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Abstract

The companion develops the closed finite-graph Hamiltonian realization of potential/reserve
and actuated node degrees of freedom, proves conservation and response identities, derives
exact memory elimination, analyzes reciprocal threshold dynamics, proper-time reparameteri-
zation, lattice and coupled spectra, and records the corrected finite-step dispersion expansion.
It then assembles the quantum-transfer, matter, mass-matrix, variational, metric-matching and
reference-calculus results needed to connect the constructive model to conventional physics.
A source-audit extension checks the recovered stationary exponential, exhibits an explicit
conservative two-state transfer Hamiltonian, corrects repeated-root stability statements, retains
singular-value mass ratios while rejecting an equal-ratio shortcut, and develops a declared
𝑆𝑈 (5) adjoint symmetry-breaking branch whose 3 + 2 vacuum has the Standard Model
Lie algebra as stabilizer. The full conservative package was rerun for this edition: 946 of
946 recorded mathematical/software assertions reproduced, supplemented by 33 separately
reproduced symbolic audit identities and classifications. These are internal mathematical
checks, not experimental confirmations. The remaining task is microscopic selection and
parameter-free observable prediction from one frozen law.
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How to read this volume

The book is deliberately equation-first. Parts I–III contain results of explicit finite models
and exact or controlled limiting calculations. Parts IV–V contain conditional effective
bridges: they show what must be added or derived to connect the microscopic variables to
quantum matter, gauge sectors and dynamical geometry. Part VI incorporates the source-audit
mathematics and a bounded GUT construction. No measured constant is promoted to a
first-principles prediction merely because it appears in a reference identity.
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Part I

Conservative Hamiltonian core
1. An explicit conservative node–reserve Hamiltonian

1.1 The state and the graph

Take a finite connected graph with 𝑛 vertices and 𝑚 oriented edges. The orientation is a
bookkeeping choice. Its incidence matrix 𝐵 ∈ R𝑛×𝑚 has a +1 at the starting vertex and a −1
at the ending vertex of each edge. Each vertex carries a compact phase 𝜃𝑖 ∈ R/(2𝜋Z) and a
conjugate momentum 𝑝𝑖. The edge phase differences are

𝛿 = 𝐵T𝜃. (1.1)

For each edge 𝑒, introduce reserve coordinates 𝑥𝑒𝜆 and conjugate momenta 𝑃𝑒𝜆, with
𝜆 = 1, . . . , 𝑠. The phase variables represent the resolved node pattern. The additional
coordinates represent degrees of freedom in which energy can be stored and from which it
can return. They are not automatically a thermal bath, a dark-matter particle population, or a
quantum vacuum.

Let 𝐼 > 0 be the phase inertia, 𝐾 > 0 the phase stiffness, 𝑚𝜆 > 0 reserve inertias and
Ω𝜆 > 0 reserve frequencies. A coupling 𝑐𝜆 has the units required by 𝑐𝜆𝑥 being an energy
because the function 𝑓 used below is dimensionless. The same parameter list is used on every
edge. The graph, its size and the initial state are not fundamental coupling constants.

1.2 The master dynamical equation

The definite realization studied here is

𝐻∗ =
∑︁
𝑖

𝑝2
𝑖

2𝐼
+ 𝐾

∑︁
𝑒

(1 − cos 𝛿𝑒)

+
∑︁
𝑒,𝜆


𝑃2
𝑒𝜆

2𝑚𝜆
+
𝑚𝜆Ω

2
𝜆

2

(
𝑥𝑒𝜆 −

𝑐𝜆 𝑓 (𝛿𝑒)
𝑚𝜆Ω

2
𝜆

)2 , 𝑓 (𝛿) = sin 𝛿. (1.2)

With 𝑧 = (𝜃, 𝑥, 𝑝, 𝑃) and the canonical antisymmetric matrix J, the evolution is

d𝑧
d𝜏

= J∇𝐻∗(𝑧). (1.3)

This is the master equation of the constructed finite model. The state space, Hamiltonian and
parameter class are explicit. The observable map is specified for each calculation. It is not
presented as a uniquely established equation of all fundamental physics.

The form of the shifted square is important. Expanding it gives an interaction −𝑐𝜆𝑥𝑒𝜆 𝑓 (𝛿𝑒)
and a positive counterterm 𝑐2

𝜆
𝑓 (𝛿𝑒)2/(2𝑚𝜆Ω2

𝜆
). Omitting the counterterm changes the

potential and the spectrum. Keeping the square also makes the lower energy bound
transparent. Conservative reservoir constructions and their reduced dissipative equations
have a substantial history [41, 44, 45]; the interpretation in terms of latent conversion is the
hypothesis examined here, not a claim that the mathematical method is new.
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1.3 Equations of motion

Define
𝑦𝑒𝜆 = 𝑥𝑒𝜆 −

𝑐𝜆 𝑓 (𝛿𝑒)
𝑚𝜆Ω

2
𝜆

, 𝑅𝑒 =
∑︁
𝜆

𝑐𝜆𝑦𝑒𝜆. (1.4)

Direct differentiation gives

¤𝜃𝑖 = 𝑝𝑖/𝐼, (1.5)
¤𝑝 = −𝐵

[
𝐾 sin 𝛿 − 𝑓 ′(𝛿)𝑅

]
, (1.6)

¤𝑥𝑒𝜆 = 𝑃𝑒𝜆/𝑚𝜆, (1.7)
¤𝑃𝑒𝜆 = −𝑚𝜆Ω2

𝜆𝑦𝑒𝜆. (1.8)

Products of edge vectors in this section are componentwise. Since 𝑓 ′ = cos 𝛿, every term is
smooth and periodic in the phases. Choosing a different periodic function would define a
different model; it is not used as an adjustable correction to a residual.

The associated Lagrangian is obtained by eliminating the momenta:

𝐿∗ =
𝐼

2

∑︁
𝑖

¤𝜃2
𝑖 +

∑︁
𝑒𝜆

𝑚𝜆

2
¤𝑥2
𝑒𝜆 − 𝐾

∑︁
𝑒

(1 − cos 𝛿𝑒)

−
∑︁
𝑒𝜆

𝑚𝜆Ω
2
𝜆

2

(
𝑥𝑒𝜆 −

𝑐𝜆 sin 𝛿𝑒
𝑚𝜆Ω

2
𝜆

)2

. (1.9)

The Euler–Lagrange equations reproduce (1.5). The kinetic and potential terms carry energy
units. The action

∫
𝐿∗d𝜏 carries energy times time. Nothing with energy-density units is

added directly to a frequency or to a wavefunction.

1.4 Conservation and positivity

Theorem 1.1 (Conservative finite realization). For positive 𝐼, 𝐾, 𝑚𝜆,Ω𝜆 and finite initial
energy, (1.3) has a unique global trajectory on the finite graph. Its Hamiltonian is nonnegative
and constant, and the total phase momentum

∑
𝑖 𝑝𝑖 is conserved.

Proof. All terms in (1.2) are nonnegative. The Hamiltonian vector field is locally smooth.
Along a local solution,

¤𝐻∗ = (∇𝐻∗)TJ∇𝐻∗ = 0 (1.10)

because JT = −J. Hence each momentum and each shifted reserve coordinate is bounded by
the finite initial energy. Since | sin 𝛿 | ≤ 1, the unshifted reserve coordinates are bounded too.
The phases lie on a compact torus; on an unwrapped representation their velocities remain
bounded on any finite interval. Thus the solution cannot escape to infinity in finite time and
the local solution extends globally. Finally 1T𝐵 = 0, so (1.5) implies d(∑𝑖 𝑝𝑖)/d𝜏 = 0. □

The last conservation law is the Noether charge of a common phase shift 𝜃𝑖 ↦→ 𝜃𝑖 + 𝜃0.
It is an internal phase momentum. It should not be called physical electric charge until
the electromagnetic representation and normalization have been established. The relation
between a continuous symmetry and its conserved current is used in its conventional sense
[40].

2
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1.5 An explicit energy ledger

Partition the Hamiltonian as

𝐻𝐴 =
∑︁
𝑖

𝑝2
𝑖 /(2𝐼) + 𝐾

∑︁
𝑒

(1 − cos 𝛿𝑒), (1.11)

𝐻𝑅 = 𝐻∗ − 𝐻𝐴. (1.12)

The reserve convention includes the interaction and counterterm. It is positive, but it is
not a sum of independent free-reserve energies; changing 𝛿 changes the center of a reserve
oscillator. This detail matters when interpreting an apparent shortfall.

Taking a time derivative gives

¤𝐻𝐴 =
∑︁
𝑒

¤𝛿𝑒 𝑓 ′(𝛿𝑒)𝑅𝑒, ¤𝐻𝑅 = −
∑︁
𝑒

¤𝛿𝑒 𝑓 ′(𝛿𝑒)𝑅𝑒 . (1.13)

The current changes sign with the joint state. The reserve can absorb energy or return it.
The quantity max(− ¤𝐻𝐴, 0) measures instantaneous transfer out of the resolved sector in
this partition, not destruction. Likewise max( ¤𝐻𝐴, 0) measures transfer into it. There is no
assumption that either is a universal constant.

An alternative partition separates a free oscillator energy and a signed interaction term. It
produces the same total balance but different individual sector energies. Physical conclusions
must therefore be phrased in terms of the total and explicitly chosen observables. A purported
experimental energy deficit cannot be identified with 𝐻𝑅 merely because both are unobserved.

1.6 How a frame is represented

A frame index can sample the exact flow:

𝑧𝑛+1 = ΦΔ𝜏𝑛 (𝑧𝑛), (1.14)

where Φ𝑠 is the Hamiltonian evolution for elapsed local time 𝑠. The group property is

Φ𝑠2 ◦Φ𝑠1 = Φ𝑠1+𝑠2 . (1.15)

Consequently a computational subdivision of the same interval does not alter the physical
prediction. This is the appropriate standard for distinguishing a frame-dependent fraction
from a universal rate or coupling.

Sampling a continuous flow does not establish that nature has a discrete elementary
time step. A fundamental discrete update would be an additional selection. An explicit
nearest-neighbor numerical stencil can possess an exact finite-step dependence cone but
generally preserves a modified, rather than identical, Hamiltonian. An implicit exactly
energy-preserving step need not have the same local dependence structure. These possibilities
should not be conflated.

1.7 Time reversal and the meaning of return

The Hamiltonian is even in 𝑝 and 𝑃. Reversing both momenta and evolving for an equal
duration reverses the trajectory. Thus the finite model contains return without an independent

3
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source term. It also means that irreversible conversion is not fundamental in this realization.
Approximate irreversibility can result when reserve modes dephase, when their state is
unobserved, or when a thermodynamic limit is taken.

That conclusion is constructive: it explains how conservative microscopic evolution can
give a damped resolved pattern without deleting energy. It also identifies what is required
before an exponential loss law is appropriate. A finite reserve with recurrent phases will
generally remember its history, so a permanent one-way decay law cannot be assumed at
every time scale.

1.8 Numerical realization and its meaning

The executed example uses six vertices in a ring, three reserve modes per edge, 𝐼 = 𝐾 = 1,
𝑚𝜆 = 1, frequencies (0.65, 1.15, 2.4) and couplings (0.22, 0.13, 0.07) in model units. These
numbers were chosen to exercise nonlinear exchange and distinct reserve time scales. They
were not chosen from a particle mass, a fine-structure measurement, a clock residual or a
cosmological fit. Their full initial state is included in the machine-readable results.

For this example, the maximum relative Hamiltonian drift over sixty model-time units
is 3.04 × 10−13. Reversing the final momenta and integrating back gives a maximum state
discrepancy of 1.67 × 10−13. A nonuniform positive clock reparameterization agrees with
the proper-time trajectory to 6.64 × 10−13. These are checks of the stated equations and their
implementation, not statements of nature’s accuracy.
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Figure 1: Executed conservative exchange in the six-node example. The reserve includes the
interaction convention used in the Hamiltonian. The total remains constant while the resolved and
reserve energies vary. All axes use declared model units; no physical measurement is plotted.

4



MNT / END — Mathematical companion Mathematical companion

2. Deriving resistance, memory and return from the reserve

2.1 Eliminate a mode without losing its energy

The reserve equation is a driven oscillator,

¥𝑥𝑒𝜆 +Ω2
𝜆𝑥𝑒𝜆 =

𝑐𝜆

𝑚𝜆
𝑓 (𝛿𝑒). (2.1)

Its exact solution is

𝑥𝑒𝜆 (𝜏) = 𝑥𝑒𝜆 (0) cosΩ𝜆𝜏 +
𝑃𝑒𝜆 (0)
𝑚𝜆Ω𝜆

sinΩ𝜆𝜏

+ 𝑐𝜆

𝑚𝜆Ω𝜆

∫ 𝜏

0
sin[Ω𝜆 (𝜏 − 𝑠)] 𝑓 (𝛿𝑒 (𝑠))d𝑠. (2.2)

The integration is causal: only earlier values of the phase difference occur. This is an exact
rewriting of the closed equations, not an additional random-force hypothesis.

Integrating the last term by parts and subtracting the moving equilibrium gives

𝑦𝑒𝜆 (𝜏) = 𝑦𝑒𝜆 (0) cosΩ𝜆𝜏 +
𝑃𝑒𝜆 (0)
𝑚𝜆Ω𝜆

sinΩ𝜆𝜏

− 𝑐𝜆

𝑚𝜆Ω
2
𝜆

∫ 𝜏

0
cos[Ω𝜆 (𝜏 − 𝑠)]

d 𝑓 (𝛿𝑒 (𝑠))
d𝑠

d𝑠. (2.3)

Define a memory function and an initial-state force,

𝑀 (𝜏) =
∑︁
𝜆

𝑐2
𝜆

𝑚𝜆Ω
2
𝜆

cosΩ𝜆𝜏, (2.4)

𝜁𝑒 (𝜏) =
∑︁
𝜆

𝑐𝜆

[
𝑦𝑒𝜆 (0) cosΩ𝜆𝜏 +

𝑃𝑒𝜆 (0)
𝑚𝜆Ω𝜆

sinΩ𝜆𝜏
]
. (2.5)

Then
𝑅𝑒 (𝜏) = 𝜁𝑒 (𝜏) −

∫ 𝜏

0
𝑀 (𝜏 − 𝑠) 𝑓 ′(𝛿𝑒 (𝑠)) ¤𝛿𝑒 (𝑠)d𝑠. (2.6)

Every coefficient in the memory function comes from the same Hamiltonian as the conservative
force.

2.2 The exact reduced equation

Substitution into the node equation yields

𝐼 ¥𝜃 + 𝐵𝐾 sin 𝛿 + 𝐵
[
𝑓 ′(𝛿)

∫ 𝜏

0
𝑀 (𝜏 − 𝑠) 𝑓 ′(𝛿(𝑠)) ¤𝛿(𝑠)d𝑠

]
= 𝐵[ 𝑓 ′(𝛿)𝜁 (𝜏)] . (2.7)

The notation inside the integral is componentwise on edges. The apparent resistance multiplies
phase velocity, depends on history, and can depend on the current phase through 𝑓 ′. It is not
a fixed percentage removed at each arbitrary frame. The reserve coordinates can always be
reconstructed from the oscillator solution, restoring the exact energy ledger.

This is a nonlinear generalized Langevin equation of a specified conservative realization.
The name does not mean that fundamental stochasticity has been introduced. For a specified
initial state 𝜁𝑒 is a deterministic function. A statistical force appears only when an ensemble
of unknown reserve states is supplied. The distinction follows the separation between exact
reservoir elimination and statistical coarse-graining [41, 42, 43].

5
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2.3 Why the initial-state term cannot be discarded silently

Setting 𝜁 = 0 corresponds to a particular preparation, such as each reserve oscillator starting
at its phase-dependent equilibrium with zero momentum. It is not the generic state of a
reservoir. Starting instead from an equilibrium distribution generates both damping and
fluctuations. Keeping the friction while discarding the accompanying preparation dependence
can create false predictions for equilibrium, energy flow or conversion probability.

The microscopic current (1.13) becomes

¤𝐻𝐴 =
∑︁
𝑒

¤𝑓 (𝛿𝑒 (𝜏))𝜁𝑒 (𝜏)

−
∑︁
𝑒

¤𝑓 (𝛿𝑒 (𝜏))
∫ 𝜏

0
𝑀 (𝜏 − 𝑠) ¤𝑓 (𝛿𝑒 (𝑠))d𝑠. (2.8)

The second term need not be negative at every instant for a finite memory kernel. A reservoir
can return stored energy. Passivity constrains appropriate integrated work for a specified
preparation; it does not require monotonic decrease of every resolved observable at every
instant.

2.4 A memoryless approximation and its limits

Suppose a dense reserve spectrum produces a short correlation time 𝜏𝑅, and suppose the
resolved phase pattern changes slowly on that scale. If the causal convolution can be
approximated by ∫ 𝜏

0
𝑀 (𝜏 − 𝑠) ¤𝑓 (𝑠)d𝑠 ≃ 𝜁0 ¤𝑓 (𝜏), 𝜁0 ≥ 0, (2.9)

then the reduced force is approximately viscous. The coefficient is the appropriate low-
frequency integral of the causal kernel, not a new independently fitted correction. Conventions
for a delta function on the causal endpoint can change a factor of two; defining the
approximation through the integral avoids that ambiguity.

For small phase differences, 𝑓 ′ ≃ 1, sin 𝛿 ≃ 𝛿, and 𝐿 = 𝐵𝐵T, giving

𝐼 ¥𝜃 + 𝐾𝐿𝜃 + 𝜁0𝐿 ¤𝜃 = 𝐵𝜁noise. (2.10)

In the deterministic zero-force approximation,

d
d𝜏

(
𝐼

2
∥ ¤𝜃∥2 + 𝐾

2
𝜃T𝐿𝜃

)
= −𝜁0∥𝐵T ¤𝜃∥2 ≤ 0. (2.11)

The lost resolved energy is assigned to the eliminated reserve. The homogeneous phase mode
has 𝐿1 = 0 and is not damped by this difference coupling. That is a definite consequence of
the symmetry, not an adjustable property.

A finite set of three reserve frequencies is not assumed to produce the memoryless limit.
The numerical finite-ring experiment tests the exact memory relation. The viscous calculation
is separately labeled as a limiting model and has its own declared parameter 𝜁0.

6
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2.5 A conditional fluctuation–dissipation theorem

Assume, additionally, that the initial shifted reserve coordinates are independent canonical
variables at temperature 𝑇𝑅 with the node phases held fixed. Then

⟨𝑦𝑒𝜆 (0)𝑦𝑒′𝜆′ (0)⟩ = 𝛿𝑒𝑒′𝛿𝜆𝜆′
𝑘𝐵𝑇𝑅

𝑚𝜆Ω
2
𝜆

, (2.12)

⟨𝑃𝑒𝜆 (0)𝑃𝑒′𝜆′ (0)⟩ = 𝛿𝑒𝑒′𝛿𝜆𝜆′𝑚𝜆𝑘𝐵𝑇𝑅, (2.13)

and the mixed covariance vanishes. Substitution into (2.4) gives

⟨𝜁𝑒 (𝜏)𝜁𝑒′ (𝑠)⟩ = 𝛿𝑒𝑒′𝑘𝐵𝑇𝑅𝑀 (𝜏 − 𝑠). (2.14)

The proof uses cos 𝑎 cos 𝑏 + sin 𝑎 sin 𝑏 = cos(𝑎 − 𝑏). It exposes a valuable linked prediction:
the same reserve coupling that determines the response also determines fluctuations, once
the state and temperature are known. A damping fit and a noise fit cannot then be chosen
independently.

Equation (2.14) is classical. In the harmonic quantum equilibrium version, the symmetrized
force spectrum contains ℏΩ coth(ℏΩ/(2𝑘𝐵𝑇𝑅)) in place of its classical thermal limit. That
statement relies on quantization and thermal preparation, not solely on deterministic node
dynamics [44, 45]. No temperature is inferred from an unrelated cosmological discrepancy.

2.6 Spectral density and positivity

For a continuum reserve, define

𝐽 (Ω) = 𝜋

2

∑︁
𝜆

𝑐2
𝜆

𝑚𝜆Ω𝜆
𝛿(Ω −Ω𝜆), 𝑀 (𝑡) = 2

𝜋

∫ ∞

0

𝐽 (Ω)
Ω

cosΩ𝑡dΩ. (2.15)

The spectral measure is nonnegative because the microscopic inertias are positive and the
coefficients are squared. It is the allowed reserve spectrum, rather than a freely chosen
function added independently in each domain, that controls the reduced response. An Ohmic
low-frequency form may yield viscous behavior after a finite cutoff and suitable time-scale
separation are specified.

The real and imaginary parts of a causal linear response are connected under the usual
analyticity and falloff conditions. Therefore a proposal to change attenuation while leaving
every reactive frequency correction untouched requires checking the entire response, including
any subtraction or instantaneous term. The positive microscopic construction provides a
direct way of doing this without guessing unrelated corrections.

2.7 An exact numerical check of elimination

The reserve oscillator equations were integrated directly. Independently, the force on each
edge was calculated from (2.6) using quadrature of the recorded phase trajectory. Seven
proper times and all six edges were used. The largest discrepancy between the direct and
eliminated expressions is 3.15×10−14 in model-force units. The state-dependent cos 𝛿 factors
and the preparation term were retained.

7
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This check is more informative than verifying only a total-energy sum: it tests the proposed
mechanism that turns conservative storage into apparent resistance. It establishes that the
reduced equation is an accurate rewriting of the constructed model. It does not identify the
reserve with a measured cosmological field or select its physical frequencies.

2.8 The result for the EQEF interpretation

The reserve realization supplies a mathematically concrete meaning for resistance and return.
It replaces an unspecified scalar shortfall with a state, energy and response. It also shows why
the two common simplified pictures differ. Coherent exchange can oscillate; a memoryless
ensemble can relax exponentially. Both may approximate different regimes of one conservative
system, but neither should be called universal without the preparation and scale assumptions
that justify it.

The outstanding physical task is now narrower: determine which reserve degrees of
freedom, spectral measure and observable map are physically selected. The mathematical
result does not depend on hiding that selection problem. Once it is supplied, dispersion,
damping, fluctuations and conversion statistics must be calculated from the same parameters.

3. One response function for storage, drag and fluctuations

3.1 The observable consequence of eliminating the reserve

The microscopic construction does more than conserve a sum. It links effects that would
otherwise be independently adjustable. The same reserve spectrum enters the delayed force,
the frequency response, and, after a thermal preparation is specified, the fluctuations. This
linkage is the most direct experimental content of the reconstructed conversion picture. It is
a familiar physical mechanism, developed in the generalized Langevin and linear-response
literature [41, 42, 43], rather than a new interpretation of every unexplained experimental
residual.

Linearize about aligned phases and write 𝐿 = 𝐵𝐵𝑇 . For an eigenvector of 𝐿 with positive
eigenvalue 𝜆, denote the mode coordinate by 𝑄. Its equation with an external generalized
force 𝐹 is

𝐼 ¥𝑄 + 𝐾𝜆𝑄 + 𝜆
∫ 𝜏

0
𝑀 (𝜏 − 𝑠) ¤𝑄(𝑠) d𝑠 = 𝐹 (𝜏) + 𝜉 (𝜏). (3.1)

Dots in this section mean the local evolution parameter 𝜏. A common preparation at a finite
initial time introduces the initial terms already derived in Section 2. A stationary response
is a later idealization in which the perturbation was applied sufficiently far in the past. The
distinction matters for an experiment that prepares the reserve and immediately measures
conversion.

The graph zero mode, 𝜆 = 0, is special. Link forces cannot damp a uniform rotation
because they depend on phase differences. It obeys 𝐼 ¥𝑄0 = 𝐹0. An asserted universal loss
that also damps this zero mode would change the symmetry and would not be the present
Hamiltonian model. Thus the same construction predicts both where drag acts and where it
does not.

8
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3.2 Derivation of the susceptibility

Use the convention 𝑄(𝜏) ∝ 𝑒−i𝜔𝜏 and define the retarded transform

𝑀 (𝜔) = lim
𝜀↓0

∫ ∞

0
𝑀 (𝑠)𝑒(i𝜔−𝜀)𝑠 d𝑠. (3.2)

For a response to a force of the same frequency, substitution in (3.1) gives

𝜒𝜆 (𝜔) =
𝑄(𝜔)
𝐹 (𝜔) =

1
𝐾𝜆 − 𝐼𝜔2 − i𝜔𝜆𝑀 (𝜔)

. (3.3)

The infinitesimal convergence factor specifies the causal prescription. For a finite oscillator
reserve the transform contains sharply located poles and distributional spectral weights; it
should not be interpreted as a smooth constant friction function.

Writing 𝑀 = 𝑀𝑅 + i𝑀𝐼 shows separately the reactive and dissipative terms:

𝜒−1
𝜆 = 𝐾𝜆 − 𝐼𝜔2 + 𝜔𝜆𝑀𝐼 − i𝜔𝜆𝑀𝑅 . (3.4)

The real part shifts the response frequency. The imaginary part broadens or damps it. It is
not consistent to choose a desired frequency correction from one reserve spectrum and a
damping correction from an unrelated spectrum while calling the two a single prediction.
Their common origin is the selected Hamiltonian and preparation.

For a harmonic drive 𝐹 (𝜏) = Re(𝐹0𝑒
−i𝜔𝜏), the averaged input power is

𝐹 ¤𝑄 =
𝜔|𝐹0 |2

2
Im 𝜒𝜆 (𝜔). (3.5)

Positive absorption therefore requires Im 𝜒𝜆 ≥ 0 at positive 𝜔. In this passive construction
that follows from 𝑀𝑅 ≥ 0 on its spectral support. Negative absorption can occur in an actively
prepared or driven reserve, but then the delivered work comes from its changing state. It is
not energy from nothing.

3.3 A finite-memory example that can be solved without a fit

An analytically useful limiting reserve has

𝑀 (𝑠) = 𝜁

𝑡𝑏
𝑒−𝑠/𝑡𝑏 , 𝑠 ≥ 0, 𝜁 , 𝑡𝑏 > 0. (3.6)

The one-sided transform is

𝑀 (𝜔) = 𝜁

1 − i𝜔𝑡𝑏
, 𝑀𝑅 =

𝜁

1 + 𝜔2𝑡2
𝑏

, 𝑀𝐼 =
𝜁𝜔𝑡𝑏

1 + 𝜔2𝑡2
𝑏

. (3.7)

The friction is approximately memoryless only when |𝜔𝑡𝑏 | ≪ 1. At larger frequency it rolls
off, and the reactive contribution changes at the same time. The single number 𝜁 is not
a per-frame conversion fraction. The pair (𝜁, 𝑡𝑏) characterizes this deliberately specified
effective spectrum.

Define an auxiliary variable

𝑍 (𝜏) =
∫ 𝜏

0
𝑀 (𝜏 − 𝑠) ¤𝑄(𝑠) d𝑠. (3.8)

9
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Differentiation gives 𝑡𝑏 ¤𝑍 = −𝑍 + 𝜁 ¤𝑄. The deterministic homogeneous system becomes

d
d𝜏

©­­­«
𝑄

𝑉

𝑍

ª®®®¬ =

©­­­«
0 1 0

−𝐾𝜆/𝐼 0 −𝜆/𝐼
0 𝜁/𝑡𝑏 −1/𝑡𝑏

ª®®®¬
©­­­«
𝑄

𝑉

𝑍

ª®®®¬ . (3.9)

Its characteristic polynomial, after multiplication by 𝐼𝑡𝑏, is

𝐼𝑡𝑏𝑠
3 + 𝐼𝑠2 + (𝐾𝜆𝑡𝑏 + 𝜆𝜁)𝑠 + 𝐾𝜆 = 0. (3.10)

For positive 𝐼, 𝐾, 𝜆, 𝜁 , 𝑡𝑏, all coefficients are positive, and the cubic stability inequality is

𝐼 (𝐾𝜆𝑡𝑏 + 𝜆𝜁) > 𝐼𝑡𝑏𝐾𝜆, (3.11)

which reduces to 𝐼𝜆𝜁 > 0. Thus all poles lie in the left half-plane. This proves stability for
this effective memory law; it is not a proof that every phenomenological drag function is
stable.

The accompanying calculation evaluates 25 combinations of mode eigenvalue and fre-
quency, verifies the response identity and passivity, and checks five pole spectra. The
numerical choices 𝐼 = 𝐾 = 1, 𝜁 = 0.12, 𝑡𝑏 = 0.7 are declared model units. They are not
inferred from the six-node finite reserve or from astronomical measurements. Keeping the
two examples distinct avoids presenting a change of reserve as an unannounced improvement
of one model.

3.4 Fluctuations and an independent cross-check

With a classical canonical preparation of the reserve at temperature 𝑇 , the mode-force
covariance is

⟨𝜉 (𝜏)𝜉 (𝑠)⟩ = 𝜆𝑘𝐵𝑇𝑀 ( |𝜏 − 𝑠 |). (3.12)

Let 𝑆𝜉 (𝜔) denote its two-sided stationary spectrum. Fourier transformation gives

𝑆𝜉 (𝜔) = 2𝜆𝑘𝐵𝑇𝑀𝑅 (𝜔). (3.13)

The phase spectrum is 𝑆𝑄 = |𝜒𝜆 |2𝑆𝜉 . Because

Im 𝜒𝜆 = 𝜔𝜆𝑀𝑅 |𝜒𝜆 |2, (3.14)

we obtain the classical fluctuation–dissipation relation

𝑆𝑄 (𝜔) =
2𝑘𝐵𝑇
𝜔

Im 𝜒𝜆 (𝜔). (3.15)

This is a second measurement channel, not a second free coefficient. A measured susceptibility
and a measured fluctuation spectrum must agree through the same 𝑇 and the same preparation
assumptions. The formula is classical. In a quantum equilibrium calculation the symmetrized
spectrum contains the corresponding ℏ coth(ℏ𝜔/2𝑘𝐵𝑇) factor; a quantum preparation and
operator correlations must be supplied before using that expression [43].

10



MNT / END — Mathematical companion Mathematical companion

The finite thermal reserve need not make the deterministic equations stochastic. Ran-
domness enters this calculation only through the ensemble of initial bath coordinates. A
single fully specified initial state has a definite trajectory. Thermal probabilities are therefore
a coarse-grained description in this construction. This explains how an effectively noisy
reduced equation can coexist with deterministic full dynamics without claiming to derive the
quantum Born rule.

3.5 A practical three-observable test

An implementation of the reconstruction can measure a free ringdown, a driven susceptibility
and an undriven fluctuation spectrum. The microscopic parameters, reserve preparation
and mode normalization are recorded once. Ringdown determines pole locations. Driven
response checks both amplitude and phase over frequency. Equilibrium fluctuations test
(3.15). The test fails for the selected model if one spectrum cannot account for all three after
stated measurement uncertainties.

A damping fit alone is weak because many kernels reproduce an approximately exponential
envelope over a short interval. The cross-observable requirement is stronger: it predicts the
dispersive shift and noise from the same kernel. A successful laboratory analogue would
validate the specified conservative transfer mechanism on that platform. Connecting it to
elementary particles, clocks or spacetime would still require identifying the same degrees of
freedom and normalization in those systems.

3.6 What the memory time means for frames

An observation interval much shorter than 𝑡𝑏 resolves reversible storage. An interval much
longer than 𝑡𝑏, but shorter than a finite-reserve recurrence time, may support an effective
one-way description. A frame fraction therefore depends on temporal resolution even when
microscopic couplings are unchanged. This is the precise version of the idea that the observed
conversion changes with elapsed time.

Changing temporal resolution is not the same operation as changing physical clock rate.
The first changes which features of a fixed trajectory are resolved; the second changes the
parameter used to describe the same trajectory. Both must be recorded when comparing
apparent losses. Neither authorizes adjusting the underlying reserve spectrum separately for
every particle.

4. Actuation as a conservative threshold process

4.1 A threshold must belong to dynamics

A threshold can be a useful definition of an event, but a label alone does not explain how
a system changes state. In particular, replacing a wavefunction by a localized state and
deleting the remainder need not conserve energy, probability or information. The conservative
formulation instead includes a physical readout coordinate. Its energy landscape can have two
stable regions separated by a barrier. A sufficiently strong interaction changes that landscape
and produces a transition.

11
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This is a model of a threshold event, not a derivation of the quantum measurement postulate.
It is introduced to implement the intended meaning of actuation without a nonconservative
reset. Nonlinear instability, metastability and readout are familiar physical concepts, so they
do not require a new vocabulary.

4.2 Coherence as an available control variable

For a finite cluster of 𝑁 node phases define

𝑆 =

𝑁∑︁
𝑗=1

𝑒i𝜃 𝑗 , 𝐶 =
|𝑆 |2
𝑁2 . (4.1)

The triangle inequality gives 0 ≤ 𝐶 ≤ 1. Complete phase alignment gives 𝐶 = 1. This
dimensionless number measures coherence, not energy. To turn it into an energy bias, a
coupling with energy units must be supplied. It is invariant under a common phase shift but
not under independent local phase rotations unless comparison links are included.

Its derivative is

𝜕𝐶

𝜕𝜃𝑖
= − 2

𝑁2

∑︁
𝑗

sin(𝜃𝑖 − 𝜃 𝑗 ),
∑︁
𝑖

𝜕𝐶

𝜕𝜃𝑖
= 0. (4.2)

The second identity shows that coupling a readout to 𝐶 preserves the global phase symmetry.
For locality, the cluster must be restricted to a declared finite neighborhood. An unbounded
sum over the whole lattice would be a different interaction.

4.3 An explicit readout potential

Introduce a dimensionless readout coordinate 𝑧 with conjugate momentum 𝑝𝑧, inertia 𝑀𝐷

and energy scale 𝐸𝐷 . Choose

𝐻𝐷 =
𝑝2
𝑧

2𝑀𝐷

+ 𝐸𝐷
[
1
4
(𝑧2 − 1)2 − 𝑢𝑧

]
, 𝑢 = 𝑢0 + 𝜆𝐶. (4.3)

Here 𝑢0 and 𝜆 are dimensionless. For a frozen control 𝑢, stationary readout states satisfy

𝑧3 − 𝑧 − 𝑢 = 0, 𝑈′′(𝑧) = 𝐸𝐷 (3𝑧2 − 1). (4.4)

A minimum loses stability when𝑈′ = 𝑈′′ = 0. For the initially negative well this occurs at

𝑧𝑐 = −
1
√

3
, 𝑢𝑐 =

2
3
√

3
= 0.3849001794 . . . . (4.5)

There is no microscopic numerical fit in this value: it follows from the chosen quartic normal
form. The normal form itself is a model assumption.

For |𝑢 | < 𝑢𝑐 there are two local minima and a barrier. For 𝑢 > 𝑢𝑐 the negative local
minimum is absent. A system near that well is driven away. The subsequent motion can
overshoot; a transition is not automatically an irreversible settled record. Coupling the readout
to additional conservative reserve modes allows energy to spread and the readout to remain
near the new well over a useful observation time.
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4.4 Back-reaction and energy accounting

When 𝑢 = 𝑢0 + 𝜆𝐶 (𝜃) is dynamical, the readout force acts back on the node phases. The
interaction contribution is −𝐸𝐷𝜆𝑧𝐶, giving

¤𝑝𝑖
��
𝐷
= 𝐸𝐷𝜆𝑧

𝜕𝐶

𝜕𝜃𝑖
, 𝑀𝐷 ¥𝑧 = −𝐸𝐷 [𝑧3 − 𝑧 − 𝑢0 − 𝜆𝐶] . (4.6)

Using both equations with the total Hamiltonian preserves total energy. Treating 𝐶 as an
externally imposed function but omitting its work would not. The quartic 𝑧4 term dominates
the bounded-coherence linear coupling for large |𝑧 |, so the total potential remains bounded
below.

The frozen-control threshold is an adiabatic diagnostic. In the full coupled system, the
source can react, the bias can vary, and finite-rate passages can delay the transition. Therefore
the value 𝑢𝑐 is not a universal measured particle-formation energy. It is a precisely derived
conditional threshold, suitable for checking a dynamical implementation.

4.5 Negation and return in this model

Negated conversion can mean that the source does not maintain a sufficient bias or supply
sufficient energy to cross a barrier during the observation interval. The energy then remains
in the source and reserve. Return can mean that a readout excitation or localized pattern
transfers energy back through the same conservative couplings. Both processes can occur
without deleting part of the state.

A detector event can be defined by a specified crossing and a persistence interval, for
example 𝑧 > 𝑧read for a time Δ𝜏read. These are instrument definitions, not new universal
constants. A fundamental actuation claim would require a source-independent reason for
identifying this readout process with physical realization itself.

4.6 Why the threshold does not determine Born probabilities

Let 𝜆0 denote the complete initial microstate and let 𝐷𝑘 be the set of initial microstates whose
deterministic trajectories produce outcome 𝑘 . For an initial ensemble measure 𝜇, the event
frequency is

𝑃(𝑘) = 𝜇(𝐷𝑘 ). (4.7)

Determinism specifies the basins 𝐷𝑘 once the full dynamics is known. It does not by
itself specify the ensemble measure. Changing 𝜇 can change 𝑃(𝑘) without changing the
equations. Showing that 𝑃(𝑘) = |𝑎𝑘 |2 therefore requires a derivation of the relevant state
space, preparation measure and measurement map, not merely a threshold.

The Hilbert-space construction later in this monograph supplies a conventional quantum
completion and proves its own probability and no-signalling properties. Those results are
conditional on that structure [4, 6, 7, 5]. The conservative readout model here neither replaces
those theorems nor evades their assumptions by a change in terminology.
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4.7 A useful separation of tasks

The threshold construction closes a specific mathematical task: it gives a conservative
mechanism with a calculable instability and back-reaction. The particle spectrum, quantum
statistics and physical detector coupling remain distinct tasks. This separation prevents a
successful double-well simulation from being counted as an electron-mass prediction or a
Bell experiment.

It also offers an economical experimental strategy. Once the source coupling and readout
potential are independently calibrated, the threshold, finite-rate delay, energy redistribution
and return behavior are linked outputs. A discrepancy cannot be repaired by assigning an
unrelated threshold to every observed event. That is the same universality standard applied
elsewhere in the paper.

5. Relational clocks and the limits of a universal timing correction

5.1 Order does not yet specify a clock

An autonomous differential equation orders states. It does not, by itself, tell an experimenter
which internal process measures a second. A phase recurrence can serve as a clock when its
period is reproducible under the conditions of use. The nonlinear period calculation in the
previous section demonstrates that amplitude is one condition which matters. Exchange with
a reserve can also change a clock’s trajectory unless the clock is protected or its response is
modeled.

A microscopic theory of clocks must distinguish the coordinate used to solve equations,
the reading of a material clock, and relativistic proper time. The three can be related, but
equating them by notation is not a derivation. This section makes a relational formulation
explicit before the ordinary relativistic comparison equations are developed.

5.2 A parameter-independent action

Introduce an ideal clock coordinate 𝑇 and conjugate momentum 𝑃𝑇 . A parametrized action is

𝑆 =

∫
d𝜆

[∑︁
𝑎

𝑝𝑎𝑞
′
𝑎 + 𝑃𝑇𝑇 ′ − 𝑁 (𝜆) (𝑃𝑇 + 𝐻∗(𝑞, 𝑝))

]
. (5.1)

Here 𝜆 is an arbitrary trajectory label, primes are its derivatives, and 𝑁 > 0 is a lapse.
Variation gives

𝑇 ′ = 𝑁, 𝑃′𝑇 = 0, 𝑃𝑇 + 𝐻∗ = 0, 𝑞′𝑎 = 𝑁
𝜕𝐻∗
𝜕𝑝𝑎

, 𝑝′𝑎 = −𝑁
𝜕𝐻∗
𝜕𝑞𝑎

. (5.2)

Dividing by 𝑇 ′ recovers the Hamilton equations in the clock variable 𝑇 . Replacing the
arbitrary label 𝜆 leaves the relational trajectory 𝑞(𝑇) unchanged.

This construction is exact, but it introduces an ideal clock. It does not prove that the
physical universe possesses a globally perfect internal clock or that the total physical energy
of the universe is zero. The constraint expresses a parametrization convention for the enlarged
system. Relational formulations have a well-developed literature [47, 48]; the present use is
an explicit representation of the required distinction.
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5.3 Material clocks and finite monotonic intervals

A real clock coordinate can oscillate or turn around. It can parameterize another trajectory
only over a region where its reading is monotonic and distinguishable. To make a continuing
clock one can count complete cycles in addition to phase, or use a stable train of events. A
clock observable is therefore a function of state and a history convention, not merely the
name of an update index.

In the finite conservative model, changing the initial energy or reserve state can change
recurrence periods. A universal physical proper-time law would require all acceptable material
clocks to compare consistently after their known environmental shifts are included. That
stronger equivalence has not been derived from the six-node example.

The stochastic first-passage examples later in the book are used as diagnostic ensemble
models for recurrence. Their input distributions describe preparation uncertainty or an
effective process; they are not substituted for the deterministic Hamiltonian at the microscopic
level. Their finite-mean statements are conditional mathematical results.

5.4 Proper time is local to timelike trajectories

With an effective metric of signature (−,+,+,+),

d𝜏2 = −𝑔𝜇𝜈d𝑥𝜇d𝑥𝜈/𝑐2. (5.3)

This is a worldline interval. It is not a single global scalar time simultaneously assigned
to all trajectories. For an inertial clock with speed 𝑣 in a Minkowski coordinate system,
d𝜏/d𝑡 =

√︁
1 − 𝑣2/𝑐2. A photon travels on a null trajectory and has no nonzero elapsed proper

time along that trajectory. Photonic phases and observed rates must be compared through
emitter and receiver clocks or a field propagation calculation, not through a photon rest clock.

Consequently replacing 𝑡 by 𝜏 in every expression cannot be a universal correction
procedure. A rest-frame particle lifetime, an observed photon frequency, a detector exposure
and a cosmological age require distinct but consistent operational definitions. The next
section works these out using conventional relativity [28, 29, 30].

5.5 A uniform rescaling can be unobservable

Suppose every local evolution law and every measuring clock receives the same positive
scalar factor 𝑞(𝑡):

d𝑧
d𝑡

= 𝑞(𝑡)𝐹 (𝑧), d𝑇
d𝑡

= 𝑞(𝑡). (5.4)

Then d𝑧/d𝑇 = 𝐹 (𝑧). Without a separately predicted geometric effect or a differently
responding reference, the factor is removed from the comparison. This is a mathematical
degeneracy, not evidence that the factor vanishes physically.

It follows that a universal EQEF effect cannot be measured solely by comparing two
processes which it rescales identically. An experiment needs independently known attempts,
a response difference fixed by the theory, a measurable reserve flux, a spectral effect or a
gravitational consequence. This is why an absolute conversion fraction cannot be extracted
from an arbitrary set of accurately ticking clocks.
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5.6 Why timing does not repair every constant formula

The rest mass defined from a Lorentz-invariant energy–momentum relation is not multiplied
by a coordinate lapse. A dimensionless coupling inferred from dimensionless observables is
not changed simply by calling a different interval one second. Actual field dependence of
masses or couplings is possible, but it must be derived from an interaction in the action and
tested against the corresponding observables.

A consistent response calculation can contain both a dynamical EQEF contribution and
a proper-time comparison. It must not count the same effect twice. The retained-relativity
branch computes the metric clock factor and then tests additional conversion effects. A
replacement-relativity branch would have to derive the metric and clock comparisons from
node dynamics. The two branches are not combined opportunistically when one result fits
better.

Part II

Frames, clocks, conversion and inference
6. Proper time, event rates and energy measurements

6.1 An invariant interval before a rate correction

In the retained-relativity branch, a timelike trajectory has proper time

d𝜏2 = − 1
𝑐2𝑔𝜇𝜈d𝑥

𝜇d𝑥𝜈, (6.1)

with signature (−,+,+,+). In flat spacetime, d𝜏/d𝑡 =
√︁

1 − 𝑣2/𝑐2 for a trajectory of speed 𝑣
relative to the inertial coordinate system. This relation concerns the interval on a worldline.
It is not a blanket rule for replacing an invariant particle mass or a dimensionless coupling by
a smaller number. Relativistic kinematics and the standard interpretation of invariant mass
provide the reference convention used here [28, 8].

A photon has zero proper time along its null trajectory. Consequently, a photon emission
or detection rate must be expressed using the source, detector or other specified observer’s
clock, not a photon rest clock. Likewise an ultrarelativistic neutrino oscillation calculation
conventionally uses a laboratory baseline and propagation energy. The symbol 𝜏 in an
effective generator must always identify whose clock it represents.

For weak gravitational fields and slow velocities, the retained metric gives

d𝜏
d𝑡

= 1 + Φ

𝑐2 −
𝑣2

2𝑐2 +𝑂 (𝑐
−4). (6.2)

The gravitational potential and the velocity are inputs determined independently of the output
used to test conversion. Estimating them from that same unexplained residual would create a
circular correction.
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6.2 The transformation of a count

An event count 𝑁 is independent of how its history is parametrized. If 𝑟𝜏 = d𝑁/d𝜏, then

𝑟𝑡 =
d𝑁
d𝑡

= 𝑞 𝑟𝜏 . (6.3)

Integrating, rather than merely comparing instantaneous symbols, gives

𝑁 (𝑡2) − 𝑁 (𝑡1) =
∫ 𝑡2

𝑡1

𝑞(𝑡)𝑟𝜏 (𝜏(𝑡)) d𝑡 =
∫ 𝜏2

𝜏1

𝑟𝜏 (𝜏) d𝜏. (6.4)

This is an exact change of variable. A correct clock transformation changes quoted rates
but not the number of observed events. If an analysis appears to create or remove events
through a time-coordinate change, its intensity or its integration measure has been transformed
inconsistently.

For a constant conversion fraction and a known time-dependent attempted rate, define the
exposure

𝐾 =

∫
𝜖det(𝑡)𝑞(𝑡)𝑟0(𝑡) d𝑡. (6.5)

The expected count is 𝜇 = 𝜂𝐾. With background 𝑏, it is 𝜇 = 𝑏 + 𝜂𝐾. When 𝜂 varies, the
ratio (𝜇 − 𝑏)/𝐾 is a weighted average,

𝜂𝑤 =

∫
𝜖det𝑞𝑟0𝜂 d𝑡∫
𝜖det𝑞𝑟0 d𝑡

, (6.6)

not the unweighted arithmetic mean of the efficiency. This is important when the source
changes over an orbit, a pulse or a cosmological epoch.

6.3 Finite transition probabilities are not rates

A constant local return rate Γ produces survival

𝑆(𝜏) = exp(−Γ𝜏). (6.7)

The probability of return during a step Δ𝜏 is

𝑝(Δ𝜏) = 1 − exp(−ΓΔ𝜏). (6.8)

Subdividing an interval into 𝑚 equal steps gives [1 − 𝑝(Δ𝜏/𝑚)]𝑚 = exp(−ΓΔ𝜏), exactly.
Holding the same numerical per-step fraction while changing the number of steps defines a
different physical process. The approximation 𝑝 ≃ ΓΔ𝜏 is appropriate only at small step size.

Thus a frame-dependent apparent fraction is not necessarily a particle-dependent funda-
mental constant. A rate can be universal while its integrated probability changes with the
elapsed proper time. Conversely, a physically fundamental discrete frame interval, if asserted,
is additional structure and must be defined rather than treated as an arbitrary numerical
integration step.
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6.4 Three different treatments of relativity

Retained metric. The main numerical branch uses the metric clock factor already specified
by relativity and asks whether an additional conversion effect is identifiable. Its event equation
is 𝜆 = 𝜖det𝑞GR𝜂𝑟0. This is a clear conservative extension test. It does not derive the metric
from EQEF.

Modified clock dynamics. A second branch could derive a clock response 𝑞(𝜙, 𝑥, 𝑢) from
a common action. The same action must determine photon propagation, matter response and
the relevant comparison standards. A freely selected function 𝑞𝑖 (𝑡) for every dataset is not a
universal modification. An additional conversion factor is permissible only for an effect not
already encoded in 𝑞.

Replacement. A third branch could derive the entire observable clock progression from the
conversion dynamics. Write d𝑇 = 𝜒(𝑠, 𝜙)d𝑡 and predict the detector intensities directly in 𝑇 .
Multiplying by 𝑞GR again after identifying 𝜒 with the full clock effect would double count
time dilation. Such a replacement must reproduce the measured relations between clocks,
moving particles, light signals and gravitational trajectories. Optical-clock and stored-muon
measurements supply independent empirical anchors [29, 30, 31, 32].

These are distinct hypotheses, not interchangeable choices made after a residual is known.
This edition fully develops the retained-metric balance and its transformations. The other two
are defined as alternative physical constructions requiring additional equations.

6.5 Energy transmission includes more than clock rate

For a photon with four-momentum 𝑝𝜇, an observer with normalized four-velocity 𝑢𝜇 measures
energy proportional to −𝑝𝜇𝑢𝜇, with the chosen factors of 𝑐 restored consistently. The ratio
between receiver and emitter is an invariant contraction evaluated at the two endpoints. A
received power includes both energy per photon and photons per receiver time. Therefore it
cannot in general be corrected by the single factor used for a local event rate.

For a stationary gravitational comparison with no absorption, the same frequency redshift
factor changes both photon energy and the arrival rate; received power can contain its square
before geometric collection effects. For cosmological bolometric flux, luminosity distance
already includes the energy and arrival-time redshifts. Adding another (1+ 𝑧)−1 to a correctly
defined luminosity-distance formula repeats a correction.

The operational rule is simple: identify the observable first. Is it a count, frequency,
energy, probability, cross section, flux or invariant mass? Then derive its transformation. The
count-intensity relation 𝜆 = 𝜖det𝑞𝜂𝑟0 applies directly to a local event count. Other observables
need their own forward map.
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6.6 Rate ratios and the common-factor cancellation

Suppose two co-located clock processes have baseline frequencies 𝜈0
1, 𝜈

0
2 and share a factor

𝑞𝜂. Then
𝜈obs

1

𝜈obs
2

=
𝑞𝜂𝜈0

1

𝑞𝜂𝜈0
2
=
𝜈0

1

𝜈0
2
. (6.9)

A shared clock factor is unobservable in that ratio. A nonzero relative effect requires different
predicted sensitivities, separated physical conditions, or a reference process not subject to the
same factor. The sensitivities must follow from the chosen microscopic or effective dynamics.

This cancellation explains why a universal time correction cannot be used as a universal
repair for incorrect values of dimensionless constants. It may alter inferred event rates when
clock intervals were mismatched. It cannot alter a properly formed same-clock ratio merely
by changing time units. A dynamical change to the underlying spectrum or interaction is a
separate hypothesis.

6.7 Uncertainty must follow the transformation

For the local estimate 𝜂 = 𝑅/(𝑞𝑟0), omitting detector factors only for clarity, first-order
propagation gives

d log 𝜂 = d log 𝑅 − d log 𝑞 − d log 𝑟0. (6.10)

If Σ is the covariance matrix of these three logarithmic estimates, the variance of log 𝜂 is
𝑣𝑇Σ𝑣 with 𝑣 = (1,−1,−1). Correlations matter. If the same calibration enters 𝑅 and 𝑟0,
treating it as two independent uncertainties is wrong. If 𝑞 was fitted from 𝑅, treating it as an
independent correction is also wrong.

Near a physical boundary such as 𝜂 = 1, a noisy central estimate can exceed one. This
should not be silently truncated and then described as evidence of complete conversion. The
likelihood, boundary and interval construction must be stated. The computational volume
retains signed residuals and distinguishes them from the allowed parameter space.

7. Conservative dynamics and their exact solutions

7.1 A minimal two-reservoir closure

The conservation equation becomes executable after currents are specified. A useful illustrative
closure is

𝐽+ = 𝑎𝐸𝑃, 𝐽− = 𝑏𝐸𝐴, 𝑎 ≥ 0, 𝑏 ≥ 0, (7.1)

where 𝑎 = 𝜂𝑘 may separate an attempted rate 𝑘 from conversion efficiency. Both 𝑎 and 𝑏
have inverse-proper-time units. These are new effective choices, not quantities already fixed
by the primitive node ontology. With constant total 𝐸 ,

d𝐸𝐴
d𝜏

= 𝑎(𝐸 − 𝐸𝐴) − 𝑏𝐸𝐴 = 𝑎𝐸 − (𝑎 + 𝑏)𝐸𝐴. (7.2)

For 𝑎 + 𝑏 > 0, set 𝐸∗
𝐴
= 𝑎𝐸/(𝑎 + 𝑏). Subtracting the stationary equation and integrating

yields
𝐸𝐴 (𝜏) = 𝐸∗𝐴 + [𝐸𝐴 (0) − 𝐸

∗
𝐴]𝑒
−(𝑎+𝑏)𝜏, 𝐸𝑃 (𝜏) = 𝐸 − 𝐸𝐴 (𝜏). (7.3)
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This provides three distinct observables: the equilibrium fraction 𝑎/(𝑎 + 𝑏), the relaxation
time (𝑎 + 𝑏)−1 and the initial condition. A single stationary fraction identifies the ratio
𝑎/𝑏, not both rates separately. A time-resolved relaxation together with the equilibrium can
identify both under this model.

Proposition 7.1 (Positivity and conservation). For 𝑎, 𝑏 ≥ 0 and initial 0 ≤ 𝐸𝐴 (0) ≤ 𝐸 , the
solution stays in 0 ≤ 𝐸𝐴 (𝜏) ≤ 𝐸 for all 𝜏 ≥ 0, and 𝐸𝐴 + 𝐸𝑃 = 𝐸 .

Proof. Equation (7.3) is a convex combination of 𝐸𝐴 (0) and 𝐸∗
𝐴

because the exponential
lies in [0, 1]. Both endpoints lie in [0, 𝐸]. The second expression gives conservation and
positivity of the reserve. The case 𝑎 = 𝑏 = 0 is constant and satisfies the same conclusion. □

No energy has disappeared when 𝐸𝐴 decreases. It is transferred into 𝐸𝑃. Likewise,
positive attempted transfer is not itself proof of increased expression: reverse transfer can
exceed forward transfer at a given state.

7.2 Nonuniform clocks

In a reference parameter 𝑡, the same solution is

𝐸𝐴 (𝑡) = 𝐸∗𝐴 + [𝐸𝐴 (0) − 𝐸
∗
𝐴] exp

[
−(𝑎 + 𝑏)

∫ 𝑡

0
𝑞(𝑠) d𝑠

]
. (7.4)

For the illustrative positive lapse 𝑞(𝑡) = 0.8 + 0.1 cos 𝑡,

𝜏(𝑡) = 0.8𝑡 + 0.1 sin 𝑡. (7.5)

The equilibrium fraction does not depend on this clock convention. The approach to
equilibrium as a function of 𝑡 does. This is a precise example of a common physical law
producing different apparent reference-time rates without changing its intrinsic constants.

If 𝑞 is bounded below by a positive number and reference time tends to infinity, proper
time also tends to infinity and the solution reaches the same equilibrium. If the accumulated
proper time remains finite, the limit is the finite-proper-time value instead. Thus conclusions
about asymptotic convergence must identify which interval becomes infinite.

7.3 A finite-frame equation

For a finite step, let 𝑓𝑛 transfer reserve into expression and 𝑟𝑛 transfer expression back:(
𝐸𝑛+1
𝐴

𝐸𝑛+1
𝑃

)
=

(
1 − 𝑟𝑛 𝑓𝑛

𝑟𝑛 1 − 𝑓𝑛

) (
𝐸𝑛
𝐴

𝐸𝑛
𝑃

)
, 0 ≤ 𝑓𝑛, 𝑟𝑛 ≤ 1. (7.6)

The columns sum to one, so the total is conserved and nonnegative inputs remain nonnegative.
This matrix may represent a discrete physical rule, or an approximation to a continuous
process. Those interpretations differ. For a continuous generator

𝑀 =

(
−𝑏 𝑎

𝑏 −𝑎

)
, (7.7)

20



MNT / END — Mathematical companion Mathematical companion

the exact finite-step map is 𝐾 (Δ𝜏) = exp(𝑀Δ𝜏). Its nontrivial eigenvalue is 𝑒−(𝑎+𝑏)Δ𝜏, and
its transfer probabilities are

𝑓 =
𝑎

𝑎 + 𝑏 (1 − 𝑒
−(𝑎+𝑏)Δ𝜏), 𝑟 =

𝑏

𝑎 + 𝑏 (1 − 𝑒
−(𝑎+𝑏)Δ𝜏). (7.8)

These expressions account for arbitrarily many possible reversals within a finite interval.
Independently assigning 1 − 𝑒−𝑎Δ𝜏 and 1 − 𝑒−𝑏Δ𝜏 to the two entries does not generally
reproduce the exact two-way propagator.

7.4 Several expressed channels

Let 𝑥 = (𝐸𝑃, 𝐸1, . . . , 𝐸𝑚)𝑇 and write ¤𝑥 = 𝑀𝑥, where 𝑀𝑖 𝑗 ≥ 0 for 𝑖 ≠ 𝑗 and each column
sums to zero. The diagonal element is minus the total outgoing rate from its column. Then
1𝑇𝑥 is constant. Positivity follows from the exponential of a Metzler matrix: choose 𝑐 so that
𝑀 + 𝑐𝐼 has nonnegative entries; the power series of 𝑒(𝑀+𝑐𝐼)𝑡 is nonnegative and multiplication
by 𝑒−𝑐𝑡 preserves that property.

This supplies a conservative kinetic framework for multiple channels. It does not determine
their rates, charges or particle identities. A real decay chain must also account for momentum,
conserved charges and phase space. When energies differ, the components should be energy
inventories with the appropriate stoichiometric factors, or populations supplemented by an
explicit energy balance. Summing unequal-energy particle counts is not energy conservation.

7.5 Entropy, irreversibility and return

For the normalized two-state process, the stationary distribution is

𝜋𝐴 =
𝑎

𝑎 + 𝑏 , 𝜋𝑃 =
𝑏

𝑎 + 𝑏 , 𝑏𝜋𝐴 = 𝑎𝜋𝑃 . (7.9)

The last equality is detailed balance. For 𝑎, 𝑏 > 0, the relative entropy

𝐷 (𝑝∥𝜋) =
∑︁
𝑖

𝑝𝑖 log
𝑝𝑖

𝜋𝑖
(7.10)

contracts under the stochastic evolution. For two states, write 𝑢 = 𝑏𝑝𝐴 and 𝑣 = 𝑎𝑝𝑃.
Differentiation gives

d𝐷
d𝜏

= −(𝑢 − 𝑣) log(𝑢/𝑣) ≤ 0, (7.11)

since log is increasing. This is a statement about probabilities approaching a stationary
distribution. A thermodynamic entropy interpretation requires an energy function, temperature
and physical reservoir model. The kinetic balance alone does not identify that temperature or
prove that every return process is thermal.

A reduced irreversible equation may arise from a larger conservative system after degrees
of freedom are ignored. This possibility is consistent with the author’s conservation premise.
It must not be confused with a derivation of irreversible rates from an arbitrary finite closed
Hamiltonian, whose recurrences can matter.
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7.6 Coherent exchange as an alternative realization

Consider two coupled canonical coordinates with Hamiltonian

𝐻 =
𝑝2
𝐴
+ 𝜔2

𝐴
𝑥2
𝐴

2
+
𝑝2
𝑃
+ 𝜔2

𝑃
𝑥2
𝑃

2
+ 𝑔𝑥𝐴𝑥𝑃 . (7.12)

Hamilton’s equations give

¥𝑥𝐴 + 𝜔2
𝐴𝑥𝐴 + 𝑔𝑥𝑃 = 0, (7.13)

¥𝑥𝑃 + 𝜔2
𝑃𝑥𝑃 + 𝑔𝑥𝐴 = 0. (7.14)

The squared normal-mode frequencies are

𝜔2
± =

𝜔2
𝐴
+ 𝜔2

𝑃

2
± 1

2

√︃
(𝜔2

𝐴
− 𝜔2

𝑃
)2 + 4𝑔2. (7.15)

For positive uncoupled frequencies, stability requires 𝑔2 < 𝜔2
𝐴
𝜔2
𝑃
. Direct differentiation

proves ¤𝐻 = 0. The individual uncoupled energies need not have a constant sum because the
interaction term stores energy. This is a concrete demonstration of why a reserve picture
needs a complete Hamiltonian when coherent exchange is important.

The two-reservoir kinetic model and the two-oscillator Hamiltonian are not two derivations
of the same unique physics. They are different explicit closures of the conservation idea,
with different transient behavior. The first relaxes; the second oscillates. A physical theory
must select which behavior applies in a given regime and derive any coarse-grained relation
between them.

7.7 Spatial transport and local conservation

For energy densities in a fixed local frame, a conservative continuum description reads

𝜕𝜏𝑒𝐴 + ∇· j𝐴 = 𝑄, (7.16)
𝜕𝜏𝑒𝑃 + ∇· j𝑃 = −𝑄. (7.17)

Adding and integrating over a region 𝑉 yields

d
d𝜏

∫
𝑉

(𝑒𝐴 + 𝑒𝑃)d3𝑥 = −
∫
𝜕𝑉

(j𝐴 + j𝑃) · dS. (7.18)

A local observed deficit can therefore result from exchange, transport out of the measurement
region, or detector inefficiency. Inferring EQEF requires separating these possibilities with
independently specified transport and response. Setting all unobserved flux to EQEF would
be a definition of the residual, not a discrimination between mechanisms.

8. What observations can determine

8.1 An inverse problem rather than a subtraction alone

The expression
𝜂 =

𝜆

𝜖det𝑞𝑟0
(8.1)
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is useful only after its denominator is specified independently. A potential reservoir 𝐸𝑃 does
not alone give 𝑟0. A kinetic rule, spectrum, incident flux or attempted-transition mechanism is
also needed. Without it, arbitrarily changing 𝑟0 and compensating with 𝜂 leaves the prediction
unchanged.

This matters for the instruction to compare potential with observed expression. In an
experimental design with individually counted attempts, the potential count may be measured
directly. In a cosmological or field-theory setting, it must be calculated from an action and a
state. In a collider, incident luminosity and parton distributions are not interchangeable with
a latent field. In a detector, the unobserved part of an incoming flux is not automatically a
returned contribution.

Proposition 8.1 (Rate-factor degeneracy). A single measured product 𝜆 = 𝑞𝑟0𝜂 does not
separately identify 𝑞, 𝑟0, 𝜂 when two or more of them are unrestricted positive quantities.

Proof. For any positive 𝑎, 𝑏 for which the allowed efficiency range is respected, replace 𝑞 by
𝑎𝑞, 𝑟0 by 𝑏𝑟0 and 𝜂 by 𝜂/(𝑎𝑏). The product is unchanged. Hence distinct parameter triples
have identical predictions. □

The point is constructive: an independent clock comparison and an independent potential-
rate calculation remove this degeneracy. Multiple known experimental conditions can also
constrain a common constitutive law. Simply adding more unknown normalizations cannot.

8.2 Fisher information makes the same limitation explicit

For a Poisson count with mean 𝜇 = 𝐾𝑞𝜂, define parameters 𝑢 = log 𝑞 and 𝑣 = log 𝜂. The
derivatives of log 𝜇 with respect to 𝑢 and 𝑣 are both one. The Fisher information matrix is

𝐼 = 𝜇

(
1 1
1 1

)
, (8.2)

with eigenvalues 2𝜇 and zero. More events improve the measured product, but do not remove
the unmeasured direction. The zero eigenvalue is a structural issue rather than insufficient
precision. An independent measurement of one factor supplies information in that direction.

Likewise, a constant detector efficiency and a constant conversion efficiency are exactly
degenerate in a simple counting experiment. A physical conversion interpretation requires
detector calibration, independent flux monitoring, or a distinct predicted change in shape,
correlations or channel ratios.

8.3 One universal parameter and multiple conditions

Suppose the model predicts 𝜂𝑖 (𝜅) = 𝑒−𝜅𝐼𝑖 with all 𝐼𝑖 independently calculated. The expected
counts are

𝜇𝑖 (𝜅) = 𝑏𝑖 + 𝐾𝑖𝑒−𝜅𝐼𝑖 . (8.3)

A common 𝜅 is testable because one number must account for all response-weighted changes.
If each 𝐼𝑖 is freely adjusted, only the products 𝜅𝐼𝑖 are identified and the universality claim
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becomes empty. The inputs to 𝐼𝑖 must therefore be part of the same frozen specification as
the dynamics.

For the constant-efficiency special case 𝑏𝑖 = 0 and 𝜂𝑖 = 𝜂, independent Poisson counts
have log likelihood, apart from constants,

log 𝐿 (𝜂) =
∑︁
𝑖

[𝑁𝑖 log(𝜂𝐾𝑖) − 𝜂𝐾𝑖] . (8.4)

Differentiating gives the unconstrained maximum 𝜂 =
∑
𝑖 𝑁𝑖/

∑
𝑖 𝐾𝑖. A physical bound

0 ≤ 𝜂 ≤ 1 can be imposed in inference, but should not erase the signed unconstrained residual
used to diagnose model or calibration errors.

The likelihood-ratio statistic against separate means is

𝐷 = 2
∑︁
𝑖

[
𝑁𝑖 log

𝑁𝑖

𝜂𝐾𝑖
− (𝑁𝑖 − 𝜂𝐾𝑖)

]
, (8.5)

with 0 log 0 = 0. In a high-count interior regime its reference law is approximately 𝜒2
𝑚−1.

Sparse samples, physical boundaries and estimated backgrounds require a calibrated sampling
distribution. The executable example checks this distribution with simulated counts rather
than automatically assuming it.

8.4 A calibration is not counted again as a prediction

One measurement may be used to estimate a parameter, after which the parameter is frozen
for other comparisons. Let channel 1 determine 𝜂1 = 𝑁1/𝐾1. For held-out channels, the
predictions are 𝜂1𝐾𝑖. Because the calibration is common, their predictive uncertainties are
correlated. At leading order,

𝑉𝑖 𝑗 = 𝛿𝑖 𝑗𝜂1𝐾𝑖 + 𝐾𝑖𝐾 𝑗 Var(𝜂1), 𝑖, 𝑗 > 1. (8.6)

The off-diagonal term is not optional. Ignoring it falsely treats one uncertain calibration as
several independent precise predictions.

This volume permits either a microscopic deduction or one-point calibration, provided their
evidential roles remain distinct. A parameter selected by matching the measured fine-structure
constant has not thereby predicted that constant. It may still yield new predictions if the
model independently fixes how the same parameter enters other observables. The current
EQEF interpretation has not yet supplied that complete cross-domain response map.

8.5 Why a coordinate correction does not manufacture agreement

For Gaussian data 𝑑 with prediction 𝑚 and covariance 𝐶, the residual statistic is

𝜒2 = (𝑑 − 𝑚)𝑇𝐶−1(𝑑 − 𝑚). (8.7)

Under a known invertible linear representation change 𝐴,

𝑑′ = 𝐴𝑑, 𝑚′ = 𝐴𝑚, 𝐶′ = 𝐴𝐶𝐴𝑇 , (8.8)
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so
(𝑑′ − 𝑚′)𝑇 (𝐶′)−1(𝑑′ − 𝑚′) = (𝑑 − 𝑚)𝑇𝐶−1(𝑑 − 𝑚). (8.9)

This exact identity is verified with the supplied DESI covariance. Changing only the prediction
or only the uncertainty is not an innocent coordinate correction. It is a different analysis or a
different physical model and must be justified as such.

For individual event times, an analogous result follows from the probability-density
Jacobian. If 𝜏(𝑡) is fixed independently of the model parameters, then 𝑓𝑡 (𝑡 | 𝜃) = 𝑞(𝑡) 𝑓𝜏 (𝜏(𝑡) |
𝜃). The sum of log 𝑞(𝑡𝑖) is independent of 𝜃, so likelihood ratios between the same physical
models are unchanged. Parameter-dependent clock laws are different: the Jacobian then
contributes to the model likelihood and must be retained.

8.6 Common clock suppression and operational invisibility

If every local clock, process and measuring standard is multiplied by the same positive factor
𝜒(𝑥), define operational time by d𝑇 = 𝜒d𝑡. A law d𝑁/d𝑡 = 𝜒𝑟0 becomes d𝑁/d𝑇 = 𝑟0.
Without another unaffected observable or predicted geometric consequence, 𝜒 is then a
relabelling of local time rather than a separately measured conversion efficiency.

This does not preclude a physical EQEF field. A physical field can carry stress-energy,
vary spatially, alter spectra or affect propagation in ways that cannot all be absorbed into
one time coordinate. Those observable consequences must come from its dynamics. The
universality of a coefficient is therefore useful only together with an operational experiment
capable of seeing it.

8.7 How much data a small deficit requires

For a known baseline intensity and Poisson counting, a fractional uncertainty is approximately
𝑁−1/2. Detecting a fractional deficit 𝜖 at a two-sided normal threshold 𝑧 requires a scale
𝑁 ∼ 𝑧2/𝜖2. At 𝜖 = 10−7 and 𝑧 = 1.95996, the scale is about 3.84 × 1014 counts, before
systematic errors. Comparing two equally noisy intensities doubles the required count in
each sample at this approximation.

This is not the same problem as individually known conversion trials. With a known integer
number of attempts and zero failures, a binomial one-sided 95% upper limit on the failure
fraction is 1 − 0.051/𝑁 , approximately 3/𝑁 . Roughly thirty million perfectly identified trials
can then test a 10−7 failure fraction, under the much stronger knowledge of the denominator
and negligible false failures. The difference shows why an operational definition of potential
attempts is as important as a small proposed number.

9. Coherence and capacity: the theorem chain

9.1 Random and aligned accumulation

Logical role: Derived from independent unit phasors.
Let 𝑢 𝑗 = 𝑒i𝜙 𝑗 , with independent 𝜙 𝑗 uniformly distributed on [0, 2𝜋), and define 𝑍𝑁 =∑𝑁
𝑗=1 𝑢 𝑗 . Independence is a physical modelling choice when these variables are used as a
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primitive ensemble. The following statements are exact mathematical consequences of that
choice.

Theorem 9.1 (Second and fourth moments). For the isotropic unit-phasor ensemble,

E𝑍𝑁 = 0, E|𝑍𝑁 |2 = 𝑁, E|𝑍𝑁 |4 = 2𝑁2 − 𝑁, (9.1)

and Var( |𝑍𝑁 |2) = 𝑁2 − 𝑁 .

Proof. The second moment is

E|𝑍𝑁 |2 =
∑︁
𝑗 ,𝑘

E(𝑢 𝑗𝑢𝑘 ). (9.2)

Terms with 𝑗 ≠ 𝑘 vanish because the variables are independent and have zero mean. Each of
the 𝑁 diagonal terms equals one. For the fourth moment, expand

E|𝑍𝑁 |4 =
∑︁
𝑖, 𝑗 ,𝑘,𝑙

E(𝑢𝑖𝑢 𝑗𝑢𝑘𝑢𝑙). (9.3)

A term survives only when each phasor has equal positive and negative powers. There are 𝑁2

terms with 𝑖 = 𝑗 , 𝑘 = 𝑙, and 𝑁2 terms with 𝑖 = 𝑙, 𝑘 = 𝑗 . The 𝑁 terms with all indices equal
were counted twice. The fourth moment is therefore 2𝑁2 − 𝑁 . Subtracting (E|𝑍𝑁 |2)2 gives
the variance. □

The root-mean-square amplitude is
√
𝑁 . It is not the mean amplitude. Under the

two-dimensional central-limit approximation, the latter is asymptotic to
√
𝜋𝑁/2. Perfect

alignment, by contrast, gives 𝑍𝑁 = 𝑁𝑒i𝜙 and amplitude 𝑁 . Thus the coherent amplitude
relative to the random root-mean-square amplitude grows as

√
𝑁 .

The theorem concerns a declared ensemble, not an assumption that every physical
fluctuation is independent. It is precisely because the result is conditional and quantitative
that departures caused by correlation can be calculated.

9.2 Partial coherence and weighted contributions

Proposition 9.2 (Nonzero mean resultant). For independent, identically distributed unit
phasors with 𝑚 = E𝑢 𝑗 ,

E|𝑍𝑁 |2 = 𝑁 + 𝑁 (𝑁 − 1) |𝑚 |2. (9.4)

Proof. Each diagonal contribution is one. Each off-diagonal contribution factors asE𝑢 𝑗 E𝑢𝑘 =
|𝑚 |2. There are 𝑁 (𝑁 − 1) such terms. □

The change from predominantly random to predominantly coherent intensity occurs when
𝑁 |𝑚 |2 is of order one. This is an ensemble crossover, not a sharp universal phase transition.
The strong law gives the sharper long-run statement

𝑍𝑁/𝑁 −→ 𝑚 almost surely. (9.5)

If 𝑚 ≠ 0, the amplitude is eventually linear in 𝑁 along almost every trajectory.
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For deterministic nonnegative weights 𝑎 𝑗 and independent uniform phases,

E

�����∑︁
𝑗

𝑎 𝑗𝑒
i𝜙 𝑗

�����2 =
∑︁
𝑗

𝑎2
𝑗 , max

{𝜙 𝑗 }

�����∑︁
𝑗

𝑎 𝑗𝑒
i𝜙 𝑗

����� = ∑︁
𝑗

𝑎 𝑗 . (9.6)

The effective number of equal-amplitude contributors is

𝑁eff =
(∑ 𝑗 𝑎 𝑗 )2∑

𝑗 𝑎
2
𝑗

≤ 𝑁. (9.7)

The inequality is Cauchy–Schwarz, and equality holds for equal nonzero weights. The
coherent-to-random gain is

√
𝑁eff . A population dominated by one weight does not obtain the

gain of 𝑁 equal contributors.

9.3 Rigorous capacity selection

Use the amplitude capacity
𝐵𝑁 = 𝜅𝑁 𝑝, 𝜅 > 0. (9.8)

The symbol 𝑝 is reserved for this exponent; 𝛼EM denotes the electromagnetic coupling
elsewhere in this volume.

Theorem 9.3 (Power-law capacity, including the boundary). For independent uniform unit
phasors, the probability of random crossing tends to zero for every 𝑝 > 1/2. For perfectly
aligned phasors, crossing eventually occurs for every fixed 𝜅 > 0 when 𝑝 < 1. Consequently
1/2 < 𝑝 < 1 is the range that achieves both properties for arbitrary positive 𝜅. There is also
a boundary family: 𝑝 = 1 works when 0 < 𝜅 < 1.

Proof. Markov’s inequality applied to |𝑍𝑁 |2 gives

P( |𝑍𝑁 | > 𝜅𝑁 𝑝) ≤ E|𝑍𝑁 |2
𝜅2𝑁2𝑝 = 𝜅−2𝑁1−2𝑝, (9.9)

which tends to zero for 𝑝 > 1/2. For aligned phases the crossing condition is 𝑁 > 𝜅𝑁 𝑝, or
𝑁1−𝑝 > 𝜅. It is eventually satisfied when 𝑝 < 1. At 𝑝 = 1 it is satisfied exactly when 𝜅 < 1.
For 𝑝 > 1, the threshold ultimately exceeds even the maximum possible amplitude 𝑁 . □

At 𝑝 = 1/2, the central-limit theorem gives

P( |𝑍𝑁 | > 𝜅
√
𝑁) −→ 𝑒−𝜅

2
, (9.10)

which is nonzero for fixed finite 𝜅. For 𝑝 < 1/2, the crossing probability tends to one. The
strict inequality also matters at 𝑝 = 1, 𝜅 = 1: no phasor configuration has amplitude greater
than 𝑁 .

The open-window result and its boundary case should be stated together. A claim that no
capacity outside the open interval can ever separate the two ensembles would be stronger
than the theorem and would miss the 𝑝 = 1, 𝜅 < 1 branch.
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9.4 A finite-size exponential bound

Each real or imaginary component of a unit phasor lies in [−1, 1] and has mean zero. The
bounded-variable concentration inequality of Hoeffding gives a simple finite-size bound [1].
If |𝑍𝑁 | > 𝑡, at least one coordinate has magnitude greater than 𝑡/

√
2. Applying the two-sided

bound to each coordinate and adding yields

P( |𝑍𝑁 | > 𝑡) ≤ min
{
1, 4 exp

(
− 𝑡

2

4𝑁

)}
. (9.11)

The coordinates need not be independent of each other. Independence is required across the
phasor increments used by the coordinate bound.

For a power-law capacity this becomes

P( |𝑍𝑁 | > 𝜅𝑁 𝑝) ≤ min{1, 4𝑒−𝜅2𝑁2𝑝−1/4}. (9.12)

For 𝑝 > 1/2 its sum over 𝑁 is finite. The probability of a crossing at some 𝑁 ≥ 𝑀 is bounded
by the sum of the corresponding tail probabilities, and this sum tends to zero as 𝑀 → ∞.
Hence only finitely many late random overflows occur almost surely.

This result does not say that an early first crossing is unlikely. A threshold may suppress
large-𝑁 overflow while permitting a substantial early event probability. Section 8 calculates
that distinction exactly. It also avoids replacing a finite-size bound by a Gaussian tail
extrapolation at a threshold that itself moves with 𝑁 . The ordinary central-limit theorem
alone does not justify every such extrapolation.

9.5 An all-time capacity law

The preceding distinction suggests an alternative constructive law. Instead of selecting an
exponent, choose a declared all-time false-event budget 0 < 𝜂 < 1 and set

𝐵all
𝑁 (𝜂) = 2

√︄
𝑁 log

(
4𝑁 (𝑁 + 1)

𝜂

)
. (9.13)

This law has no measured physical input. The parameter 𝜂 is an operating specification, not a
derived constant of nature.

Theorem 9.4 (All-time false-crossing control). For the independent zero-mean bounded
unit-phasor ensemble,

P
(
∃𝑁 ≥ 1 : |𝑍𝑁 | > 𝐵all

𝑁 (𝜂)
)
≤ 𝜂. (9.14)

Perfectly coherent phases eventually cross this same capacity. Independent unit phasors with
a fixed nonzero mean resultant also cross almost surely.

Proof. Substitution of (9.13) into (9.11) bounds the crossing probability at 𝑁 by 𝜂/[𝑁 (𝑁+1)].
The union bound and the telescoping sum

∑∞
𝑁=1 1/[𝑁 (𝑁 + 1)] = 1 give the all-time result.

Moreover 𝐵all
𝑁
/𝑁 → 0. The coherent amplitude equals𝑁 , while in the nonzero-mean ensemble

|𝑍𝑁 |/𝑁 → |𝑚 | > 0 almost surely. Both therefore eventually exceed this capacity. □
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The theorem closes a useful mathematical design problem: a threshold can suppress
random realization over an unlimited sequence while retaining eventual response to persistent
coherence. It does not uniquely select the physical capacity law. Selecting between this law,
the power-law family and another microscopic law is a separate model question.

For 𝜂 = 0.05, aligned unit contributions first cross (9.13) at 𝑁 = 49. In the recorded
simulation, none of 50,000 independent random paths crosses it through 𝑁 = 1024. The
exact one-sided 95% binomial upper bound for the finite-horizon crossing probability after
zero observed crossings is 5.9913 × 10−5. The all-time theorem, not the finite simulation,
provides the infinite-horizon guarantee.

9.6 How correlations modify the result

For a stationary, zero-mean complex sequence with E|𝑢 𝑗 |2 = 1, define

𝛾(𝑟) = E(𝑢 𝑗+𝑟𝑢 𝑗 ). (9.15)

Expanding the second moment by separations gives

E|𝑍𝑁 |2 = 𝑁 + 2
𝑁−1∑︁
𝑟=1
(𝑁 − 𝑟) Re 𝛾(𝑟). (9.16)

Absolute summability of 𝛾 keeps the second moment of order 𝑁 , up to cancellations or
a changed coefficient. Long-range positive correlations of the form 𝛾(𝑟) ∼ 𝑎𝑟−𝛽, 𝑎 > 0
and 0 < 𝛽 < 1, instead produce an order-𝑁2−𝛽 contribution. The root-mean-square growth
exponent is then 𝐻 = 1 − 𝛽/2.

More generally, if E|𝑍𝑁 |2 ≤ 𝐶𝑁2𝐻 , the same Markov argument gives

P( |𝑍𝑁 | > 𝜅𝑁 𝑝) ≤ 𝐶𝜅−2𝑁2𝐻−2𝑝 . (9.17)

Thus 𝑝 > 𝐻 suffices for suppression in this second-moment sense. Coherent linear growth
still calls for 𝑝 < 1, or the appropriate 𝑝 = 1 boundary. A correlation law must therefore be
part of the primitive specification whenever independent increments are not justified.

9.7 What the theorem chain accomplishes

The chain now distinguishes amplitude from intensity, root-mean-square from mean amplitude,
instantaneous overflow from first passage, finite-horizon simulation from all-time control,
and independent noise from correlated fluctuations. None of these refinements requires an
observed particle mass or a measured coupling. They turn the reinforcement intuition into
a set of exact, testable mathematical statements and make the next modelling choice much
narrower.

10. Phase boundaries, comparison and geometry

10.1 The phase-convention question

Logical role: Derived phase relations; conditional quantum interpretation.
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Suppose realized configurations are represented by normalized vectors |𝜓𝑛⟩ in a complex
inner-product space. A tempting seam definition is

𝛿raw
𝑛 = Arg⟨𝜓𝑛 |𝜓𝑛+1⟩. (10.1)

The expression is defined only when the overlap is nonzero. Its invariance depends on what
counts as a descriptive redundancy. Under one common phase applied to every state, the
overlap is unchanged. Under independent representative changes

|𝜓𝑛⟩ ↦→ 𝑒i𝜒𝑛 |𝜓𝑛⟩, (10.2)

it transforms as
⟨𝜓𝑛 |𝜓𝑛+1⟩ ↦→ 𝑒i(𝜒𝑛+1−𝜒𝑛) ⟨𝜓𝑛 |𝜓𝑛+1⟩. (10.3)

Thus the raw overlap phase is not a well-defined function of two independently rephased
quantum rays.

There are two coherent choices. One can make the individual phases physical components
of the primitive state, allowing only a common overall redundancy. Alternatively, one can
regard each state as a ray and supply a rule for parallel transport between representatives.
This edition uses the latter when discussing quantum or gauge-covariant phase comparisons.

10.2 Covariant comparison across a seam

Let 𝑃𝑛←𝑛+1 map the representative space at 𝑛 + 1 to that at 𝑛. Define

𝑤𝑛 = ⟨𝜓𝑛 |𝑃𝑛←𝑛+1 |𝜓𝑛+1⟩, 𝛿𝑛 = Arg𝑤𝑛 (𝑤𝑛 ≠ 0). (10.4)

Require the transporter to transform as

𝑃𝑛←𝑛+1 ↦→ 𝑒i𝜒𝑛𝑃𝑛←𝑛+1𝑒
−i𝜒𝑛+1 . (10.5)

Substitution makes all endpoint phases cancel, so𝑤𝑛 and its argument are invariant. In a vector
gauge representation the same calculation uses matrices 𝐺𝑛 and 𝐺𝑛+1, with 𝑃 ↦→ 𝐺𝑛𝑃𝐺

−1
𝑛+1.

The transporter is additional structure. It may be derived from a microscopic link rule or
specified as part of an effective theory. Gauge covariance fixes how it transforms; it does not
by itself fix its dynamics or its coupling strength. The lattice-gauge construction later in this
volume provides an explicit effective implementation [2, 3].

10.3 Two comparisons that require no open-link phase

The fidelity and its associated ray distance are

𝐹𝑛 = |⟨𝜓𝑛 |𝜓𝑛+1⟩|2, 𝑑𝑛 = arccos
√︁
𝐹𝑛. (10.6)

They remain invariant under independent endpoint phases. They measure distinguishability,
not the same information as a transported phase.

A closed sequence also cancels the representative phases. For three states with nonzero
overlaps,

B = ⟨𝜓1 |𝜓2⟩⟨𝜓2 |𝜓3⟩⟨𝜓3 |𝜓1⟩ (10.7)
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has invariant argument. Every representative phase appears once with a positive and once
with a negative sign. A longer cycle works in the same way. This construction shows why
closed-loop phase information is fundamentally different from a bare open-link phase.

At an orthogonal overlap, an argument is undefined. A numerical program should record
that fact, use another local chart or choose a separately specified transport prescription.
Assigning the value zero to every orthogonal seam would add a discontinuous and unjustified
physical rule.

10.4 Circular differences and the smooth limit

Phases are angles modulo 2𝜋. A branch-safe difference of two seam phases is

𝜖𝑛 = Arg exp{i(𝛿𝑛 − 𝛿𝑛−1)}. (10.8)

For example, the change from 𝜋 − 0.01 to −𝜋 + 0.01 is 0.02 radians on the circle, not an
approximately−2𝜋 acceleration. If a smooth unwrapping has been justified and 𝛿𝑛 = 𝜃𝑛+1−𝜃𝑛,
then

𝜖𝑛 = 𝜃𝑛+1 − 2𝜃𝑛 + 𝜃𝑛−1,
𝜖𝑛

(Δ𝑡)2
−→ ¥𝜃 (𝑡). (10.9)

The second statement requires a differentiable interpolation and an identified physical step Δ𝑡.
A raw update count alone supplies neither.

10.5 Topology supplies integers, not a coupling normalization

For a continuous nonvanishing complex field on a closed loop, write Φ = 𝜌𝑒i𝜃 . Single-
valuedness gives ∮

d𝜃 = 2𝜋𝑤, 𝑤 ∈ Z. (10.10)

The integer is stable under continuous deformations that do not pass through a zero of the
field. This is a legitimate route from a compact phase to discrete sectors. If an action-phase
relation 𝑆 = 𝜎𝜃 is added, it gives

∮
d𝑆 = 2𝜋𝜎𝑤. The action scale 𝜎 has not been determined

by the winding argument; identifying it with ℏ requires another relation.
Similarly, quantized charge ratios can follow after a compact gauge group and its represen-

tations are chosen. Their common interaction strength still depends on the normalization of
the gauge kinetic term. Section 19 makes that remaining calculation explicit.

10.6 From links to an operational geometry

A graph supplies an adjacency relation and a graph distance: the minimum number of links
in a path. A local update on that graph supplies a propagation bound in units of links per
update. Together these can support an operational geometry, but the construction needs two
further checks.

First, distance must have a stable coarse-grained interpretation. A lattice with 𝑁 (𝑟) ∝ 𝑟𝑑
within graph radius 𝑟 has a volume-growth dimension 𝑑. A diffusion kernel whose return
probability behaves as 𝑃(𝜎) ∝ 𝜎−𝑑𝑠/2 supplies a spectral dimension 𝑑𝑠. These dimensions
need not agree for a general irregular graph, and choosing a cubic graph with three spatial
axes inserts rather than derives that dimensionality.
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Second, the physical interval must have the appropriate causal and clock structure. A
finite propagation cone does not on its own prove invariance under Lorentz transformations.
That requires a continuum limit with the relevant symmetry, a common limiting speed for the
sectors being compared, and controlled corrections. The next section derives an example
of precisely those corrections instead of assuming that discreteness automatically becomes
exact relativity.

10.7 Numerical phase check

The executable test independently rephases 24 normalized four-component states. The raw
overlap phase changes by as much as 3.1168 radians. The transported overlap changes by
at most 2.22 × 10−16 in absolute magnitude; fidelity and the closed-cycle product remain
invariant to numerical precision. The orthogonal-overlap case is explicitly recorded as
undefined, and the branch-cut test gives 0.02 radians. These checks verify the corrected
definitions, not a physical interpretation of a particular phase seam.

Part III

Variational structure and spectra
11. Discrete dynamics, conservation and the continuum

11.1 An action is an additional dynamical specification

Logical role: Conditional effective construction with explicit derivations.
A seam variable describes a comparison. An action specifies how an entire sequence

is weighted or selected. To move from one to the other, introduce a discrete Lagrangian
𝐿𝑑 (𝑞𝑛, 𝑞𝑛+1) and the action

𝑆𝑑 [𝑞] =
𝑇−1∑︁
𝑛=0

𝐿𝑑 (𝑞𝑛, 𝑞𝑛+1). (11.1)

With the endpoints fixed, varying an interior 𝑞𝑛 gives

𝐷2𝐿𝑑 (𝑞𝑛−1, 𝑞𝑛) + 𝐷1𝐿𝑑 (𝑞𝑛, 𝑞𝑛+1) = 0. (11.2)

This is the discrete Euler–Lagrange equation. The momenta 𝑝−𝑛 = −𝐷1𝐿𝑑 (𝑞𝑛, 𝑞𝑛+1) and
𝑝+𝑛 = 𝐷2𝐿𝑑 (𝑞𝑛−1, 𝑞𝑛) agree on a solution. An action of this form is a concrete bridge from
seam costs to dynamics. It is not yet a derivation of which cost the primitive model selects.

For
𝐿𝑑 =

𝑀

2Δ𝑡
(𝑞𝑛+1 − 𝑞𝑛)2 − Δ𝑡 𝑉 (𝑞𝑛), (11.3)

(11.2) gives
𝑀
𝑞𝑛+1 − 2𝑞𝑛 + 𝑞𝑛−1

(Δ𝑡)2
= −𝑉 ′(𝑞𝑛). (11.4)
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A smooth interpolation therefore approaches 𝑀 ¥𝑞 = −𝑉 ′(𝑞) as Δ𝑡 → 0. The coefficient 𝑀
and the time scale have been supplied by this effective construction. The result establishes
the variational route, not their microscopic origin.

11.2 A local graph wave equation

Let 𝑞𝑛,𝑖 be a real variable at vertex 𝑖 of an undirected graph, and let 𝐿 be its positive graph
Laplacian. In dimensionless step units, choose

𝑆𝑑 =
1
2

∑︁
𝑛

[
∥𝑞𝑛+1 − 𝑞𝑛∥2 − 𝑞𝑇𝑛 𝐴𝑞𝑛

]
, 𝐴 = 𝜈2𝐿 + 𝜇2

0𝐼 . (11.5)

Here 𝜈 is a dimensionless propagation parameter and 𝜇0 is a dimensionless restoring frequency.
Equation (11.2) becomes

𝑞𝑛+1 − 2𝑞𝑛 + 𝑞𝑛−1 = −𝐴𝑞𝑛. (11.6)

This construction is separate from R0. It is an explicit effective dynamics to which a more
microscopic realization could be matched.

Proposition 11.1 (Finite graph support). If the update at a vertex uses only that vertex, its
neighbours and the preceding local state, a perturbation initially supported on a vertex set 𝑆
cannot influence vertices farther than 𝑛 graph links from 𝑆 after 𝑛 updates.

Proof. At the first update, only 𝑆 and its immediate neighbours can differ. If the statement
holds after 𝑛 updates, the next update can extend the support by at most one neighbour
relation. Induction gives the claim. □

The proposition requires local operations. A globally evaluated threshold or a dense matrix
inverse can introduce nonlocal dependence, so such operations must not be silently included
in the same causal proof.

11.3 Exact energy for the quadratic branch

Define the staggered energy

𝐸𝑛+1/2 =
1
2
∥𝑞𝑛+1 − 𝑞𝑛∥2 +

1
2
𝑞𝑇𝑛+1𝐴𝑞𝑛. (11.7)

Since 𝐴 is symmetric,

𝐸𝑛+1/2 − 𝐸𝑛−1/2 =
1
2
(𝑞𝑛+1 − 𝑞𝑛−1)𝑇

(
𝑞𝑛+1 − 2𝑞𝑛 + 𝑞𝑛−1 + 𝐴𝑞𝑛

)
(11.8)

= 0. (11.9)

This is an exact conservation law for the specified quadratic action. It should not be generalized
to arbitrary nonlinear discrete actions: a variational integrator does not automatically conserve
the continuum energy exactly.

To see when (11.7) is nonnegative, put 𝑣 = 𝑞𝑛+1 − 𝑞𝑛 and 𝑢 = (𝑞𝑛+1 + 𝑞𝑛)/2. Then

𝐸𝑛+1/2 =
1
2
𝑣𝑇 (𝐼 − 𝐴/4)𝑣 + 1

2
𝑢𝑇 𝐴𝑢. (11.10)
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Thus 0 ≤ 𝐴 ≤ 4𝐼 suffices for nonnegativity. Strict interior eigenvalues avoid marginal
repeated-root behaviour at the edge of the stability interval. A massless zero mode retains the
usual freely evolving constant-displacement component.

11.4 A discrete phase charge

Replace 𝑞 by a complex field 𝑧 and retain the real Hermitian quadratic action. Global phase
rotation 𝑧 ↦→ 𝑒i𝜒𝑧 is a symmetry. Its discrete charge can be written

𝑄𝑛+1/2 = Im(𝑧†𝑛𝑧𝑛+1). (11.11)

Using (11.6),
𝑄𝑛+1/2 −𝑄𝑛−1/2 = Im

[
𝑧†𝑛 (2𝐼 − 𝐴)𝑧𝑛

]
= 0, (11.12)

because a Hermitian quadratic form is real. This is a genuine phase-related conservation law
within the declared dynamics. Naming the charge electric charge still requires a coupling and
normalization map.

11.5 Dispersion and the long-wavelength equation

On a 𝑑-dimensional hypercubic spatial lattice, substitute

𝑞𝑛,j = 𝑞0𝑒
i(k·j𝑎−𝜔𝑛Δ𝑡) . (11.13)

Writing 𝜈 = 𝑐Δ𝑡/𝑎 and 𝜇0 = Ω0Δ𝑡, the dispersion relation is

sin2
(
𝜔Δ𝑡

2

)
= 𝜈2

𝑑∑︁
𝑖=1

sin2
(
𝑘𝑖𝑎

2

)
+ (Ω0Δ𝑡)2

4
. (11.14)

Real frequencies for every lattice mode require

4𝑑𝜈2 + (Ω0Δ𝑡)2 ≤ 4. (11.15)

In practice the strict inequality provides a margin from the highest-frequency boundary. In
the smooth limit,

𝜔2 = 𝑐2 |k|2 +Ω2
0, (11.16)

which is the Klein–Gordon dispersion if Ω0 = 𝑚𝑐2/ℏ. That identification is a physical
matching condition, not a mass derivation from the graph.

For the massless branch, the leading correction is

𝜔2 = 𝑐2𝑘2 +
𝑐4(Δ𝑡)2(𝑘2)2 − 𝑐2𝑎2 ∑

𝑖 𝑘
4
𝑖

12
+𝑂 (𝑐2𝑘6𝑎4 + 𝑐4𝑘6𝑎2Δ𝑡2 + 𝑐6𝑘6Δ𝑡4). (11.17)

The two fourth-order terms display temporal discretization and spatial anisotropy explicitly.
In one dimension,

𝜔

𝑐𝑘
= 1 + (𝜈

2 − 1) (𝑘𝑎)2
24

+𝑂 ((𝑘𝑎)4). (11.18)

The numerical test halves 𝑘𝑎 repeatedly and finds error-reduction ratios 4.0074, 4.0019 and
4.0005, as expected for a quadratic leading correction.
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11.6 What the limiting speed means

The algorithmic support bound is one link per update, corresponding to 𝑎/Δ𝑡. The long-
wavelength wave speed is 𝑐 = 𝜈𝑎/Δ𝑡. These are not the same statement. Small lattice
precursors and the full dispersion relation must be treated before interpreting either as a
universal physical causal speed.

A Lorentz-invariant low-energy sector additionally requires the same limiting cone for the
fields being coupled, appropriate transformation properties, and control of symmetry-violating
operators under interactions and coarse graining. A single scalar dispersion calculation
verifies one part of that programme. It does not select the entire relativistic matter and gravity
sector.

A massive-propagation correction and the quartic lattice correction are also different. A
mass term gives 1 − 𝑣/𝑐 ∝ 𝑓 −2 at high frequency. Equation (11.17) instead gives frequency-
growing corrections in its low-𝑘𝑎 regime. The graviton-mass bound in Volume II is therefore
not a numerical constraint on the lattice spacing without an additional matching derivation.

11.7 Numerical conservation and locality checks

The recorded massless one-dimensional run uses 257 periodic sites, 60 updates and 𝜈 = 0.5.
A localized perturbation has exactly zero computed amplitude outside its graph support cone.
The staggered energy begins at 0.25 and drifts by at most 5.55 × 10−17. A separate complex
plane wave conserves the discrete phase charge to 1.42 × 10−14 in absolute value.

The control case 𝜈 = 1.1 has a highest-frequency recurrence root with magnitude 2.4282,
explicitly detecting the expected instability. This matters: the same implementation identifies
both a stable branch and an unstable parameter choice, rather than reporting a success that is
insensitive to the mechanism being tested.

12. Continuum propagation and definite spectral predictions

12.1 Linearization of the conservative phase sector

First set reserve coupling to zero and expand around a configuration with equal phase. The
potential becomes

𝐾 (1 − cos 𝛿) = 𝐾

2
𝛿2 − 𝐾

24
𝛿4 +𝑂 (𝛿6). (12.1)

The quadratic energy is positive. The exact cosine potential, rather than the negative quartic
truncation used outside its range, should be retained for large excursions. A small-amplitude
linearization gives

𝐼 ¥𝜃 = −𝐾𝐿𝜃, 𝐿 = 𝐵𝐵T. (12.2)

Since 𝐿 is positive semidefinite, its normal frequencies satisfy 𝜔2
𝑗
= (𝐾/𝐼)𝜆 𝑗 (𝐿) ≥ 0. The

uniform phase is a zero mode. The absence of a negative quadratic mode proves linear
stability at the aligned configuration; it does not prove the existence of a localized massive
particle.
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For a periodic chain of 𝑁 nodes the eigenvalues are

𝜆 𝑗 = 4 sin2(𝜋 𝑗/𝑁), 𝑗 = 0, . . . , 𝑁 − 1. (12.3)

The numerical analysis checks these against direct diagonalization for three graph sizes. This
supplies a spectrum from one operator, not one separately fitted energy per mode.

12.2 Correct continuum normalization

On a three-dimensional cubic lattice with spacing 𝑎, the site sum becomes 𝑎−3
∫

d3𝑥. The
nearest-neighbor phase difference is 𝑎𝜕ℓ𝜃 +𝑂 (𝑎2). Consequently the continuum Lagrangian
density is

L𝜃 =
𝐼

2𝑎3 (𝜕𝜏𝜃)
2 − 𝐾

2𝑎
|∇𝜃 |2 +𝑂 (𝑎), (12.4)

where the order statement concerns the unnormalized higher-gradient contributions; relative
lattice corrections are organized in powers of 𝑘𝑎. The leading equation is

𝜕2
𝜏 𝜃 − 𝑐2

∗∇2𝜃 = 0, 𝑐2
∗ = 𝐾𝑎

2/𝐼 . (12.5)

The factors 𝑎−3 and 𝑎−1 follow directly from volume counting. The spacing multiplies
gradients but divides the number density of nodes. This prevents a common dimensional
error in a naive continuum replacement.

The expression for 𝑐∗ is a conditional relation among microscopic parameters. Identifying
it with the measured speed of light calibrates a combination of 𝐾, 𝐼, 𝑎; it does not separately
determine all three. Electromagnetic and tensor-gravity modes would also have to share the
limiting speed through an actual symmetry or matching calculation.

12.3 Exact cubic-lattice dispersion

For a plane wave 𝜃n ∝ 𝑒i(k·𝑎n−𝜔𝜏) ,

𝜔2(k) = 4𝐾
𝐼

3∑︁
ℓ=1

sin2(𝑘ℓ𝑎/2). (12.6)

Expanding at fixed direction k̂ gives

𝜔2 = 𝑐2
∗𝑘

2 − 𝑐
2
∗𝑎

2

12

∑︁
ℓ

𝑘4
ℓ +𝑂 (𝑎

4𝑘6), (12.7)

𝜔

𝑐∗𝑘
= 1 − 𝑎

2𝑘2

24

∑︁
ℓ

𝑘̂4
ℓ +𝑂 (𝑎

4𝑘4). (12.8)

The coefficient of the leading phase-speed correction is −1/24 on an axis, −1/48 on a face
diagonal and −1/72 on a body diagonal. Therefore the magnitude ratio between the axis and
body-diagonal coefficients is exactly three for this selected stencil.

This is a dimensionless, untuned consequence of the specified nearest-neighbor model. It
is not unique to MNT: conventional lattice oscillators have the same mathematics. Its value
is that it is fixed once the microscopic stencil is fixed and can be falsified as part of this
realization.
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Figure 2: Conditional dispersion prediction of the cubic nearest-neighbor phase model. Directional
departures from the continuum limit are fixed by the lattice stencil. No experimental spectrum is used
to select these curves.

12.4 Phase speed, group speed and causality

Along a lattice axis in the first Brillouin zone,

𝜔 = 2
√︁
𝐾/𝐼 sin(𝑘𝑎/2), 𝑣𝑔 = 𝑐∗ cos(𝑘𝑎/2), (12.9)

so 𝑣𝑔/𝑐∗ = 1 − (𝑘𝑎)2/8 +𝑂 ((𝑘𝑎)4). The group coefficient differs from the phase coefficient
by a factor of three. Quoting one as the other changes a time-of-flight prediction.

In three dimensions,

|∇k𝜔|2

𝑐2
∗

=

∑
ℓ sin2(𝑘ℓ𝑎/2) cos2(𝑘ℓ𝑎/2)∑

ℓ sin2(𝑘ℓ𝑎/2)
≤ 1. (12.10)

A bounded group velocity does not mean that every continuous-time lattice Green function
has compact support outside an exact cone. The matrix exponential or cosine propagator
contains arbitrarily high powers of a nearest-neighbor matrix. A distant matrix element can be
very small rather than exactly zero. Rigorous lattice locality bounds have a different logical
role from exact relativistic microcausality [46].

A fixed spatial lattice also selects a microscopic frame and directions. A common
phase symmetry does not remove those directions. The long-wavelength equation has an
approximate Lorentz form after calibration, but exact Lorentz invariance of all sectors would
require more than the leading scalar dispersion.

12.5 Reserve-induced attenuation linked to the spectrum

In the small-amplitude viscous approximation (2.10), a graph eigenmode with eigenvalue 𝜆
obeys

𝐼 ¥𝑞 + 𝜁0𝜆 ¤𝑞 + 𝐾𝜆𝑞 = 0. (12.11)
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For the convention 𝑞 ∝ 𝑒−i𝜔𝜏 the poles are

𝜔± = −i𝛾𝜆 ± 𝜔𝑑,𝜆, 𝛾𝜆 =
𝜁0𝜆

2𝐼
, 𝜔2

𝑑,𝜆 =
𝐾𝜆

𝐼
− 𝛾2

𝜆 . (12.12)

The underdamped frequency is real only in the appropriate parameter range. For stronger
damping the two poles lie on the negative imaginary axis and the motion is nonoscillatory.
Stability is expressed by nonpositive real growth rates in 𝑒𝑠𝜏, or equivalently nonpositive
imaginary parts of poles under the stated frequency convention. A purely imaginary frequency
is not automatically a stable oscillator.

The linked pole relation is

𝜔2
𝑑,𝜆 + 𝛾

2
𝜆 = 𝜔

2
0,𝜆,

2𝐼𝛾𝜆
𝜆

= 𝜁0. (12.13)

Thus one damping coefficient determines all graph-mode attenuation rates in this approxima-
tion. At long wavelengths 𝜆 ≃ 𝑎2𝑘2, so attenuation scales as 𝑘2. A common coefficient that
fails this mode relation cannot be protected by independently changing every mode’s friction.

The memoryful model has a frequency-dependent response instead of (12.12). It must be
compared with the full kernel when reserve correlation times are not short. The viscous limit
is not substituted after a failed comparison merely to obtain a better fit.

12.6 A nonlinear recurrence prediction

For an isolated pair with fixed total phase momentum zero, let 𝛿 = 𝜃1 − 𝜃2. Its relative kinetic
energy is 𝐼 ¤𝛿2/4, and

¥𝛿 + 2𝐾
𝐼

sin 𝛿 = 0. (12.14)

For an oscillation of phase amplitude 𝐴 < 𝜋, energy conservation yields

𝑇 (𝐴) = 4
√︂

𝐼

2𝐾
K

(
sin2 𝐴

2

)
, (12.15)

where K(𝑚) =
∫ 𝜋/2

0 (1 − 𝑚 sin2 𝑢)−1/2d𝑢 uses the parameter convention 𝑚, not the modulus
convention. Dividing by 𝑇0 = 2𝜋

√︁
𝐼/(2𝐾) removes the dimensional scale:

𝑇 (𝐴)
𝑇0

=
2
𝜋

K
(
sin2 𝐴

2

)
,

𝑇 (𝜋/2)
𝑇0

= 1.180340599016096 . . . . (12.16)

The numerical integration reproduces the period for five amplitudes. This is an independently
checked conditional prediction of a nonlinear recurrence, not a fit to a known particle constant.
At 𝐴→ 𝜋 the period diverges at the separatrix. That divergence is a property of this mode; it
is not a universal physical time-dilation law.

12.7 What can be tested without a microscopic SI scale

Dimensionless shape relations can be tested before the absolute lattice spacing is known:
the directional dispersion coefficients, ratios of damping rates between identified modes, the
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recurrence period ratio, and the fluctuation–response relation under a known preparation.
A laboratory analog can test the mathematics and parameter-sharing structure. Identifying
an analogous effect in fundamental particles requires establishing that they realize the same
modes.

Assigning the lattice spacing to the Planck length is a calibration hypothesis, not a
deduction from these dispersion equations. Under that hypothesis low-energy lattice effects
are extraordinarily small, but a small predicted correction is a bound-compatible forecast
rather than a detected alignment. The paper keeps those roles separate.

13. The spectrum with the reserve retained

13.1 Why the reserve must appear in the same calculation

The bathless dispersion relation is a useful controlled limit, but it is not the entire spectrum
of the Hamiltonian in Section 1. The same reserve that accepts energy also changes the
frequency response. Consequently a dispersion test of the full constructed model must retain
its reserve parameters rather than borrowing the bathless result and adding an unrelated
attenuation coefficient.

Here the linearization is about the minimum 𝜃𝑖 = 𝜃0, 𝑥𝑒𝜆 = 0, with zero momenta.
Let 𝐿 = 𝐵𝐵T. For a normalized graph eigenvector 𝑣 with 𝐿𝑣 = ℓ𝑣, ℓ > 0, define the
corresponding normalized edge vector 𝑤 = 𝐵T𝑣/

√
ℓ. Write the resolved displacement as

𝑄𝑣 and the reserve displacement of species 𝑎 as 𝑋𝑎𝑤. Orthogonality of graph eigenvectors
separates these blocks. Each positive graph mode has the quadratic Hamiltonian

𝐻ℓ =
𝑃2
𝑄

2𝐼
+ 𝐾ℓ𝑄

2

2
+

∑︁
𝑎


𝑃2
𝑎

2𝑚𝑎
+
𝑚𝑎Ω

2
𝑎

2

(
𝑋𝑎 −

𝑐𝑎
√
ℓ𝑄

𝑚𝑎Ω
2
𝑎

)2 . (13.1)

This is derived by expanding the fixed Hamiltonian, not by introducing a new potential for
each spectral line.

13.2 Mass-weighted normal modes

Set 𝐴0 =
∑
𝑎 𝑐

2
𝑎/(𝑚𝑎Ω2

𝑎). The stiffness and inertia matrices for this block are

𝑆ℓ =

©­­­­­­«
ℓ(𝐾 + 𝐴0) −

√
ℓ𝑐1 · · · −

√
ℓ𝑐𝑠

−
√
ℓ𝑐1 𝑚1Ω

2
1 0

...
. . .

−
√
ℓ𝑐𝑠 0 𝑚𝑠Ω

2
𝑠

ª®®®®®®¬
, 𝑀 = diag(𝐼, 𝑚1, . . . , 𝑚𝑠). (13.2)

The equation of motion is 𝑀 ¥𝑞 + 𝑆ℓ𝑞 = 0. Its squared frequencies are the eigenvalues of
𝑀−1/2𝑆ℓ𝑀−1/2. Positivity of the shifted-square Hamiltonian implies that they are positive for
ℓ > 0. A normal-mode transformation can be chosen with𝑈T𝑀𝑈 = 1 and𝑈T𝑆ℓ𝑈 = diag(𝜔2

𝑗
).

This simultaneously identifies both the frequencies and how much resolved-node displacement
each hybrid mode contains.
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A graph with cycles also has edge vectors in ker 𝐵. Reserve displacements in this subspace
do not couple to a node gradient at linear order. They remain free modes at the bare frequencies
Ω𝑎. The common node-phase mode has ℓ = 0 and zero restoring force. It represents the
global phase symmetry, not a particle with an automatically identified physical charge.

13.3 Eliminating reserve coordinates in frequency space

For a normal mode proportional to 𝑒−𝑖𝜔𝜏,

𝑋𝑎 =
𝑐𝑎
√
ℓ

𝑚𝑎 (Ω2
𝑎 − 𝜔2)

𝑄. (13.3)

Substitution into the resolved equation yields

𝐾ℓ − 𝐼𝜔2 − ℓ
∑︁
𝑎

𝑐2
𝑎

𝑚𝑎Ω
2
𝑎

𝜔2

Ω2
𝑎 − 𝜔2

= 0. (13.4)

This rational equation is used away from its bare poles. At a pole the full matrix eigenproblem
remains the appropriate definition. The equation is the Schur complement of the same stiffness
matrix, so it must agree with direct diagonalization. It also agrees with the Fourier-domain
form of the exact memory equation. These are three descriptions of one specified linear
system.

A finite collection of undamped reserve oscillators creates hybridization and energy
exchange, not a strictly irreversible linewidth for every normal mode. Smooth damping
emerges only after an additional continuum or coarse-graining approximation. This explains
why the finite-bath spectrum and the exponential-memory spectrum in the response section
are distinguished in the numerical record.

13.4 The first low-frequency correction

Let
𝐴1 =

∑︁
𝑎

𝑐2
𝑎

𝑚𝑎Ω
4
𝑎

, 𝐴2 =
∑︁
𝑎

𝑐2
𝑎

𝑚𝑎Ω
6
𝑎

. (13.5)

𝐴1 has the same units as 𝐼. For 𝜔 ≪ min𝑎 Ω𝑎, expansion of (13.4) gives

𝐾ℓ − (𝐼 + ℓ𝐴1)𝜔2 − ℓ𝐴2𝜔
4 + · · · = 0. (13.6)

The acoustic solution through second order in ℓ is

𝜔2 =
𝐾

𝐼
ℓ − 𝐾𝐴1

𝐼2 ℓ2 +𝑂 (ℓ3). (13.7)

On a cubic lattice with spacing 𝑎, writing 𝑘 𝑗 = 𝑘 𝑘̂ 𝑗 and 𝑞 = 𝑘𝑎,

ℓ = 4
3∑︁
𝑗=1

sin2(𝑞𝑘̂ 𝑗/2) = 𝑞2 − 𝑞
4

12

∑︁
𝑗

𝑘̂4
𝑗 +𝑂 (𝑞6). (13.8)
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Therefore the full coupled acoustic branch obeys

𝜔

𝑐∗𝑘
= 1 −

(
1

24

∑︁
𝑗

𝑘̂4
𝑗 +

𝐴1
2𝐼

)
(𝑘𝑎)2 +𝑂 ((𝑘𝑎)4), 𝑐∗ = 𝑎

√︁
𝐾/𝐼 . (13.9)

The reserve contributes an isotropic term to this order. The directional difference remains
geometric. In particular, if 𝑏( 𝑘̂) denotes the coefficient multiplying (𝑘𝑎)2, then

𝑏axis − 𝑏body = − 1
36
, 𝑏axis − 𝑏face = −

1
48
. (13.10)

These differences are independent of the reserve coefficient at this order, within the stated
identical-edge, cubic and gapped-reserve assumptions. The bathless ratio of three between
axial and body-diagonal corrections does not survive an arbitrary isotropic reserve contribution;
the differences above are the correct corresponding test of the coupled model.

13.5 Executed numerical values

Using exactly the three reserve frequencies and couplings of the six-node example gives

𝐴0 = 0.1281857354395, 𝐴1/𝐼 = 0.2809492855807. (13.11)

The predicted quadratic phase-speed coefficients are

Direction 𝑏( 𝑘̂)

Lattice axis −0.1821413094570
Face diagonal −0.1613079761237
Body diagonal −0.1543635316793

These are dimensionless, target-free outputs of the chosen demonstration. They are not
identified with a measured electromagnetic or gravitational-wave coefficient. Numerical
diagonalization at three successively smaller wave numbers agrees with the expansion. The
full twenty-four-coordinate ring spectrum agrees with the decomposition into graph modes,
free cycle-reserve modes and the common phase zero mode. The associated 67 checks, mode
frequencies and resolved weights are provided in Volume II and the computational package.

13.6 What this adds to a cross-domain test

This result supplies a concrete restriction that a fit cannot evade by independently changing a
damping law and a dispersion law. Once the reserve spectrum and coupling are specified,
the reactive correction, hybrid mode frequencies and energy-exchange kernel are linked. In
the thermal version the fluctuation spectrum is linked as well. The same construction can
therefore be tested through energy exchange, response and propagation without introducing
separate functions for each measurement.

The remaining physical step is the identification of actual particles and apparatus with
these resolved and reserve coordinates. That map is not selected by the graph calculation. A
numerical coefficient is a real prediction of the model while still being only a conditional
prediction of nature. Keeping those two statements distinct prevents both dismissal of the
mathematics and exaggeration of its empirical reach.
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14. Dimensional normalization and complete differentiation

14.1 What a correction is allowed to change

A mathematical repair and a physical completion are different operations. Repairing a missing
chain-rule factor is unambiguous once the independent variables are specified. Choosing a
new potential, a cutoff, a field normalization or a probability rule is an additional physical
assumption. This appendix separates the two. It supplies the elementary calculus needed to
implement a proposed node interaction without using agreement with a target as a substitute
for that calculus.

A dimensionless kernel K can be converted to an energy by 𝐸 = 𝐸∗K. A density 𝑢
contributes an energy

∫
𝑢 d3𝑥, or 𝑢𝑉 in a uniform cell. A frequency 𝜔 contributes ℏ𝜔 only in

a branch with the quantum energy-frequency relation. A normalized state amplitude is not
itself an energy. These rules follow from the physical quantity definitions; calling the sum a
unified equation does not remove their dimensional requirements [38, 13].

For example, (ℏ𝑐)2/𝐺 has SI dimensions kg3 m3 s−2, not those of energy and not those of
a dimensionless wave amplitude. It cannot be added directly to exp(−𝑖𝐸𝑡/ℏ). Multiplying
by an arbitrarily selected power of a mass or length would change the hypothesis. The
constructive replacement is to define a Hamiltonian with consistent energy units, not to force
an incompatible prefactor into the state.

14.2 Independent variables and scale factors

Let

𝑢 =
𝑟

ℓ∗
+ 𝜏
𝑡∗
, K(𝑟, 𝜏, 𝜑) = 1 + 𝑎 tanh 𝑢 + 𝑏 sinh 𝜑 + 𝐶 (𝑟, 𝜏) + 𝑒(𝑟, 𝜏, 𝜑). (14.1)

Here ℓ∗ and 𝑡∗ are positive length and time scales; 𝑢, 𝑎, 𝑏, 𝐶, 𝑒 are dimensionless. The symbol
𝑒 in this appendix is a correction function, not the elementary charge. It can instead be
set identically to zero in a fully specified model. Keeping it unspecified does not close the
dynamics.

If 𝑟, 𝜏, 𝜑 are independent coordinates and the derivative holds the others fixed,

𝜕𝑟K =
𝑎

ℓ∗
sech2 𝑢 + 𝐶𝑟 + 𝑒𝑟 , (14.2)

𝜕𝜏K =
𝑎

𝑡∗
sech2 𝑢 + 𝐶𝜏 + 𝑒𝜏, (14.3)

𝜕𝜑K = 𝑏 cosh 𝜑 + 𝑒𝜑. (14.4)

No phase derivative appears in 𝜕𝑟K unless a dependence of 𝜑 on 𝑟 is specified. If 𝜑 = 𝜑(𝑟, 𝜏),
the derivative of the composed function includes 𝑏 cosh 𝜑 𝜑𝑟 and corresponding chain terms
from 𝑒. Both conventions are legitimate, but they cannot be mixed within one line.

For 𝑒 = 0 and a composed phase, the second spatial derivative is

d2K
d𝑟2 = −2𝑎

ℓ2
∗

sech2 𝑢 tanh 𝑢 + 𝑏
[
sinh 𝜑 (𝜑𝑟)2 + cosh 𝜑 𝜑𝑟𝑟

]
+ 𝐶𝑟𝑟 . (14.5)
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At independent fixed phase, the term in square brackets vanishes. The corresponding time
derivative is

d2K
d𝜏2 = −2𝑎

𝑡2∗
sech2 𝑢 tanh 𝑢 + 𝑏

[
sinh 𝜑 (𝜑𝜏)2 + cosh 𝜑 𝜑𝜏𝜏

]
+ 𝐶𝜏𝜏 . (14.6)

For the same composed phase, the mixed derivative is

d2K
d𝑟d𝜏

= − 2𝑎
ℓ∗𝑡∗

sech2 𝑢 tanh 𝑢 + 𝑏 [sinh 𝜑 𝜑𝑟𝜑𝜏 + cosh 𝜑 𝜑𝑟𝜏] + 𝐶𝑟𝜏 . (14.7)

These relations retain the factor of two from differentiating sech2 𝑢 and the second derivative
of a composed phase. They are also direct unit checks: every term in a second spatial
derivative has inverse-length-squared units.

Along a trajectory, the total derivative is
dK
d𝑡

= 𝜕𝑟K ¤𝑟 + 𝜕𝜏K 𝑞(𝑡) + 𝜕𝜑K ¤𝜑, 𝑞 = d𝜏/d𝑡. (14.8)

An extra clock factor belongs here because a proper-time dependence has been composed
with reference time. It does not justify applying the factor a second time to quantities that
have already been transformed.

14.3 Compact phase versus noncompact strain

A phase is defined modulo 2𝜋. A physical energy built only from that compact coordinate
must assign the same value to 𝜑 and 𝜑 + 2𝜋. The function sinh 𝜑 is not periodic and therefore
cannot be the globally defined energy of an otherwise unconstrained compact phase. It can
instead describe a noncompact variable, or a local approximation with an explicitly restricted
domain and an eventual periodic completion.

The construction in the main text chooses sin 𝛿 and 1 − cos 𝛿 precisely so that its energy
is well defined on the phase torus. This is a model selection with an identifiable symmetry
reason. It does not prove that every admissible periodic potential has the same spectrum:
additional harmonics such as 1 − cos 2𝛿 change the nonlinear dynamics even though they
preserve the global symmetry.

Likewise, a complex expression such as

𝐹 = 𝜔𝑒𝑖𝜑 +
∑︁
𝑝

𝑔𝑝 sin(ℎ𝑝𝑟 + 𝑖𝜑) (14.9)

can be an amplitude or an intermediate complex kernel, but it is not generically a real scalar
energy. A real energy might be formed from a specified real part, a Hermitian quadratic form,
or paired conjugate terms. Each choice produces a different observable map. A complex
amplitude cannot be inserted into a Hamiltonian as a scalar potential without checking
Hermiticity and the intended physical role.

14.4 Energy-density differentiation

For a constant density scale 𝜌0 and a dimensionless correction 𝜀(𝑟),

𝜌𝑞 (𝑟) = 𝜌0

[
1 +

∑︁
𝑚

𝑑𝑚 tanh( 𝑓𝑚𝑟) + 𝜀(𝑟)
]
, (14.10)
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where 𝑓𝑚 has inverse-length units. Its derivative is

𝜌′𝑞 (𝑟) = 𝜌0

[∑︁
𝑚

𝑑𝑚 𝑓𝑚 sech2( 𝑓𝑚𝑟) + 𝜀′(𝑟)
]
. (14.11)

The factor 𝜌0 multiplies the correction derivative as well as the harmonic derivatives. If 𝜌0
varies, its product-rule contribution must also be retained. Integrating the density to obtain
energy introduces the cell geometry and boundary conditions. A force is then derived from
that energy with its physical coordinate held consistently, rather than by treating a density
derivative as a force without a volume factor.

14.5 The bounded pairing kernel

Consider the dimensionless geometric weight

𝑃(𝑟) = 1
1 + (𝑟/𝑑0)2

, 𝑑0 > 0. (14.12)

It lies in (0, 1] and falls as 𝑟−2. A bounded weight is not automatically a normalized
probability density. In three dimensions,∫

|𝑥 |<𝑅
𝑃( |𝑥 |) d3𝑥 = 4𝜋𝑑3

0

[
𝑅

𝑑0
− arctan(𝑅/𝑑0)

]
, (14.13)

which diverges as 𝑅 → ∞. A probability distribution over neighbors therefore requires a
finite graph, a cutoff, or a sufficiently fast additional envelope, followed by normalization.
Calling 𝑃 an interaction weight avoids that problem until a probability model is explicitly
introduced.

On a finite graph, a normalized neighbor-selection rule could be 𝑃𝑖 𝑗/
∑
𝑘∈N𝑖

𝑃𝑖𝑘 . That is a
valid additional stochastic rule, not a consequence of Hamiltonian determinism. Alternatively,
the same weights can enter a deterministic potential or graph Laplacian. The two uses should
not be interchanged when claiming an emergent Born rule.

14.6 Energy terms, phases and physical conversion

A spatially uniform, state-independent term 𝑏(𝜏) added to a quantum Hamiltonian produces
a common phase

𝑈𝑏 (𝜏) = exp
[
− 𝑖
ℏ

∫ 𝜏

0
𝑏(𝑠)d𝑠

]
𝑈0(𝜏). (14.14)

The density matrix and all expectation values remain the same. A relative energy shift between
coupled states changes their dynamics, and an off-diagonal coupling transfers amplitude. The
two-state construction in the main text makes this distinction explicit. An EQEF contribution
confined to a common phase cannot by itself determine an actuation efficiency.

For a time-dependent noncommuting Hamiltonian the correct propagator is

𝑈 (𝜏) = T exp
[
− 𝑖
ℏ

∫ 𝜏

0
𝐻 (𝑠)d𝑠

]
. (14.15)
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Using 𝑒−𝑖𝐻 (𝜏)𝜏/ℏ instead generally introduces extra derivative terms and omits time ordering.
For a constant Hamiltonian, the ordinary exponential is correct. A scalar formula for one
stationary eigenstate is not a full many-body evolution law until the Hamiltonian, domain and
state space have been selected.

14.7 A concrete recurrence check

The Bohr ground-state energy and classical orbital period are

𝐸1 = −1
2
𝑚𝑒𝑐

2𝛼2, 𝑇orb =
2𝜋ℏ

𝑚𝑒𝑐
2𝛼2 . (14.16)

Their product is 𝐸1𝑇orb/ℏ = −𝜋, not −2𝜋. Thus the stationary-state phase after that orbital
time is −1, not +1. Doubling the period restores a 2𝜋 phase recurrence, but gives no equation
selecting 𝛼: the same factor occurs in both energy and period and cancels. The distinction
between an orbital period and an energy-eigenstate phase period is part of the ordinary atomic
model [50, 51].

More fundamentally, a global sign of a state is not an observable difference. Imposing a
return of an unobservable global phase does not quantize an otherwise free coupling. Physical
recurrence conditions must concern relative phases, boundary conditions or observables.
This is why the selected lattice dispersion and nonlinear period ratio are meaningful model
consequences, while an identity obtained by substituting an 𝛼-dependent orbital period cannot
determine 𝛼.

14.8 A precise limit on what conservation alone selects

There is a simple constructive nonuniqueness argument. Both 𝐻∗ and

𝐻
(𝜆)
∗ = 𝐻∗ + 𝜆𝐾

∑︁
𝑒

(1 − cos 2𝛿𝑒), 𝜆 ≥ 0, (14.17)

preserve the compact phase, global phase symmetry, finite-state-variable evolution, positive
energy bound and exact total conservation. Yet their small-angle stiffnesses differ by 4𝜆𝐾,
and their nonlinear periods differ as well. Neither conservation nor the phrase potential-to-
actuation chooses 𝜆.

This does not disprove the physical idea. It proves that a unique numerical spectrum
requires an additional physical selection principle. The present paper freezes 𝜆 = 0 as its
explicit demonstration rather than quietly varying it until a number matches a measurement.
An additional term can be investigated, but doing so defines a new declared model whose
independent predictions must be tested anew.
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Part IV

Quantum transfer, matter and mass
structure
15. Quantum mechanics and field-theory recovery

15.1 The additional structure needed for a quantum state

Logical role: Conditional recovery from stated quantum assumptions.
Complex interference is compatible with quantum mechanics, but also occurs in classical

waves. A quantum completion adds a complex Hilbert space, a composition rule for separate
systems, a rule assigning probabilities to measurement outcomes, and appropriate reversible
or open-system dynamics. These assumptions cannot all be inferred from E|𝑍𝑁 |2 = 𝑁 .

An isolated state is represented by a normalized ray. A composite system uses a tensor
product H𝐴 ⊗ H𝐵, allowing states that cannot be written as a product. A mixed state is
represented by a positive operator 𝜌 with Tr 𝜌 = 1. The distinction between the classical
ensemble Π of Section 6 and the quantum density operator 𝜌 remains essential: identifying
them requires a specified map, not a change of notation.

15.2 Norm-preserving dynamics and the phase-energy relation

Suppose a differentiable isolated update is linear and norm preserving, with

𝑈 (Δ𝑡) = 𝐼 − i𝐺Δ𝑡 +𝑂 ((Δ𝑡)2). (15.1)

Expanding 𝑈†𝑈 = 𝐼 gives 𝐺† = 𝐺. Defining an action scale 𝜎 and the energy generator
𝐻 = 𝜎𝐺 gives

i𝜎𝜕𝑡 |𝜓⟩ = 𝐻 |𝜓⟩. (15.2)

When the scale is matched to ℏ, this is the Schrödinger equation. An energy eigenstate evolves
as 𝑒−i𝐸𝑡/ℏ, so its phase-rate magnitude satisfies 𝐸 = ℏ𝜔. The relationship follows from the
generator and the scale identification; it does not independently determine the numerical
action scale.

For a finite Hermitian matrix 𝐻, the Cayley update

𝑈𝐶 =

(
𝐼 + iΔ𝑡𝐻

2ℏ

)−1 (
𝐼 − iΔ𝑡𝐻

2ℏ

)
(15.3)

is exactly unitary where the inverse exists. This follows because both factors are functions
of the same Hermitian matrix. However, the inverse is generally dense even for a local 𝐻.
Exact norm preservation therefore does not prove the strict graph support cone of Section 10.
A finite-depth local quantum circuit provides another discrete architecture, with its locality
established directly from the gates.
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15.3 Recovering the Schrödinger equation from a specified short-time kernel

A different conditional route starts with the short-time kernel

𝐾 (x, x + 𝜼;Δ𝑡) =
( 𝑚

2𝜋iℏΔ𝑡

)𝑑/2
exp

[
i𝑚𝜂2

2ℏΔ𝑡
− i𝑉 (x)Δ𝑡

ℏ

]
. (15.4)

Assume composition by integration and a wavefunction smooth enough for the short-time
expansion. The normalized oscillatory Gaussian has vanishing first moment and second
moment ⟨𝜂𝑖𝜂 𝑗 ⟩ = iℏΔ𝑡 𝛿𝑖 𝑗/𝑚. Expanding the wavefunction to second order therefore gives

𝜓(𝑡 + Δ𝑡) = 𝜓 + iℏΔ𝑡
2𝑚
∇2𝜓 − i𝑉Δ𝑡

ℏ
𝜓 +𝑂 ((Δ𝑡)2), (15.5)

and hence
iℏ𝜕𝑡𝜓 = − ℏ2

2𝑚
∇2𝜓 +𝑉𝜓. (15.6)

The kernel already contains the action scale, mass, measure and composition structure. This
derivation explains how a phase-weighted action can recover quantum propagation once those
ingredients are supplied; it does not obtain them from a threshold crossing alone.

15.4 The probability rule and its assumptions

Under the usual Hilbert-space setting, a normalized noncontextual probability assignment
to projectors that is additive on mutually orthogonal subspaces has a strong mathematical
restriction. Gleason’s theorem, in Hilbert-space dimension at least three and under its measure
assumptions, yields

𝑝(𝑃) = Tr(𝜌𝑃) (15.7)

for a positive trace-one operator 𝜌 [4]. For a pure state and a one-dimensional projector this
becomes the Born expression 𝑝𝑖 = |⟨𝑖 |𝜓⟩|2.

This is a useful conditional bridge: the probability law is constrained once the Hilbert-space
and measurement assumptions hold. It is not a proof that the phasor model necessarily has
that measurement structure. The elementary dimension-two case is not covered by the same
projector-only theorem without additional assumptions or an embedding in a larger system. A
proposed primitive realization must therefore supply or derive the appropriate event algebra
and composition rule.

15.5 Measurements and realization as an instrument

An effective quantum realization can be represented by outcome operators 𝑀𝑟 satisfying∑︁
𝑟

𝑀†𝑟 𝑀𝑟 = 𝐼 . (15.8)

The probability and conditional post-event state are

𝑝𝑟 = Tr(𝑀𝑟𝜌𝑀
†
𝑟 ), 𝜌𝑟 =

𝑀𝑟𝜌𝑀
†
𝑟

𝑝𝑟
(𝑝𝑟 > 0). (15.9)
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When the outcome is not conditioned upon, the map is

E(𝜌) =
∑︁
𝑟

𝑀𝑟𝜌𝑀
†
𝑟 . (15.10)

It preserves positivity, normalization and positivity when the system is coupled to an arbitrary
ancillary system. Such completely positive dynamics provide the standard framework for a
physically consistent open-system limit; the continuous Markovian generator has the Lindblad
form [5].

For a local operation on subsystem 𝐴,

𝜌′𝐵 = Tr𝐴
∑︁
𝑟

(𝑀𝑟 ⊗ 𝐼)𝜌𝐴𝐵 (𝑀†𝑟 ⊗ 𝐼) (15.11)

= Tr𝐴

[
𝜌𝐴𝐵

∑︁
𝑟

(𝑀†𝑟 𝑀𝑟 ⊗ 𝐼)
]
= 𝜌𝐵. (15.12)

Thus the nonselective operation does not change the distant reduced state. Conditioning on an
outcome changes the conditional description, but the outcome label must be communicated
to use that conditioning. A nonlinear threshold rule on normalized quantum states must be
checked against this distinction rather than assumed to inherit it.

15.6 Entanglement and a Bell-type check

A local hidden-variable factorization with settings independent of the hidden variable gives a
simple bound. For outcomes 𝐴, 𝐴′, 𝐵, 𝐵′ ∈ {−1, 1},

𝐴(𝐵 + 𝐵′) + 𝐴′(𝐵 − 𝐵′) = ±2. (15.13)

Averaging yields the familiar absolute bound two on the corresponding four-correlation
combination. Quantum singlet correlations, obtained with the quantum probability and
tensor-product rules, instead have 𝐸 (a, b) = −a · b and can give 2

√
2 for suitably chosen axes.

This is the kind of distinction any quantum completion must confront, following the Bell
framework [6, 7].

The nonselective no-signalling calculation above and the failure of local hidden-variable
factorization are different statements. A viable completion should recover the quantum
correlations without turning a choice of measurement at one site into an operational signal at
another.

15.7 Canonical variables, fields and statistics

An action can provide a symplectic structure and classical Poisson brackets. Canonical
quantization then postulates or derives an operator representation with

[𝑥𝑖, 𝑝 𝑗 ] = iℏ𝛿𝑖 𝑗 . (15.14)

For Hermitian observables 𝐴 and 𝐵, positivity of ∥(𝐴 − ⟨𝐴⟩ + i𝜆(𝐵 − ⟨𝐵⟩)) |𝜓⟩∥2 for all real
𝜆 gives

Δ𝐴Δ𝐵 ≥ 1
2
|⟨[𝐴, 𝐵]⟩|. (15.15)
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The uncertainty relation follows within the operator structure; the structure itself is not
selected by a classical phasor sum.

For field modes, bosonic creation and annihilation operators satisfy commutation relations,
whereas fermionic operators satisfy anticommutation relations. In particular (𝑎†

𝑖
)2 = 0 for a

fermionic mode. Compact scalar winding does not by itself choose these statistics or a spinor
representation. A relativistic field completion must supply the representation, locality and
positivity assumptions on which spin and statistics are linked.

15.8 Open-system phase coherence as an engineering application

The effective density matrix may obey

¤𝜌 = − i
ℏ
[𝐻, 𝜌] +

∑︁
𝑎

(
𝐿𝑎𝜌𝐿

†
𝑎 −

1
2
{𝐿†𝑎𝐿𝑎, 𝜌}

)
. (15.16)

For a simple dephasing channel, off-diagonal matrix elements decay at a calculable rate. A
phase-aware controller can be evaluated by comparing fixed control and baseline protocols
on interleaved hardware runs, including calibration drift and the distribution of outcomes.

This is a distinct empirical route from fundamental unification. An improvement in
coherence control could establish the usefulness of an algorithm without demonstrating that
all of physics emerges from the same ontology. No hardware improvement factor is treated as
verified in this edition because the underlying shot records and matched controls were not
available for a fresh calculation.

16. From a phase factor to actual coherent conversion

16.1 Why an additive energy in a phase is not enough

Let 𝐻 be a Hermitian Hamiltonian and let 𝑏(𝜏) be a real number independent of the state.
Replacing 𝐻 by 𝐻 + 𝑏(𝜏)𝐼 gives

𝑈𝑏 (𝜏, 0) = 𝑒−i
∫ 𝜏

0 𝑏(𝑠)d𝑠/ℏ𝑈 (𝜏, 0). (16.1)

For every observable 𝑂,
𝑈
†
𝑏
𝑂𝑈𝑏 = 𝑈

†𝑂𝑈. (16.2)

Thus a common scalar energy shift has no effect on populations, transition probabilities
or expectation values. It changes an unobservable overall phase. A spatially varying
potential or a channel-dependent operator is different: it can change relative phases and forces.
The distinction identifies the additional mathematical structure required by a conversion
interpretation.

A general time-dependent Hamiltonian also cannot be replaced by 𝑒−i𝐻 (𝜏)𝜏/ℏ without
checking commutation. The correct propagator is

𝑈 (𝜏2, 𝜏1) = T exp
[
− i
ℏ

∫ 𝜏2

𝜏1

𝐻 (𝑠) d𝑠
]
. (16.3)
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Time ordering is unnecessary when the Hamiltonians commute at distinct times. Even in that
case the integral, not generally the terminal value times the duration, is required. This is a
correction of dynamics, not a numerical factor chosen to improve a constant.

16.2 The minimum Hamiltonian that transfers a population

Use a two-dimensional Hilbert space with basis |𝑃⟩, |𝐴⟩. Here the labels mean potential and
actuated sectors of a specified effective quantum model. They are not literal extra particle
species until an experimental identification is made. Set

𝐻2 = 𝐸0𝐼 +
(
Δ/2 𝑔

𝑔∗ −Δ/2

)
, Ω =

√︁
|𝑔 |2 + Δ2/4. (16.4)

The traceless part squares to Ω2𝐼. Expanding the exponential into even and odd powers
therefore yields

𝑈2(𝜏) = 𝑒−i𝐸0𝜏/ℏ
[
𝐼 cos

Ω𝜏

ℏ
− i(𝐻2 − 𝐸0𝐼)

Ω
sin

Ω𝜏

ℏ

]
. (16.5)

For initial state |𝑃⟩, the resulting actuated population is

𝑃𝐴 (𝜏) =
|𝑔 |2

|𝑔 |2 + Δ2/4
sin2

(√︁
|𝑔 |2 + Δ2/4

ℏ
𝜏

)
. (16.6)

The unconverted population is 1 − 𝑃𝐴. Population returns without disappearing from the
Hilbert space. Off-resonant detuning reduces the maximum transfer, and exact resonance
permits complete transfer in this ideal two-mode model. These are consequences of the
Hamiltonian, not assumptions about a universal decimal deficit.

The numerical implementation compares matrix exponentiation with (16.6) at three
detunings and 21 times each. It independently verifies total population and invariance under
a scalar energy shift. A plot illustrates the three complete trajectories, rather than selecting
the moment closest to a desired conversion fraction.

16.3 Probability conservation and energy conservation are different

Unitary evolution ensures ⟨𝜓 |𝜓⟩ = 1. For an autonomous 𝐻2, it also ensures ⟨𝐻2⟩ is constant.
The diagonal energy assigned to each label can change, while the off-diagonal interaction
contribution compensates. Dropping that contribution can create an apparent missing-energy
problem.

Explicitly, write 𝐻2 = 𝐻𝑃 + 𝐻𝐴 + 𝐻𝑃𝐴. Then

d
d𝜏
⟨𝐻𝑃 + 𝐻𝐴⟩ =

i
ℏ
⟨[𝐻𝑃𝐴, 𝐻𝑃 + 𝐻𝐴]⟩ = −

d
d𝜏
⟨𝐻𝑃𝐴⟩. (16.7)

A conversion fraction of population is an energy fraction only when the energy carried by the
labels and the interaction account justify that identification. Otherwise the two quantities
must be reported separately. This is especially important when comparing a particle count
with calorimetric energy.
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Figure 3: Coherent two-mode conversion for the declared model-unit coupling 𝑔 = 0.4 and three
detunings. These are calculated trajectories, not measured particle data. Return is a dynamical
consequence of the same Hermitian coupling that creates actuation.

16.4 The short-time law and the exponential approximation

Expanding (16.6) gives

𝑃𝐴 (𝜏) =
|𝑔 |2𝜏2

ℏ2 +𝑂 (𝜏4). (16.8)

By contrast a memoryless transition with constant rate Γ gives

1 − 𝑒−Γ𝜏 = Γ𝜏 +𝑂 (𝜏2). (16.9)

The two descriptions cannot be identical down to arbitrarily short time. An exponential rate
is an effective approximation after a bath limit, dephasing, coarse graining or a specified
renewal assumption. The microscopic phase-reserve construction need not, and generally
does not, produce that form at every resolution. This observation resolves an otherwise
artificial conflict between deterministic reversible dynamics and a convenient rate equation.

For a general normalized state of finite energy variance,

|⟨𝜓 |𝑒−i𝐻𝜏/ℏ |𝜓⟩|2 = 1 − (Δ𝐻)
2𝜏2

ℏ2 + 𝑜(𝜏2). (16.10)

The quadratic term follows by multiplying the Taylor expansions of the amplitude and its
conjugate. It motivates a direct short-time test only when the model specifies the accessible
preparation, bandwidth and measurement procedure. It is not a prediction of an experimentally
measurable time scale until Δ𝐻 is fixed.

16.5 A conservative dilation of apparent damping

An open expressed subsystem can lose amplitude while the total state remains pure and
normalized. For a simple single-excitation example,

|𝐴⟩|0𝑅⟩ ↦−→
√
𝑠 |𝐴⟩|0𝑅⟩ +

√
1 − 𝑠 |𝑃⟩|1𝑅⟩. (16.11)
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The two reserve states are orthogonal. Tracing the reserve produces the amplitude-damping
channel already defined in the effective field section. A full unitary extension exists after its
action on the complementary subspace is specified. If 𝐴 and 𝑃 have unequal energies, |1𝑅⟩
must carry the difference in an energy-conserving implementation. The map does not create
that energy by assigning a probability.

This is the quantum counterpart of eliminating a classical oscillator reserve. The
mathematical frameworks of completely positive maps and dynamical semigroups make the
reduced description precise [49, 5]. Their use here is conditional on Hilbert-space quantum
mechanics. Neither a reservoir nor an entangling unitary proves that classical threshold
ensembles obey the Born rule.

16.6 Phase coherence is not entanglement

A classical collection of phases can produce interference and a nonzero coherence statistic.
Entanglement refers instead to a composite quantum state that cannot be represented as a
convex combination of product states. For example,

|Ψ⟩ = |𝑃⟩𝐴 |𝐴⟩𝐵 − |𝐴⟩𝐴 |𝑃⟩𝐵√
2

(16.12)

is entangled under the supplied tensor-product composition. The correlation for spin-like
measurements along directions a, b is −a · b only after those measurement operators are
defined. Deterministic trajectories and unknown initial conditions alone do not supply the
tensor product or this measurement rule.

A full node derivation must identify the preparation measure, the local measurement
interactions and the resulting joint probabilities, including Bell-type experiments [6, 7, 37]. It
may choose a nonlocal, measurement-dependent or other carefully specified microscopic route,
but that choice changes assumptions and testable consequences. The present reconstruction
does not conceal such a choice inside the word chaos.

16.7 A useful negative result for a universal clock multiplier

If all two-mode energies are multiplied by the same positive factor 𝑞 while reference time is
used, then𝑈 (𝑡) = 𝑒−i𝑞𝐻2𝑡/ℏ = 𝑈2(𝜏) with 𝜏 = 𝑞𝑡. The amplitude of the conversion oscillation
remains |𝑔 |2/(|𝑔 |2 + Δ2/4) because 𝑔 and Δ scale together. Only the parameterization of the
trajectory changes.

Consequently, a clock multiplier by itself cannot fix an incorrect resonance contrast, a
mass ratio, or an electromagnetic coupling inferred from a same-clock frequency ratio. It can
fix an incorrect comparison of elapsed lifetimes or event rates. A physical EQEF effect on
contrast requires an interaction that changes the relative Hamiltonian entries or the reserve
coupling. That additional effect is a calculable hypothesis, not an automatic result of time
dilation.
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17. Gauge fields, matter and the Standard Model bridge

The conventional field-theory structures used in this section follow Yang–Mills gauge theory
and electroweak symmetry breaking [55, 56]; their recovery is conditional on the declared
field content.

17.1 Local phase covariance

Logical role: Conditional recovery; gauge group and field content declared.
Let a field transform as 𝜓(𝑥) ↦→ 𝑒i𝑞𝜒(𝑥)𝜓(𝑥). Ordinary differentiation introduces an extra

term proportional to 𝜕𝜇𝜒. Define

𝐷𝜇 = 𝜕𝜇 − i𝑞𝐴𝜇, 𝐴𝜇 ↦→ 𝐴𝜇 + 𝜕𝜇𝜒. (17.1)

Direct substitution gives 𝐷𝜇𝜓 ↦→ 𝑒i𝑞𝜒𝐷𝜇𝜓. The connection is the mathematical structure
needed to compare neighbouring phase conventions. Its curvature is

[𝐷𝜇, 𝐷𝜈] = −i𝑞𝐹𝜇𝜈, 𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 . (17.2)

If the effective action includes −𝐹𝜇𝜈𝐹𝜇𝜈/4 and a current coupling −𝐽𝜇𝐴𝜇, variation gives
∇𝜇𝐹𝜇𝜈 = 𝐽𝜈. Antisymmetry and the connection definition supply the homogeneous field
equation. This is the Maxwell sector after a kinetic action and source have been specified.

For a matrix connection 𝐷𝜇 = 𝜕𝜇 − i𝑔𝐴𝜇,

𝐹𝜇𝜈 = 𝜕𝜇𝐴𝜈 − 𝜕𝜈𝐴𝜇 − i𝑔[𝐴𝜇, 𝐴𝜈] . (17.3)

The commutator generates non-Abelian self-interactions. Nothing in a single compact scalar
phase alone selects which matrix group, representations or coupling 𝑔 should be used.

17.2 From a link action to a gauge kinetic term

A lattice transporter from 𝑥 + 𝑎𝜇̂ back to 𝑥 can be written

𝑃𝜇 (𝑥) = exp
[
−i𝑔0

∫ 𝑥+𝑎𝜇̂

𝑥

𝐴𝜇d𝑥𝜇
]

(17.4)

in an Abelian branch. The product around a small plaquette is 𝑃𝜇𝜈 = exp[−i𝑔0𝑎
2𝐹𝜇𝜈+𝑂 (𝑎3)].

For the Euclidean action
𝑆link = 𝛽

∑︁
𝑥,𝜇<𝜈

(
1 − Re 𝑃𝜇𝜈 (𝑥)

)
, (17.5)

expanding the cosine and converting the site sum to an integral yields

𝑆link −→
𝛽𝑔2

0
4

∫
d4𝑥 𝐹𝜇𝜈𝐹𝜇𝜈 . (17.6)

This illustrates the lattice-gauge route established by Wilson and its Hamiltonian development
[2, 3]. It derives the leading continuum operator from a declared link action, but leaves its
coefficient. Canonical normalization gives an effective matter coupling proportional to 1/

√
𝛽

in this convention. Selecting the topology of the links does not select 𝛽.
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17.3 The matter representations used for recovery

The effective recovery target adopts

𝐺SM = 𝑆𝑈 (3)𝐶 × 𝑆𝑈 (2)𝐿 ×𝑈 (1)𝑌 . (17.7)

The following table gives one generation in left-handed Weyl notation, together with a Higgs
doublet. These are declared Standard Model ingredients, not outputs already produced by R0.
The Particle Data Group reviews provide the external particle-physics convention set [8].

Field 𝑆𝑈 (3)𝐶 𝑆𝑈 (2)𝐿 Hypercharge 𝑌

𝑄 3 2 1/6
𝑢𝑐 3 1 −2/3
𝑑𝑐 3 1 1/3
𝐿 1 2 −1/2
𝑒𝑐 1 1 1
𝐻 1 2 1/2

Electric charge is 𝑄electric = 𝑇3 + 𝑌 in this convention. The superscript 𝑐 denotes the
left-handed conjugate of a right-handed particle, and therefore reverses the corresponding
Abelian charge.

17.4 What anomaly constraints can actually determine

A useful conditional derivation recovers the hypercharge ratios once the representations and
Yukawa structure are specified. Let 𝑞, ℎ, 𝑙 be the hypercharges of 𝑄, 𝐻, 𝐿. Gauge invariance
of the operators 𝑄𝐻𝑢𝑐, 𝑄𝐻†𝑑𝑐 and 𝐿𝐻†𝑒𝑐 gives

𝑢𝑐 = −𝑞 − ℎ, 𝑑𝑐 = −𝑞 + ℎ, 𝑒𝑐 = −𝑙 + ℎ, (17.8)

where the symbols on the right of the field names now denote their hypercharges. The
𝑆𝑈 (2)2𝑈 (1) anomaly requires 3𝑞 + 𝑙 = 0. The mixed gravitational–𝑈 (1) anomaly requires

6𝑞 + 3𝑢𝑐 + 3𝑑𝑐 + 2𝑙 + 𝑒𝑐 = 𝑙 + ℎ = 0. (17.9)

Hence 𝑙 = −3𝑞 and ℎ = 3𝑞. Choosing ℎ = 1/2 as the normalization gives the table above.
With those values,

2𝑞 + 𝑢𝑐 + 𝑑𝑐 = 0, (17.10)
6𝑞3 + 3(𝑢𝑐)3 + 3(𝑑𝑐)3 + 2𝑙3 + (𝑒𝑐)3 = 0. (17.11)

The pure colour anomaly cancels as 2 − 1 − 1 = 0. There are four weak doublets counting
colour, an even number, satisfying the parity condition associated with the global 𝑆𝑈 (2)
anomaly [9].

The supplied code checks these cancellations with exact rational arithmetic. This is a
conditional structural result, not a derivation of the gauge group or the number of generations.
Adding a right-handed-neutrino conjugate changes the constraint system: its charge can
cancel the mixed gravitational condition, and an additional anomaly-free direction can remain.
The field content must therefore be part of any uniqueness claim.
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17.5 Electroweak symmetry breaking and masses

Choose the effective potential

𝑉 (𝐻) = −𝜇2
𝐻𝐻
†𝐻 + 𝜆(𝐻†𝐻)2, 𝜇2

𝐻 > 0, 𝜆 > 0. (17.12)

At its minimum 𝐻†𝐻 = 𝑣2/2 with 𝑣2 = 𝜇2
𝐻
/𝜆. In a convenient gauge, 𝐻 = (0, (𝑣 + ℎ)/

√
2)𝑇 .

The quadratic fluctuation has
𝑚2
ℎ = 2𝜆𝑣2. (17.13)

The covariant kinetic term produces a charged-vector mass and a neutral mass matrix
proportional to (𝑔𝑊3 − 𝑔′𝐵)2. Diagonalization gives

𝑚𝑊 =
𝑔𝑣

2
, 𝑚𝑍 =

𝑣

2
√︁
𝑔2 + 𝑔′2, 𝑚𝛾 = 0, (17.14)

with tan 𝜃𝑊 = 𝑔′/𝑔 and 𝑒 = 𝑔 sin 𝜃𝑊 = 𝑔′ cos 𝜃𝑊 . These are derived relations within the
chosen Higgs and gauge action. The numerical values of 𝑔, 𝑔′, 𝑣 and 𝜆 remain inputs until a
microscopic calculation fixes them.

For fermions, a Yukawa matrix 𝑌 𝑓 gives 𝑀 𝑓 = 𝑌 𝑓 𝑣/
√

2. A singular-value decomposition
produces the masses and the left- and right-handed rotations. The mismatch of the left-handed
up- and down-quark rotations is

𝑉CKM = 𝐿†𝑢𝐿𝑑 . (17.15)

Thus the mixing matrix is calculable once the Yukawa matrices are known. Naming a
persistent node as a fermion does not determine those matrices.

17.6 Neutrino mass and oscillation structure

One possible effective neutrino extension uses the dimension-five operator

L5 = −
𝑐𝛼𝛽

2Λ
(𝜖𝑎𝑏𝐿𝑎𝛼𝐻𝑏) (𝜖𝑐𝑑𝐿𝑐𝛽𝐻

𝑑) + h.c., (17.16)

with the Weyl-spinor contraction understood. In this convention it yields 𝑀𝜈 = 𝑐 𝑣
2/(2Λ).

This is a Majorana-mass option, not an assumption that the experimental question of neutrino
mass type is already settled. A Dirac extension introduces different fields and parameters.

After diagonalizing the charged-lepton and neutrino sectors, the mixing matrix𝑈 enters
the propagation amplitude

A𝛼→𝛽 =
∑︁
𝑖

𝑈𝛽𝑖 exp

(
−

i𝑚2
𝑖
𝐿

2𝐸

)
𝑈∗𝛼𝑖 (17.17)

in natural units and the relativistic vacuum limit. Squaring gives

𝑃𝛼→𝛽 = 𝛿𝛼𝛽 − 4
∑︁
𝑖> 𝑗

Re𝐾𝑖 𝑗 sin2 Δ𝑖 𝑗 + 2
∑︁
𝑖> 𝑗

Im𝐾𝑖 𝑗 sin(2Δ𝑖 𝑗 ), (17.18)

𝐾𝑖 𝑗 =𝑈𝛽𝑖𝑈
∗
𝛼𝑖𝑈
∗
𝛽 𝑗𝑈𝛼 𝑗 , Δ𝑖 𝑗 =

Δ𝑚2
𝑖 𝑗
𝐿

4𝐸
. (17.19)

Matter changes the Hamiltonian, as implemented in Volume II. Oscillation probabilities
become event predictions only after flux, cross section, efficiencies, backgrounds and
reconstructed-energy response are included.
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17.7 Chirality and a lattice implementation

For a naive Euclidean lattice Dirac operator, replacing 𝑘𝜇 by sin(𝑘𝜇𝑎)/𝑎 introduces additional
zeros at edges of the Brillouin zone. The conditions under which chirality and a simple local
lattice spectrum conflict are formalized by the Nielsen–Ninomiya results [10]. They apply to
specified assumptions, not to every conceivable discrete completion.

Constructive alternatives modify the regulator or the lattice chiral symmetry. The Ginsparg–
Wilson relation and overlap constructions provide examples; Lüscher shows how a modified
exact lattice chiral symmetry avoids the assumptions of the naive formulation [11, 12]. A
node-based matter model must specify which mechanism it uses and verify the continuum
representations. A scalar phase field alone does not supply a chiral fermion determinant.

17.8 Running couplings and composite matter

For an 𝑆𝑈 (3) gauge theory with 𝑛 𝑓 active Dirac fundamental flavours, the one-loop running
is

𝜇
d𝑔𝑠
d𝜇

= −
𝑏0𝑔

3
𝑠

16𝜋2 , 𝑏0 = 11 −
2𝑛 𝑓

3
. (17.20)

Integrating gives
1

𝑔2
𝑠 (𝜇)

=
1

𝑔2
𝑠 (𝜇0)

+ 𝑏0

8𝜋2 log
𝜇

𝜇0
. (17.21)

A dimensional scale can be introduced as

Λ = 𝜇 exp
[
− 8𝜋2

𝑏0𝑔
2
𝑠 (𝜇)

]
(17.22)

at this order. The appearance of a scale through running is important, but the integration
constant and matching conditions have not disappeared. This perturbative equation also does
not itself calculate the nonperturbative hadron spectrum.

Stable or metastable node candidates must have calculable energies, decay channels and
quantum numbers. In a Hamiltonian description, bound states satisfy 𝐻̂ |𝑛⟩ = 𝐸𝑛 |𝑛⟩ below
the relevant continuum threshold. A resonance width Γ corresponds to lifetime ℏ/Γ when Γ

is in energy units. Scattering amplitudes and phase space then determine how such states
appear in detectors.

17.9 A useful stability test for localized field matter

Consider a static real scalar configuration in 𝑑 spatial dimensions with positive gradient
energy 𝑇 and nonnegative potential energy 𝑉 . Under the rescaling 𝜙𝜆 (𝑥) = 𝜙(𝑥/𝜆),

𝐸 (𝜆) = 𝜆𝑑−2𝑇 + 𝜆𝑑𝑉. (17.23)

Stationarity requires (𝑑 − 2)𝑇 + 𝑑𝑉 = 0. For 𝑑 = 3, this excludes a nontrivial stable
finite-energy stationary configuration within that narrowly specified positive-energy scalar
model. This calculation identifies what a viable matter construction must add: for example
a conserved time-dependent charge, gauge structure, topological boundary conditions or
additional derivative terms with a controlled stability analysis.
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A persistent pattern is therefore a meaningful matter candidate only after its lifetime and
stability have been demonstrated in the chosen dynamics. The same test is useful rather than
discouraging: it distinguishes an actual binding mechanism from a relabelling of a spreading
wave packet.

18. Particles as stable structures: spectrum, charge and decay

18.1 The energy of an excitation must be measured from a reference state

A localized pattern is a particle candidate only after its physical properties are identified. Its
energy is a difference relative to a declared background, including gradient, interaction and
reserve contributions. If a relativistic effective branch exists, the rest mass is the rest-frame
excitation energy divided by 𝑐2:

𝑚𝑐2 = 𝐸excitation − 𝐸vacuum. (18.1)

This is not generally the positive magnitude of a binding energy. For two already massive
constituents with positive binding energy 𝐵, the bound-state rest energy is (𝑚1 + 𝑚2)𝑐2 − 𝐵.
Other field configurations may have most of their mass in positive field and interaction
energies. The sign and background subtraction must come from the Hamiltonian.

An eigenproblem 𝐻𝜓 𝑗 = 𝐸 𝑗𝜓 𝑗 is meaningful after the operator, domain, boundary
conditions and state space are specified. Naming an unknown eigenvalue electron mass does
not determine its value or quantum numbers. The finite classical ring in this paper supplies
normal-mode frequencies and nonlinear trajectories. It does not yet supply electron, quark
and neutrino representations or their measured masses.

18.2 A localized minimum and its Hessian

For a conservative finite-dimensional system with equilibrium configuration 𝑞∗, expand

𝐻 = 𝐻∗ +
1
2
𝛿𝑝𝑇𝑀−1𝛿𝑝 + 1

2
𝛿𝑞𝑇𝐾𝛿𝑞 +𝑂 (𝛿𝑞3). (18.2)

The mode eigenproblem is 𝐾𝑣 = 𝜔2𝑀𝑣. With positive 𝑀, positive eigenvalues of the
relevant constrained Hessian give real oscillation frequencies. Exact symmetry directions
produce zero modes and should be factored out before declaring an instability. Negative
eigenvalues give exponentially growing and decaying solutions; a positive mode does not
have an imaginary frequency in the convention 𝑒−i𝜔𝑡 .

This distinction corrects a common confusion between a growth exponent 𝑠 and an
oscillation frequency 𝜔. Stability means Re 𝑠 ≤ 0 for a dissipative linear flow, or appropriate
neutral oscillations in a conservative one. Since 𝑠 = −i𝜔, those criteria should not be
interchanged without the convention. The pole calculations in the test volume use both forms
explicitly.
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18.3 Why a scalar lump is not automatically stable

For a static real scalar field in three spatial dimensions with positive gradient energy 𝑇 and
nonnegative potential energy 𝑉 , spatial rescaling gives

𝐸 (𝜆) = 𝜆𝑇 + 𝜆3𝑉. (18.3)

Stationarity at 𝜆 = 1 would require 𝑇 + 3𝑉 = 0, which permits only the trivial configuration
under these assumptions. This is the content of the elementary scaling obstruction associated
with Derrick’s analysis [54]. The result is conditional: it does not exclude lattice-pinned
excitations, time-dependent charged configurations, gauge fields, topological boundary
conditions or controlled higher-derivative terms.

It is therefore useful as a design test. A claimed stable particle must exhibit the feature
that evades the restricted scaling argument. The feature then becomes part of the physical
model and must be checked for positive energy and acceptable propagation. Simply asserting
that a nonlinear term confines the field is not enough.

18.4 A worked topological example

In one spatial dimension consider a real field with energy

𝐸 =

∫
d𝑥

[
1
2
(𝜕𝑥𝜙)2 +

𝜆𝑠

4
(𝜙2 − 𝑣2)2

]
, 𝜆𝑠 > 0. (18.4)

For boundary values 𝜙(−∞) = −𝑣 and 𝜙(∞) = 𝑣, complete the square:

𝐸 =
1
2

∫
d𝑥

[
𝜙′ −

√︂
𝜆𝑠

2
(𝑣2 − 𝜙2)

]2

(18.5)

+
√︂
𝜆𝑠

2

∫ 𝑣

−𝑣
(𝑣2 − 𝜙2) d𝜙. (18.6)

The lower bound is
𝐸 ≥ 2

√
2𝜆𝑠
3

𝑣3. (18.7)

It is attained by

𝜙(𝑥) = 𝑣 tanh

[
𝑣

√︂
𝜆𝑠

2
(𝑥 − 𝑥0)

]
. (18.8)

This is a stable minimum within the specified topological boundary sector. Its translation 𝑥0
is a zero mode. The calculation demonstrates a genuine persistent field configuration and
an energy fixed by its model parameters. It is not an electron: it has the wrong dimensional
setting and no supplied electron charge, spin or statistics. Its value here is to show what an
actual stability proof looks like.

A compact phase on a ring similarly has an integer winding when a continuous interpolation
with admissible phase differences is defined. Whether that integer is exactly conserved
depends on allowed defects, amplitude zeros and boundary processes. Topological labels are
powerful, but cannot be treated as absolute conservation laws while simultaneously allowing
arbitrary graph reconnection that changes them.
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18.5 Mass hierarchies and the quantum numbers

Different stable structures may have different energies under one Hamiltonian. This is the
legitimate meaning of a shared theory producing a particle spectrum. It does not require
every particle to have the same energy or the same apparent conversion fraction. It requires
that the Hamiltonian, representation content and fundamental couplings not be retuned to
each observed mass.

A relativistic spinor satisfies a Clifford-algebra construction rather than an ordinary
scalar phase equation. Requiring a first-order Hamiltonian 𝐻 = 𝑐𝜶 · p + 𝛽𝑚𝑐2 to square to
𝑐2𝑝2 + 𝑚2𝑐4 gives

{𝛼𝑖, 𝛼 𝑗 } = 2𝛿𝑖 𝑗 𝐼, {𝛼𝑖, 𝛽} = 0, 𝛽2 = 𝐼 . (18.9)

This yields the Dirac structure once the required representation is introduced [52]. It is a
conventional recovery target. The compact scalar rotor coordinates of the present finite model
do not by themselves select this representation or a chiral Standard Model multiplet.

The distinction matters experimentally. A model could reproduce a rest-energy number
while giving the wrong spin, magnetic moment, exchange statistics or scattering angular
distribution. Those are failures of the particle identification even when the mass is numerically
close. A convincing first alignment must therefore state which observable and which physical
state it concerns.

18.6 Decay widths from the same interaction

If a state is unstable, its lifetime must follow from allowed couplings and accessible final
states. In a weakly coupled quantum effective description, the decay width has the schematic
form

Γ𝑖→ 𝑓 =
1

2𝑀𝑖

∫
dΦ 𝑓 |M𝑖→ 𝑓 |2 (18.10)

in natural units, with symmetry factors and spin averages specified. The Lorentz-invariant
phase space enforces four-momentum conservation. The proper lifetime is ℏ/Γ when Γ is
expressed as an energy. Branching fractions are ratios of partial widths to their sum [8].

A threshold determines whether a channel can open; it does not determine its amplitude. A
lookup table of known masses can correctly forbid kinematically inaccessible channels while
still predicting no cross section or lifetime. The microscopic completion must supply the
interaction matrix elements or their deterministic ensemble analogue. This is where collider
and decay tests become more informative than conservation identities.

A measured laboratory lifetime includes time dilation. Once a rest lifetime is used to
normalize a rate, a moving lifetime tests the transformation law, not an independent derivation
of that rest lifetime. Any additional conversion mechanism must be introduced in the
rest-frame dynamics and then transformed consistently. The same rule applies to metastable
atoms, mesons and precision clocks.

18.7 Neutrino phases and common energy offsets

With a specified mass matrix and mixing matrix, relativistic propagation has eigenphases
𝑚2
𝑖
𝐿/(2𝐸) in natural units. A common offset to all 𝑚2

𝑖
contributes only an overall phase
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to oscillations. Measured oscillations therefore determine differences and mixing, not
an absolute common mass without additional information. Matter adds flavor-dependent
forward-scattering terms, whose standard formulation is due to Wolfenstein and subsequent
work [59, 8].

The two-flavor result follows directly by diagonalizing a 2 × 2 Hermitian Hamiltonian:

𝑃𝛼→𝛽 = sin2(2𝜃) sin2
(
Δ𝑚2𝐿

4𝐸

)
. (18.11)

The similarity to (16.6) is mathematical, not proof that the new two-label reserve is a neutrino
flavor system. That identification would require the observed weak-interaction preparation
and detection states, the correct mixing matrix and a common physical mass spectrum.

18.8 Dark configurations and observational accountability

A weakly interacting stable mode could be a dark-sector candidate only after its abundance,
gravitational stress and scattering interactions are specified. A configuration that is electro-
magnetically neutral is not automatically cosmologically abundant. A reservoir that stores
energy is not automatically cold matter. A light scalar need not have the equation of state of a
cosmological constant.

The same selected completion must connect its microscopic population to cosmological
evolution, lensing and laboratory scattering. Different experimental domains constrain
different combinations of those quantities. This is why the recoil and cosmology chapters
retain abundance and interaction maps rather than absorbing their uncertainties into an
unnamed universal constant. The model is falsifiable only when those maps are fixed before
comparison.

19. Constants without numerical retrofitting

19.1 Dimensionless predictions come first

Logical role: Dimensional analysis and an identifiability result.
A numerical value depends on its units unless the quantity is dimensionless. Rescaling

the units of length, time and mass changes the numerical values of dimensional quantities
without changing the underlying physics. A dimensionless primitive model therefore needs
an operational conversion before it can output metres, seconds or kilograms. This is not a
restriction against emergent scales. It is a requirement to specify what a generated internal
scale is being compared with.

Mass ratios, coupling strengths, mixing angles and normalized spectral ratios avoid that
ambiguity. An internally generated length ℓ∗, time 𝑡∗ and action scale 𝜎∗ can later be matched
through relations such as

𝑐eff = 𝑣∗
ℓ∗
𝑡∗
, ℏeff = 𝑠∗𝜎∗, 𝐺eff = 𝑔∗

𝑐3
effℓ

2
∗

ℏeff
, (19.1)
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where 𝑣∗, 𝑠∗, 𝑔∗ are dimensionless outputs only if the microscopic model fixes them. These
equations organize a possible scale map; assigning their right-hand sides to reproduce
measurements is calibration.

The SI assigns exact numerical values to 𝑐, ℎ, 𝑒 and 𝑘𝐵. It does not make every
dimensionless combination of electromagnetic quantities an exact definition. In the present SI,
the electromagnetic coupling and the associated vacuum electromagnetic constants are linked
through measurement rather than the older convention in which the vacuum permeability was
fixed exactly. The NIST 2022 adjustment is the benchmark source used here [13].

19.2 Why a Planck identity is not a constant prediction

Given supplied ℏ, 𝑐 and 𝐺, define

ℓ𝑃 =

√︂
ℏ𝐺

𝑐3 , 𝑡𝑃 =

√︂
ℏ𝐺

𝑐5 , 𝐸𝑃 =

√︂
ℏ𝑐5

𝐺
. (19.2)

Algebra immediately gives ℓ𝑃/𝑡𝑃 = 𝑐 and 𝐸𝑃𝑡𝑃 = ℏ. These identities are useful unit and
implementation checks. They do not contain an independent equation from which the input
constants can be determined. Replacing their names with node scales does not change the
dependency.

A noncircular calculation must instead generate a relation that was not used to define
the scales. For example, a microscopic spectrum could predict a ratio of two stable masses.
Matching one mass to a reference unit would then leave a testable prediction for the other.
The second mass cannot be used while choosing the microscopic rule.

19.3 The electromagnetic normalization calculation

Consider an effective Abelian sector in natural units,

L = −𝑍𝐹
4
𝐹𝜇𝜈𝐹

𝜇𝜈 + 𝜓
[
i𝛾𝜇 (𝜕𝜇 − i𝑞𝑔0𝐴𝜇) − 𝑚

]
𝜓, 𝑍𝐹 > 0. (19.3)

The canonical field is 𝐴can
𝜇 =

√
𝑍𝐹𝐴𝜇. Therefore

𝑒phys =
𝑞𝑔0√
𝑍𝐹
, 𝛼EM =

𝑞2𝑔2
0

4𝜋𝑍𝐹
. (19.4)

This is the essential normalization step. Compactness may quantize 𝑞 relative to a basic
charge. It does not fix the positive coefficient 𝑍𝐹 .

Proposition 19.1 (Coupling identifiability). If a set of primitive or effective assumptions
permits both 𝑍𝐹 = 𝑍1 and 𝑍𝐹 = 𝑍2 ≠ 𝑍1, while retaining the same specified 𝑞 and 𝑔0, it does
not determine a unique electromagnetic coupling.

Proof. Both choices satisfy those assumptions, but (19.4) gives 𝛼2/𝛼1 = 𝑍1/𝑍2 ≠ 1.
Therefore the assumptions do not imply a unique value. □

The proposition identifies a concrete calculation to perform; it does not preclude a
microscopic rule from selecting 𝑍𝐹 . A complete derivation would obtain the effective action
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from the microscopic measure and update, extract the transverse gauge two-point function,
canonically normalize the charged fields and match to the same physical observable used in
the experimental determination.

Schematically,

Γ
(2)
𝜇𝜈 (𝑞) = 𝑍𝐹 (𝜇) (𝑞2𝑔𝜇𝜈 − 𝑞𝜇𝑞𝜈) + gauge-fixing and higher-order terms. (19.5)

The required coefficient is a calculated response of the model, not an integer chosen to make
an attractive decimal expansion. A useful computation must also state the renormalization
prescription, the particles contributing to the running and the threshold matching to the
low-energy electromagnetic coupling.

19.4 Running does not erase boundary conditions

A renormalization-group equation specifies how a coupling changes with scale. Integrating it
requires a boundary condition or a uniquely selected fixed-point trajectory. Thus reproducing
a beta function is substantial structural work, but it is not by itself a calculation of the coupling
at a particular physical energy.

Dimensional transmutation can generate an exponentially separated scale, as the strong-
coupling example in Section 12 illustrates. That mechanism offers a principled route to
large hierarchies. Whether the required boundary condition follows from the node dynamics
remains a separate calculation. Neither an exponential formula nor a topological label makes
an otherwise adjustable parameter disappear.

19.5 The benchmark ledger

The measured target is kept distinct from the derivation. NIST gives the low-energy inverse
fine-structure constant as 137.035999177(21) in the 2022 adjustment [13]. It is listed for
comparison, not used anywhere in the threshold, seam, lattice or clock calculations. No
expression in this book is fitted to that decimal value.

Quantity Present role What makes it a prediction

Capacity exponent and
amplitude scale

Declared in R0; alternative
all-time law derived from a
declared error budget

A physical microscopic principle
selects the law and parameters.

Mean resultant 𝑚 Declared coherence param-
eter in the renewal example

Derived distribution or dynamics
fixes 𝑚 independently of a clock
measurement.

𝛼EM Measured comparison target The normalized gauge response
and low-energy matching fix it.

Particle mass ratios and
mixing

Effective spectrum and
Yukawa targets

One microscopic spectrum and in-
teraction algebra determine them.
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Quantity Present role What makes it a prediction

𝐺 and the action scale Physical matching quanti-
ties

Generated scale relations and a uni-
versal gravitational response fix the
relevant dimensionless combina-
tions.

𝐻0, densities and 𝑟𝑑 Supplied cosmology bench-
mark inputs

One expansion and thermal history
derives them or predicts indepen-
dent combinations.

Graviton mass coeffi-
cient

Parameter constrained by a
published propagation anal-
ysis

A microscopic-to-waveform map
fixes the coefficient before compar-
ison.

Dark-sector scattering
strength

Required input to a recoil
prediction

A specified stable species and por-
tal determine the interaction and
abundance.

19.6 A practical non-retrofit rule

Every numerical result has a parameter record. Parameters may be defined, derived, calibrated
on a declared training sample, or supplied for a comparator. A holdout prediction uses none of
its target data to choose the functional form, discrete branch, tolerances or nuisance settings.
A new model version can be developed after a comparison, but its next test needs a fresh
holdout.

The present calculations are reproducible analyses of already visible public information.
Hashing the code and input files records their identity; it does not retroactively make the
calculations blind or prospectively registered. This distinction is especially important when
the target is a famous constant whose value is already known to the analyst.

19.7 What the clock correction changes

A coordinate-time factor changes the representation of rates; it does not by itself select
the invariant coefficient 𝑍𝐹 in the gauge kinetic term. For two frequencies measured by
the same local clock, the common clock factor cancels from their ratio. An EQEF field
may alter a coupling only if its interaction with the charged and gauge fields changes the
normalized response. Such an interaction must be calculated before comparing the coupling
with experiment.

Accordingly, the earlier numerical coefficient denoted 𝑛𝑐 is not replaced here by 1− 𝜂, 𝜂, a
proper-time rate or a clock factor. Those substitutions would be new physical hypotheses, not
consequences of the chain rule. A time correction can repair a wrongly compared lifetime or
counting rate while leaving a dimensionally inconsistent coupling formula unchanged. The
test volume explicitly checks this separation.
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20. Atomic structure and the meaning of a constant calculation

20.1 From a normalized gauge interaction to a Coulomb problem

A recovery calculation begins with the effective charged-particle and Maxwell sectors, not
with a desired decimal value. In SI notation the static Maxwell equation is ∇ · E = 𝜌𝑒/𝜖0.
For a point source 𝑞 and spherical symmetry, integration over a sphere gives 4𝜋𝑟2𝐸𝑟 = 𝑞/𝜖0.
Choosing the potential to vanish at infinity yields 𝑉𝑒 = 𝑞/(4𝜋𝜖0𝑟). Two charges therefore
have interaction energy 𝑞1𝑞2/(4𝜋𝜖0𝑟). This fixes the familiar inverse-distance form after the
field equation and normalization have been supplied.

For a hydrogenic nucleus of charge 𝑍𝑒 and an electron, the nonrelativistic relative-
coordinate Hamiltonian is

𝐻C = − ℏ
2

2𝜇
∇2 − 𝑍𝛼ℏ𝑐

𝑟
, 𝜇 =

𝑚𝑒𝑚𝑁

𝑚𝑒 + 𝑚𝑁

, 𝛼 =
𝑒2

4𝜋𝜖0ℏ𝑐
. (20.1)

The reduced mass follows by separating the center of mass of a two-body kinetic energy. It
is not an optional correction chosen after the answer is known. The infinite-nuclear-mass
limit is 𝜇 → 𝑚𝑒; measurements of a real hydrogen atom also require nuclear size, recoil,
relativistic and radiative effects. Modern constant adjustments distinguish these ingredients
and their correlations [39, 13].

20.2 A dimensionless radial equation

Define the length 𝑎𝜇 = ℏ/(𝜇𝑐𝛼) and the energy scale 𝐸𝜇 = 𝜇𝑐2𝛼2. With 𝑟 = 𝑎𝜇𝑥, the
Schrödinger eigenproblem becomes[

−1
2
∇2
𝑥 −

𝑍

𝑥

]
𝜓 = 𝜀𝜓, 𝐸 = 𝐸𝜇𝜀. (20.2)

Separation into spherical harmonics gives the radial equation for 𝑢(𝑟) = 𝑟𝑅(𝑟),

− ℏ
2

2𝜇
𝑢′′ +

[
ℏ2𝑙 (𝑙 + 1)

2𝜇𝑟2 − 𝑍𝛼ℏ𝑐
𝑟

]
𝑢 = 𝐸𝑢. (20.3)

For a bound state write 𝐸 = −ℏ2𝑘2/(2𝜇), 𝑢 = 𝑟 𝑙+1𝑒−𝑘𝑟𝑣(𝑟). Regularity at the origin and
square integrability at infinity require the remaining confluent-hypergeometric series to
terminate. Its termination condition is 𝜇𝑍𝛼𝑐/(ℏ𝑘) = 𝑛, where 𝑛 = 𝑛𝑟 + 𝑙 + 1 is a positive
integer. Thus

𝐸𝑛 = −
𝜇𝑐2(𝑍𝛼)2

2𝑛2 . (20.4)

The spectrum is a genuine consequence of the specified Coulomb Hamiltonian. Its dependence
on𝛼 does not determine𝛼: every positive value of that input defines a corresponding consistent
spectrum.

This distinction is central to the reconstructed theory. A node model that yields this
Hamiltonian has recovered an important law. To predict the coupling or mass ratio, it must
also determine the normalization and spectrum from which 𝛼 and 𝜇 are calculated. Replacing
an experimental ionization energy into (20.4) and solving for 𝑚𝑒 is an inverse measurement
relation, not a parameter-free mass derivation.
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20.3 What spectral ratios do predict

When the approximations of (20.4) apply, many ratios no longer depend on the supplied scale.
For example,

𝐸3 − 𝐸1
𝐸2 − 𝐸1

=
1 − 1/9
1 − 1/4 =

32
27
. (20.5)

This dimensionless ratio is a prediction of the Coulomb problem. It is not new to MNT.
It nevertheless illustrates the right logical pattern: a common Hamiltonian fixes several
observables, and ratios can remain testable after an overall energy unit is calibrated. Relativistic
and finite-size corrections change the ratio in calculable ways and must be included before a
precision comparison.

For a small additional Hermitian interaction 𝛿𝐻, the leading shift is

𝛿𝐸𝑛 = ⟨𝑛|𝛿𝐻 |𝑛⟩, (20.6)

with degenerate perturbation theory used where appropriate. An EQEF interaction would
have to specify this operator. An unspecified percentage added to each level has no predictive
content. If 𝛿𝐻 = 𝑏𝐼, all transition energies are unchanged; this is the phase-shift result
of Section 16. A spatial or state-dependent coupling can instead alter the spectrum and is
testable.

20.4 A concrete matrix-element example

For the normalized hydrogenic 1𝑠 state in the infinite-nuclear-mass approximation,

𝜓1𝑠 (𝑟) =
1√︃
𝜋𝑎3

0

𝑒−𝑟/𝑎0 , 𝑎0 =
ℏ

𝑚𝑒𝑐𝛼
, (20.7)

a proposed short-range interaction 𝛿𝑉 (𝑟) = 𝑔𝑋𝑒−𝑟/ℓ/𝑟 gives

𝛿𝐸1𝑠 =
4𝑔𝑋
𝑎3

0

∫ ∞

0
𝑟 𝑒−(2/𝑎0+1/ℓ)𝑟 d𝑟 (20.8)

=
4𝑔𝑋

𝑎3
0(2/𝑎0 + 1/ℓ)2

. (20.9)

Here 𝑔𝑋 has units of energy times length. The integral is elementary and demonstrates how
an independently specified interaction produces a level shift. It does not identify 𝑔𝑋 or ℓ with
an EQEF value. That identification must follow from the microscopic response, not from a
measured Lamb-shift residual.

The short-range limit ℓ ≪ 𝑎0 gives 𝛿𝐸1𝑠 ≃ 4𝑔𝑋ℓ2/𝑎3
0. The long-range limit gives

𝛿𝐸1𝑠 → 𝑔𝑋/𝑎0. These checks expose dimensional or asymptotic mistakes before any data
are fitted. Other levels must use the same 𝑔𝑋 , ℓ and their own wavefunctions. A simultaneous
spectroscopic test is then meaningful.

20.5 Radiative structure is not an arbitrary remainder

For a Dirac particle with minimal electromagnetic coupling the tree-level gyromagnetic factor
is 𝑔 = 2. Radiative corrections change the magnetic moment. The leading electron anomaly
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is
𝑎𝑒 =

𝑔𝑒 − 2
2

=
𝛼

2𝜋
+𝑂 (𝛼2), (20.10)

as obtained in quantum electrodynamics [53]. The omitted terms are not free adjustments:
they follow from a specified renormalized theory, with mass-dependent and other contributions
at higher orders. A model cannot claim agreement at the measured precision merely by
retaining the leading term. Conversely, recovering QED consistently provides a systematic
route to those corrections once its physical inputs are fixed.

In a new interaction model, a change to a magnetic moment, a scattering amplitude and a
level shift can be linked. Calculating only the observable that happens to agree is insufficient.
The action, field content, regulator and matching prescription must be common. This is one
reason the present paper emphasizes the effective-action coefficients rather than a catalog of
isolated numerical coincidences.

20.6 Derived constants and their dependencies

Several useful scales follow algebraically from 𝛼, 𝑚𝑒, ℎ, 𝑐:

𝑅∞ =
𝛼2𝑚𝑒𝑐

2ℎ
, 𝑎0 =

ℏ

𝑚𝑒𝑐𝛼
, (20.11)

𝑟𝑒 =
𝛼ℏ

𝑚𝑒𝑐
, 𝜆𝐶 =

ℎ

𝑚𝑒𝑐
, (20.12)

𝜇𝐵 =
𝑒ℏ

2𝑚𝑒
, 𝜎𝑇 =

8𝜋
3
𝑟2
𝑒 . (20.13)

The classical radius 𝑟𝑒 is a conventional electromagnetic scale, not a measurement that the
electron is a rigid sphere of that radius. The Thomson cross section is the low-energy limit
for a free electron. The Bohr radius and Rydberg constant are infinite-nuclear-mass reference
scales. Assigning each formula its domain prevents a mathematically correct identity from
becoming a misleading physical claim.

A small change in inputs gives

𝛿𝑅∞
𝑅∞

= 2
𝛿𝛼

𝛼
+ 𝛿𝑚𝑒
𝑚𝑒
+ 𝛿𝑐
𝑐
− 𝛿ℎ
ℎ

(20.14)

at first order. Hence multiplying every named constant by the same correction does not
preserve their algebraic relationships. If 𝛼, 𝑚𝑒, 𝑐, ℎ were all multiplied by 𝑠, the Rydberg
expression would scale as 𝑠3, not 𝑠. A universal physical cause can have different derived
effects, but those effects have to follow from the dependencies, not from applying the same
percentage everywhere.

20.7 The proper-time spectral test

For a locally stationary system, an energy difference Δ𝐸 contributes relative phase Δ𝐸 Δ𝜏/ℏ.
Two transitions measured by the same local clock give

𝜈1
𝜈2

=
Δ𝐸1
Δ𝐸2

. (20.15)
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The common clock factor cancels. Comparing the same transition at different gravitational
potentials requires the metric frequency transfer as well. These two kinds of experiment are
complementary: local ratios test relative couplings; transported comparisons test gravitational
and kinematic response. Treating either as an absolute measurement of potential-to-actuation
efficiency confuses distinct observables.

A meaningful EQEF test of atomic structure would derive 𝛿𝐻 from the same reserve or
field interaction used elsewhere, calculate several independent transition shifts, retain clock
and propagation effects, and compare the joint pattern. The present construction supplies a
conservative mechanism and an inference framework. It does not insert a measured 𝛼 into
that mechanism and call the result an independent derivation of electromagnetism.

Part V

Fields, geometry and continuum matching
21. From conversion resistance to a field model

21.1 What an effective realization must add

The author’s field-like tension description fixes a conservation interpretation, not a unique
action. To calculate a field value one must specify its degrees of freedom, kinetic normalization,
interactions, initial or boundary data and observables. This section gives several familiar
mathematical realizations so that the consequences can be worked out without inventing a
new physical vocabulary. Each is an illustrative completion. They are not silently attributed
to the earlier source or treated as equivalent alternatives after data are inspected.

A scalar is the simplest covariant example. In natural units 𝑐 = ℏ = 1, let 𝜙 have action

𝑆 =

∫
d4𝑥
√−𝑔

[
𝑀2

2
𝑅 − 1

2
∇𝜇𝜙∇𝜇𝜙 −𝑉 (𝜙) + L𝐴 (𝜓, 𝑔) −𝑊 (𝜙, 𝜓)

]
. (21.1)

The field equation is
□𝜙 −𝑉,𝜙 −𝑊,𝜙 = 0. (21.2)

This equation follows by integrating the kinetic variation by parts, imposing the appropriate
boundary conditions and varying 𝜙. The stress tensor of the uncoupled scalar piece is

𝑇
𝜙
𝜇𝜈 = ∇𝜇𝜙∇𝜈𝜙 − 𝑔𝜇𝜈

[
1
2
(∇𝜙)2 +𝑉 (𝜙)

]
. (21.3)

Its divergence is (□𝜙 −𝑉,𝜙)∇𝜈𝜙. On the field equation this is𝑊,𝜙∇𝜈𝜙. The complementary
matter-plus-interaction tensor carries the opposite divergence, and their sum is covariantly
conserved. How interaction energy is assigned to the two tensors is a convention; the total is
the physical conservation statement.
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21.2 A reserve is not automatically a vacuum-energy fluid

A slowly varying scalar with potential-dominated energy can have pressure close to minus
its density. A kinetic-dominated canonical scalar has positive pressure equal to its density.
A massive oscillating field can have a different averaged equation of state. These regimes
require an action and a solution, not only the phrase unused potential. The cosmology section
works out the associated balances after declaring the effective branch.

For a canonical homogeneous scalar,

𝜌𝜙 =
1
2
¤𝜙2 +𝑉, 𝑝𝜙 =

1
2
¤𝜙2 −𝑉. (21.4)

Their ratio depends on the solution. It is therefore inappropriate to identify every unconverted
contribution with a cosmological constant. The proposed interpretation leaves this role to be
determined by the constitutive and gravitational dynamics.

21.3 Tension, gradients and propagation

A field can resist spatial variation through a positive gradient energy. For a static canonical
field in a local flat region,

𝐸 [𝜙] =
∫

d3𝑥

[
1
2
|∇𝜙 |2 +𝑉 (𝜙)

]
. (21.5)

Variation gives −∇2𝜙 +𝑉,𝜙 = 0. Expanding around a stationary background 𝜙0 gives a linear
perturbation equation whose mass term is 𝑉 ′′(𝜙0). Positive kinetic energy and a nonnegative
relevant Hessian are stability checks. A word such as tension does not guarantee them.

An explicitly kinetic generalization is𝑃(𝑋, 𝜙)with 𝑋 = −1
2𝑔

𝜇𝜈𝜕𝜇𝜙𝜕𝜈𝜙. On a homogeneous
timelike background, the decoupled perturbation has

𝑐2
𝑠 =

𝑃𝑋

𝑃𝑋 + 2𝑋𝑃𝑋𝑋
, (21.6)

under the specified effective description [14]. Positivity of numerator and denominator gives
elementary gradient and kinetic requirements. In a coupled gravitational or multifield system
the full matrices must be examined. This is how a qualitative resistance picture becomes a
calculation of response, rather than an arbitrary damping number.

21.4 Damping requires somewhere for the transferred content to go

A damped expression such as ¥𝑥 + 𝛾 ¤𝑥 + 𝜔2𝑥 = 0 decreases the oscillator energy at rate −𝛾 ¤𝑥2.
To represent the author’s conservation premise, a reserve must gain the corresponding amount,
or the oscillator must be understood as an open subsystem of a larger conservative system.
An unexplained friction term alone is not the full model.

The two-oscillator construction of Section 7 demonstrates coherent exchange. Coupling to
many modes can yield approximately irreversible damping over a declared time range. The
resulting memory kernel, noise and dissipation then depend on the reservoir spectrum and its
state. Assuming a memoryless constant damping rate is an approximation that must be stated.
The same field parameter should determine the damping and any linked spectral shift if the
microscopic dynamics require both.
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21.5 A quantum transfer channel

For a two-label Hilbert-space example with expressed state |𝐴⟩ and reserve state |𝑃⟩, a
survival factor 𝑠 = 𝑒−Γ𝜏 defines

𝐾0 =
√
𝑠 |𝐴⟩⟨𝐴| + |𝑃⟩⟨𝑃 |, 𝐾1 =

√
1 − 𝑠 |𝑃⟩⟨𝐴|. (21.7)

The map 𝜌 ↦→ ∑
𝑖 𝐾𝑖𝜌𝐾

†
𝑖

is completely positive, and
∑
𝑖 𝐾
†
𝑖
𝐾𝑖 = 𝐼 proves trace preservation.

For initial |𝐴⟩, the expressed population is 𝑠 and the reserve population is 1 − 𝑠. This
demonstrates transfer without losing probability from the total description.

Energy conservation is a separate requirement. If the two labels have different energies,
the difference must be included in an additional bath or interaction degree of freedom. For an
equal-energy label model, conservation of occupancy is compatible with a constant assigned
carrier energy. A trace identity must not be advertised as a derivation of all physical energy
accounting.

A Markovian open-system formulation can be written using a Lindblad generator [5]. If
the generator is L𝜏, the reference-time equation is ¤𝜌 = 𝑞(𝑡)L𝜏𝜌. Its complete positivity is
preserved for a positive change of clock. Multiplying a state amplitude by an efficiency and
then renormalizing can conceal the very missing events one intends to test; the nonselective
map and the recorded outcomes must be retained.

21.6 No-signalling and conditioning

For a bipartite state, a trace-preserving local map on subsystem 𝐵 leaves the reduced state of
𝐴 unchanged:

𝜌′𝐴 = Tr𝐵
∑︁
𝑖

(𝐼 ⊗ 𝐾𝑖)𝜌𝐴𝐵 (𝐼 ⊗ 𝐾†𝑖 ) (21.8)

= Tr𝐵

[
𝜌𝐴𝐵 (𝐼 ⊗

∑︁
𝑖

𝐾
†
𝑖
𝐾𝑖)

]
= 𝜌𝐴. (21.9)

This is an exact consequence of the supplied Hilbert-space and channel structure. It is not a
derivation of those structures from classical phase thresholds. Conditioning on a selected
outcome can change a conditional state, but the selection information must be communicated
to use that state. Ignoring that distinction can turn a detector-selection bias into an apparent
physical signal.

21.7 Connection to the completed response calculation

The completed memory and response calculations in Sections 2 and 3 supply a concrete
example of the object needed here, rather than an arbitrary number called the field loss. It is a
response function calculated from the selected primitive dynamics. A possible program is
to specify a stationary ensemble, perturb an external source, calculate a retarded response
and extract low-frequency transport coefficients. The same generating functional should
determine energy exchange, correlations and the normalization of effective fields.
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For example, if an external source 𝑗 couples to an observable 𝑂, its linear response is
schematically

𝛿⟨𝑂 (𝑡)⟩ =
∫

𝜒𝑅 (𝑡, 𝑡′) 𝑗 (𝑡′) d𝑡′. (21.10)

The kernel is an output only after the evolution, state and coupling are fixed. Its imaginary and
real parts govern dissipative and reactive response in the appropriate setting. No numerical
kernel is inferred here from a collection of unrelated experimental residuals. The construction
identifies precisely what must be computed to turn field-like conversion resistance into
common cross-domain predictions.

22. A covariant phase–gravity completion

22.1 The action and its declared domain

Logical role: Conditional effective completion; not derived from R0.
A covariant action provides a common framework in which phase, amplitude, matter and

geometry exchange energy consistently. In natural units with metric signature (−,+,+,+),
consider

𝑆 =

∫
d4𝑥
√−𝑔

[
𝑀2
∗

2
𝐹 (𝜌)R − 1

2
𝑍 (𝜌)∇𝜇𝜌∇𝜇𝜌 + 𝑃(𝑋, 𝜌) −𝑉 (𝜌) + L𝑚

]
, (22.1)

where
𝑄𝜇 = 𝜕𝜇𝜃 − 𝑞𝐴𝜇, 𝑋 = −1

2
𝑔𝜇𝜈𝑄𝜇𝑄𝜈 . (22.2)

R is the Ricci scalar, not the primitive reinforcement functional 𝑅. 𝑀∗ has mass dimension
one, 𝐹 is dimensionless, and 𝑃 and 𝑉 have mass dimension four. The normalization of
𝜌 determines the dimensions assigned to 𝑍 . The matter Lagrangian includes the chosen
Standard Model fields and any declared extra sector.

The functions 𝐹, 𝑍 , 𝑃 and 𝑉 specify an effective model family. A microscopic completion
would calculate them, together with its domain of validity. Writing them down does not
uniquely identify that completion. Their advantage is that equations of motion, stability and
observational effects can now be derived consistently instead of attached separately to each
phenomenon.

22.2 Metric variation and the stress tensor

Define 𝑇𝑚𝜇𝜈 = −(2/
√−𝑔)𝛿𝑆𝑚/𝛿𝑔𝜇𝜈. Up to the boundary term needed for a well-posed metric

variation, varying (22.1) gives

𝑀2
∗𝐹𝐺𝜇𝜈 = 𝑇

𝑚
𝜇𝜈 + 𝑇

𝜌,𝜃
𝜇𝜈 + 𝑀2

∗ (∇𝜇∇𝜈𝐹 − 𝑔𝜇𝜈□𝐹), (22.3)

where
𝑇
𝜌,𝜃
𝜇𝜈 = 𝑍𝜕𝜇𝜌𝜕𝜈𝜌 −

𝑍

2
𝑔𝜇𝜈 (∇𝜌)2 + 𝑃𝑋𝑄𝜇𝑄𝜈 + 𝑔𝜇𝜈 (𝑃 −𝑉). (22.4)

The potential appears once, in 𝑔𝜇𝜈 (𝑃 −𝑉). It must not be counted again as a separate term
after being included in the phase-sector stress tensor.
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The metric derivative of 𝐹R produces both 𝐹𝐺𝜇𝜈 and the two derivatives of 𝐹. These
terms are essential whenever the effective gravitational strength varies with the amplitude
field. Omitting them would spoil the consistency between metric and scalar equations.

22.3 Amplitude and phase equations

Varying 𝜌, with 𝑃,𝜌 taken at fixed 𝑋 , gives

𝑍□𝜌 + 1
2
𝑍,𝜌 (∇𝜌)2 +

𝑀2
∗

2
𝐹,𝜌R + 𝑃,𝜌 −𝑉,𝜌 = 0. (22.5)

If there is no explicit 𝜃 dependence, the phase equation is

∇𝜇 (𝑃𝑋𝑄𝜇) = 0. (22.6)

The overall sign assigned to the corresponding conserved current is a charge convention.
Gauge-field variation includes the phase contribution to the gauge current as well as the
matter contribution.

These equations follow from one action. They therefore permit a consistent exchange of
energy between the sectors. Diffeomorphism invariance relates the divergence of the metric
equation to the scalar, gauge and matter equations. For minimally coupled matter on its
equations of motion, ∇𝜇𝑇 𝜇𝜈𝑚 = 0; with explicit scalar–matter couplings, the exchange terms
must instead be retained.

22.4 The Einstein limit

Take 𝐹 → 𝐹0 > 0 constant, decouple any extra propagating scalar effects in the regime of
interest, and let the vacuum part of 𝑃 −𝑉 supply a constant energy density. Equation (22.3)
then has the Einstein form

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 = 8𝜋𝐺 𝑇𝜇𝜈, 8𝜋𝐺 =
1

𝑀2
∗𝐹0

(22.7)

in natural units. The last relation identifies the gravitational coefficient in this decoupled limit.
In a theory with a light nonminimally coupled scalar, a local gravitational-force measurement
can include scalar exchange as well, so its effective Newton constant need not equal the bare
tensor coefficient alone.

Restoring SI units gives
𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 =

8𝜋𝐺
𝑐4 𝑇𝜇𝜈 . (22.8)

This is a conditional recovery from the covariant action. The remaining microscopic question
is why the primitive realization produces the action and its coefficients.

22.5 Newtonian gravity, clocks and trajectories

In the weak-field, slow-motion regime with negligible extra scalar force, write

𝑔00 = −(1 + 2Φ/𝑐2), |Φ|/𝑐2 ≪ 1. (22.9)
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The leading 00 Einstein equation gives

∇2Φ = 4𝜋𝐺𝜌𝑚 . (22.10)

The slowly moving geodesic equation then reduces to ¥x = −∇Φ. A stationary clock measures

d𝜏 =
√−𝑔00 d𝑡 ≃ (1 +Φ/𝑐2)d𝑡. (22.11)

Thus the same metric determines gravitational force and clock rate. A phase-based clock
interpretation becomes quantitatively useful only if its phase accumulation follows the same
proper-time relation for all tested clock species.

For a free relativistic point particle, the action 𝑆 = −𝑚𝑐2
∫

d𝜏 gives the geodesic equation.
A quantum phase 𝑒i𝑆/ℏ then accumulates at rest-rate magnitude 𝑚𝑐2/ℏ. This is a bridge
between phase, inertial mass and proper time after the action is supplied, not a separate
derivation of a mass spectrum.

22.6 Stability and the number of degrees of freedom

The tensor kinetic term requires 𝐹 > 0. Under an Einstein-frame rescaling, the radial kinetic
coefficient includes

𝐾𝜌 =
𝑍

𝐹
+ 3𝑀2

∗
2

(
𝐹,𝜌

𝐹

)2
. (22.12)

Positivity of 𝐾𝜌 is the radial-sector kinetic requirement in this field convention. For a
homogeneous timelike phase background in a fixed-radial, decoupled phase analysis, the
usual conditions are

𝑃𝑋 > 0, 𝑃𝑋 + 2𝑋𝑃𝑋𝑋 > 0, 𝑐2
𝑠 =

𝑃𝑋

𝑃𝑋 + 2𝑋𝑃𝑋𝑋
. (22.13)

They follow by expanding 𝑃(𝑋) to quadratic order in a phase perturbation: the denominator
multiplies the time-derivative term and the numerator the spatial-gradient term. The
corresponding general phase-fluid relations are standard in the k-inflation literature [14].

These conditions address specified subsectors. They are not a substitute for diagonalizing
the full coupled scalar kinetic and gradient matrices on a time-dependent background. A
potential minimum and a positive mass matrix must also be checked when assessing stability
of a proposed vacuum.

A minimally coupled metric has two propagating tensor polarizations in its Einstein regime.
A radial scalar and an ungauged phase generally add scalar modes. If a gauged phase is
absorbed through a Higgs or Stueckelberg mechanism, the vector acquires a longitudinal
degree of freedom instead. A physical completion must account for these modes and their
couplings rather than count every phase structure as already part of the observed particle
spectrum. In particular, the connection in this phase sector is not automatically the observed
electromagnetic field: a charged condensate can give a gauge vector a mass, so a physical
identification must preserve the required massless photon.
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22.7 Gravitational-wave propagation in this action

For transverse-traceless tensor perturbations ℎ𝑖 𝑗 about a spatially flat homogeneous back-
ground, the quadratic tensor action in natural units is

𝑆
(2)
𝑇

=
𝑀2
∗

8

∫
d𝑡 d3𝑥 𝑎3𝐹

[
¤ℎ𝑖 𝑗 ¤ℎ𝑖 𝑗 −

𝜕𝑘ℎ𝑖 𝑗𝜕𝑘ℎ𝑖 𝑗

𝑎2

]
. (22.14)

Varying gives, for each tensor polarization,

¥ℎ +
(
3𝐻 +

¤𝐹
𝐹

)
¤ℎ + 𝑘

2

𝑎2 ℎ = 0. (22.15)

The tensor speed equals one in these natural units for the specified action. A changing 𝐹
affects amplitude damping. In the geometric-optics regime, with the source and detector
assumptions treated consistently, this gives the propagation relation

𝑑GW
𝐿
(𝑧)

𝑑EM
𝐿
(𝑧)

=

√︄
𝐹 (0)
𝐹 (𝑧) . (22.16)

This is a different observable from a graviton mass. The action (22.1) does not contain a
tensor mass term merely because it includes a phase field. A mass-dispersion test is a separate
phenomenological branch unless an explicit microscopic matching generates that operator.

22.8 A constraint check for genuine metric recovery

A covariant metric theory contains constraints as well as evolution equations. In an Einstein-
limit canonical decomposition, the lapse and shift enforce the Hamiltonian and momentum
constraints. With reduced Planck coefficient 𝑀2

𝑚𝑃𝑙
= 𝑀2

∗𝐹0 and zero cosmological constant
for this displayed form,

H⊥ =
2

𝑀2
𝑚𝑃𝑙

√
ℎ

(
𝜋𝑖 𝑗𝜋

𝑖 𝑗 − 1
2
𝜋2

)
−
𝑀2
𝑚𝑃𝑙

√
ℎ

2
(3)R +H𝑚

⊥ = 0, (22.17)

H𝑖 = −2𝐷 𝑗𝜋
𝑗
𝑖 +H𝑚

𝑖 = 0. (22.18)

Recovering a gravitational wave equation alone is not enough to establish these constraints
or the universal matter coupling. A microscopic geometry calculation should show how its
gauge redundancy and constraint algebra produce the same physical degrees of freedom in
the appropriate regime.

22.9 Black-hole limits and their normalization

In the decoupled Einstein vacuum, a spherical solution has

d𝑠2 = −
(
1 − 𝑟𝑠

𝑟

)
𝑐2d𝑡2 +

(
1 − 𝑟𝑠

𝑟

)−1
d𝑟2 + 𝑟2dΩ2, 𝑟𝑠 =

2𝐺𝑀
𝑐2 . (22.19)

The vanishing of the stationary coordinate clock rate at 𝑟𝑠 is not itself a divergence of the
freely falling local clock. Curvature is tested by invariants, such as

K = 𝑅𝜇𝜈𝜌𝜎𝑅
𝜇𝜈𝜌𝜎 =

48𝐺2𝑀2

𝑐4𝑟6 . (22.20)
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For rotating solutions, horizon area also depends on angular momentum. With 𝜒 =

𝑐𝐽/(𝐺𝑀2),

𝐴 = 8𝜋
(
𝐺𝑀

𝑐2

)2 (
1 +

√︁
1 − 𝜒2

)
. (22.21)

A merger area test therefore needs spin information and a properly separated inspiral–ringdown
inference, not just subtraction of catalog mass medians.

The semiclassical entropy and temperature are

𝑆𝑚𝐵𝐻 =
𝑘𝐵𝐴

4ℓ2
𝑃

, 𝑇𝑚𝐻 =
ℏ𝑐3

8𝜋𝐺𝑀𝑘𝐵
. (22.22)

Bekenstein’s entropy argument and Hawking’s particle-creation calculation provide the
external physical basis for these relations [15, 16]. A microscopic capacity interpretation
must reproduce the coefficient as well as the area scaling. If a proposed model simply assigns
𝑞 independent states to each area patch 𝑎0, then 𝑆 = 𝑘𝐵 (𝐴/𝑎0) log 𝑞. Matching the entropy
fixes 𝑎0 = 4ℓ2

𝑃
log 𝑞; without an independent derivation of the patch scale and state count,

this is matching rather than a new prediction.

22.10 Finite phase gradients do not automatically resolve curvature

Consider the illustrative saturating kinetic form

𝑃(𝑋) = Λ4
∗

(
1 −

√︃
1 − 2𝑋/Λ4

∗

)
. (22.23)

Its real domain is 𝑋 ≤ Λ4
∗/2, not |𝑋 | ≤ Λ4

∗/2. Negative spacelike values are not bounded
below by this square root. Moreover,

𝑃𝑋 = (1 − 2𝑋/Λ4
∗)−1/2, 𝑐2

𝑠 = 1 − 2𝑋/Λ4
∗ (22.24)

in the homogeneous timelike phase sector. The energy density 2𝑋𝑃𝑋 − 𝑃 diverges as 𝑋
approaches the upper endpoint from below. Thus an upper bound on one phase invariant does
not by itself bound the stress tensor or every curvature invariant.

A constructive singularity analysis must solve the coupled field equations, exhibit regular
invariants and geodesic behaviour, and match the exterior tested regime. The finite-gradient
ansatz can be studied as a candidate ingredient, but it is not labelled a completed singularity-
resolution proof here.

22.11 Exchange with the conversion field

The revised interpretation permits exchange between the expressed sector and the potential
reservoir. In a covariant effective description the appropriate statement is

∇𝜇𝑇 𝜇𝜈𝐴 = 𝑄𝜈, ∇𝜇𝑇 𝜇𝜈𝑃 = −𝑄𝜈, ∇𝜇𝑇 𝜇𝜈tot = 0, (22.25)

with interaction terms assigned consistently to the sector tensors. A positive local energy
transfer is 𝑄 = −𝑢𝜈𝑄𝜈 for a timelike unit observer 𝑢𝜇. The spatial projection of 𝑄𝜈 describes
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momentum transfer. An energy-only loss law is therefore insufficient for a relativistic drag
mechanism: the momentum and stress response must be specified as well.

If the EQEF contribution is already included in 𝑇 𝜇𝜈
𝑃

or in the scalar-sector stress tensor,
it must not be added again as an independently fitted missing-energy density. Likewise, an
effective metric that already describes the field’s clock effect must not receive the same effect
a second time through an additional lapse multiplier. The alternatives in Section 6 are distinct
physical branches.

23. What it takes for a network to reproduce gravitational dynamics

The relativistic reference equations in this section use Einstein gravity [60].

23.1 Propagation geometry is not yet a gravitational field equation

A slowly varying quadratic network action can have the continuum form

𝑆𝜃 =
1
2

∫
d𝑡 d3𝑥

[
𝐴(𝑥) (𝜕𝑡𝜃)2 − 𝐵𝑖 𝑗 (𝑥)𝜕𝑖𝜃𝜕𝑗𝜃

]
. (23.1)

Its principal differential operator determines characteristic propagation. Under appropriate
positivity conditions one can represent that operator using an effective Lorentzian metric, up to
the normalization and conformal information supplied by the measure and lower-order terms.
This is a useful operational geometry. It does not by itself supply an equation determining 𝐴
or 𝐵𝑖 𝑗 from matter, nor does it guarantee that all species share the same characteristics.

The distinction is familiar in analogue gravity: a medium can produce an effective metric
for selected excitations without reproducing the Einstein dynamics of that metric [61]. In the
present reconstruction the finite graph, inertia and link stiffness are inputs. Their collective
scalar wave equation is derived. A dynamical tensor gravitational sector is an additional
physical construction, not a consequence of naming link stiffness curvature.

23.2 An explicit metric completion and its variation

Once a spacetime metric and a generally covariant matter action are supplied, the simplest
two-derivative metric completion is

𝑆 =
𝑐3

16𝜋𝐺

∫
d4𝑥
√−𝑔(𝑅 − 2Λ) + 𝑆𝑚 [𝑔, 𝜓] . (23.2)

Here 𝑥0 = 𝑐𝑡, so the gravitational prefactor is 𝑐3. Define the stress tensor consistently by

𝛿𝑆𝑚 = − 1
2𝑐

∫
d4𝑥
√−𝑔 𝑇𝜇𝜈𝛿𝑔𝜇𝜈 . (23.3)

After including the appropriate boundary term or fixing admissible boundary variations, the
metric variation gives

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 =
8𝜋𝐺
𝑐4 𝑇𝜇𝜈 . (23.4)

The result is a correct recovery from an Einstein–Hilbert action. To derive it microscopically,
the network calculation must produce the curvature term, its sign and coefficient, the correct
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constraints, and universal matter coupling. A coefficient proportional to 𝐺 is not determined
merely by declaring a Planck length constructed from 𝐺.

The contracted Bianchi identity implies ∇𝜇𝑇 𝜇𝜈 = 0 for the combined source. If expressed
matter transfers energy to an EQEF field, its own stress tensor need not be separately conserved.
The total, including the receiving sector and the interaction contribution, must satisfy the
identity. This is the covariant extension of the finite-cell energy balance, not a demand that
every expanding cosmology have a unique conserved global numerical energy.

23.3 The Newtonian limit checks both sign and normalization

Write a static weak metric as

d𝑠2 = −(1 + 2Φ/𝑐2)𝑐2d𝑡2 + (1 − 2Ψ/𝑐2)𝛿𝑖 𝑗d𝑥𝑖d𝑥 𝑗 . (23.5)

For a slow test body the spatial geodesic equation gives ¥x = −∇Φ to leading order. In the
Einstein limit with negligible anisotropic stress, Φ = Ψ, and the field equation reduces to

∇2Φ = 4𝜋𝐺𝜌𝑚 . (23.6)

For an isolated spherical mass this gives Φ = −𝐺𝑀/𝑟 . A stationary clock satisfies

d𝜏
d𝑡
≃ 1 + Φ

𝑐2 , (23.7)

while a slow moving one has the additional −𝑣2/(2𝑐2) term. The same potential controls
falling bodies and clock progression. An alternative EQEF account of gravity must reproduce
their common relationship, not fit a clock factor independently of the force law.

A term 1 − 𝐸/𝑐2 with 𝐸 an energy is not such a clock factor: 𝐸/𝑐2 has units of mass.
The correct weak gravitational ratio uses potential per unit mass, Φ/𝑐2. Reconstructing
the intended idea therefore requires identifying which physical potential the node energy
produces and through which stress-energy response.

23.4 Tensor modes and the universal propagation test

For the minimally coupled Einstein branch on a homogeneous background, the transverse
traceless metric perturbation has two polarizations and a quadratic action proportional to

𝑆𝑇 ∝
∑︁
𝑠=+,×

∫
d𝑡 d3𝑥 𝑎3

[
¤ℎ2
𝑠 −

𝑐2

𝑎2 (∇ℎ𝑠)
2
]
. (23.8)

The shared kinetic and gradient normalization gives tensor speed 𝑐. This is compatible with
the selected multimessenger constraint [34]. It is a property of this metric completion, not
evidence that an arbitrary scalar phase lattice already contains the tensor degrees of freedom.

A more general effective tensor action has coefficients 𝐺𝑇 and 𝐹𝑇 for the time and spatial
terms, giving 𝑐2

𝑇
= 𝐹𝑇/𝐺𝑇 in natural units. The microscopic matching must determine both.

Stability requires positive kinetic energy and no negative gradient coefficient. Recovering a
single propagation speed requires the matter light cone to agree as well. These conditions are
equations to be checked, not terminology.
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23.5 An alternative thermodynamic route and its explicit assumptions

Jacobson’s equation-of-state derivation provides a second useful matching target [62]. In
natural units 𝑐 = 𝑘𝐵 = 1, assume an entropy density 𝑠𝐴 per horizon area, the local Unruh
temperature 𝑇 = ℏ𝜅/(2𝜋), and the Clausius relation 𝛿𝑄 = 𝑇𝛿𝑆 for every local Rindler
horizon. Let 𝑘𝜇 be a null generator with affine parameter 𝜆, and use a local boost generator
proportional to −𝜅𝜆𝑘𝜇.

The matter heat flux and leading area change are proportional to

𝛿𝑄 = −𝜅
∫
𝜆𝑇𝜇𝜈𝑘

𝜇𝑘𝜈 d𝜆 d𝐴, (23.9)

𝛿𝑆 = −𝑠𝐴
∫
𝜆𝑅𝜇𝜈𝑘

𝜇𝑘𝜈 d𝜆 d𝐴. (23.10)

The second expression follows from the Raychaudhuri equation when expansion and shear
vanish at the selected point to the order considered. Equality for all null directions yields

𝑇𝜇𝜈𝑘
𝜇𝑘𝜈 =

ℏ𝑠𝐴

2𝜋
𝑅𝜇𝜈𝑘

𝜇𝑘𝜈 . (23.11)

Therefore 𝑅𝜇𝜈 + 𝑓 𝑔𝜇𝜈 = (2𝜋/ℏ𝑠𝐴)𝑇𝜇𝜈 for some scalar 𝑓 . Conservation and the Bianchi
identity give 𝑓 = −𝑅/2 + Λ, so

𝐺𝜇𝜈 + Λ𝑔𝜇𝜈 =
2𝜋
ℏ𝑠𝐴

𝑇𝜇𝜈, 𝐺 =
1

4ℏ𝑠𝐴
. (23.12)

This is not a free derivation from the word entropy. Horizon entropy proportional to area,
the local temperature, the Clausius law and universal local equilibrium are substantive
assumptions. A node derivation could attempt to calculate 𝑠𝐴 and justify these hypotheses,
but it cannot obtain 𝐺 by inserting the known area law and then count 𝐺 as independently
predicted.

23.6 Torsion as a distinct extension

The source ideas also allow local frame orientation and spin. An Einstein–Cartan completion
uses a tetrad and an independent spin connection. Varying the connection relates torsion
algebraically to the spin current for the simplest action. Eliminating that torsion produces
a local spin-dependent interaction [63]. This supplies a conventional framework for a
spin-sensitive lattice extension.

The presence of torsion does not automatically eliminate all singularities, nor does a
pair of spin-1/2 constituents automatically form a spin-1/2 particle. Representation theory
gives 1/2 ⊗ 1/2 = 0 ⊕ 1. A viable fermion construction must specify an appropriate
microscopic representation, odd composite, topological sector or other mechanism. No
numerical calibration can repair the wrong representation.

The present scalar phase-reserve Hamiltonian deliberately does not pretend to be that full
spinorial construction. It establishes conservative conversion and a controllable continuum
scalar limit. The spin and metric chapters state the extra structures needed to extend it and
the constraints those structures must meet.
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23.7 The matching calculation in executable terms

A microscopic gravity calculation would choose background configurations and define coarse
observables representing geometry. It would perturb the background, compute two-point and
higher response functions, identify any tensor poles and constraints, and compare the resulting
effective action to the covariant target. Gauge-dependent quantities must not be mistaken
for observable modes. A scalar mode that shares a speed with light is not automatically a
graviton.

At the same time, the matter effective action must be derived using the same background
and normalization. The weak-field potential, clock rates, lensing and wave propagation then
follow from one set of coefficients. If those coefficients require different fundamental values
in different experiments, the selected microscopic completion fails. This gives the broad
unification test a precise form without asserting that a sum of familiar terms has already
accomplished it.

24. Statistical mechanics, radiation and a conservative reserve

24.1 A deterministic state and an ensemble are different objects

Hamiltonian evolution assigns a unique trajectory to each specified initial state. Statistical
mechanics assigns a measure to a set of such states. These are compatible descriptions, but
the measure is additional information. In particular, a canonical distribution is not implied by
the existence of a conserved Hamiltonian alone. It represents an equilibrium preparation with
a temperature and a specified set of accessible degrees of freedom.

For the finite model, Liouville’s equation is

𝜕𝜏 𝑓 + { 𝑓 , 𝐻∗} = 0. (24.1)

Integration over phase space preserves normalization. Under admissible boundary conditions,
the fine-grained Gibbs entropy 𝑆𝐺 = −𝑘𝐵

∫
𝑓 log 𝑓 dΓ is constant, because Hamiltonian flow

is incompressible. Apparent entropy increase in a reduced subsystem comes from coarse
graining, correlations and ignored reserve variables. It is not destruction of the information
in the full trajectory.

Tracing or integrating out the reserve generally introduces memory. Assuming that
the reduced system is instantaneously memoryless is a further approximation. The exact
derivation in Section 2 shows explicitly where that approximation enters. It also shows why
the state of the reserve affects the result: two experiments with identical phase coordinates
but different stored-mode preparation need not have identical subsequent conversion.

24.2 The canonical normalization and energy fluctuations

For a system in equilibrium at inverse temperature 𝛽𝑇 = 1/(𝑘𝐵𝑇),

𝑍 = Tr 𝑒−𝛽𝑇𝐻 , ⟨𝐸⟩ = −𝜕𝛽𝑇 log 𝑍, Var(𝐸) = 𝜕2
𝛽𝑇

log 𝑍. (24.2)
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The classical integral replaces the trace where appropriate. Differentiating the mean energy
with respect to temperature gives

𝐶𝑉 =
Var(𝐸)
𝑘𝐵𝑇

2 ≥ 0 (24.3)

for this canonical fixed-Hamiltonian system. These identities constrain thermal calculations
and make useful numerical checks. They do not set the numerical SI value of 𝑘𝐵, which
defines the relation between the kelvin and the energy unit in the present SI [38].

A harmonic quantum mode with energy levels 𝐸𝑛 = ℏ𝜔(𝑛 + 1/2) has

𝑍𝜔 =
𝑒−𝛽𝑇ℏ𝜔/2

1 − 𝑒−𝛽𝑇ℏ𝜔
, ⟨𝐸⟩ = ℏ𝜔

2
+ ℏ𝜔

𝑒𝛽𝑇ℏ𝜔 − 1
. (24.4)

The classical high-temperature limit of the thermal part is 𝑘𝐵𝑇 . This quantum mode formula
assumes quantum energy levels; a continuous classical phase oscillator alone does not derive
them. The reconstructed node mechanics and its conditional quantization must remain
distinguished.

24.3 Deriving the blackbody law under its physical assumptions

For two transverse massless photon polarizations in three-dimensional continuum space,
the mode density per unit volume and angular frequency is 𝜔2/(𝜋2𝑐3). The zero-chemical-
potential Bose occupation is 1/(𝑒ℏ𝜔/𝑘𝐵𝑇 − 1). Multiplying by ℏ𝜔 gives the thermal spectral
energy density

𝑢𝜔 (𝑇) =
ℏ𝜔3

𝜋2𝑐3
1

𝑒ℏ𝜔/𝑘𝐵𝑇 − 1
. (24.5)

This is the Planck radiation law [64]. Its derivation requires the photon dispersion, two
physical polarizations, quantum statistics and thermal equilibrium. A node theory that
recovers those structures recovers the law; simply inserting its final temperature does not
explain a cosmological background.

With 𝑥 = ℏ𝜔/(𝑘𝐵𝑇),

𝑢(𝑇) = (𝑘𝐵𝑇)
4

𝜋2ℏ3𝑐3

∫ ∞

0

𝑥3

𝑒𝑥 − 1
d𝑥. (24.6)

Expand 1/(𝑒𝑥 − 1) = ∑
𝑛≥1 𝑒

−𝑛𝑥 . Termwise integration gives
∫ ∞

0 𝑥3𝑒−𝑛𝑥d𝑥 = 6/𝑛4, and the
sum equals 𝜋4/15. Therefore

𝑢(𝑇) =
𝜋2𝑘4

𝐵

15ℏ3𝑐3𝑇
4. (24.7)

Isotropic radiation incident on a surface has flux 𝑐𝑢/4. Consequently

𝑗 = 𝜎𝑇4, 𝜎 =
𝜋2𝑘4

𝐵

60ℏ3𝑐2 =
2𝜋5𝑘4

𝐵

15ℎ3𝑐2 . (24.8)

The two forms are algebraically identical because ℎ = 2𝜋ℏ. Replacing one symbol by the
other without its factors is an error, not a new physical correction. In the SI, ℎ, 𝑘𝐵, 𝑐 are fixed
exactly, so the defining expression for 𝜎 is exact; a finite decimal display is rounded.
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24.4 When the network would change a radiation spectrum

A lattice changes the mode density and dispersion outside its long-wavelength regime. A
physical quantum network would have

𝑢(𝑇) =
∑︁
𝑠

∫
BZ

d3𝑘

(2𝜋)3
ℏ𝜔𝑠 (k)

𝑒ℏ𝜔𝑠 (k)/(𝑘𝐵𝑇) − 1
, (24.9)

with physical branches 𝑠, their degeneracies and the Brillouin zone specified. A finite graph
uses a corresponding sum over modes. This is a concrete prediction route once the photon
sector is identified. The scalar phase branch of the present model has one polarization, not
the two electromagnetic polarizations. It therefore cannot be inserted into the photon formula
without a gauge-field construction.

For 𝑘𝐵𝑇 ≪ ℏ𝑐∗/𝑎, the thermally occupied low-frequency modes may approximate
continuum radiation. Corrections then depend on the same lattice dispersion derived earlier,
rather than an independently fitted thermal coefficient. A selected microscopic model must
also reproduce the relevant spectral normalization. The cubic directional correction cannot
be silently averaged away when the experiment resolves direction.

24.5 Fermi statistics and material-specific scales

For a spin-1/2 noninteracting gas at zero temperature, two states occupy each momentum
cell. Counting states inside a Fermi sphere gives

𝑛 =
𝑘3
𝐹

3𝜋2 , 𝐸𝐹 =
ℏ2

2𝑚
(3𝜋2𝑛)2/3 (24.10)

in the nonrelativistic limit. This is not one universal Fermi energy for all materials. Density,
dispersion, band structure and interactions matter. Using 𝑛 = 1028 m−3 and the supplied
electron mass gives 𝐸𝐹 = 1.69253219 eV in the ideal-gas model. Changing the density to
obtain a preferred number would be a different physical input.

The same distinction applies to sound speeds, atmospheric pressure, stellar radii and
planetary orbital elements. A unifying fundamental theory must reproduce their governing
equations and, given the relevant composition and initial conditions, their behavior. It need
not assign a universal number to an environment-dependent quantity. Counting repeated
material values as separately derived fundamental constants obscures rather than strengthens
a test.

24.6 The reserve energy is not automatically dark energy

A homogeneous canonical scalar has 𝜌 = ¤𝜙2/2 + 𝑉 and 𝑝 = ¤𝜙2/2 − 𝑉 in natural units. A
slowly changing potential-dominated state can have 𝑤 = 𝑝/𝜌 ≃ −1. A kinetic-dominated
state has 𝑤 ≃ 1. For rapid bounded oscillations in 𝑉 (𝜙) ∝ |𝜙|𝑛, the averaged virial identity
gives ⟨ ¤𝜙2⟩ = 𝑛⟨𝑉⟩, so

𝑤 =
𝑛 − 2
𝑛 + 2

. (24.11)

A quadratic potential gives matter-like average pressure, whereas a quartic one gives radiation-
like pressure, under the stated rapid-oscillation and homogeneous approximations. The label
unexpressed potential alone selects none of these equations of state.
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The finite reserve in the master Hamiltonian is not an expanding cosmological fluid until
a spacetime stress tensor and its volume dependence are defined. A proper cosmological
completion must derive pressure as well as density and transfer current. Otherwise an
arbitrarily assigned reserve can mimic whichever component is desired without a falsifiable
prediction.

24.7 Vacuum effects and the work account

A static Casimir force concerns differences of field energy between boundary configurations. A
dynamical Casimir experiment creates excitations under time-dependent boundary conditions,
with energy supplied by the modulation. Superconducting-circuit experiments have observed
such emission [65]. These effects provide useful analogies for conversion of a driven field
configuration into observable quanta, not evidence for a limitless power source.

For an explicitly controlled Hamiltonian 𝐻 (𝑧;𝜆(𝜏)),

d𝐻
d𝜏

=
𝜕𝐻

𝜕𝜆
¤𝜆 (24.12)

along its Hamiltonian trajectory. The right-hand side is supplied work. Once the control
source is included dynamically, its energy loss balances the gain elsewhere. Any proposed
EQEF technology must provide this complete accounting, including preparation, resetting,
heat and useful extracted work. A conservative interpretation is strengthened, not weakened,
by imposing that requirement.

Part VI

Recovered mathematics and conditional
grand unification
25. Recovered equations, corrected derivatives and conditional GUT

branch

Logical role: Mathematically checked constructions and corrections. Physical interpretations
remain conditional where stated..

This section consolidates the additional source audit into the mathematical reconstruction.
“Checked” means that the displayed identity, derivative, limiting expansion, stability statement,
or finite-dimensional calculation was independently recomputed symbolically or numerically.
It does not mean that the associated microscopic interpretation has been experimentally
established.
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25.1 The exponential evolution formula and what it does not do

The recovered source expression is

Ψ(𝑁, 𝑡) = exp
[
− i𝐸 (𝑁, 𝐼)𝑡

ℏ

]
. (25.1)

For real time-independent scalar 𝐸 , direct differentiation gives

iℏ 𝜕𝑡Ψ = 𝐸Ψ, |Ψ|2 = 1. (25.2)

Thus the expression is a valid stationary phase evolution. It cannot by itself transfer occupation
or energy between distinguishable sectors because it multiplies the entire state by a common
phase. The operator form is

|Ψ(𝑡)⟩ = 𝑒−i𝐻 (𝑡−𝑡0)/ℏ |Ψ(𝑡0)⟩ (25.3)

for a time-independent Hamiltonian. The physics therefore resides in the state space and in
𝐻, not in the exponential notation alone.

A minimal conservative transfer example is

𝐻 =

(
𝐸𝑃 𝑔

𝑔 𝐸𝐴

)
, Δ =

𝐸𝐴 − 𝐸𝑃
2

, Ω =
√︁
𝑔2 + Δ2. (25.4)

Starting in the first basis state, the exact transfer probability is

𝑃𝐴 (𝑡) =
𝑔2

𝑔2 + Δ2 sin2
(
Ω𝑡

ℏ

)
. (25.5)

The independent matrix-exponential calculation used in the audit agreed with this expression
to 3.45 × 10−15 in probability, while norm and energy expectation were conserved to better
than 6.3 × 10−15 for the declared demonstration parameters. This is an illustrative exchange
Hamiltonian, not a derivation of the unique EQEF microscopic law.

25.2 Discrete time and space: corrected low-frequency expansion

A later source contains the centered finite-step relation

4
ℎ2 sin2

(
𝜔ℎ

2

)
= Ω2

0 +
4𝑐2

0
𝑎2

𝑑∑︁
𝑟=1

sin2
(
𝑘𝑟𝑎

2

)
, (25.6)

where ℎ is the frame interval and 𝑎 the spatial edge scale. For the gapless branch Ω0 = 0,
define

𝜈 =
𝑐0ℎ

𝑎
, 𝑞( 𝒌̂) =

∑︁
𝑟

𝑘̂4
𝑟 . (25.7)

Expanding both sine functions through fourth order and solving perturbatively for the phase
speed gives

𝜔

𝑐0𝑘
= 1 + 𝑏 𝒌̂ (𝑘𝑎)

2 +𝑂 ((𝑘𝑎)4), 𝑏 𝒌̂ =
𝜈2 − 𝑞( 𝒌̂)

24
. (25.8)
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The temporal term is isotropic and cancels from directional differences. In three spatial
dimensions,

𝑞axis = 1, 𝑞body =
1
3
, (25.9)

so

𝑏axis − 𝑏body = − 1
36

. (25.10)

The audit verified this expansion symbolically. It also verified that in one spatial dimension
with 𝜈 = 1 the leading 𝑂 ((𝑘𝑎)2) dispersion cancels in this branch.

25.3 Finite-step stability endpoint

For the standard centered oscillator recurrence

𝑧𝑛+1 − 2𝑧𝑛 + 𝑧𝑛−1 + ℎ2𝜔2
0𝑧𝑛 = 0, (25.11)

the characteristic polynomial is

𝑟2 − (2 − ℎ2𝜔2
0)𝑟 + 1 = 0. (25.12)

The determinant is exactly one. For 0 < ℎ2𝜔2
0 < 4 the roots are distinct and lie on the

unit circle. At the endpoints ℎ2𝜔2
0 = 0 or 4, the repeated root permits a linearly growing

generalized solution for generic initial data. Therefore “unit-modulus roots” alone are not a
sufficient boundedness certificate at a repeated-root endpoint. The audit explicitly generated
this growth and the exponential blow-up beyond the stability interval.

25.4 Masses as singular values of a common microscopic overlap operator

A useful source construction separates a common scale from dimensionless structure:

𝑀ℓ = 𝑚0𝑂ℓ, 𝑚𝑖 = |𝑚0 | 𝜎𝑖 (𝑂ℓ), (25.13)

where 𝜎𝑖 are the singular values. Hence

𝑚𝑖

𝑚 𝑗

=
𝜎𝑖 (𝑂ℓ)
𝜎𝑗 (𝑂ℓ)

. (25.14)

This is mathematically clean but incomplete until𝑂ℓ is calculated from one fixed microscopic
operator. It is preferable to assigning a particle name to a frequency after comparing with a
measured mass. The equal-successive-ratio shortcut appearing in one legacy branch is not
retained: using the electron and muon masses as inputs predicts a tau mass about 12.29 times
the reference value.

25.5 Conditional 𝑆𝑈 (5) symmetry-breaking calculation

The source archive contains an 𝑆𝑈 (5) route. The following result treats 𝑆𝑈 (5) as a declared
effective GUT assumption rather than claiming it has already been derived from the primitive
node dynamics. Let Σ be a traceless Hermitian adjoint order parameter and take the even
quartic potential

𝑉 (Σ) = −𝜇
2

2
TrΣ2 + 𝜆

4
(TrΣ2)2 + 𝜅

4
TrΣ4. (25.15)
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For fixed TrΣ2, minimization of TrΣ4 over five real traceless eigenvalues yields the 2 + 3
multiplicity class. The normalized fourth moment at that stationary class is

TrΣ4

(TrΣ2)2
=

7
30
, (25.16)

which is below the other stationary multiplicity classes enumerated in the audit. A represen-
tative vacuum is

Σ0 = 𝑠 diag(2, 2, 2,−3,−3) , 𝑠2 =
𝜇2

30𝜆 + 7𝜅
, (25.17)

provided
𝜇2 > 0, 𝜅 > 0, 30𝜆 + 7𝜅 > 0. (25.18)

The exact invariants are

TrΣ0 = 0, TrΣ2
0 = 30𝑠2, TrΣ4

0 = 210𝑠4. (25.19)

The stabilizer has Lie algebra

𝔰𝔲(3) ⊕ 𝔰𝔲(2) ⊕ 𝔲(1) , (25.20)

with dimension 8 + 3 + 1 = 12, leaving twelve broken generators from the 24-dimensional
𝔰𝔲(5) algebra.

Using the conventional traceless hypercharge direction

𝑌 = diag
(
−1

3
,−1

3
,−1

3
,

1
2
,

1
2

)
, (25.21)

one finds
Tr𝑌 = 0, Tr𝑌2 =

5
6
, (25.22)

and therefore the normalized generator 𝑇𝑌 =
√︁

3/5𝑌 obeys Tr𝑇2
𝑌
= 1/2. The corresponding

tree-level unification normalization implies

sin2 𝜃𝑊 (𝑀𝑈) =
3
8
. (25.23)

This is a boundary relation of the declared GUT branch, not the measured low-energy weak
angle.

For one conventional chiral generation in 5 ⊕ 10, the audit independently verified cancella-
tion of the cubic hypercharge anomaly, the mixed gravitational-hypercharge anomaly, and the
mixed 𝑆𝑈 (3)2𝑈 (1) and 𝑆𝑈 (2)2𝑈 (1) anomalies for the standard representation assignment.
This confirms the group-theoretic consistency of the declared branch, not its microscopic
inevitability.
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25.6 A gauge-neutral reserve coupled to the GUT order parameter

A simple static or adiabatic example is

𝑉res =
1
2
𝑚2
𝜒𝜒

2 + 𝜁
2
𝜒 TrΣ2. (25.24)

Solving 𝜕𝑉/𝜕𝜒 = 0 gives
𝜒∗ = −

𝜁

2𝑚2
𝜒

TrΣ2, (25.25)

and substitution produces

Δ𝑉 = − 𝜁2

8𝑚2
𝜒

(TrΣ2)2. (25.26)

Thus the static reserve shifts the quartic coefficient shared by all configurations rather than
introducing a particle-by-particle correction. Identifying this field with EQEF is a model
choice; for time-dependent dynamics the reserve must be retained explicitly or eliminated
into its exact memory kernel.

25.7 Verification status of the mathematical companion

The complete conservative source package was rerun immediately before this companion was
assembled. All six recorded suites reproduced:

Suite Passed Total

Baseline mathematical/interface checks 172 172
Retained legacy-audit checks 23 23
Clock and conversion checks 325 325
Conservative reconstruction checks 277 277
Threshold-response checks 82 82
Coupled-spectrum checks 67 67

Total 946 946

The separate source-audit program reproduced 33 additional named symbolic identities and
classifications, plus independent finite-dimensional numerical checks. These numbers are
verification counts for equations, software, limits and consistency conditions. They are not
counts of experimental confirmations.

Result. The checked mathematical core is therefore substantially narrower and stronger
than the legacy “God equation” material: a conservative Hamiltonian realization, exact
reserve elimination, threshold feedback, proper-time bookkeeping, lattice and coupled spectra,
corrected discrete-time expansion, and a conditional GUT branch. The remaining scientific
problem is selection: derive the microscopic state space and couplings that make one of these
effective branches unavoidable, then calculate observables before comparing with data.
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Technical appendices
A. A precise primitive framework

A.1 State spaces, equivalence and observables

Logical role: Definitions and mathematical consequences.
Let (S, Σ) be a measurable space of microscopic descriptions. An equivalence relation

∼ identifies descriptions that are intended to represent the same physical possibility. Write
𝜋 : S → S = S/∼ for the quotient map. An observable𝑂 that is insensitive to the descriptive
redundancy must satisfy

𝑠 ∼ 𝑠′ =⇒ 𝑂 (𝑠) = 𝑂 (𝑠′). (A.1)

Consequently 𝑂 = 𝑂 ◦ 𝜋 for a function 𝑂 on the quotient, provided the corresponding
measurability conditions are met. The quotient removes multiple descriptions of the same
outcome. It does not establish that every infinite set of possibilities is finite. The strings 1,
1.0 and 1.00 represent one number; the infinitely many distinct integers remain distinct.

A future physical equivalence is stronger than equality of one currently chosen observable.
Two hidden states can have the same current readout and different future dynamics. Therefore
equivalence must also respect the update.

Proposition A.1 (Dynamics on equivalence classes). Let 𝐾 (𝑠, 𝐴) be a Markov transition
kernel on S. A transition law on equivalence classes is well defined if, for every measurable
quotient set 𝐴,

𝐾 (𝑠, 𝜋−1𝐴) = 𝐾 (𝑠′, 𝜋−1𝐴) whenever 𝑠 ∼ 𝑠′. (A.2)

Under this condition, 𝐾 (𝜋(𝑠), 𝐴) = 𝐾 (𝑠, 𝜋−1𝐴) is independent of the representative chosen.

Proof. The right-hand side has the same value for every representative of 𝜋(𝑠) by (A.2). It is a
probability measure in 𝐴 because inverse images preserve complements and countable disjoint
unions. Thus it defines a quotient transition law. Without the equality, two representatives of
the same alleged physical state would predict different next-state probabilities. □

This condition supplies a direct test for any proposed quotient. For a finite state model,
one adds the transition probabilities into each target equivalence class and checks equality
for source states in the same class. For a deterministic update, a sufficient condition is
𝑠 ∼ 𝑠′⇒ 𝑈 (𝑠) ∼ 𝑈 (𝑠′).

A.2 The minimum complete specification

The measurable state-space potential in this section is not yet an energy reserve. The
latter requires an observable map, as specified in Section ??. A mathematically executable
realization is specified by

𝔐 = (S, Σ,∼, 𝜇,𝑈, 𝑅, 𝐵, 𝐽0, 𝐽1,O,Π0). (A.3)

Its entries have different jobs. Π0 is an initial distribution; it cannot be omitted when
predictions depend on initial conditions. 𝑅 and 𝐵 are real-valued functions with a common
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scale. The inequality is strictly 𝑅 > 𝐵 in this edition; choosing 𝑅 ≥ 𝐵 defines a different
model at boundary states. 𝐽1 must specify the post-event state, not only announce that an
event occurred.

The state space must include every variable needed by the next update. A rule depending
on the last two frames is Markovian on the enlarged state (𝑠𝑛, 𝑠𝑛−1), even if it is not Markovian
on 𝑠𝑛 alone. No separate physical archive is necessary; the relevant memory can reside in the
current enlarged state.

For measurable 𝐹 and a fresh input independent of the current state, the transition kernel is

𝐾 (𝑠, 𝐴) =
∫

1𝐴
(
𝐹 (𝑠, 𝜉)

)
𝜇(d𝜉). (A.4)

The probability of a finite trajectory of measurable events is then obtained by successive
integration against Π0 and 𝐾 . In a finite or countable state model this reduces to products and
sums. Existence of such a stochastic process is therefore a separate, tractable question from
whether its observables describe the physical world.

A.3 Probability, amplitude and intensity are distinct

A probability law Π assigns nonnegative weights with total one. A complex amplitude 𝑎𝑒i𝜃

can interfere with another amplitude and need not itself be a probability. A phasor sum

𝑍𝑁 =

𝑁∑︁
𝑗=1

𝑎 𝑗𝑒
i𝜃 𝑗 (A.5)

has amplitude 𝐴𝑁 = |𝑍𝑁 | and intensity 𝐼𝑁 = |𝑍𝑁 |2. Neither is automatically a normalized
Born probability. Normalization and the measurement rule belong to the quantum extension.

This distinction also fixes threshold powers. If the amplitude threshold is 𝐵𝑁 = 𝜅𝑁 𝑝, then
the exactly equivalent intensity threshold is

𝐴𝑁 > 𝜅𝑁
𝑝 ⇐⇒ 𝐼𝑁 > 𝜅

2𝑁2𝑝 . (A.6)

Using 𝐼𝑁 on the left and retaining the amplitude exponent on the right changes the model. In
particular, the amplitude window 1/2 < 𝑝 < 1 corresponds to an intensity exponent between
one and two.

If reinforcement combines several channels,

𝐼 (𝑠) =
∑︁
𝐴

𝑤𝐴

������∑︁𝑗∈𝐴 𝑎 𝑗𝑒i𝜃 𝑗

������
2

, 𝑤𝐴 ≥ 0, (A.7)

then the channel partition, the weights and the corresponding intensity capacity are all part of
the specification. A single-channel theorem cannot be applied to a changing multichannel
rule without checking its assumptions.
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A.4 Updates and physical time

The integer 𝑛 orders updates. Ordering is not yet an SI time coordinate. A clock observable
can be a recurrence, a phase accumulated by a stable mode, or a count of designated events.
If a clock has a reproducible period of 𝑘 updates and a physical period 𝜏0, then

𝑁tick(𝑛) = ⌊𝑛/𝑘⌋, 𝜏(𝑛) = 𝜏0𝑁tick(𝑛). (A.8)

The first equation is dimensionless. The second introduces the clock’s conversion scale. A
derivation of clock-rate ratios can already be meaningful before one chooses seconds as a
unit.

A deterministic map on a finite state space eventually repeats a state. Once a state
repeats, its future repeats, so the trajectory is eventually periodic. The conclusion changes for
stochastic systems, infinite state spaces and maps with growing counters. A finite irreducible
Markov chain is recurrent in the probabilistic sense, but it does not generally execute a
deterministic cycle. An unbounded event counter does not become periodic merely because
the rule updates indefinitely.

A usable clock also needs a distribution of tick intervals. If 𝜏 is a first-crossing time, the
survival function 𝑆𝑛 = P(𝜏 > 𝑛) and the hazard

ℎ𝑛 = P(𝜏 = 𝑛 | 𝜏 ≥ 𝑛) (A.9)

characterize that distribution. Reporting the average of the trajectories that happened to cross
discards censored trajectories and can conceal a substantial probability of no tick within the
observation window.

A.5 What is retained when a frame is replaced

Consider a deterministic map 𝐹 : S → S. If it is one-to-one, the previous state is
mathematically recoverable from the current state on the image of 𝐹. If it is many-to-one,
distinct predecessors can produce the same successor. These are different forms of state
replacement.

A unitary quantum update is invertible. An observed subsystem may nevertheless appear
irreversible because information is transferred to other degrees of freedom. A classical reset
can instead be genuinely many-to-one within the specified state space. The phrase “the
previous frame is not separately stored” does not decide which case applies. The map does.

This distinction makes the framework compatible with careful information accounting.
One can describe a current state that contains all causal information relevant to the next
update without postulating an extra archive of past universes. Whether that information is
microscopically reversible is then a property to prove, not a conclusion drawn from the word
replacement.

A.6 The first-principles input rule

At the primitive stage, no measured electromagnetic coupling, particle mass, gravitational
constant, cosmological density or observed expansion rate is used to choose 𝑈, 𝑅, 𝐵 or 𝐽.
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Conversely, an effective benchmark is allowed to use such values, provided they remain
labelled as inputs.

The correct dependency structure is

declared microscopic model
−→ derived structures and dimensionless ratios
−→ physical scale identification
−→ observable prediction.

(A.10)

Initial conditions, discrete model choices, normalizations and boundary conditions are
included in that dependency record. Calling a parameter an integer or a topological quantity
does not exempt it from the rule: selecting an integer after looking at a target number can still
constitute fitting.

B. An auxiliary threshold model and a persistent statistical clock

This appendix studies a separately declared stochastic threshold model. It is not the
deterministic node–reserve Hamiltonian of the main text, nor a derivation of stochastic
noise from it. Its purpose is to retain the exact first-passage and clock results at their stated
assumptions.

B.1 R0: a complete classical benchmark

Logical role: Constructive example introduced in this edition.
This retained mathematical example is not an EQEF field realization and does not

determine a conversion efficiency. Its threshold and input choices remain declared examples.
An explicit model is valuable even before it is identified with physical reality. It determines
whether the proposed ingredients are sufficient to run an update, assign an event and obtain a
reproducible distribution. The following model closes those mathematical choices without
using experimental values.

The state is 𝑠 = (𝑁, 𝑥, 𝑦, 𝑟, 𝑘). Here 𝑁 ∈ N0 is the number of accumulated increments
since the last event; (𝑥, 𝑦) ∈ Z2 is the phasor sum; 𝑟 is the most recent realized orientation
label, initially undefined; and 𝑘 counts realized events. Initially 𝑁 = 𝑥 = 𝑦 = 𝑘 = 0. At each
update choose

𝜉 ∈ {1,−1, i,−i}, P(𝜉) = 1/4, (B.1)

independently of the current state. Add its Cartesian components to (𝑥, 𝑦) and increment 𝑁 .
Use 𝑅 =

√︁
𝑥2 + 𝑦2 and 𝐵 = 𝑁3/4. If 𝑅 > 𝐵, set

𝑟 ← 𝑥 + i𝑦√︁
𝑥2 + 𝑦2

, 𝑘 ← 𝑘 + 1, (𝑁, 𝑥, 𝑦) ← (0, 0, 0). (B.2)

Otherwise retain the accumulated state and emit no event. The output consists of the event flag
and, at an event, the orientation label. The label is a classical orientation, not a one-component
quantum ray; all nonzero one-component Hilbert vectors would represent the same ray under
arbitrary overall-phase equivalence.
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The threshold decision can be made using integers alone:

(𝑥2 + 𝑦2)2 > 𝑁3. (B.3)

This eliminates floating-point ambiguity at the threshold. The choices 𝑝 = 3/4 and 𝜅 = 1
are mathematical benchmark choices. They are not asserted to be selected uniquely by the
ontology. The increment law has quarter-turn and reflection symmetry; it is not an assumption
of exact continuous rotational symmetry at the primitive level.

B.2 Exact first-passage distribution

Let 𝑎𝑛 (𝑥, 𝑦) count length-𝑛 increment sequences that end at (𝑥, 𝑦) and have not crossed earlier.
Set 𝑎0(0, 0) = 1. From each surviving state at step 𝑛 − 1, add its count to each of the four
successors. A successor satisfying (B.3) contributes to the first-crossing count ℎ𝑛; otherwise
it contributes to 𝑎𝑛.

There are 4𝑛 equally likely unconstrained paths of length 𝑛, so

P(𝜏 = 𝑛) = ℎ𝑛

4𝑛
, P(𝜏 > 𝑛) =

∑
𝑥,𝑦 𝑎𝑛 (𝑥, 𝑦)

4𝑛
. (B.4)

The exact conservation check is
𝑛∑︁
𝑗=1

ℎ 𝑗

4 𝑗
+

∑
𝑥,𝑦 𝑎𝑛 (𝑥, 𝑦)

4𝑛
= 1. (B.5)

All quantities can be represented as integer counts and rational probabilities. Two increments
in the same direction cause the first possible event at step two, with probability 1/4. No
surviving trajectory can cross at step three: its largest possible squared radius is five, and
52 < 33.

The 64-step calculation gives

P(𝜏 ≤ 64) = 0.3887047543593976. (B.6)

The independent Monte Carlo implementation gives 0.38816 from 50,000 paths, with binomial
standard error 0.002180. Both implementations use the same specified model, but different
methods: exhaustive state-count propagation versus sampled paths. The difference is about
one quarter of a Monte Carlo standard error.

B.3 An infinite-horizon certificate

A finite calculation does not by itself decide whether surviving trajectories eventually cross.
For R0, the remaining tail can nevertheless be bounded rigorously.

For the real component 𝑋 of one R0 increment,

E𝑒𝜆𝑋 =
1 + cosh𝜆

2
= cosh2(𝜆/2) ≤ 𝑒𝜆2/4. (B.7)

The inequality follows, for example, by integrating tanh 𝑡 ≤ 𝑡 for 𝑡 ≥ 0 and using evenness.
Chernoff optimization gives P(∑ 𝑋 𝑗 ≥ 𝑎) ≤ 𝑒−𝑎

2/𝑁 . Applying this to the four coordinate tails
yields

P( |𝑍𝑁 | > 𝑁3/4) ≤ 4𝑒−
√
𝑁/2. (B.8)
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An event after step 𝑇 implies an unconstrained phasor overflow at some 𝑁 > 𝑇 . The union
bound and monotonicity therefore give

P(𝑇 < 𝜏 < ∞) ≤
∑︁
𝑁>𝑇

4𝑒−
√
𝑁/2 (B.9)

≤ 4
∫ ∞

𝑇

𝑒−
√
𝑥/2d𝑥 (B.10)

= 16(
√
𝑇 + 2)𝑒−

√
𝑇/2. (B.11)

The exact dynamic program through 𝑇 = 512 gives P(𝜏 ≤ 512) = 0.38879800489245525.
Combining it with the bound yields the outward-rounded certificate

0.3887980 < P(𝜏 < ∞) < 0.3936071, P(𝜏 = ∞) > 0.6063929. (B.12)

The upper and lower endpoints are not confidence limits. They combine an exact finite-prefix
calculation with an analytic tail inequality.

This is a concrete distinction between a threshold event and a durable clock. Pure
independent zero-mean increments do not guarantee a continuing sequence of events under
R0. This motivates adding persistent reinforcement when using this particular threshold/reset
design as a reliable clock. A sufficient construction can itself be closed mathematically.

B.4 A coherent extension with finite mean tick time

Define R𝑚 by retaining the same update, threshold and reset, but taking an increment from
the positive real direction with an added mixture weight 𝑚 ∈ (0, 1]. Equivalently,

P(𝜉 = 1) = 1 + 3𝑚
4

, P(𝜉 = −1) = P(𝜉 = i) = P(𝜉 = −i) = 1 − 𝑚
4

. (B.13)

Then E𝜉 = 𝑚. The direction of the mean is a chosen reference direction for this example; no
preferred direction in physical spacetime is inferred from it.

Theorem B.1 (Finite-mean renewal clock). For independent, identically distributed bounded
unit increments with mean resultant 𝑚 ≠ 0, amplitude capacity 𝜅𝑁 𝑝 with 𝑝 < 1, and
independent resets to the same initial accumulation state, the first-crossing time is almost
surely finite and has finite expectation. Repeated resets generate a renewal clock with
asymptotic event rate 1/E𝜏 per primitive update.

Proof. Rotate the complex coordinates so that 𝑚 = |𝑚 | > 0 is real. For

𝑁 ≥ 𝑁0 =
⌈
(2𝜅/𝑚)1/(1−𝑝)

⌉
, (B.14)

the capacity is at most 𝑚𝑁/2. Survival through 𝑁 implies |𝑍𝑁 | ≤ 𝜅𝑁 𝑝, and therefore
Re 𝑍𝑁 ≤ 𝑚𝑁/2. Hoeffding’s lower-tail bound gives

P(𝜏 > 𝑁) ≤ 𝑒−𝑚2𝑁/8, 𝑁 ≥ 𝑁0. (B.15)

Thus P(𝜏 = ∞) = 0 and E𝜏 =
∑
𝑁≥0 P(𝜏 > 𝑁) < ∞. Independent resets make the successive

waiting times independent and identically distributed. Their sample mean converges to E𝜏,
so the number of completed intervals divided by the accumulated update count converges to
its reciprocal. □
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The theorem supplies a dimensionless persistent-clock mechanism within this explicitly
chosen model class. It does not identify a second, a Planck interval or the measured speed of
light.

For 𝑚 = 0.2, 𝜅 = 1 and 𝑝 = 3/4, 10,000 simulated waiting times give a mean of 262.7814
updates, with Monte Carlo standard error 3.5983 updates. The largest observed waiting
time is 2257. No path is censored at the declared horizon 16,384, where (B.15) bounds the
remaining tail probability by 2.6461 × 10−36. This is a mathematical clock benchmark with a
declared coherence input, not a physical frequency fit.

B.5 What has and has not been selected

R0 and R𝑚 are fully executable: their state, distribution, threshold, reset, output and initial
conditions are explicit. Their probabilities and clock statistics are therefore reproducible. The
construction demonstrates that the conceptual ingredients can be assembled into a complete
stochastic model and that persistent coherence can yield a finite-mean clock.

They do not select the parameter 𝑚, the physical spatial dimension, a quantum Hilbert
space, a gravitational action or the observed matter spectrum. Those structures are not
hidden inside the word node. The following sections construct their mathematical interfaces
separately so that a future microscopic selection can replace the benchmark choices without
changing the meaning of a derived result.

C. Reference identities and observable definitions

C.1 The role of this appendix

This appendix gathers conventional relations needed to compare a microscopic proposal
with established physics. They are not additional independent predictions of the phase-
reserve Hamiltonian. Each relation identifies which physical inputs are required. Numerical
substitution using measured inputs is a useful unit and implementation test, but the dependent
quantities must not be counted again as if they supplied new microscopic information.
Metrological conventions follow the SI Brochure and CODATA, while particle conventions
follow the fixed reference edition of the Review of Particle Physics [38, 39, 8].

The distinction is particularly important for long lists of constants. An electron mass,
its rest energy in joules, its rest energy in electron volts, its Compton wavelength and its
charge-to-mass ratio share inputs. Agreement among their correctly converted values is not
five independent predictions of the electron sector. The same applies to the several Planck
scales and to the several ways of expressing a cosmological energy density.

C.2 Electromagnetic normalization in SI and natural units

Let 𝑒 > 0 denote the magnitude of the elementary charge, so the electron has charge −𝑒. In
SI,

𝛼 =
𝑒2

4𝜋𝜖0ℏ𝑐
, 𝜇0𝜖0𝑐

2 = 1. (C.1)
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Using ℎ = 2𝜋ℏ gives

𝜇0 =
2𝛼ℎ
𝑒2𝑐

, 𝜖0 =
𝑒2

2𝛼ℎ𝑐
, 𝑘𝑒 =

1
4𝜋𝜖0

=
𝛼ℏ𝑐

𝑒2 . (C.2)

After the 2019 SI revision, ℎ, 𝑒, 𝑐 have exact defining values, whereas 𝛼, 𝜇0 and 𝜖0 retain
experimental uncertainty. The former exact convention 𝜇0 = 4𝜋 × 10−7 H/m is not an exact
current physical constraint [38, 13]. An electromagnetic-normalization derivation cannot use
the measured 𝜖0 to obtain 𝛼 and then count the result as independent of measured 𝛼.

In rationalized natural units, the dimensionless electromagnetic coupling is 𝑒nat =
√

4𝜋𝛼.
Its numerical value is not the number of coulombs in the SI elementary charge. A weak-
interaction formula such as 𝐺𝐹 = 𝑔2/(4

√
2𝑚2

𝑊
) requires natural-unit 𝑔 and a mass expressed

consistently in energy units. Substituting 1.602176634 × 10−19 coulombs directly for 𝑒nat is
not a unit conversion.

C.3 Atomic lengths and their dependencies

For an electron with mass 𝑚𝑒,

𝜆𝐶 =
ℎ

𝑚𝑒𝑐
, 𝜆𝐶 =

ℏ

𝑚𝑒𝑐
, 𝑟𝑒 =

𝛼ℏ

𝑚𝑒𝑐
, 𝑎0 =

ℏ

𝑚𝑒𝑐𝛼
. (C.3)

Consequently 𝑟𝑒 = 𝛼𝜆𝐶 and 𝑎0 = 𝜆𝐶/𝛼. The classical electron radius 𝑟𝑒 is an electromagnetic
length scale, not a measurement of a rigid electron surface. The Bohr radius is an atomic
scale, not a proton radius. A microscopic model must produce the relevant charge distribution
or scattering amplitude before a physical size can be assigned to one of its configurations.

The conventional Rydberg and Hartree energy scales are

𝑅∞ =
𝛼2𝑚𝑒𝑐

2ℎ
, 𝐸𝑅 = ℎ𝑐𝑅∞ =

1
2
𝛼2𝑚𝑒𝑐

2, 𝐸ℎ = 2𝐸𝑅 . (C.4)

The two-body Coulomb problem uses the reduced mass 𝜇 = 𝑚𝑒𝑀/(𝑚𝑒 + 𝑀) in place of 𝑚𝑒.
This is why a real hydrogen ionization energy is not exactly the infinite-nuclear-mass Rydberg
energy. Relativistic, finite-size and radiative corrections add further terms. The elementary
Coulomb derivation in the main text gives the leading spectrum and wavefunctions; precision
spectroscopy requires the entire specified comparison model [50, 51, 8].

C.4 Magnetic moments and spin factors

The Bohr and nuclear magnetons are

𝜇𝐵 =
𝑒ℏ

2𝑚𝑒
, 𝜇𝑁 =

𝑒ℏ

2𝑚𝑝

. (C.5)

Using positive 𝑔𝑒 for the electron’s magnitude convention,

𝝁𝑒 = −𝑔𝑒𝜇𝐵
S
ℏ
. (C.6)

For a spin-up projection 𝑆𝑧 = ℏ/2, 𝜇𝑒,𝑧 = −𝑔𝑒𝜇𝐵/2. A quoted magnetic moment for a
fully polarized spin-one-half particle therefore contains the factor of one half. The proton
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convention gives 𝜇𝑝,𝑧 = 𝑔𝑝𝜇𝑁/2, and the conventional neutron 𝑔 factor is defined using the
nuclear magneton, which contains the proton mass, despite the neutron being neutral.

The eigenvalue of S2 is 𝑠(𝑠 + 1)ℏ2, whereas that of 𝑆𝑧 is 𝑚𝑠ℏ. For 𝑠 = 1/2, the magnitude
associated with S2 is

√
3ℏ/2, not ℏ/2. The latter is a maximal component. A proposal

deriving spin must produce the representation and its algebra, not just insert 𝑠 = 1/2 into a
dimensional formula [52, 8].

C.5 Scattering lengths, cross sections and form factors

For an unpolarized electromagnetic wave scattering from a free nonrelativistic electron in the
low-photon-energy limit,

d𝜎
dΩ

=
𝑟2
𝑒

2
(1 + cos2 𝜃). (C.7)

Integration over solid angle gives 𝜎𝑇 = 8𝜋𝑟2
𝑒/3. The formula fixes a cross section after 𝑚𝑒

and 𝛼 are specified; it is not a separate derivation of either input. At higher energies, recoil
changes the angular distribution and total cross section.

For a normalized electric form factor in natural units,

𝐺𝐸 (𝑄2) = 1 − 1
6
𝑟2
𝐸𝑄

2 +𝑂 (𝑄4), 𝑟2
𝐸 = −6

d𝐺𝐸

d𝑄2

����
0
. (C.8)

If 𝑄 is quoted in energy units and 𝑟𝐸 in metres, the appropriate factor of (ℏ𝑐)2 must be
restored. For a chosen shape 𝐺𝐸 = 1/(1 +𝑄2/Λ2

𝐹
) the result is 𝑟𝐸 =

√
6/Λ𝐹 in natural units.

The scale Λ𝐹 must be obtained independently; choosing it from the observed radius is a
calibration.

At leading order for an 𝑆 state, a small nuclear charge radius contributes

Δ𝐸fs =
2𝜋𝑍𝛼ℏ𝑐

3
𝑟2
𝑁 |𝜓𝑛𝑆 (0) |2, |𝜓𝑛𝑆 (0) |2 =

1
𝜋𝑛3𝑎3

𝑍

, (C.9)

where 𝑎𝑍 = ℏ/(𝜇𝑐𝑍𝛼). The factor of 𝜋 cancels upon substitution. A radius inferred
by inverting a measured finite-size shift is not a parameter-free radius prediction. These
conventions and the separation of hadronic, atomic and radiative contributions are essential
for comparing unlike precision measurements [8].

C.6 Planck units and dimensional information

The usual Planck scales are constructed from supplied 𝐺, ℏ, 𝑐:

ℓ𝑃 =
√︁
ℏ𝐺/𝑐3, 𝑡𝑃 =

√︁
ℏ𝐺/𝑐5, 𝑚𝑃 =

√︁
ℏ𝑐/𝐺, (C.10)

𝐸𝑃 = 𝑚𝑃𝑐
2, 𝑇𝑃 = 𝐸𝑃/𝑘𝐵, 𝜌𝑃 = 𝑚𝑃/ℓ3

𝑃 =
𝑐5

ℏ𝐺2 , (C.11)

𝑝𝑃 = 𝜌𝑃𝑐
2 =

𝑐7

ℏ𝐺2 , 𝑞𝑃 =
√︁

4𝜋𝜖0ℏ𝑐. (C.12)

The reduced Planck mass used in many field actions is 𝑀𝑃 = 𝑚𝑃/
√

8𝜋 when units are
restored appropriately. Confusing reduced and unreduced masses introduces an 8𝜋 factor in
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the gravitational action. The equations above are valuable checks, but solving their definition
for 𝐺 after supplying ℓ𝑃 or 𝑚𝑃 derived from measured 𝐺 is circular as a prediction of 𝐺.

Choosing model units so that one of these quantities equals one is a coordinate convention
on dimensional quantities. A first-principles relation between gravity and particle physics
should instead specify a dimensionless quantity, such as 𝐺𝑚2

𝑒/(ℏ𝑐) or a predicted ratio of the
microscopic length to an independently generated particle Compton wavelength.

C.7 Rest masses, binding energies and reaction thresholds

For a particle in a Lorentz-invariant branch,

𝐸2 = 𝑝2𝑐2 + 𝑚2𝑐4, (C.13)

so 𝑚𝑐2 is the rest energy. A bound composite mass is the total energy of the bound
configuration divided by 𝑐2, measured relative to a consistently specified vacuum. If 𝐵 > 0
denotes the energy required to dissociate the bound object, then

𝑀bound =
∑︁
𝑖

𝑚𝑖 −
𝐵

𝑐2 . (C.14)

The binding contribution is negative relative to separated constituents. Setting a negative
potential-well depth equal to a positive particle rest mass without specifying the constituent
and vacuum energies omits this distinction.

For a nucleus,
𝐵(𝑍, 𝑁) =

[
𝑍𝑚𝑝 + 𝑁𝑚𝑛 − 𝑀nucleus

]
𝑐2. (C.15)

Atomic masses must first be adjusted for electron masses and electronic binding. A nuclear
mass inserted into this equation carries the measured binding information; the equation
alone is not a nuclear-force calculation. Predicting 𝐵 requires a Hamiltonian and many-body
solution, including the strong-interaction inputs at the stated approximation level.

Relativistic production thresholds depend on the invariant 𝑠 = (𝑝1 + 𝑝2)2 in natural units.
At threshold,

√
𝑠 ≥ ∑

𝑓 𝑚 𝑓 for the specified final state. The beam energy of one incoming
particle in a fixed-target setup is not equal to the center-of-mass energy. A single local
threshold functional must be mapped to these invariants and to allowed quantum numbers
before it can predict collider rates [8].

C.8 Weak processes and neutrino observables

At tree level in the Standard Model,

𝑚𝑊 = 𝑔𝑣/2, 𝑚𝑍 = 𝑣
√︁
𝑔2 + 𝑔′2/2, 𝐺𝐹 = 1/(

√
2𝑣2), 𝑚2

ℎ = 2𝜆𝐻𝑣2. (C.16)

These are relationships among Lagrangian parameters. They are not exact loop-level relations
between every experimentally extracted mass and every coupling scheme. The on-shell
definition sin2 𝜃𝑊 = 1−𝑚2

𝑊
/𝑚2

𝑍
and a running renormalized weak mixing angle are different

quantities. Comparing their central values as though they were the same observable creates
an artificial discrepancy [56, 8].
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For example, in natural units the leading muon decay width is

Γ𝜇 =
𝐺2
𝐹
𝑚5
𝜇

192𝜋3

[
1 − 8𝑥 + 8𝑥3 − 𝑥4 − 12𝑥2 ln 𝑥

]
(1 + 𝛿rad), 𝑥 = 𝑚2

𝑒/𝑚2
𝜇 . (C.17)

The lifetime in seconds is ℏ/Γ𝜇 when the width is in energy units. Radiative and other
prescribed corrections are necessary at precision level. Inferring𝐺𝐹 from a measured lifetime
is a calibration with conventional electroweak theory, not a derivation of 𝐺𝐹 from a node
threshold [31, 8].

For three light neutrinos, define Δ𝑚2
𝑖 𝑗

= 𝑚2
𝑖
− 𝑚2

𝑗
and a unitary mixing matrix 𝑈. In

vacuum,

𝑃𝛼→𝛽 =

�����∑︁
𝑖

𝑈𝛽𝑖𝑈
∗
𝛼𝑖 exp

[
−
𝑖𝑚2

𝑖
𝑐3𝐿

2ℏ𝐸

] �����2 . (C.18)

Adding the same mass-squared offset to every 𝑚2
𝑖

produces only a common phase and leaves
these probabilities unchanged. Thus oscillations cannot determine the absolute mass scale by
themselves. The quantities relevant to beta decay, cosmology and neutrinoless double-beta
decay are respectively

𝑚2
𝛽 =

∑︁
𝑖

|𝑈𝑒𝑖 |2𝑚2
𝑖 , Σ𝑚𝑖, 𝑚𝛽𝛽 =

�����∑︁
𝑖

𝑈2
𝑒𝑖𝑚𝑖

����� . (C.19)

The last can involve phase cancellations and presumes the light-Majorana exchange mechanism.
It is not obtained by dividing one effective mass bound by a single mixing probability. Matter
effects add a flavor-dependent forward-scattering potential, as developed by Wolfenstein [59];
the DUNE-style calculation in Volume II uses that specified effective framework rather than
claiming observed detector counts.

C.9 Strong-interaction scales and light pseudoscalars

The renormalization scale is an essential part of a quark mass or a strong coupling. To one
loop in a specified massless-flavor regime,

𝜇
d𝛼𝑠
d𝜇

= − 𝛽0
2𝜋
𝛼2
𝑠 , 𝛽0 = 11 − 2

3
𝑛 𝑓 , 𝛼𝑠 (𝜇) =

4𝜋
𝛽0 ln(𝜇2/Λ2

QCD)
. (C.20)

Threshold matching and higher-order terms change the practical relation. Asymptotic freedom
follows from the non-Abelian gauge theory under its field-content assumptions [57, 58]. The
integration constant ΛQCD is not fixed by solving this differential equation without a boundary
condition.

At leading chiral order, the light pseudoscalar relations take the schematic form 𝑚2
𝜋 =

𝐵0(𝑚𝑢 + 𝑚𝑑) and 𝑚2
𝐾+ = 𝐵0(𝑚𝑢 + 𝑚𝑠), where 𝐵0 is an independently defined low-energy

parameter with mass units. A convention in which a condensate appears instead can contain
𝐹2
𝜋 in the denominator; the condensate then has mass-cubed units. Mixing the two definitions

produces a dimensional error. A proposed node spectrum must recover the chiral Ward
identities and calculate or match these low-energy parameters rather than change a numerical
scale after comparing a pion mass [8].
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C.10 Thermal peaks and material-dependent quantities

The blackbody law written as a function of frequency has its maximum at the positive solution
of 3(1 − 𝑒−𝑥) = 𝑥, whereas the law per unit wavelength has its maximum at the positive
solution of 5(1− 𝑒−𝑥) = 𝑥. The roots are approximately 2.821439 and 4.965114, respectively.
Consequently the wavelength displacement constant is

𝑏 =
ℎ𝑐

𝑘𝐵𝑥5
, 𝜆max𝑇 = 𝑏, (C.21)

not the expression obtained by substituting the frequency root into a wavelength formula. The
two maxima do not transform into one another by 𝜆 = 𝑐/𝜈 because spectral densities carry
different Jacobians [64].

For a nonrelativistic spin-one-half free Fermi gas at zero temperature,

𝑘𝐹 = (3𝜋2𝑛)1/3, 𝐸𝐹 = ℏ2𝑘2
𝐹/(2𝑚), 𝑃 =

2
5
𝑛𝐸𝐹 . (C.22)

The value depends on density, particle mass and the free-gas approximation. A number
described as the Fermi energy of a metal is not a universal constant. The reference calculation
with 𝑛 = 1028 m−3 and electron mass gives 1.69253 eV before interactions and band structure.
It is not adjusted to a separate material’s Fermi energy.

For a dilute ideal gas, 𝑝 = 𝑛𝑘𝐵𝑇 and 𝑐2
𝑠 = (𝜕𝑝/𝜕𝜌)𝑠 = 𝛾𝑘𝐵𝑇/𝑚. This speed depends on

temperature, composition and the thermodynamic process. Atmospheric pressure, terrestrial
gravity and the speed of sound in air are environmental observables; fundamental laws predict
them only with appropriate planetary, material and boundary data. They are not dimensionless
microscopic constants selected by a bare phase-update equation.

C.11 Orbital and stellar observables

For two Newtonian point masses, the relative coordinate obeys ¥r = −𝐺 (𝑀 +𝑚)r/𝑟3. Circular
motion yields 𝑣2 = 𝐺 (𝑀 + 𝑚)/𝑟, and an ellipse with semimajor axis 𝑎 has

𝑇2 =
4𝜋2𝑎3

𝐺 (𝑀 + 𝑚) . (C.23)

The specific orbital energy is −𝐺 (𝑀 + 𝑚)/(2𝑎) and the specific angular momentum obeys
ℎ2

orb = 𝐺 (𝑀 + 𝑚)𝑎(1 − 𝑒2
orb). Eccentricity and orbital orientation are initial-condition

information, not universal constants. A dynamical theory does not predict Earth’s axial tilt or
a particular planetary radius without a model of their history and material constitution.

A spherical object’s surface gravity is𝐺𝑀/𝑅2 in the nonrotating Newtonian approximation,
escape speed is

√︁
2𝐺𝑀/𝑅, and the gravitational binding energy of a uniform sphere is

−3𝐺𝑀2/(5𝑅). The last coefficient changes with the density profile. A luminosity described
as thermal obeys 𝐿 = 4𝜋𝑅2𝜎𝑇4

eff by the definition of effective temperature; this relation does
not independently calculate the nuclear energy-generation rate or stellar radius.

Relativistic hydrostatic equilibrium in the perfect-fluid, spherical and stationary Einstein
branch satisfies

d𝑚
d𝑟

= 4𝜋𝑟2𝜌,
d𝑝
d𝑟

= −𝐺 (𝜌 + 𝑝/𝑐
2) (𝑚 + 4𝜋𝑟3𝑝/𝑐2)

𝑟2 [1 − 2𝐺𝑚/(𝑟𝑐2)]
. (C.24)
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Here 𝜌 is mass-equivalent density. The equation of state 𝑝(𝜌) and central density are required.
A proposed EQEF stress component must be included consistently in that equation of state
and in the gravitational field equations, not appended as a force selected to obtain a desired
maximum mass. Compact-object equations and their observational interpretation are used
here at the effective-physics level [8].

C.12 Black holes and finite-energy implications

In the Schwarzschild exterior, the horizon radius is 𝑟𝑠 = 2𝐺𝑀/𝑐2. The area is 𝐴 = 4𝜋𝑟2
𝑠 . In

the semiclassical Einstein branch,

𝑆BH =
𝑘𝐵𝑐

3𝐴

4𝐺ℏ
, 𝑇𝐻 =

ℏ𝑐3

8𝜋𝐺𝑀𝑘𝐵
. (C.25)

These statements combine gravity, quantum field theory on the background and thermo-
dynamics. They are not consequences of total energy conservation alone [15, 16]. An
elementary blackbody-area estimate of the power gives ℏ𝑐6/(15360𝜋𝐺2𝑀2), but actual
emission involves species-dependent transmission factors and available particle degrees of
freedom. The estimate is not a direct observation of stellar black-hole Hawking radiation.

A positive microscopic Hamiltonian does not by itself prove that every emergent curvature
invariant is bounded. The map to geometry and the allowed energy-density concentration
must be established. Similarly, preserving a microscopic state does not alone establish a
unitary observable evaporation process after inaccessible degrees of freedom are traced out.
Those are separate dynamical questions; their requirements are stated rather than replaced by
a general claim that a finite lattice resolves every singularity.

C.13 Cosmological density, age and structure

Use 𝜌 for mass-equivalent density and 𝑢 = 𝜌𝑐2 for energy density. Then

𝜌𝑐 =
3𝐻2

8𝜋𝐺
, 𝜌Λ =

Λ𝑐2

8𝜋𝐺
, 𝑢Λ =

Λ𝑐4

8𝜋𝐺
. (C.26)

The symbol 𝑢Λ denotes energy density; the notation is not a new field. A uniform vacuum-
energy term in a volume is 𝐸Λ = 𝑢Λ𝑉 . Using Λ𝑐2𝑉/(8𝜋𝐺) as an energy instead produces
mass units. The factors of 𝑐2 distinguish a density convention, not a small correction that can
be fitted away.

For standard photon propagation, 1 + 𝑧 = 𝑎0/𝑎𝑒 and an emitted time interval obeys
Δ𝑡obs = (1 + 𝑧)Δ𝑡𝑒. The age since the chosen initial expanding branch is

𝑡0 =

∫ 1

0

d𝑎
𝑎𝐻 (𝑎) . (C.27)

A specified 𝐻0 and composition determine this integral, but the age is not generally 1/𝐻0.
For the flat matter-plus-vacuum approximation,

𝐻0𝑡0 =
2

3
√

1 −Ω𝑚

asinh
√︂

1 −Ω𝑚

Ω𝑚

. (C.28)
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The numerical test in Volume II compares this analytic expression with quadrature. The
Planck and DESI comparisons retain the cosmological assumptions and covariance of their
respective published products [17, 18, 19].

A successful expansion history does not supply a successful CMB spectrum. For scalar
perturbations, an effective calculation requires an initial curvature spectrum and transfer
functions,

𝐶𝑋𝑌ℓ = 4𝜋
∫

d𝑘
𝑘
PR (𝑘)Δ𝑋ℓ (𝑘)Δ

𝑌
ℓ (𝑘). (C.29)

The transfer functions depend on the coupled gravitational, photon, baryon and neutrino
equations and recombination. The standard perturbative construction is laid out by Ma and
Bertschinger [66]. A homogeneous EQEF balance is not a replacement for those perturbation
equations, sound speeds and anisotropic stresses.

For comparison with a conventional halo model, the Navarro–Frenk–White profile is

𝜌(𝑟) = 𝜌𝑠

𝑥(1 + 𝑥)2
, 𝑥 = 𝑟/𝑟𝑠, 𝑀 (< 𝑟) = 4𝜋𝜌𝑠𝑟3

𝑠

[
ln(1 + 𝑥) − 𝑥

1 + 𝑥

]
. (C.30)

The mass follows by integrating 4𝜋𝑟2𝜌. The corresponding circular speed follows from
𝑣2
𝑐 = 𝐺𝑀 (< 𝑟)/𝑟. Its two scale parameters are supplied or fitted halo parameters, not

predictions of the phase-reserve construction. Matching a galaxy requires the baryonic
distribution and observational uncertainties as well [67]. Dark matter, modified gravity and
conversion effects must be compared through actual force and lensing equations, not through
a common descriptive label.

C.14 What a complete comparison records

For every numerical output, the record should state the physical quantity, units, frame,
approximation, independent inputs, source of those inputs and the model prediction before
a measurement is compared. A count of computations must be accompanied by a count of
independent constraints and fitted parameters. Derived quantities inherit correlations from
their inputs.

The reconstruction therefore retains the relationships in this appendix as conventional
reference physics. Their role is to make the physical matching problem explicit and to
prevent a units error, a duplicate entry, an environmental input or a model assumption
from masquerading as a new parameter-free alignment. The conditional model predictions
developed earlier have a different role: their coefficients are calculated from the frozen
Hamiltonian, and their eventual comparison requires an independently specified physical
realization.

D. A detailed two-reservoir solution and inverse problem

D.1 Eigenvectors and the exact propagator

With the state 𝑥 = (𝐸𝐴, 𝐸𝑃)𝑇 and generator

𝑀 =

(
−𝑏 𝑎

𝑏 −𝑎

)
, (D.1)
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the left null vector is (1, 1) and the right null vector is (𝑎, 𝑏)𝑇 . The second eigenvalue is
−(𝑎 + 𝑏) with right eigenvector (1,−1)𝑇 . For 𝑠 = 𝑎 + 𝑏 > 0 the exponential is

𝑒𝑀𝜏 =
1
𝑠

(
𝑎 + 𝑏𝑒−𝑠𝜏 𝑎(1 − 𝑒−𝑠𝜏)
𝑏(1 − 𝑒−𝑠𝜏) 𝑏 + 𝑎𝑒−𝑠𝜏

)
. (D.2)

Every entry is nonnegative for 𝑎, 𝑏, 𝜏 ≥ 0, and each column sums to one. These two
elementary properties prove preservation of the nonnegative simplex and of total content.
They also provide an independent way to validate a numerical differential-equation solver.

At 𝑎 = 𝑏 = 0 the exponential is the identity, obtained separately rather than dividing
by 𝑠 = 0. At 𝑎 = 0, 𝑏 > 0, expression relaxes entirely into the reserve. At 𝑏 = 0, 𝑎 > 0,
the reserve eventually becomes expressed. These limiting cases show which physical
interpretation is implied by each boundary of the parameter space.

D.2 Which measurements would identify the rates?

For independently known total content 𝐸 , equilibrium fraction 𝑓 = 𝐸∗
𝐴
/𝐸 and relaxation rate

𝑠, the inverse equations are
𝑎 = 𝑓 𝑠, 𝑏 = (1 − 𝑓 )𝑠. (D.3)

This is an identifiable two-observable inverse problem provided the clock measuring 𝑠 is
independently defined. If the forward rate is factored as 𝑎 = 𝜂𝑘 , equilibrium and relaxation
determine 𝑎, not 𝜂 and 𝑘 separately. A third independent piece of information about the
attempted rate 𝑘 is required. This is the precise counterpart of the potential-rate degeneracy
in the event-count model.

For small uncertainties, the Jacobian from ( 𝑓 , 𝑠) to (𝑎, 𝑏) is

𝐽 =

(
𝑠 𝑓

−𝑠 1 − 𝑓

)
, 𝐶𝑎𝑏 = 𝐽𝐶 𝑓 𝑠𝐽

𝑇 . (D.4)

The correlation between 𝑓 and 𝑠 matters. Treating their fitted errors as independent can
overstate or understate the precision of a shared-rate claim. Near 𝑓 = 0 or 1, a constrained
likelihood is preferable to an unconstrained Gaussian approximation.

D.3 A time-dependent generator

For varying 𝑎(𝜏), 𝑏(𝜏), total content remains constant and

¤𝐸𝐴 + 𝑠(𝜏)𝐸𝐴 = 𝑎(𝜏)𝐸. (D.5)

An integrating factor gives

𝐸𝐴 (𝜏) = 𝑒−𝑆(𝜏)
[
𝐸𝐴 (0) + 𝐸

∫ 𝜏

0
𝑎(𝑢)𝑒𝑆(𝑢)d𝑢

]
, 𝑆(𝜏) =

∫ 𝜏

0
𝑠(𝑢)d𝑢. (D.6)

This expression remains valid without commuting matrix generators because the conserved
total reduces the problem to one scalar equation. A general multichannel system instead
requires a time-ordered propagator. The distinction prevents applying an ordinary matrix
exponential to a genuinely time-dependent noncommuting quantum or classical evolution
without justification.
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E. An explicit correlated-error calculation

E.1 Efficiency ratios

Let 𝑦 be a measured rate with expectation 𝜂𝑤 and independently determined exposure 𝑤. To
first order,

Var(𝜂) ≃ Var(𝑦)
𝑤2 + 𝑦

2 Var(𝑤)
𝑤4 − 2𝑦 Cov(𝑦, 𝑤)

𝑤3 . (E.1)

The covariance term is essential when the same calibration affects the count and exposure. A
residual efficiency compatible with one is not evidence that the reservoir is absent; it is a
constraint on the particular observable combination under the specified calibration.

For two rates, log 𝜂 = log 𝑦 − log 𝑞 − log 𝑟0 − log 𝜖det has gradient (1,−1,−1,−1) with
respect to the four log variables. Its covariance follows from the quadratic form with their
full covariance matrix. A highly precise count cannot overcome an unknown absolute
normalization. The usual square-root count improvement applies only when systematic
uncertainties are already controlled.

E.2 Training uncertainty enters every holdout prediction

If a training estimate 𝜂 has variance 𝑉𝜂 and holdout expectations are 𝜇𝑖 = 𝑤𝑖𝜂, the calibration
contribution to their covariance is

𝐶cal
𝑖 𝑗 = 𝑤𝑖𝑤 𝑗𝑉𝜂 . (E.2)

It is a rank-one shared uncertainty, not one independent calibration error per holdout channel.
Adding it only to the diagonal would count the same calibration differently in every experiment.
The test volume uses this shared term in the synthetic holdout residual and separately evaluates
a common-efficiency likelihood.

E.3 An observationally equivalent family

For any positive 𝑐 consistent with the allowed parameter range,

(𝑞, 𝜂, 𝑟0) ↦→ (𝑐𝑞, 𝜂/𝑐, 𝑟0) (E.3)

preserves a one-channel expectation 𝑞𝜂𝑟0. Independent information is what breaks this family,
not higher numerical precision in the same product. The same reasoning applies to source
abundance times cross section, luminosity times production rate, and clock normalization
times transition frequency when their components are not otherwise known.

F. Notation and dimensional conventions

The microscopic update index 𝑛 is dimensionless. A physical proper-time interval Δ𝜏 is
introduced only through an operational clock mapping. 𝑞 = d𝜏/d𝑡 is a positive comparison
factor; it is not a universal energy-loss fraction. In the quotient-state discussion the map is
written 𝜋 to avoid confusing it with that clock factor.
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𝐸𝐴, 𝐸𝑃, 𝐸int are energy assignments in an effective model. 𝐽+, 𝐽− have energy per proper-
time units. The attempted event rate 𝑟0 has count per proper-time units and is not automatically
𝐽pot; conversion between them requires a specified energy per event or differential event
distribution. The efficiency 𝜂 and detector efficiency 𝜖det are dimensionless but describe
different mechanisms.

The symbol Γ denotes a proper-time hazard. A per-frame probability 𝑝 = 1 − 𝑒−ΓΔ𝜏
depends on the interval even when Γ does not. The capacity exponent is 𝑝 only inside the
phase-threshold sections, where its meaning is stated; no relation to the conversion probability
is intended. The electromagnetic coupling is 𝛼EM, while a gravitational-redshift violation
parameter is explicitly labeled by its experiment.

Natural units 𝑐 = ℏ = 1 are used in field-theory sections unless SI factors are written. The
metric signature is (−,+,+,+). The speed of light and Planck constant used in numerical unit
conversions are supplied SI definitions, not new predictions. A scalar field 𝜙 represents an
illustrative EQEF completion; the field and its inferred residual efficiency are never identified
without a constitutive relation.
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