Random Labeled Trees 7/19/01

Theorem 1. 1-Shifted Poisson Randomization Theorem

Define S™ to be the product space {1,2,...} x --- x {1,2,... } and let S} be the set of all
vectors (si,...,s,) inS™suchthat sy + ... +s, =t.
Suppose that (X1,...,X,,) is a random vector such that for all (sy,...,s,) € S},

(t—n)!
(s — D)l--(s, — 1

51—1. Sp—1

P(Xl = 317---1Xn = Sn) =

I ()™ "+ +(pn)

where p; +... +p, =1 and p; > 0 forj= 1,...,n.

Suppose that (Y7,...,Y;,) is a vector of independent 1-shifted Poisson random variables
and that Y; has parameter A\p;, j = 1,...,n. That s, suppose that for all s € {1,2,...},

e (Ap)™!

P(Y} B S) B (Sj - 1)'

Thenfor ¢ > n,

t—n)! d
( t!n) W(e’\AnE(Q(YP”"Y“)))"\:O

E(g(Xy,.... X)) =

Let A C S™ and define A; = AN S}'. Thenfort > n,

=t & yip(, va) € A))

P((Xl, :Xn) - At) — t' d)\t

-

If we take p; = % for j=1,...,n and t = 2n — 2, then the random vector (X4,...,X,)
models random labeled trees with n vertices where X ; equals the degree of the ;' vertex.

Theorem 2.

We will need the following definitions.



S> :  the infinite product space {0,1,...} x {0,1,...} x ---

Sce i the set of all vectors (s1,Sy,...) In S such that 0s; + 1sy + ... =n —2
. 0 1 .o=n—2
- . the set of all vectors (s1,Ss,...) in S* such that Lt st "
) 81 + 82 + ces — t
Forany A C S* define A, = AN S;Pand A,; = AN S
We note that the condition that 0s; + 1s; + ... =n — 2 implies that s; = 0 for all

j > n — 1. Hence all vectors in A, and A,,; are of the form (ay,...,a,-1,0,0,...).

For all A # (0,0,...), let A, be the collection of (n — 1)-dimensional vectors formed by
taking each infinite-dimensional vector in A,, and truncating after a,,. So for example,

(a1, 4a5-1,0,0,...)=(a1, ..,an_1)

Define A,, ; similarly. For notational consistency it is necessary to separate out the case
A=(0,0,...)

Define the random vector

t! (n—2)!
,{ oy, 0 T ((=2))"n=1  O0z1+...+(n—2)z,_1=n—2
1 tn—2 ;1:1+.{..+;1:”7}1:f
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P((Xla"'aXn—l):($17"'7$n—1)): < !
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H .

L0 otherwise

where

tl(n —2)! o
2.2, nlm 10— 2

T+ try 1=t
0x1+...+H(n—2)z,_1=n—2
z;€{0,1...}

Consider an infinite sequence Y7, Y5, ... of independent Poisson random variables where



P(Y;=y) = U y=0,1,2,...and j = 1,2, ...

Then

1 dn—Q dt B
E(g(X17 "'7XTL—170707"')) = (nt_2> (d)\"_Q ﬁ(eel E(g()/h}/Q?)))

A=0 )
0=0

and for A # (0,0,...)

1 dn—Q dt B
P((Xl; ...,Xn—l) S An,t) - (nt_2> (d}\”_Q ﬁ(ee’ P((YE,YVQ,) c A))

If we take ¢t = n, then the random vector (X3,...,X,, 1) models random labeled trees
with n vertices where X; equals the number of vertices with degree ;.



Problem 1.

The number of labeled trees with n vertices such that the first vertex has degree k

equals
n—2 n—k—1
(k 9 > (n—1)

Reference

This result agrees with “On Cayley's Formula for Counting Trees”, Clarke, L. E.,
Journal of the London Mathematical Society, VVol. 33, 1958, 471 - 474.

Problem 2.

The number of labeled trees with n vertices such that exactly & vertices have
degree 1 equals

n!
o S(n—2,n—k)

Reference

This problem appears in Combinatorial Problems and Exercises, 2"¢ Edition,
Laszlo Lovasz, North-Holland, 1993, page 35, Problem 8.

Rényi, Alfréd, “Some Remarks on the Theory of Trees”, Magyar Tud. Akad.
Math. Kutato Int. Kozl., 4 , 1959, 73 - 85.

Problem 3.

(@) The number of labeled trees with n vertices such that exactly ¢; vertices have
degree i, i =1,...,n — 1, equals

nl(n — 2)!
el 0N (N2 ((n — 2)!) ™




wherec; +... + ¢,y =n,leg+ ... +(n—1)e,-y = 2(n— 1), and

c; € {0,1}
(b)
(2n — 2)! _(2n=2 2
et = eyl 1O (AN ((n = 2)) n
Ocy+...4+(n—2)cp,_1=n—2
¢;e{0,1...}
(c)

(n+t_2)' — n+t—2 n—2
D D s A (TR ( ’ >t

1+ tep_1=t
Ocy+...4+(n—2)cp,_1=n—2
¢;e{0,1...}



Proof (Theorem 1)

For all (sq,...,s,) € S"

P(Yi=s1,...Y, =s,) = [[P(Yi =)
i=1

n e—Apj(Apj)sJ‘,l
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I SR (t —n)! (p1)" L (py) !
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Thus,
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—n)! S$1— Sn—
- ; % (pl) 1"'(pn) !

= P((X;,....X,) € A)
Therefore,

P((Y1,....Y,) € A)

o0

= Y. P(Yi....Ys) € A|SYi = )P(XYi = t)

t=n

o0

= 3 P((Xi,...,X,) € A< ”’"

(t— n
t=n

and
SN P((Vi,....Y,) € A) = ) P((Xy,...,
t=n
It follows that

i (N P((Y1,....Y,) € A))ly g

~ (5 PO X0 € ALY

t=n A=0
=3 P((X1X) € A) S (e N )
:1; P((Xla--- n) € -At)ﬁlh}( )

= P((Xl, .. ,Xn) € "47) (7'1!n)'

Thus for r > n,
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(r—m)! d"
rldAr

P((Xy,....X,) € A,) = (GAXLP((YhYQa-“ Y,) €A )) ‘,\:0

Proof (Theorem 2)

Let y; be a nonnegative integer for j = 1,2,---. Then

PYi=y,Ya=1y,...) = ’

and



P(Z(j— Y;=n—-2,3Y; :t) =3 > PYVi=y,Ya=1p,...)
j=1 j=1 (JL Y253
E(J 1)y=n—2
Eljr
B e(=0e) \n—2pt Z I( (n—2)!'t!
(n_2)'t' Jv2e)3 kﬁ ]—1))
2(] Dy;=n—2 j=1
\ Ejr
B e(=0e") \n—2pt Z Z I( (n—2)!'t!
BCEDN el Y
a1 (y)!((G— 1Y
E (=Dy=n=2 "\ j=1
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= —Ft
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It follows that for A # (0,0,...)
P((Yi,Ys,...) € A)
=5 iP((YhYQ,...) €AIN(-1Y,=n—2, _ZYJ—t>P<_ (- 1Y, =n z,ij—t>
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00 00 t! (n—2)! ( )
_ Z Z Y1l Y 1'(0' )L (n—2))Pn—1 A2 =2
- n—2 (n—2)!¢!

n=3 t=1A,;

00 00 ( )n .
= Z Z P((Xl; ...,Xn—l) S An,t)(ﬁ)j;tf&t 2
Therefore

N oo 00 tn—Q
Oe n—
e P((S./l,}/Q,) GA) = E E P((Xl,...,Xn_l) GATM)(m))\ 20t

and
d7'—2 ds 0(})\
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> ) tn—Q
e P X7 XTL GATL, ( >/’o$|7 I
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Therefore, for A # (0,0,...)

A
(4

1 dr 2 dt
P((Xl; ...,Xn—l) S An,t) - (nt_2> (d}\n_Q d@t( P((YE,YVQ,) € A))

3)

and finally,

P((Xh "'7Xn—1) € An,n) - (nn]LZ) (dd;nzz jgnn( be* P((YVMYV%) € A))

A=0 >
0=0
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Solutions

Problem 1
(TL — 2)' d>=2 AN
P((Xl, ,XTL) E -AQTL—Q) — (2n _ 2)| d)\Qn_Q (e >\ P((Yi, .. aY;L) 6 ’A )) ‘)\:0
P((Yi,...Y,) € A)
=PY,=kandY; € {1,2,...}, j=2,3,...)
A k-1
)
= o X1
P((X1,...,X;) € Agy9)
n—2)! ¢2n—2 n
= Gy e (X PV, Vo) € A)) g
— (n—2)! dz‘"’z‘ (GAAH 92(2)1{1) ‘
(2n—2)! dA2n—2 (k—1)! \—o
_ (n=2)! a2 2=l Yt k—
— (2n—2)! (7Lk*1(1k—1)!) da2n—2 (6)\( " )>\ o 1) ‘)\:O
_ (n=2) ( 1 )(u)((Qn—Q)—(?H—k—l)) (2n—2)!
 (2n=2)! \ nF1(k-1)! n ((2n—2)—(n+k-1))!
provided 2n —2>n+k—1
_ (n=2)! n—k—1 (n—2) (2n—2)!
- (2n—2)‘( - 1) (%) (n—k-1)!1(k—1)!
_ ey
- nn—2
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Therefore, the number of labeled trees on n vertices such that v, has degree & equals

(2

Problem 2

P((Y;,....Y,) € A)
= P(exactly k of (Y1,...,Y,) equal 1)

- (Z)(P(Yi = 1))k(1 — P(Y’l — 1))n—k

A -1\ k A -1\ n—Fk
ny [ en(3) e n (%)
- (k)( (-1 > (1_ 1-1)! >

Therefore,

P((Xla aXn) S -AQn—Q)
n—2)! ¢2n—2 n
= B NPV, Ya) € A))] g
n—k

= G () T V() (e (N

J=0

)

(n n—k

— L) 1\ nk 1. an(n-2)
T opn2 ]:ZO( 1)j< j )(n k ])

n—k

— nn!; 1 : -1 J n—‘k n—k _j (n—2)
klnn—2 ((n—k)! ]:ZO( ) ( j )( )

= 2 S(n—2,n—k)

klnn—2
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Hence, the number of labeled trees with n vertices such that exactly k vertices have degree
1 equals

n!
o S(n—2,n—k)

Problem 3(a)

We begin by noting that

c1 + ... + ¢,_1 = total number of vertices = n

and
Oci +1lea+ ... +(n—2)cy
=11 +2c0+... +(n—1)cp1) —(c1+ ... +¢u1)
= sum of all degrees — total number of vertices
= 2(number of edges) — total number of vertices
=2n—1)—n

=n-—2

Also,

P((Y1,....Y,) € A)

= P(nﬁl(q of (Y1,...,Y;,) equal i))

i=1

= 1 (P(Y; = 1)) (P(Y; = n — 1))

(,'1!"'(,'”,1.
Aoyi-t) @ A (n=1)-1 Cn-t
_ _ e n(3) )
el ! (1-1)! ((n—1)-1)!
— n! )\Ocl+102+A..+(7L—2)cn,1 e—%(cl—&-‘..—&-cn,l)
- Cl[...Cnflg(oy)"i(l[)“z...((H_Q)[)Cnfln001+102+,”+(n72)cn,1
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= cl!...cn,u(m)ﬂ(1!)’75!~..((n—z)!)“n—lnH (A"2e7)
Therefore,

P((Xla aXn) € -AQn—Q)

(n—2)! ¢2n—2

= (2n—2)! dA2n—2 (eAAnP((YVl" .. ’Y;L) € 'A ))|)\:0

_ (n=2)! n! a2 X ynyn—2,—\
T (2n=2)! gl /(O (1) 2 - ((n—2)) -2 dA2n2 (6 A"A € )|)\:O

_ (n=2)! n! o ()\2n—2)|
T (2n=2)! 4! /(O (1) 2 - ((n—2)) - Inn—2 dA2n 2 A=0

n!(n—2)!
eyl e 10N (1) 2+ ((n—2)!) n-1pn—2

and the result follows by multiplying through by n"~2, the total number of labeled trees on
n vertices.

Problem 3(b)

This follows immediately from 3(a) by considering the identity

Z“ Z P((Xl’ ’XTL) € AQTL—Q) =1

c1t+...+ep_1=n
lep+...+(n—1)cp—1=2(n—1)
¢;e{0,1...}
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