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A. W. Richter PREFACE

Preface

These notes are intended for a one-semester course in mathematical economics. The goal of this
course is to help prepare students for the mathematical rigor of graduate economics by providing a
balance between theory and application. There are dozens of examples throughout the notes, which
demonstrate many of the theoretical concepts and theorems. Below is a short list of the notation

used thoughout these notes.

Symbol Technical Description Translation
4 universal qualification for all
3 existential qualification there exists
A logical conjunction and
\% logical disjunction or
= material implication implies/if, then
& material equivalence if and only if (iff)
=or:= definition is defined as/is equivalent to
€ set membership in/element of
| or: set restriction such that/given that
C subset contained in
N natural numbers set of positive integers
Z set of all integers positive, negative or zero
Q set of all rational numbers set of all proper and improper fractions
R set of all real numbers all rational and irrational numbers




Chapter 1

Mathematical Preliminaries

1.1 Single-Variable Calculus

1.1.1 Limits of Functions

Definition 1.1.1 (Limit of a Function). Let f be a function defined on some open interval that
contains the number a, except possibly a itself. Then we say that the limit of f(x) as x approaches

ais L, and we write
lim f(z) = L.

Tr—ra

That is, if for every number € > 0 there is a number § > 0 such that
|f(x) — L| <e whenever 0<|zx—al<3d.

Less formally, if anytime z is near a, the function f is near L, then we say that the limit of
f(x) as x approaches a is L (see figure 1.1). Note that logically the statement “q whenever p”
is equivalent to “if p, then ¢”, where it is customary to refer to p as the hypothesis and ¢ as the
conclusion. The related implication ~ g =~ p is called the contrapositive.

Example 1.1.1. Using the definition of a limit, prove the following:
(@) lim, (222 =32+ 1)/(x — 1) =1
Solution: Let ¢ > 0, suppose |z — 1| < ¢, and choose § = ¢/2 > 0. Then

23:2—33:—1—1_

1| =2z -1 <26 =¢.
z—1

[f(z) = 1] =

(b) limg_y52%2 —3z+1=11
Solution: Let ¢ > 0, suppose |z — 5| < ¢, and choose 0 = min{1,e/8}. We can write
|f(z) = 11| = |2% = 3z — 10| = |(z — 5)(z + 2)|.

To make this small, we need a bound on the size of z + 2 when x is “close” to 5. For example,
if we arbitrarily require that |x — 5| < 1, then

et +2|=|x—5+7<|z—5]+7<8.

To make f(z) within € units of 11, we shall want to have |z + 2| < 8 and |x — 5| < /8.
Thus, under the above definition of &

|f(@) =11 = |(z — 5)(z +2)| < 8 < e.
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Figure 1.1: Definition of a Limit

a0 a ato
() limyy 92?422 +7=7

Solution: Let £ > 0, suppose |z + 2| < ¢, and choose 6 = min{1,e/3}. We can write
7(@) — Tl =1 + 2] = la(a +2)|.

To make this small, we need a bound on the size of x when x is “close” to —2. For example,
if we arbitrarily require that |x 4+ 2| < 1, then

lz] — 2| < |z +2] < 1,
since |a| — |b| < ||a| — |b]| < |a £ b| by the triangle inequality. Thus, |z| < 3, which implies

|f(x) = 7] = |z(z +2)| <30 <e.

(d) limg_yp2% =8
Solution: Let ¢ > 0, suppose |z — 2| < 4, and choose 0 = min{1, 5}. Then
|f(z) =8| = |2 — 8] = |z — 2||2* + 22 + 4
= |z — 2| |(x — 2)* + 6(x — 2) + 12|
< 5(8% + 60 +12)
< (1+6+12)

-1
=¢&.
1.1.2 Definition of a derivative and Tangent Lines

The derivative of y with respect to x at a is, geometrically, the slope of the tangent line to the graph
of f at a. The slope of the tangent line is very close to the slope of the line through (a, f(a)) and
a nearby point on the graph, for example (a + h, f(a + h)). These lines are called secant lines.
Thus, a value of h close to zero will give a good approximation to the slope of the tangent line, and
smaller values (in absolute value) of h will, in general, give better approximations. The slope of the
secant line is the difference between the y values of these points divided by the difference between
the x values. The following definition provides the more customary definition of a derivative.
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Definition 1.1.2 (Derivative). The function f: R — R is differentiable at a if

o )t 0D F@)

h—0 h

exists. This limit is called the derivative of [ at a and is written f'(a).

Definition 1.1.3 (Tangent Line). The tangent line to the curve y = f(x) at the point P (a, f(a)) is
the line through P with slope m, provided that the limit exists.

Remark 1.1.1. In general, when a function f of one variable is differentiable at a point a, the
equation of a tangent line to the graph of f at a is:

y=f(a)+ f(a)(z —a)

Example 1.1.2. Find an equation of the tangent line to the hyperbola y = 3/x at the point (3, 1)
using the above definition of a derivative.
Solution: The slope is given by

Therefore, an equation of the tangent line at the point (3, 1) is
y=1—-(x—-3)/3 — zx+4+3y—6=0.

Example 1.1.3. Find an equation of the tangent line to the curve y = (xz — 1)/(z — 2) at the point
(3,2) using the above definition of a derivative.
Solution: The slope is given by

h+2
N LG R ) Rl AC) BT ==
h—s0 h h—0 h
a0 R+l

Therefore, an equation of the tangent line at the point (3, 2) is
y—2=—(x—-3) — z+y=>5.

1.1.3 Properties of the Differential

Theorem 1.1.1 (Classic properties). Let I be an interval in R and suppose that f : I — R and
g : I — R are differentiable at a € 1. Then

(i) If k € R, then the function kf is differentiable at a and
(kf)(a) =k f'(a)
(ii) The function f + g is differentiable at a and

(f +9)(a) = f'(a) + ¢'(a)
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(iii) (Product Rule) The function f g is differentiable at a and
(f9)'(a) = f(a)g'(a) + g(a) f'(a)
(iv) (Quotient Rule) If g(a) # O, then f /g is differentiable at a and

<[>' (a) = 9(a)f'(a) — f(a)g'(a)

9 l9(a))?

Theorem 1.1.2 (Chain Rule). Let I and J be intervals in R, f : I — R, and g : J — R, where
f(I) C J,andleta € I. If f is differentiable at a and g is differentiable at f(a), then the composite
function g o f is differentiable at a and

(gof)(a)=g'(f(a)) f(a).

Example 1.1.4. Using the properties of the differential, differentiate the following, where a, p, q,
and b are constants

@ y = f(2) = Grrae

Solution: f/(z) = %

(b) y = f(z) = 1+\/1+\/5

Solution: f'(z) = 1/(8y\/z(1 + Vz))
© y=flx)= w%m +4q)°

Solution: f'(z) = y[bp/(px + q) + a/x]

Example 1.1.5. If a(t) and b(t
constants, find expressions for

are positive-valued differentiable functions of ¢, and if A, o, B are

dx/dt

)
z_ , where
X

(@) = = A{[a(0)]* + p(1))P}**’

s i (a+B)(ca(®) " LatB()P1h)
Solution: 7 = S e

(b) @ = Ala(t)]*[b(t))

z’ _ Bb 4+ @4
Solution: £ = () )

a(t
Example 1.1.6. If F'(z) = f(z"g(x )) find a formula for F'(z).
Solution: F'(z) = f'(z"g(x)) (2" (z) + g(z)na" ")

Theorem 1.1.3 (L’Hospital’s Rule). Suppose f and g are differentiable and ¢'(x) # 0 near a
(expect possibly at a). Suppose that

lim f(x) =0 and lim g(x) =0

T—a T—a
orthat lim f(z) = £oo and lim g(x) = fo0.
T—a Tr—a
Then ,
f(x) f'(z)

if the limit on the right side exists.
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8

Example 1.1.7. Calculate lim,_, o 5

Solution:

B

lim Inz i 1/x ) 3

Example 1.1.8. Calculate lim, ., €* /2.
Solution:
lim e”/z? = lim €%/2z = lim €%/2 = cc.
T—r00 T—00 T—00
Theorem 1.1.4 (Inverse Function Theorem). Suppose that f is differentiable on an interval I and
f'(z) # 0 (no local maxima or minima) for all x € I. Then f is injective, f~" is differentiable on
f(I), and
1 1

oxr . 1y _ 1
Y0 = 5737 = 7075

i
where y = f(x).

Example 1.1.9. Let n € Nand y = f(x) = x'/" for x > 0. Then f is the inverse of the
function g(y) = y". Use Theorem 1.1.4 to verify the familiar derivative formula for f : f'(z) =

(1/n)zt/m=1,
Solution:
1 1 1 1 B lwl/n—l'

f/(x) = (f_l)/(y) = g/(y) = nyn—l - n(xl/n)n—l T on

Example 1.1.10. Consider the following function:

0
(1—0)log(1—6)

y=f0)=-
Use Theorem 1.1.4, find df ~!(y)/dy.
Solution:

df'y) do 1 1 (1—6)%log?(1 — 6)

dy  dy dy/dd log1=0)+0 ] log(1—6)+0
(1—-6)21og?(1-6)

1.1.4 Single-Variable Maximization

Proposition 1.1.1 (First Derivative Test). Suppose c is a critical point of a continuous function f.
(a) If f' changes from positive to negative at c, then f has a local maximum at c.
(b) If f' changes from negative to positive at c, then f has a local minimum at c.
(c) If f' does not change sign at c, then f has no local maximum or minimum at c.

If the sign of f/(z) changes from positive to negative (negative to positive) at ¢, f is increasing
(decreasing) to the left of ¢ and decreasing (increasing) to the right of c. If follows that f has a local
maximum (minimum) at c.

Proposition 1.1.2 (Second Derivative Test). Suppose f” is continuous near c.

(a) If f'(¢c) = 0and f"(c) > 0, then f has local minimum at c.
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(b) If f'(c) = 0and f"(c) <O, then f has local maximum at c.

If f”(c) > 0(< 0) near ¢, f is concave upward (downward) near c. Thus, the graph of f lies
above (below) its horizonal tangent at ¢ and so f has a local minimum (maximum) at c.

Example 1.1.11. The height of a plant after + months is given by h(t) = v/t — t/2,t € [0,3]. At
what time is the plant at its highest?
Solution: The first order condition is given by
1 1 set

where h(1) = 1 —1/2 = 1/2. Since h”(t) = —1/(4t%/?) < 0, t* = 1 is a local maximum. Also,
h(0) = 0, h(3) = V/3 — 3/2 ~ 0.27. Therefore, t* = 1 is an absolute maximum.

Example 1.1.12. A sports club plans to charter a plane. The charge for 60 passengers is $800 each.
For each additional person above 60, all travelers get a discount of $10. The plane can take at most
80 passengers.

(a) If 60 + = passengers fly, what is the total cost?
Solution: TC(x) = ($800 — $10x)(60 + x)

(b) Find the number of passengers that maximizes the total airfare paid by the club members.

Solution: T'C'(z) = 200 — 20z and T'C"(z) = —20. Thus, * = 10 and airfare expenditures
are maximized with 70 passengers (T'C(z*) = $49, 000).

Example 1.1.13. Let C(Q) be the total cost function for a firm producing ) units of some com-
modity. A(Q) = C(Q)/Q is then called the average cost function. If C'(Q) is differentiable, prove
that A(Q) has a stationary point (critical point) at Qo > 0 if and only if the marginal cost and the
average cost functions are equal at Q. (C'(Qo) = A(Qo))

Solution: By definition, QA(Q) = C(Q). Differentiating with respect to () yields

QA'(Q) + A(Q) = C'(Q).

Assume A(Q) has a stationary point at Qo > 0. Then it is easy to see that A(Qg) = C'(Qo) as
desired. Now assume A(Qo) = C'(Qo). Then QpA’(Qo) = 0, which implies that A’(Q) = 0 as
desired since Qg > 0.

Example 1.1.14. With reference to the previous example, let C(Q) = a@Q? + bQ? + cQ + d, where
a>0,b>0,c>0,and d > 0. Prove that A(Q) = C(Q)/Q has a minimum in the interval (0, co).
Then let b = 0 and find the minimum point in this case.

Solution: The average cost function is given by

c(Q) 9 d
AQ) = —~ =aQ* +bQ +c+ .
@ ==5 Qe+t
Differentiating with respect to () yields
AQ) =2 po st
(Q) = (IQ + 06— @ =0.
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Figure 1.2: Intermediate Value Theorem

A

fib)

fla)

Given the restrictions on the constants, as @ — 0, A'(Q) < 0 and as Q@ — oo, A'(Q) > 0. Thus,
there exists a Q* € (0, 00) that satisfies the first order condition. To determine whether this critical
point is a minimum or maximum, differentiate A’((Q) with respect to @ to obtain

A"(Q) =2(a+d/Q%) >0,

given the restrictions on the parameters. Thus, A(Q) has a minimum in the interval (0, c0) by the
second derivative test. When b = 0

d . . d 1/3

1.1.5 Intermediate and Mean Value Theorems

Definition 1.1.4 (Intermediate Value Theorem). Suppose that f is continuous on the closed interval
[a,b] and let N be any number between f(a) and f(b), where f(a) # f(b). Then there exists a
number c in (a,b) such that f(c) = N.

Simply put, the Intermediate Value Theorem says the graph of f must cross any horizontal line
between y = f(a) and y = f(b) at one or more points in [a, b] (see figure 1.2).

Example 1.1.15. Show that 2¥ = 3z for some x € (0, 1).
Solution: Define f(x) = 2% — 3z. Then f is continuous on [0, 1] and f(0) = 1 and f(1) = —1.
Thus, by the Intermediate Value Theorem 3 xy € (0, 1) such that f(xg) = 0.

Theorem 1.1.5 (Rolle’s Theorem). Let f be a continuous function on |a, b that is differentiable on
(a,b) such that f(a) = f(b) = 0. Then there exists at least one point ¢ € (a,b) such that f'(c) = 0.

The geometric interpretation of Rolle’s theorem is that, if the graph of a differentiable function
touches the x-axis at arbitrary points a and b, where b > a, then for some point ¢ between a and b
there is a horizontal tangent (see figure 1.3a). If we allow the function to have different values at
the endpoints, then we cannot be assured of a horizontal tangent, but there will be a point ¢ € (a, b)
such that the tangent to the graph at x = c will be parallel to the chord between the endpoints of the
graph. This is the essence of the Mean Value Theorem (see figure 1.3b).
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Figure 1.3: Rolle’s Theorem and Mean Value Theorem

f
S|
secant .- |[:
1o g
i@
tangeri:[ atc
a c b a c b

(a) Rolle’s Theorem (b) Mean Value Theorem

Theorem 1.1.6 (Mean Value Theorem). Let f be a continuous function on [a, b] that is differentiable
on (a,b). Then there exists at least one point ¢ € (a,b) such that

1) = fla)

7oy =12

Example 1.1.16. As a illustration of one use of the Mean Value Theorem (MVT), we will derive
Bernoulli’s inequality: for x > 0

(I4+2)">14nx VneN.

Solution: Let f(t) = (1 + ¢)™ on the interval [0, ], which is clearly continuous and differen-
tiable. Then, by the M VT, there exists a ¢ € (0, ) such that

f@) = f(0) = f'(c)(z - 0).
Thus, we have
(1+2)" —1=nz(l+c)" > nx,
since f'(¢c) =n(l+c¢)" 1, 1+c>1,andn—1>0.

Example 1.1.17. Use the Mean Value Theorem (MVT) to establish the following inequalities, as-
suming any relevant derivative formulas.
@ e*>1+xforx >0

Solution: Define f(z) = e” and recall from the MVT that f(b) — f(a) = f'(c)(b — a) for
some ¢ € (0,z). Then
el —1=e€(x—-0)=¢€¢2x>z

since e¢ > 1 for ¢ > 0.
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(b) £ <Vhl-T<1
Solution: Deﬁne f(z) = /x and consider the interval [49,51]. Then by the MVT, Jc €
(49, 51) such that
\/5_ - \/@ _ f/(c) _ L
51 —49 N
Consequently, we have
1
=BT
Ve vei-T
which implies
1 1 1 1
= ——<——=<—==V51-T7<
87 V6l VB \f \/@ 7

© V1+xz <5+ 55 24 forx > 24

Solution: Define f(z) = /1 + « and consider the interval [24, z]. Then by the MVT, 3¢ €
(24, z) such that

T — 24 <:n—24
2v/1+¢ 10

flx)—f24) =vV1+x-5=f'(c)(x —24) =
since ¢ > 24, /14 ¢ > /25 =5.

1.1.6 Taylor Approximations

Definition 1.1.5 (Taylor’s Theorem). Let f and its first n derivatives be continuous on [a,b] and
differentiable on (a,b), and let o € |a,b]. Then for each x € |a,b] with x # x, there exists a point
¢ between x and xq such that

2 / (")(330)

+- - ‘+T(ﬂj‘—l’0)n+

f”(l'(])

(n+1)
] S (g

(n+1)!

Taylor’s theorem can be viewed as an extension of the MVT in the sense that taking x = b,
o = a, and n = 0 in Taylor’s theorem yields the earlier result.

f@) = f(zo)+f (wo) (x—0)+

(z—m0)

Example 1.1.18. As an illustration of the usefulness of Taylor’s theorem in approximations, con-
sider f(x) = €® for x € R. To find the nth Taylor polynomial for f at zp = 0, recall that
f™(z) = e® for all n € N. Thus, we have
2 a3 x™

pul@) =14a+p+or b+ o
To find the error involved in approximating e® by p,(x), we use the remainder term given by Tay-
lor’s theorem. That is,
(n+1)! (n+ 1)V’
where c is some number between 0 and x. For example, suppose that we take n = 5 and compute
the error when x € [—1,1]. Since c is also in [—1, 1], a simple calculation shows that |R5(z)| <
e/6! < 0.0038. Thus, for all z € [—1, 1], the polynomial

(n+1) c.n+1
Rn(w):f (©) ny1_ €

2 333 334 :L'5

T
1+$+—+§+E+a

differs from e” by less than 0.0038.
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Remark 1.1.2. For the special case x¢ = 0, the Taylor Series is known as a Maclaurin series.

Example 1.1.19. Find an approximation to the following function about the given point
flx)=(1+=x)?° a=0.

Solution: Applying the above formula

fla) = (a2 gy 2O gy OO gy
120(1 + a) 120
T(m —a)t + F(z - a)ﬂ .

=1+ 5z + 102* 4 10z° + 52 + 2°.
Example 1.1.20. Find quadratic approximations to the following functions about the given points:

(a) F(K)=AK®* Ky=1

Solution: F(K) ~ A[l + a(K — 1) + ala — 1)(K —1)2/2]
() f(e)=(1+3e+ %&?2)1/2, go=0

Solution: f(¢) ~ 1+ %e — 3%62
(© Hz)=(1+2)"Y x0=0

Solution: H(x) ~ 1 — x + 22

1.1.7 Laws of Logarithms

Consider a function, f with domain A and range B. If ¢ > 0 and a # 1, the exponential function
f(x) = a” is either increasing or decreasing, and thus injective. It therefore has an inverse function
f~1, which is called the logarithmic function with base a and is denoted log,. According to the
definition of an inverse function,

Thus, we have
_ Yy __
log, 2=y <= d'=u.
Moreover, since

f_l(f(:n)):m for every x in A
f(f_l(az))zzn for every x in B

it is the case that

log,(a”) =z forevery x € R

al%8® =z forevery x > 0.
The key properties of logarithmic functions are as follows:
(a) log,(zy) = log, z +log, y
(b) log,(z/y) = log, = —log, y

(c) log, z" = rlog, x (where r is a real number)

10
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Natural Logarithms

The mathematical constant, e, is the unique real number such that the value of the derivative (the
slope of the tangent line) of the exponential function f(x) = a” at the point = 0 is exactly 1. The
logarithm with base e is called the natural logarithm and has a special notation

log,z =Inx.
Thus, the above properties generalize to

he=y <+ "=z
In(e®*) =2 foreveryx € R

em® =z forevery z > 0

In particular, if we set z = 1, we get
Ine = 1.

Finally, when y = log, «, we have a¥ = z. Thus, applying the natural logarithm to both sides of
this equation, we get y In @ = In x. Thus, the change of base formula is given by
1 Inx
=log,z =—.
Example 1.1.21. Express Ina + % In b as a single logarithm.

Solution: Ina + £ Inb =1Ina +In b'/? = In(av/d)

Example 1.1.22. Find the inverse function of the following: m = f(t) = 24 - 274/%.
Solution: 22 =272 = Inm —In24 = —LIn2=t= f~1(m) = 2 (In24 — Inm)

Example 1.1.23. If f(z) = 2z + Inx, find f~1(2)
Solution: Define yy = f(z). Then f~!(y) = . Thus, aty = 2, we have 2z+Inz =2 = x = 1.
It immediately follows that f~1(2) = 1

Example 1.1.24. Calculate lim, (1 + 1/2)".
Solution: Define y = (1 + 1/x)*. Then Iny = 2 In(1 4+ 1/2). We must first evaluate the limit
of the right-hand-side as * — oo. Using L’Hospital’s Rule, we obtain

. . In(1+1/2) 1
A e = e T S M T =

Thus, Iny — 1 as  — co. Since e” is a continuous function, we have y = e™¥ — e as z — oo.
Example 1.1.25. Find a linear approximation to the following function about the given point:
xp = zeM (@/T) = gemoemIn® — 202 — £(3)) 4 =3=0,

where Z is the stationary value of x;. Then show that percent changes are a good approximation for
log deviations.
Solution:

Q

£(0) + f'(0)(2¢ — 0)
ze’ + i’eo(fi't — 0)

Z[1 4 &4

Tt

11
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Figure 1.4: Log-Linear Approximation
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which implies that

ZL’t—i’

r=lnr; —InT ~ —
z

Since the above result is a first order approximation it includes an error term. z;/Z is interpreted
as a gross deviation of an observation, x;, from its stationary value (a value near one). Log lineariza-
tion approximates the percent change, or the net deviation from the stationary value (a value near
zero). We can see in the following graph that the approximation becomes less accurate as x;/Z
moves away from one. For example, suppose x;/Z = 1.5, a gross deviation of 150% (net deviation
of 50%). Log linearization yields a net deviation of 40.55%. Thus, the approximation has an error
of nearly 10 percentage points. Figure 1.4 illustrates that the approximation attains more accurate

results when each observation is within a short distance of its stationary value.

1.1.8 Infinite Series

If we add the terms of an infinite sequence {a, }5° ; we get an expression of the form
ar+ax+az+---+ap+---,

which is called an infinite series (or just a series) and is denoted by
o
>
n=1

12
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The logical question is whether it makes sense to talk about the sum of infinitely many terms? It
would be impossible to find a finite sum for the series

1+2+43+4+-+n-+--

because if we start adding the terms we get the cumulative sums 1,3, 6,10, ... and after the n®
term, we get n(n + 1)/2, which becomes very large as n increases. However, if we start to add the
terms of the series

1,z + = + ! +o =+
2 4 8 16 2n
we get %, %, %, %, %, ..., 1 —1/2" ..., which become closer and closer to 1. Using this idea, we

can define a new sequence {s,, } of partial sums given by
n
snzzak:a1+a2+"'+an-
k=1

If {s,,} converges to a real number s, we say that the series is convergent and we write

[eS)
E a, = S.
n=1

We also refer to s as the sum of the series > .-, a,. A series that is not convergent is called
divergent. If lims, = 4oo, we say that the series > -, a, diverges to +oo and we write
>0 |y = F00.

Example 1.1.26. For the infinite series Y -, 1/[n(n + 1)], we have the partial sums given by

1 1 1 1
S B R T L SOy oy

11 11 11 11
‘<I‘§>+<§‘§>+<§‘z>+“*(ﬁ‘nH)
B 1

S n+1

This is an example of a telescoping series, so called because of the way in which the terms in the
partial sums cancel. Since the sequence of partial sums converges to 1 for n large, we have

— 1
Sl
— n(n+1)

Example 1.1.27. Show that the harmonic series, given by,
i 1_ 1+ L + ! + ! +
n 2 3 4

n=1

is divergent.
Solution: The partial sums are given by

81:1

13
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1
82:14-5
1 1 1 1 1 1 2
84:1+§+<§+Z>>1+§+<Z+Z>:1+§
ot (B ) (B bl
2 3 4 5 6 7 8
>1+1+<1+1>+<1+1+1+1>
2 4 4 8 8 8 8
1 1 1 3
_1+§+§ 5214—5
Similarly, 316>1+%,332>1+%,andin general
n
82n>1+§.

This shows sgn — 00 as n — oo and so {s,, } is divergent. Therefore the harmonic series diverges.

Theorem 1.1.7. If 2;1.0:1 an Is a convergent series, then limy,_,o. a, = 0.

Proof. If 7 | a, converges, then the sequence of partial sums {s,, } must have a finite limit. But
Gn = Sp — Sp—1, 80 liMy, o0 @y, = limy, 00 Sy — liMy 00 Sp—1 = 0. ]

Remark 1.1.3. The converse of Theorem 1.1.7 is not true in general. If lim, .o a, = 0, we
cannot conclude that > >° ;| a,, converges. Observe that for the harmonic series » - ; % we have
an =1/n — 0as n — oo, but we showed in 1.1.27 that ), % is divergent.

Remark 1.1.4 (Test for Divergence). The contrapositive of Theorem 1.1.7, however, provides a
useful test for divergence. If lim,_, . a, does not exist or if lim,_,,, a, # 0, then the series
> o2 ap is divergent.

Example 1.1.28. One of the most useful series in economics is the geometric series,
o
a+ar+ar’+ar®+- +ar™ 4. :Zar"_l.
n=1

Each term is obtained from the preceding one by multiplying it by the common ratio r. If r = 1,
then s, = na — Fo0. Since the lim,_,~ s, does not exist, the geometric series diverges in this
case. If r # 1, we have

sn=a+ar+ar*+ar®+-- +ar"!

and rsn = ar +ar’® +ard + - 4+ a7t + ar™
Subtracting these equations, we obtain
n

Sp —TSp =a—ar'’,

which implies

a(l —rm")
Sy = T
If -1 <r < 1,thenr™ — 0asn — oo. Thus
1 —pn
lim s, = lim ol T): a .
n—00 n—oo 1 —17r 1—17r

S0 a convergent geometric series equals the first term divided by one minus the common ratio.

14
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Example 1.1.29. In the previous example, we found that for |r| < 1

o o a
E ar" = E ar” = 1
—r

Differentiating the above equation gives

> a
anr" = —
2 Sy

This result is particularly useful for deriving a closed solution for the expected value of a discrete
geometric random variable.

Example 1.1.30. Find the sum of each series
n n
Ly () 2. 305 (3)

. o n 1/3 . o0 n 1/8
Solution: >>°, (3)" = ﬁ =3 Solution: 377 ; (3)" = 1—(/1/2) 1

=

1.2 Multivariate Calculus

1.2.1 Level Surfaces

Even though many graphs have a three-dimensional representation, they are often drawn only in two
dimensions for simplicity. The information about elevation can be captured by drawing in a set of
contour lines, with each contour line representing all points with a specific elevation. The contour
lines are not graphs of the function but are instead what are called level curves (level surfaces in
higher dimensions). Level curves are so commonly used in economics that they often have special
names. An indifference curve for a consumer is a level curve containing all bundles of goods that
attain a certain level of utility. An isoquant in production theory is a level curve containing all
bundles of inputs that attain a certain output level.

To see the difference between the graph of a function and the graph of a level curve, consider
the function z = f(z,y) = 25 — 22 — y2. To find a level curve corresponding to z = 16, we take
a plane at height 16 and intersect it with the graph and then project the intersection down to the x-y
plane. A level curve is always in a figure with dimension one less than the graph (a two-dimensional
plane versus three-dimensional space). More formally, we have the following definition.

Definition 1.2.1. The graph of f : R"™ — R is the set of points in R"*! given by {x, f(x)|z € R"}.
The level surface corresponds to f = c (for some ¢ € R) is {x € R"|f(x) = c}.

1.2.2 Projections

Definition 1.2.2 (Scalar Product). For x,y € R", the scalar product (or dot product) of x and y is
XY =20 Tl

Definition 1.2.3 (Orthogonal Vectors). For x,y € R", x and y are orthogonal if x - y = 0.
Definition 1.2.4 (Vector Length). For x € R", the length (or norm) of x is ||x|| :== /X - x.

Theorem 1.2.1. If 0 is the angle between vectors x and 'y, then

x-y = [[x[[[ly]l cos 6.

15
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Figure 1.5: Projection of x onto y

Definition 1.2.5 (Projections).

e Scalar Projection of X onto y: compy,X = ﬁ
e Vector Projection of X onto y: proj,x = H’;ﬁ’z y

In order to see these formulas more clearly, note that cos § = ||ty||/||x||. Thus,

[x|lllyllcos & _ x-y

[ty |l = l[x[| cos & = =
[yl Iyl

which is the formula for the scalar projection of x onto y. Moreover, using the fact that ty =
llty|ly/|ly||, simple algebra yields the vector projection of x onto y.

Fort = (x-y)/|yll%, (x — ty) - y = 0 (See figure 1.5). Thus, we can decompose X into two
parts, one a multiple of y, ¢y, and the other orthogonal to y, x — ty.

Given a vector y, which vector x with norm ¢ > 0 maximizes x - y? The set of vectors with
||x|| = c consists of all those vectors with heads on the “sphere” (could be a higher dimension) with
radius c. To simplify the problem assume ||y|| = 1. For any x, if the projection of x on y is ty, then

. _ Xy
proj,x =ty = Wy.

Thus equating coefficients, we obtain x - y = t||y||> = t. Since x -y = ||x|||ly||cos 8, x - y is
maximized when either ||x|| or ||y|| can be increased or when the angle 6 between the two vectors
is minimized so that cos(f) — 1, which implies the projection ty is maximized. Thus, to maximize
x - y we must make the projection on y as large as possible subject to ||x|| = ¢. By the Pythagorean
theorem, ||x||? = ||ty|> + ||x — ty]||?. But ||x||?> = % and ||ty|? = t?||y||*> = t? so, rearranging,
t? = ¢ — ||x — ty||?. Since the last term is nonnegative, ¢+ < c. To make t as large as possible, set
x —ty = 0, s0 ¢t = c. Thus to maximize x -y subject to ||x|| = ¢, set x = cy. [If ||y|| # 1, we must
adjust the solution to x = (¢/||y||)y.] Intuitively, we obtain the result that in order to maximize the
dot product between x and y, both vectors must point in the same direction.

1.2.3 Gradient Vector and its Relationship to the Level Surface

For a function f, consider the level surface S given by f(x1,x2,...,2,) = k through a point
P(x10,220,...,2n0). Let C be any curve that lies on the surface S and passes through the point
P, where the curve is described by a continuous vector function, r(t) = (z1(t), z2(t), ..., zn(t)).

16
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Figure 1.6: Gradient Vector Perpendicular to the Level Curve

X Vf(x0,¥0)

/

Level Curve

fGoy) =k
y

Let ¢o be the parameter value corresponding to P; that is r(ty) = (z1,0,220,...,Zn0). Since C
lies on .S, any point (z1(t), x2(t), ..., z,(t)) must satisfy

f(:L'l(t), :L'g(t), ... ,l’n(t)) = k.
By the Chain Rule, its total derivative is

of d of d of d
fdz,  Of dry Fdon _Gr vy =o.

o dt | om at T ow @

Since Vf = (fuys fagy- - fon)and v/ (t) = (@] (¢), 25(t), ..., 2, (t)), at t = t, the above condition
can be written

Vf(l‘lp, x270, e ,I'n,()) . I‘/(t()) =0.

Thus, the gradient vector at P, V f(x1,0, 2,0, .., n0), is perpendicular to the tangent vector r'(t)
to any curve C' on S that passes through P. To illustrate, consider a function f of two variables and
a point P(xg,yo) in its domain. The gradient vector V f(zg,yo) gives the direction of the fastest
increase of f and is perpendicular to the level curve f(x,y) = k that passes through P. This makes
intuitive sense since the values of f remain constant as we move along the curve.

1.2.4 Gradients and Tangent Planes

Proposition 1.2.1. Assume that f : R" — R is differentiable at a with gradient vector V f(a).
The following properties are consequences of differentiability:

(i) f is continuous at a.
(ii) For all unit vectors, u, the directional derivative in the direction of u is fy(a) = Vf(a) - u

o - 9f(a)
(iii) For all i the ith component of V f (&) is 6;; .

17
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(iv) The equation of the tangent plane to the graph of f at (a, f(a)) is given by

f(x) = fla)=Vf(a) (x—a).
Note the similarity to the single-variable case.

(v) The equation of the tangent plane to the level curve corresponding to f(x) = f(a) at the
point a is given by

0=Vf(a) (x—a).

(vi) The marginal rate of substitution of x; for x; along the level curve corresponding to f(x) =
f(a) at the point a is the number of units of x;, which must be removed in order to maintain
a constant “output” [ when a unit of x; is added and all other “inputs” are unchanged. The
change in input j (i) is vj (v;) and all other inputs are unchanged, so v, = 0 for k # 1, j.
More formally we have

of of
0 ami(a)fuz—i—%j( Juj or
0z v 859(6?)
O, |x=a T 9@
f(x)=f(a) dx;

(vii) The direction of change of inputs x which most increases output f(x) starting at a is the
direction V f(a).

Example 1.2.1. u(z,vy,2) = x + y + 22 is differentiable at (1,1, 1).

1 1
(a) To find Vu(1,1,1), Vu(z,y,z) = [ 1 |,soVu(l,1,1) = [ 1
2z 2

(b) To find the equation of the tangent plane to the graph of w at (1,1, 1), u(1,1,1) = 3, so

z—1
(u(@,y,2) =3) =Vu(l,1,1)- [y—1] =@ —-1)+(y—1)+2(z—1).
z—1

(c) The equation of the tangent plane to the level curve corresponding to u = 3 at (1,1, 1) is

z—1
0=Vu(l,,1)- [y—1]=(@@—-1)+(@y—1)+2(z—1).
z—1

(d) To find the marginal rate of substitution of = for z along the level curve v = 3 at the point

(17 17 1)7
ou ou
0= %(17 L, 1)AI’ + %(1, 1, 1)AZ
SO
Oz |(2,y,2)=(1,1,1) Ou(l,1,1) 2
u=3 0z

18
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(e) To find the direction of change of inputs which yields the largest increase in output u at
(1,1, 1), the direction is

1 1

1
— _ _vu(1,1,1)=— (1],
[Vu(L, 1, 1) V6 \,

assuming the magnitude of the total change in inputs is unity.

Example 1.2.2. Output, Y, is produced using two inputs, K and L, according to Y = f(K,L) =
1+ (KL —1)/3.
(a) What is the equation of the tangent plane to the production surface at the point corresponding
to K =1and L =27

Solution:

K-1
v— a2+ via2- () )
2 1
=24+ - (K-1)+=-(L—-2
Fo(K—1)+3(L-2)
or, equivalently, Y = %K + %L + %
(b) What is the equation of the tangent plane to the isoquant (level curve) corresponding to Y = 3
at (K, L) = (1,9)?

Solution:

K-1
3=3+Vf(1,9): <L—9>
3 1
=—(K—-1)+—
— 0 4( ) + 15
or, equivalently, 9K + L = 18.
(c) Whatis the Marginal Rate of Substitution (MRS) of L for K along the isoquant corresponding
toY = f(2,1)at (K,L) =(2,1)?
Solution: The Equation of the tangent plane to the level curve at (K, L) = (2,1) is

1 2
0= (AK,AL) - (fx(2,1), fr(2,1)) = (AK,AL) - (g, §)’
which implies that MRS = AK/AL = —2.

(d) If starting at (K,L) = (2,1), a tiny (marginal) amount of inputs could be added in any
proportions with ||[(AK, AL)|| = ¢, how many extra units of L should be added for each
additional unit of K to maximize the increase in output (i.e., what is the ratio AL/AK)?

Solution: Equation of the tangent plane to the production surface at (2, 1) is

1 2

33

An increase in output is maximized when the scalar product of (AK, AL) and Vf(2,1) is
maximized. Thus,

€ 1 2 e 2 AL
AK,AL) = 12y <_7_> L, AL,
BEAD =1 71G53 =\ 5 AK

Y — f(2,1) = (AK,AL) - (
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Example 1.2.3. A firm uses capital, K, and labor, L, to produce output, Y, according to ¥ =
K*LP, where « and [ are positive constants.
(a) What is the equation of the isoquant corresponding to a level of output equal to one?

Solution: When Y = 1, the corresponding level curve is KL% = 1.

(b) What is the equation of the tangent plane to the production surface at K = L = 1?
Solution:

Y=Y(1,1)+ S—I};(l, WK —-1)+ g—};(

=14+a(K—-1)+p5(L-1)

1,1)(L - 1)

(c) What is the equation of the tangent “plane” to the level curve corresponding to Y = 1 at
K=L=1?

Solution:
O=a(K-1)+8(L—-1) — aoK+pL=a+p.
(d) For small changes along the level curve, starting at X' = L = 1, how many units of labor are
needed to replace each unit of capital (i.e. What is the MRSy, i)?
Solution: The Equation of the tangent plane to the level curve at (K, L) = (1,1) is

0= (AK7 AL) ’ (fK(L 1)7fL(17 1)) = (AK7 AL) ’ (aaﬁ)y
which implies that AL/AK = —«a/p.

(e) If it were possible to increase K and L slightly in any proportion so that ||(AK, AL)|| = ¢,
where c is a very small positive number, what change in K and L would lead to the greatest
increase in output?

Solution: Equation of the tangent plane to the production surface at (1, 1) is
Y =14 (AK,AL) - (o, B).

Thus, the maximum value of Y is attained when the above dot product is maximized. This

will occur when c

N

(AK,AL) = (av, B).

1.2.5 Chain Rule

Definition 1.2.6 (Chain Rule—Case 1). Suppose that z = f(x,y) is a differentiable function of x
and y, where © = ¢(t) and y = h(t) are both differentiable functions of t. Then z is a differentiable

function of t and
dz _ O0zdx  Ozdy

@t ondt ogdt

Definition 1.2.7 (Chain Rule—Case 2). Suppose that z = f(x,y) is a differentiable function of x
and y, where x = ¢(s,t) and y = h(s,t) are both differentiable functions of s and t. Then

0: _9z00 0:0y . 0:_0:0n 020y
ds Ords Oyds ot  Ox ot 0Oyot
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Definition 1.2.8 (Chain Rule-General Version). Suppose that u is a differentiable function of the n

variables x1, . ..,x, and each x; is a differentiable function of the m variables t1, ..., t;,. Then u
is a function of t1, ... ,t,, and
ou Ou dr1  Ou Oxg ou Oxy,

- 7 4+ — o ——
8ti 81‘1 at,- 81‘2 8ti axn at,-
foreachi=1,2,...,m.

Example 1.2.4. Given z = f(z,y,t) = ye® + t?> where x = g(y,t) = In(y +t) and y = h(t) =
t3 — 9, use the chain rule to find the total effect of a change in t on z (dz/dt) att = 2.
Solution:

dz 0z <8x dy 8x> Ozdy 0z

@t oz \ogat " ot) Toga T

1 1
= ye® 3t% + + 3e%t? 4 2t.
y+t y+t

Whent =2,y =—1and x =0, so

dz

—| =-1(12+1)+124+4=3.
g (12+1) +12+

t=2

Example 1.2.5. Assume the following functional forms:
z=a+ay®, z=w’+wd, y=u+ve’.

Use the chain rule to find the indicated partial derivatives at the given point:

%, %, S_Z’ whenu =2, v=1, w=0.
Solution: First note thatw =2, v =1, w = 0 impliesz =2, y = 3
0z _ 0200 00y 0: 0200 0:0y
ou OdxOdu Oydu ov  Oxdv Oydv
= 2z +y*)(v*) + (3zy?) = (2 + y*)(2uw) + (3ay?) (")
= 85, = 178,

0: 000 020y
ow Oxow Oyow
= (2 + y*)(3w?) + (3zy?)(ve")
= b4.

Example 1.2.6. A function is called homogeneous of degree n if it satisfies the equation

[tz ty) = " f(z,y)
for all t, where n is a positive integer and f has continuous second order partial derivatives.
(a) Verify that f(z,y) = 2%y + 2zy? + 5y is homogeneous of degree 3.
Solution: Applying the above definition
f(tz, ty) = (tx)?(ty) + 2(tz)(ty)? + 5(ty)* = t32%y + 26%2y* + 5t3y°
= 3[2%y + 2xy° + 5y°] = t3f (x,y).

21



A. W. Richter 1.2. MULTIVARIATE CALCULUS

(b) Show that if f is homogeneous of degree n, then

Solution: To see this clearly, rewrite the above definition in the following way:

fla,b) = t"f(z,y),
where ¢ = tx and b = ty. Then differentiating with respect to ¢ gives

of(tx,ty) da  Of(tx,ty)db _

— n—1
da dr o @ @)

Since this equation holds for all ¢, we can set ¢ = 1 to obtain the desired result.

Theorem 1.2.2 (Young’s Theorem). Suppose that y = f(x1,x2,...,%,) is twice continuously
differentiable (C?) on an open region J € R". Then, for all x € J and for each pair of indices i, j,
0*f 0% f

axi(‘)wj *) = axjaxl x):

Example 1.2.7. Consider the general Cobb-Douglas production function Q = kz%y®. Then,

aQ _ a—1_b 8@ _ a, b—1
%—alm Yy, 8y—bk‘:py ,
0%Q 11 0%Q

= k a = —
0xdy abkz™"y Oyox

We can continue taking higher order derivatives, and Young’s theorem holds for these cases.
For example, if we take an x1x9x4 derivative of order three, then the order of differentiation does
not matter for a C-function. We can keep going and define kth order partial derivatives and C'*
functions. For C* functions, the order you take the kth partial derivatives does not matter.

Example 1.2.8. If f is homogeneous of degree n, show that

O f(, O f(x, 0% f(z,
wzia(; y) + 2xy &r%yy) + 92 8(;2 y) =n(n—1)f(z,y).

Solution: To obtain the desired result, differentiate the following result with respect to ¢

af(talc; ty):E + 8f(tagg ty)y — nt”_lf(gj,y).

Using the chain rule, we obtain

P f(te,ty)da P flta,ty)db  O*f(ta,ty)da  O*f(ta,ty) db _
Y02 dat "' daob dt YT oboa  at YT o2 at
R I232f(tx,ty) D f(tw,ty) | 0% f(tx, ty)

2 = — 12 .
Ba2 T2 g Y T n(n — D" f(z,y)

n(n — )t" 2 f(x,y)

Again, setting t = 1 gives the desired result.

22



A. W. Richter 1.2. MULTIVARIATE CALCULUS

Example 1.2.9. If f is homogeneous of degree n, show that

foltz,ty) =" fo(z,y).

Solution: To obtain the desired result, differentiate

fla,b) =1"f(z,y)
with respect to x to obtain

da dz Ox Ox Ox

Thus, if a function, f, is homogeneous of degree n, its derivative, f’, is homogeneous of degree
n — 1. Note that evaluating the function at (tx,ty) and subsequently taking the derivative of
f(tx, ty) with respect to the first argument, ¢z, is equivalent to taking the derivative of f(z,y)
at and evaluating at (tzx, ty).

Example 1.2.10. Verify that partial derivative of f(x,7) = 2%y + 2xy? + 53> with respect to x is
homogeneous of degree 2.
Solution: The partial derivative is given by

folz,y) = 22y + 29°.

Evaluating at (tz, ty) gives

fo(ta, ty) = 2(tx) (ty) + 2(ty)* = 22y + 29°] = £ fo(2, y).

Thus partial derivative of the given function is homogeneous of degree 2.

1.2.6 Second Order Derivatives and Hessians

The Hessian matrix is a square matrix of second-order partial derivatives of a function. Let x € R"
and let f : R™ — R be a real-valued function having 2nd-order partial derivatives in an open set
U containing x. Given the real-valued function f(x1,x2,...,x,), the Hessian matrix of f is the
matrix with elements

H(f)ij(x) = DiD; f(z),

where © = (z1,22,...,2,) and D;D; is the differentiation operator with respect to the ijth argu-
ment:
— w 82f 82f -
890% Ox1 Ox2 O0x1 Oxn
oy & 0%
61‘2 8:01 %g 8502 61‘n
H(f)
a2 f 22 f o2 f
| Oy Ox1  Oxn Oxo ox2 "

If all n? second-order partial derivatives of f exist and are continuous functions of (21,2, ...
we say that f is twice continuously differentiable or C2.
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The Bordered Hessian matrix of f is a square matrix of second-order partial derivatives that

is bordered by first-order partial derivatives. Given the real-valued function f(x1,z2,...,x,), the
bordered Hessian matrix of f is the matrix
[ 0o of of e of ]
o1 Ox2 O0zn
of  p oy o
Ox1 am% Ox1 Oxo Ox1 Oxn
= of 9  &f 0%
H(f) = Oxo Oxo Ox1 axg e Ox2 Oxn
of  _of f ...  &f
| Oxn,  Oxp Oz  Oxyn Ox2 or2 |

The importance of the Hessian and Bordered Hessian matrices will become clear in later sections.

1.3 Basic Analysis

1.3.1 Induction and Examples

Theorem 1.3.1 (Principle of Mathematical Induction). Let P(n) be a statement that is either true
or false for each n € N. Then P(n) is true for all n € N, provided that

(a) P(1) is true, and
(b) foreach k € N, if P(k) is true, then P(k + 1) is true.
1
2

Example 1.3.1. Provethat 1 +2+3+---+n =
Solution: Let P(n) be the statement

n(n + 1) for every natural number 7.

1
1—|—2—|—3—|—---—|—n:§n(n—|—1)

Then P(1) asserts that 1 = 1(1)(1 4 1), P(2) asserts that 1 + 2 = £(2)(2 + 1), and so on.
In particular, we see that P(1) is true, and this establishes the basis for induction. To verify the
induction step, we suppose that P(k) is true, where k£ € N. That is, we assume

1
L4243+ k= ck(k+1).

Since we wish to conclude that P(k + 1) is true, we add k + 1 to both sides to obtain

1
L2434tk (b4 1) =gh(k+ 1)+ (k+1)

_ %[k(k: 1)+ 20k + 1)]

E %(k +1)(k+2)
= Sk D[+ 1) + 1]

Thus P(k + 1) is true whenever P (k) is true, and by principle of mathematical induction, we
conclude that P(n) is true for all n.
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Since the format of a proof using mathematical induction always consists of the same two steps
(establishing the basis for induction and verifying the induction step), it is common practice to
reduce some of the formalism by omitting explicit reference to the statement P(n). It is also ac-
ceptable to omit identifying the steps by name.

Example 1.3.2. Prove by induction that 7* — 4" is a multiple of 3, for all n € N.
Solution: This is true when n = 1, since 7' — 4! = 3. Now let k € N and suppose that 7% —
is a multiple of 3. That is, 7% — 4% = 3m for some m € N. It follows that
7k+1_4k+1 :7k+1 _74k+74k_44k
= 7(7F — 4F) 4 3. 4
= 7(3m) +3-4F
= 3(Tm + 45).

Since m and k are natural numbers, so is 7m + 4%. Thus 75+1 — 45+1 js also a multiple of 3, and
by induction we conclude that 7" — 4™ is a multiple of 3 for all n € N.

In the above example, we have added and subtracted the term 7 - 4*. Where did it come from?
We want somehow to use the induction hypothesis 7% — 4* = 3m, so we break 7%+ apart into 7- 7%
We would like to have 7% — 4% = 3m as a factor instead of just 7¥, but to do this we must subtract
(and add) the term 7 - 4F.

Example 1.3.3. Prove that 12 + 22 + - +n? = in (n +1)(2n + 1) forall n € N.
Solution: This is true when n = 1, since 1(1)(1 + 1)(2-1+ 1) = 1. Now let £ € N and
suppose that 12 422 ... + k? = %kz(k‘ +1)(2k + 1). Adding (k + 1)? to both sides, it follows that

P24+22 4+ B (k1) = %k(k+1)(2k+1)+(k+1)2
= %[2k3+3k2+k]+k2+2k+1
= %[%3 + 9k? + 13k + 6]
= Ik + 1)k +2)(2k +3)].

Thus, the above statement holds for n = k£ + 1 whenever it holds for n = k, and by principle of
mathematical induction, we conclude that the statement is true for all n.

Example 1.3.4. Prove that

n
it 1 _ foralln € N
s T T T T L T g AN E

Solution: This is true when n = 1, since ﬁ = % Now let k € N and suppose that

1 1 1 N 1k
3 15 35 42 -1 2k +1°
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Adding WBQ_I to both sides, it follows that

11 1 1 1 k 1
3T T T T T T ik 21 2kl Akt 1?1
ok 1
Tkl U8kt
ok 1
_2k:+1+(2k+1)(2k+3)
_ 2k*43k+1
2k +1)(2k + 3)
 k+1
- 2k +3°

Thus, the above statement holds for n = k£ + 1 whenever it holds for n = k, and by principle of
mathematical induction, we conclude that the statement is true for all n.

1.3.2 Neighborhoods and Open and Closed Sets

Definition 1.3.1 (Neighborhood). Let x € R and let € > 0. A neighborhood of x (or an e-
neighborhood of x) is a set of the form
N(z;e) ={yeR: |z —y| <e}.
The number ¢ is referred to as the radius of N (x;¢).
A neighborhood of x of radius ¢ is the open interval (z — ¢,z + ¢) of length 2¢ centered at .

Definition 1.3.2 (Deleted Neighborhood). Let x € R and let € > 0. A deleted neighborhood of x is
a set of the form
N*(z;e)={yeR:0< |z —y| <e}.

Clearly N*(x;e) = N(z;¢)\{z}.
Neighborhoods give us a framework within which we can talk about “nearness”.

Definition 1.3.3 (Interior and Boundary Points). Let S be a subset of R. A point x in R is an interior
point of S if there exists a neighborhood N of x such that N C S. If for every neighborhood N
ofxt, NNS # @ and N N (R\S) # &, then x is called a boundary point of S. The set of all
interior points of S is denoted int S, and the set of all boundary points of S is denoted by bd S (see
figure 1.7).

Example 1.3.5.

(a) Let S be the open interval (0,5) and let x € S. If ¢ = min{z,5 — x}, then we claim that
N(z;e) C S. Indeed, for all y € N(z;¢) we have |y — x| < ¢, so that

< —e<y—r<e<ld—-x

Thus 0 < y < band y € S. That is, for some arbitrary point in S, there exists a neighborhood
that is completely contained in S. It follows that every point in S is an interior point of .S
(S C int S). Since the inclusion int S C .S always holds, we have S = int S.

The point 0 is not a member of .S, but every neighborhood of 0 will contain positive numbers
in S. Thus 0 is a boundary point of S. Similarly, 5 € bd S and, in fact, bd S = {0,5}. Note
that none of the boundary of S'is contained in S. Of course, there is nothing special about the
open interval (0, 5) in this example. Similar comments would apply to any open interval.
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Figure 1.7: Interior and Boundary Points

Boundary

"’ Point
N(xZ' 52)

Interior
@ Point
N(xq,&1)

(b) Let S be the closed interval [0,5]. The point 0 is still a boundary point of S, since every
neighborhood of = will contain negative numbers not in S. We have int S = (0,5) and
bd S = {0,5}. This time .S contains all of its boundary points, and the same could be said of
any other closed interval.

(c) Let S be the interval [0,5). Then again int S = (0,5) and bd S = {0,5}. We see that S
contains some of its boundary, but not all of it.

(d) Let S be the interval [2,00). Then int S = (2,00) and bd S = {2}. Note that there is no
“point” at co to be included as a boundary point at the right end.

(e) Let S =R. Thenint S = Sand bd § = @.

Example 1.3.6. Find the interior and boundary of the following set: S = {% :neN }
Solution: The above set is
) 111
9 27 37 47

Given the distance between points, it is clear that there does not exist a neighborhood N around any
point that is contained in S. Thus, the interior of S = &. The boundary of the setis 0 U S

Example 1.3.7. Find the interior and boundary of each set.

1. [0,3] U (3,5) 3.{reQ:r>v2}
Solution: (0,5), {0,5} Solution: @, [/2, o)

2. {reQ:0<r <2} 4. [0,2] N[2,4]
Solution: @, [0, /2] Solution: @, {2}

Definition 1.3.4 (Open and Closed Sets). Let S C R. If bd S C S, then S is said to be closed. If
bd S C R\S, then S is said to be open.

Theorem 1.3.2.
(a) A set S isopeniff S =int S. Thus, S is open iff every point in S is an interior point of S.
(b) A Set S is closed iff its complement R\ S is open.

Example 1.3.8. Classify each of the following sets, .S, as open, closed, neither, or both.
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1. N
Solution: Not open: int S = @ # S,
Closed: bd S = S

2. Q

Solution: Neither, int S = @ # S
andbdS =R ¢Z S

3. mzozl (07 %)
Solution: Both: (0,1) N (0,4)N---

4. {z: |z -5/ <3}

Solution: Not open: int S = (4.5,5.5) #
S, Closed: bd S = {4.5,5.5} € S

Ax2? >0}

Solution: Open: intS = R\{0} = S,
Not Closed: bd S = {0} € S

.{%:nGN}

Solution: Neither: intS = @ # S

(int @ = @ and bd @ = @) andbdS & S (0 & 9).
Example 1.3.9. True/False: If S C R? is an open set, then f(z,y) = x + y cannot have a global
maximizer subject to (x,y) € S.

Solution: True. Suppose (z*,y*) is a global maximizer of = + y subject to (z,y) € S. Since
S is open, we can always find £ small enough so that an open e-neighborhood around (z*,y*) is
entirely contained in .S. But then a point such as (z* 4 €/2,y* + ¢/2) would lie in .S with a value
of the objective function (z* + ¢/2) + (v* +¢/2); i.e.,

* € & € * * * * * oy
f(w +§7?J +§>:x +y te>at+yt = f(a"y").

Thus, (z*,y*) cannot be a global maximizer, and our original assumption must be false. Specifi-
cally, A(x,y) € S that is a global maximizer of f(x,y) = = + ¥.

Theorem 1.3.3.

(a) The union of any collection of open sets is an open set.

(b) The intersection of any finite collection of open sets is an open set.
Proof.

(a) Let G; be an arbitrary open set and let S = | J;°, G;, where G = {G, Ga, ...} is an arbitrary
collection of open sets. If x € S, then z € G; for some GG; € GG. Since Gj is open, x is an
interior point of GG;. That is, there exists a neighborhood N of x such that N C G;. But
G; C §,s0 N C S, implying that x is an interior point of S. Since we have shown that a
neighborhood of an arbitrary point in S is completely contained in S, .S is open.

(b) First note that this result does not hold for infinite collections of sets. To see why, notice that
for each n € N, if we define 4,, = (—1/n,1/n), then each A, is an open set. However,
Mh—; A, = {0}, which is not open. Thus we see that we cannot generalize the above result
to the intersection of an infinite collection of open sets.

Consider the finite case. Define S := (), G;, where G = {G1, G2, ..., Gy} is an arbitrary
collection of open sets. If S = &, we are done, since & is open (and closed) (int @ = @). If
S # @, letx € S. Thenx € G; foralli = 1,2,... n. Since each Gj is open, there exist
neighborhoods N;(z;e;) of x such that N;(z;¢;) C G;. Let e = min{ey,...,e,}. Then
N(xz;e) C Gjforeachi =1,...,n,s0 N(x;e) C S. Thus z is an interior point of S, and S
is open. O
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Corollary 1.3.1.
(a) The intersection of any collection of closed sets is a closed set.

(b) The union of any finite collection of closed sets is a closed set.
Proof.

(a) To prove the above result, define T := (2, F;, where F' = {F}, F5,...} is an arbitrary
infinite collection of closed sets. If 7' = &, we are done, since & is closed (and open)
(bdo =2 C ). R\ (N2, F) = U2, (R\ F;) (the complement of the intersection will be
the union of the individual complements, which can be seen using a simple venn diagram).
Thus, we have R \ (72, F;) equal to the union of open sets, since a set is closed if and only
if its complement is open. Since we have shown above that the union of any collection of
open sets is open, we have that R \ ((;2, F;) is open. Thus, (.2, F; must be closed.

(b) To prove the above result, define 7" := | J;_, F;, where F' = {F}, F, ..., F, } is an arbitrary
finite collection of closed sets. R \ (U, F;) = (i, (R \ F;) (the complement of the union
will be the intersection of the individual complements, which again can be seen using a simple
venn diagram). Thus, we have R \ (|J!'_, F;) equal to the intersection of open sets. Since we

have shown above that the intersection of any finite collection of open sets is open, we have
that R \ (Ui, F;) is open. Thus, |J;-_; F; must be closed by definition. O

1.3.3 Convergence and Boundedness

A sequence, {s,}, is a function whose domain is the set N of natural numbers. If s is a sequence,
denote its value at n by s,,.

Definition 1.3.5 (Convergence). A sequence {sy} is said to converge to the real number s provided
that for each € > 0, there exists N € R such that for alln € N, n > N implies that |s, — s| < e. If
{sn} converges to s, then s is called the limit of the sequence {s,}, and we write lim,,_,o $,, = s
or simply s, — s. If a sequence does not converge to a real number, it is said to diverge.

Example 1.3.10. Prove that lim 1/n = 0.
Solution: Givene > 0,let N = 1/e. Then forany n > N, |1/n — 0| =1/n < 1/N =¢.

Example 1.3.11. Prove that lim(n? + 2n)/(n® — 5) = 0

Solution: Given ¢ > 0, let N = max{3,4/c}. Then n > N implies that n > 3 and n > 4/e.
Since n > 3, we have n2 + 2n < 2n2and n3 — 5 > n3/2. Thus for n > N we have
n*+2n 2 4 4

‘O'ZT_5<%:;<NZE'

n?+2n
nd—5

Definition 1.3.6 (Bounded Sequence). A sequence {s,} is said to be bounded if the range {s,, :
n € N} is a bounded set. That is if there exists an M > 0 such that |s,| < M for all n € N.

Theorem 1.3.4. Every convergent sequence in R™ is bounded.

Proof. Let s, be a convergent sequence and let s,, — s. From the definition of convergence with
e = 1, we obtain N € R such that |s, — s| < 1 whenever n > N. Thus for n > N the triangle
inequality implies that |s,| < |s| + 1. We know that s,, is bounded if the range {s, : n € N} is a
bounded set, that is, if there exists an M > 0 such that |s,| < M for all n € N. Thus, let

M = max{|s1],...,|sn|,|s| + 1},
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(so that M could either be |s| + 1 or the largest absolute value among the first N terms) then we
have |s,,| < M for all n € N, so s,, is bounded. O

Theorem 1.3.5. Suppose that {s,} and {t,} are convergent sequences with lims, = s and
lim¢t,, =t. Then

(a) im(s, +t,) =s+1t

(b) lim(ks,) = ks and lim(k + s,) = k + s forany k € R

(c) lim(s,t,) = st

(d) lim(sy/t,) = s/t, provided that t,, # 0 for all n and t # 0
Proof.

(a) To show that s,, + ¢, — s + t, we need to make the difference |(s,, + t,,) — (s + t)| small.
Using the triangle inequality, we have

(Sn +tn) = (5 + )| = |(sn — 5) + (tn — )| < |$n — 8| + [tn — tI.

Now, given any € > 0, since s,, — s, there exists N7 such that n > N implies that |s,, — s| <
%. Similarly, since t,, — t, there exists Ny such that n > Ny implies that |t,, — t| < % Thus
if we let N = max{Ny, Na}, then n > N implies that

3

225.

g
[(5m = 5) + (bn = )] < [sn = 8]+ Jtn — 1 < § +

(b) To show that ks,, — ks for any k € R, we need to make the difference |ks,, — ks| small. We
have

|ksn — ks| = |k(sp, — s)]

= [Ellsn — sl.

Now, given any € > 0, since s,, — s, there exists IV such that n > N implies that |s,, — s| <
e/|k|. Thus for n > N

\ksn — ks| = |k||sn — 8| < \k!% — e

To show that k& + s,, — k + s, note that
|(k+ sn) — (k4 8)| = |sn — s|.
Thus, forn > N,k + s, — k + s.
(c) Using the triangle inequality

[sntn — st| = |(sptn — snt) + (spt — st)|
< |Sptn — Snt| + |snt — st|
= [sn|ltn — t| + [t||sn — S|
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We know that every convergent sequence is bounded (Theorem 1.3.4). Thus, s, is bounded,
and there exists M; > 0 such that |s,| < M; for all n. Letting M = max{My, |t|}, we
obtain the inequality

|sntn — st| < M|t, —t| + M|s, — s|.

Now, given ant ¢ > 0, there exists N1 and Na such that |¢, — t| < 557 when n > N; and
|5, — 8| < 557 whenn > N. Let N = max{N1, Na}. Then n > N implies that

|sntn — st| < M|t, —t| + M|sy, — s

<M (gp) + M (Gap) =375+

(d) Since s, /t, = sn(1/ty,), it suffices from part (c) to show that lim 1/¢,, = 1/¢. That is, given
€ > 0, we must show that

<e

11 [t—ty
tn  t| | tat

for all n sufficiently large. To get a lower bound on how small the denominator can be, we
note that since ¢ # 0, there exists an N7 such that n > N implies that |t,, — ¢| < |¢|/2. Thus
for n > N; we have

t t

tal = 11— (0= 1)) 2 1~ ft = o] > 1)~ 5 = 1]

2 2
by the reverse triangle inequality. There also exists an Ny such that n > N, implies that
t, —t| < 3elt|®. Let N = max{N1, No}. Then n > N implies that

2

1 1 t—1t,

— | =— <
tn t' ‘tnt

Hence lim(1/t,) = 1/t.
U

Theorem 1.3.6. A set S C R” is closed if and only if every convergent sequence in S converges to
a point in S.

Proof. Suppose that S is closed and that x,, is a sequence in S converging to x. Suppose that x & S.
Because S is closed, R™\S is open, so that for some ¢ > 0, there exists N (z;¢) C R™\S. That is
N(z;e)(S = @. Since lim x,, = z, there is an N such that z,, € N(z;¢), if n > N. But then
xn € S, whenever n > N, which is impossible since x,, is a sequence in S. Thus it must be the
case that if a set S is closed, then every convergent sequence in S must converge to a point in S.
Suppose that S is not closed. Then R™\ S is not open, implying that there exists an x € R™\S
such that N(z;e)(S # &, for every ¢ > 0. Practically, this means that at least part of the
neighborhood of x lies in S. In particular, for every positive integer n, there exists an x,, € .S, such
that |z, — x| < 1/n. This gives us a sequence {x,,} in S converging to a point = not in S. Thus,
by the contra-positive argument (not closed implies there exists a convergent sequence in S that
converges to a point not in .S), we have that if every convergent sequence in .S converges to a point
in S, then .S must be closed. O
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1.3.4 Compactness
Theorem 1.3.7 (Heine-Borel). A subset S of R™ is compact iff S is closed and bounded.

Example 1.3.12. Let S C R? be defined as follows:
S ={(z,y) €R?:y =sin(1/z),z > 0U{(0,0)}}

Is S closed? Open? Bounded? Compact?

Solution: None. Let s, = (z, yx). S is bounded if there exists an € > 0 such that |s; —s;| < ¢
for all s € S. Since z € [0, +00), there does not exist a neighborhood of radius ¢ that contains
S. Thus, S is not bounded, and hence not compact (Heine-Borel Theorem). In addition, S is not
closed. To see this, recall that a set is closed if every convergent sequence in the set has its limit in
the set. That is, a closed set is a set that is closed under limit operations. Now, consider the sequence
{(zk, yx) bi>1 € S, given by (z, yk) = (m, 1), for k > 1. Then we have (z, yx) € S since
sin(1/xy) = sin[(4k + 1)(7/2)] = 1 = y,. We can now see that (zg,yx) — (0,1) as k — oo.
But (0,1) ¢ S, and as a consequence, S is not closed. Also, since any e-neighborhood around any
point in S is not contained in S, there are no interior points (int S = &). Thus, S is not open.
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Chapter 2

Basic Matrix Properties and Operations

2.1 Determinants

2.1.1 Minors, Cofactors, and Evaluating Determinants

Definition 2.1.1 (Minor and Cofactor of a Matrix). Let A be an n x n matrix. Let A;; be the
(n — 1) x (n — 1) submatrix obtained by deleting row i and column j from A. Then, the scalar

M;; = det A;;
is called the (i, j)th minor of A and the scalar
Cyy = (—1)" My,
is called the (i, j)th cofactor of A.
Definition 2.1.2 (Determinant). The determinant of an n X n matrix A is given by

det A = a11C11 + a12C12 + - - - + a1,.C1n
= ap My — ajaMyg + -+ - + (=1)" ay, My,

Example 2.1.1. To calculate the determinant of a 2 x 2 matrix we have

ail a2
det = a11a92 — a12a921. (2.1)
a1 a2

To calculate the determinant of a 3 x 3 matrix we have

ailx aiz2 a3
det(Agxg):det a1 a9 as3

az1 asz as3

as a as1 a as a
= aqp det ( = 23) — ajg det < 21 23) + aq3 det ( = 22) . (2.2)
as2 ass az1 ass as1 as2

2.1.2 Properties of Determinants

The following is a list of some useful properties of determinants:
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(a) Rows and columns can be interchanged without affecting the value of a determinant. That is

Al = AT].

(b) If two rows (or columns) are interchanged, the sign of the determinant changes. For example
3 41 |1 =2
1 =2 |13 4|

(c) If arow (or column) is changed by adding to or subtracting from its elements the correspond-
ing elements of any other row (or column), the determinant remains unaltered. For example

3 4] [3+1 4-2| |4 2
1 -2 1 =2 1 =2

-1,

(d) If the elements in any row (or column) have a common factor «, then the determinant equals
the determinant of the corresponding matrix in which o = 1, multiplied by a.. For example

3 4

6 8
1 -2

=2 =2 x (—10) = —20.
(e) When at least one row (or column) of a matrix is a linear combination of the other rows (or
columns), the determinant is zero. Conversely, if the determinant is zero, then at least one
row and/or one column are linearly dependent on the other rows and columns, respectively.

For example the

3 2 1
det |1 2 -1
2 -1 3

is zero because the first column is a linear combination of the second and third columns
column 1 = column 2 + column 3.

Similarly, there is a linear dependence between the rows, which is given by the relation

1 ’ 2+ 1 3
row 1 = — row — row 3.
8 )

(f) The determinant of an upper triangular or lower triangular matrix is the product of the main
diagonal entries. For example:

3 2 1
0 2 —-1|=3x2x4=24.
0 0 4

(g) The determinant of the product of two square matrices is the product of the individual deter-
minants. Fore example
|AB| = |A||B|.

This rule can be generalized to any number of factors. One immediate application is to matrix
powers: |A2| = |A||A| = |A|?, and more generally |A™| = | A|™ for integer n.
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2.1.3 Singular Matrices and Rank

If the determinant of a n X n square matrix is zero, then the matrix is said to be singular. This
means that at least one row and/or one column are linearly dependent on the others. The rank 7 of a
matrix A, written r = rank A, is the greatest number of linearly independent rows or columns that
exist in the matrix A. Numerically, r is equal to the order of the largest non-vanishing determinant
| B| associated with any square matrix B, which can be constructed from A by a combination of r
rows and r columns. If the determinant of A is nonzero, then A is said to be nonsingular. The rank
of a nonsingular n x n matrix is equal to n. The rank of A” is the same as that of A, since it is only
necessary to swap “rows” and “columns” in the definition.

Example 2.1.2. The 3 x 3 matrix

3 2 2
A=11 2 -1
2 -1 3
has rank r = 3 because |A| = —5 # 0.
Example 2.1.3. The matrix
3 2 1
A=11 2 -1
2 -1 3

already used in an above section (2.1.2 on page 33) is singular because its first row and column may
be expressed as linear combinations of the others. Removing the first row and column, we are left
with a 2 x 2 matrix whose determinant is 2(3) — (—1)(—1) = 5 # 0. Consequently, matrix A has
rank r = 2.

2.2 Inverses of Matrices

Definition 2.2.1 (Matrix Inverse). Let I = [eq, e, ..., e,] be an n X n identity matrix. Let A be an
n X n matrix. Ann X n matrix, B, is called an inverse of A if and only if AB =1 and BA=1. B
is typically written as A1,

The most important application of inverses is the solution of linear systems. Suppose
Ax =y,

where x and y are n x 1 column vectors. Premultiplying both sides by A~! we get the inverse
relationship
x = A"ly.

More generally, consider the matrix equation for multiple () right-hand sides:

A X =Y,

nxn nxXm nxm

which reduces to Ax = y for m = 1. The inverse relation that gives X as a function of Y is
X =AY

In particular, the solution of
AX =1

is X = A~!. Practical methods for computing inverses are based on directly solving this equation.
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2.2.1 Computation of Inverses

The explicit calculation of matrix inverses is seldom needed in large matrix computations. But,
occasionally the need arises for calculating the explicit inverse of small matrices by hand. For
example, the inversion of Jacobian matrices.

A general formula for elements of the inverse is as follows. Let B = [b;;] = A~L. Then

bl] ‘A’ I

where b;; denotes the entries of AL C;; is defined as (i, j)th cofactor of A or, more precisely,
the determinant of the submatrix of order (n — 1) x (n — 1) obtained by deleting the i*" row and
§* column of A, multiplied by (—1)"*7. The n x n matrix whose (4, j)th entry is Cj; is called the
adjugate (or classical adjoint) of A and is written adj A.!

This direct inversion procedure is useful only for small matrix orders: 2 or 3. In the examples
below the inversion formulas for second and third order matrices are listed.

Example 2.2.1. For order n = 2:

1 —
A= [an a12} implies Al & { a22 a12} :
az1  a22

where |A| is given by equation 2.1 on page 33.

Example 2.2.2. For order n = 3:

a1 a2 a3 1 Ci1 Co O3
—1
A= |aa ax a3|, AT = T4 Cia Cy Cso
as; aszy ass Ci13 Cy (s
where
azy a3 a2 a3 a2 a3
Cii = , Co = — , O3 = ;
a3z2 ass as2 ass az2 a23
a1 a3 ain a3 ain a3
Ci2 = — , Cop = , O3 =— ;
as; ass asy ass a1 a3
a1 a ail a2 ail a2
Ci3 = , Coz=— , COs33= ;
az; as2 as;  as2 az; a2

and |A| is given by equation 2.2 on page 33.

Example 2.2.3.
2 4 2 L[ -4 2
A=13 1 1], Al=—Z|-2 0 4
101 811 4 —10

If the order exceeds 3, the general inversion formula becomes rapidly useless as it displays combi-
natorial complexity.

I'The adjugate has sometimes been called the “adjoint”, but that terminology is ambiguous. Today, “adjoint” of a
matrix normally refers to its conjugate transpose.
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2.2.2 Properties of Inverses

The following is a list of some useful properties of inverses:
(a) The inverse of the transpose is equal to the transpose of the inverse. That is
(Af) =T,

because
AAT = (AAHT = (A HTAT = I

(b) The inverse of a symmetric matrix is also symmetric. Given the previous rule, (A7)~ =
Al = (A~HT hence A~! is also symmetric.

(c) The inverse of a matrix product is the reverse product of the inverses of the factors. That is
(AB)"'=B7tA~L
This property generalizes to an arbitrary number of factors.

(d) For a diagonal matrix D in which all diagonal entries are nonzero, D! is again a diagonal
matrix with entries 1/d;;.

(e) If S is a block diagonal matrix:

Si 0 0 0
0 Sy» O 0
s—|0 0 Ss3 0| = diag[Sii],
i 0 0 0 Snn_

then the inverse matrix is also block diagonal and is given by

S 0 0 0
0 S,y O 0
s'=|0 0 S 0 | = diag[S;;'].
L0 0 0 Son ]

(f) The inverse of an upper (lower) triangular matrix is also an upper (lower) triangular matrix.

2.3 Quadratic Forms and Definiteness

2.3.1 Quadratic Forms

Definition 2.3.1 (Quadratic Form). Let A denote an n X n symmetric matrix with real entries and
let x denote an n X 1 column vector. Then

Q(x) = xT Ax

is said to be of quadratic form.
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Note that
ai] ... Qip I
asr ... Qg T2
Qx) = x! Ax = [3:1 Ty ... :L'n] "

Al --- App| |Zn

D im1 AL

D lity 02

= [z1 a2 Tn] :
D iy ni®

= E aijxiazj .
.3

For example, consider the matrix

A=l

and the vector x. () is given by

Q=xTAx=[z; w)] B ﬂ [ﬂ

T2
x
= [:L'l + 2x9 211 —1—1’2] |: 1:|
L2
= 2% + day2o + 23,

which is clearly of quadratic form.
Every quadratic form has a critical point at x = 0. Therefore, we can classify quadratic forms
by whether x = 0 is a maximum, minimum, or neither. This is what definiteness is about.

2.3.2 Definiteness of Quadratic Forms

Definition 2.3.2 (Positive/Negative Definiteness). Let A be an n X n symmetric matrix, then A is
(a) positive definite if xT Ax > 0 for all x # 0 in R",
(b) positive semi-definite if xT Ax > 0 for all x # 0 in R",
(c) negative definite if x* Ax < 0 for all x # 0 in R™,
(d) negative semi-definite if x' Ax < 0 for all x # 0 in R", and
(e) indefinite if xT Ax > 0 for some x in R™ and < 0 for some other x in R™.

Example 2.3.1. Consider a 3 x 3 diagonal matrix D given by

1
D= |0
0

o N O

0
0
4
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and a general 3-element vector x. The general quadratic form is given by

1 0 O T
Q(x):xTAx:[xl To wg] 0 2 0f |9
0 0 4 T3

T

:[xl 21‘2 41‘3] )

T3

= 23 4 223 + 422

Note that for any real vector x # 0, Q(x) will be positive, since the square of any number is positive,
the coefficients of the squared terms are positive, and the sum of positive numbers is always positive.
Thus, A is positive definite.

Example 2.3.2. Now consider an alternative 3 X 3 matrix given by

-2 1 0
D=]1 -2 0
0 0 =2

The general quadratic form is given by

Q(x):xTAx:[ajl 2 w3 |1 =2 0| |22

I
= [—21’1 +x9 1 — 229 —2:L'3] o
z3

= 227 4 2 w9 — 223 — 223
= 227 — 2[x3 — x129) — 273

Note that Q(x) will be negative if 1 and x5 are of opposite sign or equal to one another. Now
consider the case where |z1| > |z2|. Write Q(x) as

Q(x) = —22% 4 2x119 — 223 — 202,

The first, third, and fourth terms are clearly negative. With |x1| > |22, [223| > |22122], the first
term is more negative than the second term is positive, and hence the whole expression is negative.
Now consider the case where |z1| < |z2|. The first, third, and fourth terms are still negative. But,
with |z1| < |22, |223| > |27122]| so that the third term is more negative than the second term is
positive, and so the whole expression is negative. Thus, this quadratic form is negative definite for
all real values of x # 0.

Remark 2.3.1. A matrix that is positive (negative) definite is positive (negative) semi-definite.

The definiteness of a matrix plays an important role. For example, for a function f(z) of one
variable, the sign of the second derivative f”(x() at a critical point x( gives a sufficient condition
for determining whether z( is a maximum, minimum, or neither (proposition 1.1.2). This test gen-
eralizes to more than one variable using the definiteness of the Hessian matrix H (more on this
when we get to optimization). There is a convenient way to test for the definiteness of a matrix, but
before we can formulate this test we first need to define the concept of principal minors of a matrix.
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Definition 2.3.3 (Principle Submatrix and Principle Minor). Let A be an n x n matrix. A k X k
submatrix of A formed by deleting (n — k) columns, say columns iy,1i2, ...iy_j and the same n — k
rOWS, FOWS i1, %2, ...in—j, from A is called a k™" order principal submatrix of A. The determinant of
a k x k principal submatrix denoted By, is called a k" order principal minor of A.

Definition 2.3.4 (Leading Principle Submatrix and Leading Principle Minor). Let A be an n x n
matrix. The kth order principle submatrix of A obtained by deleting the last n — k rows and the last
n — k columns from A is called the kth order leading principle submatrix of A. Its determinant,
denoted Ay, is called the kth order leading principle minor of A.

Example 2.3.3. For a general 3 x 3 matrix

ail a2 a3
A= a2 ax axs]|,
azr asz2 as3

there is one third order principle minor: Bs = det(A) = |A|. There are three second order principle
minors:

1. Bél) = |4 a2 , formed by deleting column 3 and row 3 from A;

az1 a2

2. Béz) = |4 s , formed by deleting column 2 and row 2 from A;
a31  as3

3. Bég) = %22 92 , formed by deleting column 1 and row 1 from A.
azz 433

There are three first order principle minors:
1. B%l) = a11, formed by deleting the last 2 rows and columns;
2. B§2) = aga, formed by deleting the first and third columns and rows, and
3. Bf’) = ags, formed by deleting the first 2 rows and columns.

The leading principle minors of order &, denoted A, are:

air  ai12

A1 = aiy, A2 =
a1 a2

, and Az = det(A4) = |A].

Theorem 2.3.1 (Positive/Negative Definiteness). Let A be an n X n symmetric matrix. Then,

(a) A is positive definite if and only if A, > 0 for k = 1,2,...,n (all of its leading principle
minors are strictly positive);

(b) A is negative definite if and only if (—1)F Ay, > 0for k = 1,2,...,n (every leading principle
minor of odd order is strictly negative and every leading principle minor of even order is
strictly positive);

(c) If some kth order principle minor of A (or some pair of them) is nonzero but does not fit either
of the above two sign patterns, then A is indefinite.

Theorem 2.3.2 (Positive/Negative Semi-Definiteness). Let A be an n X n symmetric matrix. Then,
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(a) A is positive semi-definite if and only if B;, > 0 for k = 1,2,...,n (every principle minor
of A is nonnegative);

(b) A is negative semi-definite if and only if(—l)kBk >0 fork=1,2,,...,n (every principle
minor of odd order is nonpositive and every principle minor of even order is nonnegative).

Remark 2.3.2. Given an n X n symmetric matrix, the conditions A > 0 for positive semi-
definiteness and (—1)¥A;, > 0 for negative semi-definiteness are necessary conditions but not
sufficient conditions. To see this, consider the following 2 x 2 symmetric matrix.

(%)

For this matrix, A; = 0 and Ay = 0. Thus, looking only at leading principle minors, one could
falsely conclude that this matrix is positive semi-definite. However, we have to check all principle
minors to deduce the correct form of semi-definiteness. If one checks all principle minors then

B =0 <o,
B® = 1<,
0 0
= =0>
By ‘0 _4‘ 0> 0,

which violates the definition of positive semi-definiteness. In fact, this matrix is negative semi-
definite.

Example 2.3.4. Suppose A is a4 x 4 symmetric matrix. Then
(@ Ay >0,A9 >0,A3 >0,A4 >0 — positive definite
(b) A1 <0,A5 >0,A3 <0,A4 >0 — negative definite
() A1 >0,A9 >0,A3 =0,A4 <0 — indefinite because of Ay
(d A1 <0,A2 <0,A3 <0,A4 <0 — indefinite because of Ay and Ay
(e) A1 =0,A5 <0,A3 >0,A4 =0 — indefinite because of A,

(f) A1 >0,A2=0,A3 >0,A4 >0 — A isnot definite, not negative semi-definite but might
be positive semi-definite. However, to establish this, we must to check all 15 principle minors
By, fork =1,2,3,4.

(g A1 =0,A5 >0,A3 =0,A4 >0 — Ais not definite, but may be positive semi-definite or
negative semi-definite. To determine semi-definiteness we must check all principle minors.

Example 2.3.5. Use the above theorems to check the following matrices for definiteness:

(a)

A:|:; f:|, A1=1>0,A,=-3<0

Thus A is indefinite.
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(b)
A= [_11 _11] BW =B® = —1<0, Ay=0
Thus A is negative semi-definite.
(c)
1 0 -1
B=|0 3 0], A1=1>0,A=3>0,,A3=9>0
-1 0 4
Thus, B is positive definite.
(d)
1 3 2 3
3 5 -2 4
B= 5 9 o9 1]° A1=1>0,Ay=—-4<0, A3 =-56<0, Ay =142>0
3 4 1 2

Thus B is indefinite.

2.4 Eigenvalues and Eigenvectors

Consider the special form of the linear system Ax = y in which the right-hand side vector y is a
multiple of the solution vector x:

Ax = )x, (2.3)
or, written in full,
a111 + apxe + -+ GpTn, = Az
ao1T1 4+ aoxrs + - 4+ Aoy = AXo
An1T1 + ap2T2 + 0+ App®n = ATp.

This is called the standard (or classical) algebraic eigenproblem.

Definition 2.4.1 (Eigenvalues and Eigenvectors). The number ) is said to be an eigenvalue of the
n X n matrix A provided that there exists a nonzero vector x such that

Ax = Ax,
in which case the vector x is called an eigenvector of the matrix A.
The system (2.3) can be rearranged into homogeneous form
(A—X)x=0.

A nontrivial solution of this equation is possible if and only if the coefficient matrix A — A is
singular. Such a condition can be expressed as the vanishing of the determinant

ail — A a2 a1n
asy azp — A - aop
A-A|=]| o . |=0
anl an2 o App — A

42



A. W. Richter 2.4. EIGENVALUES AND EIGENVECTORS

When this determinant is expanded, we obtain an algebraic polynomial equation in A of degree n:
PO =N+ A" P+ a, =0

This is known as the characteristic equation of the matrix A. The left-hand side is known as the
characteristic polynomial. We know that a polynomial of degree n has n (generally complex) roots
A1, A2, ..., An. These n numbers are called eigenvalues, eigenroots, or characteristic values of the
matrix A. The following theorem summarizes the results.

Theorem 2.4.1. The number X\ is an eigenvalue of the n x n matrix A if and only if \ satisfies the

characteristic equation
|A — M| =0.

With each eigenvalue )\;, there is an associated vector x; that satisfies
AXZ' = )\Xi.

This x; is called an eigenvector or characteristic vector of the matrix A.
An eigenvector is unique only up to a scale factor since if x; is an eigenvector, so is 5x;, where
B is an arbitrary nonzero number. For a general 2 x 2 matrix

a a
A= |1 G2 :
a1 Q22

the characteristic polynomial is given by
|A = M| =X — (a11 + az)A + ar1az — ai2as,

and we can solve for the associated eigenvalues by setting the above characteristic equation to zero
and solving for .

Example 2.4.1. Find the eigenvalues and associated eigenvectors of the matrix

(5 7
a= |5 4] |
Solution: i
5-—A 7
e _4_J 2.4)
so the characteristic equation of A is
0 det(A — \)
15 =A 7
S =2 =4
=B =A(=4-2) = (=2)(7)
=X -\-6
=(A+2)(A=3).
Thus, the matrix A has two eigenvalues —2 and 3. To distinguish them, we write Ay = —2 and

A2 = 3. To find the associated eigenvectors, we must separately substitute each eigenvalue into
(2.4) and then solve the resulting system (A — A\I)x = 0.
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Case1: \{ = —2. Withx = [xl .Z'Q]T, the system (A — AI)x = 0 is

5 )=l

Each of the two scalar equations here is a multiple of the equation x; + o = 0, and any nontrivial

. T . L . T o
solution x = [xl xg] of this equation is a nonzero multiple of [1 —1] . Hence, to within a
. . . . . T
constant multiple, the only eigenvector associated with \; = —2is x; = [1 —1] .

Case 2: \{ = 3. Withx = [:pl :Eg]T, the system (A — AI)x =0 is

% =)

Again, we have only a single equation, 2x1 4+ 7xo = 0, and any nontrivial solution of this equa-

tion will suffice. The choice o = —2 yields 1 = 7 so (to within a constant multiple) the only
eigenvector associated with Ay = 3 is x5 = [7 —2]T.

Example 2.4.2. Find the eigenvalues and eigenvectors of the 2 x 2 matrix
-1 3
A= [ , O} .
Solution: Given A, |[A — M| =) 2+ )X -6 0. It follows that A1 = —3and Ay = 2. We can
then set up the equation Ax; = \;x; or (A — \;I)x; = 0 for i € {1,2}. Specifically, we have

SR = e
e[t e

Theorem 2.4.2. Let A be a k X k matrix with eigenvalues \1, . .., A;. Then,
(@) M+ X+ ...+ X\ =tr(A) and
(b) )\1 . )\2 s /\k = det (A)

which results in

or a multiple thereof.

a1 a2
(a11 + ag2) A + (a11a22 — aj2a91), so that the characteristic equation is

Proof. Consider the case for 2 x 2 matrices. Assume A = [all alz}, then |A — M| = \? —

p(A) = A = (a11 + ag)A + (a11a22 — a12a21)
= X2 — tr(A)X + det(A).
If A1 and A5 are the roots of this polynomial, we can rewrite the solution as
p(A) = B(A1 = A) (A2 = A)
= BN = B+ M)A+ BAide,
for some constant 5. Comparing the two expressions, we find that 8 = 1 and

tr(A) = B(A1 + A2),
det(A) = 5)\1/\2.

The theorem naturally extends to higher dimensional cases. O
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2.4.1 Properties of Eigenvalues and Eigenvectors

(a) Eigenvalues and eigenvectors are defined only for square matrices.

(b) A square matrix A is singular if and only if O is an eigenvalue. However, the zero vector
cannot be an eigenvector.

(c) A matrix is invertible if and only if none of its eigenvalues is equal to zero.

(d) Every eigenvalue has an infinite number of eigenvectors associated with it, as any nonzero
scalar multiple of an eigenvector is also an eigenvector.

(e) The entries of a diagonal matrix D are eigenvalues of D.

(f) The eigenvalues of A and AT are the same (as their characteristic polynomials are the same),
but there is no simple relationship between their eigenvectors.

(g) The eigenvalues of a shifted matrix A — o/ are A — « and the eigenvectors are the same as

those of A since
Ax = x = (A—al)x = (A — a)x.

(h) The eigenvalues of A~! are 1/) and the eigenvectors are the same as those of A since

Ax = \x = A 'x = A" Ix.

(i) The eigenvalues of A2 are \2, and the eigenvectors are the same as those of A since
Ax = Mx = A%x = A(\x) = A(4Ax) = \x.
This property naturally generalizes to high-order powers (i.e. the eigenvalues of A* are \¥).
(j) Let x be the eigenvector of an n x n matrix A with eigenvalue . Then, the eigenvalue of
apAF + a1 AR 4 A+ gl
associated with eigenvector x is
A 4+ g N+ ag )+ ao,

where oy, a1, - .., a1, g are real numbers and k is a positive integer.

2.4.2 Definiteness and Eigenvalues

Definition 2.4.2. Let A be an n X n symmetric matrix. Then,
(a) A is positive definite if and only if all of its eigenvalues are strictly positive (\; > 0 Vi)
(b) A is negative definite if and only if all of its eigenvalues are strictly negative (\; < 0 V1)
(c) A is positive semi-definite if and only if all of its eigenvalues are nonnegative (A\; > 0 Vi)

(d) A is negative semi-definite if and only if all of its eigenvalues are nonpositive (A; < 0 Vi)
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1 2
2 1
indefinite. Or, using eigenvalues, we can solve

Example 2.4.3. If A = [ ], then Ay = 1 > 0, Ay = —3 < 0, which implies that A is

det<:; ﬂ —)\I> =X -22-3=A=-3)\A+1)=0

which implies A\; = —1 and \» = 3, and hence indefiniteness.

Example 2.44. If A =

_11 _11}, then Ay = —1 < 0,As = 0 < 0 and also B£2) =-1<0.

Thus, A is negative semi-definite. Alternatively, using eigenvalues

det <[_11 _11] _ >\I> —A2+\) =0,

which implies A\; = 0 and Ay = —2 and fulfills the condition for negative semi-definiteness.

1 0 -1 10
Example245. If A= | 0 3 0 [,thenA; =1>0,Ay =
0 3
-1 0 4
which implies A is positive definite. Alternatively, using eigenvalues,

‘:3>0andA3:9>0,

I-Xx 0 —1
det 0 3—-X 0 = (3-N)(\2=5)1+3) =0,
—1 0 4-2X

which implies Aj 2 = (5 £ v/13)/2 and fulfills the condition for positive definiteness.
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Chapter 3

Advanced Topics in Linear Algebra

In this chapter, we will look at linear algebra more from a transformational viewpoint than system
of equations viewpoint (e.g., function from one vector space to another).

3.1 Vector Spaces and Subspaces

Definition 3.1.1 (Vector Space). A vector space (or a linear space) V over a field F' consists of a
set on which two operations (called addition and scalar multiplication) are defined so that for each
pair of elements x, y in 'V there is a unique element x +y in 'V, and for each element a in F' and
each element x in'V there is a unique element ax in 'V, such that the following conditions hold:

(VS 1) Forallx,y inV, x +y =y + z (commutativity of addition).

(VS2) Forallx,y,zinV, (x+Yy)+z=x+ (y+2) (associativity of addition).

(VS 3) There exists an element in V denoted by 0 such that x + 0 = x for each x in V.
(VS 4) For each element x in'V there exists an element y in V such that x +y = 0.

(VS 5) For each element x in'V, 1x = x.

(VS 6) For each pair of elements a,b in F and each element x in V, (ab)x = a(bx).

(VS 7) For each element a in I and each pair of elements x,y in'V, a(x +y) = ax + ay.
(VS 8) For each pair of elements a,b in F and each element x in V, (a + b)x = ax + bx

The elements of the field F' are called scalars and the elements of the vector space V' are called
vectors. The following are examples of vector spaces:

1. An object of the form (ay,as,...,a,), where the entries a;, i = {1,...,n} are elements
from a field F, is called an n-tuple with entries from F'. The set of all n-tuples with entries
from F' is a vector space, denoted ', under the operations of coordinate-wise addition and

scalar multiplication; that is, if u = (a1, a9, ...,a,) € F", v = (by,ba,...,b,) € F™ and
c € F, then
u+v=_(a;+by,as+by...,an+b,) and cu= (cay,cay,...,cap).
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2. The set of all m x n matrices with entries from a field F is a vector space, denoted M« (F),
under the following operations of addition and scalar multiplication: For A, B € M, (F)
andc e F

(A + B)Z] = Aij + Bij and (CA)Z'J' = CAij
forl<i<mand1l<j<n.

3. Let S be any nonempty set and F' be any field, and let F(S, F') denote the set of functions
from S to F. The set F(S, F') is a vector space under the operations of addition and scalar
multiplication defined for f, g € F(S, F) and ¢ € F by

(f +9)(s) = f(s) +g(s) and (cf)(s) = c[f(s)]

for each s € S. Note that these are the familiar operations of addition and scalar multiplica-
tion for the functions used in algebra and calculus.

4. Let S = {(a1,a2) : a1,a2 € R}. For (a1, az), (b1,b2) € S and ¢ € R, define
(a1,a2) + (b1,b2) = (a1 +b1,a2 —bg) and c(a,az) = (cay, caz).
Since (VS 1), (VS 2), and (VS 8) fail to hold, .S is not a vector space under these operations.

Theorem 3.1.1 (Cancelation Law for Vector Addition). IfX, y, and z are elements of a vector space
Vsuchthatx +z =y + 2z, thenx =y.

Proof. There exists an element v in V such that z + v = 0 by (VS 4). Thus,

x=x4+0=x+(z+Vv)=(x+2)+vV
=y+z)+v=y+(z+vV)
=yt0=y

by (VS 2) and (VS 3). O

Corollary 3.1.1. V has exactly one zero vector

Proof. By (VS 3), there exists 0 € V such that x + 0 = x, for all x € V. Now suppose that
x4z =X, forall x € V. Then x + 0 = x + z, which implies 0 = z by Theorem 3.1.1. O

Corollary 3.1.2. For each x € V, there is exactly one vector 'y so that x +y = 0.

Proof. Suppose x +z = 0 = x+y. Then z = y by Theorem 3.1.1. This means there is only one
additive inverse to x. Thus, we say y = —x. O

Theorem 3.1.2. In any vector space V the following statements are true:

(a) 0x =0 foreachx €V.

(b) (—a)x = —(ax) = a(—x) for each a € F and eachx € V.

(¢) a0 = 0 for each a € F.
Theorem 3.1.3 (Subspace). Let V' be a vector space and W a subset of V. Then W is a subspace
of V if and only if the following three conditions hold for the operations defined in V :
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(a) 0 € W.
(b) x +y € W whenever x € W and y € W.
(¢) cx € W whenever c € Fandc € W.

This theorem provides a simple method for determining whether or not a given subset of a vector
space is a subspace. The following are examples of subspaces:

1. An n x n matrix M is called a diagonal matrix if M;; = 0 whenever i # j. Define V' =
Mpxn(R)and W = {A € Myxp, : Aj; = 0 whenever i # j}. Clearly, the zero matrix is a
diagonal matrix because all of its entries are 0 and hence belongs to WW. Moreover, if A and
B are diagonal n x n matrices, then whenever ¢ # j

(A—I—B)ij:Aij—l-Bij:O—l—O:O and (CA)Z']':CAZ']‘:COZO

for any scalar c. Hence A + B and cA are diagonal matrices for any scalar ¢ and also belong
to TW. Therefore the set of diagonal matrices, T, is a subspace of V' = M,, ., (F).

2. The transpose A! of an m x n matrix A is the n X m matrix obtained from A by interchanging
the rows with the columns; that is, (A");; = Aj;. A symmetric matrix is a matrix A such that
At = A. Define V = M, (R) and W = {A € M, «,, : At = A}. The zero matrix is equal
to its transpose and hence belongs to W. Let A, B € W and ¢ € R, then

(cA+B) = (cA)! + B' =cA' + B' =cA+ B.
Thus, cA+ B € W and W is a subspace of V.

3. Let A € My «xn(R). Define W = {x € M,x1(R) : Ax = 0} C M,«1(R) = V. Since
A0 =0,0 € W. Also, for any x1,x2 € Wand c € R

A(cxy +x2) = cAxy + Axy = 0.
Thus, ¢x1 + x2 € W and W is a subspace of V. This W is referred to as the null space of A.

4. The set of matrices in M, x,(R) having nonnegative entries is not a subspace of M, x,(R)
because it is not closed under scalar multiplication.

Theorem 3.1.4. Any intersection of subspaces of a vector space V' is a subspace of V

Proof. Let C be a collection of subspaces of V, and let W = (U denote the intersection of the
subspaces in C. Since every subspace contains the zero vector, 0 € W. Leta € F and x,y € W.
Then x,y € U forall U € C. Thus, cx +y € U forall U € C. Hence, ax +y € W and W is a
subspace of V. O

3.2 Linear Combinations and Spanning Conditions

Definition 3.2.1 (Linear Combination). Let V' be a vector space and S a nonempty subset of V. A
vector v € V is called a linear combination of elements of S if there exist a finite number of elements
UL, U, ..., Uy in S and scalars a1, as, . ..,an in F such that v = aqu1 + asug + - -+ + anun.
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Example 3.2.1. Claim: 222 — 222 + 122 — 6 is a linear combination of
23— 222 —52—3 and 323 —5x® — 4z —9
in P3(R). To show this, find scalars a and b such that

203 — 222 + 122 — 6 = a(x® — 22% — 5z — 3) + b(32> — 5a? — 4x — 9)
= (a + 3b)a> + (—2a — 5b)z? + (—5a — 4b)x + (3a — 9b).

Equating coefficients

1 3 2 1 0 —4
-2 =5 2| wef |0 1 2
-5 —4 12 00 O
-3 -9 -6 00 O
Thus ¢ = —4 and b = 2, which proves that 223 — 222 + 122 — 6 is a linear combination of

23 — 222 — 5x — 3 and 32% — 522 —4x — 9.

Definition 3.2.2 (Span). Let S be a nonempty subset of a vector space V. The span of S, denoted
span(S), is the set consisting of all linear combinations of the elements of S. For convenience we
define span(2) = {0}.

In R3, for instance, the span of the set {(1,0,0),(0,1,0)} consists of all vectors in R? that
have the form a(1,0,0) + b(0,1,0) = (a,b,0) for some scalars a and b. Thus the span of
{(1,0,0),(0,1,0)} contains all the points in the zy-plane. In this case, the span of the set is a
subspace of R3. This fact is true in general.

Theorem 3.2.1. The span of any subset S of a vector space V is a subspace of V. Moreover, any
subspace of V that contains S must also contain the span of S.

Proof. This result is immediate if S = & because span(&) = {0}, which is a subspace that is
contained in any subspace of V.

If S # &, then S contains an element z and 0z = 0 is an element of span(S). Let x,y €
span(S). Then there exists elements uj, ug, ..., Uy, vi, vy ..., v, in S and scalars a1, ag, . . . , ap,
and by, bo, . .., b, such that

X =ai1uy +agug + - -+ apu, and y =0byvi+bovy+ -+ b, V.
Then
X+y=aiuy +agus + -+ apUy + b1vi + bovo + -+ - + by vy,
and, for any scalar c,
ex = (cay)uy + (caz)ug + - - - + (cam)upy,

are clearly linear combinations of the elements of S; so x + y and cx are elements of span(S).
Thus, span(S) is a subspace of V.

Now let W denote any subspace of V' that contains S. If w € span(.5), then w has the form w =
C1W1+cowo+ - - -4 cp Wy, for some elements wi, wa, ..., W, € W and some scalars ¢, co, . . ., cg.
Since S C W, we have w1, wo,...,w; € Win W. Therefore w = ciwq + cowg + - - - + ¢ Wy, 1S
an element of W (since W is a subspace of V, it is closed under addition and scalar multiplication).
Since w, an arbitrary element of span(S), belongs to W, it follows that span(S) C W. O
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Example 3.2.2. Suppose V = R3 and S = {(0,-2,2),(1,3,—-1)}. Is (3,1,5) € span(S). To
answer this question, try to find constants a and b so that

CL(O, _27 2) + b(17 37 _1) = (37 17 5)

Equating coefficients

0 1 3 1 0 4
—2 3 1% |01 3
2 -1 5 0 0 0
Thus a = 4 and b = 3, which proves that (3,1, 5) € span(5).

Definition 3.2.3. A subset S of a vector space V' generates (or spans) V if span(S) = V. In this
situation we may also say that the elements of S generate (or span) V.

Example 3.2.3.
1. Let V. =R"and S = {ej, ey, ...,e,}, where e; denotes a vector whose jth coordinate is 1
and whose other coordinates are 0. Since x = (1, z2,...,T,) € R™ can be written

x =21(1,0,0,...,0) + 22(0,1,0,...,0) + - -- + 2,(0,0,...,0,1)

= Zxkek € span(S).

k=1

Hence S = R"™ and S generates R".

2. LetV = P,(R) = {ap + a1z + - + apaz™ : eachar € R} and S = {1,2,22,...,2"}.
Clearly span(S) € P,(R). Also, for any p(x) € P, (R)

p(z) = ap + a1x + - - - + apz”
=ag(l) +ai(z)+ -+ an(z") € span(S).

Hence S = P, (R) and S generates P, (R).
3. Let V = Msyo(R) and

' s={l i o0 T

A= [Z; Z;ﬂ = a1 [(1) 8] + a2 [8 (1)} + ag [(1) 8] + a2 [8 ﬂ € span(S)
and A € Msy2(R), S generates My 2(R).
4, LetV =R3and S = {(1,1,0),(1,0,1),(0,1,1)}. Let x € span(.S). Then for a,b,c € R
x =a(1,1,0) +b(1,0,1) +¢(0,1,1) = (a + b,a + ¢,b + ¢) € R>.

Thus, span(S) C R3. Now let x = (x1,72,23) € R3, then we must find a,b,c € R
satisfying

CL(L L, 0) + b(17 0, 1) + C(O7 L, 1) = (‘Tla T2, .Z'g)-
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Equating coefficients

1 1 0 = 1 00 (ZE1+1’2—:L'3)/2

101 2o ™01 0 (21—20+123)/2],

01 1 z3 0 0 1 (z2+z1+23)/2
which is consistent. Hence x € span(S), R® C span(S), and S generates R>.

3.3 Linear Independence and Linear Dependence

Definition 3.3.1 (Linear Dependence). A subset S of a vector space V is called linearly dependent
if there exist a finite number of distinct vectors Uy, Uo, ..., U, in S and scalars a1, as, . .., an, not
all zero, such that

ajuy + agug + - - - + apu, = 0.
In this case we say that the elements of S are linearly dependent.

For any vectors up, ug,...,u, we have aju; + asug + --- +ayu, =0ifa; = ap = --- =
an, = 0. We call this the trivial representation of 0 as a linear combination of uy, ug, ..., u,. Thus
for a set to be linearly dependent means that there is a nontrivial representation of 0 as a linear
combination of vectors in the set. Consequently, any subset of a vector space that contains the
zero vector is linearly dependent, because 0 = 1 - O is a nontrivial representation of 0 as a linear
combination of vectors in the set.

Definition 3.3.2 (Linear Independence). A subset S of a vector space that is not linearly dependent
is called linearly independent. As before we also say that the elements of S are linearly independent.

The following facts about linearly independent sets are true in any vector space.

1. The empty set is linearly independent, for linearly dependent sets must be nonempty.

2. A set consisting of a single nonzero vector is linearly independent. For if {u} is linearly
dependent, the au = 0 for some nonzero scalar a. Thus

u=a'(au) =a10=0.
3. A setis linearly independent if and only if the only representations of 0 as linear combinations
of its elements are trivial representations.

The condition in 3 provides a useful method for determining if a finite set is linearly independent.
This technique is illustrated in the following example.

Example 3.3.1. Determine whether the following sets are linearly dependent or linearly indepen-
dent.

1. In Py(R),let S = {3+ + 22,2 — z + 522,4 — 322}. Consider the equation:
a3+ +2?) +b(2 —x +52%) + (4 — 32?) = (3a + 20+ 4¢) + (a — b)x + (a + 5b — 3¢)z® = 0

for all z. Equating coefficients

3 2 4 10 0
1 -1 0| ™ 1o 1 0
1 5 -3 00 1

Thus, the only solution is @ = b = ¢ = 0, which implies that S is linearly independent in
Py (R).
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2. In M2><2(R), let

1 -3 -2 6
i (CT ROl
Consider the equation:

a 1 -3 —I—b -2 6 . a1—2a2 —3CL1+66L2 . 0 0
-2 4 4 8) —2a1 + 4ay  4a; — 8asg —\0 0/

Equating coefficients

1 -2 1 -2
-3 6 rref | O 0
—2 4| 7 lo ol
4 -8 0 O

which implies that a = 2b. Therefore, there are infinitely many nontrivial solutions and so S
is linearly dependent in Msyo(R).

3.4 Bases and Dimension

Definition 3.4.1 (Basis). A basis 3 for a vector space V is a linearly independent subset of V that
generates V (i.e. (3 is linearly independent and span(f) = V).

Theorem 3.4.1. let V be a vector space and [ = {uy,us,...,u,} be a subset of V. Then (3 is a
basis for V if and only if each vector v can be uniquely expressed as a linear combination of vectors
in B, that is, can be expressed in the form

vV =aiu; +agug + -+ au,
for unique scalars ay,ao, . .., an,.

Proof. First let 5 be a basis for V. If v € V, then v € span(f) because span() = V. Thus v is a
linear combination of the elements in /3. Suppose that

v =aju; +agug +---+apu, and v =biu; +byus+---+byu,
are two such representations of v. Subtracting the second equation from the first gives
(a1 —br)ug + (az — b2)ug + -+ + (an, — by)uy,.

Since S is linearly independent, it follows that ay — by = a3 — by = --- = a, — b, = 0. Hence
a1 = by,as = by,...,a, = b, and so v is uniquely expressible as a linear combination of the
elements in 3.

Now let every v € V can be uniquely expressed as a linear combination of vectors in 3. Note
first that 3 is trivially a generating set for V, since we are told each v € V is also in span(/3). Since
vV =ajuj+aguy+---+apu, = bjug +bous+- - -+ byuy,, a; = b; foreach i such that 1 < ¢ < n,
otherwise each v € V would not be uniquely expressible as a linear combination of vectors from
(. This implies that a; — b; = 0 for each 4, proving that § is linearly independent. [ is therefore a
basis for V. U
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Example 3.4.1.

1.
2.

4.
5.

Since span(@) = {0} and @ is linearly independent, & is a basis for the vector space {0}.

In F'", {e1,es,...,e,}, where e; denotes a vector whose jth coordinate is 1 and whose other
coordinates are 0 is a basis for /" and is called the standard basis.

. In My un(F), let M “J denote the matrix whose only nonzero entry is a 1 in the ith row and

jth column. Then {M%¥ : 1 <i <,1 < j < n}is abasis for M,x,(F).
In P, (F) the set {1, z,22,...,2"} is a basis. We call this basis the standard basis for P, (F).

In P(F) the set {1,z,22,...} is a basis.

Theorem 3.4.2 (Extraction). If a vector space V is generated by a finite set S, then some subset of
S is a basis for V. Hence V has a finite basis.

Proof. If S = @ or S = {0}, then V = {0} and & is a subset of S that is a basis for V. Otherwise
suppose there exists u; € S and u; # 0. Define S; = {u;}. Then S; C S and S; is independent.
If span(S;) = V, we are done. If not, then there exists a uy € S where us ¢ span(S;). Define
Sy = S; U {uy}. Then S, is independent. If span(S;) = V, we are done. If not,.. ., then there
au,, € S where u,, ¢ span(S,,_1). Define S,, = S,,—1 U {u,,}. Then S,, is independent. If
k > m and uj, € S, then u € span(S,,). Thus span(S,,) = V and S,,, C Sisabasisfor V. O

Example 3.4.2. Find a basis for the following sets:

1.

LetV =R3and S = {(2,-1,4),(1,-1,3),(1,1,-1),(1,-2,1)}. Letx = (21,72, 23) €
R3, then we must find a, b, ¢, d € R satisfying

a(2,-1,4) +b(1,-1,3) + ¢(1,1,-1) + d(1,-1,1) = (z1, x2, 3).
Equating coefficients

2 1 1 1 10
1 -1 1 2/ ™o 1 -3 of,
4 3 -1 1 00 0 1

which is consistent for all x. Hence x € span(S) and S generates R3. By Theorem 3.4.2,
S\ {(1,1,—1)} is a basis for R3.

. Let V = Msy2(R) and

s={ 2o

Form the coefficient matrix

12121 10 3 00
215 3 2|mf|0 1 =1 0 0
21533 oo o 10|’
1211 2 00 0 01

which is consistent. Hence span(S) = May2(R). By Theorem 3.4.2, S\ {S3} is a basis for
Msy2(R).
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3. LetV = Py(R)and S = {1+ 2,1 —2,1+x+2%1 -2+ 22, z+ 22} Form the coefficient
matrix

which is consistent. Hence span(S) = P»(R). By Theorem 3.4.2, S\ {1 — z + 22, x + 22}
is a basis for P»(R).

Theorem 3.4.3. Let B = {v1,Va,..., vy} be a basis for V and suppose S = {uj,us,...,uy} C
V.Ifm=1S|>n=|p|

Proof. For each u;j, 1 < 5 < m, there exist unique scalars a;;, 1 < ¢ < n so that
U; = a1Vy +agjvg + -+ anjvp = Z aij Vv
i=1

If we form 7" | zju; = 0, then

m n n m
E l’j E aijvi = E E aijl’j VZ'ZO
j=1 i=1

i=1 \j=1
Since (3 is independent Zj = 1"a;jz; = 0 foreach 1 < i < n. Set
a1 a2 - Gim 1
A=|: o o | X=
apl An2 - OGpm LTm
Then AX = 0. Since m > n, we will always have at least one free variable and so some x; # 0.

Thus S is dependent. O

Definition 3.4.2. A vector space is called finite-dimensional if it has a basis consisting of a finite
number of elements. The unique number of elements in each basis for V is called the dimension of
V and is denoted dim(V'). A vector space that is not finite-dimensional is call infinite-dimensional.

Example 3.4.3.
l. dim(F") =

2. dim(P,) = n + 1 (note the constant term)

)=

Corollary 3.4.1. Let V be a vector space, dim(V) = n < oo, and S C V. If |S| < n, then
span(S) # V.

"For any set S, |.S| corresponds to the number of vectors in S.

(
(
3. dim(Moyn) = mn
im({0
(P

5. dim
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Proof. Suppose span(S) = V. and |s| < n. By Theorem 3.4.2, there exists 3 C S so that § is a
basis for V. Then n = |§| < |s| < n, which is a contradiction. O

Remark 3.4.1. Let V be a vector space, dim(V) = n < oo, and S C V. Then the these results
directly follow from earlier results:

1. If S is independent, then |S| < dim(V) (contrapositive of Theorem 3.4.3).

2. If S generates V' (span(S) = V), then |S| > dim(V") (contrapositive of Corollary 3.4.1).
Corollary 3.4.2. Let V be a vector space, dim(V) =n < oo, S C V, and |S| = dim(V'). Then
1. Ifspan(S) =V, then S is a basis for V.
2. If S is linearly independent, then S is a basis for V.
Proof.
1. Since span(S) = V, by Theorem 3.4.2 there exists 5 C S so (3 is a basis for V. Thus,
|B| = dim(V) = |S|and so 8 = S.

2. On the contrary, suppose span(S) # V. Then there exists v € V so v ¢ span(S). Hence
S U {v} is independent. This, however is a contradiction to Theorem 3.4.3, which says that
if |S U {v}| > dim(V), then S U {v} is dependent. Therefore span(S) = V and so S is a
basis.

O
Example 3.4.4. Do the polynomials 23222 + 1, 4222 + 3, and 322 generate P3(R)? No, since
|S| < dim(R3), span(S) # P3 (Corollary 3.4.1).

Example 3.4.5. Determine whether S = {(1,0,—1),(2,5,1),(0,—4,3)} form a basis for R3.
Since |S| = 3 = dim(R3), it is sufficient to show that S is linearly independent (Corollary 3.4.2).
Equating coefficients

1 2 0 10 0
0 5 —4|™ 1o 1 0
11 3 00 1

Hence S is linearly independent and forms a basis for R3.
Example 3.4.6. Find a basis for the following subspaces of F*°:
W = {(a1, a2, a3,a4,a5) € F° : a1 — a3 — ag = 0}.

What is the dimensions of W? (ay,a9,as,a4,a5) € Wiy if and only if (a1, as,as,aq,as5) =
(s,t,rt,2s) for some 7, s,t € R. Thus, a spanning set for W7 is

8 = {(0,0,1,0,0),(1,0,0,0,2), (0,1,0,1,0)}.

Since
010 10 0
00 1 010
100/ ™00 1/,
00 1 00 0
02 0 00 0

the spanning set, (3, is linearly independent and thus forms a basis for W. The dim(W') = 4.
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3.5 Linear Transformations

In the previous sections, we developed the theory of abstract vector spaces in detail. It is now natural
to consider those functions defined on vector spaces that in some sense “preserve” the structure.
These special functions are called linear transformations.

Definition 3.5.1 (Linear Transformation). Let V and W be vector spaces over F'. We call a function
T :V — W a Linear Transformation from V into W if for all x,y € V and c € F we have

(@) T(x+y) =T(x)+T(y)
(b) T(cx) = cT'(x)
Theorem 3.5.1. The following are basic facts about the function T : V. — W:
1. If T is linear, then T'(0) = 0.
2. Tislinearifand only if T(x —y) = T(x) — T(y).
3. T is linear if and only if T(cx +y) = ¢T'(x) + T(y) forall x,y € V and c € F.

4. T is linear if and only if for x1,...,x, € Vanda;y ... ,a, € F we have
n n
i=1 i=1

Proof. Let T : V. — W be linear. Clearly 7'(0) = 0, for otherwise by linearity 7'(0) = T'(x +
(x)) = T(x)+T(x) = T(x) + (T'(x)) # 0, which is absurd. Also note that since 7" is linear,
T(ex+y) = T(cx) + T(y) = ¢T(x) + T(y), and T(x —y) = T(x+ (~y)) = T(x) + T(~y) =
T (x)T'(y). To prove property 4, note that if 7" is linear, an inductive argument can be used to show
that for all x;,...,x, € Vand ay,...,a, € F, we have

=1 =1 =1

Now, assume T'(cx +y) = ¢T'(x) + T(y) forall x,y € V and c € F. Let x,y € V. Then we
obtain T'(x +y) =T(lx+y)=1-T(x) +T(y) = T(x) + T(y). Next,letx € V and ¢ € F.
Then we obtain T'(cx) = T'(cx + 0) = ¢ - T'(x) + T(0) = ¢ - T'(x). This proves T is linear. The
same type of reasoning can be used to show that if 7" satisfies

n n
T (Z aixi> = ZaiT(:L'i),
i=1 i=1
then T must be linear. O

Example 3.5.1. Given A € M,,x,(F), define L4 : My, x1 — M,x1(F) by La(x) = Ax. To see
that this is a linear transformation, note that for any x,y € M,,x1 and any c € R

La(ex+y) =A(ex +y) = c(Ax) + Ay = cLa(x) + La(y).
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Example 3.5.2. Define 7' : R? — R? by T'(a1,a2) = (2a;1 + a2, a1). To show that 7" is linear, let
c € Rand x,y € R?, where x = (b1, b2) and 'y = (dy, ds). Since
cx +y = (cby + dy, cbs + da),
we have
T(ex+y) = (2(cby + d1) + cby + da, cby + dy).
Also

CT(X) + T(y) C(2b1 + bo, bl) + (2d1 + da, dl)
cb1 + cby + 2dy 4 ds, cby + dl)

(Cb1 + d1) + ¢cby + dg, cby + dl).

= (2
= (2
Thus T is linear.

Example 3.5.3. Define 7' : P,(R) — P,_1(R) by T(f) = f’, where f’ denotes the derivative of
f. To show that 71" is linear, let g and h be vectors in P, (R) and a € R. Then

T(ag+h) = (ag +h)" = ag’ + h' = aT(g) + T ().
Thus T is linear.

We now turn our attention to two very important sets associated with linear transformations:
the range and null space. The determination of these sets allows us to examine more closely the
intrinsic properties of linear transformations.

Definition 3.5.2 (Null Space and Range). Let V and W be vector spaces and let T : V. — W be
linear. We define the null space (or kernel) N (T') of T to be the set of all vectors x in 'V such that
T(x) =0 thatis, N(T) ={x €V : T(x=0)}.

We define the range (or image) R(T') of T to be the subset of W consisting of all images (under
T) of elements of V; that is R(T) = {T'(x) : x € V'}.

Definition 3.5.3 (Nullity and Rank). Let V and W be vector spaces and let'T' : V. — W be linear.
If N(T') and R(T) are finite-dimensional, then we define the nullity of T, denoted nullity (T'), and
the rank of T, denoted rank(T), to be the dimensions of N(T') and R(T), respectively.

As a illustration of these definitions, consider the following figure:

~ T x

The next theorem provides a method for finding a spanning set for the range of a linear trans-
formation. With this accomplished, a basis for the range is easy to discover.
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Theorem 3.5.2. Let V and W be vector spaces, and let T : V— — W be linear. If § =
{v1,...,vpn} is afinite basis for V, then
R(T) = span({T'(v1),...,T(vn)})-

Proof. Clearly T'(v;) € R(T) for each i. Because R(7') is a subspace of V' that contains the set
{T'(v1),...,T(vyn)}, by Theorem 3.2.1 R(T") contains span({T'(v1),...,T(v,)}). Now suppose
that w € R(7). Then w = T'(v) for some v € V. Because [ is a basis for I/, we have

n
v:g a;v; forsomeaq,...,a, € F.

i=1

Since T is linear, it follows that
n
w=T(v) =Y a;T(v;) € span(T(8)).
i=1
O

Reflecting on the action of a linear transformation, we see intuitively that the larger the nullity,
the smaller the rank. In other words, the more vectors that are carried into 0, the smaller the range.
The same heuristic reasoning tells us that the larger the rank, the smaller the nullity. The balance
between rank and nullity is made precise in the next theorem.

Theorem 3.5.3 (Dimension Theorem). Let V' and W be vector spaces, and let T : V. — W be
linear. If V is finite-dimensional, then

nullity (T") + rank(7") = dim(V).

Proof. Suppose that dim(V') = n, dim(N(T')) = k, and {vy, ..., vy} is abasis for N(7'). We may
extend {vy,...,vg}toabasis f = {vy,...,v,}for V. Weclaim that S = {T'(viy1),...,T(Vn)}
is a basis for R(T).

First we prove that S generates R(7"). Using Theorem 3.5.2 and the fact that 7'(v;) = O for
1 < i <k, we have

R(T) = span({T (vgt1),---,T(vn)})

Now we prove that S is linearly independent. Form

n
> bT(vi) =0 forbysy,...,by € F.
i=k+1

Using the fact that 7" is linear, we have

T < Z bivi> =0 which implies Z biv; € N(T).

i=k+1 i=k+1
Hence there exist ¢y, ..., ¢, € F such that
n k k n
Z b;v; = Z ¢;v; which implies Z(—ci)vi + Z bjv;=0
i=k+1 i=1 i=1 i=k+1

Since [ is a basis for V', we have b; = 0 for all <. Hence S is linearly independent. Notice that this
argument also shows that 7'(vi11), ..., T (vy,) are distinct, and hence rank(7) = n — k. O
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Theorem 3.5.4. Let V and W be vector spaces, and let T' : V. — W be linear. Then T is one-for-
one if and only if N(T') = {0}.

Proof. First note that T" is one-to-one if and only if 7'(x) = T'(y) implies x = y. Suppose N (T') =
{0} and T'(x) = T'(y). Since T is linear, T'(x —y) = T'(x) — T'(y) = 0. Thus, x —y € N(T).
By assumption, N(7') = {0}. Hence, x — y = 0, which implies x = y. Now assume that 7" is
injective. Let x € N(T'), then T'(x) = 0 = T'(0). Hence x = 0, since 7' is injective. O

Example 3.5.4. Let M : My 3(R) — Mayo(R) defined by

(0 a2 a1 2a11—a12 a13 + 2a12
a1 a2 a3 0

For any x,y € Ms,3(R) and any ¢ € R

cri1 + Y11  CTi2 +Yi2 CT13 + Y13 2(cx11 + y11 (cx12 + y12) cx13 +y13 + 2(czi2 + y12)
cx21 + Y21 €22 + Y22  CT23 + Y23 0

2$11 —z12)  c(z13 + 2x12) 2y11 — Y12 Y13 + 2y12
0 + 0 0

T|:$11 Z12 $13:|+T<y11 Y12 y13>.
Y21 Y22 Y23

T21 T22 T23

To find the null space, we must find an x € M, 3(R) such that
2x11 — 212 =0 and 13+ 2212 =0.

Equating coefficients

2—10rref101/4
0 2 1 01 1/2|

Thus, N(T) = {(—r/4,—r/2,r,s,t,u)} forr, s, t,u € R. Hence, a basis for the null space can be

written
B—_1/4_1/21 000 o 00 000
N = 0 0 ofl’|t oo|’lo 1 0ol’l0 01

and nullity (7") = dim(N (7)) = 4. Since

2a11 — a12 a1z + 2a12 o 2a11 — a1z 0O n 0 a3+ 2a19
0 0 - 0 0 0 0

1 0 01
= (2a11 — ai2) [0 O] + (a13 + 2a12 [0 0] )

1 0f (01
= 1lo ol o ol)
and rank(7) = dim(R(T")) = 2. This verifies the dimension theorem, since dim(Msyx3(R)

)
6 = 2 + 4. Since nullity(7") # 0, T" is not one-to-one. Since rank(7") = 2 # dim(May3(R)), T'is
not onto.

a basis for the range is given by
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Example 3.5.5. Let

1 -1 -1 2 1
A=12 -2 -1 3 3
-1 1 -1 0 -3

and define L4 : M5y1 — M3y by La(x) = Ax. To find a basis for N(L4), solve Ax = 0. We
have

1 -1 -1 2 1 1 -1 0 1 2
A=|2 —2 -1 3 3|™1fo 0o 1 -1 1
1 1 -1 0 -3 00 0 0 0

Thus, N(T) = (r — s — 2t,r,s — t,s,t) for r,s,t € R. Hence, a basis for the null space can be
written

17 [-11 [-2
1 0 0
Bv=<1lol,[1],]-1
0 1 0
o] [0 1

and nullity(7') = dim(N(7")) = 3. In general Ax = b if and only if b is a linear combination of
the columns of A (the column space). Hence

1 -1
B]R - 2 ) -1
—1 -1
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Chapter 4

Concavity, Convexity, Quasi-Concavity,
and Quasi-Convexity

4.1 Convex Sets

Definition 4.1.1 (Convex Set). A set X € R" is (strictly) convex if given any two points x' and x"
in X, the point
xN = (1 = Mx + X"

is also in X (int X) for every X € [0,1] (A € (0,1)).

Remark 4.1.1. A vector of the form x* = (1 — \)x’ + Ax”, with A € [0, 1] is called a convex
combination of x" and x”.

Theorem 4.1.1. Let X and Y be convex sets in R"™, and let o« be a real number. Then the sets

aX ={zecR": z=ax for somex € X} and
X+Y={zeR": z=x+y forsomex € X andy € Y}

are convex.

Proof. Let X and Y be any two convex subsets of R™. Suppose ax’ and ax” are any two points in
aX, naturally with x" and x” in X . Given X € [0, 1], since X is convex, we know A\x'+ (1—\)x" €
X. Thus,

AMax') + (1 = N)(ax") = a[Ax" + (1 = N)xX"] € aX.

Therefore X is shown to be convex. Now suppose x’ + y’ and x” 4 y” are any two points in
X + Y, naturally with x" and x” in X and y’ and y” in Y. Given A € [0, 1], since X and Y are
both convex, we know Ax" + (1 — \)x” € X and Ay’ + (1 — \)y” € Y. Thus,

A +y )+ (1= NE"+y") =X +0 - X"+ Xy +(1-Ny" e X +Y
Therefore X + Y is shown to be convex. O

Example 4.1.1. Is {(z,y) € R?|y > x A zy > 1} open, closed, compact or convex?

Solution: Not open, since S # int S. For example, (1, 1) is in the set, but every neighborhood
around (1, 1) contains points which are not in the set. Closed since the set contains all of its bound-
ary points. Not compact since the set is not bounded [(n, n) is in the set for n € N]. Not convex
since since (1,1) and (—1, —1) are in the set, but (1/2)(1,1) + (1/2)(—1,—1) = (0,0) is not.
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Figure 4.1: Convex and Non-Convex Sets

(a) Strictly Convex (b) Convex, but not Strictly Convex (c) Not Convex

4.2 Concave and Convex Functions

Definition 4.2.1 (Concave Function). The function f : R™ O X — R, where X is a convex set, is
concave if given any two points x' and x" in X we have

(1= NfE) + M) < FIO - NVx + = f(x) YA€ 0,1
and is strictly concave if the inequality holds strictly for A € (0,1), that is, if
vx' x" € X and X € (0,1), (1 =N fx)+ (") < f[(1=Nx' 4+ Xx"] = f(x).

Remark 4.2.1. Reversing the direction of the inequalities in the theorem, we obtain the definitions
of convexity and strict convexity.

Many introductory calculus texts call convex functions “concave up” and concave functions
“concave down”, as we did in section 1.1.4. Henceforth, we will stick with the more classical
terms: “convex’” and “concave”.

Theorem 4.2.1. Let f : R® O X — R be a C! function defined on an open and convex set X.
Then f is concave if and only if given any two points x and Xg in X, we have

f(x) < f(x0) + V f(x0)(x — x0).

Moreover, f is strictly concave if and only if the inequality holds strictly, that is, if and only if

f(x) < f(x0) + Vf(x0)(x —x0)

for all pairs of distinct points xg and x in X.

Remark 4.2.2. This theorem says that a function f is concave if and only if the graph of f lies
everywhere on or below any tangent plane. Equivalently, it says that a function is concave if and
only if the slope of the function at some arbitrary point, say xg < X, is greater than the slope of the
secant line between points x and xg. Reversing the direction of the inequalities in the theorem, we
obtain a theorem corresponding to convexity and strict convexity.
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Figure 4.2: Concave and Convex Functions

f&x")
fx")
f&e

fxh)
f&H

f&xH

(a) Concave Function (b) Convex Function

Theorem 4.2.2. Let f : R™ O X — R be a concave function and g : R — R be an increasing and
concave function defined on an interval I containing f(X). Then the function h : X — R defined
by h(x) = g[f(x)] is concave. Moreover, if f is strictly concave and g is strictly increasing then h
is strictly concave. Analogous claims hold for f convex (again with g increasing).

Proof. Consider any x’,x” € X and X € [0, 1]. Since f is concave, we have
FON) = FOX + (1= 0)x") 2 M () + (1= N F ().

Since g is increasing and concave

h(x*) = glf (A + (1= N)x")] 2 gIAf(x) + (1= X f(x")]
> AgLf ()] + (1= Nglf (x")]
= A(x') + (1 = Nh(x").

This establishes that h is concave. If f is strictly concave and g is strictly increasing, then the
inequality is strict and hence A is strictly concave. O

Example 4.2.1. Let the domain be R, . Consider h(x) = e!/*. Let f(z) = 1/ and let g(y) = €Y.
Then h(z) = g[f(x)]. Function f is strictly convex and g is (strictly) convex and strictly increasing.
Therefore, by Theorem 4.2.2, h is strictly convex.

Remark 4.2.3. It is important in Theorem 4.2.2 that g is increasing. To see this, let the domain be
R, . Consider h(x) = e~®*, which just the standard normal density except that it is off by a factor
of 1/3/27. Let f(x) = ¢ and let g(y) = 1/y. Then h(z) = g[f(x)]. Now, f is convex on R,
and g is also convex on R, ;. The function h is not, however, convex. While it is strictly convex for
|| sufficiently large, for z near zero it is strictly concave. This does not contradict Theorem 4.2.2
because g here is decreasing.
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Theorem 4.2.3. Suppose f1,..., fn, are concave functions where f; : R®™ O X — R. Then for any
ai, ..., oy for which each a; > 0, f = > | i f; is also a concave function. If, in addition, at
least one f; is strictly concave and o; > 0, then f is strictly concave.

Proof. Consider any x’,x” € X and X € [0, 1]. If each f; is concave, we have
fix) = (X + (1= 0x") = Mfi(x) + (1= A) fi(x")

Therefore,

n

FOMN = FOX + (L= Nx") =) aifilx + (1= N)x") 2 ) il Milx') + (1= A) fi(x")]
1=1

i=1
=A) aifilx) + (1= 0D aifix") = A () + (1= N f(x").
=1 =1

This establishes that f is concave. If some f; is strictly concave and c; > 0, then the inequality is
strict. O

4.3 Concavity, Convexity, and Definiteness

The following result says that a function is concave if and only if its Hessian is negative semi-
definite everywhere. A twice-differentiable function of a single variable is concave (convex) if and
only if f”(x) < (>)0 everywhere.

Theorem 4.3.1. Let f be a C? function on an open convex set X of R™. Then
(a) If H(f) is negative definite for every x € X, then f is strictly concave.
(b) If H(f) is negative semi-definite for every x € X, then f is concave.
(c) If f is concave, then H(f) is negative semi-definite for every x € X.
(d) If H(f) is positive definite for every x € X, then f is strictly convex.
(e) If H(f) is positive semi-definite for every x € X, then f is convex.

(f) If f is convex, then H (f) is positive semi-definite for every x € X.

Remark 4.3.1. Note that if f is strictly concave, the Hessian can either be negative semi-definite
or negative definite. Thus, if you show that the Hessian is not negative definite, but only negative
semi-definite, you cannot conclude that f is not strictly concave.

Example 4.3.1. The Hessian of the function f(z,y) = 2% + 22y? + y* — 32 — 8y is

_ 1222 + 292 dxy

H(f) dxy 222 + 1292

The principle minors, BF) = 1222 + 292, B§2) = 222 + 12y%, and By = 24z + 1322292 + 24y*
are all weakly positive for all values of x and ¥, so f is a convex function on all R".
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Example 4.3.2. A simple utility or production function is f(z,y) = xy. Its Hessian is
01

whose second order principle minor is det H(f) = —1. Since this second order principle minor is
negative, H (f) is indefinite and f is neither concave nor convex.

Example 4.3.3. Consider the monotonic transformation of the function f in the previous example
by the function g(z) = 2'/4 : g[f(z,y)] = ='/*y'/*, defined only on the positive quadrant R?. The

hessian of g is
—%w‘”‘lyl/‘l liw_3/4y‘3/4

H g) = 6_ ~ 6 _ X
(9) L84y =84 3 1/4, =T/

The first order principle minors are both non-positive and the second order principle minor, /2y ~3/2 /32,
is non-negative. Therefore, H (g) is negative semi-definite on Ri and G is a concave function on
R?Z.

+

4.4 Quasi-concave and Quasi-convex Functions

Definition 4.4.1 (Quasi-concavity and Quasi-convexity). Let f : R® O X — R be a real-valued
function defined on a convex set X. We say that f is quasi-concave (quasi-convex) if for all x' and
x" in X and all \ € [0, 1] we have

FI = 2)x"+ Ax"] = min{f(x'), f(x")}
(fI(L = N+ Ax"] < max{f(x), f(x")}).

We say that | is strictly quasi-concave (quasi-convex) if for all X' and x" in X and all \ € (0,1)
we have

AL = VX + A" > min{ £(x), F(x")}
(FI1 = N)x" + Ax"] < max{f(x'), f(x")}).
Theorem 4.4.1. Let f be a real-valued function defined on a convex set X C R™. Then f is quasi-

concave (quasi-convex) if and only if the upper contour sets (lower contour sets) of f are all convex,
that is, if for any a € R the set

U,={x€X: f(x)>a}
(Lo ={x€ X : f(x) < a}

)

is convex.

Proof. Assume f is quasi-concave. Fix a and let X', x” € U,,. Then for all A € [0, 1],

FOX'+ (1= X)x") = min{f(x'), f(x")}

Since X', x” € Uy, f(x') > a and f(x”) > a, which implies the min{ f(x’), f(x”)} > a. There-
fore, f(Ax" 4+ (1 — A\)x”) > a and thus Ax’ + (1 — A\)x” € U,. Hence, the upper contour set is
convex. Now assume the upper contour set is convex. Then for all A € [0, 1] and for x',x" € U,,
we have Ax’ + (1 — A\)x” € U,. This implies that f(Ax" 4+ (1 — A\)x”) > a. Since this result
must hold for any a, it must hold for a = min{ f(x’), f(x”)}. Thus, f is quasi-concave. A similar
argument holds for quasi-convexity. O
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Figure 4.3: Quasi-concave but not concave

flx) =x%x>0

fx")

fxe

f&xH

Theorem 4.4.2. All concave (convex) functions are quasi-concave (quasi-convex) and all strictly
concave (strictly convex) functions are strictly quasi-concave (strictly quasi-convex).

Proof. Without loss of generality assume f(x’) > f(x”). Since f is concave, for 0 < X < 1
FOX 4 (1= Nx") = Af(x) + (1 = A) f(x)
> M) + (1= Nf (")
= min{f(x), f(x")}.

Thus, f is also quasi-concave. If f is strictly concave then the inequalities become strict and hence
f is strictly quasi-concave. The convex case can be proved in a similar fashion. U

It is important to note that the converse of the above theorem is not valid in general (see
figure 4.3). The function f defined on X = {z : > 0} by f(x) = 2?2 is quasi-concave (UCS is
convex) but not concave on X, actually it is strictly convex on X.

Theorem 4.4.3. Suppose f : R" O X — R is quasi-concave (quasi-convex) and ¢ : f(X) — R
is increasing. Then ¢ o f : X — R is quasi-concave (quasi-convex). If f is strictly quasi-concave
(quasi-convex) and ¢ is strictly increasing, then ¢ o f is strictly quasi-concave (quasi-convex).

Proof. Consider any x',x” € X_If f is quasi-concave, then
FOX' + (1= N)x") > min{f(x), f(x")}.
Therefore, ¢ increasing implies
Sf "+ (1 = A)x")] > gmin{f(x'), f(x")}] = min{g[f(x)], o[ (x")]}.

Thus, ¢ o f = ¢[f(x)] is quasi-concave. If f is strictly quasi-concave and ¢ is strictly increasing,
the inequalities are strict and thus ¢ o f is strictly quasi-concave. A similar argument holds for
quasi-convexity. O
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Corollary 4.4.1. Suppose f : R™ O X — R is quasi-concave and ¢ : f(X) — R is decreasing.
Then ¢ o f : X — R is quasi-convex. Suppose [ : X — R is quasi-convex and ¢ : f(X) — R is
decreasing. Then ¢ o f : X — R is quasi-concave.

Proof. Consider any x’, x” € X. If f is quasi-concave, then

FOX + (1= N)x") = min{f(x), f(x")}.

Therefore, ¢ decreasing implies

Plf (A + (1 = A)x")] < g[min{f(x'), f(x")}] = max{s[f(x')], ¢[f (x")]}.
Thus, ¢ o f = ¢[f(x)] is quasi-convex. Similarly if f is quasi-convex. U

Remark 4.4.1. The sum of quasi-concave functions need not be quasi-concave unlike the sum of
concave functions which is concave. For instance f(x) = 3 and fa(z) = —x are both quasi-
concave, but the sum f3(x) = f1(x) + fao(z) = 23 — z is neither quasi-concave nor convex.

Example 4.4.1. Show that the Cobb-Douglas function

where o; > 0 for¢ = 1,...,n is quasi-concave for x > 0.
Solution: Consider the natural log of Cobb-Douglas function,

In f(x) = Zai In z;,
i=1

which is concave since for all 7, Inx; is concave and the sum of concave functions is concave
(Theorem 4.2.3). Thus, since concavity implies quasi-concavity, In f(x) is also quasi-concave. The
exponent ¢’ is strictly increasing function: R — R, hence f(x) = exp(ln f(x)) is quasi-concave
by Theorem 4.4.3.

4.5 Quasi-concavity, Quasi-convexity, and Definiteness

Theorem 4.5.1. Let f : R® D X — R be a C? function defined on an open and convex set X C R",
and let Ay, be the leading principle minor of the bordered Hessian of f.

(a) A necessary condition for f to be quasi-concave (quasi-convex) is that

(DAL >0VE=2,...,n+1V¥xe X
(A, <O0VE=2,...,n+1Vxe X)

(b) A sufficient condition for f to be quasi-concave (quasi-convex) is that

(~1)FAL >0VE=2,...,n+1Vx € R"
(Ap<O0VE=2,...,n+1VxeRY)
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Figure 4.4: Not Quasi-concave

f)

-3

(c) If X CRY ., fis monotonically increasing (decreasing), and

(~1)* 1AL >0VE=2,...,n+1¥x € R
(Ap<O0VE=2,...,n+1Vx € RY),

then f is strictly quasi-concave (strictly quasi-convex).

Remark 4.5.1. Be very careful with the direction of the above definitions. In figure 4.4, the function
f(x) = z? is not quasi-concave since the upper contour set: {z € R|f(z) > 3} = (o0, —3] U
[3,00) is not a convex set. However,

a(f) = [2(35 2;]

so (—1)2t1 Ay = 422 > 0 for all  with strict inequality everywhere except at x = 0. Although
this function fulfills the necessary condition for quasi-concavity, the function is not quasi-concave.

Example 4.5.1. Prove or give a counterexample: If f is a strictly convex function, then f cannot be
quasi-concave.

Solution: False. For f(z) = 1/x defined on R, the upper contour set {x : f(x) > ¢} is
convex for all ¢; For example, for ¢ = 1, the upper contour set is the interval (0,1], which is clearly
convex. Thus, this function is quasiconcave. However, the function is also strictly convex since
(f"(x) = 2/23 > 0 forall z > 0).

Example 4.5.2. Consider f(x) = 23 + z. For z € R, the second order condition, f,, = 6z, is not
always nonpositive. Thus, this function is not concave. The bordered Hessian is given by

— 0 322 +1
H(f) = 3x2+1 6

so (—1)2t1Ay = (322 + 1)? > 0. Therefore, this function is quasi-concave.
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Example 4.5.3.

For the region with z > 0 and —z < y < =, define f(z,y) = 22 — 42 Is f concave where defined?
Is f quasiconcave where defined?
Solution: Given f(x,y) = 22 — 32,

@) fz =22, foe =2, fy = =2y, foy = 0, fyy = —2. The Hessian is

2 0
H—[O _2].
Since
2 0
A1:2>0andA2:‘0 _2':—4<0,

H is not negative semidefinite so f is not concave.

(b) Bordering the Hessian with first partials, we obtain

o 0 2z —2y
H(z,y)=| 2z 2 0 |,
—2y 0 =2

(—1)>T1Ay = (—1)3(—42%) > 0 Va #0,
(—1)*"2A5 = (=1)18(2? —3?) > 0 as |y| < =.

Since (—1)**1|A.| > 0,k = 2,3, f is quasi-concave.

Example 4.5.4. Is the utility function u(x1,z2) = \/T1 + /22 quasi-concave for x1 > 0, zo > 0?
Is it concave for 1 > 0, xo > 0?
Solution: Given U(x1,x2) = \/T1 + \/Z2, the Hessian is given by

I — [Un U12} _ —331_3/2/4 0
Ua1 Uz 0 —2y %4
Forall (z1,20) € R2 |, Ay = —3:1_3/2/4 <Oand Ay = |H| = :L'1_3/2:L'2_3/2/16 > 0. Hence H is
negative definite, which implies that U (x1, x2) is strictly concave on ]R%r .. Since concavity implies
quasi-concavity, U (1, z2) is also quasi-concave on Ri 4

Example 4.5.5. Is f(x,y) = 2?y? concave and/or quasi-concave on {(z,y) € R%|z > 0,y > 0}?
Is f concave and/or quasi-concave on R??
Solution: The Hessian is given by

_ 2% day
i = [4:Ey 23:2} '

For all z,y > 0, Ay = 2y?> > Oforall z,y > 0 and Ay = |H| = —122%y? < 0. Thus, H is not
negative semi-definite, which implies that f is not concave on Ri (and also not concave on R?).
Checking quasi-concavity:
0 2zy® 22%
H=|2zy> 2% day
222y dxy 222
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For all 2,y > 0, (—1)>"1Ay = 42%y* > 0 and (—1)3t'A3 = 162*y* > 0. Thus, for (z,y) €
Ri ., the sufficient conditions for quasi-concavity hold since the inequalities are both strict. It
remains to check whether the function f is quasiconcave on R2. Since {(z,y) € R2|f(z,y) >
0} = ]Ri, all upper contour sets are convex, and f is quasi-concave on ]Ri. Note f is not quasi-
concave on R? since

F((1/2)(1,1) + (1/2)(=1,-1)) = f(0,0) = 0 £ min{f(1,1), f(-1,-1)} = L.

Example 4.5.6. Is f(x,y) = In(x + y) quasi-concave on the set of strictly positive = and y values?
Solution: The Hessian is given by

1 1
H=| @7 @’
C@ty)? @ty)?
Forall z,y > 0, BF) = B§2) = —m < 0and Ay = |H| = 0. Thus, H is negative semidefinite

on Ri ., implying that f is concave, and hence quasi-concave.

Example 4.5.7. Is f(z,y,2) =z + /y + z? concave and/or quasi-concave on Ri +?
Solution: The Hessian is given by

— a3/ 0 0
0 _%y_3/2 0 ’
0 0 2

which is not negative semi-definite (A1 < 0, As > 0, and Ag > 0), so the function is not concave.
The bordered Hessian

0 %3:_1/2 %y‘l/z 2z
%:L'_l/z —%:13_3/2 0 0
%y—1/2 0 _%y—3/2 0

2z 0 0 2

has determinant (2222 — 5/2 — 23/2y) /8, which is positive for some (z,v, z) € R3 , and negative
for others. Thus the function is not quasi-concave on Ri”r L

Example 4.5.8. Is f(z,y) = 2%y concave and/or quasi-concave on R%r 7 Explain.
Solution: The gradient and Hessian are respectively given by

[ 2xy |2y 2z
vf_<w2> H_Lw O]'

Thus, f is not negative semidefinite since Ay = —4x2 < 0. Hence f is not concave. The bordered

Hessian is given by
0 22y x°
H |2zy 2y 2x

2 2z 0

Thus, (—1)3Ay = 42%y? > O forall (z,y) € R? , and (—1)*A3 = 62y > Oforall (z,y) € R .
Thus f is quasi-concave.
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Chapter 5

Optimization

5.1 Unconstrained Optimization

Theorem 5.1.1. If f : R™ — R and all its first partial derivatives are continuously differentiable
on a set which contains input vector X* in its interior, then

(a) (Necessary Condition) f has a local maximum (minimum) at x* only if V f(x*) = 0 and
H(f(x")) is negative (positive) semi-definite.

(b) (Sufficient Condition) f has a strict local maximum (minimum) at x* if V f(x*) = 0 and
H(f(x*)) is negative (positive) definite.

(c) If H(f(x*)) is indefinite, then x* is neither a local maximum nor a local minimum.

Remark 5.1.1. Note that in the univariate case Vf = 0 is replaced by f' = 0 and H(f) NSD
(PSD, ND, and PD, respectively) is replaced by f” < (>,<,>) 0.

Example 5.1.1. Let f(z,y) = —32% + 2y — 2z +y — y*> + 1. Then

—6x +y — 2 -6 1
vf:<w+1—2y>’ H(f):[l —2}’

-6 1

A1 =-6<0, and Az:'l _9

so H(f) is negative definite.

N o NG
- [+l 0 )

Thus, f has a strict local maximum at (z,y) = (—3/11,4/11).

or

Definition 5.1.1 (Saddle Point). A critical point x* of f for which H(f(x*)) is indefinite is called
a saddle point of f. A saddle point is a minimum of f in some directions and a maximum of f in
other directions.
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Example 5.1.2. Let f(z,y) = 2% + 2%y + 2y. Then

(32?4 22y _ |6z +2y 2z

Here H(f) depends on the (x,%) at which it is evaluated. V f(z,y) = 0 if 322 + 2xy = 0 and
22 + 4y = 0. From the last equation y = —x2 /4. Substituting this value into the previous equation,
(2/2)(6 — ) = 0. Thus, (x,y) = (0,0) or (z,y) = (6,—9).

atro.0)= o 4.

which is PSD (B = 0 = 0, B®) = 4, and B, = 0).

17690 = |15

and its leading principle minors are

=-72<0.

A1 =18>0 and AQZHi 142'

Thus, since the Hessian is indefinite at (6, —9), this point is a saddle point for the function. The
point (0, 0) satisfies the necessary conditions for a local minimum, but not the sufficient conditions.
However, f(z,0) = 23 so f cannot attain either a local maximum or a local minimum at (0, 0).
This function has no local maxima or local minima.

Theorem 5.1.2 (Global Maxima/Minima). Let f : X — R be a C? function whose domain is a
convex open subset X of R™. If f is a concave (convex) function on X and V f(x*) = 0 for some
x* € U, then x* is a global maximum (minimum) of f on X.

Remark 5.1.2. It is interesting to compare Theorems 5.1.1 and 5.1.2. In order to guarantee that a
critical point x* of a C? function f is a strict local maximum (minimum), we need to show that
H(f(x*)) is negative (positive) definite; showing that H (f(x*)) is negative (positive) semi-definite
is not strong enough. However, if we can show that H (f(y)) is negative (positive) semi-definite not
just at x* but for all y in a neighborhood about x*, then by Theorem 5.1.2, we can conclude that x*
is a maximum (minimum) of f.

Remark 5.1.3. A global maximum (or minimum) does not necessarily have to be a strict maximum
(or minimum). Moreover a strict maximum (or minimum) does not necessarily have to be a global
maximum (or minimum). To see this consider figure 5.1.

Example 5.1.3. Find all local maxima and minima of f(z,y,2) = 22+ z(z — 2) + 3(y — 1)? + 22
Solution: The associated first order conditions are

of _ set
8f set
_— = —1 =
9y 6(y—1)=0
of _ set

5—%“1—22—0
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Figure 5.1: Strict and/or Global Extrema

(a) Global not Strict (b) Global and Strict (c) Strict not Global

solve the above equations to get (z,y, z) = (%, 1, —%) The Hessian matrix is

H =

= O N
o oy O
N O

and the corresponding leading principle minors are

A1:2>0
AQZ'g 2‘:12>0

A3 =|H|=18>0
Thus, H is PD, and therefore f is strictly convex. From the previous theorem, we can conclude that
the point (z,y, 2) = (3,1, —%) is the unique global minimizer (and a strict local minimizer).
5.2 Constrained Optimization I: Equality Constraints

Consider the problem of maximizing a function f(x) = f(z1,x2,...,2,) of n variables con-
strained by m < n equality constraints. Let the functions g1 (x), g2(X), . . . , gm(x) define the con-
straint set. Thus, our problem is to

maximize or minimize f(x1,z9,...,xy,)
subject to g1(z1,22,...,2y) =0
g2(x1, 22, ..., 2p) =0
gm(xla‘%?a M an) = 0

or, equivalently, in a more compact form

maximize or minimize f(x) 5.1
subject to g(x) = 0, '

where g(x) = 0 denotes an m x 1 vector of constraints, m < n. The condition m < n is needed
to ensure a proper degree of freedom. Without this condition, there would not be a way for the
variables to adjust toward the optimum.
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The most intuitive solution method for problem (5.1) involves the elimination of m variables
from the problem by use of the constraint equations, thereby converting the problem into an equiv-
alent unconstrained optimization problem. The actual solution of the constraint equations for m
variables in terms of the remaining n — m can often prove a difficult, if not impossible, task. More-
over, the elimination of variables is seldom applicable to economic problems, as economic theory
rarely allows for the specification of particular functional forms. Nevertheless, the theory underly-
ing the method of elimination of variables can be used to obtain analytically useful characterizations
of solutions to equality constrained problems.

Alternatively, the solution can be obtained using the Lagrangian function defined as

L(x; ) = f(x) = Mg1(x) — A2g2(x) — -+ = Amgm(X)

m
(5.2)
= f(0) =) Nigi(x),
i=1
where A1, Ao ..., A\, multiply the constraints and are known as Lagrange multipliers. In order to
solve the problem, we find the critical points of the Lagrangian by solving the equations
oL oL oL
A =05—=0 55— =0
0x1 Oxo Oxy, 5.3)
8E_0'8£_0. '8E_0 '
Y ) VR ) W
which represent n + m equations for the n + m variables z1, o, ..., Zn, A1, A2 ..., Ayp. Thus, we
have transformed what was a constrained problem of n variables into an unconstrained problem
of n 4+ m variables. Note that since Aj, A2 ..., A, simply multiply the constraints, g—)ﬁ_, fori =
1,2,...,m, is equivalent to each multipliers’ respective constraint. Thus, the system of equations,
(5.3), can be written more compactly as
Vf(x) = AVg(x), (5.4

g(x) =0

where A is a 1 x m vector of Lagrange multipliers and Vg(x) is an m x n Jacobian matrix of the
constraint set.

To understand this more clearly, consider the problem of maximizing f(z1,x2) subject to
g(x1,x2) = 0. Geometrically, our goal is to find the highest valued level-curve of f, which meets
the constraint set C' (see figure 5.2). The highest level-curve of f cannot cross the constraint curve
C (see point x'); if it did, nearby higher level sets would also cross (see point x”'). Thus, the highest
level set of f must be tangent to C at the constrained max, x*.

The gradient vector of the objective function and constraint set is given by

of dg.
Vf(x) [2;;;] and Vg(x) = [%@1],
Do Oxo

which are perpendicular to the level sets of f and g. Since the level sets of f and g have the same
slope at x*, the gradient vectors V f(x) and Vg(x) must line up at x*. Thus they point in the same
direction or opposite directions (see figure 5.2). In either case, the gradients are scalar multiples
of each other. If the corresponding Lagrange multiplier is \*, then V f(x*) = A\*Vg(x*) as the
Lagrange formulation, given in (5.4), suggests.
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Figure 5.2: Constrained Optimization and the Lagrange Principle

Remark 5.2.1. In order for this transformation to remain valid, we must place a restriction on the
constraint set known as constraint qualification, which requires:

(a) Vg(x*) # 0 if the problem defined in (5.1) has only one constraint; and

(b) the rank of the Jacobian matrix

9g1(x*) 0g1(x*)
V X* T oo T
vz; Ex*g 892(’14*) - 892(’4*)
Jooy= | VRO TR T
Vgm(x") Lg;c(f*) o 5’9%(:*)

equals m (full rank) if the problem defined in (5.1) has m constraints, m > 1.

Example 5.2.1. This example illustrates why the rank m condition is required for the transformation
given in (5.2). Suppose our problem is to

maximize f(x1,x2,x3) = 2]
subject to gy (x1, 0, 23) = (1 — 1)* — 23 = —1

g2(a1, 22, 23) = (1 — 1)* + 23 = 1.
Then the gradient vectors are

1 2(33‘1 - 1) 2(33‘1 - 1)
Vf=10|, Vg = 0 , and Vg = 0
0 -1 1

The set of points satisfying both constraints is {(1,y,1)|y € R}. If the transformation in (5.2) is
valid, (5.4) implies

(17 070) = )\1(0707 _1) + )\2(0707 1)7

which is not possible since the gradient vectors are linearly dependent. The problem here is that the
transformation is not valid, since constraint qualification is not satisfied (rank J(x*) =1 < m).
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Remark 5.2.2. Constraint qualification says that for transformation (5.2) to be valid, no point satis-
fying the constraint set can be a critical point of the constraint set. This means that if the constraint
set is linear, constraint qualification will automatically be satisfied.

Theorem 5.2.1 (Necessary and Sufficient Conditions for an Extremum). Let f, g1, g2, . - . , gi be C?
real-valued functions on R". Consider the problem of maximizing (minimizing) f on the constraint
set g(x) = 0, where g(x) = 0 denotes an m x 1 vector of constraints, m < n. Then

(a) (necessary condition)
VL(x*,A*)=0

(b) (Sufficient Condition) If there exist vectors x* € R" \* = (A}, A5, ..., \5,) € R™ such that
VL(x*,A*)=0
and for every non-zero vector z € R" satisfying
Vgi(x*)-z=0, i=12,...,m
it follows that
2zl V2L (x*, Nz < (>)0, (Hessian is negative (positive) definite)
then f has a strict local maximum (minimum) at x* O

Conveniently, these conditions for a maximum or minimum can be stated in terms of the Hessian
of the Lagrangian function, which turns out to be a bordered Hessian. The following rules work with
the bordered Hessian of a constrained optimization problem of the form:

E)\1>\1 T £>\1>\7n £>\19€1 T £>\1xn
o 0 BT ‘C)\m>\1 e £>\m>\m £>\m1‘1 e £>\m1‘n
H=1|.......... e P
B A £x1)\1 £x1)\m £m1m1 Exlxn
_ﬁmn)\l ﬁwn)\m ﬁxnxl ﬁxnxn_
[0 0 dg1/01 dg1/0xn ]
0 0 8gm/al'l a.gm/axn
agl /81'1 89m/5331 Exlxl £m1mn
agl /a(L'n agm/axn ﬁxnan ﬁxnxn _
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Criterion 5.2.1 (Sufficient Conditions for strict local Maximum with constraints). Let f and con-
straints g1, 9o, - - - , gm be twice continuously differentiable real-valued functions. If there exist vec-
tors x* € R™" X\* = (A}, A5, ..., A%) € R™ such that

VL(x*,A*) =0

and if H is negative definite on the constraint set, which is the case if (—1)* A4 > 0 for k =
m + 1,...,n, where m is the number of constraints that hold with equality, n is the number of
endogenous variables, and Ay, is the leading principle minor of order k (Note: Lagrange multipliers
do not count as endogenous variables), then f has a strict local maximum at x*.

Criterion 5.2.2 (Sufficient Conditions for strict local Minimum with constraints). Let f and con-
straints g1, 9o, - - . , gm be twice continuously differentiable real-valued functions. If there exist vec-
tors x* € R™" X\* = (A}, A5, ..., A%) € R™ such that

VLX) =0

and if H is positive definite on the constraint set, which is the case if (—1)™ A1 > 0 for k =
m+1,....,n, then f has a strict local minimum at X*.

Remark 5.2.3. In short, we must check n — m leading principle minors starting with the principle
minor of highest order and working backwards. For example, if a problem contains 5 variables and
3 constraints, it will be necessary to check the signs of two principle minors: A7 and Ag.

Example 5.2.2 (Minimizing Cost subject to an Output Constraint). Consider a production function
given by

y = 2021 — 3:% + 1522 — 3:%

Let the prices of 1 and x5 be 10 and 5 respectively with an output constraint of 55. Then to mini-
mize the cost of producing 55 units of output given these prices, we set up the following Lagrangian

L(z1,29,\) = (1021 + 5z2) — A\(2021 — 2% + 1529 — 22 — 55),
1 2

which has first order conditions

8£ set

— =10 — X(20 — 2 =0

61’1 ( xl)

8£ set

— =5—XA(15—-2 =0

. ( z2)

oL

Eh =202y — 27 + 1529 — 23 — 55 2 0.

If we take the ratio of the first two first order conditions, we obtain
20 — 21’1
2=—— 30 —4z9 =20—2
15 — 22 2 o
— 10— 4:L'2 = 21 — xr1 = 2x9 — 5.

Now plug this into the last first order condition to obtain

20(2z9 — 5) — (222 — 5)? + 1525 — 23 — 55 = 0.
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Multiplying out and solving for zo will give

4029 — 100 — 423 + 2029 — 25 + 1529 — 25 — 55 =0
— 23 — 1529 + 36 = 0
— (:L'g — 12)(3}2 —3) = 0.

Therefore, we have two potential solutions (x1, z2) = (19, 12) and (z1,x2) = (1, 3). The Lagrange
multiplier X is obtained by plugging the solutions into the above first order conditions to obtain

10 -A(20—2(19) =0 — A=-2
10-A20—2(1) =0 — X=-.
Given that Vy(19,12) = (—18,—-9) # 0 and Vy(1,3) = (18,9) # 0, constraint qualification

holds. To check for a maximum or minimum, we set up the bordered Hessian. Consider first the
point (19,12, —5/9). The bordered Hessian in this case is

[O2L(x* \*)  O2L(x*\*)  dg(z*)
, 0x3 239013902 Oz 2 0 20 — 21,
H = | L&A 92L(x" A7) 0g(@™) | — —
H = | 2L = e = | 0 2N 15— 2ay
dg(z™*) dg(x*) 0 20 — 2z 15 —2x9 0
L 8501 61‘2
—% 0 -18
=10 _19#0 -9
—18 -9 0

Since we have only two endogenous variables (n = 2) and one constraint (m = 1), it is sufficient
to check only the principle minor of highest magnitude (A3 or, more precisely, the determinant of
the bordered Hessian) in order to determine definiteness.

=y <_E>‘_% _9“"(—1)4(—18)' 0 -3

9 -9 0 —-18 -9
10
= — 5 (=81) + (~18)(~20)
= 450.

Since k = 2, (—1)2A3 = (—1)2(450) > 0. Therefore, H is negative definite on the constraint set,
and thus this point is a strict local maximum.
Now consider the other point, (1,3,5/9). The bordered Hessian is given by

2X 0 20 — 2z 20 18
0 20 15-2x| =0 ¥ 9
20 — 221 15— 2, 0 18 9 0

Again, it is sufficient to check only the determinant of the bordered Hessian in order to determine
definiteness. In this case, det H = —450 and (—1)A3 = (—1)(—450) > 0. Therefore, H is
positive definite on the constraint set, and thus this point is a strict local minimum. The minimum
cost is obtained by substituting this point into the cost expression (objective function) to obtain

C =10(1) + 5(3) = 25.
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Example 5.2.3. Consider the problem of maximizing 2?22 subject to the constraint g(x,y, 2) =
22 + y? + 22 = 3. The Lagrangian function is given by

L=z + N3 —2? —y? - 2%

and the corresponding first order conditions are

oL or
= 2092 — 20 %0 — =2y 2y 20

Ox dy

oL or

E:2:L'2yzz—2/\zs§to 8/\:$2+y2+Z2_3sg€0’

with solution #2 = y? = 22 = XA = 1. Since Vg(£1,+1,4+1) = (£2,42,42) # (0,0,0),
constraint qualification holds. At x = y = z = X = 1, the bordered Hessian for this problem is

0 2z 2y 2z 0 2 2 2
o 2r 2222 — 2\ 4ayz? 4ay?z 12 0 4 4
|2y dxyz? 22222 — 2\ 4oy 2 4 0 4
2z dzy?z 4a?yz 22292 — 2\ 2 4 40
Since n = 3 and m = 1, we have to check the signs of the two leading principle minors of

highest order, A3 and A4. After computation, we find As = 32 and Ay = —192. For k = 2,
(-1)2A3 = (=1)%(32) > 0 and for k = 3, (—1)3A4 = (=1)3(=192) > 0. Therefore, H
is negative definite on the constraint set, and thus this point is a strict local maximum. By the
properties of determinant, the remaining seven critical points also satisfy the sufficiency condition
conditions and are classified as local maxima. This is an example of a situation where the solution
is globally optimal, but not unique.

5.3 Constrained Optimization II: Non-negative Variables

To map our problem in section 5.2 into one that makes greater economic sense, consider the follow-

ing problem, which postulates that the variables x1, xo, ..., x; are subject to inequality constraints.
maximize or minimize f(x1,zo, ..., z,)
subject to g1(x1,x9,...,2,) =0
gQ(Z'l,Z'Q, AR an) = 0
gm(wla‘%?a AR 7xn) = O
T1,22,...,2; 20 xjqy1,..., 25 > 0.
If the optimum, x*, happens to be that these requirements are not binding, that is, x1, z2,...,;
are in fact strictly positive, then the procedure outlined in the preceding section for determining
optimal points remains unaltered. That is, assigning a Lagrange multiplier \;, ¢ = 1,2,... ,m to

each constraint, the Lagrangian function can once again be written as
L(ﬂi‘l,--- 7$n7A17"' 7Am) = f(xlal'%"' 7$n) - )\191(3317"' 7:L'n) - )\mgm(‘rla"'ymn)

m
= f(xlal'%- B 733n) - Z)\kgk(‘rlv cee 733n)7
k=1
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and the first order necessary conditions satisfied at the optimum x* are

a—ﬁzo, i=1,2,....n (5.5)
8:L'j
oc
a—)\k—O, k—1,2,...,m, (56)

so long as constraint qualification is satisfied. However, it is often the case that some components
are positive while others are zero. Thus, an equation like (5.5) should hold for the partial derivative
of the Lagrangian with respect to every component that is strictly positive and an inequality with

respect to every component that is zero. In other words for x1, z9, .. ., x5, we should have
oL
J

with at least one of these holding with equality. The requirement that at least one inequality in (5.7)
should hold as an equality is sometimes stated more compactly as

oL _o

Ti— =
J .
Ox;

The point is that the product is zero only if at least one of the factors is zero. A pair of inequalities
like (5.7), not both of which can be strict, is said to show Complementary Slackness, which we will
denote “CS”. A single inequality, say x; > 0, is binding if it holds as an equality, that is, if x; is at
the extreme limit of its permitted range; the inequality is said to be slack if x; is positive, meaning it
has some room to maneuver before hitting its extreme. Each one of the pair of inequalities in (5.7)
therefore complements the slackness of the other; if one is slack the other is binding.

The intuition is as follows: if 3:; > 0, the constraint is not binding and it is possible to adjust x;
until the marginal benefit of further adjustments is zero (0L/0x; = 0), given the other constraints.
If, on the other hand, 3:; = 0, then the constraint is binding and the marginal benefit of increasing
x; is negative (0L/0x; < 0). In this case, it is possible that the objective value could be improved
if negative x; values were permitted.

Example 5.3.1. Consider the following problem:

Maximize f(z,y) = 1— 8z + 10y — 2z% — 3y* + 4zy
subject to > 0 and y > 0.

Begin by calculating the gradient and Hessian:
|8 —4dx+4y |4 4

For all (x,y), the Hessian matrix is negative definite, since A; = —4 < 0 and A = 8 > 0. Hence
f is a concave function, and any (z, y) that satisfies complementary slackness is a constrained global
maximum. It remains to locate such a point.

Our first pass at the problem is to look for a solution with z > 0,y > 0 so that V f(z,y) = 0.
Equating the gradient to the zero-vector gives

r—y=—-2 and 22 —3y=—5.
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These equations are satisfied only when x = —1 and y = 1, which obviously violates the fact that
x > 0. Thus our problem is not yet solved. However, the calculation just made was not a wasted
effort, for we have in fact found the unconstrained maximum. And, since this has z < 0, it is likely
that z = 0 at the constrained maximum. We therefore look for a solution with z = 0 and y > 0, so
that 0f /0y = 0. Equating = and 0f /0y to zero we see that 10 — 6y = 0, so y = 5/3. Thus the
point (0,5/3) satisfies the conditions

x=0, y>0, 9f/0y=0,

and it remains to show that this point satisfies the remaining condition for a constrained maximum,
namely 0f /0x < 0. At (0,5/3),

df)0r = —4(24+0—5/3) = —4/3 < 0,

so the condition is satisfied. Thus the constrained maximum is attained where z = 0 and y = 5/3;
the constrained maximum value of f is therefore 28/3. This is of course less than the value taken
by f at the unconstrained maximum (—1, 1), which is in fact 10.

Example 5.3.2. Define the profit function as
(x,y) = (—80 4 24z + 78y — 3z* — 3zy — 4y*) /10,

where x and y are the quantities of two different goods. We wish to choose x and y to maximize
II(z,y) subject to the constraints > 0 and y > 0.
In this case, OI1/dz = (24 — 6z — 3y) and 911 /0y = (78 — 3z — 8y). The Hessian Matrix

has principle minors A; < 0 and Ay > 0. Therefore II(x,y) is negative definite. Hence the profit
function is concave, and the first order conditions give a global constrained maximum. It is not
hard to see that the only values of = and y for which 0I1/0z = 0I1/0y = 0 are x = —14/13 and
y = 132/13, which clearly violates the constraints. We therefore look for a solution (x, y) such that
x =0,y >0,0II/0x <0, and JI1/Jy = 0. The first, second, and fourth conditions are satisfied
where x = 0 and y = 9.75. Since 9.75 > 8, the third condition is also satisfied. Hence the solution
isz =0,y = 9.75 and the maximal profit is 30.025.

5.4 Constrained Optimization III: Inequality Constraints

To find the constrained maximum or minimum of a function, we simply constructed the Lagrangian,
set its (m+n) first order conditions equal to zero, and then solved these (m+n) equations in (m+n)
unknowns. However, the vast majority of constrained optimization problems that arise in economics
have their constraints defined by inequalities:

g1(z1, 22, ..., 2n) <0, go(x1,29, ..., 2) <0, ..., gn(z1,22,...,2,) <O.

Unfortunately, the method for finding the constrained maxima in problems with inequality con-
straints is a bit more complex than the method we used for equality constraints. The first order
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conditions involve both equalities and inequalities and their solution eentaiils the investigations of
a number of cases. To see this more clearly, consider the following problem:

maximize f(x1,To,...,%,)
subject to g1 (z1,z2,...,2,) <0
g2(r1, 22, ...,xy) <0
(5.8)
gm(T1, T2, ..., xy) <0
L1, L2y .-+ ,Tp > 0.

As an alternative to the procedure outlined in the previous section, we could introduce n new
constraints in addition to the m original ones:

Imi1(X) = =21 <0, ..., Gmin(x) =—2, <0. (5.9
Then, if we introduce Lagrange multipliers Ay, ..., A,, that are associated with the constraints and
W, - - ., Uy to go with the non-negativity constraints, our Lagrangian function is of the form
m n
LA p) = f(x) =D Xgi(x) = > pi(—x), (5.10)
j=1 i=1
where A = {A1,..., A} and p = {p1,...,p,}. The necessary conditions for x* to solve this
problem are
of(x* L 9g;(x*
) Aj 9;") o, i=1,....n (i)
81‘1' —t axl
gj(x*) <0, >0 (\; =0if gj(x*) <0), j=1....m (i)
l’iZO,,uiZO(,ui:Oif:L'i>0), 1=1,...,n. (iii)

To reduce this collection of m + n constraints and m + n Lagrange multipliers, the necessary
conditions for problem (5.8) are often formatted slightly differently. In fact, it follows from (i) that
% — Z;n:l )\j% = —pu;. Since p; > 0 and —p; = 0 if 2; > 0, we see that (i) and (iii)
togebther are equivalent to the condition

af(x*) i A 8gj(>f*)

<0(=0ifzf>0), i=1,...,n.

With the possibility of inequality constraints, there are now two kinds of possible solutions: one
where the constrained optimum lies in the region where g;(x) < 0, in which case constraint j
is slack, and one where the constrained optimum lies on the boundary g;(x) = 0, in which case
constraint j is binding. In the former case, the function g;(x) plays no role. x* still corresponds to
the optimum of the Lagrangian given in (5.10), but this time with A; = 0. The latter case, where the
optimum lies on the boundary of each constraint, is analogous to the equality constraint discussed
previously and corresponds to the optimum of the Lagrangian with \; # 0 for all j. In this case,
however, the sign of the Lagrange multiplier is crucial, because the objective function f(x) will
only be at a maximum if its gradient is oriented away from the region g(x) < 0 (i.e. Vg(x) and
V f(x) point in the same direction). We therefore have V f(x) = AVg(x) for A\; > 0 for all j (if
the constraint was written as g(x) > 0, the gradient vectors would point in opposite directions and
Vf(x) = —AVg(x) for \; > 0 for all 5).
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Remark 5.4.1 (Constraint Qualification). In order for the transformation in (5.10) to be valid, the
gradient vectors Vg;(x*) (j = 1,...,m) corresponding to those constraints that are binding at x*
must be linearly independent. In other words, the corresponding Jacobian matrix must be full rank.

Remark 5.4.2. When solving optimization problems subject to inequality constraints, it is helpful to
map the problem into the standard form given in (5.8). If the problem is one of minimizing f(x), the
equivalent problem of maximizing — f (x) should be solved. Also, all inequality constraints should
be written as gj(x) < 0 (i.e. if the original constraint was r;(x) < by, then g;(x) = r;(x) — by,
while if the original was r;(x) > bj, then g;(x) = b; — 1;(x)).

*

Theorem 5.4.1 (Kuhn-Tucker Necessary Conditions). Suppose that x* = (z7,...,z}) solves

r'n
(5.8). Suppose further that the constraint qualification is satisfied. The there exist unique num-

bers 1, ..., \}, such that

(@) U _som 320D <0 (=0if 27 >0), i=1,....n
(b) gj(x*) <0,\; >0(=0if g;(x*) <0), j=1,...,m.

Theorem 5.4.2 (Kuhn-Tucker Sufficient Conditions). Consider problem (5.8) and suppose that x*
and Xi, ...\, satisfy conditions (a) and (b) in theorem (5.4.1). If the Lagrangian L = f(x*) —

> je1 Ajg;(x*) is concave, then x* is optimal.

Note that in this formulation of the necessary/sufficient conditions we use the ordinary La-
grangian, not the extended Lagrangian used earlier. The exhaustive procedure for finding a solution

using this theorem involves searching among all 2™ patterns that are possible from the (m + n)
complementary slackness conditions. Fortunately, short-cuts are usually available.

Theorem 5.4.3 (Conditions for Globality).

(a) If the feasible set is compact and the objective function is continuous, then the best of the
local solutions is the global solution.

(b) If the feasible set is convex and the objective function is concave, then any point satisfying
the first-order conditions is a global maximizer. If the feasible set is convex and the objective
function is strictly concave, then any point satisfying the first-order conditions is the unique
global maximizer. (Similar conclusions hold for convex objective functions and minimizers.)

(c) If the feasible set is convex and the objective function is quasi-concave, then any point satisfy-
ing the first-order conditions [with V f # 0] is a global maximizer. If, in addition, the feasible
set is strictly convex or the objective function is strictly quasi-concave, then any point satis-
fying the first-order conditions (with V f # 0) is the unique global maximizer. [To see why
we need V f # 0, consider the problem of maximizing f(x,y) = xy subject to x > 0,y > 0,
and x +y < 2. The feasible set is convex and f is quasi-concave on Ri. The first-order
conditions hold at (0,0) with V f(0,0) = 0, but (0,0) is clearly not even a local maximizer.]

Example 5.4.1. Now let us apply the above rules to the following maximization problem

max Ty
subject to z +y > —1
r+y<2
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The associated Lagrangian function is
Ly, p)=zy+ANz+y+1)+p2-—z—y).

and the first order conditions are as follows:

a£ se

ox

8£ set

i A—u=0

3y T+ v

oL

52@«4_3/4_120 A>0 with “CS”
a_ﬁzg_;p_yzo w>0 with “CS”
o

The bordered Hessian is

ﬁ)\A ﬁAH ﬁ)\x ﬁ)\y 0 0 1 1
H = Eu)\ £,u,u Eugc ‘Cﬂy _ 0 0 -1 -1
Lon Lay Low Loy 1 -1 0 1
Ly Ly Ly Ly 1 -1 1 0

Then we have these solutions for the following cases:

Case 1: A = 0 = presults in s7 = (0,0,0,0). Thus, we no longer have any binding constraints,
that is, they drop out of the Lagrangian. Therefore, m = 0 and n = 2 and we must check
the two leading principle minors of highest magnitude. With the constraint dropping out, the
bordered Hessian becomes

- 01
- [1 0] |

We then see that for k = 2, (—1)2A = —1 < 0, which violates the rule for negative
definiteness. Thus, this point is not a local maximum.

Case2: A = 0,u > Oresults in s5 = (1,1,0,1). Then we have one binding constraint, so that
m = 1 and n = 2. Thus, we must check only the last leading principle minor. The bordered
Hessian is

0o -1 -1
H=|-1 0 1
-1 1 0

Since (—1)?A3 = det H = 2 > 0, this point is a local maximum.

Case3: A > 0, = O results in s§ = (—1/2,—1/2,1/2,0). Again, we have one binding con-
straint, so that m = 1 and n = 2, and we must check only the last leading principle minor.
The bordered Hessian is

011
H=|1 01
1 10
Since (—1)?A3 = det H = 2 > 0, this point is a local maximum.

Case 4: A > 0, u > 0 results in no solution.
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For all z,y € R, the feasible set is not compact. However, for z,y > 0 or z,y < 0, it is, which is
the relevant set since xy < 0 when x and y have opposite signs. Comparing the output for f(1,1)
and f(—1/2,—1/2) and noting that the feasible set is compact when z and y have the same sign
implies that (z*,y*) = (1,1) is the unique global maximum.

Example 5.4.2. Consider the following problem:
min z° + 2y + 322,
subject to 3z 4+ 2y + z > 17.

The Lagrangian function is (note the negative sign, so we in fact minimize once we find the maxi-
mizer of the negative of the objective function):

L=—(z?+2y* +32%) + \Bz + 2y + 2z — 17).

The first order conditions are:

% set

=-2r+3A =0, )
ox
oL _ —dy+ 22 2, (ii)
0y
OL _ g, 0, (iii)
0z
oL ) .
e 3r+2y+2—17>0, A>0 with “CS”. @iv)

Case 1 (A = 0): From (i)-(iii) x = 0,y = 0, z = 0, which violates (iv).

Case 2 (A > 0): From (iv), 3z + 2y + z — 17 = 0. Solving (i)-(iii) along with this equation, results
in (z,y,2,A) = (9/2,3/2,1/2,3). Now check the second order conditions. The bordered
Hessian of the Lagrangian is

ﬁ)\)\ ﬁ)\m ﬁ)\y ﬁ)\z 0 3 2 1
= |Lox Law Lay Laz| _[3 =2 0 0
Ly Lyx Ly Ly 2 0 -4 0
Lon Lo Loy Lo 1 0 0 —6

In this case, n = 3 and m = 1, and we must check whether (—1)2A3 > 0 and (—1)3A, > 0.
Since (—1)?A149 =44 > 0 and (—1)3A1,3 = 272 > 0, we have found a local maximum.

The original objective function is strictly convex (positive definite), and the feasible set is convex
(linear), so (z*,y*) = (9/2,3/2) is the unique global minimizer.

Example 5.4.3. Find all local maximizers for the function f(z,y) = —y/z + y subject to z > 0
and 22y > 108. Then find all global maximizers for the problem or show none exist.
Solution: The Lagrangian function is

L=z +y—\N108 — 2%y)
and the associated first order conditions are as follows

Lo=—1/2z+1y) Y2 +2)\y <0, x>0 with “CS”
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L,=—1/2z+y) 2+ ? =0
Ly =2y —108 >0, A>0 with “CS”

Both A = 0 and = = 0 are inconsistent with £, = 0. Thus, A > 0 and = > 0 is the only possible
case, and the unique potential solution is (6,3,1/216). The associated bordered Hessian is

R+ 2+ (m4y) 2/ 20y 1/27 7/108 36
H= |2)z+ (x +1y)~%2/4 (x+1y)3/%/4 22 | = |7/108 1/108 36
2y x? 0 36 36 0

In this case, n — m = 1, so we only have one condition to check: (—1)2A3 = 108 > 0. Thus,
(x*,y*) = (6,3) is a strict local maximizer and the only local maximizer. In order to assess
globality, first note that both z and y must be strictly positive to be feasible, so the feasible set
turns out to be the subset of R%r +» Where g(z,y) = 2%y > 108. Checking the bordered Hessian
for g, we find g is strictly quasi-concave on Ri . Thus, the feasible set, an upper contour set for
g, is convex. The objective function is quasi-concave: for any ¢ < 0, the set of (x,y) such that
—/T+y > cis {(z,y) € R?0 < z+y < c?}, which is convex (for ¢ > 0 the set is empty).
With a quasi-concave objective function and a convex feasible set, the unique local maximizer is the
unique global maximizer.

87



Chapter 6

Comparative Statics

In many economic problems we need to know how an optimal solution or an equilibrium solution
changes when a parameter in the problem changes. For example, how does the utility-maximizing
bundle for a competitive consumer change when a price changes, or how does a market equilibrium
price change when a tax on the good changes? These are examples of comparative statics questions.
In each case we are interested in how changes in exogenous variables (the parameters determined
outside the model) affect the endogenous variables (those determined within the model).

For the consumer choice problem, the endogenous variables are the quantities demanded (cho-
sen by the consumer), while the exogenous variables are prices (outside the control of the compet-
itive consumer). For the market example, the endogenous variable is the market equilibrium price
(determined by supply and demand in the market), while the exogenous variable is the tax rate (de-
termined outside the market in some political process). In this section, you will find two extremely
helpful tools for evaluating comparative statics.

6.1 Cramer’s Rule

Cramer’s Rule provides a recipe for solving linear algebraic equations in terms of determinants.
Denote the simultaneous equations by

Ax =y, 6.1)
where A is a given n X n matrix and y is a given n X 1 vector of unknowns.
The explicit solutions of the components x1, x2, . .., x, of x in terms of determinants are

Y1 a2 a1z ... ain an Y1 a3 ... Qain

Y2 a2 az3 ... Q2p a2 Y2 423 ... Q2p
. Yn An2 Gp3 ... dnn . an2 Yn Gp3 ... QApp (6 2)

1= ) 2 = yoe .
A A

Theorem 6.1.1 (Cramer’s Rule). Let A be a nonsingular matrix. Then the unique solution x =
(T1,...,xy) of the n X n system AX =y is

. detBi
~ det A’

x; fori=1,...,n,

where B; is the matrix A with the right-hand side y replacing the ith column of A.
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Example 6.1.1. Solve the following 3 x 3 linear system:

5 2 1| |z 8
3 2 0 |z =15
1 0 2| |z3 3
Using Cramer’s rule:
8§ 2 1 5 8 1 5 2 8
5 2 0 350 3 2 9
3 0 2 6 1 3 2 6 1 0 3 6
xlz :—:17 xzz :—:17 x3: :—:1
5 2 1 6 5 2 1 6 5 2 1 6
3 20 3 20 3 20
1 0 2 1 0 2 1 0 2
Example 6.1.2. Solve the following 2 x 2 linear algebraic system:
2+ 4 -5 1 _ )
-8 1+ |z 0|
Using Cramer’s rule:
5 =B 2+p8 5
o N0 1+B 5458 | =B O _ 5B
"Tloxp g 2438 P 248 —B| 2+38
-8 148 -8 148

6.2 Implicit Function Theorem

To understand the Implicit Function Theorem (IFT), first consider the simplest case: one equation
with one endogenous and one exogenous variable of the form

fz,y) = 0. (6.3)
Assuming that f is C'' and (6.3) defines y as a differentiable function of z, implicit differentiation
yields
of of
——d —dy = 0.
oz " + dy 4

If 0f /Oy # 0, then
dy  (0f of
& (5)/(5)

Now, carry out this computation more generally for the implicit function G(z,y) = ¢ around the
specific point z = xg,y = yo. We suppose that there is a C! solution y = y(x) to the equation
G(z,y) = ¢, that is,

G(z,y(x)) =c. (6.4)
We will use the Chain Rule (section 1.2.5) to differentiate (6.4) with respect to x at xq:
oG der 0G dy
- R .= =0
or (z0,y(20)) dr ay (0, y(20)) dr (z0) =0,
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oG oG
%(ﬂco,yo) + 8—y($0,y0) -y (z0) = 0.

Solving for ¢/ () yields
o)
y/(xo) _ dy(x()) _ é(gj())y(])'
dz 7z (20, %0)

Theorem 6.2.1 (Implicit Function Theorem-One Exogenous Variable). Let G(x, %) be a C' func-
tion on an e-neighborhood about (xq,vo) in R2. Suppose that G(xg,y0) = c and consider the

expression
G(z,y) =c.

If (0G/0y)(z0,y0) # 0, then there exists a Ct function y = y(x) defined on an interval I about
the point xq such that:

(a) G(x,y(x)) = cforall zin I,
(b) y(xo) = yo, and

oG
/ _ W(IOJ/O)
(€) y'(@0) = =5y oy

Example 6.2.1. Show that the equation z:2e¥ — 2y 4 x = 0 defines y as a function of z in an interval

around the point (—1,0). Find the derivative of this function at z = —1.

Solution: Define f(z,y) = x2e¥ — 2y + x. Then fi(x,y) = 2zeY + 1, fo(x,y) = x2e¥ — 2,
and f is O everywhere. Also, f(—1,0) = 0 and fo(—1,0) = —1 # 0. By Theorem 6.2.1, the
equation defines y as a C'! function of x in an interval around (—1,0). Moreover, we have

2zeY + 1
PG LG |
fa(z,y) |z=-1 z2eY¥ — 2 |z=—1
y=0 y=0
Example 6.2.2. Consider the equation
flz,y)=2®> —3zy+1y3—7=0 (6.5)

about the point (z¢, y9) = (4, 3). Notice that f(4, 3) satisfies (6.5). The first order partials are

ﬁ =2x —3y and ﬁ = 3z + 3°.
ox oy

Since (0f /0y)(4,3) = 15 # 0, Theorem (6.2.1) tells us that (6.5) does indeed define y as a C*
function of x around xy = 4, yg = 3. Furthermore,

6.2.1 Several Exogenous Variables

Now consider a case where there exists one equation with one endogenous and several exogenous
variables of the form
G(x1,x9,...,2%,y) = C. (6.6)
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Around a given point (z7,...,x},y*), we want to vary X = (x1,...,2) and then find a y-value
which corresponds to each such (x1, ..., z). In this case, we say that equation (6.6) defines y as a
implicit function of (z1,...,xy). Once again, given G and (x*,y*), we want to know whether this
functional relationship exists and, if it does, how does y change if any of the z;’s change from z;.
Since we are working with a function of several variables (z1, ..., z), we will hold all but one of
the z;’s constant and vary one exogenous variable at a time. However, this puts us right back in the
two-variable case that we have been discussing. The natural extension of Theorem (6.2.1) to this
setting is the following.

Theorem 6.2.2 (Implicit Function Theorem-Several Exogenous Variables). Let G(z1, ..., %, y)
be a C! function around the point (x3,. . . . T%,Y*). Suppose further that (x7, ..., x5, y*) satisfies

G(zy,...,z5,y") =c

G
d —(zF,..., 25, y" 0.
and SX(z, . aiy) #
Then there exists a C' function y = y(x1,..., ) defined on an open neighborhood N about

(x3,...,2%,y") so that:
(a) G(x1,...,xp,y(x1,...,2)) = cforall xy,...,x, € N,
(b) y* =y(ai,...,x%), and

(c) for each index 1

oG * ok
1 yAbk) — T ¥ . o .
axl %(z’h 7wk7y)

6.2.2 The General Case

Consider the following nonlinear system of m equations and m + n unknowns defined as

Fi(y1y- - Ym, Ty - - Tn) = 1

F2(y17"' s Ymy L1y - - - 7wn) = C2
(6.8)
Fri(Y1y- - Ymy Ty -« oy ) = Cy
where y1, ...,y are endogenous and x1,...,x, are exogenous. Totally differentiating (6.8) the
above system of equations about the point (y*,x*), we obtain
Z?Fl 8F1 8F1 8F1
il e Py 1l ek L. =0
En Y1+ + D Ym + By T+ + oz, Ty,
: 6.9)
OF, OF, OF, oF,
_mdy1_|_...+_mdym+_mdxl+...+ mdwn:&
ayl 8ym 81'1 axn

where all the partial derivatives are evaluated at the point (y*, x*). By the Implicit Function Theo-
rem, the linear system (6.9) can be solved for dy1, ..., dy.,, in terms of dx1, ..., dz, if and only if
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the coefficient (Jacobian) matrix of the dy;’s,

om . O0F

) 0 'm
NEr, ..., Fy) = ?:J1 . y (6.10)
O ym) N\ pp | ok

o .. Gl

is nonsingular at (y*,x*). Since this system is linear, when the coefficient matrix (6.10) is nonsin-
gular, we can use the inverse of (6.10) to solve the system (6.9) for the dy;’s in terms of the dx;’s
and everything else. Thus, in matrix notation we obtain

OF1 Oy

o . OF oF, .. OF
Oy1 Aym din Jx1 Ozn dxy
SRR =1 A
OFm OFm OFm ... OFm
oy e OYm, dym Ox1 Oxn dw"
which implies
oF . oF\ 1 n OF 4.
dyl dy1 OYm Zi:l a_wzdwl
= : - (6.11)
OFm .. OFm n  9Fn .
ym o Ty 2ict gy di

Since the linear approximation (6.9) of the original system (6.8) is a implicit function of the
dy;’s in terms of the dx;’s, the nonlinear system (6.8) defines the y;’s as implicit functions of the
x;’s in a neighborhood of (y*, x*). Furthermore, we can use the linear solution of the dy;’s in terms
of the dx;’s, (6.11), to find the derivatives of the y;’s with respect to the x;’s at (x*, y*). To compute
Oy /Oxy, for some fixed indices h and k, recall that this derivative estimates the effect on yj, of a
one unit increase in xp, (dxp, = 1). So, we set all the dz;’s equal to zero in (6.9) or (6.11) except
dxy, and then we solve (6.9) or (6.11) for the corresponding dy;’s. Thus, (6.11)) reduces to

dy1 OFy .. RN\ 1 o/oR
dzy, o1 OYm Oxp,
: = — : : : (6.12)
dxp, 0y1 OYm, Oz,
Alternatively, we can apply Cramer’s rule to (6.9) and compute
om .. ol O
Oy1 oxp, OYym
det S S
OFy .. OFyn . 0Py
dyy, _ Oy1 Oz, Oym (6.13)
dey, om .. OB [ OF :
oY1 Oy Oym
det | oo S
Oy ... OEn ... OFn
Y1 Yk OYm *

The following theorem—the most general form of the Implicit Function Theorem—summarizes
these conclusions.

Theorem 6.2.3. Let Fy, ..., F,, : R™™ — R! be C* functions. Consider the system of equations

Fi(y1, - Ym, T1y -« -y Tn) = 1

Fs(Y1y- oy Ymy Ty e -5 Tp) = C2
(6.14)

Fri(Y1y - Yms Tl ooy ) = Cy
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as possibly defining y1, ... ,ym as implicit functions of x1,...,T,. Suppose that (y*,x*) is a
solution of (6.14). If the determinant of the m X m matrix

on . OFR

oy1 OYm

OFm . 0Fm

oy1 OYym

evaluated at (y*,x*) is nonzero, then there exist C'* functions

y1 = fi(z1,...,2n)

Ym = fm(xlw .- 7xn)

defined on a neighborhood N about x* such that

Fi(fix),..., fm(x),21,...,2,) =1
F(fi(x),..., fm(x),21,...,2,) =1

Fo(fi(x),..., fm(X),21,...,2,) =1

forallx = (x1,...,x,) in N and

yT :fl(ll;'"’x;)

Ym = (21, ).

Furthermore, one can compute (0 fy/0xp)(y*,x*) = (Qyx/0xp)(y*,x*) by setting dz, = 1 and
dx; = 0 for j # h in (6.9) and solving the resulting system for dyy. This can be accomplished:

(a) by inverting the nonsingular matrix (6.10) to obtain the solution (6.12) or
(b) by applying Cramer’s rule to (6.9) to obtain the solution (6.13).

Example 6.2.3. Consider the system of equations

Fi(z,y,a) = 2> +axy +1y> —1=0

(6.15)
By(z,y,a) =22 +y* —a* +3=0

around the point x = 0, y = 1, a = 2. If we change a a little to a’ near a = 2, can we find an (2, y")
near (0, 1) so that (2,4, a’) satisfies these two equations? To answer this question, we need to find
the Jacobian of (F}, Fy) (the matrix of partial derivatives with respect to the endogenous variables
x and y) atthe pointz =0,y =1,a = 2

OF} OF, 9 9

ox oy . .

det <8F2 8F2> (0,1,2) = det <0 2) =4#0.
ox y
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Thus, we can solve system (6.15) for = and y as functions of a near (0, 1,2). Furthermore, using
Cramer’s rule, we obtain

on on
X a
det o oF det 20 +ay wy
dy . oz Oa - 2z —2a
- OF,  OF\ :
da 9% oy det <2x oy o+ 2y>
ox y

Evaluating at x = 0,y = 1, a = 2, gives

2 0
det( )
d 0 —4
Y(0,1,2) = —

8
=-—-=2 .
Ta >0

2 2 4
det ( 0 2>
Therefore, if a increases to 2.1, y will increase to 1.2. Let us now use the method of total differen-
tiation to compute the effect on x. Total differentiating the non-linear system (6.15), we obtain

(2z + ay)dz + (ax + 2y)dy + zy da = 0
2z dx + 2y dy — 2a da = 0.

Evaluatingatz =0,y =1,a = 2:

2dx +2dy =0da
Odx +2dy = 4da.

Clearly, dy = 2da (as we just computed above) and dx = —dy = —2da. Thus, if a increases to
2.1, x will decrease to —.2.

Example 6.2.4. Consider the following system

Y=C+I1+G

C=CY-T)
(6.16)

I=1I(r)
M?® = M(Y,r),
where the nonlinear functions « — C(z), 7 +— I(r), and (Y,r) — M (Y, r) satisfy
oM oM

! 1, I — — . A7
0<C'(x) <1, (r) <o, 8Y>0’ 8r<0 (6.17)

System (6.16) can be reduced to

Y-CY-T)—1I(r)=G
M(Y,r) = M°,

where we have defined Y and r as implicit functions of GG, M?, and T'. Suppose that the current
(G,M?*,T)is (G*, M**, T*) and that the corresponding (Y, r)-equilibrium is (Y*, r*). If we vary
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(G, M*,T) alittle, is there a corresponding equilibrium (Y, r) and how does it change? Totally
differentiating system (6.16), we obtain

oC ol oC
oM oM s
or, in matrix notation,
o) a
— 5 —or\ (dY _ (dG - §5dr 6.18)
% % dr dM?® )

all evaluated at (Y™*, r*, G*, M**, T*). The determinant of the coefficient matrix in (6.18),

=%

b (1 0y oM aroM
o or or 0Y

is negative by (6.17) and therefore nonzero. By Theorem 6.2.3, the system (6.16) does indeed define
Y and r as implicit functions of G, M*®, and T around (Y*,r*, G*, M**,T*). Inverting (6.18), we

compute
<6Y> 1 < oMol ) (dG—g—ng>
- M aC s :
or D -5 1-%¢ dM

If we increase government spending (7, keeping M * and 7' fixed, we find

ay 190M and dr 10M

dG D or dG DY’

so both Y and r increase. Notice that using Cramer’s rule on system (6.18) (keeping M* and T’
fixed), we obtain

day 1 1 & 1 OM
Z= = ~det or | - Z 27
dG D 0 oM D or
dr 1, (1—g¢ 1\ _ 1oM
dG ~ D oM D oYy’

validating the results we obtained using total differentiation.
Example 6.2.5. Consider the follow problem

Minimize z + 2y + 4z

(6.19)
subject to 2% 4y + 2% = 21

The Lagrangian function is

£(3§‘,y, Z,,U) = —(33' + 2y + 425) - lu(21 - 3:2 - y2 - 252)

and the associated first order conditions are

oL
=1+ 2u 20
ox
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a£ Se
—:—2+2uy‘:tO

dy

8—£:—4+2qu20

0z
a—'C:—21+952+y2+z2sét
o

The first three equations can be solved to obtain z = 1/2u, y = 1/u, and z = 2/p. Substituting
these results into the fourth equation yields pu? = 1/4. Thus, there are two potential solutions:
(1,2,4,1/2) and (—1, —2,—4, —1/2). The associated bordered Hessian is

Lre Loy Loz Loy 20 0 0 2z
Lye Lyy Ly. Lys| |0 2u 0 2y
Lo Loy Lo Lo [0 0 2p 2z
Liz Luy Ly Ly 2r 2y 2z O

Evaluated at (1,2,4,1/2), Az = —8u(y?> + 2?) = —80 and Ay = —16p2(2? + y? + 22) =
—84. Since (—1)2A3 < 0, this potential solution fails the second order condition. Evaluated at
(—1,-2,—4,-1/2), Az = 80 and A, = —84. This passes the second order test since (—1)2A3 =
80 > 0 and (—1)3A4 = 84 > 0. Thus, (z*,y*, z*) = (=1, -2, —4) is the global maximizer of f
with value —21 (the constraint set is compact).

If we slightly alter the constraint, so that the problem (6.19) becomes

Minimize z + 2y + 4z
subject to 2% 4y + 22 = 21 + w,

how does the optimal choice of = change as w changes from w = 0? The endogenous variables are
x,y, Z, and pu. The exogenous variable is w. The first order conditions remain the same except for
the constraint (0L /0u), which becomes

oL = 2 -—wt+al+yi+22=0.

o
When w = 0, we already know (—1,—2,—4,—1/2) is the global maximizer (minimizer for the
original problem), since it satisfies the first order conditions. Moreover, the bordered Hessian at this
point,
-1 0 0 -2
0o -1 0 -4

H=1o o 1 g
-2 -4 -8 0
remains the same and its determinant: Ay = —84 # 0. Thus, we can apply Theorem 6.2.3 to obtain

%L
ccll_i 8:(:26111 0 — 1/42
dy e ) ~1/21
dw| — _g—1|0yw | — _Fg-1 _
dz O°L 0 —2/21
dw 0z0w
dp 0°L -1 1/84
dw Opdw

Although we are not interested in du, ¢ was one of the endogenous variables in the first order
conditions, so it must be included in this stage, making H a 4 x 4 matrix. Also, note that almost all
terms can be read off from the problem where w = 0.
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Alternatively we could apply Cramer’s rule to obtain

0o 0 0 -2
0 -1 0 -4
0O 0 -1 -8
-1 -4 -8 O -2 1
-1 0 0 -2 —84 42
0 -1 0 -4
0 0 -1 -8
-2 -4 -8 O

Thus, a one unit increase in w requires a reduction in x by 1/42 units.
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Chapter 7

Introduction to Complex Numbers

7.1 Basic Operations

7.1.1 Sums and Products
It is customary to denote a complex number (x,y) by z so that
z=(z,y).

The real numbers x and y are, moreover, known as the real and imaginary parts of z, respectively;
and we write

Rez=2x and Imz=y.

Two complex numbers z; = (x1,y;) and 2o = (22, y2) are equal whenever they have the same real
and imaginary parts. That is, when x; = x2 and y; = y2. The sum 2; + 292 and product 2; 29 of two
complex numbers is defined in the following manner:

(z1,y1) + (T2, 92) = (21 + 22,91 + ¥2)
(x1,91)(x2,y2) = (x172 — Y1Y2, Y1 T2 + T1Y2).

Note that the operations defined in the above equations become the usual operations of addition and
multiplication when restricted to the real numbers:

(21,0) + (22,0) = (21 + z2,0)
(1‘1,0)(%2,0) = (xlxg,O).

Thus, the complex number system is a natural extension of the real number system. Any complex
number z = (x,y) can be written z = (z,0) + (0, y) and it is easy to see that (0,1)(y,0) = (0,y).
Hence,

z=(z,0)+ (0,1)(y,0)

and, if we think of a real number as either = or (z,0) and let ¢ denote the pure imaginary number
(0,1), it is clear that

z=x+1y.
Also, we find that
i2=(0,1)(0,1) = (-1,0) or i2=—1.
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7.1.2 Moduli

The modulus or absolute value of a complex number, z, is defined as the nonnegative real number
&2 4 y? and is denoted by |z|; that is,

|z| = Va2 + y2.

Geometrically, the number |z| is the distance between the point (x,y) and the origin, or the length
of the vector representing z. It reduces to the absolute value in the real number system when y = 0.
Note that while the inequality z; < zo is meaningless unless both z; and z5 are real, the statement
|z1| < |22| means that the point z; is closer to the origin than the point zo.

7.1.3 Complex Conjugates

The complex conjugate, or simply the conjugate, of a complex number z = x + ¢y is defined as the
complex number z — ¢y and is denoted z; that is

zZ=1x—1y.

The number Z is represented by the point (x, —y), which is the reflection about the real axis of the
point (x,y) representing z. Note the following properties of conjugates and moduli

z=2z and |z]=|z|.
If 21 = 21 + tyy and 2o = x5 + iy9, then
21+ 2 = (21 +22) —i(y1 +y2) = (21 —iy1) + (x2 — iy2) = Z1 + Z2.

Thus, the conjugate of the sum is the sum of the conjugates. Similar conclusions can be drawn for
differences, products, and quotients. That is

21— 22 =721 — 23

2122 = 2122

21 1
<—> = — (22 ?é 0)
22 22
The sum z + Z of a complex number z = x + ¢y and its conjugate 7 = x — iy is the real number
2x, and the difference z — Z is the pure imaginary number 2:y. Hence

R and Imz:z_,z
21

An important identity relating the conjugate of a complex number z = x + 4y to its modulus is

z
Rez =

2z = |2|%,

where each side is equal to z2 + y2. Using the above property, we can establish the fact that the
modulus of the product is the product of the modulus. That is

|2122| = |21]]2al,
which can be seen by noting that
2122 = (n122) (7122) = (171) (2272) = |21 P[22 = (|21 22])?

and recalling that the modulus is never negative.
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Example 7.1.1. Reduce each of the following quantities to a real number

142 | 2—i
@ 3= + %5

Solution: Multiply each term by the conjugate of its denominator

(14 24) (3+ 44) N (2—1)(=5i) 10i -5 _10i+5 2
(3 —4i) (3+4i)  (5i) (=5i) 25 25 5
5i
®) ey
Solution: Multiply by the conjugate of each of the terms in the denominator
5¢ (1+d)(24+14)(3+14) 25> —1)(i+1) 1
1—9)2—-9)B—i) (1+i)(2+9)(3+14) 100 2
(©) (1—1d)*
Solution: Note that (1 — i)? = —2i. Thus,
(1—i)t = (=2i)? = —4.
7.2 Exponential Form
Notice that any complex number, z, can be written as
z=a+if =+/a?+ 2 a +1 b .
Vot B2 et
Thus, redefining z in terms of polar coordinates, we obtain
z=a+if = r[cos(f) + isin(6)], (7.1)

where cos(f) = «/r and sin(f) = /r as illustrated in figure 7.1. In section 7.1.2, we saw that
the real number r is not allowed to be negative and is the length of the radius vector for z; that is
r = |z|. The real number 6 represents the angle, measured in radians, that z makes with the positive
real axis. As in calculus, 6 has an infinite number of possible values, including negative ones, that
differ by multiples of 27. Those values can be determined from the equation tan(6) = /3/«, where
the quadrant containing the point corresponding to z must be specified. Each value of 6 is called
an argument of z, and the set of all such values is denoted by arg z. The principle value of arg z,
denoted by Arg z, is the unique value © such that —7 < © < 7. Note that

arg z = Arg z + 27n. (n=0,£1,£2,...)

Example 7.2.1. The complex number z = —1 — %, which lies in the third quadrant, has principle
argument —37 /4. That is,

3T

Arg(—1—i) = ——.

It must be emphasized that, because of the restriction —m < © < 7 of the principle argument O, it
is not true that Arg(—1 — i) = 57 /4.
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Figure 7.1: Complex Number in Polar Form

Imaginary
Blemrmmmmemr s
4%
(R
> (%
o N\
k7 v
“ <
Il
Q
0
a=rcosf a  Real

The symbol e, or exp(if), is defined by means of Euler’s formula as
¢ = cosf +isinb,
where 6 is measured in radians.

Proof. In order to derive this result, first recall the Maclaurin expansions of the functions e”, cos x,
and sin x given by:

2 3
e =1t bt
x? 2t b
coswzl—g—i-z—a—k”-,
. 3 25 a7
Slnl':fl}'—?—i—a—?—i—

For a complex number z, define each of the functions by the above series, replacing the real variable
x with the complex variable z. We then find that

4 @R (2P ()t (27 (2)° (i) (i2)®

1z PR

e =1+1z+ o1 + 3 + 1 + 5l + ol + 7 + 3l +
Iy 7 s N L L P LA

R T T R R B T

22 24 26 28 2,3 25 27
:(1—§+E—a+§—‘“>+Z<Z—§+a—ﬁ+“‘>

= cosz +¢sin z. O

This result enables us to write the polar form (7.1) more compactly in exponential form as

2z =re,
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Example 7.2.2. The complex number z = —1 — 7 in the previous example has exponential form
—1—i=+2expli(—3n/4)].

This expression is, of course, only one of an infinite number of possibilities for the exponential form
of z.

It is geometrically obvious that

e — 1 e—i7r/2 = —4 e~ _ 1
Note too that the equation
z = Re'?

is a parametric representation of the circle |z| = R centered at the origin with radius R.
Another nice aspect of complex numbers written in polar form is that their powers are easily
computed. For example

2 = (a+iB)? = r? [cos(0) + isin(0))
= 1% [cos? () + 2 cos(0)i sin () — sin®(0)]
— 7=2 [COS(29) + ZSIH(29)] s

using the double angle formulas, which state that cos(2a) = cos?(a) — sin?(a) and sin(2a) =
2sin(a) cos(a). Continuing in this manner, we obtain the following result.

Definition 7.2.1 (DeMoivre’s formula). For complex number z = o + i3 with polar representation
7 [cos(0) + isin()] and any positive integer n,

2" = (a+1iB)" = r" [cos(nd) + isin(nh)] . (7.2)
G)n n iné.

This result can alternatively be derived in a much simpler manner by noting that (re'?)" = r"e

Example 7.2.3. In order to put (v/3 + ¢)” is rectangular form, one need only write

(\/g_i_ i)7 _ (2ei7r/6)7 _ 27ei77r/6 _ (26ei7r)(2ei7r/6) _ —64(\/§—|—i).

7.3 Complex Eigenvalues

Complex eigenvalues of real matrices occur in complex conjugate pairs. Thatis, if z = o+ ¢ is a
root of the characteristic polynomial, so is Z = o — 4. To see this, consider a general 2 x 2 matrix

A given by
a b
el

Then the eigenvalues of the matrix A can be found by solving the following equation

Ab

a_
det(A—A[)-det( e d

>=(a—A)(d—A)—ch§o.

The associated roots are then given by

a-+d
2

A= i%\/(a+d)2—4(ad—bc)
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or, after simplification,
d 1
a—2k i§ (a — d)? + 4bc.
If the discriminant (the expression under the square root) is negative, we will have complex roots.

That is, if (a — d)? 4 4bc < 0, then the roots are complex (conjugate) pairs of the form

A=

a+d 1

M= 52'\/](@ — d)? + 4bc|
- d 1
)\Q:Alza; — Siv/l(a—d)? +4bd].

The fact that complex eigenvalues come in complex conjugate pairs and the fact that A # ), imply
that complex eigenvalues of a 2 x 2 system are always distinct. It is only with 4 x 4 matrices that the
possibility of repeated complex eigenvalues arises. We next show that complex eigenvectors also
come in conjugate pairs.

Suppose the general form an eigenvalue of matrix A is given by A = « + ¢3. Then the corre-
sponding eigenvector, w, is a non-zero solution to

[A— (a+iB)I|w =0,
or reformulated
Aw = (a + if)w. (7.3)

Now write the complex vector w in its general form: w = u + ¢v, where u and v are real vectors.
Then (7.3) becomes
Au+iv) = (a+if) (u+iv). (7.4)

Applying the conjugate to both sides and recalling that for any two complex numbers z; and 2 it
holds that Z1Z3 = Z1 Z2, we obtain

A(u+v) = (a+if) (u+iv)
— A(u—1iv)=(a—if) (u—1iv)
— AW = (a—if)Ww. (7.5)

Then from (7.4) and (7.5) we see that complex eigenvectors also come in conjugate pairs. More
specifically, if u + év is an eigenvector for « + ¢/3, then u — iv is an eigenvector for o — ¢/3. The
following theorem summarizes the discussion thus far.

Theorem 7.3.1. Let A be a k x k matrix with real entries. If A\ = o + i3 is an eigenvalue of A, so
is its conjugate \ = o —if3. If (u+ iv) is an eigenvector for eigenvalue X = o+ i3, then (u — iv)
is an eigenvector for eigenvalue X = o — i83. If k is an odd number, then A must have at least one
real eigenvalue.

Example 7.3.1. Consider the 2 X 2 matrix

A:[_lg ﬂ

Its characteristic polynomial is given by

p(A\) = A2 =21+ 10,
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and its corresponding roots are

1 1
Ma=1%5v/4-4(10) = 1+ V=36 = 1£3..

Thus, we have two complex eigenvalues that are complex conjugates. Use A\; = 1 + 3i to calculate
the first eigenvector for matrix A.

[A = (1+3)T|w = [‘_392 —131} [Zj N m '

Row-reducing the coefficient matrix in the above equation implies —3iw; + wy = 0. Normalizing
wi to 1, we get wy = 3i. Thus, the first eigenvector is

- BB

Since we have already seen that eigenvectors or complex eigenvalues come in conjugate pairs, it
must be the case that the second eigenvector is given by

w= ] ~1l3)

Note that we could have also found the second eigenvector using the second eigenvalue Ay = 1 — 3.
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Chapter 8

Linear Difference Equations and Lag
Operators

8.1 Lag Operators
The backshift or lag operator is defined by

Lxy = x4
L'vy =x4_, for n=...,—-2-1,0,1,2,....

Multiplying a variable z; by L™ thus gives the value of z shifted back n periods. Notice that if
n < 0, the effect of multiplying x; by L" is to shift z forward in time by n periods.
Consider polynomials in the lag operator given by

o0
A(L):a0+a1L+a2L2+...:Zaij’

where the a;’s are constant and L° = 1. Operating on z; with A(L) yields a moving sum of ’s:

A(L)z; = (ag 4+ a1 L + agL* + - )y

= aort +a12¢—1 + a2T4—9 + - -
o

= E AjTt—j.
Jj=0

To take a simple example of a rational polynomial in L, consider

1
1—-AL

A(L) = =1+ AL+ NL2 4o 8.1

which holds assuming the normal expansion for an infinite geometric series applies. Note that this
can be verified by multiplying both sides of the equality by (1 — AL). However, this result is
sometimes only of practical use when |A| < 1. To see why, consider the following infinite sum

1—/\L Z“"t =k
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for the case in which the path of z; is constant at z. Then,

1 o0 '
=T J
1_)\L:L't 3:;:0/\.

and if |\| > 1, we get that the above sum is unbounded. In some instances, we will want a solution
infinitely far back in time and where the infinite sum is bounded. Thus, we sometimes require
|A| < 1. It is useful to realize that we can use an alternative expansion for the geometric polynomial
1/(1 — AL). Formally, if the normal expansion for this infinite geometric series applies, then

Lo (At
1-AL 1—-(AL)"! AL AL (AL)?
_ 1 —1 1 ? —2 1 ° -3
(Y e (Y e ®2

which is particularly useful when |A| > 1. In this case, operating on x; gives

1 1 1\ 21y
mxt - _th-i-l - <X> T4 — 00 = — JZ:; <X> Tt+j,

which shows [1/(1 — AL)]z; to be a geometrically declining weighted sum of future values of x.
Notice that for this infinite sum to be finite for a constant time path x;,; = T for all j and ¢, the
series — > 72 (1/ A)7 must be convergent, which requires that |1/\| < 1 or, equivalently, |A| > 1.

8.2 First-Order Difference Equations

A linear difference equation can be defined as an equation that relates the endogenous (determined
within the model) variable ¥, to its previous values linearly. The simplest one is a first-order scalar
linear difference equation such as

Yt = A\ys—1 + bxy + a, (8.3)

where x; is an exogenous (determined outside the model) variable and a is a constant. This is a first-
order difference equation, since y; is dependent on only its first lag y;_1. Here, we are interested in
finding a solution of y; in terms of current, past, or future values of the exogenous variable z; and
(Iess importantly) the constant a. Put it different, we want to characterize the endogenous sequence
y¢ in terms of the exogenous sequence ;.

Using the lag operator defined above, we can rewrite (8.3) as follows:

(1 = AL)y; = bxy + a. (8.4)

Operating on both sides of this equation by (1 — AL)~!, we can obtain a particular solution for
(8.4), denoted by 1, as follows:

. bx n a
fETTAL TTN

(8.5)
Note that since a is a constant, a/(1 — AL) = a/(1 — \) irrespective of the size of |A| (This can

be verified by considering the expansion given in (8.1) when |A| < 1 and the expansion given in
(8.2) when |A| > 1). In order to obtain the general solution, we need to add a term to (8.5). For this
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purpose, suppose that § = ¢ + wy is also a solution to (8.4). Then, using the particular solution to
(8.4), we obtain

(1= AL)j = (1 = AL)j +wy — Awe_q

= bl‘t +a+wy — )\wt_l.

Therefore, as long as w; = Awy_1, ¥ is also a solution. Note that we can iterate on this condition
to obtain

wy = Mwy_1 = Nwp_g = Nwy_3 = -+ = My,
where wgy = c, an arbitrary initial value. Hence, the general solution to (8.3) is given by

b.Z't

_ a t
T tToa e

Yt

o

; a

— bZ N+ + Me, (8.6)
7=0

where c is an arbitrary constant. Notice that for y;, defined by (8.6), to be finite A x;_ ; must be

small for large j. That is, we require

[e.e]
lim Nzy_; =0 for all ¢.
n—00 4
j=n
For the case of z;_; = T for all j and ¢, the above condition requires || < 1. Notice also that the
infinite sum a Y20 A’ in (8.6) is also finite only if [A| < 1, in which case it equals a/(1 — \) for
a # 0 and 0 otherwise. Tentatively, assume that [\ < 1.
In order to analyze (8.6), rewrite the equation for ¢ > 1 as

t—1 00 t—1 00
Yy = aZ/\j —I-aZ/\j + bZ/\jﬂj‘t_j + bZ/\jﬂj‘t_j + Ne
Jj=0 Jj=t Jj=0 j=t

1-— )\t )\t -1 ) 0o '
N a(l —A : + 1a— A ”2”%—)' +b)‘t2/\]330—j + e
j=0 §=0
a(l _ )\t) - j t a Sy 0
= o PO N N Ty ) Mo+ Xl
Jj=0 =0
1-\) '
= % + bZ)\Jwt_j + )\tyo (using (8.6))
j=0

t—1

a a .

= —— 4+ X - — bg)\J _i, t>1.

1_)\+ |:y0 1_)\:|+ : Tt—j, =
Jj=0

Consider the special case in which z; = 0 for all ¢. Under this condition, we obtain

a
1—A

Yt =

t a
a [yo— 1_J | 8.7)
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Notice that if the initial condition yo = a/(1 — A), then y; = yo. In the case, y is constant across
all future time periods and a/(1 — A) is known as a stationary point. Moreover, it is easy to see that
for |A| < 1, the second term in (8.7) tends to zero and thus

a

tllglo Y= 1N
This shows that the system is stable, tending to approach the stationary value as time passes.
The difference equation (8.4) can also be solved using the alternative representation of (1 —
ML)~ given in (8.2). Using this this result, the general solution is given by

_ (=A™ (=AD)~ !
ye=1- ()\L)—la+ - ()\L)_lbwt + Ne
= - - S b N + e (8.8)
j=1

The equivalence of the solutions (8.6) and (8.8) will hold whenever

-1
b and (AL)

G2
1" 1— (L)1

are both finite. However, it is often the case that one of these two conditions fails to hold. For
example, if the sequence {z;} is bounded, this is sufficient to imply that {[b/(1 — AL)]z;} is a
bounded sequence if |\| < 1, but not sufficient to imply that

(L)~

- ()1

is a convergent sum for all ¢. Similarly, if |A| > 1, boundedness of the sequence {x;} is sufficient

to imply that
(L)~
————b
{ =0T
is a bounded sequence, but fails to guarantee finiteness of b/(1 — AL)x;. In instances where one of

1— AL 1— (AL)!

bl’t

is always finite and the other is not, we shall take our solution to the first-order difference equation
(8.4) as either (8.6), where the backward sum in x; is finite, or (8.8), where the forward sum in x; is
finite. This procedure assures us that we shall find the unique solution of (8.4) that is finite for all ¢,
provided that such a solution exists.

If we want to guarantee that the sequence {y;} given by (8.6) or (8.8) is bounded for all ¢, it is
evident that we must set ¢ = 0. This is necessary since if A > 1 and ¢ > 0,

lim eAf = o0,
t—o00

whileif A < 1 and ¢ > 0,

lim el = oo.
t——o0
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Thus, when |A| < 1, the bounded sequence y; from (8.6) can be obtained by following the backward
representation with the initial condition ¢ = 0 and is given by

ytZb(l+)\L+()\L)2+()\L)3+-’-)xt+&

0o ' a
=b Mo s+ ——.
jzz;) I'tj+1_>\

On the other hand, when |A| > 1, we need to use the forward representation in order to get the
bounded sequence y; as follows:

(=AL)"!
1— (AL)*

0
; a
__E —J . —
= bl)\ l’t+]+1_/\,
]:

(—AL)"!

bi&‘km

Yt = a

again setting ¢ = 0. In general, the convention is to solve stable roots (|A| < 1) backward and
unstable roots (|\| > 1) forward.

8.3 Second-Order Difference Equations

A second-order difference equation relates the endogenous variable y; to its previous two values,
y:—1 and y;_o, linearly. Consider following second-order difference equation given by

Yt = O1Yi—1 + P2yi—2 + bxy + a, (8.9

where x; is again an exogenous sequence of real numbers for ¢t = ..., —1,0,1,.... Using the lag
operator, we can write (8.9) as follows:

(1 —¢1L — ¢oL?)y; = bay + a.

It is convenient to write the polynomial 1 — ¢ L — ¢, L? in an alternative way, given by the factor-
ization
1—¢1L — ¢oL? = (1 — A L)(1 — XoL)
=1 — (A + X)L+ M\ L2

where A\ Ay = —@5 and A1 + Ao = ¢1. To see how A\; and A are related to the roots or zeros of the
polynomial A(z) = 1 — ¢12 — ¢222, notice that

(1= A2)(1 — Aoz) = A ho <Ai1 - z> (%2 _ z> .

Note that we use a function of a number z (possibly complex) instead of the lag operator L since
it does not really make much to talk about roots or zeros of a polynomial that is a function of a lag
operator. If we set the above equation to zero in order to solve for its roots, it is clear that the equation
is satisfied at the two roots z; = 1/A; and 23 = 1/)o. Given the polynomial A(z) = 1—¢12—p222,
the roots 1/ and 1/, are found by solving the characteristic equation

1— 12— ¢a2® =0

109



A. W. Richter 8.3. SECOND-ORDER DIFFERENCE EQUATIONS

for two values of z. Given that \; = z;~ ! for i = 1,2, multiplying the above equation by 22 yields
22— e =N — drA— o = 0.
Applying the quadratic formula then gives

$1 £ /97 + 4go
2 )

which enables us to obtain the reciprocals of A\; and Ay for given values of ¢; and ¢s.

i =

8.3.1 Distinct Real Eigenvalues
General Solution
When A\; # Ay and \; # 1 for all 4, the second order difference equation (8.9) can be written as
(I =XML)(1 = XoL)yy = bxy + a. (8.10)

Thus, the general solution to (8.10) is given by

1 a
0D D) ™ T T )

where ¢; and ¢y are any constants that can be verified by noticing

+ Mep + Maea, 8.11)

Yt =

(1 =ML)(1 = X2L)er A, =0 and (1 — A\ L)(1 — AaL)ea s = 0.

Particular Solution

If both eigenvalues are distinct as in (8.11), then the above coefficient can be written as

1 _ 1 ( M A > (8.12)

A-ML)(I-XL) M- \I-MNL 1-XL

Thus, if either @ = 0 or the magnitude of both eigenvalues is strictly less than unity (that is, if
[Ad1] < 1and [A2| < 1), (8.11) can be written as

o a + 1 )\1 B )\2
=T — ) /\1—)\2 1- ML 1)L

> bxy + )\tlcl + )\t202

(e}

i A1b )\b
:aZA{ZA%—i— ! Z/\l T p—— Zxﬂt i+ Aer 4+ Me  (8.13)
: —

provided that

o0
nh_}ngo Z Nz =0, for all ¢
J=n
for s = 1, 2. Note that this stipulation is needed so that the corresponding geometric sums are finite.

In order to analyze (8.13), let’s first consider the special case where a = 0, so that this equation
holds regardless of the magnitude of \;. Then rewriting (8.13) for ¢ > 1 gives

t—1

/\1b ; )\gb >\1b
v /\22)‘]1wt_j_/\1—/\2jz::0)\wtj+/\ ZAlw”
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Aob
_ Al Z A2ZL't —j + /\161 + )\202
/\ b t—1 \ob =1
1 Z /\1£L't -~ iy i e Z /\%ZL’t_j + /\390 + /\5’1’}0,
=0
where
M & Aob o=
=<1 _|_ 1 Z)\lxo —j and 179 =< co — N i " Z)\%azo_j
=0

Thus, for the case in which x; = 0 for ¢ > 1, we obtain
yr = A0y + Asmo. (8.14)

If g = ng = 0, then y; = 0 for all ¢ > 1, regardless of the values of A; and Ay. Thus, y = 0
is the stationary point or long-run equilibrium value of (8.14). If A; and A, are real then lim;
will equal its stationary point if and only if both |A\;| < 1 and |\2| < 1. If one or both or the \’s
exceed one in absolute value, the behavior of y will eventually be dominated by the term in (8.14)
associated with the X that is larger in absolute value.

Now let’s return to the more general case. If we are interested in a bounded sequence {y;}
mapped from a bounded sequence {z;}, then we need to set both of the constants ¢; and c¢; to zero,
and focus on the associated particular solution. If the magnitudes of both eigenvalues are strictly
less than unity, that is, if [A;| < 1 and ])\2\ < 1, then the bounded solution to (8.9) is given by

a
RN th 5 ZAW -

If, without loss of generality, |A1| < 1 and |A2| > 1, then we can write

1 1 A L1
(1 — )\1L)(1 — )\QL) N )\1 — )\2 1-— )\1L 1-— ()\QL)_l

o [e.e]

A1 ; A2 _
= ML) + Ao L) 77
)\1_&;(1) Al_)\2;::1(2)

Thus, in this case, the bounded solution to (8.9) is given by

a A1b
TEPH(EE R AQZthﬁ ZA iy

Yt =

Finally, if [A\1| > 1 and |A2| > 1, then we can write

1 1 L~ Lt
(1=ML)(1 = AL) A1 — o <1 = (ML)t = (AzL)_1>

e}

A1 —j A2 -
— ML)+ Ao L)
)\1_&;(1) A1_&;::(2)

Therefore, in this final case, the bounded solution to (8.9) is given by

[e.e] [e.e]

a /\ b A2b —j
Yt = 1 ZA ;Ut‘i‘] 1 i )\2 Z)\2]$t+j.
j=1

(1= A)(1 = A)
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8.3.2 Complex Eigenvalues

Recall that if one eigenvalue turns out to be a complex number, then the other eigenvalue is its
complex conjugate. That is, if Ay = a + ¢£3, then Ay = o — i3, where

MA+A=2a=6¢1, Mla=a’+8=—¢, [N|=Va2+p2Vi.
Moreover, using the useful polar representation defined in section 7.2, we have

A =7e™ = r(cosw +isinw), Ay =re "™ =r(cosw — isinw),

where 7 = y/a? + 32 and tan w = [3/«. Finally notice that
A+ X = r(ei“’ + e_i“’) =2rcosw and A\ — )y = r(ei“’ — e_i“’) = 2risinw.

Returning to the special case where a = 0 and z; = 0, when the eigenvalues are complex, (8.14),
becomes
ye = Op(re™)! + no(re”™)!
— Go(rtei“’t) + UQ(TtB_iwt)
= By [cos wt + i sinwt] 4+ nor'[cos wt — i sin wt]

= (6o + no)r' coswt + i(By — no)r' sinwt.

Since y; must be a real number for all ¢, it follows that 6y + 7y must be real and 6y — 71 must be
imaginary. Therefore, 6y and 79 must be complex conjugates, say 8y = pe'® and 79 = pe~*. Thus,
we can write

0.t iwt i0,.t

v = pelrte™t 4+ pe~r i(wt+0) + e—i(wt—i—@)]

et = prife
= prifcos(wt + 0) + isin(wt + 6)
+ cos(—(wt + 0)) + isin(—(wt + 0))]
= 2pr' cos(wt + 6),

where we have made use of the fact that cos is an even function and sin is an odd function (i.e.
for any input z, cos(x) = cos(—z) and sin(—z) = —sin(z)). The path of y; oscillates with a
frequency determined by w. The dampening factor, rf, is determined by the amplitude, r, of the
complex roots. When r < 1, the stationary point of the difference equation, y; = 0, is approached
as t — oo. Moreover, as long as w # 0, the system displays damped oscillations. If r = 1, y;
displays repeated oscillations of unchanging amplitude and the solution is periodic. If » > 1 the
path of y; displays explosive oscillations, unless the initial conditions are say, yp = 0 and y; = 0 so
that y starts out at the stationary point for two successive values.

Now if we once again consider the more general case where we are interested in a bounded
sequence {y;} mapped from a bounded sequence {z;}, we need to set both of the constants ¢;
and ¢, to zero, and focus on the associated particular solution. If we note that moduli of complex
eigenvalues are same, then when |\| < 1, we can write

e} [e.e]

1 A1 ' A2 j
— ML) — A2L)’
T nD D)~ - 2P 5, 200
- > (M)
Al—-A2j20< )
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E: re y+1 re—mv)]—i—l] 7
ezw_ re —iw

= 71 Z2T‘j+12 sin[w(j + 1)]L

2r1 sin w

_ Z Tjw i
‘ sin w

J=0

Thus, the bounded solution to (8.9) is given by

yt_az ;sin Slg;l)]+bir jsinfw(j + 1)] s

sin w
7=0 7=0

1 A1 > i Ao s _
— ML)+ Ao L)
(1 — )\1L)(1 — )\QL) Al — A2 ]Ez:l( ! ) A1 = A2 ]Ez:l( ’ )

1 N
=% _)\2]2::0 ()‘1] —)\2])[/ (G+1)

— Y U sin(wj) ; _(j+1).

sin w

J=0

Thus, in this case, the bounded solution to (8.9) is given by

_ —(+ 1y sin(wj) (j+1) Sin(wy)
=—a E U —b E -G Tiyji1-
— sin w sin w
j=

8.3.3 Stability Conditions for Distinct Eigenvalues

Recall that the roots of (8.9) are given by

1 = ¢%+4¢2'

A = :

For the roots to be complex, the discriminant must be negative, i.e.,
2
¢1 + 4¢2 <0,
which implies that ¢o is negative. When the above condition is satisfied, the roots are given by

NP —(¢%+4¢2)Ea+ib7 N O —(9F +462) _

= — ib.
2 2 2 2

Once again, recall that in polar form

a+ib = rlcosw + isinw| = re'”,
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Figure 8.1: Second Order Difference Equation: Regions of Stability

®2
Real Eigenvalues Real Eigenvalues
A2 < —1 0,1) A >1
$2 =1+ $2=1— 1

Real Eigenvalues
Ml <1

$1
Complex Eigenvalues
Al <1
O +4¢2=0
(=2,-1) (2,-1)
Complex Eigenvalues
[A;] > 1

where r = va? + b? and tan w = /. Thus we have that

For the oscillations to be damped, meaning that in the long-run the difference equation will be
stable, we require that » = /—¢2 < 1, which requires that ¢ > —1.
If the roots are real, the difference equation will be stable if both roots are less that one in

magnitude. This requires
¢1+ Vo1 +4¢o $1 — V1 + 463
-1< 2 <1 and 2 <1

Note that it is sufficient to find conditions such that statement on the left hand side is less than unity
while the condition on the right hand side is greater than minus one. The former condition requires

%<¢1+\/¢%+4¢2><1 — \/¢%+4¢2<2—¢1

= P4 <4+ @i —4p = 1 +de <1l

The latter condition requires

%(\/¢%+4¢2—¢1> <1 = /¢l +4dpa <2+

— ¢%+4¢2<4+¢%+4¢1 — ¢2—¢1<1.

Therefore, when ¢o > —1, ¢1 + P2 < 1, and ¢ — ¢1 < 1 hold, the roots, regardless of whether
they are real (gb% + 4¢9 > 0) or complex ((;5% +4¢o < 0), will yield a stable second order difference
equation. The following figure summarizes these results.

1<

8.3.4 Repeated Real Eigenvalues
General Solution

When A1 = Ay = A and \; # 1 for all 4, the second order difference equation (8.9) becomes
(1 — AL)%y; = bx; + a. (8.15)
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Thus, the general solution to (8.15) is given by

br; + + Ny + thfey, (8.16)

B 1 a
ST oAL? (1 AL)?

where ¢; and ¢y are constants. To see this note that

(1 —AL)?2(Nep +thley) = 0.

Particular Solution

If we are interested in a bounded sequence {y;} mapped from a bounded sequence {x;}, then we
need to set both of the constants ¢; and ¢y to zero, and focus on the associated particular solution.
When \; = A2 = X and || < 1, we can show that

ad AL
y+1
;AL =T

Applying the derivative trick from Example 1.1.29 gives

1 1

(I=NL)1=XL)  (1-AL) jz;(ﬂ +1)(ALY.

Thus, in this case, the bounded solution to (8.9) is given by

o0
a .
=———+b 4+ DN .
Yt (1—/\L)2+ jz_:o(]+ IN
If, on the other hand, |A| > 1, we can show that
1 o0
0+1

Applying the derivative trick yields
1 > :
Toamp — 22U+ DL,
§=0

Thus, in this case, the bounded solution to (8.9) is given by

a

ey b G+ 1N I a0,

=0

8.4 Systems of Linear Difference Equations

8.4.1 Solution Technique with Real Eigenvalues

Consider the following k-dimensional system of equations:

Zi11 = Az,
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withz € R¥ and A € RF**_ Let A1, g, ..., A be the eigenvalues of A and let vy, Vo, ..., v; € RF
be the corresponding eigenvectors. Then the projection matrix P = [vq, vy, ..., vk and

AP = [Avy, Avy, ..., Avg]

— [Alvly )\2V27 cee ,Aka]
M O - 0
:[Vl,Vg,...,Vk] . . . .
0 0 Ak
A0 0
0 X 0
0 0 Ak

If P is invertible we can obtain:

N O - 0
. Ay - 0
PlAP = L ] 8.17)
0 0 - M\
with A1, A, ..., Ag be distinct. Now we want to solve:
zpy1 = Azy.

We can go through the following steps: First multiply the above equation by P~! and use equation

(8.17) to obtain
P_IZH_l = P_IAZt

M O - 0
0 X --- 0O )

= 1. . | Pz
0 0 - M\

Then, if we define Z = P~ 'z, we get the following decoupled system:

')\1 0O --- 0
0 X -+ 0
Zm=1|. . . .|
0 0 - X
which, expanded out, can be written as:
21,441 (A 0 - 0] [Zus
Za 41 0 A2 -+ 0| |Z2y
. = | . .. . A (8.18)
Zk,t—l—l L 0 0o - )\k Zk,t
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The above form represents k separate difference equations that can be recursively solved to obtain

— _ )2 _ _ W t+1
Zigrr =M1 =N Z1g1="= A" Z1p

— _ )2 _ _ 1
Zygy1 = NoZoy = NyZog 1= =Ny Zap

_ Y it
L1 = MeZig = MNeZkg—1= = A Zio,

which, in matrix form, can be represented as

21,441 ANt 0 o0 21,0
Zo 141 0 A0 Z20

: =1 . . ) - (8.19)
Lk t41 0 0 - A [ Zko

Moreover, since z = PZ, the above system can be written as

Z1 441 | A0 o 0] 21,0
Zk,.t+1_ i 0 0 Afjl_ ZI;,O
21,441 | (AL t0+1 s 0] 21,0
z2’%+1 _p 0 )\2 s 0 P_l 22,0
2k t+1 | i 0 0 )\2‘4_1_ Zk‘,O

If we define diag(\1, ..., ) = D, we obtain
7441 = PDTI P71y,

Alternatively we can use (8.19) to express the solution as

t+1

Zy 441 AT

1

Z2441 AyTeo
= )

t+1

Ll t+1 N ek

which, if we multiply both sides of the above result by the projection matrix P, implies

/\fi—l-lcl
)\?—102
Zt11 = [V17V2, ---Vk]

41
= vl)\t1+lcl + V2)\t2+162 + -+ Vk)\f:lck,
where v, € RF represents the kth eigenvector and the constant ¢, = Zj o = P_lzk,o. The

following theorem summarizes this alternative approach.
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Theorem 8.4.1 (Difference Equation with Real Roots). Let A be a k x k matrix with k distinct
real eigenvalues M1, ..., )\ and corresponding eigenvectors v1i,...,vg. The general solution of
the system of difference equations is

zii1 = viNer + vaditley + -+ vipAt ey (8.20)

Remark 8.4.1. Consider a system of two linear difference equations

Tyy1 = axy + by
Y1 = cxy + dyy

_ | me a bl |x¢| _
i [ym] L d] Lﬁ] “

If b = ¢ = 0 in these equations, they are uncoupled:

or, in matrix form,

Ti+1 = QT
Yr+1 = dy
and are easily solved as two separate one-dimensional problems:
_t _ gt
e =a'xg and 1y = d'yp.

When the equations are coupled (b # 0 or ¢ # 0), the technique for solving the system is to find
a change of variables that decouples these equations. This is precisely the role of eigenvalues and
eigenvectors.

Example 8.4.1. Consider the following coupled system of difference equations

Tip1 = x¢ + 4y,

Yt+1 = 0.52¢
or, in matrix form,
_ |Tt 1 4} [iﬂt] _
Ziy] = = = Az;.
* [ym} [0.5 0] [ '
To find the eigenvalues solve the following
A= X|=A-2)A+1)Z0,

which implies that A\; = 2 and Ao = —1 are the the eigenvalues to this system. To find the
corresponding eigenvectors, row-reduce A — 27 and A + I to obtain the following equations

xy = 4y,
233‘t = _4yt

Normalizing y; to 1, we get the following basis vectors that form the relevant projection matrix

p:[‘j —12].
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Applying the change of variables Z = P~z to the original difference equation, we obtain
Zi1 = (PrAP)Z,

w07, Mo
R i

- {20 <—01>t] [2] '

Thus, if we reapply the change of variables, we have

which is the same equation that we would have arrived at had we applied Theorem 8.4.1.

8.4.2 Solution Technique with Complex Eigenvalues
Consider the following two-dimensional system of equations
ziy1 = Az,

where A is a 2 x 2 matrix with complex eigenvalues « + i5. Applying the change of variables
z = PZ to the above difference equation yields

PZ,.1=APZ, — Z.,1 =P lAPZ,.

Since A is assumed to have complex eigenvalues, it has corresponding complex eigenvectors w; =
u + iv and wy = u — ¢v. Thus, the projection matrix is given by

P = [wi,wa| = [u+iv,u—iv].

Moreover, using equation (8.17), it then follows that
_ A0 o+ 0
1 _ M _
rrar= [y )= [0 ol

Thus, the decoupled system becomes

7 _ Xt+l o Oé‘i‘lﬂ 0 Xt
T Y] L0 a—if] Y

Recursive substitution then yields
X; = ki (o +1iB)’
Y = ka(a—iB)',

where the constant K = [kq, k:g]T = Zy = P~ 'z could be real or complex. Using the fact that
z; = PZ,;, we can transforming transform the variables into their original form to obtain

=[] =wriva-m o 00

=k (a+iB) (u+iv) + kg (o —iB)" (u —iv). (8.21)
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Notice that this solution takes the same form as (8.20), except with complex eigenvalues and eigen-
vectors replacing the real eigenvectors and eigenvalues.

Since the original problem contained only real numbers, we would like to find a solution that
contains only real numbers. Since every solution of the system is contained in equation (8.21) for
different choices of K = [kq, k‘g]T, we want to know if we can find parameters k1 and ko so that
equation (8.21) is real.

Notice that except for the constant factors, the first term in equation (8.21) is the complex
conjugate of the second. Since the sum of any complex number and its conjugate is the real number
2a, we want to choose the first constant, k1, to be any complex constant ¢; 4 ¢co and let the second
constant, kg, be its conjugate pair, ¢; — ico. Then the first and second term in (8.21) turn out to be
complex conjugates and the sum of them will be a real solution given by

7, = (c1 +ico) (a+if)! (u+iv) + (c1 —ic2) (a — iB)" (u — iv)
=2Re {(c1 +ica) (o +iB)* (u+iv)}. (8.22)

Applying Demoivre’s Formula (7.2), the above result can be written as

z = 2Re {(c + icy) r" [cos(t6) + isin(t0)] (u + iv)}
= 2r' Re {[(c1 cos(t0) — casin(th)) + i (cg cos(td) + c1 sin(th))] (u +iv)}
= 27" [(¢1 cos(tf) — cosin(th)) u — (co cos(th) + cy sin(t0)) v],

which is now a real solution.

Theorem 8.4.2. Let A be a 2 X 2 matrix with complex eigenvalues o + i3* and corresponding
eigenvectors u* + iv*. Write eigenvalues in polar coordinates as r* [cos(0*) + isin(6*)], where

r* =1/(a*)? + (8%)* and (cos(6”),sin(6*)) = (O‘_* @)_

r*opx
Then the general solution of the difference equation z;11 = Az is

Z; = (r*)t [(c1 cos(t0%) — cosin(t6¥)) u* — (c2 cos(t0*) + c1 sin(t0*)) v*].

Example 8.4.2. In Example 7.3.1, we found that the eigenvalues of

=l

are 1 & 3¢ with corresponding eigenvectors

In polar coordinates, the eigenvalues become

1—|—3z':\/m< >:\/E(COSH*+isin9*),

1 .3
V10 V10
where 6* = arccos (\/%) ~ 71.565° or 1.249 radians. The general solution for the system
z — Te41| 1 1 Tt
T | -9 1] |
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is given by

BZ] — (V10)! {(cl cos(t0%) — ¢y sin(t6%)) H — (cy cos(t07) + ¢ sin(t0*)) BH
_ (VI0)! [ c1 cos(tf*) — co sin(t6*) } '

—3cg cos(t0*) — 3¢y sin(t0*)

Remark 8.4.2. In higher dimensions, a given matrix can have both real and complex eigenvalues.
The solution of the corresponding system of difference equations is the obvious combination of the
solutions described in Equation 8.4.1 and Theorem 8.4.2.
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