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Consider the research on math fluency and facts.
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Introduction
A few years ago a British politician, Stephen Byers, made a harmless error in an interview. The right honorable minister was asked to give the answer to 7 x 8 and he gave the answer of 54, instead of the correct
56. His error prompted widespread ridicule in the national media, accompanied by calls for a stronger emphasis on ‘times table’ memorization in schools. This past September the Conservative education minister
for England, a man with no education experience, insisted that all students in England memorize all their
times tables up to 12 x 12 by the age of 9. This requirement has now been placed into the UK’s mathematics
curriculum and will result, I predict, in rising levels of math anxiety and students turning away from mathematics in record numbers. The US is moving in the opposite direction, as the new Common Core State
Standards (CCSS) de-emphasize the rote memorization of math facts. Unfortunately misinterpretations
of the meaning of the word ‘fluency’ in the CCSS are commonplace and publishers continue to emphasize
rote memorization, encouraging the persistence of damaging classroom practices across the United States.
Mathematics facts are important but the memorization of math facts through times table repetition,
practice and timed testing is unnecessary and damaging. The English minister’s mistake when he was
asked 7 x 8 prompted calls for more memorization. This was ironic as his mistake revealed the limitations
of memorization without ‘number sense’. People with number sense are those who can use numbers flexibly. When asked to solve 7 x 8 someone with number sense may have memorized 56 but they would also
be able to work out that 7 x 7 is 49 and then add 7 to make 56, or they may work out ten 7’s and subtract
two 7’s (70-14). They would not have to rely on a distant memory. Math facts, themselves, are a small part
of mathematics and they are best learned through the use of numbers in different ways and situations.
Unfortunately many classrooms focus on math facts in unproductive ways, giving students the impression that math facts are the essence of mathematics, and, even worse that the fast recall of math facts is
what it means to be a strong mathematics student. Both of these ideas are wrong and it is critical that
we remove them from classrooms, as they play a large role in the production of math anxious and disaffected students.
It is useful to hold some math facts in memory. I don’t stop and think about the answer to 8 plus 4, because
I know that math fact. But I learned math facts through using them in different mathematical situations,
not by practicing them and being tested on them. I grew up in the progressive era of England, when primary schools focused on the ‘whole child’ and I was not presented with tables of addition, subtraction or
multiplication facts to memorize in school. This has never held me back at any time or place in my life,
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even though I am a mathematics education professor. That is because I have number sense, something that
is much more important for students to learn, and that includes learning of math facts along with deep
understanding of numbers and the ways they relate to each other.

Number Sense
In a critical research project researchers studied students as they solved number problems (Gray & Tall,
1994). The students, aged 7 to 13, had been nominated by their teachers as being low, middle or high
achieving. The researchers found an important difference between the low and high achieving students
- the high achieving students used number sense, the low achieving students did not. The high achievers
approached problems such as 19 + 7 by changing the problem into, for example, 20 + 6. No students who
had been nominated as low achieving used number sense. When the low achieving students were given
subtraction problems such as 21-16 they counted backwards, starting at 21 and counting down, which is
extremely difficult to do. The high achieving students used strategies such as changing the numbers into
20 -15 which is much easier to do. The researchers concluded that low achievers are often low achievers
not because they know less but because they don’t use numbers flexibly – they have been set on the wrong
path, often from an early age, of trying to memorize methods instead of interacting with numbers flexibly
(Boaler, 2009). This incorrect pathway means that they are often learning a harder mathematics and
sadly, they often face a lifetime of mathematics problems.
Number sense is the foundation for all higher-level mathematics (Feikes & Schwingendorf, 2008). When
students fail algebra it is often because they don’t have number sense. When students work on rich mathematics problems – such as those we provide at the end of this paper – they develop number sense and
they also learn and can remember math facts. When students focus on memorizing times tables they often
memorize facts without number sense, which means they are very limited in what they can do and are
prone to making errors –such as the one that led to nationwide ridicule for the British politician. Lack of
number sense has led to more catastrophic errors, such as the Hubble Telescope missing the stars it was
intended to photograph in space. The telescope was looking for stars in a certain cluster but failed due to
someone making an arithmetic error in the programming of the telescope (LA Times, 1990). Number
sense, critically important to students’ mathematical development, is inhibited by over-emphasis on the
memorization of math facts in classrooms and homes. The more we emphasize memorization to students
the less willing they become to think about numbers and their relations and to use and develop number
sense (Boaler, 2009).

The Brain and Number Sense
Some students are not as good at memorizing math facts as others. That is something to be celebrated, it is
part of the wonderful diversity of life and people. Imagine how dull and uninspiring it would be if teachers
gave tests of math facts and everyone answered them in the same way and at the same speed as though they
were all robots. In a recent brain study scientists examined students’ brains as they were taught to memorize math facts. They saw that some students memorized them much more easily than others. This will
be no surprise to readers and many of us would probably assume that those who memorized better were
higher achieving or “more intelligent” students. But the researchers found that the students who mem4
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orized more easily were not higher achieving, they did not have what the researchers described as more
“math ability”, nor did they have higher IQ scores (Supekar et al, 2013). The only differences the researchers found were in a brain region called the hippocampus, which is the area of the brain that is responsible
for memorized facts (Supekar et al, 2013). Some students will be slower when memorizing but they still
have exceptional mathematics potential. Math facts are a very small part of mathematics but unfortunately
students who don’t memorize math facts well often come to believe that they can never be successful with
math and turn away from the subject.
Teachers across the US and the UK ask students to memorize multiplication facts, and sometimes addition and subtraction facts too, usually because curriculum standards have specified that students need to
be “fluent with numbers”. Parish, drawing from Fosnot and Dolk (2001) defines fluency as ‘knowing how
a number can be composed and decomposed and using that information to be flexible and efficient with
solving problems.’ (Parish 2014, p 159). Whether or not we believe that fluency requires more than the recall of math facts, research evidence points in one direction: The best way to develop fluency with numbers
is to develop number sense and to work with numbers in different ways, not to blindly memorize without
number sense.
When teachers emphasize the memorization of facts, and give tests to measure number facts students suffer
in two important ways. For about one third of students the onset of timed testing is the beginning of math
anxiety (Boaler, 2014). Sian Beilock and her colleagues have studied people’s brains through MRI imaging
and found that math facts are held in the working memory section of the brain. But when students are
stressed, such as when they are taking math questions under time pressure, the working memory becomes
blocked and students cannot access math facts they know (Beilock, 2011; Ramirez, et al, 2013). As students realize they cannot perform well on timed tests they start to develop anxiety and their mathematical
confidence erodes. The blocking of the working memory and associated anxiety particularly occurs among
higher achieving students and girls. Conservative estimates suggest that at least a third of students experience extreme stress around timed tests, and these are not the students who are of a particular achievement
group, or economic background. When we put students through this anxiety provoking experience we lose
students from mathematics.
Math anxiety has now been recorded in students as young as 5 years old (Ramirez, et al, 2013) and timed
tests are a major cause of this debilitating, often life-long condition. But there is a second equally important
reason that timed tests should not be used – they prompt many students to turn away from mathematics.
In my classes at Stanford University, I experience many math traumatized undergraduates, even though
they are among the highest achieving students in the country. When I ask them what has happened to
lead to their math aversion many of the students talk about timed tests in second or third grade as a major
turning point for them when they decided that math was not for them. Some of the students, especially
women, talk about the need to understand deeply, which is a very worthwhile goal, and being made to feel
that deep understanding was not valued or offered when timed tests became a part of math class. They may
have been doing other more valuable work in their mathematics classes, focusing on sense making and
understanding, but timed tests evoke such strong emotions that students can come to believe that being
fast with math facts is the essence of mathematics. This is extremely unfortunate. We see the outcome of
the misguided school emphasis on memorization and testing in the numbers dropping out of mathematics
and the math crisis we currently face (see youcubed.stanford.edu). When my own daughter started times
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table memorization and testing at age 5 in England she started to come home and cry about maths. This is
not the emotion we want students to associate with mathematics and as long as we keep putting students
under pressure to recall facts at speed we will not erase the widespread anxiety and dislike of mathematics
that pervades the US and UK (Silva & White, 2013; National Numeracy, 2014).
In recent years brain researchers have found that the students who are most successful with number
problems are those who are using different brain pathways – one that is numerical and symbolic and
the other that involves more intuitive and spatial reasoning (Park & Brannon, 2013). At the end of this
paper we give many activities that encourage visual understanding of number facts, to enable important
brain connections. Additionally brain researchers have studied students learning math facts in two ways
– through strategies or memorization. They found that the two approaches (strategies or memorization)
involve two distinct pathways in the brain and that both pathways are perfectly good for life long use. Importantly the study also found that those who learned through strategies achieved ‘superior performance’
over those who memorized, they solved problems at the same speed, and showed better transfer to new
problems. The brain researchers concluded that automaticity should be reached through understanding
of numerical relations, achieved through thinking about number strategies (Delazer et al, 2005).

Why is Mathematics Treated Differently?
In order to learn to be a good English student, to read and understand novels, or poetry, students need to
have memorized the meanings of many words. But no English student would say or think that learning
about English is about the fast memorization and fast recall of words. This is because we learn words by
using them in many different situations – talking, reading, and writing. English teachers do not give students hundreds of words to memorize and then test them under timed conditions. All subjects require the
memorization of some facts, but mathematics is the only subject in which teachers believe they should be
tested under timed conditions. Why do we treat mathematics in this way?
Mathematics already has a huge image problem. Students rarely cry about other subjects, nor do they believe that other subjects are all about memorization or speed. The use of teaching and parenting practices
that emphasize the memorization of math facts is a large part of the reason that students disconnect from
math. Many people will argue that math is different from other subjects and it just has to be that way – that
math is all about getting correct answers, not interpretation or meaning. This is another misconception.
The core of mathematics is reasoning - thinking through why methods make sense and talking about
reasons for the use of different methods (Boaler, 2013). Math facts are a small part of mathematics and
probably the least interesting part at that. Conrad Wolfram, of Wolfram-Alpha, one of the world’s leading
mathematics companies, speaks publically about the breadth of mathematics and the need to stop seeing
mathematics as calculating. Neither Wolfram nor I are arguing that schools should not teach calculating,
but the balance needs to change, and students need to learn calculating through number sense, as well as
spend more time on the under-developed but critical parts of mathematics such as problem solving and
reasoning.
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It is important when teaching students number sense and number facts never to emphasize speed. In fact
this is true for all mathematics. There is a common and damaging misconception in mathematics – the
idea that strong math students are fast math students. I work with a lot of mathematicians and one thing I
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notice about them is that they are not particularly fast with numbers, in fact some of them are rather slow.
This is not a bad thing, they are slow because they think deeply and carefully about mathematics. Laurent
Schwartz, a top mathematician, wrote an autobiography about his school days and how he was made to feel
“stupid” because he was one of the slowest math thinkers in his class (Schwartz, 2001). It took him many
years of feeling inadequate to come to the conclusion that: ‘rapidity doesn’t have a precise relation to intelligence. What is important is to deeply understand things and their relations to each other. This is where
intelligence lies. The fact of being quick or slow isn’t really relevant.’ (Schwartz, 2001) Sadly speed and test
driven math classrooms lead many students who are slow and deep thinkers, like Schwartz, to believe that
they cannot be good at math.

Math ‘Fluency’ and the Curriculum
In the US the new Common Core curriculum includes ‘fluency’ as a goal. Fluency comes about when students develop number sense, when they are mathematically confident because they understand numbers.
Unfortunately the word fluency is often misinterpreted. ‘Engage New York’ is a curriculum that is becoming increasingly popular in the US that has incorrectly interpreted fluency in the following ways:
Fluency: Students are expected to have speed and accuracy with simple calculations; teachers
structure class time and/or homework time for students to memorize, through repetition, core
functions such as multiplication tables so that they are more able to understand and manipulate more complex functions. (Engage New York)
There are many problems with this directive. Speed and memorization are two directions that we urgently
need to move away from, not towards. Just as problematically ‘Engage New York’ links the memorization
of number facts to students’ understanding of more complex functions, which is not supported by research
evidence. What research tells us is that students understand more complex functions when they have number sense and deep understanding of numerical principles, not blind memorization or fast recall (Boaler,
2009). I am currently working with PISA analysts at the OECD. The PISA team not only issues international mathematics tests every 4 years they collect data on students’ mathematical strategies. Their data
from 13 million 15-year olds across the world show that the lowest achieving students are those who focus
on memorization and who believe that memorizing is important when studying for mathematics (Boaler &
Zoido, in press). This idea starts early in classrooms and is one we need to eradicate. The highest achievers
in the world are those who focus on big ideas in mathematics, and connections between ideas. Students
develop a connected view of mathematics when they work on mathematics conceptually and blind memorization is replaced by sense making.
In the UK directives have similar potential for harm. The new national curriculum states that all students
should have ‘memorised their multiplication tables up to and including the 12 multiplication table’ by the
age of 9 and whilst students can memorize multiplication facts to 12 x 12 through rich engaging activities
this directive is leading teachers to give multiplication tables to students to memorize and then be tested
on. A leading group in the UK, led by children’s author and poet Michael Rosen, has formed to highlight
the damage of current policies in schools and the numbers of primary age children who now walk to school
crying from the stress they are under, caused by over-testing (Garner, The Independent, 2014). Mathematics is the leading cause of students’ anxiety and fear and the unnecessary focus on memorized math facts
7 in the early years is one of the main reasons for this.
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Activities to Develop Number Facts and Number Sense
Teachers should help students develop math facts, not by emphasizing facts for the sake of facts or using
‘timed tests’ but by encouraging students to use, work with and explore numbers. As students work on
meaningful number activities they will commit math facts to heart at the same time as understanding
numbers and math. They will enjoy and learn important mathematics rather than memorize, dread and
fear mathematics.

Number Talks
One of the best methods for teaching number sense and math facts at the same time is a teaching strategy called ‘number talks’, developed by Ruth Parker and Kathy Richardson. This is an ideal short teaching
activity that teachers can start lessons with or parents can do at home. It involves posing an abstract math
problem such as 18 x 5 and asking students to solve the problem mentally. The teacher then collects the different methods and looks at why they work. For example a teacher may pose 18 x 5 and find that students
solve the problem in these different ways:
20 x 5 = 100
2 x 5 = 10
100 - 10 = 90

10 x 5 = 50
8 x 5 = 40
50 + 40 = 90

18 x 5 = 9 x 10
9 x 10 = 90

18 x 2 = 36
2 x 36 = 72
18 + 72 = 90

9 x 5 = 45
45 x 2 = 90

Students love to give their different strategies and are usually completely engaged and fascinated by the
different methods that emerge. Students learn mental math, they have opportunities to memorize math
facts and they also develop conceptual understanding of numbers and of the arithmetic properties that are
critical to success in algebra and beyond. Parents can use a similar strategy by asking for their children’s
methods and discussing the different methods that can be used. Two books, one by Cathy Humphreys and
Ruth Parker (in press) and another by Sherry Parish (2014) illustrate many different number talks to work
on with secondary and elementary students, respectively.
Research tells us that the best mathematics classrooms are those in which students learn number facts
and number sense through engaging activities that focus on mathematical understanding rather than rote
memorization.
The following five activities have been chosen to illustrate this principle; the appendix to this document
provides a greater range of activities and links to other useful resources that will help students develop
number sense.

Addition Fact Activities
Snap It: This is an activity that children can work on in groups. Each child makes a train of connecting
cubes of a specified number. On the signal “Snap,” children break their trains into two parts and hold one
hand behind their back. Children take turns going around the circle showing their remaining cubes. The
8 other children work out the full number combination.
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For example, if I have 8 cubes in my number train I could snap it and
put 3 behind my back. I would show my group the remaining 5 cubes
and they should be able to say that three are missing and that 5 and 3
make 8.
How Many Are Hiding? In this activity each child has the same number of cubes and a cup. They take
turns hiding some of their cubes in the cup and showing the leftovers. Other children work out the answer
to the question “How many are hiding,” and say the full number combination.
Example: I have 10 cubes and I decide to hide 4 in my cup. My group can see that I only have 6 cubes. Students should be able to say that I’m hiding 4 cubes and that 6 and 4 make 10.

Multiplication Fact Activities
How Close to 100? This game is played in partners. Two children
share a blank 100 grid. The first partner rolls two number dice. The
numbers that come up are the numbers the child uses to make an
array on the 100 grid. They can put the array anywhere on the grid,
but the goal is to fill up the grid to get it as full as possible. After the
player draws the array on the grid, she writes in the number sentence
that describes the grid. The game ends when both players have rolled
the dice and cannot put any more arrays on the grid. How close to 100
can you get?
Pepperoni Pizza: In this game, children roll a dice twice. The first roll
tells them how many pizzas to draw. The second roll tells them how
many pepperonis to put on EACH pizza. Then they write the number
sentence that will help them answer the question, “How many pepperonis in all?”
For example, I roll a dice and get 4 so I draw 4 big pizzas. I roll again and I get 3 so I put three pepperonis
on each pizza. Then I write 4 x 3 = 12 and that tells me that there are 12 pepperonis in all.

Math Cards
Many parents use ‘flash cards’ as a way of encouraging the learning of math facts. These usually include 2
unhelpful practices – memorization without understanding and time pressure. In our Math Cards activity
we have used the structure of cards, which children like, but we have moved the emphasis to number sense
and the understanding of multiplication. The aim of the activity is to match cards with the same numerical
answer, shown through different representations. Lay all the cards down on a table and ask children to take
turns picking them; pick as many as they find with the same answer (shown through any representation).
For example 9 and 4 can be shown with an area model, sets of objects such as dominoes, and the number
sentence. When students match the cards they should explain how they know that the different cards are
9
7

equivalent. This activity encourages an understanding of multiplication as well as rehearsal of math facts.
A full set of cards is given in Appendix A.

Conclusion: Knowledge is Power
The activities given above are illustrations of games and tasks in which students learn math facts at the
same time as working on something they enjoy, rather than something they fear. The different activities
also focus on the understanding of addition and multiplication, rather than blind memorization and this is
critically important. Appendix A presents other suggested activities and references.
As educators we all share the goal of encouraging powerful mathematics learners who think carefully about
mathematics as well as use numbers with fluency. But teachers and curriculum writers are often unable
to access important research and this has meant that unproductive and counter-productive classroom
practices continue. This short paper illustrates both the damage that is caused by the practices that often
accompany the teaching of math facts – speed pressure, timed testing and blind memorization – as well as
summarizes the research evidence of something very different – number sense. High achieving students
use number sense and it is critical that lower achieving students, instead of working on drill and memorization, also learn to use numbers flexibly and conceptually. Memorization and timed testing stand in the
way of number sense, giving students the impression that sense making is not important. We need to urgently reorient our teaching of early number and number sense in our mathematics teaching in the UK and
the US. If we do not, then failure and drop out rates - already at record highs in both countries (National
Numeracy, 2014; Silva & White, 2013) - will escalate. When we emphasize memorization and testing in the
name of fluency we are harming children, we are risking the future of our ever-quantitative society and we
are threatening the discipline of mathematics. We have the research knowledge we need to change this and
to enable all children to be powerful mathematics learners. Now is the time to use it.
10
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How Close to 100?
You need
• two players
• two dice
• recording sheet (see next page)
This game is played in partners. Two children share a blank 100 grid. The first partner rolls two number dice.
The numbers that come up are the numbers the child uses to make an array on the 100 grid. They can put the
array anywhere on the grid, but the goal is to fill up the grid to get it as full as possible. After the player draws
the array on the grid, she writes in the number sentence that describes the grid. The second player then rolls
the dice, draws the number grid and records their number sentence. The game ends when both players have
rolled the dice and cannot put any more arrays on the grid. How close to 100 can you get?
Variation
Each child can have their own number grid. Play moves forward to see who can get closest to 100.
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How Close to 100?

1. ______ x ______= ______
2. ______ x ______= ______
3. ______ x ______= ______
4. ______ x ______= ______
5. ______ x ______= ______

6. ______ x ______= ______
7. ______ x ______= ______
8. ______ x ______= ______
9. ______ x ______= ______
10. ______ x ______= ______
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Pepperoni Pizza
You will need
•
one or more players
•
2 dice per player
•
10 or more snap cubes per player
In this game, children roll a dice twice. The first roll tells them how many pizzas to draw. The second roll
tells them how many pepperonis to put on EACH pizza. Then they write the number sentence that will help
them answer the question, “How many pepperonis in all?”
For example, I roll a dice and get 4 so I draw 4 big pizzas. I roll again and I get 3 so I put three pepperonis
on each pizza. Then I write 4 x 3 = 12 and that tells me that there are 12 pepperonis in all.

Snap It
You will need
•
one or more players
•
10 or more snap cubes per player
This is an activity that children can work on in groups. Each child makes a train of connecting cubes of
a specified number. On the signal “Snap,” children break their trains into two parts and hold one hand
behind their back. Children take turns going around the circle showing their remaining cubes. The other
children work out the full number combination.
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How Many Are Hiding
You will need
•
one or more players
•
10 or more snap cubes /objects per player
•
a cup for each player
In this activity each child has the same number of cubes and a cup. They take turns hiding some of their
cubes in the cup and showing the leftovers. Other children work out the answer to the question “How many
are hiding,” and say the full number combination.
Example: I have 10 cubes and I decide to hide 4 in my cup. My group can see that I only have 6 cubes. Students should be able to say that I’m hiding 4 cubes and that 6 and 4 make 10.

Shut the Box
You will need
•
one or more players
•
2 dice
•
paper and pencil
Write the numbers 1 through 9 in a horizontal row on the paper. Player 1 rolls the dice and calculates the
sum of the two numbers. Player 1 then chooses to cross out numbers that have the same sum as what was
calculated from the dice roll. If the numbers 7, 8 and 9 are all covered, player 1 may choose to roll one or two
dice. If any of these numbers are still uncovered, the player must use both dice. Player 1 continues rolling
dice, calculating the sum and crossing out numbers until they can no longer continue. If all numbers are
crossed out the player say’s “shut the box”. If not all numbers are crossed out player 1 determines the sum of
the numbers that are not crossed out and that is their score. If “shut the box” is achieved, player 1 records a
score of “0”.
Player two writes the numbers 1 through 9 and follows the same rules as player 1. The player with the lowest
score wins.
Variation
Player 1 and 2 can choose to play 5 rounds, totaling their score at the end of each round. The player with the
lowest total score wins the game.
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Math Cards
You will need
•
one or more players
•
1 deck of cards (see next pages)
Many parents use ‘flash cards’ as a way of encouraging the learning of math facts. These usually include 2
unhelpful practices – memorization without understanding and time pressure. In our Math Cards activity
we have used the structure of cards, which children like, but we have moved the emphasis to number sense
and the understanding of multiplication. The aim of the activity is to match cards with the same numerical
answer, shown through different representations. Lay all the cards down on a table and ask children to take
turns picking them; pick as many as they find with the same answer (shown through any representation).
For example 9 and 4 can be shown with an area model, sets of objects such as dominoes, and the number
sentence. When students match the cards they should explain how they know that the different cards are
equivalent. This activity encourages an understanding of multiplication as well as rehearsal of math facts.
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for example:
Burns, Marilyn (2007), About Teaching Mathematics: A K–8 Resource, Third Edition
By Sherry Parrish
Parish, S. (2014). Number Talks: Helping Children Build Mental Math and Computation Strategies,
Grades K-5, Updated with Common Core Connections. Math Solutions.
By Kathy Richardson
Richardson, K. (1998). Developing Number Concepts: Counting, Comparing, and Pattern. Dale Seymour Publications
Richardson, K. (1998). Developing Number Concepts: Addition and Subtraction Dale Seymour Publications
Richardson, K. (1998). Developing Number Concepts: Place Value, Multiplication and Division. Dale
Seymour Publications
Dale Seymour Publications. Understanding Geometry (1999) Lummi Bay Publishing
By Cathy Fosnot and Maarten Dolk
Fosnot, C., Dolk, M. (2001). Young Mathematicians at Work: Constructing Number Sense, Addition,
and Subtraction: Heinemann
Fosnot, C., Dolk, M. (2001). Young Mathematicians at Work: Constructing Multiplication and Division:
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Heinemann
Fosnot, C., Dolk, M. (2001). Young Mathematicians at Work: Constructing Fraction, Decimals and Percent
(2002: Heinemann
By John Van De Walle and Lou Ann Lovin
Van de Walle, J. , Lovin, L.A. (2006). Teaching Student Centered Mathematics, grades K – 3: Pearson
Van de Walle, J. , Lovin, L.A. (2006). Teaching Student Centered Mathematics, grades 5 – 8: Pearson
By Heibert, Carpenter, Fennema, Fuson, Wearne and Murray
Hiebert, J., Carpenter, T., Fennema, E., Fuson, K., Wearne, D., Murray, H. (1997). Making Sense: teaching
and learning mathematics with understanding. Portsmouth, NH: Heinemann.

Additional Games:
Set
Muggins!
Mancala

http://www.setgame.com/set
http://www.mugginsmath.com/store.asp

Games & Apps:
Mathbreakers
Motion Math
Dragon Box
Refraction
Wuzzit Trouble
Mancala

https://www.mathbreakers.com
http://motionmathgames.com/
http://www.dragonboxapp.com/
http://play.centerforgamescience.org/refraction/site/
http://innertubegames.net
http://www.coolmath-games.com/0-mancala/
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Standards for Mathematical Practice Unwrapped
3rd Grade
1) Make sense of problems and persevere in solving them.
Learning Targets:
● Explain the meaning of the problem
● Look for entry points to begin work on the problem
● Plan and choose a solution pathway
● Constantly asking themselves if their work is reasonable and makes sense
● Check answers using second strategy or solution pathway
● understand different solutions and representations of the problem

2) Reason abstractly and quantitatively.
Learning Targets:
● make sense of numbers, amounts, and symbols
● interpret the meaning of symbols
● contextualize and decontextualize problems (numbers to stories and stories to
numbers)
● flexibly use different properties of operations, numbers, and geometric objects
● know and use the relationships between operations

3) Construct viable arguments and critique the reasoning of others.
Learning Targets:
● defend thinking
● construct arguments using concrete referents, definitions, counter examples,
representations, actions on those representations, explanations in words
● present arguments orally and written
● understanding the arguments of others
● reconsidering their own arguments in response to the critiques of others

4) Model with mathematics.
Learning Targets:
● create mathematical models to show relationships in problems
● use models to analyze relationships and draw conclusions
● models might include numbers and symbols, geometric figures, pictures or physical
objects, number lines, tables, graphs

Connected Practice Standards: MP 2 and MP 5
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5) Use appropriate tools strategically.
Learning Targets:
● consider the tools that are available when solving a problem
● choose tools that are relevant and useful to the problem at hand

6) Attend to precision.
Learning Targets:
● communicate precisely using grade-level appropriate mathematical vocabulary
● craft careful explanations that communicate their reasoning
● select words with clarity and specificity
● use mathematical symbols correctly and describe the meaning of the symbols they
use
● calculate accurately and efficiently and use clear and concise notation to record
work

Connected Practice Standards: MP2

7) Look for and make use of structure.
Learning Targets:
● use mathematical structures (place value, properties of operations, other
generalizations about behavior or operations, attributes of shapes) from background
knowledge to solve problems

Connected Practice Standards: MP 8
8) Look for and express regularity in repeated reasoning.
Learning Targets:
● look for and notice patterns
● make connections by identifying and describing regularities in problems
● formulate conjectures about what they notice
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Standards for Mathematical Practice Unwrapped
4th Grade
1) Make sense of problems and persevere in solving them.
Learning Targets:
● understand what the problem is asking them to do
● make a plan for solving the problem
● illustrate (using a picture, model, manipulatives) what is being asked in
the problem
● create a simpler problem to help figure out how to solve a harder
problem
● “Does my answer make sense?” and prove it
● use different solution pathways to solve problems

2) Reason abstractly and quantitatively.
Learning Targets:
● When given a number sentence, student can create a contextual
problem
● When given a contextual problem, provide answers in the context of the
story (label your answer)
● composing and decomposing quantities
● flexibly use different properties of operations, numbers, and geometric
objects

3) Construct viable arguments and critique the reasoning of others.
Learning Targets:
● Connects with MP1
● Use multiple representations to construct mathematical arguments
● present arguments to the group
● critique arguments of peers
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4) Model with mathematics.
Learning Targets:
● create mathematical models to represent problems
● Models can include numbers and symbols, geometric figures, pictures or
physical objects, number lines, tables, and graphs

5) Use appropriate tools strategically.
Learning Targets:

6) Attend to precision.
Learning Targets:

7) Look for and make use of structure.
Learning Targets:

8) Look for and express regularity in repeated reasoning.
Learning Targets:
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Standards for Mathematical Practice Unwrapped
5th Grade
1) Make sense of problems and persevere in solving them.
Learning Targets:
● explain the meaning of a problem
● find how to begin working the problem
● work the problem
● ask “Does this make sense?” “Is my answer reasonable?”
● check using a different strategy or approach

2) Reason abstractly and quantitatively.
Learning Targets:
● make sense of numbers in relationships and story situations
● interpret the meaning of the symbols
● use different properties, numbers, strategies
● take an abstract problem and put it in a context they understand
● take a contextual story and put it in an equation

3) Construct viable arguments and critique the reasoning of others.
Learning Targets:
● explain the reasoning behind the strategy, solution, or conjecture
● use objects, drawing, diagrams to represent their thoughts
● listen to discussion from peers, decide what makes sense, ask questions
before reconsidering their own reasoning and answers

4) Model with mathematics.
Learning Targets:
● identify elements of a mathematical situation and create a model to represent
● identify which model best represents the situation - number line, graph, table,
etc.
● identify quantities in a context and show the relationship between the
quantities
● draw conclusions from the models
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5) Use appropriate tools strategically.
Learning Targets:
● consider tools available to solve mathematical equations
● make good decision about which tools are appropriate or useful for the
situation

6) Attend to precision.
Learning Targets:
● communicate effectively using everyday language to express
mathematical ideas
● learn precise mathematical terms to describe situations, objects, etc.
● explain by referring to mathematical elements, relationships, etc.
● use mathematical symbols correctly and describe their meaning
● use tools and strategies to minimize error
● calculate accurately and efficiently
● use clear and concise notation to record answers

7) Look for and make use of structure.
Learning Targets:
● use place value, operations, attributes, etc. to solve problems

8) Look for and express regularity in repeated reasoning.
Learning Targets:
● look for patterns when solving related problem
● identify and describe patterns
● predict based on what is noticed

37

38
Directions are missing or unclear.
Directions are confusing for students.
Wording is vague or misleading.
Academic language (vocabulary and
notation) are not precise, causing a
struggle for student understanding
and access.
Assessment instrument is sloppy,
disorganized, difficult to read, and
offers no room for student work.

Few students can complete the
assessment in the time allowed.

5. Clarity of directions

6. Academic language

7. Visual presentation

8. Time allotment

rubric (points assigned or
proficiency scale)

Scoring rubric is not evident or is
inappropriate for the assessment
tasks.

Assessment contains only one type of
questioning strategy—selected response
or constructed response. There is little
to no modeling of mathematics or use
of tools. Use of technology (such as
calculators) is not clear.

Emphasis is on procedural
knowledge with minimal
higher-level-cognitive-demand
mathematical tasks for
demonstration of understanding.

Essential learning standards are
unclear, absent from the assessment
instrument, or both. Some of the
mathematical tasks (questions) may not
align to the essential learning standards
of the unit. The organization of
assessment tasks is not clear.

Description of Level 1

4. Appropriate and clear scoring

task formats and use of
technology

3. Variety of assessment-

lower-level-cognitivedemand mathematical tasks

2. Balance of higher- and

emphasis on essential
learning standards
(student-friendly language)

1. Identification and

High-Quality
Assessment Criteria
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1

1

1

1

1

1

1

2

2

2

2

2

2

2

2

3

3

3

3

3

3

3

3

4

4

4

4

4

4

4

4

Requirements
Limited
Substantially
Fully
of the
Requirements
Meets the
Achieves the
Indicator Are of the Indicator Requirements Requirements
Not Present
Are Present of the Indicator of the Indicator

Team Discussion Tool Assessment
Instrument Quality Evaluation Rubric

Students can successfully
complete the assessment in the
time allowed.

Assessment is neat, organized,
easy to read, and well-spaced,
with room for student work.
There is also room for teacher
feedback.

Academic language (vocabulary
and notation) in tasks is direct, fair,
accessible, and clearly understood
by students. Teachers expect
students to attend to precision in
response.

Directions are appropriate and
clear.

Scoring rubric is clearly stated
and appropriate for each
mathematical task.

Assessment includes a blend of
assessment types and modeling
tasks or use of tools. Use of
technology (such as calculators)
is clear.

Test is rigor balanced with
higher-level and lower-levelcognitive-demand mathematical
tasks present and aligned to the
essential learning standards.

Essential learning standards
are clear, included on the
assessment, and connected
to the assessment tasks
(questions).

Description of Level 4

REPRODUCIBLE

Lower-level-cognitive-demand tasks

•Focus on memorization by performing standard or rote procedures.

Higher-level-cognitive-demand tasks

•Are tasks for which students do not have a set of predetermined procedures to
follow to reach resolution, or if tasks involve procedures, they require students to
justify why and how to perform these procedures.
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REPRODUCIBLE

Examples of Lower- and Higher-LevelCognitive-Demand Tasks
Directions: Choose the most appropriate grade level that follows and discuss why each of the questions meets the
cognitive-demand levels to which it’s assigned using the descriptions for lower- and higher-level-cognitive-demand tasks
in the appendix (page 111).
Grade 1: I can compare two numbers and write my answer using <, =, or >.
Lower-level-cognitive-demand task:
Write <, =, or > in the circle to compare the numbers.
23

Higher-level-cognitive-demand task:
Explain why 45 < 62. Use numbers, pictures, or words.

51

Grade 4: I can add and subtract fractions and show my thinking.
Lower-level-cognitive-demand task:
Add and show how you know your answer is correct.
5
6

+2

3
6

=

Higher-level-cognitive-demand task:
5
2
Martin runs 6 of a mile and then walks 2 6 mile. How
much farther does he walk than run? Show how you know
your answer is correct.

Grade 7: I can solve multistep ratio and percent problems.
Lower-level-cognitive-demand task:
What is a $40 shirt worth if it is on sale for 20% off the
original price?

Higher-level-cognitive-demand task:
Carla wants to buy tennis shoes that have a price tag
of $75. They are on sale for 20% off the original price,
and she has a coupon to use that reduces the price an
additional 10% off the sale price. Will Carla buy the shoes
for 30% off the original price? Explain why or why not.

page 1 of 2
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Cognitive-Demand-Level Task Analysis Guide
It is important to have a balance of lower-level and higher level tasks for students
as they learn the standards.
Lower-Level Cognitive Demand
Memorization Tasks

Higher-Level Cognitive Demand
Procedures With Connections Tasks
•These tasks involve reproducing previously •These procedures focus students’ attention
learned facts, rules, formulas, or definitions to
memory.
•They cannot be solved using procedures
because a procedure does not exist or
because the time frame in which the task is
completed is too short to use the procedure.
•They are not ambiguous; such tasks involve
reproduction of previously seen material and
what is to be reproduced is clearly and directly
stated.
•They have no connection to the concepts or
meaning that underlie the facts, rules,
formulae, or definitions being learned or
reproduced.

on the use of procedures for the purpose of
developing deeper levels of understanding of
mathematical concepts and ideas.
•They suggest pathways to follow (explicitly or
implicitly) that are broad general procedures
that have close connections to underlying
conceptual ideas as opposed to narrow
algorithms that are opaque with respect to
underlying concepts.
•They usually are represented in multiple ways
(for example, visual diagrams, manipulatives,
symbols, or problem situations). They require
some degree of cognitive effort. Although
general procedures may be followed, they
cannot be followed mindlessly. Students need
to engage with the conceptual ideas that
underlie the procedures in order to successfully
complete
the
task
and
develop
understanding.

Procedures Without Connections Tasks Doing Mathematics Tasks
•These procedures are algorithmic. Use of the
procedure is either specifically called for, or its
use is evident based on prior instruction,
experience or placement of the task.
•They require limited cognitive demand for
successful completion. There is little ambiguity
about what needs to be done and how to use
it.
•They have no connection to the concepts or
meaning that underlie the procedure being
used.
•They are focused on producing correct
answers rather than developing
mathematical understanding.
•They require not explanations or have
explanations that focus solely on describing
the procedure used.
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•Doing mathematics tasks require complex
and no algorithmic thinking (for example, the
task, instructions or examples do not explicitly
suggest
a
predictable,
well-rehearsed
approach or pathway).
•It requires students to explore and
understand the nature of mathematical
concepts, processes, or relationships.
•It demands self-monitoring or self-regulation
of one’s own cognitive processes.
•It requires students to access relevant
knowledge and experiences and make
appropriate use of them in working through
the task.
•It requires students to analyze the task and
actively examine task constraints that may
limit possible solution strategies and solutions.
•It requires considerable cognitive effort and
may involve some level of anxiety for the
student due to the unpredictable nature of
the required solution process.

REPRODUCIBLE

Online Resources Reference Guide for Mathematics Support
The following list of free online resources provides additional mathematics assessments, instruction,
grading advice, homework samples, and mathematics coaching insight. Visit go.SolutionTree.com
/MathematicsatWork for the most recent updates.
Leading by Coaching

Homework

Grading

Instruction

Assessments

Resources

Institute for Mathematics and Education’s Illustrative Mathematics Project
(http://illustrativemathematics.org): The main goal for this project is to provide
guidance to states, assessment consortia, testing companies, and curriculum
developers by illustrating the range and types of mathematical work that students will
experience in implementing the Common Core State Standards for mathematics.
National Council of Teachers of Mathematics’ Activities With Rigor and
Coherence (www.nctm.org/ARCs): Each activity with rigor and coherence (ARC) is
a series of lessons that addresses a mathematical topic and demonstrates the vision of
Principles to Actions: Ensuring Mathematical Success for All. ARCs scaffold effective
teaching and support enactment of the eight mathematics teaching practices. ARCs
integrate a wide array of NCTM resources to optimize opportunities for learning,
including Illuminations (https://illuminations.nctm.org) and Student Explorations in
Mathematics (www.nctm.org/sem).
Howard County Curriculum shares its open-source curriculum with exemplar
mathematics tasks and assessment items. It features sites for:
• Kindergarten (https://hcpss.instructure.com/courses/124)
• Grade 1 (https://hcpss.instructure.com/courses/9414)
• Grade 2 (https://hcpss.instructure.com/courses/106)
• Grade 3 (https://hcpss.instructure.com/courses/97)
• Grade 4 (https://hcpss.instructure.com/courses/107)
• Grade 5 (https://hcpss.instructure.com/courses/108)
• Grade 6 (https://hcpss.instructure.com/courses/125)
• Grade 7 (https://hcpss.instructure.com/courses/127)
• Grade 8 (https://hcpss.instructure.com/courses/161)
• Algebra 1 (https://hcpss.instructure.com/courses/99)
• Geometry (https://hcpss.instructure.com/courses/162)
• Algebra 2 (https://hcpss.instructure.com/courses/163)
Mathematics Assessment Project (http://map.mathshell.org/materials/index.php):
The project set out to design and develop well-engineered tools for formative and
summative assessment that expose students’ mathematical knowledge and reasoning,
helping teachers guide them towards improvement and monitor progress.
Open Middle (www.openmiddle.com): Open Middle problems require a higher
depth of knowledge than most problems that assess procedural and conceptual
understanding. They support the Common Core State Standards and provide students
with opportunities for discussing their thinking.
continued
page 1 of 3
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REPRODUCIBLE
Leading by Coaching

Homework

Grading

Instruction

Assessments

Resources

National Council of Supervisors of Mathematics’ (NCSM) Illustrating the Standards
for Mathematical Practice: Module Index (www.mathedleadership.org/ccss/itp
/index.html): This site offers a collection of exemplar tasks for illustrating the
mathematical practice.
NCSM’s Coaching Corner (www.mathedleadership.org/coaching):
Coaching Corner offers a collection of coaching tools in the form of books, articles, and
other resources.
Engage NY curriculum (www.engageny.org): Curriculum modules include midmodule and end-of-module assessments and tasks.
Partnership for Assessment of Readiness for College and Careers’ Mathematics
Practice Tests (https://parcc.pearson.com/practice-tests/math): PARCC offers
sample web-based mathematics practice assessment tasks.
Smarter Balanced Assessment Consortium’s Sample Items
(http://sampleitems.smarterbalanced.org/BrowseItems): Smarter Balanced offers
sample higher-level-cognitive-demand tasks and student performance tasks.
Mathematics Vision Project (www.mathematicsvisionproject.org): This project
features mathematics curriculum modules that include performance tasks.
Dan Meyer’s “Category: 3acts” (http://blog.mrmeyer.com/category/3acts): On
his blog dy/dan, former high school mathematics teacher and chief academic officer of
Desmos Dan Meyers offers mathematical tasks in context following a three-act format.
Robert Kaplinsky’s Lessons (https://robertkaplinsky.com/lessons): This webpage
offers problem-based lessons and sample questions to use in class.
Texas Instruments activities (https://education.ti.com/en/resources/math):
Texas Instruments presents free, ready-to-use, standards-aligned classroom activities for
middle grades through high school. Activities include student worksheets and teacher
notes to support both content and process standards using graphing technology.
Estimation 180’s Lessons (www.estimation180.com/lessons.html): This page
offers sample lessons to build number sense and K–5 problem-solving skills.
Desmos Classroom Activities (https://teacher.desmos.com): Desmos offers a
collection of free mathematics activities and lessons.
Desmos calculator (www.desmos.com/calculator): Desmos offers a free, online
graphing calculator for students to use.
K–5 Math Teaching Resources (www.k-5mathteachingresources.com): K–5 Math
features classroom activities and tasks to use in lessons.
GeoGebra (www.geogebra.org): GeoGebra is a tool for constructing and making
sense of shapes and geometry concepts.
Formative (www.goformative.com): Formative offers teachers a tool to use as a
formative assessment or check for understanding.
continued
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REPRODUCIBLE
Leading by Coaching

Homework

Grading

Instruction

Assessments

Resources

All Things PLC (www.allthingsplc.info): This site offers a collaborative,
objective resource for educators and administrators who are committed to enhancing
student achievement.
National School Reform Faculty (2014) NSRF Protocols and Activities ...
From A to Z (http://bit.ly/1s2LLqK): NSRF offers protocols for teams to use as they
engage in the work of collaborative teams.
The Mathematics Improvement Network (http://mathnic.org): The site presents
tools for schools and school districts to become more effective in organizing for
improvement, supporting teaching and learning, and communicating with parents and
the community.
ACT’s (n.d.) Practice Test Questions: Math—Test Tips (http://bit.ly/2xNBPcW):
ACT offers examples of assessment items it uses.
CollegeBoard’s (n.d.a) SAT Practice Tests (http://bit.ly/1Irm1Ob): CollegeBoard
offers examples of the assessment items SAT uses.
CollegeBoard’s (n.d.b) AP Calculus AB: Exam Practice (http://bit.ly/1BYYYnT):
CollegeBoard presents a resource teachers and students can use to prepare for the
advanced placement exam.
CollegeBoard’s (n.d.c) AP Statistics: Exam Practice (http://bit.ly/1TC986B):
CollegeBoard presents a resource teachers and students can use to prepare for the
advanced placement exam.
K–8 Coherence Map (https://achievethecore.org/coherence-map): Standards
relate to one another, both within and across grades. Coherence Map illustrates the
coherent structure of the Common Core State Standards for Mathematics grades K–8
and for each grade level.
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