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1. Two Models for Trigonometry 
 

There are two models (leading to all equivalent results) for defining trigonometric values – the 

right triangle model and the unit circle model.  

1.1 Right Triangle Trigonometry 
 

For an acute angle 𝐴, we can define the trigonometric functions by looking at the ratios of the 

side lengths of a right triangle 𝐴𝐵𝐶 with a right angle at 𝐶. 
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sin 𝐴 =
opposite side

hypotenuse
=

𝑎

𝑐
 tan 𝐴 =

opposite side

adjacent side
=

𝑎

𝑏
 sec 𝐴 =

hypotenuse

adjacent side
=

𝑐

𝑏
 

cos 𝐴 =
adjacent side

hypotenuse
=

𝑏

𝑐
 cot 𝐴 =

adjacent side

opposite side
=

𝑏

𝑎
 csc 𝐴 =

hypotenue

opposite side
=

𝑐

𝑎
 

 

For angles greater than 90°, apply the right-triangle definition to a reference angle and attach 

the appropriate ± sign. 

 

1.2 Unit Circle Trigonometry 
 

Radian – a unit of angle, equal to an angle at the center of a circle whose arc is equal in length 

to the radius. 

∠𝐴𝑂𝐵 = 2 radians 
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The red and blue arcs each have the same length as the radius of this circle.  So, Arc 𝐴𝐵⏜  has the 

same length as 2 radii.  Therefore, by the definition of radians, central angle ∠𝐴𝑂𝐵 equals 2 

radians. 

90° =
𝜋

2
 radians 180° = 𝜋 radians 360° = 2𝜋 radians 

𝑥 degrees = (
𝜋

180
⋅ 𝑥)  radians 𝑥 radians = (

180

𝜋
⋅ 𝑥) degrees 

 

Any angle 𝜃 defines a point 𝑃 = (𝑥, 𝑦) on the unit circle (circle with radius 1, centered at the 

origin).  The 𝑥 coordinate is defined to be cos(𝜃) and the 𝑦 coordinate is defined to be sin(𝜃). 

 

 

 

sin 𝜃 = 𝑦 tan 𝜃 =
𝑦

𝑥
 sec 𝜃 =

1

𝑥
 

cos 𝜃 = 𝑥 cot 𝜃 =
𝑥

𝑦
 csc 𝜃 =

1

𝑦
 

 

Note that tan(𝜃) = 𝑦/𝑥 equals the slope of the line 𝑂𝑃. 

 

Because 𝜃 and 𝜃 + 2𝑘𝜋 define the same point on the unit circle, all trigonometric functions are 

periodic with a  period of 2𝜋 (sin, cos, sec, csc), or 𝜋 (tan, cot). 
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1.3 Equivalence of the Two Defining Models 
 

Figure A is the starting point for the right triangle definition of the trigonometric values and 

Figure B is the starting point for the unit circle definition of the trigonometric values. 

 

 
Figure A Figure B 

 

By the right triangle definition and Figure A, we have  

sin 𝜃 =
opposite side

hypotenuse
=

𝑦

𝑟
. 

By the unit circle definition and Figure B, we have 

sin 𝜃 = 𝑦′. 

However, the two triangles in Figure B are similar.  Hence, 

𝑦

𝑦′
=

𝑥

𝑥′
=

𝑟

1
. 

Therefore, 

𝑦 = 𝑟𝑦′ ⟹ 𝑦′ =
𝑦

𝑟
. 

 

The equivalence of the other trig values follows similarly. 

∎ 
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2. Special Trig Values 
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3. Trigonometric Identities 
 
 

 sin 𝒙 cos 𝒙 tan 𝒙 cot 𝒙 sec 𝒙 𝐜𝐬𝐜 𝒙 

sin 𝒙  ±√1 − cos2 𝑥 
tan 𝑥

±√1 + tan2 𝑥
 

1

±√1 + cot2 𝑥
 ±√sec2 𝑥 − 1

sec 𝑥
 

1

csc 𝑥
 

cos 𝒙 ±√1 − sin2 𝑥  
1

±√1 + tan2 𝑥
 

cot 𝑥

±√1 + cot2 𝑥
 1

sec 𝑥
 

±√csc2 𝑥 − 1

csc 𝑥
 

tan 𝒙 
sin 𝑥

±√1 − sin2 𝑥
 ±√1 − cos2 𝑥

cos 𝑥
  

1

cot 𝑥
 ±√sec2 𝑥 − 1 

1

±√csc2 𝑥 − 1
 

cot 𝒙 ±√1 − sin2 𝑥

sin 𝑥
 

cos 𝑥

±√1 − cos2 𝑥
 

1

tan 𝑥
  

1

±√sec2 𝑥 − 1
 ±√csc2 𝑥 − 1 

sec 𝒙 
1

±√1 − sin2 𝑥
 1

cos 𝑥
 ±√tan2 𝑥 + 1 

±√cot2 𝑥 + 1

cot 𝑥
  

csc 𝑥

±√csc2 𝑥 − 1
 

𝐜𝐬𝐜 𝒙 
1

sin 𝑥
 

1

±√1 − cos2 𝑥
 ±√1 + tan2 𝑥

tan 𝑥
 ±√1 + cot2 𝑥 

sec 𝑥

±√sec2 𝑥 − 1
  

 

Reciprocal Identities 

csc 𝑥 =
1

sin 𝑥
 sec 𝑥 =

1

cos 𝑥
 cot 𝑥 =

1

tan 𝑥
 

tan 𝑥 =
sin 𝑥

cos 𝑥
 cot 𝑥 =

cos 𝑥

sin 𝑥
  

 

Pythagorean Identities 

sin2 𝑥 + cos2 𝑥 = 1 tan2 𝑥 + 1 = sec2 𝑥 

1 + cot2 𝑥 = csc2 𝑥  
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Addition and Subtraction Identities 

sin(𝑥 + 𝑦) = sin 𝑥 cos 𝑦 + cos 𝑥 sin 𝑦 sin(𝑥 − 𝑦) = sin 𝑥 cos 𝑦 − cos 𝑥 sin 𝑦 

cos(𝑥 + 𝑦) = cos 𝑥 cos 𝑦 − sin 𝑥 sin 𝑦 cos(𝑥 − 𝑦) = cos 𝑥 cos 𝑦 + sin 𝑥 sin 𝑦 

tan(𝑥 + 𝑦) =
tan 𝑥 + tan 𝑦

1 − tan 𝑥 tan 𝑦
 tan(𝑥 + 𝑦) =

sin 𝑥 cos 𝑦 + cos 𝑥 sin 𝑦

cos 𝑥 cos 𝑦 − sin 𝑥 sin 𝑦
 

tan(𝑥 − 𝑦) =
tan 𝑥 − tan 𝑦

1 + tan 𝑥 tan 𝑦
 tan(𝑥 − 𝑦) =

sin 𝑥 cos 𝑦 − cos 𝑥 sin 𝑦

cos 𝑥 cos 𝑦 + sin 𝑥 sin 𝑦
 

 

Periodicity Identities (for integer 𝒌) 

sin(𝜃) = sin(𝜃 + 2𝑘𝜋) cos(𝜃) = cos(𝜃 + 2𝑘𝜋) tan(𝜃) = tan(𝜃 + 𝑘𝜋) 

cot(𝜃) = cot(𝜃 + 𝑘𝜋) sec(𝜃) = sec(𝜃 + 2𝑘𝜋) csc(𝜃) = csc(𝜃 + 2𝑘𝜋) 

 

Shift Identities 

Shift by 
𝝅
𝟐

 Shift by 𝝅 Shift by 
𝟑𝝅
𝟐

 Shift by 𝟐𝝅 

sin (𝜃 +
𝜋

2
) = + cos 𝜃 sin(𝜃 + 𝜋) = − sin 𝜃 sin (𝜃 +

3𝜋

2
) = − cos 𝜃 sin(𝜃 + 2𝜋) = sin 𝜃 

cos (𝜃 +
𝜋

2
) = − sin 𝜃 cos(𝜃 + 𝜋) = − cos 𝜃 cos (𝜃 +

3𝜋

2
) = + sin 𝜃 cos(𝜃 + 2𝜋) = cos 𝜃 

tan (𝜃 +
𝜋

2
) = − cot 𝜃 tan(𝜃 + 𝜋) = + tan 𝜃 tan (𝜃 +

3𝜋

2
) = − cot 𝜃 tan(𝜃 + 2𝜋) = + tan 𝜃 

cot (𝜃 +
𝜋

2
) = − tan 𝜃 cot(𝜃 + 𝜋) = + cot 𝜃 cot (𝜃 +

3𝜋

2
) = − tan 𝜃 cot(𝜃 + 2𝜋) = + cot 𝜃 

sec (𝜃 +
𝜋

2
) = − csc 𝜃 sec(𝜃 + 𝜋) = − sec 𝜃 sec (𝜃 +

3𝜋

2
) = + csc 𝜃 sec(𝜃 + 2𝜋) = sec 𝜃 

csc (𝜃 +
𝜋

2
) = + sec 𝜃 csc(𝜃 + 𝜋) = − csc 𝜃 csc (𝜃 +

3𝜋

2
) = − sec 𝜃 csc(𝜃 + 2𝜋) = csc 𝜃 
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More Shift Identities 

Shift by (−
𝝅
𝟐

) Shift by (−𝝅) Shift by (−
𝟑𝝅
𝟐

) Shift by (−𝟐𝝅) 

sin (𝜃 −
𝜋

2
) = − cos 𝜃 sin(𝜃 − 𝜋) = − sin 𝜃 sin (𝜃 −

3𝜋

2
) = + cos 𝜃 sin(𝜃 − 2𝜋) = sin 𝜃 

cos (𝜃 −
𝜋

2
) = + sin 𝜃 cos(𝜃 − 𝜋) = − cos 𝜃 cos (𝜃 −

3𝜋

2
) = − sin 𝜃 cos(𝜃 − 2𝜋) = cos 𝜃 

tan (𝜃 −
𝜋

2
) = − cot 𝜃 tan(𝜃 − 𝜋) = + tan 𝜃 tan (𝜃 −

3𝜋

2
) = − cot 𝜃 tan(𝜃 − 2𝜋) = + tan 𝜃 

cot (𝜃 −
𝜋

2
) = − tan 𝜃 cot(𝜃 − 𝜋) = + cot 𝜃 cot (𝜃 −

3𝜋

2
) = − tan 𝜃 cot(𝜃 − 2𝜋) = + cot 𝜃 

sec (𝜃 −
𝜋

2
) = + csc 𝜃 sec(𝜃 − 𝜋) = − sec 𝜃 sec (𝜃 −

3𝜋

2
) = − csc 𝜃 sec(𝜃 − 2𝜋) = sec 𝜃 

csc (𝜃 −
𝜋

2
) = − sec 𝜃 csc(𝜃 − 𝜋) = − csc 𝜃 csc (𝜃 −

3𝜋

2
) = + sec 𝜃 csc(𝜃 − 2𝜋) = csc 𝜃 

 

Reflection Identities 

𝜽 over 𝟎 
(even, odd identities) 

𝜽 over 
𝝅
𝟒

 

(cofunction identities) 
𝜽 over 

𝝅
𝟐

 𝜽 over 
𝟑𝝅
𝟒

 

sin(−𝜃) = − sin 𝜃 sin (
𝜋

2
− 𝜃) = + cos 𝜃 sin(𝜋 − 𝜃) = + sin 𝜃 sin (

3𝜋

2
− 𝜃) = − cos 𝜃 

cos(−𝜃) = + cos 𝜃 cos (
𝜋

2
− 𝜃) = + sin 𝜃 cos(𝜋 − 𝜃) = − cos 𝜃 cos (

3𝜋

2
− 𝜃) = − sin 𝜃 

tan(−𝜃) = − tan 𝜃 tan (
𝜋

2
− 𝜃) = + cot 𝜃 tan(𝜋 − 𝜃) = − tan 𝜃 tan (

3𝜋

2
− 𝜃) = + cot 𝜃 

cot(−𝜃) = − cot 𝜃 cot (
𝜋

2
− 𝜃) = + tan 𝜃 cot(𝜋 − 𝜃) = − cot 𝜃 cot (

3𝜋

2
− 𝜃) = + tan 𝜃 

sec(−𝜃) = + sec 𝜃 sec (
𝜋

2
− 𝜃) = + csc 𝜃 sec(𝜋 − 𝜃) = − sec 𝜃 sec (

3𝜋

2
− 𝜃) = − csc 𝜃 

csc(−𝜃) = − csc 𝜃 csc (
𝜋

2
− 𝜃) = + sec 𝜃 csc(𝜋 − 𝜃) = csc 𝜃 csc (

3𝜋

2
− 𝜃) = − sec 𝜃 
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Double-Angle Formulas 

sin 2𝑥 = 2 sin 𝑥 cos 𝑥 

cos 2𝑥 = cos2 𝑥 − sin2 𝑥 

= 1 − 2 sin2 𝑥 

= 2 cos2 𝑥 − 1 

tan 2𝑥 =
2 tan 𝑥

1 − tan2 𝑥
  

 

Half-Angle Formulas 

sin
𝑥

2
= ±√

1 − cos 𝑥

2
 cos

𝑥

2
= ±√

1 + cos 𝑥

2
 

The choice of the + or – sign depends on the quadrant in which 𝑥/2 lies. 

tan
𝑥

2
=

1 − cos 𝑥

sin 𝑥
=

sin 𝑥

1 + cos 𝑥
  

 

Triple-Angle Identities 

sin 3𝑥 = 3 sin 𝑥 − 4 sin3 𝑥 cos 3𝑥 = 4 cos3 𝑥 − 3 cos 𝑥 

tan 3𝑥 =
3 tan 𝑥 − tan3 𝑥

1 − 3 tan2 𝑥
  

 

Formulas for Lowering Powers 

sin2 𝑥 =
1 − cos 2𝑥

2
 cos2 𝑥 =

1 + cos 2𝑥

2
 

tan2 𝑥 =
1 − cos 2𝑥

1 + cos 2𝑥
  

 
 



mathcloset.com   11 

Sum to Product Identities 

sin(𝑥) + sin(𝑦) = 2 sin (
𝑥 + 𝑦

2
) cos (

𝑥 − 𝑦

2
) 

sin(𝑥) − sin(𝑦) = 2 cos (
𝑥 + 𝑦

2
) sin (

𝑥 − 𝑦

2
) 

cos(𝑥) + cos(𝑦) = 2 cos (
𝑥 + 𝑦

2
) cos (

𝑥 − 𝑦

2
) 

cos(𝑥) − cos(𝑦) = −2 sin (
𝑥 + 𝑦

2
) sin (

𝑥 − 𝑦

2
) 

 

Product to Sum Identities 

sin(𝑥) cos(𝑦) =
1

2
(sin(𝑥 + 𝑦) + sin(𝑥 − 𝑦)) 

cos(𝑥) sin(𝑦) =
1

2
(sin(𝑥 + 𝑦) − sin(𝑥 − 𝑦) ) 

cos(𝑥) cos(𝑦) =
1

2
(cos(𝑥 + 𝑦) + cos(𝑥 − 𝑦) ) 

sin(𝑥) sin(𝑦) =
1

2
(cos(𝑥 − 𝑦) − cos(𝑥 + 𝑦) ) 

 

 

4. Graphs of the Trig Functions 
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5. Graphing 𝒚 = 𝑨 𝐬𝐢𝐧(𝑩(𝒙 − 𝒉)) + 𝒌 and 𝒚 = 𝑨 𝐜𝐨𝐬(𝑩(𝒙 − 𝒉)) + 𝒌 
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6. Morrie’s Law 
 
 
 

7. Extra Problems 
 

Problem 1.   

The Winona Rock Climbing Club wanted to determine the height of Sugar Loaf Rock.  The angle 

of elevation angle at point 𝐴 was determined to be 𝛼 = 35° but point 𝐶 was inaccessible so the 

distance 𝐴𝐶 could not be measured.  Because this was not information to determine the height 

ℎ = 𝐶𝑆 of Sugar Loaf the club went 𝑑 = 112 feet further to point 𝐵 and found the angle of 

elevation there to be 𝛽 = 20°. 

 

 
 
Find ℎ = 𝐶𝑆, the height of Sugar Loaf Rock, assuming Δ𝐵𝐶𝑆 is a right triangle.    
 
Solution 
 
We have 𝐴𝐶 = ℎ/ tan 𝛼 and 𝐵𝐶 = ℎ/ tan 𝛽.  Therefore, 
 

𝑑 = 𝐵𝐶 − 𝐴𝐶 = ℎ (
1

tan 𝛽
−

1

tan 𝛼
) 

Hence, 

ℎ =
𝑑 ⋅ tan 𝛼 ⋅ tan 𝛽

tan 𝛼 − tan 𝛽
. 

 
Evaluating ℎ with the given data we can determine that 
 

ℎ = 𝐶𝑆 =
(112)(0.700)(0.364)

0.700 − 0.364
≈ 85 feet. 
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∎ 
 
 
Problem 2. 

A wind turbine was built at the top of a bluff to capture the maximum amount of wind.  The 

region around the turbine was fenced off making its base point inaccessible.  At point 𝐶 where 

the bluff starts to slope down, the angle of elevation of the turbine is 𝛾 = 70°.  At point 𝐷, 

which is 𝑑 = 2036 feet further down the slope from point 𝐶, the angle of elevation is 𝛽 = 21°.  

The angle of inclination on this side of the bluff is 𝛼 = 15°.  How tall is the wind turbine?  

 

 

Solution 

Imagine dropping perpendiculars from points 𝐶 and 𝐺 (the bottom of the turbine) to the 

horizontal line containing 𝐷 (as shown in the diagram below).  Additional points and distances 

are also labeled. 

 

Then 

tan(𝛽) =
ℎ + 𝑟

𝑥 + 𝑡
⟹ (𝑥 + 𝑡) tan(𝛽) = (ℎ + 𝑟) 
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⟹ 𝑥 =
ℎ + 𝑟 − 𝑡 tan(𝛽)

tan(𝛽)
. 

 
We can also see that ℎ = 𝑥 tan(𝛾).  Substituting for 𝑥 in the above expression yields 

ℎ = 𝑥 tan(𝛾) = (
ℎ + 𝑟 − 𝑡 tan(𝛽)

tan(𝛽)
) tan(𝛾). 

 
But 𝑟 = 𝑑 sin(𝛼) and 𝑡 = 𝑑 cos(𝛼).  Hence 
 

ℎ = (
ℎ + 𝑑 sin(𝛼) − 𝑑 cos(𝛼) tan(𝛽)

tan(𝛽)
) tan(𝛾) 

⟹ ℎ tan(𝛽) − ℎ tan(𝛾) = 𝑑 sin(𝛼) tan(𝛾) − 𝑑 cos(𝛼) tan(𝛽) tan(𝛾) 

⟹ ℎ =
𝑑(sin(𝛼) tan(𝛾) − cos(𝛼) tan(𝛽) tan(𝛾) )

tan(𝛽) − tan(𝛾)
. 

Inputting the given data shows that the wind turbine is 

ℎ =
2036 ⋅ (sin(15°) tan(70°) − cos(15°) tan(21°) tan(70°) )

tan(21°) − tan(70°)
 feet 

≈ 265 feet tall. 

∎ 


