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ToOOLBOX FUNCTIONS

scri pt. m assigns options to Oand runs the algorithm
par anmet er s. m assigns model parameters to P

st eadyst at e. m assigns steady state values to S(P)
vari abl es. m outputs a structure, V, containing indices
of variables, forecast errors, and shocks and variable titles
gri ds. m assigns the discretized state space to GO, P)
guess. m assigns the initial conjectures to pf (O,P,S,G

| i nmodel . m outputs the linear transition matrix, T, the
impact matrix, M and a 2-element vector of flags, eu,
indicating existence and uniqueness of the linear solution
egm m outputs a vector, R, containing the residuals to a
subsystem of expectational equations that are constrained
by all of the other equations in the equilibrium system



EXAMPLE: REAL BUSINESS CYCLE MODEL
A social planner chooses {¢;, ki1 }32, to maximize:

00 l1—0o
C
Eo) B
t=0

subject to

Ct + kt-l—l = Ztk? + (1 - (S)kt
2= (1—p)Z+pz_1+e

Optimality condition:

1= ﬁEt[(ct/ctH)"(athkf;ll +1—9)]

.

=®(2t41)



DISCRETIZED STATE SPACE

State variables: k;, z
Number of grid points: Ny, N,
Grid boundaries: [kmin, kmax] aNd [Zmin, Zmax]

Create evenly spaced grids:
Tgrig = | 1 NSPACE(Tmin, Tmax, Nz), T € {k, 2}

State space contains N = N, x N, independent nodes

Create an array for each state variable, where every
position is a unique permutation of the state space:

[kgra Zgr] - ndgr [ d(kgm’da ng'd)



FUNCTIONAL APPROXIMATION

e True RE solution only exists in special cases (e.g., d = 1)

e Goal: Find an approximating function that maps the state
space to the optimal decision rule for consumption:

c(k,z) =~ Pek,2)
True RE Solution Approximating Function
e Basic elements of the algorithm:
1. Interpolation: Linear, Least squares
2. Integration: Gauss-Hermite, Trapezoid, Rouwenhorst

3. lteration: Time, Fixed-point



INITIAL CONJECTURE
Use the linear solution as a guess for P.(k, z):
e Linear solution from gensys. mtakes the form:

Y =TY + Me

where Y = [k, 2,¢7, & = (z, — &)/Z, and € ~ N (0, 02).
e Convert the state space to deviations from steady state
e Compute an initial conjecture for all nodes (i = 1,..., N):

750 = g—‘(cidm [ idx s szz])j Vec(]%gr)> Vec(égr)]T

(- 7

1><2 2XN

« Convert P, to levels (P, = &1 + P.)) and assign to pf . ¢



L OCAL APPROXIMATION

Piecewise Linear Interpolation: 2 state variables (&, z)
Goal: Find the policy function value P.(k', z')
We have policy function values on nearest nodes

[Pc(ki> Zj), Pc(ki> Zj+1), Pc(ki—i-b Zj)> Pc(ki—i-b Zj+1)]

once we determine the grid indices, i, j
Locate the grid point to left of 2/, x € {k, z}

step = x5 — 14, dist=2" — 2,
loc = min(V, — 1, max(1, floor(dist/step) + 1))
P dist -

loc loc loc
c a b

——t

xé") X, step X X Xa X \_XS/ Xy



L OCAL APPROXIMATION
e Interpolate in the £ direction:

Pelk, 23) = Pelhi, 23) + (k' — hy) Letbirt 20) = Pelki 2))

kit1 —k;
Kiv1 — K’ K —k;
= Pelki, z; Pe(kivi, z;
kst — ki (ki, 25) + kir1 — ks (kiv1, %)
— —
Yk Ykt
e Then interpolate in the z direction:
N r_
Pc(k/,z/) — M PC(k’7zj) + u 'PC(k/,Z]'_;,_l)
Zj+1 = Zj Zj+1 — %5
— —
wzj “zj41

e Combine these two equations:

1 1

,Pc(klv Z’) = Z Z wki+arwzj'+bpc(ki+a7 Zj+b)
a=0b=0



L OCAL APPROXIMATION

e Use a nested loop or write out all of the terms in the sum to
calculate the interpolated value of the policy function:

nestedsum= 0; %nitialize
for a =0:1 % oop for k
for b =0:1 % oop for z
nest edsum = nestedsum + ...
wk( 1+a) *wz( 1+b) = pf. c(kl oc+a, zl oc+b);
end
end

e Must calculate the interpolated value for each realization of
the stochastic variable(s), each of which requires
calculating a different set of locations and weights

e Number of loops equals the number of exogenous states



GLOBAL APPROXIMATION
e A general class of polynomials can be written as:

P(x;n) = 2771901(55)
=0
e Linear interpolation is a special case of this general class
(i.e., n =1, p;(z) = 2', and « is chosen appropriately)
e Forn > 1, p;(z) = 2' is a collection of monomials and

P;n) = 10 +ma +nox’ + - - 4 npa?

¢ This set of monomials may lead to multicollinearity (i.e.,
near linear dependence among the monomials)

e Bases consisting of orthogonal polynomials fix this
problem (e.g., Chebyshev and Hermite Polynomials)



EXAMPLE: MONOMIALS
e Consider the complete set of basis functions of order 2:

Pk, z) = no + nek + 0.2 + meik® + meokz + 0,27

e Regressor matrix (subscripts denote grid indices):
1 ]Cl 21 k% k121 Z%
1 kQ Z9 k’% kQZQ Z%

1 kN ZN kZJQV kNZN ZJQV

e Obtain coefficients using OLS:
i = (XTX) ' XT vec(P.(k, 2))
Pk, 2") = X7



INTEGRATION: TRAPEZOID RULE

Pr(e1)®(z(e1)) + Pr(e2)®(2(e2))
2
" Pr(e2)®(z(e2)) + Pr(e3)®(z(e3))
2
Pr(em—1)®(2(em—1)) + Pr(em)®(z(em))
+ 2

[22 Pr(e;)®(z(ei)) — Pr(e1)®(z(e1)) — Pr(em)®(2(em))

E[®(2)] = Ae

Ae+ .-

Ae

Pr(es)®(z(c4))

Pr(e3)®(z(e3))

< N
< >
/ Ae

€1 €2 €3 €4 €5 €6 Er




INTEGRATION: GAUSS-HERMITE
e Given a shock, e ~ N(u,0?),

E[®(z(e))] = (2mo?)~/? / N B(z(e))e 1) g

— 00

 Apply change of variables, v = (¢ — 1) /(v/20),

E[®(z(v))] = n~1/2 /_00 ®(2(v200 + p))e ™V dv

~ Y2 Z w; ®(2(V200; + 1))
i=1

e w; and v; are Gauss-Hermite weights and nodes:
wi = 2" /T Hy g (03)] 72
H, ., is the physicists’ Hermite polynomial of order n + 1.



EXAMPLE: TIME I TERATION
On iteration ¢, solve for the P4(k, z) that satisfies equilibrium
1. Use log-linear solution on each node to obtain P?
» Local: P} =P?
» Global: 7° = (XTX)™' X7 vec(P?) so P! = X"

2. Solve for £’ and 2/, given &’

3. Find P4(k’, 2') given the updated state

» Local: use piecewise linear interpolation
» Global: update the basis so P{(k/,2) = X'na~1

4. Evaluate expectations (Trapezoid rule or Gauss Hermite)

E[®()] = BE[PIK, )7 (a' Kt +1—6)]



EXAMPLE: TIME I TERATION

5. Use nonlinear solver to find a PI(k, z) that satisfies the
consumption Euler equation, Pi(k, z)~7 = E[®(Z)].
6. Update policy function
» Local: P! =PI
» Global: 7% = (XTX) "1 XT vec(P(k, 2)), PIT(k, 2) = X7
7. Calculate distance between updates
» Local: dist = PY(k,z) — PI(k, 2)
» Global: dist = /7 — 79~ !
8. If |dist| < tol, then stop. If not, then set ¢ = ¢ + 1 and repeat
steps 2-7 using P4¢*! as the new initial conjecture.

Advantage: Satisfies the equilibrium system on each node and
nodes can be run in parallel.

Disadvantage: Nonlinear solver must execute on each node.




EXAMPLE: FIXED-POINT ITERATION
Solve for the P4(k, z) implied by the equilibrium system

1. Obtain an initial conjecture
(step 1 in the time iteration algorithm)

2. Calculate updated variables and expectations
(steps 2-4 in the time iteration algorithm)

3. Calculate Pi(k, z) = (E[®(2')])~/* on each node

4. Execute steps 6-8 in the time iteration algorithm
Advantage: Does not require a loop, since all of the nodes are
evaluated simultaneously.

Disadvantage: Algorithm is less stable because it does not
solve for the optimal policy function on each node.

Note: To simultaneously evaluate all nodes, it is necessary to
replicate across all realizations of the shocks.



EXTENSION 1: ELASTIC LABOR SUPPLY
Social planner now chooses {c¢;, ny, ki1 }7°, to maximize:

- ¢ Ctl_a ni—m
E - )
o )

subject to

c + kt—i—l = ztktan,}_a + (1 - (S)kt
z=(1—=p)Z+pz_1+e

Optimality conditions now include:
(1 —a)zkin,® = xnjc]

Static relation does not add a state or policy function, but it is
easier to use labor instead of consumption as a policy function.



Output (%)

PoLiCcY FUNCTION COMPARISON
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EXTENSION 2: ADDING FRICTIONS

Introduce investment adjustment costs, variable capital
utilization, and habit formation to the textbook RBC model

miy1 = B((ct — hei—1)/(ct+1 — her))?
wi = x(ct — heg—1)n]
qt = Eefmep1(erirfi + a1 (1= 8e41))]
1= e[l = v(it/ie—1 — 1)?/2 = vir/iz—1 (it /ie—1 — D] + vEe[qer 1mes1 (ie41/ie) (ie41/ie — 1)]
Y = qe(61 + S2(ve — 1))
e = ayi/(viki—1)
we = (1 — a)yt/ne
¢t +it = Yt
ke = (1 = 8)ke—1 + it[1 — v(ie/ir—1 — 1)2/2]
8t = 80 + 01 (ve — 1) + 82 (vy — 1)%/2
Yt = Zt(Utkt—l)anilia
ze=(1-p)z+pzi-1+tet

State variables: {c, i, k, z}, Policy functions: {n, v} (not unique)



EXTENSION 3: PRODUCTIVITY SWITCHING
Productivity now has a state-dependent intercept:

2y = (]_ — p)z(st) + Pet—1 + &4,
where s; € {1,2}, 2(1) < 2(2). The state evolves according to:

Prisiy1 = 1|s; = 1] Prsiy1 = 2|s; = 1] _ [P P2
Prs;y1 = 1|s; = 2] Pr[s;y1 = 2|s; = 2] Pa1 paa|’

where 0 < p; < land 37 p; = Lforalli € {1,2}
Key Changes:

e Policy functions are dependent on a discrete state variable

¢ Policy functions account for the expectational effects of the
economy switching to the other productivity state



SOLVING THE MODEL

1. Calculate z(s") for each realization of the state
2. Find the updated policy function, n(s’), for each state

3. Numerical Integration:

» First integrate across the continuous random variable, z,
conditional on the future realizations of the discrete
stochastic variable, s’, to obtain:

» Then weight the conditional expectations by their
corresponding likelihood. The conditional expectations are:

E[®(2)|s = i] = pnE[®(2)]s' = 1] 4+ pieE[®(2")]s' = 2]



STATE-DEPENDENT POLICY FUNCTIONS
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EXTENSION 4: POLICY SWITCHING
Regime dependent reaction coefficients:

b(51) = {(b for s, = 1, (s1) = {’y for s, =1,

0 fors;, =2, 0 fors, =2.

Regime 1: Active Monetary/Passive Fiscal (AM/PF)
Regime 2: Passive Monetary/Active Fiscal (PM/AF)

Transition probabilities:

Pris; = 1]s;-1 = 1] Pr[s; = 2|s;_1 = 1] _ P pr2
Pr[St = 1|St—1 = 2] Pl"[St = 2‘31&—1 = 2] Po1 P2

Average duration of time spent in the AM/PF regime in the
ergodic distribution: A = (1 — pa2) /(2 — p11 — pa2)
When X\ = 1, there is no chance of moving to the PM/AF



PoLicy FUNCTIONS (LUMP-SUM TAXES)

|- = =A=0 = = =A=025 —@—\=050 —— \=0.75

A=1]

Inflation (% point) Consumption (%)

0.2

-3 -2 - 0 1 2 3 -3 -2 - 0 1 2 3
FP Shock (%) FP Shock (%)



SIMULATING THE MODEL

Draw random shocks
» Turn off shocks to compute the stochastic steady state

Initialize state variables at the deterministic steady state
Simulate the exogenous processes to update the state
Interpolate current period values of the policy functions

Use the remaining equations in the equilibrium system to
simulate the other variables (follow the order in eqm)



GENERALIZED IMPUL SE RESPONSES

e Used to study model dynamics away from steady state

e Shocks are consistent with household’s expectations

e General Procedure (see Koop, Pesaran, Potter (1996)):

1.
2.

Initialize each simulation at a certain state vector

Calculate the mean of 10,000 simulations of the model
conditional on a random shock in the first quarter

Calculate a second mean from another set of 10,000
simulations by replacing the shock in the first quarter with
the shock of interest

Compute the percentage change in each period (or
difference for rates) between the two means

Repeat 1-4 at an alternative state vector to compare GIRFs



EXAMPLE: NK MODEL WITHA ZLB
(DISCOUNT FACTOR SHOCK)

| Steady State (if = 11%) — — — 2008Q4 (i = —0.5%) |
Real GDP Growth Inflation Rate
0.4 — 0
-~ -~ —
0 2 == -0.1 e
N7 ‘
_0.4M ] -0.2 7
\ -0.3
-0.8 I \
v -0.4
-1.2 \ _05 \/
0 2 4 6 8 10 12 0 4 6 8 10 12
Nominal Rate Notional Rate
0 0
N
AN =
0.1 ~ -0.25 _ - -
N g
N o = -0.5 \ Ve
-0.2 /
7
—0.75f )
-03 \ 7
-1
0 2 4 6 8 10 12 0 4 6 8 10 12



ROUWENHORST METHOD
Used to approximate an exogenous AR(1) process

Kopecky and Suen (2010) show the Rouwenhorst method
outperforms other approximations of an AR(1) process

The approximation is a Markov switching process like the
time-varying intercept example, but with n states

The method determines the bounds of the exogenous
state variables, the nodes, and the transition probabilities

Let z ~ AR(1) with persistence p, mean p., and variance

ol =a/(1—p").



APPROXIMATION OF AN AR(1) PROCESS
e The n states for the discretized process =z are evenly

spaced on [u, —o,v/n — 1, p, + o,v/n — 1]
e The transition matrix from s to s’ is computed recursively:
» Forn=2,letg=(p+1)/2

P = pb11 P12 _ q 1—g¢q
2 = = .
P21 P22 1-g¢ q

» Forn > 2,

_ | Pre1 Onoixa | On—1xa Paoa
Fu=a |:01><n—1 0 ] =) { 0 01><n—1:|

Prob of staying inl:n—1 Prob. of going to2:n|1:n—1

+ (1 _ (]) 01><n,1 0 +q 0 01><n,1
Po1 0p-1x1 On_1x1  Pua
Prob. of going tol:n—1|2:n Prob of staying in2:n

Then divide rows 2 through n — 1 by 2 so they sum to 1.




INTEGRATION OF AN n-STATE PROCESS

e Conditional expectation of an n-state Markov process:
E[®(Z)|s=i] = ZpijE[CI)(z')\s' = J]
j=1

e Let 5 ~ AR(1) in addition to z. Computing expectations
across multiple exogenous processes generalizes to:

E [(13(2/, 5/)‘8Z = iz, S = 7;5] =
ng Nz
Z Z piﬁjﬁpizsz[®(2,7 B,)‘Slz = Jz S/ﬂ = jﬂ]?

Jjg=1j==1

where ig, jz € {1,2,...,ng}tand i, j. € {1,2,...,n.}.



IMPLEMENTATION

e Script: Compute transition matrix (2 shocks):
Ge_weight(Gz_gr(inode) == Gz_grid,:)’;

e_wei ght Vec
G u_wei ght (G beta_gr(inode) == G beta_grid,:)’;

u_wei ght Vec

(2 | I T TR |

e_wei ght Mat e_wei ght Vec(:, ones(O u_pts,1));

u_wei ght Mat per nut e(u_wei ght Vec(:, ones(0O. e_pts, 1),[2,1]);

wei ght Mat = e_wei ght Mat . *u_wei ght Mat

argzero = csolve(’'egni,start,[],crit,itnmax,state, ..., wei ght Mat ) ;

e Egm: Compute all combinations of shocks
Econsiat = wei ght Mat.*(Contents of expectation);

and then integrate
Econs = sun(EconsMat(:));



BENEFITS OF THE ROUWENHORST METHOD

e Improves accuracy:
» Matches 5 statistics of an AR1 process: the autocorrelation
and the conditional and unconditional mean and SD

» No interpolation or extrapolation of the policy function at
future realizations of the exogenous state variables

e Reduces computation time:
» Requires fewer nodes relative to Gauss-Hermite quadrature

» Unnecessary to locate and obtain weights for the
exogenous state variables if using linear interpolation

» Reduces the dimension of the nested loop in the linear
interpolation step by the number of exogenous states



EXAMPLE: 4 STATES (2 ENDOGENOUS)

® Gauss-Hermite:
do i2 =1,ne2
do il =1,nel
o(il,i2) = interp(inputs)
end do
end do

dom =0,1
don8 =0,1
don2 =0,1
donl =0,1
wtenp = wi(ml+1) *w2( m2+1) *w3( n3+1) *wa( mi+1)
sum = sum + wtenp*z1(l ocl+mil, | oc2+n2, | oc3+nB, | oc4+nd)
end do
end do
end do
end do
® Rouwenhorst:
don2 =0, 1
dom =0, 1
0 = 0 + wi(nl+1l)*w2(nR+1)*z1(:,:, | ocl+nd, | oc2+nR)
end do
end do



INTRODUCTION TO MEX

e Advantages of MATLAB:

» Many built-in functions with good documentation
» Easy to debug code

» Easy to store data in structures

» Parallel processing easy to implement

e Main drawback: Slow at evaluating loops

e MEX (MATLAB Executable) functions: Allow programmers
to write sections of the code using a compiled language
(e.g., Fortran) and call it as a function in MATLAB

e Good intermediate step toward full fortran implementation

e Challenge: Users must write a “Gateway” function that
allows MATLAB to communicate with compiled code



FORTRAN 90 MEX REQUIREMENTS
htt ps://ww. mat hwor ks. conif support/conpil ers

Intel Visual Fortran (IVF) Composer XE
» Basic compiler: very few intrinsic functions
» IMSL Library: Provides hundreds of additional functions

Microsoft Visual Studio Professional

MATLAB default: Fixed-format (f77) Fortran code.

Our code: Free-format (f90), which is similar to MATLAB.

To change the default settings, modify the batch files
(...\bin\win64\mexopts) by deleting the ‘/fixed’ flag

e Use mex - set up to select IVF as the compiler in MATLAB


https://www.mathworks.com/support/compilers

WRITING A GATEWAY SUBROUTINE

1 #include "fintrf.h"
2 subroutine nexFunction(nl hs, pl hs, nrhs, prhs)
' Decl arations
3 inmplicit none
I' mexFunc argunents
4 mmPoi nter plhs(*), prhs(*)
5 integer+*4 nlhs, nrhs
e Line 1 defines pointer types in the MATLAB interface
e Function arguments:
» prhs: Pointer to an array which holds the input data
» plhs: Pointer to an array which will hold the output data
» nrhs: number of right-hand (input) arguments
» nlhs: number of left-hand (output) arguments

e Line 3 avoids Fortran’s implicit type definitions



KEY MATLAB INTERFACE FUNCTIONS

mxGet Pr : Accesses the real data in an mxArray

mxCGet Scal ar : Grabs the value of the first real element of
the mxArray (often one element)

mx Get Mnx Get N: Determines the number of rows/columns
in a specified mxArray

nxCl assl| DFr onCl assNane: Obtains an identifier for any
MATLAB class (e.g., Double)

nxCr eat eNuneri cArr ay: Creates an N-dimensional
mxArray in which all data elements have the numeric data
type specified by ClassID (7 dimensions max).



oO~NOUTPA WNPE

INPUTTING A POLICY FUNCTION

Declare variable types and sizes (lines 1-3). If the
dimension lengths are variable, use allocatable memory:

mApoi nter c_pr
mM\Si ze nk, nz

real *8, allocatable, dinension(:,:) :: c
nk = mxGet N(prhs(1)) !Capital grid

nz = mxGet N(prhs(2)) !Technol ogy grid

al l ocate(c(nk, nz))

c_pr = nxGetPr(prhs(3))

call nxCopyPtrToReal 8(c_pr, c, nkxnz)

Load the dimensions of pf from inputs (lines 4 and 5) and
allocate the memory (line 6)

Grab the address of the pf (input 3), store in c_pr (line 7),
and copy to Fortran variable c (line 8)



CREATE OUTPUT MATRIX

e Load output size: stochastic realizations (lines 1-2)
1 e = mkGtMprhs(4))
2 allocate(o(e))
I'Create array for return argunent
3 cid = nmxd assl DFrontCl assName(’ doubl e’ )
4 plhs(1l) = nxCreateNunericArray(1,e,cid,O0)
5 0 _pr = nkGetPr(plhs(1))
I Call subroutine and | oad Fortran array
6 call interpfunction(inputs,0)
7 call mxCopyReal 8ToPtr (0,0 pr,e)
e Create 1 x e output vector of type double (lines 3-4) and
assign address (line 5)
e Call interpolation subroutine (line 6) and copy the data to
the output address (line 7)



PARALLEL PROCESSING IN MATLAB

Any calculations that are not dependent on the results of
other calculations can be performed in parallel (e.g.,
solving for policy values at each node in the state space)

Requires the Parallel Computing Toolbox (PCT)

MATLAB 2014a or later: no limit on the number of workers
MATLAB 2011a-2013b: maximum of 12 workers
MATLAB 2009a-2010b: maximum of 8 workers

All available processors are initialized with the function
mat | abpool (par pool in MATLAB 2013b and later)

MATLAB Distributed Computing Server (MDCS) allows
parallelization across nodes



PARALLEL PROCESSING IN MATLAB

The PCT requires the following alterations to the code:

e Replace f or loops with par f or loops where applicable.
This tells MATLAB to distribute each step in the loop
across the specified number of processors

e If a nested f or loop is used to update policy functions
across dimensions, reduce it to one loop by changing to a
single index (as opposed to specifying coordinates)

e Remove all global variables and instead use
structures/parameter lists and variable arrays as direct
inputs into functions called within the par f or loop



PARALLEL PROCESSING IN FORTRAN
OpenMP is a simple way to parallelize a do-loop in Fortran

' $onp parallel default(shared) private(g,s, pf)
I $onp do col | apse(2)
doi2 =1, Oz _pts

doil =1,k pts

g(1,1) = pf _n(il,i?2)
s(1,1) = Gk _grid(il)
s(2,1) = Gz_grid(i?2)
call csolve(g,s,...,pf)
pf_n_up(il,i2) = pf(1,1)
end do
end do
I $onp end do

I $onp end parall el



A NEwW KEYNESIAN MODEL FOR ESTIMATION

The representative household chooses {¢;, n, b}, to
maximize expected lifetime utility given by

Ey Z Bt log(ce — hefy) — X”tHn/(l +n)l,
t=0

where 3y = 1 and j, = [[’_, §; for t > 0 subject to
Ct + bt = WMy + it—lbt—l/'/rt + dt
Optimality implies
we = xng (e — hef_y),
1= itEt[Qt,t+1/7Tt+1]7

where ¢ ;11 = Biv1(ce — hei_y)/(cr1r — hey) is the pricing kernel.



NEw KEYNESIAN MODEL

e Firm optimality condition:

s Uy s
<P<—t—1)7—1—9+9—+30Et {(]ttJrl( o) f“yf“}
™ 71' T Yt

e Production Function
Y = 2y
e Monetary policy rule

iy = max{s, iy }
i = (i3_0)" (U /7) " (cr/ (Gee-1)) ") =" exp(va),

where :* is the notional interest rate.



NEw KEYNESIAN MODEL

Resource constraint:

¢ = [1—(m/T = 1)%/2]y,
Discount factor () follows an AR(1) process
B = B(Bi-1/B)" exp(er)
Technology (z) follows a random walk:
2t = Zt—10¢
9t = §(ge-1/9)" exp(vy)
Exogenous state variables: 5;, g;, 14

Endogenous state variables: ¢;_q, i}
Policy functions: ¢, m;



Frequency (%)

NUMERICAL ERROR

Euler Equation

Mean: —4.25
Max: —2.60
]ntegral: —4.27

Errors (logy,)

Frequency (%)
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10+

Phillips Curve

Mean: —3.10
Max: —1.73
Integral: —3.10

Errors (logy,)



ESTIMATION PROCEDURE

Use quarterly data on per capita real GDP, the GDP price
deflator, and the Fed Funds Rate from 1986Q1 to 2015Q4

Use a Metropolis-Hastings algorithm with a particle filter to
evaluate the likelihood of the posterior distribution

Observation equation:

log (RGRglgif;gJNVg_l ) |:IOg(9t5t/5t1)] |:§1t]
_ T 7

log(DEF,/DEF,_,) log(m) Eat
log(1+ FFR,)/4 log(i¢) Eat

where ¢ ~ N(0, X)) is a vector of measurement errors.

We adapt the particle filter to incorporate the information
contained in the current observation, which helps the
model better match outliers in the data (e.g., 2008Q4).



METROPOLIS-HASTINGS ALGORITHM

Forall s € {0,..., Ny}, perform the following steps:
1. Draw a candidate vector of parameters, 954, where

égand N N(QA(), CoE) fori = 0,
‘ N(Qi_l, CE) fori > 0.
2. Compute prior density: log /""" = Z logp(ec‘mdmj, 07)
3. Given éf‘md, solve the model. If the algorithm converges,
use the particle filter to obtain log ¢/**#!,| otherwise repeat 1.
4. Accept or reject the candidate draw according to
(feand Jog (eand) if § = 0,
(0;,1og t;) = (Hc‘md log ¢¢and) if log (5" —log (;_1 > 1,
( i— 1710g€i—1) Othel’Wlse
1

where @ ~ U[0, 1] and log (¢4 = log """ + log (7%,



ADAPTED PARTICLE FILTER

1. Initialize the filter by drawing from the ergodic distribution

2. For all particles p € {1, ..., N, } apply the following steps:

2.1 Draw e; ), ~ N(es, I), where e, maximizes p(&;|z:)p(z¢|zi—1)
2.2 Obtain z;, and the vector of variables, w; ,,, given z;_; ,

2.3 Calculate, &), = x2% — x{*'*. The weight on particle p is

P(&t|Ze,p)P(Zt,p|Z0—1,p) ~ eXP(_fz/s,pH_lft,p/Z) eXP(—efg,pet,p/Z)

9(2e,p|Ze—1,p, XF1) exp(—(etp — €)' (erp —)/2)

The models likelihood at ¢ is ¢}

tp =

2.4 Normalize the weights, W, = wyp,/ Zi,vﬁl wtp. Then use
systematic resampling with replacement from the particles.

3. Apply step 2 fort € {1,...,T}. logmodel = S°T  log (yrodel,



PARTICLE ADAPTION

. Given z,_; and a guess for €, obtain z, and w,,

. Calculate xdel = [log(gtytdp/ygdp) log(m;),log(is) |-

. Calculate & = ximedel — xdata "\which is multivariate normal:

p(&lze) = (2m) 7P| H| ™ exp(—g H™'6,/2)
P(zi|ze-1) = (27T)_3/2 exp(—e;e;/2)

H = diag(o?, ,, 02 ) is the ME covariance matrix.

mey7 me,m? mez

. Solve for the optimal e; to maximize

P&l ze)p(2e]2e—1) ox exp(—&H & /2) exp(—€;6,/2)

We converted MATLAB's f mi nsear ch routine to Fortran.



SYSTEMATIC RESAMPLING
Resampling is the key step in the particle filter.

Resampling is used to avoid the problem of degeneracy: a
situation when all but a few of the weights are near zero
because the variance of the weights increases over time.

With resampling, one draws (with replacement) a set of
particles from the approximation to the filtering distribution

Since resampling is done with replacement, a particle with
a large weight is likely to be drawn multiple times and
particles with small weights are not likely to be drawn at all.

Resampling effectively deals with the degeneracy problem
by getting rid of the particles with very small weights.



SYSTEMATIC RESAMPLING: EXAMPLE

cdf = cunmsum wei ghts);
Udraws = (rand(nwei ghts, 1) +
(0: (nwei ghts-1))" )/ nwei ghts;

i part = 1;
I dx = zeros(nwei ghts, 1);
for idraw = 1: nweights
whil e Udraws(idraw) > cdf(ipart)
% Rej ect particle
I part = ipart + 1;
end
% Resanpl e particle
idx(idraw) = ipart;
end



PROGRAMMING AND PARALLELIZATION

Entire algorithm is programmed in Fortran using Open MPI

Solve the model by parallelizing the nodes in the state
space across all available processors

Improve filter accuracy by calculating the posterior
likelihood on each processor and evaluate whether to
accept or reject a draw based on the median likelihood

With 64 processors, on average it takes 1 second to solve
the nonlinear model and 3.3 seconds to filter the data

In total, we obtain 135,000 draws (10,000 for the mode
search, 25,000 for the initial MH step, and 100,000 for the
final MH step), so the total run time is about 1 week.



MESSAGE PASSING INTERFACE (MPI)

Initialize and finalize MPI only once:

call npi_init(ierr)

call mpi _comm rank(npi _commworld, nyid,ierr)
call npi _comm si ze(npi _commworl d, nprocs,ierr)

call npi_finalize(rc)

Processes do not communicate unless ordered:
call mpi _bcast(var,n,type, O, npi _comnmworld,ierr)

Need a way to merge the calculations on each process:
call npi_allreduce(var_tenp,var,n,type, &
operation, npi _comnmworld,ierr)

Processes may not finish at the same time:
call npi_barrier(npi _commworld,ierr)



PARALLEL PROCESSING WITH OPENMPI
On a given node, apply the following:

do inode = nyid + 1, Ghodes, nprocs
g(1,1) = pf_n(il,i?2)
s(1,1) = Gk _grid(il)
s(2,1) = G_grid(i?2)
call csolve(g,s,...,pf)
pf n up(il,i2) = pf(1,1)
end do

I I npose tenporal order

call npi_barrier(MPI _COW WORLD, i err)

I Conbi ne argzero across processors

call npi_allreduce(pfn_up_tenp, pf n_up, Giodes, &
npi _doubl e_precision, &
npi _sum npi _comm worl d,ierr)



CLUSTER COMMANDS

e Open source software:
» PUTTY (http://ww. putty.org/):
Allows users to communicate with the cluster

» WIinSCP (htt ps: //w nscp. net/ eng/ downl oad. php):
Allows users to transfer files to the cluster

e Scheduler commands for SLURM:
» squeue: displays all submitted jobs
» si nf o: display cluster usage by queue type
» scancel : cancels a running job
» sbatch runscri pt: submits job to queue


http://www.putty.org/
https://winscp.net/eng/download.php

EXAMPLE: RUN SCRIPT

#! / bi n/ bash

#SBATCH - - | ob- name=nane

#SBATCH - - out =OUT

#SBATCH --partiti on=conpute
#SBATCH - -ti me=hh: mm ss

#SBATCH - - nt asks=pr ocessors
#SBATCH - -di stri buti on=bl ock: bl ock
#SBATCH - - nodes=nunber of nodes
#SBATCH - - nt asks- per - node=16
#SBATCH --nmi | -type=ALL

#SBATCH --nmai | -user=enmai |l 1, emai | 2
npirun ./ a.out



ADDITIONAL RESOURCES

For more info on the solution method see Richter,
Throckmorton & Walker (Computational Economics, 2014)

All of our code is available at:
http://al exrichterecon.com

Examples include:

» Textbook real business cycle model

» Real business cycle models with real frictions
Textbook New Keynesian model

NK model with a zero lower bound constraint

NK model with Epstein-Zin preferences

NK model with monetary and fiscal policy switching

v

vV v Vv

For more info on nonlinear estimation see Plante, Richter
& Throckmorton (Economic Journal, 2017)


http://alexrichterecon.com

