Random Compositions of an Integer.

A composition of n is a partition of n where the order of the parts is taken into account.

e.g. The 8 compositions of n = 4 are

1+1+1+1 (14241242 |3+1
1+1+2 24141143 |4

In contrast there are only 5 partitions of n = 4, namely

1+14+1+1]2+2][4]
1+142 1+3

We refer to each integer of acomposition on n as a part. We refer to the number of times
a given integer occurs as a part in acomposition as the multiplicity of that integer in that
composition.

It is straightforward to show that there are (7;:11) compositions of n with exactly ¢ parts

n
and that there are >° (—) = 2"~! compositions of . in total.
t=1

If a composition of n is picked uniformly at random from the set of all (7;:11)
compositions of n with exactly ¢ parts, we will refer to this as a random composition with
t parts.

If a composition of n is picked uniformly at random from the set of all 2"~! compositions
of n, we will refer to this as a random composition.

We will need the following definitions.

S> 1 the infinite product space {0,1,...} x {0,1,...} x ---

Spe : the set of all vectors (s1,S2,-..) iIn S™ such that 1s; +2so + ... =n
o o 1s; +2s9+ ... =n
o o the set of all vectors (s;,Ss,. .. ) in S such that
v S1+s9+ ... =1t
Forany A C S* define A, = AN S and A,; = AN S5
We note that the condition that 1s; +2s, + ... =n impliesthat s; = 0 for all j > n.

Hence all vectors in A, and A, ; are of the form (a;,as.- .- ,a,,0,0,...).
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Forall A # (0,0,...), let A, be the collection of n-dimensional vectors formed by taking
each infinite-dimensional vector in A,, and truncating after a,,. So for example,

(a11a21' .- la7L7 07 07 et )_>(a11a21' .- :an)

Define A,, ; in the same way by truncating after a,, in A, ;.

It is necessary to separate out the case .4 = (0,0, ... ) because in this case
n=1s;+2s9+ ...=(1-00+(2-0)+ ... =0

and it does not make notational sense to use n as an index for A,,.

Let X; equal the multiplicity of j in a random composition of n with ¢ parts. It follows
directly that

t! 1 lx1+2x0+...+nx,=n
o | (n,l) r1+w9+.. ATn=t
ne .rJ'E{U,l.,..,n} Vi

Paﬂzm,wXﬁ:%J:{
L 0 else

and if we let 1W; equal the multiplicity of j in a random composition of n, that

(w1 +...4wy)! ( 1 ) n—1 1w +2wo+. . . +nw,=n
2

wy! - wy,! w;j€{0,1,...,n} Vj
P(W1 :wl,...,Wn :wn) = 1
L 0 else

Let Y7, Y5, ... be an infinite sequence of independent Poisson random variables where

exp(—N0)(N6)Y

P(Y;=y) = )

y=0,1,2,...and j=0,1,2,...

Theorem 1 and its corollary which follow demonstrate how problems involving the
dependent X ;'s and the dependent W;'s can be reformulated in terms of the independent
Yj's.



Theorem 1.

" 1 d" d 0
E(g" (X1, ..., Xn)) =:71!(?:%) <C1An/aﬁﬁ.<e(lA)lg(g(ya,}a,_")))

A=0 )
0=0

Explain the relationship between ¢* () and g().

For A # (0,0,...)

S AN N
P((X1; X0) € onr) = -1 (dwlﬁ(e WPV, Ys, ) € A))

A
(4

Corollary 1.

n n—1
P((Wb ---aWn) € An) - ZP((Xl, ---7Xn) - An,t) (t_l)

n—1
t=1 2

PY1=y,Yo=19s,...) =

and

==



P(inj:n) :ZZP(Yl =y, Y2 = Yo,...)

(y1,92,---)3
x .
> Jyj=n
=

x| 3 1

(y#yz,m)B (yj)'

\ Z Jyj=n  j

I
—_
N—

n=0 j:1 j:1
()5 \
> L | () a0
— ;AZW 6(1)\)\)>\7LL(TL)}I (6 =X\ L(n))
1
B> L<n>}'( X))

— iP((Xl, LX) €A (e(%)A”L(”))

n=1
where the vector (X7, ..., X,,) is a random composition of n.

Therefore,

I P((V1, Vs, ) € A) =Y P((X1, 0, X)) € Ay)(L(n))N"



and

gK&meJQJEM)

A=0

I
g

P((Xy, ..., X)) € An)(L(n))r! g (n)

Il
—_

n

= P((X1,..., X,) € A)(L(r))r!

Hence, for A # (0,0,...)

P(X s X,) € ) = s (0 (el P Yo

n!L(n) \ d\

where the vector (X1, ..., X,,) is a random composition of n.

Proof of Theorem 1.

Let y; be a nonnegative integer for j = 0,1,---. Then

(), 80),2)
e\ =L AN SN

PYi=uy,Ya=1ys,...) =

and




P(ijj =nand ) Y] :t) =Y > P(Vi=y,Ya=1p,...)
j=1 J=1

(yolc,yz,»-b
jgjyj:n
A
(T3 Angt £
T N
' b2 T (y5)!
Z =1
\ J';yj:t }
(T3 Angt £
S N
' > T (y5)!
> = j=1

n
X vj=t }
J=1

B TGt [ —1
-t t—1

It follows that for A # (0,0,...)

P((VisYa,...) € A) =fjip<m,y2,...> eA|ijmzn,iifj:t)P(fjjm:n,in: )

n=0 t=0 j=1 j=1 j=1 j=1
e(%))\"ﬂt \
i i ]1;[1(211)! I N0t [ — 1
- — — p(#)"f n— I t' (t-l)
HEE| )
tl \
_ i iz L) ! (e(lgi)A”Ot (n — 1>)
n=1 t=1 A, (:ﬁl:ll) } t' t—1

0. X (%))\net -1
— Z ZP((Xl, .--,Xn) € An,t) (67(/:‘_ 1 >)

where the vector (X1, ..., X,,) is a random composition of n with ¢ parts.



Therefore,

n=1 t=1 t' t—l
and
d7' ds (gf)\)
o (P11, ) € ) .
> 1/n—-1 | |
=Y D P(Xn e X) €dud () )i @) sl @)
n=1 t=1 !
1/r—1
= I = I gl
P((X17 7X7) GA“S)(S!(S—l))T S

Hence, for A # (0,0,...)

1 d" dt
_ - eli)
P((X1,..., X;) € Ayy) IO <Xm d@f( P((Y1,Ys,...) € A))‘m)

where the vector (X, ..., X,,) is a random composition of n with ¢ parts. O

Proof of Corollary 1.

P((Wb n eAn ZP Wh '7W7L)€ATL|T:t) P(T:t)
(n 1)
= ZP((W1, W) € AT =1) on—1
t=1
n—1
= ZP((Xla "-7Xn) S A"’t) (2171_—11) =
=1

Theorem 2.

Let S” be the product space {1,2,...} x --- x {1,2,...} and let S!, be the set of all
vectors (si,...,s;) in St such that s; +... + s, = n.



Define (X, -..,X;,) to be that random vector which is equally likely to be any value in
St and define Yi,...,Y; tobe iid geometric random variables on y € {1,2,...} with
parameter p,

ie.
PY=y) =pl—p’"' ye{l2...} and 0<p<1.

Then for n > ¢,

E(g*(Xl,na---,Xt,n)): ((njl])_f)':! ° dc;; ((1_p> E(g(Yl,...,Yt)))

Let A C S'and define A, = AN St, then

P((Xl,na ’Xt,n) S An) = ((njl?:! i dd;n ((1 — p> P((Yl’--- ’Yt) €A ))




Applications

Problem 1.

How many parts would we expect to equal 7 in a random composition of n with ¢ parts?
That is, find £(X;). As a check on your answer make sure that > E(X;) = t.

i=1
Answer
f t (n—i—l) ie{l,....,n—1}
() \ =2 te{l,...,n—i+1}
E(Xi):1 1 i=n,t=1
L 0 else
Proof

Inthecase ¢ € {1,...,n—1}andt € {1,...,n —i+ 1} we have

1 d" d 0
N — = () By,
E(Xz) n!(n—l) (d}\” dot (@ E(YVZ))

t—1

- n!(ill:%) (dA j_;t () ;3)
- m(;ll:;) (i (v (). A—o>
- (ddv (Ait(ﬁ) ) )

t

)
~ ) (i((t T 1> R ))
(o

As a check on our answer, we note that for ¢t € {2,...,n}



In this last step we used Identity 1.48 of Gould's Combinatorial Identities. Namely,

S = (-2

In the caset = 1 we have trivially that

n—1 n

iE(XZ-)ZZOJer:l:t

i=n

Problem 2.

How many compositions of n with ¢ parts are there such that every part takes on a value
between [ and w inclusive?

Answer

ijo (_1)1-(2) (n—t(l—l);j(zf—l-l-l)—l)

Notes:

n—t(l—1)—1

") in the special case u = nand to (" ,) inthe

The above solution simplifies to (
special case [ = 1 and u = 2.

That is,

;O (_1)1-(2) (n—t(l—1);i'(?—l+1)—1> _ (n—til_—f)—l)

and
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v () =00

This problem can be easily handled via generating functions but we will use Theorem 1 to
illustrate its application.

Proof

Let B = {{1,....0—1}U{u+1,...,n}}.
Clearly the solution equals (7~}) - P(X; = 0,5 € B).

t—1

Now define

An,t = {(alaa%---aan)ual + ... +na, = n,ap + ..o tay =t and aj = 07] S B}
Any ={ay,a9,...,0,,0,0,...|1a; + ... + na, =n,a; + ... +a, =tanda; =0,j € B}
A= {a11a21--- Wp s Apt1y Ap42, - - - | a; = 07] € B}

Then,

P(Xj = 07j € B) = P((Xla ---7Xn) S An,t)

1 dar dt P\
_ A dl g my
n! (7)) <CW o’ (e PO 6A)> ;:::)

where

P((V1,Ys,...) e A) = | [[P(Y: € {0.1,...}) | P(Y; =0, € B)

i¢B
e-N0) (A1)’
:HP(YJ:O):H<T
jeB jeB :

Therefore,
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: 1 d» d' o 8
P(X;=0,j€B)= nl( 1) | aan 40t ( (H)He( ))
’ J

1 dn d' (ee(ﬁ—()\l—k...—m’ D= +,\")))
n!("71) \ d\ dot A=0
0=0

- s (ot (e )| )
n!("1) \ dar dot .
1 d" d' (Q(W)> )
n!("1) \ dar dot -

1 dn )\l _ )\u+1 + )\n—&-l t
~ () dan ( 1—A >

n+1
At this point we can avoid some unnecessary algebra by noticing that the term f_—A can be
dropped in as much its expansion will only lead to terms \¢, ¢ > n and the n" derivative
of these terms evaluated at A = 0 will all equal 0.

. 1 dr )\l _ )\u+1 +)\n+1 t
P(XJZO,]GB):TL(H 1)d>\n<( 1_)\ >
1 dr )\l_)\u+1 t

~oal(l) dan ( 1—A >

- .(}L—ll i (

A=0

A=0

dm )\lt+ (u+1-1)i
i ()

t i=0 > A=0
e () >d” S
— . Y +(u+1-0)i+j
n!("]) & ]_ZO d>\”( ) A=0
1 L& t\(t+ji—1 ,
= —0 Z ( >( ] >n!(|{7L—lt—(u+1—l)i}(]))

)

(G IR
(0

n—t(l—1)—i(u—1+1)— 1>

t—1
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Problem 3.

How many compositions of n with ¢ parts are there for which the multiplicity of the
integer jequals k& ?

Answer

v (DG

Clearly the solution equals (}—) - P(X; = k).
Now define

A,y =A{(ay,a9,...,an)1a; + ... + na, =n,a; + ... +a, =tanda; = k}
Any ={ay,a9,...,0,,0,0,...|1a; + ... + na, =n,a; + ... +a, =tanda; = k}
A= {a11a21--- 1y Apg1y Qg2 - - | a; = k}

Then,

P(X;=k)=P((Xy,..., Xn) € Apy)
n t
=——L—<d d(<9Pm@nw»eA0kJ

nl("71) \ dAn do?
where
P(V,Ya,...) e A) = [ [[P(Vi € {0.1....}) | P(Y; =)
i#j
AW)()\]@)
=P, k!
Therefore,
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1 d* d' [ (ny e e~V (\ig)*
P(Xj = k) = n!(n—l) (d)\n dot ( ! k!

t—1

— 1 " d' 0(:25—N) gk y jk
Conlkl(7)) <d>\” d@t( oA )

— (’i) d" ( A _)\j>t_k>\jk
() L AT =)

_ ) (¥ d” k

(D) > 0( )i )

— (’i) S0 (t >(t —z—i—l—l) a™ i i \ gk

EIGIACIP )|

= (/i) S0 (t >(t —z+l—1> d" t—k—itl+j(i+k)

EIGIACIP et )

(1) [ (t k:>( —Z—i—l )

- n! g, il l
n!(37)) 1—0; {n—thi—jiih} (1)

_ WS (t k‘)(t— —i+(n—t+k+i—ji+k)) - )
(7;:11)1 n—t+k+i—j(i+k)

- (::;1) ( () ()G )

Hence there are

v (DG

compositions of n with ¢ parts for which the multiplicity of the integer jequals k. O
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Problem 4.

How many multiplicities in a random composition of n with ¢ parts do we expect to equal
k?

Answer

(?;1) _1 ZZ (_1)i(2> (t i k) (n - Zfﬁzf>+f?i - llf - z‘))

J

Proof

The number of multiplicities equaling & in a random composition of n with ¢ parts is

> (X))
=1

Therefore,
E( ;le I{k}(Xj)) = ;le P(X;=k)

B (?;1) ;1 _Z (_1)i(2> (t;k) (n_%—ﬁ](j)t@:;_i)) -
Problem 5.

How many multiplicities in a random composition of n do we expect to equal & ?

Answer

220 (1)) (i)

Hitczenko and Savage consider Problem 5 in their paper “On the Multiplicity of Parts in a
Random Composition of a Large Integer”, Pawel Hitczenko, Carla Savage, October,
1999. A preprint of their paper is available at http://www.csc.ncsu.edu/faculty/savage/.
While they do not find an exact result as we have, they do show that
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E(Z |{k}(Wj)) ~ (Lnéﬂ) O_O (27)" (1 279"

1/(k In(2))j for large n.

Q

The number of multiplicities equaling & in a random composition of n is

>l (W)).
=1

Let T represent the number of parts in a random composition of n. Then,

')

j=1 j=1

= > B (W) T:t)P(T:t)
t=1 j=1

- Y B uk}(Xj)) P(T =1)
t=1 j=1

B n 5 n : ¥ (7;:11)

- Z {k}( j) 2n—1
t=1 j=1

(e (D))

EEE (AT

Problem 6.

Suppose a part is picked uniformly at random from a random composition of n with ¢
parts. Let V' represent the multiplicity of this part. Find P(V = v).

Answer

P(V =v) = (il) i(—l)i(f,j)(t;v) (n—ﬁz_+jigt?1:i—2)>

t—1/ j=1 i=0
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Note: Using the relationship > P(V = v) = 1 we can establish the identity
v=0

n—1

—0 j: t:o (_1)1-(2:1) (t;v> (n—j?i_+ji§tzé1:i—i)> - (t— |

(Method 1.)

Define the random variables

R; = multiplicity of part j, j € {1,...,t}
S = part selected in our above two phased random process

Then,

PV =[S =j)P(S =)

~
<
=
I
-M'\*

It is clear that R,,R»,...,R; are not independent random variables, but they are
exchangeable random variables. Furthermore P(S = j) = 1 for all j. Therefore

Now define the random variable 1/ to be the value of part 1.

Then,

P(V =v)=P(Ry =v) = iP(Rl =vand W = j)

=1

However, we notice that
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part 1 has multiplicity v and part 1 has the value j
&
value j has multiplicity v and part 1 has the value j

Thatis P(Ry =vand W = j) = P(X; =vand W = j)

But we also notice that there exists a natural one to one correspondence between the set
of all compositions of n with ¢ parts such that value j has multiplicity v and part 1 has the
value j and the set of all compositions of n — j with ¢ — 1 parts such that the value j has
multiplicity v — 1.

From Problem 3 we have that there are

Sev (DG

such compositions. Hence,

P(Ri = v, W = j) = (il) :J (—1)i(z:i>(t?> (n—ﬁffgtﬁii—i))

(10 20 St G [ G | A A A

j=1 =0

(Method 2.)

Let S represent the number of multiplicities equaling v in a random composition of n with
t parts. That is

S = Z I{v}(X])
=1

Then,



s=0
— 2(s)
=YF (Z |{U} (X))

j=1
— 13" P(X; =)
7=1
n t—v . e _
=12 (e SO (i)
_ n t—wv (_1)1-(15) (t_q)) ( n—j(i+v)—1 )
t(?:ll) a2 5 v i n—j(i+v)—(t—v—1i)

o n t—v (_1)1-(15_1) (t—q)) ( n—j(i+v)—1 )
— (771) ‘ y v—1 7 7L—j(i+1))—(t—1)—i)

Problem 7.

Suppose a part is picked uniformly at random from a random composition of n. Let V/
represent the multiplicity of this part. Find P(V = v).

Answer
1 n n t—k -1 +— T _1
P(V =v) = —— (_1)1( >( v>( n- j(i +v) >
2 t=1 j=1 i=0 v—1 ( n—ji+v)—(t—v—1)
Proof

Let the random variable 7' represent the number of parts in the random composition of n
selected.
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Problem 8.

Suppose a part is picked uniformly at random from a random composition of n with ¢
parts. Let Z represent the value of this part. Find £(Z).

Answer

B(Z) =7

Of course this answer follows immediately from the fact that the parts are exchangeable
random variables but will we apply Theorem 2 as a well of illustrating its use.

Proof

Let @); represent the value of the 4th part.
Let g* (XLTL! .- lXtm,) - Ql and g(Yi,. .. ,YZ) = Yi

The argument made in Problem 1 could be made to show that P(Z = z) = P(Q1 = 2),
therefore by Theorem 2,
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B(Z) = B@Qy) = = & ((1_p> E(Y”)

(t—l)n! dp" p

- e (5O 0L

< e (T o)
_ ((253; g(m”iﬂ_l)(dd;( i )
=t (T )
) fleb ()

ot

Problem 9.

Suppose a part is picked uniformly at random from a random composition of n. Let Z
represent the value of this part. Find E(Z).

b= (1)

Answer

21



Problem 10.

Let U represent the number of distinct integers that occur in a random composition of n
with ¢ parts. Find E(U).

Answer
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Problem 6 (another approach that really doesn't work!).

Suppose a part is picked uniformly at random from a random composition. Let V'
represent the multiplicity of this part. Find P(V = v). Asa check on your answer make

surethat > P(V =v) =1,
v=0

Answer

Proof

Let 7" represent the number of parts in a random composition.

Let V; represent the multiplicity of a part picked uniformly at random from a random
composition with ¢ parts.

Let S} represent the number of multiplicities equaling » in a random composition of n
with ¢ parts. That is

SZ} = Z I{v}(X])
=1

Then,

t=1

_ 3 P = o7 = i)
— 277,—1
n n—1

= pi=nE]
t=1

) ¢ (n—l)
_ P(Vi =1l S =9)P(S} =s) | 1%
1 s

t= =0

n—1
sy = i)

I
/N
=&

I
=
°"|Cn
TS
N
/_\
.
HM:
1§
=
-
—~
2
SN—
I
w
v



Let A; represent the event that X; = v. Then

P (Z Loy (X;) = s) — P(exactly s of the events A, ..., A, occur)
=1

=S e (T s

r=0

where

( > P(A;n---NA;.) 1<r+s<n
S7'+S = (j17"'le+S)E(CT‘+S
0 else

and C,,  is the set of all samples of size r + s drawn without replacement from {1,...

when the order of sampling is considered unimportant.

Finally, we can solve for P(A; N---N A, . ) via Theorem 1.
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P(AJL mmA]r+e) :P(XJ :U,"',X

S Py,

- n!(zll:%) (

1

" d
dxnﬁ(e

1

n!(v!) ™ (?:11

d" dt ( 2\ ) (—B(N1 Nrts)) g (r+s) (it .. +j
1K +...+ 0 r+s 1))\11 n+... ]n))
) d\" dot (

n!(v!) ™ (?:11

d” dt (_Q(L_)\jl_ _\r q)) dg ; ;
= + 9(7—5—5)1))\”(]1-"—‘..—&-]“))
) d\" do? (

n t—(r+s)v
_ t! d ( >\ _ )\]1 - = )\jr+s> )\1}(j1+...+jn)
(o)) (t — (r 4 s)v)! (?:11) dxm 1-A \—0
| t—(7'+8)k 00 . t _
= r+s - 1(n—1 Z ( o 1)1 ( (T+ S)U>
nl(W) ™t - (r+9)(1) S & Cors t
(t—(r—i—s)v—i-l—l—l) il
y o
l Cl' Crts
/ t—(r+s)k i (—1y (t — (r+ s)v> (t —(r+s)v—i+l— 1>
W) (= (r+s0)(V) = SO ‘ !
y . 'L' ' dnn ()\1;(j1+,,,+jn)+(t—(7'+8)1)—1’+l)+(]‘161+‘~-jr+scr+s)) >
crlo s \dA A=0

« n — 'U(jl + cee + jn) - (j101 + .o .j7-+sc7-+s) - 1 > 'I,!
n — v( c1

t R i(t—(r+sw
= W) (- (r + 8)v)|(n—1) Z Z( - 1) ( i >

t—1 1=0 (Cr+s

| |

jl + ... +jn) - (t - (T + S)U - Z) - (jlcl + "'j7'+sc7'+s) 2 Cryst
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Problem .

Let W represent the number of distinct part sizes in a random composition of n with ¢
parts. Find P(W = w).

Answer

Proof

Let S; represent the number of multiplicities equaling 0 in a random composition of n with
t parts. That is

Sp =) lLoy(X))
=

Let A; represent the event that X; = 0. Then

P(W =w)=P(S5; =n—w)

P (Z Loy (Xj) =n — w) = P(exactly n — w of the events A4, ..., A,, occur)
j=1

n—(n—w)
rT + (n - w)
- Z (_1) ( > SH—(n—w)

—0 n—uw
w
An—w+r
= (_1)7 ( > S7'+7L—U)

r=0 n—w

where
{ Z P(Ajlm'..mAjH»nfw) 1 §T+n_w§n
S7'+7L—UJ - (]1 9 - -ij»nfw)E(CH»nfu!
0 else

and C,,,_,, Is the set of all samples of size » + n — w drawn without replacement from
{1,...,n}, when the order of sampling is considered unimportant.

Finally, we can solve for P(A; N---N A, ) via Theorem 1.

Jr+n—w
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1

()

dn dt (ﬂ
AN dot (6

1 " d (e(e(ﬁ—”‘"'"WW)))

[

nt (") (dxnﬁ
[
[

dv (A= (1 =NO\ 4. M)\
A" 11—\
A=0

n!(:"L*l) (dd;" (i (H—Zz"_l))\i()‘ - (]- - )\)()\jl + ... + )\j”"“’))t>

)
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Problem 6.

Suppose a part is picked uniformly at random from a random composition of n with ¢
parts. Let V' represent the multiplicity of this part. Find P(V = v).

Answer
rv=u=n 3 R ()0 (i)
Proof

Let S represent the number of multiplicities equaling v in a random composition of n with
t parts. That is

S = Z I{v}(X])
=1

n t—v . . _
=12 (r SE0 OO EN))

n t—ov i . _
= S ) (i)
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.)(

n—j(i+v)—1 '
n—j(i+v)—(t—v—1i)

)



