Negative Binomial Randomization
1/28/02

Let S™ be the product space {0,1, ...} X --- X {0,1, ...} and let S} be the set of all vectors
(51, -, Sp) in S™ such that s; + ...+ s, = t. Define (X, ..., X, ;) to be that random vector
such that

<x1 +my — 1) (xn +m, — 1)
m; —1 m, —1
P(X1e = X4, e, Xnp = X)) = (t +M - 1)
M-1
0 else

(x1, ) xp) ESE

where M = my + -+ m,,.

To see that this is a valid probability distribution we consider a row of M distinguishable
(numbered) urns, of which there are m; urns of color j, m; + ---+m,, = M. It follows that

Z <x1+m1—1)m(xn+mn—1>
m; — 1 m, —1

st

equals the total number of ways of distributing t identical balls intom; + -+ m, = M

t+ M- 1), therefore this is a valid

distinguishable urns. But of course this also equals ( M—1

probability distribution.
We will consider four models leading to the above probability distribution function.
(1) Polya-Eggenberger Urn Model

Suppose an urn contains m; balls of color j, j = 1,...,n. At each drawing a single ball is
removed from the urn at random and returned with another ball of the same color. This is
referred to as the Polya-Eggenberger Urn Model. Let X;; equal the times a ball of color j was
selected in the first t draws. Then

((x,+my—1 Xp+my, —1
(ot ) ey )
P(Xl,t:xl'---'Xn,t:xn): (t+M—1)
M-1
0 else

(x4, e, Xp) € S}

withM =my + -+ m,.



(2) Exceedances/Placements

Let V4, ..., Vi _1 be arandom sample of size M — 1 from a continuous distribution F. Let
Zy,...,Z be a second random sample of size t from this same continuous distribution F.

Forintegers 1 <7, <--- <71,_1 < M — 1, define the random variables

Xy =#Z'sin(—o0,V)
XZ,t =# Zi'S in (V(rl), V(TZ))

Xn—1c =#Z;'sin (V(Tn—z)’ V(Tn—1))
Xn,t =# Zils in (V(Tn—l)’ oo)

and define the constants

m1=T‘1
m; =r,—n

Mpy—1 =Th-1 —Th-2
mn = M - T'n_l.

Then,
(xl +my — 1)_“(xn +m, — 1)
m; —1 m, —1 n
P(Xl,t =Xq, 0, Xnt = xn) = (t + M- 1) (x1, .., Xn) € S
M-1
0 else

withM =my + -+ m,.

(3) Multivariate Negative Hypergeometric

Suppose an urn contains t + M — 1 balls of which M — 1 are white and the remaining t are
black. Assume that we continue to draw out balls from this urn at random and without
replacement until all M — 1 white balls have been selected.

Forintegers 1 <ry < <71,_1 < M — 1, define the random variables

X1, = # black balls selected prior to the (r,)** white ball
X, = # black balls selected between the(r;)%‘and the (1,)™® white balls



Xn_1¢ = # black balls selected between the (1,,_,)"and the (r;,_,)™" white balls
Xn¢ = # black balls selected after the (7,,_1)*" white ball

and define the constants
m1 = Tl
m; =r,—n

Mp—1 =Th-1 " Th-2
my =M —1yp_1.

Then,
<x1 +my — 1)”_(xn +m, — 1)
m1 —_ 1 mn —_ 1 n
P(Xl,t = X1, ""Xn,t = Xn) = (t + M — 1) (xll "-:xn) € St
M-1
0 else

withM =my + -+ m,.

(4) Multivariate Bose-Einstein Allocation

Consider a row of M distinguishable (numbered) urns, of which there are m; urns of color j,
my; + .-+ m, = M. Suppose that t identical balls are distributed among the M urns according
t+M-1

allocations are assumed to be
M-1 )

to the Bose-Einstein allocation law. That s, all (

equally likely to have occurred.

Let X;  equal the balls distributed among the m; urns of color j. Then

((x,+my—1 Xp+my —1
ey )y )
P(Xl,t:xli---'Xn,t:xn): (t+M—1)
M-1
0 else.

(x4, e, Xp) €S}

Model 4 conveniently assumes all possible allocations to be equally likely. This raises the
guestion of how one can actually sequentially distribute indistinguishable balls into
distinguishable urns so that all possible allocations are in fact equally likely.

Consider a set of n distinguishable urns and let s; ;_; represent the number of (identical) balls
in Urn i after j — 1 balls have been sequentially distributed among the n urns and let p; ;



represent the probability that the j* ball to be sequentially distributed will go in Urn i.

If we define

_ Si,j—l +1

Pii = -1

then it is not difficult to show (see ljiri and Simon, “Some Distributions Associated with Bose-
Einstein Statistics”, Proc. Nat. Acad. Sci. USA, Vol 72, No. 5, May 1975, pages 1654-1657, for a
nice inductive proof) that all possible allocations of m balls are equally likely to occur for each

m=172,...

Now define Y;,...,Y,, to be independent negative binomial random variables such that ¥; ~
Negative Binomial(m;, p).

ie.
-1
Mn=y%=€;fil>pmﬂ—py y€{01,..}and0<p<1
L

Theorem 1.
Fort > 0,

(-t dt [\

EAg@bme)—cw+t_5ﬂdw Qﬁ E(g(Yy, ..., V)
! -

Corollary
Let A c S™ and define A; = A NS}, Thenfort = 0,

(-t dt [ \"

P«&Mmaaeﬂa_aﬂ¢_”ﬂ@tQﬁpqnmxga@ n
t ' p=1

Waiting Times

In keeping with the notation of our model for exceedances/placements we take V,, ..., Vj;_4 to
be a random sample of size M — 1 from a continuous distribution F.



Let Z4, ..., Z; be a second random sample of size t from this same continuous distribution F.
Forintegers 1 < a; < - < ap_1 < M — 1, define the random variables

Xie =#Zj'sin (_Oo’ V(a1))
XZ,t =# Zi'S in (V(al), V(az))

Xn—l,t - # ZLIS |n (V(an_z); V(a’n—l))

Xn,t =#Z'sin (V(an—l)’ 0

When X;; = q; we will say interval i has reached its quota. Let W,.., represent the waiting time
(i.e. the smallest value of t) until exactly r different intervals have reached their quota.
Theorem 2.

ForM>k+1

E (VVr[:Z]) = %Llp"“l(l —p)ip ((Yl, Yy € AQ:T) dp

andforM <k

e (i) = (“D* Mk d® (1= p)kt
re) ST =D dplem\ T pH

P((Yy... %) € AQT)>

p=0
where

(1) Ag.isthe eventthatatleastn — r + 1 of the (independent) events A4,..., A,
occur

(2) AjistheeventthatY; <gq;.

(3) Y3,...Y, areindependent negative binomial random variables such that

y+m;

-1
m: —1 )Pm"(l—P)y y€e{0,1,..}and0<p<1
l

P(Yi=y)=(

forj =1,...,n, where



m, = a, —

My_1 = QAn1 — Ap—2
mn = M - an_l.

Theorem 3. <Truncated Negative Binomial Randomization>

Applications
Problem 1.

(a) Let C = X1 1 4y (X;) =# X;’s which equal k. Show that

elmy, .., mn) Z ci=n andz ic; =
P(Cl Cl)-.-;Ct Ct) ( M_1 )CO!Cl!...Ct! i—0 =0
0 else

where

my,  —1 m -1 m +0 m +0
Ye(my, .., my) =2, ( @ >< "eo) > X < T(eo+1) >< T(c1+co) > X oee

My, — 1 UL Mrgrn ~ 1 Macivee)
(m”(ct_1+-~+c0+1) +(t— 1)> (mn(cﬁ_,,,”o) + (t— 1)>
T(ct_q1++co+1) - T(cpt+co) -
and the sum is over all permutations m of {1, ..., n}.
(b) f my = +-- =m, =m, then M = mn,
m—1\°m+0\“* m+(t—-1\"
Y.(m,.. m =n!( ) ( ) ( )
e ) m—1 m—1 m—1

and



P(C1 = Cq, "'JCt = Ct)

Ct

((m-—N°m+0\* m+(t—1) ¢ ¢
ST N B rtsy MU
— t+mn—1 C;=n an lCi—t
( mn — 1 )CO!CI!"'Ct! i=0 i=0
0 else.
(c)if my =--=m, =1,then M =n, ¥Y.(m,..,m) =n!1%1 ... 1° and

n! d :
;= d ic; =t
= = = t+n-— 1 Z Ci n an Z !
P(Ci =cq e, G = ¢p) ( 1 )CO!CI!"'Ct! pr ppr
0 else.

(See Wilks, Mathematical Statistics, page 445.)

<need to supply details on Wilk’s book>

Problem 2.
In the notation of our Waiting Times model, let
n=2,q=90,q¢,=1m=a,=jmy=M—-—a;, =M—j,r=1
so that
Wi.q = waiting time for 15¢ observation to exceed Viiy-

Show

M-1

E(Wyo) = M1

in agreement with Wenocur, page 41 of her dissertation (she takes N = M — 1).

<need to supply reference for Wenocur’s dissertation>

Problem 3.



Suppose an urn contains 1 ball each of colors 1, ..., n. At each drawing a single ball is removed
from the urn at random and returned with another ball of the same color. Let T, equal the
number of draws required to observe r of the n different colored balls in the urn at least once.
Let Z equal the number of draws required to observe 1 of the n different colored balls in the
urn twice.

Notation:

a® =a(a+1)-(a+k—1)

agy =ala—1)(a—k+1)
09) th . .
(a) Show that E( T,." ), the k" ascending factorial moment of T,., equals

(n — r)(k)

forn > k + r. In particular, we observe that

r(n—1)

() = ——

(b) Show that E((Tr +n-— 1)(k)), the k" descending factorial moment of T, + n — 1, equals

(n — Dgyna
n =1

forn = k + r in agreement with Holst and Hisler, “Sequential Urn Schemes and Birth
Processes”, Advances in Applied Probability, Vol. 17, 1985, pages 257-279.

(c) Show that

n

E k+j—1\ny
)Y = —L
E(Z ) k! ( i ) 0

j=0

provided we define ngy = n(® = 1.

The special case k = 1 simplifies to



n
B w_ 4n—1
E<Z>—an—1+ =1
Jj=0 ( n )

in agreement with Blom and Holst, “Embedding Procedures for Discrete Problems in
Probability”, Mathematical Scientist, Vol. 16, 1981, pages 29-40.

The special case k = 2 simplifies to

E(z®) = Z( +1) (])—2+n+3-

Problem 4.
P(no run of r + 1 or more sparse cells (0 or 1 ball in cell))
n n-i+1 i n-i s . . .
z z Z Z (L 1)i-b+uor] (n— (r+ 1)])(n—1.+ 1)(1)
M+t—1 i—(r+1)) J ¢
I.=0 j=0 ¢=0 s=0 ¢=0

y (n - i) (S(p) (m(i +s—-n)+({—¢p+s— <p)) (m + 1)¢+‘Pmi‘¢+5“”>

S t
providedt <m(i+s—n)+ ({—¢ +s— ).

Problem 5.

Suppose t identical balls are distributed among n + 1 distinguishable urns. The first n urns
each contain m (distinguishable) cells or compartments and the last urn contains s
(distinguishable) cells or compartments. There is no limit on the number of the number of balls
(mn + sz +t— 1) possible
allocations of the t balls into the mn + s distinguishable cells are equally likely to have

occurred.

that can go into any of the mn + s cells. Assume that all (

Let the random variable R equal the number of empty urns among the first n urns.

(a) Show that



n-—r ]
P(R:r):(mn_l_s_l_t Z;( )nrl i”")(‘ml+st+t—1)
=

N(n-r)

- m|G(t,n —1;—m,—s)|

in agreement with Charalambides, Ch. A. and Koutras, M., “On the Differences of the
Generalized Factorials at an Arbitrary Point and Their Combinatorial Applications”, Discrete
Mathematics, Vol. 47, 1983, pages 183 - 201, where G(t, n; m, s) are the Gould-Hopper defined
by

Gmms) = (0 (7) Gm + 5
7=0

in Gould, H.W. and Hopper, A.T., “Operational Formulas Connected with Two Generalizations of
Hermite Polynomials”, Duke Mathematics Journal, Vol 29, 1962, pages 51 - 63.

(b) Show thatfor0 < u <n

nay(mn —u) + $)®
(mn +s)®

E(Rw) =

(c) Suppose balls are distributed until k of the first n urns are occupied (by at least one ball).
Let T equal the number of balls required. Show that

mny)
P(T=t)= ——=—=|G({t—1,k—1;—-m,—
T=0=mr oo 6 m,—s)|

in agreement with Charalambides, Ch. A. and Koutras, M., “On the Differences of the

Generalized Factorials at an Arbitrary Point and Their Combinatorial Applications”, Discrete
Mathematics, Vol. 47, 1983, pages 183 - 201.

Problem 6.
The rt" descending factorial moment of the number of colors drawn k times after t balls have

been drawn from an urn with m balls each of n different colors according to the Polya urn
model equals

10



(k -Ir;lrﬁ I l)r (m(n - r)t+_(lt€r— kr) —1

)

(mn +tt - 1)

provided n = r and t = kr and equals 0 otherwise.

N(r)

11



Proof (Theorem 1)

P(Y;+ -+ Y, =t)=P((Yy,..,Y,) €SP)

DN} (Coaty R

St i=

_ 1 + my — 1) <Yn + my — 1) my+-+my _ Yi++Yn
_Z( m1—1 mn—l pt (1 p)l

St
= p(m1+---+mn)(1 _ p)t Z (YI +my; — 1) (yn +my, — 1)

t+(my+-4+my)—1
= pmi++mp) (1 — t( 1 n )
p 1-p) (my+--4+my) —1

_ oMy e (M =1
=p"(1-p) ( M—1 )
Thatis, Y; + --- + Y,, ~ Negative Binomial(M, p). Thus,

P((Yl, --.,Yn) € c/llYl +t Y, = t)

_P((Ny, ., Yy) EAandY; + -+ Y, = t)
B P(Y,+-+Y, =t)

_P((Ny, .., V) € A)
PY;+ -4V, =1t)

y1+m1_1>.“<3’n+mn_1> M _ Y1+ +yn
:Zcﬂt( my—1 24 Jpr@=p)»

mn
pM(1 p)( M—1 )
y1+my—1 Yn+m, —1\ 4 ot
2 () (e )paw)
pH(1—p)t M—1 )

12



Y1 +m1—1>m(yn+mn—1)

_z< m1_1 mn_l
- (t+M—1

At M-1 )

= P((Xy0r o Xne) € A, ).

Therefore,
P((Yy,...,Y,) EA)
=) Pl(v,..Yv)eA|) V= P( Yl=>
= P (X1 Xt A | P Y =
2, p (e a)e ()
=ZP((X1t Xnt)EUQt)PM(l P)t(t-;[]\f; 1)
t=0
and

1
M-1

It follows that

dd;r ((%)M P((Yy,..,Y,) € A))
p=1

(i P((Xye s Xne) € A,) (t L"f; 1) (1- p)t>

t=0

dT
dp”

p=1

»

- z P (X1 Xne) €A (* L"f; DIGICE i ME)

t=0

= Z P((X1er Xne) € A) (¢ j'w’”i B h ( dd;r (1-p)

t=0

(E)M P((Yy,...,Y,) €A) = ; P((Xuer o Xur) € ) (P T -

13



—p ((Xl,, e Xny) € dqr) (r L"f; 1) (=1, ().

Thus forr = 0,

1 YN
("3 "l 1)r! (—nrdr’ (_) P((1y, .., V) € A)

P((Xyp oo X)) € A, ) = p
M-1

p=1

Proof (Theorem 2)

Define Nig,,..q,) (t) = No(t) to be the number of intervals that have not reached their quota
after t additional random variables from F have been located to their appropriate interval.

Define Ng as the number of events amongst A4, ..., A, that occur.
It follows that
Weg>te No(t) >n—r

However, it follows from

E(g(Yy, .., V) = Z E (g(Yl, w0, ¥)
t=0

that

P(NéVB >n—r)= Z P(No(®) >n—r) (M +f N 1)p"”(l - p)t.
t=0
ThusforM = k + 1,

flp"“l(l —p)k-1 (P(NéVB >n— r)) dp

oo

_ flp—k—l(l _ p)k-1 (Z P(Ny(t) >n—7) (M +tt B 1) pM(1 - p)t> dp

t=0

[00]

- flp_k_l(l —p)k1 (Z P(Wp.q > t) (M +tt - 1) p"(1- p)t> dp

t=0

14



[00]

_ z P(Wr:Q > t) (M +tt — 1) (Ll pM—k—l(l _ p)t+k—1dp>

(=0
=Z P(W,., > t) (M +tt - 1) ((M - k(z; Jlr)L(_tJlr)l'c —~ 1)!>
ST Y > A
- %; P(Wyg > t)(t+k — Dpe_y
- %til P(Wyg +k—1>t)ty_q

M —-k-1)1

=== k" ((Wrg + k- 1)[k]).

But
hence
1 o ~ M-k-1!1 k]
fo p~k (1 —p)*t (P(NY® > n—7))dp =WEE(Wr:Q)
and
k(M—-1) (* _
(%) = Gr ==, P A= (P ) ap
where

P(N)E >n—r)

= P(at least n — r + 1 types do not obtain their quota|Negative Binomial model).



Inthecase M < k + 1, we have

P(NYE>n—71) = z P(Wyq > t) (M +tt B 1)pM(1 -p)t.
t=0
Therefore,

(1-p)'M-1)!
pM

M+t —1)!

and

d®=M (1 —p)k-1(M - 1)!
dp(k‘M)< o P(NgB >n—7‘)

)

ak=M) o (M +t—1)!
— -~ - _ t+k—-1
= Em (ZMP(WT:Q > t) o (1-p)

o)

p=0>
(t+k—-1)

= z P(W,o > t)T!(—l)k_M((l —p)tM=t o)

t=0

C k—1)!
= (—1)"_1‘42 P(Wr:Q > t)w

t=0

o)

= (—1)"‘”’2 P(Wyg > t)(t+k— Dy

t=0

o)

= (=1)kM Z P(Wrg +k — 1> t)tg_q

t=k-1
1
= (DM B (Mg + k- 1) )

= (—1)'<—M%E (Wr[fé]).

Hence,

P(NY2>n—r) = Z P(Wrq > t) ———— (1 —p)***
t=0

16



dk-m L k=)t = 1)
E(wlg) = W(H)k o P(Ng® >n - r))

p=0

Solutions
Problem 1(a)

Let A c S™ and define Ay = A NS}, Thenfort >0,

P((Xye s Xne) € A) = G +(1;1_)t1)t'dd; (%) P((Yy, ..., Y,) € A)

M - 1 p:l
So,
P(C1 = C1 '"lCt = Ct)
_ (-1t dt <(3>M M1 — )Pl Y.(my,...,my)
t+M—1\,_1yedpt\\p Colcy! - cy!
( M—1 )t( 1) 0 €1 t p=1
_ t t
_ Welny,.,m)(=D"  d (1 - p)Ztoier)
t+M-1 dpt
( Jttcoleyt et 4P =1
M-1
t
_ lIJC(Tnll" mn)( 1)t ( 1)tt'1 Z _
_(t+M—1)t,C|C|. st
M _ 1 . 0- 1- - l=0
t
B Ye(my,...,my,) o
T+ M -1 hy =t
( )CO!Cll"'Ct! i=0
M-1
where
T 3 G Y iy M B Y
p m”(l) -1 m”(co) -1 m”(Co+1) -1 m"(C1+Co) -1

(mn(ct—1+'"+co+1) T (t - 1)> <m"(ct+-~-+co) + (t o 1)>
X e X 1 1

n(Ct_1+---+C0+1) TE(Ct+---+C0)



and the sum is over all permutations  of {1, ..., n}.

Note:

P((Yy,...,Y,) € A) = P(exactly ¢, of then ¥j's =k, k = 0, ...,

- e (mﬂm ) 1) (’”% ]
Co! Cl! Ct! ~ mTL’(l) -1 mﬂ'(co) -

y (m,%oﬂ) + 0> <mn(c1+%) + 0>
Maos) — 1 Maivce) — 1
m
X eee X < M(ct_q1+-+co+1)

m”(ct_1+-~~+c0+1) - m”(ct+~~~+c0) -

Y.(my, ..., my)
Co! Cl! "'Ct!

— pM(l _ )21 olCi

+ (t - 1)) <mn(q+m+%) +(t—1)

1
1

)

where M = m; + --- + m,, and the sum is over all n! permutations 7 of {1,2, ...

Problem 2

1
E(W,.) = (M — 1)f p=2P ((Yy, ., Vo) € Ag,, ) dp
0
1
— (M- 1)f p=2P(Y, < o, Y, < 1)dp
0
1
= -1 [ pPCr, = 0)dp
0

—(M—1)f _2 0+mi11>

p™2(1—p)°dp

t)

)

, N}

which agrees with Wenocur, page 41 of her dissertation (she takes N = M — 1).



Problem 3

(a) By Theorem 2, withgqg; =+ =¢q, =1, m; =--=m, =1,andforn > k + 1,
we have

1
(T(k)) M[ p ¥ 1(1 —p)*~'P(atleastn —r + 1 of then ¥;'s = 0)dp
T (n—k-1)! g

n

i=n-r+1

X (’ll) (P(Y, = 0))idp)

k(n—1)! < P | — ke .
-l Y e () O([ ra-mea)

i=n-r+1

n

k(n—1)! et i—1 m—k—1D!k-1)!
=(n—k—l)! Z =D 1)((n—r+1)—1)(i) (i—1)!

i=n-r+1

(providedn = k + )
n

K'(n—1)!'(n—r—k)! w1 (i—k —
- (nn—r)!(nn—kr—l)! Z (=D (n—l:‘—i)(i)

i=n-r+1

kK m-DIn—r—k) k4 r—1
 (n=nln-k-1)! ( k )

(Tl - 1)(k)(k +r— 1)(k)
(n— T)(k)

(b) We can use the result in (a) along with the identity

k_( )xu)
4 J!

(x+ )y =

IIM?T

19



to show that

E((T, +n—1Dgy) = k_"((" ;Pj— J') . (Trw)

zk: E((Yl - 1) ]) ((n - Dp(G+r— 1)(]'))
| (=7

j=0
k .

= G (et

(n—7)w = J n—r—k

(n — D k!
- rglzi) (n)

-
o

_ (= Duynw
(n — T')(k)

(c) By Theorem 2, withg; =+ =¢q, =2, m; =--=m, =1,

k(n—1! (*
= (n—nk——)l)'J; p~k=1(1 — p)k-1p ((Yl, oY) € AQ:l) dp

k(n—1)! !
= (n _ k _ 1)|f p_k_l(l - p)k_lp(yl < 2, ey Yn < Z)dp
Y0

k(n—1)! [* n
= (n—nk——l)'fo p~* (1 -p)(p+p(1—p)) dp

KOOy ()i

j=0

= _(:(_nk__l)l')' Z (7) (j;) pn—k—l(l _ p)k+j—1dp>
j=0

20



k(=1 oy (n—k = DIk +j - 1!
_(n—k—1)!;(') (n—1+j)!

providedn>k+1landk > 1

(TGS

]=0
n
Z (k +i- 1)"(1)
no’
In the special case k = 1 this simplifies to
Zn - 1

2, (25))

= (znn—q)(zz"‘z L G)

n

using Identity #1.84 of Gould

4n—1

=1+

In the special case k = 2 this simplifies to

n

(]+1>(2n—1>
n—1 n—j
J=0

@) ;(nﬂ‘”(n ) ‘2>Z(n_ )

n

=(2n#—1) (271—1)]20 (2,?__]2)—(”—2); (2;—_11)

n

21



) ﬁ ( - (77 +]Z: (2:_—]_2) ~(n- Z)Z (% j1)>

_ (211121——1) ( (2n—1) <(2nn— 2) 423 4 (2;1:13)) - (n—-2) <22n—2 + (Znn— 1)>>

applying Identities 1.85 and 1.84 of Gould

4n—1

=2+n+3-

Problem 4 (No run of r + 1 or more sparse cells (0 or 1 ball in a cell))

P(longest success run of length less than or equal to 7 in a series of n iid Bernoulli trials)

= i njzizl (-1 (’ll: ((::11))]1> (n —]i_ + 1)pi(1 e

i=0

success = event ¥; = {0 or 1} where V;,...,Y,, are assumed to be independent negative binomial
random variables such that Y; ~Negative Binomial(m, 0).

ie.

p(yl.:y):(y:;lrzzl)em(l—e)y y€{0,1,..}and0<6<1

SO
_ . _(0+m =1\ m1 _ o0 1+m—1\,mq _ o1
p=pPi<sD= 1" )ema-0+("T™ )oma-0)
= (m+ 1)0™ — mo™*! = g(0)

M =mn
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(_1)t n n-—i+i1 ( 1 a1 dqt
(M +t— 1) t!Z(; JZ; (-1 (1: (::1)]]> (n ]l'+ )(det <( ) (9(®)'(1
. =i
—9(9))n_i> )
0=1
M = mn
g(@) = (m+1)™ — me™+1
dt [(1\M i i
() wera-so)|
dt mn

" dot

(6

0

) (m+ DO™ —mom+)' (1~ (m+ o™ + m9m+1)"‘i>

d@t(() ZZZ( e () (M) () (G

$=0 s=0 =0

+ 1)9m)¢+‘p(m9m+1)i—¢+s—(p>

6=1

+ 1)¢+<Pmi—¢+5—(p9m(i+s—n)+(i—¢+s_(p)>

6=1

(-0t dt "
= (M Y- 1) dot ((5) P((1, .. 1y) € dq))

6=

6=

1
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Q..
o~
/_\
6~
||Mf
%)

0= () (") () om

+ 1)¢+<pmi—¢+s—<pQm(i+s—n)+(i—¢+5—‘ﬁ))

- det

'S

6=1
i n—i s m(i+s—n)+(i-Pp+s—¢)

dt
~det Z
u=0

o (D)1 (5) (105 1m0 )

u

X (m+ 1)¢+emi-¢+s—¢(1 — 9)“)|9=1

i n-i s m(i+s—n)+(i—p+s—¢) ' i _iN/S
ST (0790
$=0 s=0 @=0 u=0 .
y (m(i +s—n +u(l ¢+s-— §0)) (m + 1)P+omi-¢+s—¢ <% (1-6v 9=1>

i nei s m+s—n)+(i-p+s—p) _ s
ISy o ()eT)

0 s=0 =0
x (mli+s—m+ u(l b+s— ) (m + D#+omi=#+50 (11 (<11, ()

- 4 , (—1)i-o+u <¢> (n - z) ((p) (m(i +s—n) +t(i —¢p+s-— <p)) .
X (m+1)*mi= st <m@i+s—-n)+({i—¢p+s—09))

S

©n
1l
o
'S

Therefore,

P((Xy o Xne) € A:)
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n n-i+1

(Mit“l 22 () ()

i=0 =

(j—;((%) (90)'(1 - g(®)" )

)
12 > e (Y

l=0 j=0

/N

X< i n-i (—1)i_¢+u+(p<(§>)(ns_i)((;)(m(i+s_n)+t(i_¢+S_¢))
$=0 s=0 =0

*(

Problem 5

(a)

If we define

A = {(a1 az,

A =

T % 58,3 o (L)

m@i+s—n)+ (- ¢ +s— (,0)) (m + 1)¢+<pmi—¢+s—<p1(t

t
Sm(i+s—n)+(i—¢+s—<p))

. Ay, an+1)|a1 + -+ a,,, = tand exactly r of (a, ay, ...,

{(al, Ay, ..., Ay, an+1)|exactly rof (aq,ay, ..., a,) equal 0}

then by Theorem 1,

a,) equal 0}
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= (mn +g_i)tt— 1) o << )mn+s (Z 0 (] (P(Yl =0)* )>>

P(exactly r of the first n urns are empty)

=P ((Xl,t' s Xt Xns1e) € f/lt)

(_1)1; dt 1y tS
- (mn +s+t— 1) ¢1dpt ((5) P((Fr, o Y Yrs) € dq))

t p=1

t

p=1
- (mn +(s_j)tt— 1) < (( )mn+s <Z (-1 ; ; i ))
t p=1
t m(n—i)+s
(mn +(s j)t 1 (Z (=17 T ( ) )
t p=1
e n m(n—i)+s
- (mn +(s j)t 1 (Z —1" r (1 (1 p)) ) )
t p=1

K

mn+(sj)tt 1 < (iz 1)lr (m(n l)-]|-S+] 1)(1—p)j>

t

K

(-1 C
mn+s+t-— 1 z

J

nMg

dat .
(1yr )(H (O EE T )(agul—mn

t

K

p=1

)

(-1t !2323 —ayer (! (Mn D+s+j- yu—nﬂwu)

mn+st+t—1 ¢ Ji
1 c e iy _
g OO
t L=r
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M) (_qye (- 1)tt'z( 1y (M )(ml+s+t—1)

" (mn+ 9)® t
Ny
= W (-D6(t,n —r,—m,—s)
N(n-r)
= m |G(t,n —T,—m, —S)|

(b)

It is a standard result of probability distribution theory that for general random variables
X1, s Xy,

e (1Ot + -+ I{A}(Xn))(u)> —ul Y P(X, €4,..X, € 4)
(jl:--- :ju)E(Cu

where C, is the set of all samples of size u drawn without replacement from {1, ..., n}, when
the order of sampling is considered unimportant and where we define

Lo (x) 1 x€A
x:
4 0 x¢A

Now define g(ay, ..., Gy, Qpyq1) = (I{O}(al) + 4 I{O}(an))( ; Then it follows from Theorem 1
u
that fort = 0,

E(Ra)

= Et(g(Xl, ,Xn;Xn+1))

(—1)t dt 1\ mnHs
= (mn Fs+t— 1) p1dpt ((E) H(g 0t Yo, Y"+1))>
t

- st §) @ Qeu=or)

t
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(-1t dat ((1)’""+S -
T mnts+t—1 e\\p P
(mn st )t! dpt \\p =1
(_1)tn(u) dt 1 mn—-u)+s
=(mn+s+t—1)t!dpt<(1—(1—p)) >
t

(Ding dpt i(m(n u)+s+1 Da-py

p=1

=(mn+s+t
t J=0 p=1
0<u<sn
(=Dingy i(m(n—u)+s+] ) d_t((l_ ))
(mn+s+t—1 1L dpt p .
j=0 p

[ee)

(mng- 511-7;(1) 1 Z (m(n u) Feti- ) (=Dt ()

_ nw (m(n—u)+s+t—1)
(mn+st+t—1) t

_ ngy(mn—uw) + s)®
a (mn +s)®

(c) Suppose balls are distributed until k of the first n urns are occupied (by at least one ball).
Let T equal the number of balls required. Show that

_ _ mny) _ _ _
Pr=e)= (mn +s)® 6= 1k = 1;=m, =5)]

we see that T = t if and only if

(1) k — 1 of the first n urns are occupied by at least one ball after t — 1 balls have been
distributed

and

(2) the t*" ball goes into an unoccupied urn among the first n urns



Therefore,
P(T =t) = P(B|A)P(A)
where

A: k — 1 of the first n urns are occupied by at least one ball after t — 1 balls
have been distributed

and

B: tt" ball goes into an unoccupied urn among the first n urns.

However, from part (a)

N(k-1)

PlA) = (mn + s)(t-D

|G(t -1,k —1;—m, —s)|.

Furthermore, it follows from our understanding about sequentially distributing balls so as to
maintain a Bose-Einstein distribution that the probability that the tt* ball goes into any
particular unoccupied urn is

0+1
(mn+s)+(t—-1)

Whence it follows that

0+1
P(BIA) = m(n —k+ 1)((mn+s)+ = 1))'
Hence,
o m(n—k +1) Nk—1) _
P(r=1) = <(mn +s)+ (t— 1)) ((mn +5)t-1D |G(t —Lk=1-m, _S)l)
mn
= (mTch))(t)w(t —1,k—1;,—m, —s)|.
(d)
If we define

A = {(al, Ay, .o, Ay, an+1)|a1 + -+ a,4, = tand at least r of (a4, ay, ..., a,) equal 0}
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And
A ={(ay,ay, ..., ay, anyq)|at least r of (ay,ay, ..., a,) equal 0}

then by Theorem 1,
P(at least r of the first n urns are empty)

=P ((Xl,t' s Xt Xns1) € f/lt)

(_1)t dt 1\ S
- (mn +s+t— 1) grdp ((5) PO e Yo Yosa) € Jl))‘

t p=1

(mn +(s i)tt— 1) z (‘)mnﬂ (Z (-1 T ~ ( )(P(Y1 =0)* ))

t

(1)t dt 1\ mnHs n . -
et O (S o (o)
¢ : i=r p=1
( 1)t 1 m(n-i)+s
(mn +s + t— dp (Z (=1 r 1 (Tll) (1_9) ) )
p=
( 1)t n l r 1 m(n—i)+s
(mn+s+t—1 dpt<z( D) r—1 (n)(l—(l—p)) )
t p=l

(—1)¢ gt [ & i (D) -
:(mn+s+t—1)t!dpt<ZZ(—1) (;_1)(?)(”‘7’1 l-]l'-s+J >(1

¢ i=r j=0

_p),->

p=1

p=1
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n

(-1)* C -_ _ _ dt
(mn+s+t—1 ZZ( 1)1 T r_::ll)( )(m(n l)']l_S-l'] 1)<d_pt((1

i=r J:O

)

(mn+(s i)tt—l tlzz( D r r:i)( )(m(n_l)jﬁj )“ D 0)

i=r j=0

_ p)j)

(mn+s+t ZU)” ) [ G S

Problem 6.

The rt" descending factorial moment of the number of colors drawn k times after t balls have
been drawn from an urn with m balls each of n different colors according to the Polya urn
model equals

(k + TE - 1)T (m(n -7) +_(t —kr) — 1)
m (mn +t —tl) = )
t

provided n = r and t = kr and equals 0 otherwise.

Ee(9(Xy, -, Xn)) = (mn g-_tl)—t 1) " ddptt <(%>mn E(g(Ys, ""Yn))>
. !

(-1t dt (/1™ _ "
) A <<E> "o <(k 1 s p)k> >
t

Theorem 8.10 Binomial Moment of Sum of Indicator Variables

p=1
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(1)t (k = 1)rnm gt /1 m)
(mn Tt —11) £l dpt ((;) - p)kr>

t p=t
1\t k+m-—1 " —r
=( 1)( m—1 )"(r) dt ( 1 )m(n )(1_p)kr
(m"‘”—l)t' dp*\\1-(1-p) )
t . p_

providedn > r

S 1)f("";’f‘1

N dtt i (m(n _ r) +j— 1) (1 = p)/+r

(mn +tt dp = .
( 1)t k+m-— o ~ .
(Trgn+t )Z) (m(n nti- )(d (1 —p)Jthr p_1>
t j= =
(—1)t k+m—1\ N B a
(ngn Tt_—ll))tl - )Z) (m(n r]? * 1) ((—1)i+kr G + kr)! I{t—kr}(j))
t e

k+m-—1\
:( m—1 ) n(r)(m(n—r)+(t—kr)—1)
t — kr

provided t = kr.

Thespecialcasem =1, r=1,k=i,t=j,n=N

N (N+j—i—2>: jl T (N +p—1)
(T G- I (v +p)

E(Se) = nen (P, = 1))
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