are those which are caused by the failure of another part

of the system.

28.3 Mean Time to Failure (MTTF)

This is a term which is applied to non-repairable parts and is a

measure of the average time to failure of a large number of similar

parts which operate under specified conditions. In general, the

mttf of a part will be altered by a change in the stress conditions.
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For example, an increase in the operating temperature of a capacitor

will reduce its mttf.

mttf may be calculated from the equation

Sum of time to failure of each component

Number of components under test

In practice, however, the mttf is often calculated from data taken

over a period of time in which not all the components fail. In this

case,

Total operating time for all components

Number of failures in that time

mttf =

MTTF = (28.4)

EXAMPLE 28.2 Five hundred parts are operated under specified stress

conditions for a period of 312 h, and the following fault data were recorded.

Time from start of No. of failures Cumulative No. of

test, / (hours) during time

interval, n/

failures, nc survivors

19

500

24
15

19 481

4'8

13

34 466

72

17

47 453

96
12

64 436

120

16

76 424

144

12

92 408

168

14

104 396

192

11

118 382

216
14

129 371

240
12

143 357

264
9

155 345

288
13

164 336

312 177 323

Estimate the mean time to failure of the part when operated under the specified

conditions.
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The total number of operating hours for all components may be determined
by using the mid-ordinate rule to find the area under the curve of component
survivors plotted to a base of time, as set out in the table below.

Time from
start of test

(hours)

(1)

Number of

survivors

(2)

Average no. of sur-

vivors in each 24
hour period

(mid-ordinate)

(3)

Total operating time

for all components
in each 24 hour
period

(4)

500

24 481

490-5 490-5 x 24

48 466

473-5 473-5 x 24

72 453

459-5 459-5 x 24

96 436

444-5 444-5 x 24

120 424
430 430 x 24

144 408
416 416 x 24

168 396
402 402 x 24

192 382
389 389 x 24

216 371

376-5 376-5 x 24

240 357
364 364 x 24

264 345
351 351 x 24

288 336

340-5 340-5 x 24

312 323

329-5 329-5 x 24

Total operating h ours for all cornponents = 2 Col. (4) = 5266-5 X 24

From eqn. (28.4),

Estimated mean time to failur
5266-5 X 24

e = = 71
177 - 4h

28.4 Mean Time Between Failures (MTBF)

This is a term which is applied to repairable items, and is a measure
of the average time that a particular equipment will remain in service.

The mtbf of an equipment depends on the operating stresses,
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including the environmental conditions, but it may be reduced by

potential defects introduced by poor maintenance procedures.

If the time between failures is long compared with the repair

time, and if faults occur at times h, h . . . tn , then

MTBF «S - X (tic — tlc-l) = = —
n £=1 n n

since to = 0. Hence

Total operating time
MTBF =

Number of failures in that time

Comparing eqns (28.4) and (28.5) it can be seen that

(28.5)

Total operating time
MTTF = MTBF = m = =r: r F7rTi

'
—

+u t *• (28.6)
Number of failures in that time

It should be clear that a significant number of faults must be

recorded in order to obtain a high confidence that the measured

value of the mtbf is close to the true value. If, for example, an

equipment which has an mtbf of 4,000 h is tested for only 1,000 h,

there is a high probability that no failure will occur.

Instead of testing one equipment for a very long time, which

would be impracticable in most cases, it is usual to test a number of

equipments simultaneously for a shorter period each, and to deter-

mine the total number of faults in the total operating time of all the

equipments. It must be understood that this method assumes that

failures occur by chance at any time during the test and that wear-

out failure has not occurred.

28.5 Failure Rate

Although/a//«re rate is related to the number of failures per unit time,

it is not defined simply as that number, because the number of items

which fail in a given time depends, not only on the quality of the

item and on the stresses applied to it, but also on the number of the

components which are in operation. If the number of components in

operation at the time of a failure is Ns the failure rate X(t) is defined

by

„, ,.
1 A;V> 1 dNF

X(i) = lim — —.— = — —,— (28.7)
At-^oNs A? Ns dt

where A7V> is the number of failures which occur in the time At.

The way in which X(t) varies with time depends on weaknesses

in the part or equipment and on the operating stresses. In many
cases the variation of X(t) takes the form shown in Fig. 28.1, which
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is often called the bath-tub curve. The curve shows three distinct

phases in the life of the equipment. The first phase, the early failure

period, is the time when very weak components fail. The weakness
of these components is due to inevitable minor defects in the

materials and in the manufacturing processes. These components
are commonly removed by testing for a time h, with the result that

the operational reliability of the equipment is improved. The second

phase, the constant failure rate period, is the time during which

1

Early
| Constant Wear-out

failure | failure failure

period |

1

1

V 1

\ 1

\ 1

period period /

1

1

Time

Fig. 28.1 THE BATH-TUB CURVE

the component or equipment is most usefully employed since the

failure rate is lowest and the failures which occur are due only to

fortuitous combinations of high stresses. This period is terminated

by the wear-out failure period beginning at time fy.

Preventative maintenance should be carried out before the time

h and the appropriate part replaced.

28.6 Constant Failure Rate Period

It will be shown that, if the failure rate is constant, then there is a

simple relationship between the reliability at time t and the failure

rate. For the purpose of this analysis, failures occurring in the early

failure period have been eliminated and it has been assumed that

the constant failure rate regime prevails, so that operational time is

measured from h; i.e. at time h in Fig. 28.1, t = 0. Then

X(t) = constant = A for t < tz — h.

1 dNF
From eqn. (28.7), A = Ns dt



The Reliability of Electrical and Electronic Equipment 857

where Ns is the number which have survived up to time t, NF is the

number which have failed up to time t, and No = Ns + NF,
where

No is the total number in operation at t = 0. Hence

_ (
! \ dNF

1 ~ \No - NFj dt

or

n r*» dNF

Therefore

-Xt = [loge {No - NF
)Jj

and

„-* _ , _ ^ (28.8)
e ~ -No

From eqn. (28.1),

R(t ) _ ^ _ No~ N'
(29.9)

_ 1 _ ^L (28.10)

Comparing eqns. (28.8) and (28.10), evidently

This equation does not apply to the early failure period nor to the

wear-out period; a discussion of the reliability during these periods

is outside the scope of this book.

28.7 Relation between MTTF, MTBF and Failure Rate

If failures are due to chance and if the failure rate is constant, then

it is immaterial whether one equipment is tested for T hours or N
equipments are each tested for T/N hours, since the probability of

failure in a specified time will be the same in each case.

Also from eqn. (28.7),

1 dNF P , 1 f^
p

.» r
Nfi aiyp

sQ
i

Ns dt dNF = -r-

Ns dt Jo * Jo A

where NF failures occur in time t. From eqn. (28.6),

total operating time
m ~ number of failures
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Hence

m =
1 C l

= —
\
Ns dt =

Nf Jo

1

:

I

It follows that the constant failure rate I is

A = for non
MTTF

-repairable parts

or

2 = for repalirable parts or eq ui;DC

(28.12)

MTBF L r x r

The basic unit of mean time used in reliability calculations is the

hour, and the unit of failure rate is therefore the per-unit failures per

hour. Because this is a very large unit, failure rate is also expressed

as percentage failures in 1,000 h, as per-unit failures in 1,000,000 h,

or as parts failing per 1,000,000 parts in 1 h.

EXAMPLE 28.3 One thousand similar equipments which are known to have
constant failure rates of 5 per cent per 1,000 h are put into operation at the

same time. Calculate the predicted times which will elapse before (a) 50 and
(b) 500 equipments have failed in service.

The reliability is given by eqns. (28.10) and (28.11) as

Nf

A = 155
x
doo

= 5 x 10
~ 5

(a) Let ti hours be the time required for 50 failures to occur. Then

R(h) = exp(-5 x 10-s/i) = 1 -^
exp(-5 x 10-5/i) = 0-95

5 x 10-5/! = ioge (_L) ti = 1,020 h

Since R(fi) «s 1, in this case an approximate solution may be obtained by writing

e- A < = 1 - It.

{b) Let <2 hours be the time required for 500 failures to occur. Then

500
exp(-5 x 10-5/2) = 1 - j-qqq

so that

5 x 10-5
/2 = loge 2 and H = 13,900 h
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Note that since 50 out of 1,000 equipments fail during the first 1,000 h, we

may say that the probability of an equipment failing in that time is 5 per cent.

Also, the probability is 50 per cent that an equipment will fail during the first

13,900 h.
, , , , .,

While it is impossible to eliminate failures entirely the chances of a failure

may be made very small by designing the equipment to have a very large mtbf

compared with its operating time. In the example above, if the operating time

of the equipment were only 1 hour then the reliability R{t) « 1 - 5 x 10 .

This means that, on average, there will be only 50 failures in every million

equipments, and it follows that most groups of 1,000 equipments will not have

any failures during the first hour.

The acceptable value for the reliability of an equipment at a

given time depends on many factors, such as human safety, cost

of repair and operational usefulness.

There are many examples of the relationship between reliability

and human safety, but the most dramatic is that of astronauts.

In this case the unreliability of the component parts of the system

must be made so low that failure becomes only a remote possibility.

Repeaters which are used in underwater telecommunication

systems must operate without failure for a considerable time com-

pared with the duration of a space mission. In this case it is the

very high cost of repair and the cost of the down time (the period

during which the equipment is non-operational) that dictate the

need for high reliability.

A third example, that of a digital computer used for scientific

or business applications, is also built with a high reliability specifica-

tion. However, neither safety nor very high repair costs are impor-

tant in this case, but the cost of down time in large computers is

considerable, and thousands of calculations must be made without

error; thus operational usefulness is the important characteristic

in this case.

28.8 Series Reliability

If a number of parts of a system are operated in such a way that

the failure of any one part causes a failure of the system, then

those parts are considered functionally to be in series. If a failure of

any part is independent of the operation of the other parts then the

reliability of the system is given by the product of the reliabilities

of the parts. Thus,

R(t) = Ri(t) X Rz(t) x R 3(t) . . . Rk(t) . . . Rn(t) (28.13)

where R(t) is the system reliability and Rk(t) is the reliability of the

leth part at a time t.
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If, in particular, A is constant then

Rk(t) = e-*kt

From eqn. (28.13),

R(t) = e-» 1{ x e-12' . . . t~Xkt

— q-(*1+*2+ • • •+ik- +>-nU

_ e-xt

WUCIC

A = Ai + 1<L . . . + kt . .+

-Ant

(28.14)

(28.15)

is the system failure rate.

Note that the condition of independence is not always fulfilled.

A secondary failure is an example of one failure occurring because
of another.

28.9 Parallel Reliability

An important method of improving the reliability of a system is

the use of redundancy, i.e. the inclusion of additional equipment in
such a way that a failure of one part does not cause a failure of the
whole system. Redundancy may be used in the parts of an equip-
ment or in the complete system. For example, if two components
are connected in parallel the equipment can be designed to function
with an open-circuit in one of the components. However, in this
case, the stresses in the good component may be increased, the
equipment performance may be degraded, and the faulty component
must be repaired or replaced quickly if the advantages of redundancy
are to be restored. As a second example, consider the use of com-
puters in an air traffic control system. For reasons of safety it is

necessary that the computing system should function continuously,
and however high the reliability of one computer, these requirements
can only be met by duplication of the computer.

If the reliability of each part is assumed to be independent of the
other parts then the probability of a system failure is

6(0 = 2i(0 X Q2(t) X Q3(t) . . . Qk(t) . . . Qn(t) (28.16)

where Q{t) is the system unreliability and Qk{t) is the part unreli-

ability. Since R(t) = 1 — Q(t) the system reliability is easily

calculated.
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EXAMPLE 28.4 After 100 h an equipment has a reliability of 0-75. Calculate

the overall reliabilities which would be obtained if the equipment were (a)

duplicated and (6) triplicated.

Since fli(100) = 0-75, Gi(100) = 0-25. Assume that

fiiW = Qz(t) = GsW

(a) QD(100) = [Qi(100)P = 00625

Therefore

.Ro(100) = 1 - Qd(100) = 0-93

(b) Qr(lOO) = [Qi(lOO)]3 = 0-0156

Therefore

/?t(100) =± 0-9844

Hence, if an equipment has a reliability of 75 per cent, two such equipments

used in such a way that the system fails only if both fail, will have a reliability

of 93-8 per cent, and three equipments a reliability of 98-4 per cent.

28.10 Environmental Conditions

Most components or equipments having a high reliability when

operated under well-controlled laboratory conditions are found to

have a greater failure rate when they are subjected to increased

stress of one kind or another. The following environmental condi-

tions for both storage and operation of components and equipments

must always be taken into account.

Extremes of temperature invariably reduce reliability because

of (a) the effects of expansion and contraction of materials with

change of temperature, (b) changes of component values, (c) melting,

softening or freezing of some component materials, and (d) the

effect of temperature on chemical action.

High humidity is another cause ofincreased failure rate, particularly

when it is associated with high temperatures. Under these conditions

a thin film of water can form on a component, and printed-circuit

board surfaces can become ionized and thus form a conducting path.

This path, together with the capacitive path provided by the high

relative permittivity of water, is likely to cause a component defect.

Moisture can also enter equipment by diffusing through a material

of which it is made or by entry through a hole in the sealing of the

equipment.

Other effects which may be associated with the temperature and

humidity effects are dust, air pressure, salt spray and mould growth.

Dust can reduce surface insulation resistance and spoil the perform-

ance of lubricants; low pressure, by causing the release of water
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vapour or other trapped gases, can change the electrical properties
of the component; it can also affect cooling by convection. Salt
spray may produce rapid corrosion.

Vibration is a serious cause of unreliability unless the equipment
is very carefully designed to cope with it. The important characteris-
tics of the vibration are the amplitude and frequency of its periodic
components. The mechanical resonance of parts in the equipment
must be designed to be at frequencies outside the range of the
expected vibrations and they must be suitably damped.

28.11 Reliability Assessment

From what has already been written it should be clear that no
single value of failure rate can be given for a component because
the value changes under different stress conditions. Although a
simple relationship between failure rates at two stress levels should
not be taken for granted, it is found that in many cases the failure
rate at one stress condition may be calculated from the failure rate
at another by the use of weighting factors. Three important weight-
ing factors are (1) environment weighting factor (ewf), (2) rating
weighting factor (rwf) and (3) temperature weighting factor (twf).
Hence

Failure rate = Basic failure rate x ewf X rwf x twf (28.17)

Figures for basic failure rates and for various weighting factors
have not been included in this book because it is important always
to use the latest available information. This should be obtained from
recently published papers, and from manufacturers' technical infor-

mation services.

The temperature at which a component operates will depend on
0) the ambient temperature, (ii) self-heating, (iii) heating from
other components in the equipment, and (iv) the method of cooling
used. Devices such as resistors and transistors, which are given
a specified power rating at 25°C ambient temperature, must be
derated as the ambient temperature is increased.

The method of calculating the power dissipated in a device
must take into account the permitted tolerances of all the com-
ponents in the circuit and of the supply. The calculation is usually
based on either worst-case design or statistical design.

In the worst-case method, all the component values are assumed
to be at an extreme acceptable value and are so chosen that the
circuit is most likely to fail. This idea will be illustrated by a very
simple example.
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EXAMPLE 28.5 A d.c. power supply which has an output of 24 V ± 10 per

cent is connected to a resistor Ri = 100 fl ± 20 per cent in series with a resistor

Ri = 200 H ± 10 per cent. Determine the worst-case dissipation of power
in Ri.

If the power dissipated in Rz is Pz, then

ft-
V2R*

2
(Ri + 7?2)2

where V = F (l ± a) = 24(1 ± 0-1) V
Ri = /?io(l ± fli) = 100(1 ± 0-2) Q
Rz = fco(l ± az) = 200(1 ± 0-1) a

Hence

K02 /?20(l ± «) 2
(1 ± «2)

/>2 =
(-Rio + Rzo ± A/?i ± A^ 2)

2

(1 ± fl)
2(l ± a2)

>Pto

L
1 ± (*o+°*o) ^ ± Uo+°«J °2

]

2

where fto = Vo2R2ol(Rw + Rzo) 2
.

The power in Ri will be a maximum when K is greatest and when Ri is least,

but the correct limit for R<i is not so obvious. However, from the maximum
power transfer theorem (Section 2.4) it can be deduced that the power in .R2

is greatest when the value of Rz is closest to the value of Ri, and in this case

the lower limit of Ri should be chosen. Hence

(Power dissipated by R2)

P1 = \ when all components}
I have nominal values '

x Tolerance factor

In this example,

P20 =
242 x 200

300 2
= 1-28 W

and

ance factor
l-l 2 > 0-9

= 1-45
(1 - 0067 - 0-067) 2

Hence

(PJ* r„case = 128 X 1 45 = 1'85W

Thus the worst-case power dissipation in R2 is 45 per cent higher than the
power dissipated if all the components and the supply had actual values equal
to the nominal design values.

The solution given above illustrates a general method. In this particular case

a more direct method could have been used.

The disadvantage of using worst-case design is that components
with high ratings must be used to take into account the unlikely
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event that all the tolerances are at their extreme values. Some
reduction in the ratings is obtained by using components with closer

tolerances, and where this is not possible, as with transistors, by
using special techniques which make the circuit operation largely

independent of characteristics of the device.

However, the cost of a component and the probability of a
degradation failure are both increased by a reduction in the permitted
tolerance. It is for these reasons that statistical design should be
considered. In this case it is assumed that extreme values will not
occur in the same circuit, and the design is based on a calculated

probability that certain ratings will not be exceeded. A study of this

method of design is beyond the scope of this book.

28.12 Maintainability

The number of times that an equipment becomes faulty is a direct

function of its unreliability, but the length of time for which an
equipment is not available is a function both of unreliability and
of the time it takes to repair it and return it to service. Maintain-
ability is a characteristic of an equipment related to the ease with
which it can be repaired. There are four parts to the problem of
achieving good maintainability

:

(i) The method of determining that a defect exists. It may be
obvious to a viewer that a defect exists in his television

receiver, but it may not be so obvious that the arithmetic

unit in a computer is producing some wrong answers,

(ii) The method of quickly identifying a defective component or

assembly. The solution to this problem includes the training

of servicemen, provision of test apparatus and test proce-

dures, clear identification of assemblies and of parts, provision

of test points and also of purpose-built test equipment. It is

very important that designers should consider maintainability

from the beginning of the project and not add service extras

to the equipment as an after-thought,

(iii) Rectifying the fault, which may include replacement of a
defective part. All components should be made as accessible

as possible, particularly those known to have a high failure

rate. Wiring looms should not be positioned so that they

prevent the easy removal of an assembly, and if a large num-
ber of soldered connections have to be removed then this

operation may well produce subsequent faults in the equip-

ment. Preset controls should be sited where adjustments
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may be made without undue difficulty, but on the other hand

they should not be directly accessible because they would then

be open to misuse,

(iv) Finally it will be necessary to verify that the system is func-

tioning correctly after the completion of the repair.

A useful definition, of maintainability is:

"Maintainability is the probability that a device will be restored

to operational effectiveness within a given period of time when the

maintenance action is performed in accordance with prescribed

procedures".*

28.13 Reliability Costs

It should be clear that, in general, designing an equipment for high

reliability and building a system with a guaranteed reliability will

add to the initial cost. However, this higher initial cost will be

offset, to a greater or lesser extent, by reduced maintenance costs

for any given degree of maintainability. Reduced maintenance

costs arise not only because of a reduction in man-hours devoted

to maintenance but also due to a reduction in the provision of

test equipment and stock of spares required.

The graph of costs against reliability takes the form shown in

Fig. 28.2.

System MTBF

Fig. 28.2 THE COST OF UNRELIABILITY

to) Initial cost

(ZO Maintenance cost
(c) Total cost

* Calabro, S. R., Reliability Principles and Practice, Chap. 9 (McGraw-Hill,

1962).
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It is obvious that minimum total cost is not always the most
important consideration and that safety must be a first priority.

A part of the cost of achieving high reliability is bound up with

the problems of testing components and equipments and analysing

these data. If only those components which have been adequately

tested and approved are used in a design, then one part of this cost

will be kept to a minimum and it will be possible to obtain increased

confidence in the reliability of the components.

High reliability is possible only if everyone connected with the

equipment plays his part. A reliability statement must be regarded

as a part of the specification as important as, say, the function

details, and must be designed into the system from the outset. A
realization of the relation between the part and its probable total

environment is very important. This includes, not only the environ-

mental factors considered above, but also the important part that

human engineering should play. The position of the equipment in

relation to other equipments, the design and position of the controls,

the type of indicators and the methods of labelling are all obvious

considerations but they are all too often overlooked.* All produc-

tion personnel should be trained to understand fully the importance
of reliability. Components and assemblies may be damaged by

poor handling, and bad joints are more easily corrected during manu-
facture than later, during test.

A programme of tests and quality control must be carefully con-

sidered and carried out by trained technicians of high professional

integrity. Also, care must be exercised to see that stresses set

up during the tests do not make the components potentially

unreliable.

The mtbf ofan equipment will be reduced seriously unless sufficient

attention is paid to the hazards of transport and installation. Con-
sideration must also be given to various environmental conditions

during transport and storage as well as to the need to protect the

equipment from mechanical damage. Rules for installation should

be worked out with the known variations in human characteristics

kept in mind. Installation engineers should not have to be weight

lifters, contortionists or giants in order to do their job, and as with

other members of the team, they should be made aware of the impor-

tance of their part in ensuring the reliability of the system. In

particular, they should pay attention to problems of dust, cooling and
the protection of interconnecting cables. The customer is an impor-

tant link in the reliability chain because incorrect operation of the

* Dummer, G. W. A., and Winton, R. C, An Elementary Guide to Reliability

(Pergamon Press, 1967).



The Reliability of Electrical and Electronic Equipment 867

equipment will usually reduce its reliability. This again is a matter of

training, but a good instruction manual and sufficient attention to

the ergonomic problems involving the use of the equipment are also

ofimportance. This means that attention should be given to operator

fatigue and error due, for example, to the operator having to stand

rather than sit, to controls and dials located in awkward positions,

to excessive noise, to too little or too much light or heat, to draughts

and vibration. While it is not always possible to achieve a perfect

operator environment, a considerable improvement can be made by

giving the problem careful thought. The term operability is used to

describe that characteristic of an equipment which is measured by

the probability of an operator not making an error in the use of

the equipment.

Finally the importance of accurate recording of fault data, and

the speedy feedback of information to the designer, cannot be over-

stated. It is by these means that the designer can investigate apparent

weaknesses in his equipment, and then take remedial action. The

report form should be designed with care. It should be as simple as

possible, but it should include questions which will give the essential

information about the type of defect found, the environmetal

conditions, and whether the failure is a primary or secondary

one.

PROBLEMS

28.1 A radio receiver has an mtbf of 1,500 h. What is the probability of a

failure occurring during the period of the Wimbledon tennis championships?

Assume that the receiver is functioning at the beginning of the period and that

it is switched on for a total of 40 h. State any other assumptions which must be

made.

Arts. 00263.

28.2 A reliability test was made on a batch of 2,000 similar paper-dielectric

capacitors at a temperature of 70°C and at the rated voltage. The number of

survivors at the end of the 100th hour was 1,960, and at the end of the 200th

hour was 1,930. What was the average failure rate over the second 100 h period?

Why is the measurement of low failure rate a costly procedure?

Arts. 15-5 per cent per 1,000 h.

28.3 If the failure rate of the capacitors in Problem 28.2 is assumed to be

constant, calculate the reliability of the capacitors at the end of the first 500 h

period of test. Why is this assumption of constant failure rate probably wrong?

Is the true reliability during the first 500 h period likely to be greater or less than

that calculated in the first part of the problem?

Ans. 0-92.
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28.4 A particular circuit which consists of two transistors and six resistors is

operated under conditions for which the mttf of the transistors is 2 X 108 h
and that of the resistors is 108 h. Calculate the mtbf of the circuit. What is the
reliability of the circuit after 9,000 h?

Arts. 143,000 h; 0-939.

28.5 An equipment uses 20 of the circuits described in Problem 28.4. Calculate
the reliability of the equipment after 9,000 h assuming that a defect in any one
circuit causes a failure in the equipment.

Ans. 0-284.
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slip ratios, 439

slip/torque characteristic, 445
squirrel-cage rotor, 436
starting, 450
stator current locus, 457
torque, 443
wound-rotor type, 436

Induction regulator (3-phase), 505
Inductive transients

—

a.c, 176

d.c, 172

Infinite busbars, 416
Input impedance of amplifiers, 698

et seq.

Insertion loss, 246
Instrument transformers, 310
Insulated-gate field-effect transistor

(igfet), 823

Insulator strings, 539

Interconnected systems, 502

Interphase reactor, 804

Invertor, 815

Junction diode, 623

Junction-gate field-effect transistor

(jugfet), 820
Junction transistor, 628

Limiting short-circuit kVA, 554

Load diagram, general, 418
Load line, 612

Locked-rotor test for induction

machines, 463

Logic circuits, 836

Long-tailed pair, 712

Loss angle of capacitor, 76

Loss in capacitors, 75

Magnetic field strength, 221

Magnetic flux density, 221

Magnetic flux refraction, 223

Magnetic potential, 222

Magnetization, forced and free, 152

Maintainability, 864

Matching theorem, 57

Matching transformer, 59

Maximum power transfer theorem, 57
Maxwell's mesh-current methods, 47
Mean time between failures, 854

Mean time to fail, 852

Mercury-arc rectifier, 795 et seq.

Mesh analysis, 47
Metadyne generator, 496
Metrosil, 542
Miller effect, 702

Millman's theorem, 60
M.M.F.—
due to 3-phase winding, 383

of full-pitch coil, 380
per phase, 381

Motor

—

split-field, 577

two-phase, servo, 579
Motoring mode, 327

Multi-mesh networks, 47
Multivibrators

—

astable, 736

bistable, 744

monostable, 741

synchronizing, 740
Mutual inductance

—

equivalent circuits, 27
in networks, 24

nand gate, 840
Negative sequence, 93, 144

Neutralization of amplifiers, 679
Node analysis, 48
Noise, 693
Noise factor, 693
No load test for inductor machines,

462
nor gate, 839

Norton's theorem, 53

not gate, 839

Odd-harmonic distortion, 137

One-line-to-earth fault, 121

Open-loop control, 571

Operation amplifier, 574, 710
Operators

—

a, 94
h, 94

7.1
or gate, 837

Oscillation of synchronous machines,

426
Oscillators, 721 et seq.

Colpitts, 727

feedback in, 722

general theory of, 724
Hartley, 728

LC, 726
piezo-electric, 729

RC, 735
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Oscillators (contd.)—
relaxation, 736

stability of, 728

tuned-collector, 731

Wien bridge, 737

Output impedance of amplifiers,

698 et seq.

Overlap in rectifiers, 803

Owen bridge, 73

Parallel-generator theorem, 60

Parallel loads, 23

Parallel reliability, 860

Parallel resonance, 31

Parallel-T network, 87

Pentode valve, 611

Per-unit impedance, 551

Per-unit reactance, 551

Per-unit resistance, 551

Per-unit system, 295

Phase-sensitive rectifier, 578

Phase sequence determination, 113

Phase swinging, 426

(see also Oscillation)

Polyphase rectification, 798 et seq.

Positive sequence, 93, 1 14

Power amplifiers, 759 et seq.

Power/angle characteristic of syn-

chronous machine, 422

Power/angle diagram for a short line,

514

Power associated with complex waves,

139

Power flow control, 503

Power measurement in 3-phase sys-

tems, 106

artificial star method, 1 1

1

Blondel's theorem, 106

double-reading method, 1 12

three-wattmeter method, 107

two-wattmeter method, 107

Power rectifiers, 784 et seq.

Power transformers, 308

Pull-out torque, 446

Pulse

—

preservation of waveform, 752

response of attenuator, 753

response of high-pass, networks, 748

response of low-pass networks 746

rise time, 746

tilt, 746
Push-pull amplifiers, 770 et seq.

Q-factor, 30

g-meter, 88

Reactance/frequency graphs, 35

Reactor control of short-circuits, 547

Reactor location, 548

Reactors

—

air-cored non-shielded, 547

air-cored shielded, 547

iron-cored, 547

Reciprocity theorem, 65

Recovery voltage, 560

Rectifier current waveforms, 807

Reflected surge, 527

Relaxation oscillators, 736

Reliability, 850 et seq.

assessment of, 862

Resistance switching, 538, 568

Resonance, selective, 144

Restriking voltage, 559

Ring reactors, 550

R.M.S. value of a complex wave, 138

Rod gaps, 539

Rosen's theorem, 63

Rotating field, 353

Rotating machines, 327

commutator, 341

induced e.m.f., 335

structure, 329

torque, 337

Rotor, 329

R.P.C. servo, 580

effect of load torque, 589

rtl gates, 844

Rupturing capacity of circuit-breakers,

560

Salient-pole rotor, 331, 393

Salient-pole stator, 331

Sawtooth generator, 754

Schering bridge, 77

Scott connexion, 306

Semiconductors, 623

Series-aiding connexion of coupled

coils, 265

Series-opposing connexion of coupled

coils, 265

Series reliability, 859

Series resonance, 29

Series current feedback, 695

Series voltage feedback, 686

Servo motors, 577

Servo systems, 571 et seq.
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Shielding, 225

Short-circuit between two lines, 123

Short-circuit protection, 546
Shunt current feedback, 697
Shunt voltage feedback, 688
Single-phase induction machines (see

inductor machines (single-phase))

SI units, 70
Skin effect, 226
Slip (per-unit), 435
Slip ratios of induction machine, 439
Space charge, 599

Speed control of induction motors, 470
Speed of propagation, 523
Stability

—

of synchronous systems, 575

with feedback, 689

Standards, 70
Star-delta transformation, 63

Star-mesh transformation, 62
Stator, 329

Strays in bridges, 82

Streamline, 198

Summing junction, 573

Superposition theorem, 50

Surge current, 523

Surge diverters, 540

Surge impedance, 525

Surge velocity, 523

Surge voltage, 521

waveform, 522

Surges of short duration, 536

Symbolic notation, 1

Symmetrical breaking current, 561

Symmetrical components, 114

Synchro, 575

Synchronizing, 414

Synchronizing power coefficient, 424
Synchronizing torque coefficient, 424
Synchronous capacitor, 508

Synchronous compensator, 508

Synchronous generator supplying an
unbalanced load, 118

Synchronous impedance, 406
determination of, 410

Synchronous induction motor, 480
Synchronous machine, 356, 393

e.m.f. complexor diagram, 403

equivalent circuit, 405

frequency of oscillation, 427

general load diagram, 418

generating mode, 398

hunting, 426
in large supply systems, 413

Synchronous machine (contd.)—
m.m.f. complexor diagram, 402
m.m.f. travelling wave equations,

400
m.m.f. wave diagram, 395
motoring mode, 398, 428
open-circuit test, 41

1

oscillation, 426
performance on infinite busbars, 416
phase swinging, 426
power/angle characteristic, 422
short-circuit test, 41

1

steady-state limit, 420, 425
torque/angle characteristic, 423
types, 393

voltage regulation, 412
synchronous motor, 428

synchronous phase modifier, 508
Synchronous reactance, 406
Synchronous speed, 373

Tap-changing on load, 505

Tap-changing transformer, 504
Teaser transformer, 307

Tetrode valve, 609

Thermal transients, 183

Thevenin's theorem, 53

Three-phase induction regulator, 505
Three-phase transformers, 300

delta-star connexion, 301

delta-zigzag connexion, 301

five-limb core-type, 303

groups, 318
in parallel, 317
star-star-connexion, 302

three-limb-core-type, 303

Three-phase windings, 367
coil span factor, 379

concentric winding, 369

distribution factor, 373
double-layer winding, 371

e.m.f. induced per coil, 372

e.m.f. induced per phase, 379
m.m.f. of, 383
mush winding, 371

Thyratron, 798
Thyristor, 809
Tie-bar reactors, 550

Time constant, 173, 180

Time factor, 540

Torque, 337

Torque/angle characteristic of syn-

chronous machine, 423
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Transformer ratio-arm bridges, 84

Transformers, 260

approximate equivalent circuit, 280

Berry type, 275

cooling, 278

concentric winding, 277

construction, 275

core loss, 288, 293

core type, 275

coupling coefficient of windings, 262

eddy-current core loss, 288

efficiency, 288

e.m.f. equation, 278

equivalent circuit referred to pri-

mary, 281

equivalent circuit referred to sec-

ondary, 283

equivalent (leakage inductance) cir-

cuit, 267

equivalent T-circuit, 263

high-frequency, 320

hysteresis core loss, 288

in parallel, 314

leakage inductances of windings,

262
losses, 287

magnetizing inductances ofwindings,

262

mutual inductance of windings,

261

open-circuit test, 290

primary current waveform, 279

power, 274

regulation, 285

sandwich winding, 277

self-inductances of windings, 261

shell type, 275

short-circuit test, 291

three-phase, 300

winding inductances, 260

Transient velocity feedback, 588

Transients, 170 et seq.

Transistor bias, 637 et seq.

Transistors

—

bipolar, 628

equivalent circuits, 651 et seq.

field-effect, 819 et seq.

high-frequency, 668

junction, 628

planar, 630

static characteristics, 631 et seq.

Transmission lines

—

in parallel, 312

medium length, 251

short, 249

voltage regulation of, 250

Transmitted surge, 530

Travelling-wave of m.m.f., 389

Triangular complexor diagrams, 102

Triode valve, 608

ttl logic gates, 846

Tuned amplifiers, 674

Twenty-four ordinate method (har-

monic analysis), 161

Two-lines-to-earth fault, 126

Two-port networks, 242 et seq.

in cascade, 257

Two-wattmeter method, 107

Unbalanced delta load, 101_,

Unbalanced 4-wire star load, 99

Unbalanced 3-wire star load, 103

Uncompensated cross-field generator,

496
Unilateralization, 679

Universal diagram (general load dia-

gram), 418

Universal motor, 350

Unreliability, 852

Vacuum diode characteristics, 600

Valve parameters, 616 et seq.

Velocity feedback, 584

Velocity lag, 587

Velodyne, 589

Virtual earth, 574

Voltage amplifiers-

transistor, 651 et seq.

valve, 612 et seq.

Voltage control of interconnected

system, 503

Voltage gain, 621

Voltage regulation of synchronous

generator, 412

Wagner earth, 83

Wedmore's method (harmonic ana-

lysis), 157

Wien parallel bridge, 80

Zener diode, 643

Zero sequence. 114
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