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Metal Emtia Piyasalarinda Dogrusal
Piyasa Modeli ile Genellestirilmis
Toplamsal Modelin Performans
Karsilastirmasi

Serdar Neslihanoglu’
1. GIRIS

Son yillarda kiiresellesme ve dijitallesmenin hiz kazanmasiyla metal emtia
piyasalarinin finansal piyasalarla biitiinlesme seviyesi giin gegtikce artmaktadir.
Metal emtia fiyatlari; endiistriyel talep, para politikalari, jeopolitik riskler ve
doviz  kurundaki  dalgalanmalar  gibi makroekonomik  faktdrlerden
etkilenmektedir. Bu fiyatlarin en diisiik tahmin hatasiyla modellenmesi ve
gelecek tahmini, hem portfoy yoneticileri hem de arastirmacilar agisindan kritik
onem tasimaktadir. Finansal piyasalarda portfdy yoOnetiminin temelinde
Markowitz (1952) tarafindan gelistirilen Modern Portfoy Teorisi (MPT) yer
almaktadir. Bu teoriyi temel alan ve Sharpe (1964), Lintner (1965) ile Mossin
(1966) tarafindan gelistirilen Sermaye Varliklar1 Fiyatlandirma Modeli (Capital
Asset Pricing Model, CAPM), 6zellikle uygulama kolayligir nedeniyle portfoy
yonetiminde siklikla tercih edilmektedir. CAPM ile tutarli olan ve temel
varsayimi piyasa portfoyill ile varlik getirileri arasindaki dogrusal iligskiye ve
duragan beta parametresine dayanan Dogrusal Piyasa Modeli (DPM), finansal
piyasa analizlerinde yaygin olarak kullanilmakta olup parametreleri siklikla En
Kiiciik Kareler (EKK) yontemiyle tahmin edilmektedir (Mergner ve Bulla, 2008;
Choudhry ve Wu, 2009; Neslihanoglu vd., 2017; Neslihanoglu ve Aksoy, 2020;
Neslihanoglu ve Paker, 2021).

Aragtirmanin temel modeli olan DPM, metal emtia piyasalarindaki portfoy ile
emtia getirileri arasindaki dogrusal iliskinin analizinde kullanilmaktadir.
Ornegin, Ibrahim ve Jayeola (2018), degerli metal yatirimlarmda CAPM
cergevesinde sistematik risk (beta) ile beklenen getiri arasinda pozitif bir dogrusal
iligki bulundugunu gostermistir. Urom, Chevallier ve Zhu (2020), enerji ve emtia
piyasalarinda (altin, bakir ve aliminyum dahil) duragan betanin zaman iginde
degiskenlik gosterdigini ve zamanla degisen betali rejim-degisimli modellerin
statik CAPM'e gore daha iyi performans sergiledigini ortaya koyarak duragan
beta varsayiminin gegerliligini ve dogrusal iliski durumunu sorgulamistir. Mensi,

' Dog. Dr., Eskisehir Osmangazi Universitesi, Fen Fakiiltesi, Istatistik Boliimii
ORCID ID: 0000-0001-8451-8023
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Nekhili, Vo ve Kang (2021), degerli ve endiistriyel metal vadeli islem getirileri
arasindaki bagimlilik yapisimi farkli piyasa kosullari ve yatirim ufuklan altinda
inceleyerek bu iligkilerin kantillere ve yatirim ufkuna gore degistigini, dolayisiyla
dogrusal olmayan ve asimetrik bir yap1 sergiledigini gostermistir. Schischke ve
Rathgeber (2025), endiistriyel metal piyasalarinda fiyatlar arasindaki
bagimliliklarin zaman i¢inde degistigini ve zamanla degisen modellerin, statik
kiyaslama modellerine gére bu dogrusal olmayan etkilesimleri daha basarili
bicimde temsil ettigini ortaya koymustur. Sonu¢ olarak literatiirde, DPM'nin
temel varsayimi olan piyasa portfoyi ile varlik getirileri arasindaki dogrusal
iliskinin gecerliligi sorgulanmakta; getiriler arasindaki iligkinin dogrusal
olmayan bir yap1 sergiledigini gdsteren kanitlar dogrusal olmayan modellerin
onemine isaret etmektedir.

DPM'nin dogrusallik varsayimina esneklik kazandirmak amaciyla 6ne ¢ikan
yaklagimlardan biri, Hastie ve Tibshirani (1990) tarafindan gelistirilen
Genellestirilmis Toplamsal Model'dir (GAM). GAM"n, piyasa portfoyti ile varlik
getirileri arasindaki iliskiyi veriden tahmin edilen diizgiinlestirici fonksiyonlarla
modelleyerek dogrusal olmayan iligkileri ve aykir1 degerlere bagl dinamikleri
aciklayabilecegi Ongoriilmektedir (Wood, 2006). GAM'n varlik getirilerinin
modellenmesinde kullanimina iligkin literatiir 6zellikle hisse senedi ve enerji
piyasalartyla smirli kalmistir. Ornegin, Neslihanoglu, Sogiakas, McColl ve Lee
(2017), gelismis ve gelismekte olan hisse senedi piyasalarinda dogrusal piyasa
modelinin dogrusallik varsayimma esneklik kazandirmak amaciyla GAM"
Onermis ve piyasa ile varlik getirileri arasindaki iliskide dogrusal olmayan
oOriintiilerin varhigin1 ortaya koymustur. Moreno, Figuerola-Ferretti ve Mufioz
(2024) ise petrol fiyat1 tahmininde GAM ile dogrusal transfer fonksiyonunu
birlestiren hibrit bir yaklasim kullanarak fiyati belirleyen faktorler arasindaki
iligkilerin dogrusal modellerce tam olarak yakalanamadigim1 ve Onerdikleri
modelin tahmin dogrulugunun vadeli fiyatlar dahil kiyaslama yontemlerini
gectigini gostermistir. Buna karsilik, metal emtia piyasalarindaki portfoy ile
emtia getirileri arasindaki dogrusal olmayan iligkinin GAM ile analizi arastirilan
literatlirde heniiz ele alinmamis olup bu konuda 6nemli bir arastirma boslugu
bulunmaktadir.

Bu aragtrma, DPM ile GAM"'m metal emtia piyasalariyla ilgili literatiirde
heniiz incelenmemis olan sistematik bir performans karsilastirmasini
gerceklestirmektedir. Buna ek olarak, GAM'daki diizgiinlestirme fonksiyonu
metal emtia piyasalari acisindan yorumlanarak getirilerin dogrusal olmayan
dinamiklere sahip oldugunun ampirik olarak gosterilmesi hedeflenmektedir.
Ayrica bu cercevede, metal emtia portfoyii yonetimi siireglerinde model
seciminin 6nemi ile varlik bazinda farklilasan dogrusal olmayan iliski yapisinin
dikkate alinmasinin gerekliligi vurgulanmaktadir. Bu amag¢ dogrultusunda,
Bloomberg Emtia Endeksi (BCOM) piyasa portfoyii ile Aliiminyum, Altin,
Bakir, Cinko, Giimiis ve Nikel emtialarinin Mayis 2016—Mayis 2026 tarihleri
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arasindaki haftalik endeks fiyatlar1 kullanilarak, Dogrusal Piyasa Modeli (DPM)
ile Genellestirilmis Toplamsal Model'in (GAM) modelleme ve ii¢ aylik gelecek
tahmini performanslar1 karsilagtirilmaktadir.

Aragtirmanin geri kalani su sekilde diizenlenmistir: Boliim 2'de kullanilan
emtia piyasalari verileri detaylandirilmakta ve Boliim 3'te aragtirmada kullanilan
DPM ve GAM’1n metodolojileri agiklanmaktadir. Arastirma bulgularma Bo6lim
4'te, sonuglarina ise Boliim 5'te yer verilmektedir.

2. VERI

Bu arastirmada, Bloomberg Emtia Endeksi (BCOM) kapsaminda islem hacmi
en yiiksek olan 6 adet endiistriyel ve degerli metal emtianin (Aliminyum, Altin,
Bakar, Cinko, Giimiis ve Nikel) Mayis 2016 ile May1s 2026 tarihleri arasindaki
haftalik Amerikan Dolar1 (USD) cinsinden endeks fiyatlar1 verisi tercih
edilmistir. Veriler Investing.com (2026) veri bankasindan elde edilmistir. Her bir
metal emtianin ve BCOM endeksinin getirisi (R;), ¢ ve t-1 zamanindaki kapanig
fiyatlarinin (P;; ve Pi.;) logaritmik fark: alinarak hesaplanmigtir. BCOM ve metal
emtialarin endeks kodlar1 ile haftalik logaritmik getirilerinin betimleyici
istatistikleri Tablo 1'de verilmistir.

Tablo 1 Betimleyici Istatistikler

» » g :“ =< =< ! |
Y 2 = s £ = = 2 = o0
L P RL=] = = — < = S a2
= < < = = 2 =2 7 o @ 5 M|
g S M = ] 5 3 R
= = S »n S /M -

Bloomberg BCOM 0.100 | 2019 |0.102 | 6371 |247.63% | 22.289

Emtia

Aliiminyum BCOMAL | 0.090 2.942 0.363 5.253 121.63* 27.121
Altin BCOMGC | 0.181 2.162 -0.137 5.904 184.74* 18.478
Bakir BCOMHG | 0.148 3.336 -1.101 11.539 | 1687.87* 24.834
Cinko BCOMZS | 0.116 3.487 0.178 4.621 59.77* 24.882
Glimiis BCOMSI 0.215 4.389 -0.534 7.201 407.97* 31.339
Nikel BCOMNI | 0.094 4.808 1.984 26.515 | 12345.15* | 28.918

Not: Jarque-Bera normallik testi (Ho: seri normal dagilima sahiptir); Ljung-Box otokorelasyon
testi (Ho. tim otokorelasyon katsayilari sifirdir) igin “*” isareti, Ho’in %95 giiven diizeyinde
reddedildigini ifade eder.

Tablo 1'deki betimleyici istatistikler incelendiginde, BCOM (Bloomberg
Emtia) endeksinin ve metal emtialarin ortalama getirilerinin pozitif oldugu
goriilmekte; bu da arastirma periyodunda yatirimcmin finansal kazang elde
ettigini ifade etmektedir. Standart sapma degerlerine gore, en yliksek
dalgalanmaya (volatiliteye) Nikel sahipken en diisik dalgalanmaya BCOM
sahiptir. Bu durumda, standart sapma riskin bir 6l¢iisii olarak ele alindiginda,
Nikel'in diger emtialara gore daha riskli oldugu soylenebilir. BCOM,
Aliiminyum, Cinko ve Nikel pozitif carpiklik katsayisina sahipken Altin, Bakir
ve Glimiis negatif ¢arpiklik katsayisina sahiptir. Bu durum, s6z konusu negatif
carpiklik katsayisina sahip emtialarin getirilerinde sik goriilen kiigiik artiglarin
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yaninda ani biiyiik diisiislerin de yasandigina isaret etmektedir. Buna ek olarak,
BCOM ve metal emtia getirilerinin leptokurtik olmasi, getirilerin normal
dagilima gore daha kalin kuyruklara sahip olduguna ve tiim degiskenler i¢in agir
sonu¢ olasiligiin daha yiliksek olduguna isaret etmektedir; bu da metal emtia
yatinmcilar i¢in asir1 finansal kazang veya kayip olasiliginin daha yiiksek
oldugunu gostermektedir. BCOM ve metal emtialarin normalligi, Jarque-Bera
testi aracilifiyla %5 anlamlilik diizeyinde reddedilmektedir. Ljung-Box test
istatistikleri agisindan ise yalnizca Giimiis emtiasi i¢in istatistiksel olarak anlaml
bir otokorelasyon tespit edilmistir. Ozetle, bu arastirma verilerinin temel
ozellikleri pozitif ortalamalar, dalgalanma, asimetri (sola ve saga ¢arpiklik) ve
leptokurtozdur (kalin kuyruklar). Bu bulgular, BCOM endeksi ile metal emtialar
arasindaki dogrusallik varsayiminin genisletilmesi gerektigine isaret etmektedir.

Bloomberg Emtia
0.4
0.24
0.0 4 B D Y SRS DA VAN . Ay
-0.2 4
Allminyum
0.4+
0.2
004 reensAeman bt s s mm st AN N AN Nt A DA AN AR st A
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Sekil 1 Arastirma Verileri Zaman Serisi Grafikleri



Sekil 1'de, BCOM endeksi ve 6 metal emtianin (Aliiminyum, Altin, Bakir,
Cinko, Giimiis ve Nikel) haftalik logaritmik getirilerinin zaman serisi grafikleri
gosterilmistir. Sekil incelendiginde, sz konusu arastirma verilerine ait serilerin
duragan oldugu ve donemsel olarak dalgalanmalar gosterdigi goriilmektedir.
BCOM endeksi sinirli dalgalanmayla en duragan goriiniime sahiptir. Nikel'de
2022 yilinin basinda ani bir dalgalanma goriilmiis olup bu durum, Mart 2022'de
Londra Metal Borsasi'nin (LME) tarihi kisa pozisyon kapama (short squeeze)
krizi nedeniyle Nikel piyasasindaki islemleri gegici olarak durdurmasini
yansitmaktadir. Tablo 1 ve Sekil 1'deki tutarli sonuglar, dogrusallik varsayimina
dayanan geleneksel DPM'nin bu tiir dalgalanma rejimlerini modellemekte
yetersiz olabilecegine isaret etmektedir. Bu bulgular, DPM'ye diizgiinlestirici
fonksiyonlarla esneklik kazandiran GAM'a gereksinim duyuldugunu giiglii
bigimde desteklemektedir.

3. METODOLOJI
3.1. Dogrusal Piyasa Modeli (DPM)

Aragtirmanin temel modeli olan Dogrusal Piyasa Modeli (DPM), BCOM
endeksi ile metal emtia getirileri arasindaki iliskinin dogrusal oldugunu
varsaymakta ve asagidaki sekilde tanimlamaktadir.

Ry = a;+ BimRme + &t ge~N©O,0)t=1...,N (1)

Burada, R;;, i. metal emtiasinin t zamandaki getirisini; R,,; ise BCOM
endeksinin t zamandaki getirisini gostermektedir. f5;,,, i. metal emtiasinin
sistematik riskini ifade etmektedir. g; ise i. metal emtiasinin t zamandaki
N (0, aiz) kosulunu saglayan ve birbirinden bagimsiz olan hata terimleridir. Bu
arastirmada DPM'nin sabit terimi «; sifir olarak kabul edilmis ve f5;,,, parametresi
En Kiiciik Kareler (EKK) yontemiyle tahmin edilmektedir. (Neslihanoglu ve
Aksoy, 2020).

3.2. Genellestirilmis Toplamsal Model (GAM)

Genellestirilmis Toplamsal Model (GAM; Hastie ve Tibshirani, 1990),
BCOM endeksi ve metal emtia getirileri arasindaki iliskiyi diizgiinlestirici
fonksiyonlar araciligiyla modelleyen ve DPM’nin dogrusallik varsayimina
esneklik kazandiran istatistiksel bir ydntem olup asagidaki sekilde
tanimlanmaktadir.

Rir = a; + fi(Rme) + €t g ~ N(0,07) (2)
Burada, f;(R,,;) diizginlestirici bir fonksiyonu temsil etmektedir. Bu
fonksiyon, aragtirma verilerinden tahmin edilmekte olup, BCOM endeksi ile
metal emtianin getirisi arasindaki dogrusal olmayan iligkiyi tanimlamaktadir. &;;
ise i. metal emtiasinin t zamandaki N (O, al-z) dagilimina sahip ve birbirinden
bagimsiz olan hata terimleridir. GAM parametre tahmin prosediirii Wood (2006)
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tarafindan Ozetlenmis ve R programlama dilindeki mgcv paketi ile tahmin
edilmistir.

3.3. Model Karsilastirma Kriterleri

Arastirma modelleri olan DPM ve GAM'n modelleme ve gelecek tahmini
performanslariin karsilastirilmasinda kullanilan Ortalama Mutlak Hata (MAE)
ve Hata Kareler Ortalamasi (MSE) kriterleri asagidaki sekilde tanimlanmaktadir.

1 N . (3)
MAE = NZ'R” — Ry |
t=1

1 N . ) (4)
MSE = NZ(R“ —Ry)
t=1

Burada, R;; ve R, sirasiyla i. metal emtia getirisinin # zamanindaki gozlem
degerini ve tercih edilen model tarafindan iiretilen modelleme (ya da gelecek
tahmin) tahminini ifade etmektedir. Bu kriterlere gore daha kiiciik degerlere sahip
olan modelin daha iyi bir performans gosterdigi anlagiimaktadir.

4. BULGULAR

Bu arastirmada modelleme asamasinda tiim veriler kullanilarak DPM ve
GAM'n sonuglari elde edilmistir. Gelecek tahmini asamasinda ise 8§ yillik kayan
pencere genisligi ile gelecek 3 aylik tahmin sonuglar1 her bir model i¢in ayr1 ayri
hesaplanmistir. DPM ve GAM’in  modelleme ve gelecek tahmini
performanslarma ait model karsilastirma kriterleri Tablo 2'de sunulmustur.

Tablo 2 DPM ve GAM’imn Modelleme ve Gelecek Tahmini Performanslarmin

Karsilagtirmasi
Modelleme
MAE (x10?) MSE (x10%)

Emtia DPM GAM DPM GAM
Aliiminyum 1.891 1.883 6.341 6.268
Altin 1.483 1.471 4.017 3.915
Bakir 2.084 2.081 8.324 8.240
Cinko 2.387 2.384 9.751 9.750
Giimis 2.768 2.717 15.110 14.084
Nikel 2.878 2.877 18.987 18.870
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Ortalama 2.249 2.236 10.422 10.188
Degisim(%) % 0.58 % 2.24
Gelecek Tahmini

MAE (x10?) MSE (x10%)
Emtia DPM GAM DPM GAM
Aliiminyum 2.212 2.128 7.833 7.065
Altin 4.047 3.321 23.575 16.959
Bakir 3.508 3.155 21.603 15.773
Cinko 2.828 2.820 12.430 12.315
Giimis 6.683 6.076 70.507 59.970
Nikel 2.701 2.691 11.927 10.911
Ortalama 3.663 3.365 24.646 20.499
Degisim(%) % 8.14 % 16.83

Tablo 2'deki modelleme performansi sonuglari incelendiginde, GAM
sahip oldugu goriilmiistiir. Buna ek olarak, metal emtia ortalamasina gore
GAM''n DPM'ye gore MAE (MSE) kriterinde %0.58 (%2.24) daha iyi
performans gosterdigi belirlenmistir.

Gelecek tahmini sonuglar1 incelendiginde ise, GAM'n metal emtia
getirilerinin gelecek tahmini siirecinde DPM'ye gore yine daha iyi performansa
sahip oldugu goézlenmistir. Bu kapsamda GAM, MAE (MSE) kriterine gore
%8.14 (%16.83)'liik bir performans artis1 saglamistir.

Sonug olarak, BCOM endeksi ile metal emtia getirisi arasindaki iligkinin
dogrusal bir yapr sergilemedigi ve GAM'n s6z konusu metal emtia getirilerinde
gdzlenen dalgalanma ve aykir1 degerlerin modellenmesinde DPM'ye kiyasla daha
etkin oldugu sonucuna ulasilmistir.
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BCOM endeksi ile metal emtia getirileri arasindaki iliskiyi ve DPM ile
GAM'm modelleme performanslarini gostermek amaciyla Sekil 2'de metal
emtialarin uyum egrilerinin dagilim grafikleri olusturulmustur. Burada GAM()
ifadesi diizglinlestirme parametresini (1) gostermekte ve GAM'in esnek yapisini
yansitmaktadir. Bu grafikler incelendiginde, BCOM endeksi ile her bir metal
emtia getirisi arasindaki iliskinin pozitif yonli oldugu goriilmektedir. Giimiis
emtiasinin getirisi GAM(A=7,80) ile en yiiksek diizgiinlestirme parametresine
sahip olup en belirgin dogrusal olmayan iligkiyi sergilemektedir. Bu durum,
Glmiis'iin hem degerli hem de endiistriyel metal 6zelliginden kaynaklanan
asimetrik piyasa tepkisini yansitmaktadir. Cinko GAM(A=1,10) ve Nikel
GAM(A=1,05) emtia getirileri i¢in ise GAM ile DPM'nin benzer iliski grafigine
sahip olduklar1 goriilmiigtiir. Bu bulgulara gore, diizgilinlestirme parametresi
yiiksek olan emtialarda (Gilimis, Altin) GAM'n gorsel olarak DPM'den belirgin
bicimde ayristig1; diisiik parametreli emtialarda (Cinko, Nikel) ise iki modelin
pratikte esdeger oldugu goriilmektedir. Buna ek olarak, GAM'in verideki ani
dalgalanmalarin modellenmesinde DPM'ye gore daha etkin oldugu agik¢a
gorlilmektedir. Sonug olarak bu durum, metal emtia getirilerinde model se¢ciminin
onemini vurgulamaktadir.

5. SONUC

Bu arastirmada, DPM ile DPM'in dogrusallik varsayiminin aragtirilmasi
amaciyla tercih edilen GAM modelleri, endiistriyel ve degerli metallerden olusan
6 emtianin (Aliiminyum, Altin, Bakir, Cinko, Giimiis ve Nikel) Mayis 2016 ile
Mayis 2026 tarihleri arasindaki haftalik verileri kullanilarak modelleme ve 3
aylik gelecek tahmini performanslart agisindan karsilagtirmali  olarak
incelenmistir.

Aragtirma bulgulari, GAM'In metal emtia getirilerinin modellenmesi ve
gelecek tahmininde DPM'ye gore daha iyi bir performansa sahip oldugunu ortaya
koymustur. Bu durum, BCOM endeksi ile metal emtia getirileri arasindaki
iliskinin, geleneksel DPM'nin dogrusallik varsayimimin aksine, dogrusallik
varsayimina esneklik kazandiran GAM" destekledigine isaret etmektedir. Buna
ek olarak, model uyum siirecinde GAM'm, metal emtia getirilerindeki
dalgalanma ve aykir1 degerlerin modellenmesinde DPM'ye kiyasla daha etkin
oldugu belirlenmistir. Bu baglamda arastirma, metal emtia getirilerinin
acgiklanmasinda geleneksel piyasa modelinin dogrusal olmayan genisletmelerinin
Oonemini ortaya koymaktadir. Ayrica GAM'in gelecek tahminindeki performans
istiinliigii, ozellikle Giimiis ve Altin gibi belirgin dogrusal olmayan iliski
sergileyen emtialarda riskten korunma oranlarinin ve portfoy agirliklarinin daha
ayrintili belirlenmesine olanak tanimaktadir.

Sonu¢ olarak arastirma, esnek modelleme yaklagimlarinin dogrusal
modellerce gézden kagirilan yapisal iliskileri ortaya ¢ikarma potansiyeline sahip
oldugunu gostermektedir. Gelecek galismalarda dogrusallik varsayimina iligkin
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arastirmalarin  derinlestirilmesi, farkli emtia simiflarina ve veri setlerine
odaklanilmasi ve zamanla degisen model genisletmelerinin de arastirilmasi
onerilmektedir.
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A Comparative Multi-Criteria
Analysis of PCA, t-SNE, and UMAP
for High-Dimensional Data

Ayse Bugatekin’ & Mehmet Gurcan’

1. Introduction.

The number of variables, or in other words, the number of features in a dataset,
is referred to as dimensionality. Dimensionality reduction can be simply defined
as the process of reducing the number of features in a dataset. The analysis and
interpretation of datasets in which the number of features exceeds the number of
observations are often difficult and complex. Most statistical analyses are
designed for situations where the number of observations is greater than the
number of features. In high-dimensional datasets, features are often highly
correlated and may therefore contain redundant information. An increased
number of features leads to a larger number of model parameters, which in turn
makes the model more difficult to interpret. Dimensionality reduction methods
are applied to make datasets more suitable for statistical analysis and to simplify
their interpretation. The primary goal of dimensionality reduction is to represent
the original dataset in a lower-dimensional space with minimal loss of
information. Reducing dimensionality by projecting the data onto a lower-
dimensional subspace that captures the essential structure of the dataset is
generally beneficial [1].

Dimensionality reduction has become an essential tool for analyzing and
visualizing high-dimensional data arising in fields such as bioinformatics,
machine learning, and pattern recognition. Among the most widely used
techniques are linear approaches such as Principal Component Analysis (PCA)
and nonlinear manifold learning methods including t-SNE and UMAP.

PCA, extensively studied in classical multivariate statistics, provides a linear
projection that maximizes variance and offers computational efficiency and
interpretability. However, its inability to capture nonlinear structures limits its
effectiveness for complex datasets [2—4]. To overcome these limitations, several
nonlinear dimensionality reduction methods have been proposed, including
Isomap, Locally Linear Embedding (LLE), and Laplacian Eigenmaps, which aim
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to preserve intrinsic geometric structures of the data manifold [5—8]. Among
modern approaches, t-SNE has gained widespread popularity due to its ability to
preserve local neighborhood structures by modeling pairwise similarities through
probability distributions and minimizing divergence in the embedding space [9].
Despite its effectiveness in revealing cluster structures, t-SNE is known to suffer
from limitations such as high computational cost, sensitivity to hyperparameters,
and lack of global structure preservation [10—12].

More recently, UMAP has emerged as a powerful alternative grounded in
manifold learning and topological data analysis. UMAP aims to preserve both
local and global structures and has demonstrated improved scalability and
stability compared to t-SNE [13]. Several studies have reported that UMAP
provides more interpretable embeddings and better reflects global relationships
among data points [14-16].

A growing body of literature has focused on the comparative evaluation of
dimensionality reduction techniques. Existing studies typically assess methods
based on visualization quality, clustering performance, or application-specific
outcomes [17-19]. For instance, comparative analyses in bioinformatics have
highlighted the advantages of UMAP in single-cell data visualization, while other
works have emphasized the importance of parameter tuning in t-SNE. In addition,
recent studies have introduced quantitative evaluation metrics such as
trustworthiness, continuity, and clustering indices to assess embedding quality
[20, 21]. Despite these contributions, most existing works evaluate
dimensionality reduction methods using a limited set of criteria or focus on
specific application domains. In particular, the joint assessment of cluster
separability, neighborhood preservation, structural distortion, and embedding
stability remains relatively underexplored.

In contrast, this study proposes a unified evaluation framework that integrates
multiple statistical criteria, including clustering quality, neighborhood
preservation, distance distortion, and stability analysis. By combining these
aspects, the study provides a more comprehensive understanding of the reliability
and effectiveness of PCA, t-SNE, and UMAP in representing high-dimensional
data structures.

2. DIMENSIONALITY REDUCTION TECHNIQUES
2.1. Principal Component Analysis (PCA).

Principal Component Analysis (PCA) is a linear dimensionality reduction
technique that transforms a high-dimensional dataset into a lower-dimensional
space while preserving as much variance as possible. Therefore, PCA can be used
to reduce a higher-dimensional matrix m to a smaller-dimensional matrix n [22,
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23]. Given a data matrix X € R™P the first step involves centering the data by
subtracting the mean vector from each observation. In cases where variables have
different scales, standardization is also applied.

The covariance matrix of the centered data is then computed as:
1
= - XTx 2.1)
PCA is based on the eigenvalue decomposition of the covariance matrix:

2V = v (2.2)

where A; represents the variance explained by the corresponding eigenvector v;.
The eigenvalues are sorted in descending order, and the first & eigenvectors
corresponding to the largest eigenvalues are selected to form the projection
matrix.

The reduced representation is obtained as:
Z =XV (2.3)

The number of components k is typically chosen such that a predefined
proportion of the total variance (e.g., 90% or 95%) is retained:

A
—Zil 7 >T (2.4)

where T is the desired variance threshold.
2.2. t-Distributed Stochastic Neighbor Embedding

t-distributed stochastic neighbor embedding (t-SNE) is a statistical method
for visualizing high-dimensional data by giving each datapoint a location in a two
or three-dimensional map. t-SNE, particularly favored for data visualization,
makes complex relationships and clustering structures between data more
understandable by visualizing them in two or three-dimensional spaces.
Developed in 2008 by Laurens van der Maaten and Geoffrey Hinton [9], this
method has widespread use in machine learning and data science.

Given data points x; x; € RP, the conditional similarities in the high-
dimensional space are defined using a Gaussian distribution as follows:
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2
exp (= [lxi—xj]|"/207)
Y k=i exp (—llx;—xkll2/20})

Djsi = (2.5)

In this formulation, the parameter o; determines the local scale for each data
point and is typically adjusted using the perplexity parameter. The symmetric
joint probability is then defined as:

Pj/itDPisj
py =54 (2.6)

2n

In the low-dimensional space, where y;,y; € R?, similarities are modeled
using a Student-t distribution:

eyl
U Sket(+ye—yillH 1

2.7)

The main objective of t-SNE is to minimize the difference between the
probability distributions in the high-dimensional and low-dimensional spaces.
This is achieved by minimizing the Kullback—Leibler (KL) divergence:

KL(P|IQ) = Yix; pi,-log’q”—jjﬁ (2.8)

This optimization problem is typically solved using gradient descent methods.
t-SNE demonstrates strong performance in preserving local neighborhood
structures, while it may be less effective in maintaining the global structure of the
data.

2.3. Uniform Manifold Approximation and Projection (UMAP)

UMAP is a dimensionality reduction technique used to reduce high-
dimensional datasets to lower-dimensional spaces. UMAP aims to learn the
manifold structure of the data and create a low-dimensional representation that
preserves this structure. This process requires understanding and preserving both
the local neighborhood structures and the general topological properties of the
data [24,25]. UMAP essentially has two stages: learning the local neighborhood
structure and projecting it into a low-dimensional space. In the high-dimensional
space, the neighborhood relationships between data points are modeled using a
weighted graph structure. In this graph, the connection weight between two points
is defined as:

Wy = exp (— M) (2.9)

g
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where p; represents the minimum distance parameter for each data point, and o;
denotes the local scale parameter. This structure characterizes the local manifold
geometry of the data.

In the low-dimensional space, similarities are modeled as follows:

Vi = ———p (2.10)

- 2b
1+allyi-y;ll

where the parameters a and b control the shape of the distance function in the
low-dimensional space.

UMAP minimizes the discrepancy between the high-dimensional and low-
dimensional graph structures using a cross-entropy—based objective function:

C ZZiij[Wijlog vij + (1—Wl])10g (1_Ul])] (211)

As aresult of this optimization process, the resulting embedding is able
to preserve both local neighborhood relationships and the global structure of
the data in a balanced manner. Due to its computational efficiency and ability to
produce stable embeddings, UMAP is widely preferred, especially for large-scale
datasets.

3. Analysis of Datasets.

The class labels in the datasets used in this study represent the categorical
structures specific to each dataset. In the Iris dataset, the classes setosa,
versicolor, and virginica correspond to three different flower species. In the Pima
Indians Diabetes dataset, the labels pos (positive) and neg (negative) represent
individuals with and without diabetes, respectively. In the Breast Cancer dataset,
the classes benign and malignant indicate the nature of the tumor. These class
labels were used as reference points in evaluating the low-dimensional
representations obtained through dimensionality reduction methods. In the
visualizations, they were represented using different colors, enabling a clear
visual assessment of class separation. Throughout the experimental process, the
same analysis steps were applied to each dataset, and all methods were
implemented under identical conditions to ensure comparability of the results.
This multi-criteria evaluation approach enabled a comprehensive assessment of
dimensionality reduction methods not only in terms of their visual performance,
but also their ability to preserve data structure, achieve cluster separation, and
produce reliable results. In this way, a fair comparison across datasets and
evaluation metrics was ensured.
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In this study, the performance of dimensionality reduction methods for
obtaining low-dimensional representations of high-dimensional datasets was
systematically evaluated using multiple criteria. The primary reason for selecting
PCA, t-SNE, and UMAP is that these methods are among the most widely used
techniques in the dimensionality reduction literature and represent different
methodological approaches. While PCA, as a linear method, focuses on
preserving the global structure of the data, t-SNE emphasizes local neighborhood
relationships through a nonlinear approach. UMAP, on the other hand, provides
a more recent framework that balances both local and global structures while
offering computational efficiency.

Therefore, analyzing these three methods together enables a comprehensive
evaluation of dimensionality reduction techniques under different data structures.
The datasets used in this analysis were selected to reflect varying structural
characteristics and consist of the Iris, Pima Indians Diabetes, and Breast Cancer
datasets. These datasets represent low-, medium-, and high-dimensional data
structures, allowing the investigation of method performance across different
levels of complexity. Specifically, the datasets used are Iris (n =150, p =4), Pima
Indians Diabetes (n =~ 768, p = 8), and Breast Cancer (n = 569, p = 30).

Prior to the analysis, all datasets were standardized. In this process, each
observation was normalized using the mean and standard deviation of the
corresponding variable. In other words, each observation x;; was standardized

x _ Xij—Hj
ij — .
] oj

using the transformation x where u; and o denote the mean and

standard deviation of the j-th variable, respectively. This transformation ensures
that all variables have zero mean and unit variance, thereby eliminating the
influence of differences in scale across variables.

Let X € R™P denote the standardized data matrix. Each dimensionality
reduction method was applied to this matrix, and the data points were projected
into a two-dimensional space. This process can be expressed mathematically as a
transformation f: R? — R2. In all analyses, the output dimensionality was fixed
to d=2 in order to represent the data points in a two-dimensional space. For PCA,
this was achieved by selecting the eigenvectors corresponding to the two largest
eigenvalues obtained from the eigenvalue decomposition of the covariance
matrix and projecting the data matrix onto these components. In contrast, t-SNE
and UMAP do not perform a direct projection; instead, they learn a two-
dimensional embedding space that preserves neighborhood relationships in the
high-dimensional space. Therefore, the two-dimensional representations in t-
SNE and UMAP are obtained through an optimization process that determines
the coordinates of the data points.
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3.1. Visual Analysis (Examination of Low-Dimensional Representations)

To further assess the performance of the dimensionality reduction methods,
the resulting low-dimensional embeddings were visually examined for each
dataset. The analysis focuses on how effectively the methods separate classes,
preserve neighborhood structures, and reflect the overall data distribution in the
embedding space.

Iris Dataset - Low-Dimensional Embeddings
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Figure 1. Iris Dataset — Low-Dimensional Embeddings

When the low-dimensional representations obtained for the Iris dataset in
Figure 1 are examined, it is observed that all methods are able to separate the
classes to a certain extent. Since PCA provides a linear projection, it clearly
separates the setosa class from the others, while a partial overlap is observed
between the versicolor and virginica classes. In contrast, t-SNE better preserves
local neighborhood relationships and produces well-defined clusters for all three
classes. UMAP also achieves strong cluster separation similar to t-SNE; however,
it provides a more balanced and organized distribution, preserving both local and,
to some extent, global structures. These results indicate that nonlinear methods
are more effective for this dataset.
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Pima Dataset - Low-Dimensional Embeddings
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Figure 2. Pima Dataset — Low-Dimensional Embeddings

When the embeddings obtained for the Pima Indians Diabetes dataset in
Figure 2 are examined, it is observed that the data structure is more complex and
that clear class separation is difficult to achieve. Since PCA is based on a linear
structure, it fails to produce a distinct separation between classes, resulting in a
substantial overlap of data points. Although t-SNE improves class separation in
certain regions by preserving local neighborhood relationships, a significant
degree of overlap between clusters remains overall. UMAP exhibits a similar
pattern to t-SNE and produces a more balanced distribution; however, due to the
inherent nature of the dataset, clear separation between classes is still not
achieved. This suggests that the dataset intrinsically has low separability.
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Breast Cancer Dataset - Low-Dimensional Embeddings
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Figure 3. Breast Cancer Dataset — Low-Dimensional Embeddings

The results obtained for the Breast Cancer dataset in Figure 3 reveal the
performance differences among dimensionality reduction methods more
clearly. While PCA performs well in preserving the global structure, it
leads to some overlap between class points. In contrast, t-SNE significantly
improves class separation by representing the data points as more compact and
well-separated clusters. UMAP not only enhances cluster separation but also
provides a more regular and stable distribution. In particular, the more
homogeneous and balanced structure produced by UMAP indicates that it better
preserves both local and global relationships.

Instead of relying on a single metric, four different performance criteria were
jointly used to evaluate the obtained low-dimensional representations. First, the
Silhouette coefficient was computed to measure cluster separation. This metric
assesses how well each observation is assigned to its own cluster by comparing
its proximity to points within the same cluster against its distance to the nearest
neighboring cluster.

Second, the trustworthiness metric was employed to evaluate the extent to
which neighborhood relationships in the high-dimensional space are preserved in
the low-dimensional embedding. This measure penalizes points that appear as
neighbors in the low-dimensional space but are not neighbors in the original
space, thereby providing insight into local structure preservation.

Third, distance preservation (distortion) analysis was conducted to assess how
well the global structure of the data is maintained. In this analysis, the correlation
between pairwise distances in the high-dimensional space and those in the low-
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dimensional embedding was calculated and used to compare the methods in terms
of global structure preservation.

Finally, stability analysis was performed to evaluate the reliability of the
methods, particularly those involving stochastic components. In this context, each
method was executed multiple times with different random initializations, and
the consistency of the resulting distance structures was assessed by computing
the correlation between runs.

3.2. Multi-Criteria Evaluation
3.2.1. Cluster Separation Analysis (Silhouette Score)

To evaluate how well dimensionality reduction methods preserve class
separation, the Silhouette coefficient was computed for the two-dimensional
embeddings obtained using PCA, t-SNE, and UMAP. The analysis was
conducted on three datasets with different structural characteristics: Iris, Pima
Indians Diabetes, and Breast Cancer. The Silhouette score measures the quality
of cluster separation by comparing the proximity of each observation to its own
cluster with its distance to other clusters, where higher values indicate better-
separated clusters. The obtained results are presented in Table 1.

Table 1. Cluster separation performance based on silhouette scores

Dataset PCA t-SNE UMAP
Iris 0.401 0.533 0.463
Pima 0.117 0.093 0.081
Cancer 0.702 0.560 0.298

An examination of Table 1 shows that the performance of the methods varies
considerably across datasets. For the Iris dataset, t-SNE achieves the highest
Silhouette score (0.533), indicating that it better captures the nonlinear structure
of the data by preserving local neighborhood relationships. UMAP also performs
well (0.463), while PCA yields a lower score (0.401) due to its linear nature. In
contrast, PCA achieves the best performance on the Breast Cancer dataset
(0.702), suggesting that the data structure is largely linear, whereas t-SNE and
UMAP produce lower scores (0.560 and 0.298, respectively). For the Pima
Indians Diabetes dataset, all methods yield low Silhouette scores, indicating weak
class separability and a complex or overlapping data structure.

Overall, the results demonstrate that no single method consistently
outperforms others across all datasets. PCA is more effective for linearly
structured data, whereas nonlinear methods such as t-SNE and UMAP perform
better on more complex data. These findings highlight that the effectiveness of
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dimensionality reduction methods strongly depends on the underlying data
structure, and the choice of method should be made accordingly.

In Figure 4, the cluster separation performance (Silhouette score) of PCA, t-
SNE, and UMAP is compared across datasets. The results show that PCA
achieves the best performance on the Breast Cancer dataset, while t-SNE provides
the highest separation on the Iris dataset. In contrast, all methods yield low scores
on the Pima dataset, indicating weak class separability and a more complex data
structure.
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Figure 4. Cluster Separation Performance (Silhouette Score)
3.2.2. Neighborhood Preservation Analysis (Trustworthiness)

To assess the ability of dimensionality reduction methods to maintain
neighborhood relationships from the high-dimensional space, the trustworthiness
metric was utilized. This measure takes values between 0 and 1, where higher
values indicate a better preservation of local structures in the low-dimensional
embedding. The comparison was carried out on the Iris, Pima Indians Diabetes,
and Breast Cancer datasets to evaluate the local structure preservation
performance of PCA, t-SNE, and UMAP. The results are reported in Table 2.

Table 2. Neighborhood preservation performance based on trustworthiness

Dataset PCA t-SNE UMAP
Iris 0.974 0.991 0.980
Pima 0.811 0.979 0.954
Cancer 0.904 0.975 0.962
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According to Table 2, t-SNE achieves the highest trustworthiness scores
across all datasets, indicating its strong ability to preserve local neighborhood
relationships. UMAP also performs well but yields slightly lower values
compared to t-SNE, while PCA consistently produces lower scores, particularly
on the Pima dataset. At the dataset level, all methods show high performance on
the Iris dataset, whereas nonlinear methods clearly outperform PCA on the Pima
dataset. For the Breast Cancer dataset, all methods perform well, with t-SNE
again leading.

Figure 5 visually supports these findings by illustrating the relative differences
in trustworthiness scores across methods and datasets. The figure clearly shows
the dominance of t-SNE in all cases, followed by UMAP, while PCA remains
lower, especially for the Pima dataset. The consistency of results across datasets
further emphasizes the effectiveness of nonlinear methods in preserving local
structures.

Neighborhood Preservation (Trustworthiness)

0975 gggp 0974 0.991 098

0.979 ( 954

1.00

0.904
0.811

=
=~
on

Method

Trustworthiness

=
o]
o

0.00

Cancer Iris Fima
Dataset

Figure 5. Neighborhood Preservation Performance (Trustworthiness)

3.2.3. Distance Preservation Analysis (Distortion).

To evaluate how well dimensionality reduction methods preserve distance
structures, distortion analysis was performed. This involved computing the
correlation between pairwise distances in the high-dimensional space and those
in the low-dimensional embedding. Values closer to 1 indicate better preservation
of the original distance relationships. The analysis was conducted on the Iris,
Pima Indians Diabetes, and Breast Cancer datasets using PCA, t-SNE, and
UMAP. The results are presented in Table 3.
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Table 3. Distance preservation performance based on distortion

Dataset PCA t-SNE UMAP
Iris 0.995 0.881 0914
Pima 0.793 0.621 0.566
Cancer 0.968 0.785 0.109

According to Table 3, PCA achieves the highest distance preservation scores
across all datasets, confirming its effectiveness in maintaining global data
structure due to its linear nature. This is particularly evident for the Iris (0.995)
and Breast Cancer (0.968) datasets. In contrast, t-SNE and UMAP show lower
performance in preserving global distances. While t-SNE provides moderate
results for the Iris dataset (0.881), its performance decreases for the Pima dataset
(0.621). UMAP yields especially low values for the Breast Cancer dataset
(0.109), indicating a weaker preservation of global structure. Overall, the results
highlight the advantage of linear methods in maintaining distance relationships.

Distance Preservation (Distortion)

=]
Pa
o

100 0.968 0.995
. 0881 0914
it 0793
Dors
% 0621 Method
£ 0.566 M ecu
@ 0.50 B s
5 o
2
s
ki
a

0.00

Cancer Iris Pima
Dataset

Figure 6. Neighborhood Preservation Performance (Trustworthiness)

Figure 6 visually illustrates these differences in distance preservation
performance. The dominance of PCA across all datasets is clearly
observed, while t-SNE and UMAP display comparatively lower values.
The figure also highlights the consistently low scores for the Pima dataset,
reflecting its complex structure. These patterns support the conclusion that
nonlinear methods tend to sacrifice global distance preservation in favor of
capturing local structures.
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3.2.4. StabilityAnalysis.

To evaluate the reliability of dimensionality reduction methods, stability
analysis was conducted. In this analysis, each method was executed 20 times on
the same dataset using different random initializations, and the correlation
between the resulting distance structures was computed. Values close to 1
indicate that the method produces consistent results across multiple runs and is
therefore highly reliable. The results are presented in Table 4.

Table 4. Stability performance

Dataset t-SNE UMAP
Iris 0.984 0.942
Pima 0.843 0.951
Cancer 0.972 0.965

According to Table 4, both t-SNE and UMAP generally produce high stability
values, indicating that they generate consistent results across multiple runs.
However, performance varies depending on the dataset. For the Iris dataset, t-
SNE achieves the highest stability (0.984), while UMAP also performs well
(0.942). In contrast, UMAP shows higher stability for the Pima dataset (0.951),
whereas t-SNE yields a lower value (0.843). For the Breast Cancer dataset, both
methods exhibit similarly high stability (t-SNE: 0.972, UMAP: 0.965). Overall,
these results suggest that both methods are reliable, although their relative
performance depends on the dataset. It should also be noted that stability analysis
is not applicable to PCA, as it is a deterministic method that produces identical
results across runs.

Stability analysis is not applicable to PCA since it is a deterministic method
that produces identical results across multiple runs. Therefore, stability is
evaluated only for stochastic methods such as t-SNE and UMAP.
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Figure 7. Neighborhood Preservation Performance (Trustworthiness)

Figure 7 visually confirms these findings by illustrating the stability scores of
t-SNE and UMAP across datasets. The figure highlights the consistently high
stability of both methods, while also revealing dataset-specific differences. In
particular, the higher stability of t-SNE for the Iris dataset and the stronger
performance of UMAP for the Pima dataset are clearly observable. These patterns
emphasize the importance of stability as a key criterion when evaluating
stochastic dimensionality reduction methods.

Conclusion

In this study, PCA, t-SNE, and UMAP were systematically evaluated using
multiple statistical criteria, including cluster separation, neighborhood
preservation, distance preservation, and stability. The findings -clearly
demonstrate that the performance of dimensionality reduction methods largely
depends on the structural characteristics of the dataset.

PCA was found to be particularly effective in preserving global distance
relationships and performing well on linearly structured data. In contrast, t-SNE
shows superior performance in cluster separation and local neighborhood
preservation, making it more suitable for complex and nonlinear data structures.
UMAP provides a balanced performance by ensuring both local structure
preservation and high stability.

These results indicate that relying on a single performance metric may lead to
misleading conclusions. In this context, the proposed multi-criteria evaluation
approach offers a more comprehensive and reliable assessment by considering
multiple aspects of dimensionality reduction methods simultaneously.
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