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2 Determinants

The determinant of a square matrix A, which is denoted by either |A| or det(A), is defined by
describing formulas for calculating it.

2.1 Computation of a Determinant for the 2 X 2 Case

a; by
a, b,

a;

= det( bl) = a1b2 - blaz.
b,

a,
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Here is an algorithm for remembering the determinant (det) of a 2 X 2 matrix.
Step 1. Multiple the elements on the main diagonal going left to right to get a, b,.
Step 2. Multiple the elements on the main diagonal going right to left to get b, a,.

Step 3. Subtract the results of Steps 1 and 2.
s
det(al b1) _ (ﬂi\ bl) _ Cl ,bl/)
a, by a, by § b,
A A

2.2 Computation of a Determinant for the 3 X 3 Case

a, by ¢ a, by ¢
a, bz G| = det a, bz Cy
as bs ¢ as bs; c;

= (a,byc3 + bycya3 + cya,b;) — (byaycs + a,¢,bs + ¢1byas).

Here is an algorithm for remembering the determinant (det) of a 3 X 3 matrix.
Step 1. Augment (add on) the 3 X 3 matrix with the first two columns
a by ¢ ay by
(az b, ¢, a, bz).
az by c¢3 az bj

Step 2. Multiple the elements on the three main diagonals going left to right and then add the
results to get a,;b,c3 + bicy,as + cia,bs.

-~

~ ~
&y \bs e a; by
\\ \\- \\
a; bz\ €3 G b,
as bz ez “az “bg
~, A

h A

a,b,c; + bic,a; + cia, b,

Step 3. Repeat Step 2 but going right to left to get bya,c; + a,c,b3 + ¢1bya;.
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”
”~

/, /,
a; by ef a7 by

a; ,biffﬂéffaﬁf b,
as” by” ¢3” az bs
X 'y x>

bia,c; + a;c,b; + c;b,a;

Step 4. Subtract the results of Steps 2 and 3.

a; by ¢
det (az bz Cz)
as bs ¢
= (a,byc3 + bycya3 + cya,b;) — (biaycs + a,c,bs + ¢1byas).

CAUTION! The method of multiplying the elements on diagonals and adding when going left
to right but subtracting when going right to left DOES NOT (unfortunately) extend to finding the
determinant of a 4 X 4 or higher.

2.3 Computation of a Determinant for the 4 X 4 Case

The formula below shows how to reduce the problem of finding the determinant of a 4 X 4
square matrix to the “simpler” problem of finding the determinant of four separate 3 X 3

square matrices.

i1 AQ12 A13 Q14
az1 Q22 A3 Q4
31 dzp A3z (34
Qg1 Qgp Q43 Qyq

Az QAz3 Qp4 Azq1 GAz3 0Qy4
=a;,-det| 432 d33 Q34 |— a;,-det|d31 Q33 d34

Aur Qg3 Q44 Qg1 Qg3 Q44

az1 Q22 Q24 az1 Q2 Q3
+a;3-det|d31 Q32 d3s)— a;,-det|d31 d32 dz3 |

Qg1 Qgp Q44 Qg1 Qgp QAy3

det
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2.4 Computation of a Determinant in the n X n Case

Imagine drawing a line through the i*" row and j™ column of the n X n square matrix A. Below
we demonstrate the case where we have drawn a line through the 4" row and 2" column of
the 4 X 4 square A.

Crossing out the 4™ row and 2™ column
of the 4 X 4 square matrix A.

In general, what is left is a matrix of size (n — 1) X (n — 1). In the above example, what is left
is the 3 X 3 matrix

a1 Qz3 0Aq

<a1,1 a3 Qa4
a3y, 0433 Q34

The determinant of the matrix that remains after crossing out a row and column is known as a
minor of the original matrix.

The minor that results from calculating the determinant of the matrix that remains after
crossing out the i row and j™ column is referred to as the (i, j) minor and is by M; ;.
In the above 4 X 4 matrix

a11 A12 A13 Q14
az1 Q22 dz3 Qg4
az1 Az A3z A3,
Qg1 Qg2 Qg3 Oy

we can see that

17 Q13 Qg4
M,, =det| Q21 Q23 Q24 |.
a3, 0433 0434

If we multiple M; ; by (—1)"* the result is known as the (i, j) cofactor of matrix A and is
denoted by 4; ;.

In the above example,
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117 Q13 Qg4
Ayy = (F1)*2M,, = (1)**2det| Az1 Q23 Q24 |.
a3, 0433 043y

It turns out that there is a relationship between the determinant of the n X n matrix 4 and its
cofactors.

2.4.1 Expanding Along a Row

If a; ; is the element in the i™" row and j™ column of the n X n square matrix 4 and if 4; ; is the
(i, j) cofactor of the matrix A, then forevery i = 1,2, ...,n

det(A) = ai‘lAi‘l + ai,ZAi,Z + -+ ai,nAi,n'

Using this formula to find det(4) is known as the method of “expanding along the it" row. It
does not matter which row you pick — you get the same result regardless of which row you
“expand along”.

Which row should you pick? Again, you will get the same answer regardless of which row you
to pick to “expand along”. So, unless you have some special reason for picking a particular row,
it is typical to “expand along” the top (or 1% row). In this case you have

det(A) = al’lAl’l + a1’2A1‘2 + -+ al‘nAl‘n.

What might be a good “special reason” for expanding along a different row other than the top
row? Well, imagine the i™" row has several zeros in it. That is, several of the entries A1, Aj2yeeny
a; , equal 0.

Then expanding along that row is a smart idea because if a; ; = 0 then you will not need to find
A; j because you will just be multiplying it by a; ; = 0 which makes that term drop out.

So, it can be a time saver to expand along a row with lots of zeros, if one exists.

Look back now and notice that the formula given in the previous section for finding the
determinant of a 4 X 4 matrix is just the result of expanding that 4 X 4 matrix along the top
row.

Can you expand along a column instead of a row? YES!

2.4.2 Expanding Along a Column

If a; ; is the element in the i™" row and j™ column of the n X n square matrix 4 and if 4; ; is the
(i, j) cofactor of the matrix A4, then forevery j = 1,2, ...,n

det(A) = alJAlJ + aZJAZJ + b + an'jAn'j.

mathcloset.com 6



Using this formula to find det(4) is known as the method of “expanding along the j™ column.
It does not matter which row you pick — you get the same result regardless of which row you
“expand along”.

So, again it can be a time saver to pick a column with a lot of zeros.

3 Determinants: Geometric Applications

3.1 Two-Point Form of the Equation of Line
An equation of the line passing through the distinct points (x;, y;) and (x,, y,) is given by
x y 1
det <x1 V1 1) =0.
X, Yo 1
3.2 Distance from a Point to a Line

The shortest (i.e. perpendicular) distance from the line passing through the distinct points
(x1,y,) and (x,,y,) to a point (xg, y,) not on that line is given by

Xo Yo 1

det X1 Y1 1

+ X, Yo 1
\/(x1 —x3)2+ (y; — ¥2)?

where the sign (1) is chosen to give a positive distance.

3.3 Distance from a Point to a Plane

Aa+ Bb+ Cc+ D

3.4 Area of a Triangle in the xy-Plane
The area of a triangle with vertices (x4, y;), (x5, v,) and (x3,y3) is given by

X1 Y1 1
det{x, vy, 1

Xz y3 1

N| =

+
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where the sign (+) is chosen to give a positive area.

3.5 Area of a Parallelogram

The area of a parallelogram where any three of the four vertices of this parallelogram are
(xll 3’1); (XZ; 3’2) and (X3, y3) is given by

X1 y1 1
tdet|x; y, 1

Xz y3 1

where the sign (+) is chosen to give a positive area.

Note 1: There are 3 different parallelograms that share these three given vertices but all three
of these possible parallelograms have the same area. So, it does not matter which three of the
four vertices of this parallelogram you use to find the area.

Note 2: If a parallelogram is denoted ABCD and you know which three of these four vertices
are given, then there is only one possible parallelogram that can be formed because the
notation ABCD implies the vertices follow the cyclicorderA - B - C - D — A.

3.6 Volume of a Tetrahedron

The volume of a tetrahedron with vertices (xy, vy, 21), (X3, V2, 23), (X3, V3, 23) and (x4, V4, Z4) is
given by

X1 Y1 zp 1

+ 1 det Xy Y2 Zp 1
6 Xz Y3 zz 1
Xo Yo Zy 1

where the sign (1) is chosen to give a positive volume.

3.7 Volume of a Parallelepiped

A parallelepiped is a solid in which each face is a parallelogram.
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(X4) Yar Z4) S

(x3,¥3,23)

P
(X1, ¥1,21)

(X2, Y2, 2)

If vertex P in the above figure has coordinates (x;, y;,2;) and if the three vertices Q, R and S

adjacent to P have coordinates (x5, ¥,, Z,), (X3, V3, 23) and (x4, V4, Z4), then the volume of the

parallelepiped is

X1 N
+ det X2 Y2
X3 Y3
Xa Vs

z; 1
zy; 1
zz 1
z, 1

where the sign (+) is chosen to give a positive volume.

3.8 Test for Collinear Points in the xy-Plane

The three points (x;,v;), (x5,v,) and (x3,y3) are collinear if and only if

X1 0N
det| x, y,
X3 V3
Note: Remembering that
+ 1d t .
- X
5 € 2
X3

1
1)=0.
1
i1
V2 1)
y3 1

is the area of the triangle with vertices (xy, y;), (x5, y,) and (x3, y3), we see that the test of
collinearity of three points is equivalent to a check on whether the area of the triangle with

these three points as vertices equals 0.

3.9 Test for Concurrent Lines
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The three lines a;x + byy + ¢, =0, a,x + b,y + ¢, and azx + b3y + ¢3; = 0 are concurrent
(intersect at a single point) if and only if

a, by
det(az bz C2)=

as bs c;

3.10 Test for Coplanar Points in Space

The four points (x4, ¥4, 21), (X3, V5, 2,), (x3,V3,23) and (x4, V4, Z4) are coplanar if and only if

X1 y1 z; 1
det Yo Y2 72 1 = 0.
Xz ¥z 23 1
Xo Ya Zy 1
Note: Remembering that

X1 Y1 ozp 1
+ l det Xy Y2 Zp 1
6 Xz Y3 zz 1
Xo Yo Zy 1

is the volume of a tetrahedron with vertices (x4, y1, 21), (X2, 2, Z5), (X3, V3, 23) and (x4, Va4, Z4),
we see that the test of coplanarity of four points is equivalent to a check on whether the
volume of the tetrahedron built from these four vertices equals 0.

3.11 Three-Point Form of the Equation of a Plane

An equation of the plane containing the three non-collinear points (x4, v, 2;), (2, ¥,, 2,) and

(x3,y3,23) is given by

x y z 1

det oy a1 =0
Xp Y2 Zp 1
Xz Y3 23 1

3.12 Three-Point Form of the Equation of a Circle

An equation of the circle going through the three non-collinear points (x;,y;), (x5, v,) and

(x3,¥3) is given by
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x2+y?2 x oy 1
det| LY Mo 1Y
X +y; x3 yp 1
x§ + Y'o? X3 y; 1

3.13 Three-Point Form of the Equation of a Parabola

An equation of the parabola passing through the three points (x4, v;), (x3,v¥,) and (x3,y3) is

given by
(xz Xy 1\
2
xX{ X 1
det é 1 N =0

x5 %Xz y 1

x5 x3 y; 1
provided these three points are not collinear.

3.14 Four-Point Form of the Equation of an Ellipse

An equation of the ellipse passing through the four points (x4,v,), (x5,v,), (x3,y3) and
(x4,Y4) is given by

x? y2  x y 1
(x1)> ) % oy 1

det| (x2)* (¥2)* x, ¥y, 1]|=0
\(xs)z (y3)? %3 3 1/
(x2)*> (7)? x4 w1

provided no three of these points are collinear.

3.15 Five-Point Form of the Equation of a Conic Section (Parabola, Hyperbola, Ellipse)

An equation of a conic section (parabola, hyperbola or an ellipse) passing through the five

points (x1,¥1), (x2,¥2),.... (xs5,¥5) is given by

x? xy y2 x y 1
(x)? 2y ) x oy 1

det (x2)* x5, (32)* %, y, 1 —0
(x3)* x3y3 (¥3)® x3 y; 1
(x2)* x3ys ()? x4 ya 1
(xs)? xsys (¥s)® x5 ys 1

mathcloset.com
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provided no three of these points are collinear.

4 Systems of Linear Equations

4.1 Matrix Notation

Consider the 3 X 3 system of linear equations in the variables x;, x, and x5:

A11X1 T Q12X + A1 3X3 = b,
Ay1%X1 + AyX; + Az 3X3 = b,
a3,1X1 + a3‘2x2 + a3,3X3 = bb'

We can rewrite this system in “matrix form” as
a1 Q12 A13\ /X by
A1 Q22 QA3 || X2 | =|by |
Azz Az Az3/ \X3 b,

a1 QA2 4q3
A=]|0G1 a2 ds3
asz3 Q3 Q33

The matrix

is called the “coefficient matrix” of the system, the vector

X1
X = xz
X3
is called the “solution vector”, and the vector
by
b={b;
bs

is called the “constant vector” of the system. Using this notation, we can express this system of
linear equations as AX = b.

Of course, there is nothing special about a 3 X 3 system. This matrix notation is applicable for
any n X n linear system of equations.
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1. Express the 3 X 3 linear system
2x+3y—z=1
y+z=2
—3x+4y—-3z=0
in matrix form.

Solution
2 3 -1\ /x 1
0O 1 1 <y>= 2
-3 4 -3/ \z 0
]
2. Express the 4 X 4 linear system
2x1+3x2_x3_4‘x4=1
xl_x2_4‘x3_x4=—2
_3x2 +x4=_3
2x1 —3x3—4x, =0
in matrix form.
Solution
2 3 -1 -4 Xq 1
1 -1 -4 -1 X2 _ -2
0 -3 0 1 X3 -3
2 0 -3 -4 Xa 0
[ ]

4.2 Homogeneous and Inhomogeneous Systems of Linear Equations

Suppose we write a system of linear equations in matrix form Ax = b. If the constant vector b
consists of all 0’s, i.e.

mathcloset.com 13



then the linear system Ax = 0 is called homogeneous. If the constant vector b # 0, i.e. the

constant vector b does not consist of all zeros, then the linear system Ax = b is called
nonhomogeneous.

Ax = 0, homogeneous
Ax = b, b # 0, nonhomogeneous

4.3 Determinants and Solution Vectors of a Linear System

4.3.1 Number of Solutions of a Homogeneous Linear System

A homogeneous system of linear equations Ax = 0 will have an infinite number of solution
vectors x if and only if det(A) = 0.

If det(A) # O for the homogeneous system of linear equations Ax = 0, then there is exactly
one solution vector x, namely the trivial solution where x consists of all 0’s.

4.3.2 Number of Solutions of a Nonhomogeneous Linear System

A nonhomogeneous system of linear equations Ax = b, b # 0 has a unique non-trivial solution
if and only if det(A) = 0.

If det(A) = 0 for the nonhomogeneous system of linear equations Ax = b, b # 0 then the
system either has no solutions (called an inconsistent system) or an infinite number of
solutions.

4.3.3 Cramer’s Rule for Solving a System of Linear Equations

Consider a system of n linear equations for n unknowns, represented in matrix multiplication
form as follows:

Ax=b

where the n X n matrix A has a nonzero determinant, and the vector x = (x, ..., xn)T is the
column vector of the variables. Then the theorem states that the system has a unique solution,
whose individual values for the unknowns are given by:

det(Al)

=— i=1,2,..,
= et(a) " n

mathcloset.com 14



where 4; is the matrix formed by replacing the i** column of A4 by the column vector b.

2 X 2 Case

Given

which in matrix format is

Then the values of x and y can be found as follows:

C1 b1 |a1 C1 |

c, b, ¢1b; — by, a, C, aiC; — C10a;
X = = d y = = .

a, by a,b, — bya, a; by a;b, — bia,

a, b, a, b,

3 X 3 Case
Given

ax+byy+ciz=d,
ax + b,y +c,z=d,
azx + byy +c3z =d;

which in matrix format is

Then the values of x, y and z can be found as follows:

mathcloset.com
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di by ¢ a, di ¢ a, by dy

d, b, c, a, d; ¢ a, b, d,

d; by c; a; d; c3 as b; dj
X = , Y= , and z =

a, by c a, by ¢ a, b, ¢

a, b, c, a, b, c, a, b, c,

as bs c3 as; by c; as; bs c3

5 Reduced Row Echelon Form

Theorem

A linear system of equations (such as the system shown below) will have the same
solution(s) as the linear system called the “reduced row echelon form” of that system (such
as the system shown after Step 8 below.)

Example

System of 3 linear equations in 5 unknowns.
3x; — 6x3 + 6x4 + 4x5 = =5

3x; —7x, +8x3 —5x4, +8x5 =9
3x1 — 9x; + 12x3 — 9x4 + 6x5 = 15

Step 1.

0 3 -6 6 4 -5
3 -7 8 -5 8 9
3 -9 12 -9 6 15

Switch row 1 and row 3. All leading zeros are now below non-zero leading entries.
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Step 2.
3 -9 12 -9 6 15
3 -7 8 -5 8 9
0 3 -6 6 4 -5

Replace row 2 with (row 2 minus row 1). This eliminates the first entry of row 2.

Step 3.

3 -9 12 -9 6 15
0 2 -4 4 2 -6
0 3 -6 6 4 -5

Multiply row 2 by 3 and row 3 by 2.

Step 4.

3 -9 12 -9 6 15
0 6 -—-12 12 6 -—18
0 6 -12 12 8 -10

Replace row 3 with (row 3 minus row 2). This will eliminate the second entry of row 3.

Step 5.

3 -9 12 -9 6 15
0 6 -—-12 12 6 -18
0 0 0 0 2 8

Multiply each row by the reciprocal of its first non-zero value. This will make every row start
with a 1.

mathcloset.com



Step 6.

0 0 0 0 1 4

Replace row 2 with (row 2 minus row 3).

Replace row 1 with (row 1 minus 2 times row 3).

Step 7.

1 -3 4 -3 0 -3
o 1 -2 2 0 -7
o o 0 0 1 4

Replace row 1 with (row 1 plus 3 times row 2).

Step 8
1 0 -2 3 0 -24
01 -2 2 0 -7
0 0 0 0 1 4

x1 - ZX3 + 3x4_ = _24
xZ - ZX3 + 2x4_ = _7
x5 = 4

Reduced Row Echelon Form of the linear system given before Step 1 above.

We can rewrite this system as
X1 = ZX3 - 3X4_ - 24‘
xz = ZX3 - ZX4_ - 7

x5=4‘.
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This is the solution of the system. The variables x5 and x, can take any values and are thus
called free variables. The solution is valid for any x5 and x,.

6 Inequalities

6.1 Algebra of Inequalities

o If you add or subtract a number (positive or negative) from both sides of an inequality you
don’t flip the inequality.

o If you multiply or divide both sides of an inequality by a positive number you don’t flip the
inequality.

o If you multiply or divide both sides of an inequality by a negative number you DO flip the
inequality.

o These rules also apply to a string of inequalities. That is,
x<y<zoex+a<y+a<z+a forany numbera
x<y<zoex—a<y—a<z-—a forany number a

x<y<zé&e ax <ay<az forany numbera >0
x y z

x<y<z&e —<=<-— foranynumbera >0
a a a

x<y<zé&e az<ay<ax foranynumbera <0
zZ 'y Xx

x<y<z<:>a<a<aforanynumbera<0

Note: In general, the inequality x < y < z is equivalent to the inequality z > y > x.

e Taking reciprocals flips inequalities.

1 1 1
x<y<z &-<-—<-
zZ 'y x

1 1 1
X>y>z ©&-<—<-—
Xy z
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e “Zeros become Infinities” when you take reciprocals in an equality where 0 is either the
lower or upper endpoint (but not both) of the inequality.

Look carefully at the following two examples.

1 1
0<—<2 & —<x<w®
X 2

1 1
2< <0 —u<<x < —=.
X 2

6.2 Compound (or System) of Inequalities

Conjunctions (AND statements)

The compound (two part) inequality
(inequality statement #1) and (inequality statement #2)
is called an inequality conjunction. The “and” implies an intersection (overlap) of the

answers of the two inequality statements.

Note that the simple conjunction x > a and x < b simplifiestoa < x < b.

Disjunctions (OR statements)

The compound (two part) inequality
(inequality statement #1) or (inequality statement #2)
is called an inequality disjunction. The “or” implies the union (take everything) of the

answers of the two inequality statements.

Absolute value inequalities are examples of either a conjunction or a disjunction.

e |xX| <a & (x <aandx > —a) [aconjunction] for any numbera > 0
Note that this conjunction simplifies to —a < x < a.

o |x| >a & (x> aorx < —a) [adisjunction] for any numbera > 0
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In summary, absolute value inequalities can be simplified into “regular” inequalities.

x| <a & —a < x<a provideda =0
|x| >a © x < —a or x > a provideda = 0

These statements are also true of < and >.

6.3 Selected Solved Inequality Problems

6.3.1 Solving two-sided absolute value inequalities

3. Find the solution set for 1 < |2x — 1| < 5.

Solution

The key to working with two-sided absolute value problems is to break the absolute value into
its two cases.

2x-1) if 2x—1>0

2 —1={
22 =U=1_x—1) if 2x—1<0.

Plugging this into our problem we have

1<(2x—-1)<5 if 2x—1>0

1<2 —1s5={
I2x =1l 1<-Qx—1)<5 if 2x—1<0.

]
4. Solve for x in 3(x — 3) > 4(7 — 3x) as a quotient of relatively prime numbers.
Solution
3x—9>28—-12x

& 3x+12x >28+9

& 15x > 37

< x <37/15
]
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5. Solveforxif2 < 3(4—x) <9.

Solution

2<34-x)<9

2<4 <9
@_ — J—
3 *S3

IR
o ennan i)
W P
o (D (D <x<(5) D

10
(:)1<x<?.

6. Solve for x if |4 — x| < 7.

Solution

-7<4—-x<7
S —T7-4<-—x<7-4
S (-7-HD>x> (7 -4)(-1)
< (—11)(-1) > x> 3(—-1)
= 11>x>-3

= -3<x<11
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7. What is the lowest value of x that satisfies the inequality |3 + x| < 100?

Solution
—100 <3 +x <100
< -100—3<x<100—-4
& —-103<x <96

So, the lowest value of x that satisfies this inequality is —103.

]
8. What is the lowest value of y that satisfies the inequality |3 + x| + [4 + y| < 100 ?
Solution
3+ x|+ [4+y| <100
S |4+y| <100 — |3+ x|
< —(100—3+x]) <4+y<(100— |3+ x])
& —(100—3+x])—4<y<(100—|3+x|)—4
& —-100+ |3 +x|-4<y<100—|3+x|—4
& —-104+ 13+ x|<y<96— |3+ x|
So, the lowest value of y that satisfies this inequality is =104 + |3 + x]|.
But x can be any value. By considering all possible values of x how low can —104 + |3 + x|
get?
The least possible value is =104 because |3 + x| > 0 and by adding the positive |3 + x| to
—104 it makes it larger. So, the lowest possible value of —104 + |3 + x| is —104 and this
occurs when x = —3 which makes |3+ x| = [3+ 3| = |0| = 0.
]
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9. Write 2 < x < 4 as an absolute value inequality.

Solution
Remember that
[x—al<bsa-b<x<a+hbh.

Notice that a is the midpoint between a — b and a + b. So, equatinga—b =2anda+b =4
we can immediately determine that a = 3 because 3 is the midpoint between 2 and 4.

So3-b=2=b=1

2<x<4 o |x-3|<1

[
10. | Find the solution set of the inequalities x + 2 < —2x + 13 < 4x — 6.
Solution
As we noted above, this is interpreted as:
x+2<-2x+13 and —2x+13<4x—-6
This simplifies to
x+2<-2x+13 and —2x+13<4x—-6
3x <11 and —6x < —19
x<11/3 and x>-19/-6=19/6
19 <x< 11
6 573
[
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6.3.2 Solving two-sided absolute value inequalities

11. | Find the solution setfor 1 < |2x — 1| < 5.

Solution

The key to working with two-sided absolute value problems is to break the absolute value into
its two cases.

(2x—1) if 2x—1>0

2x—1| =
12 l{—(Zx—l) if 2x—1<0.

Plugging this into our problem we have

1<(2x-1)<5 if 2x—1=>0

132—1ss={
2 =1l 1<-(2x—1)<5 if 2x—1<0.

Pay VERY close attention to the details of how the set

1<(2x-1)<5 if 2x—1=>0

1s2—1s5={
U=l2x—-1]<5} 1<-Qx—-1)<5 if 2x—1<0

translates to

({1 <@2x—1)<5}and{2x— 1> 0}) or ({1 <-Q2x—-1)<5land{2x —1< 0})

using conjunctions (AND’s) and disjunctions (OR’s).

Now we just need to break this apart step by step.

1<2x—-1<5 and 2x—1=20
2<2x<6 and 2x =1
1
1<x<3 and xZE
1<x<3
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or
1<-(2x—-1)<5 and 2x—1<0
1<-2x+1<5 and 2x—1<0
0<-2x<4 and 2x <1

O> >4 and <1
== *s3

1

—2<x<0 and x<E

—2<x<0.

So, it has all reduced to

{-2<x<0} or {1 <x<3}L

6.3.3 Solving mixed absolute value and linear inequalities

12. | Find the solution set of |[2x — 5| < x + 3.

Solution

We use the same idea as in the problems with two-sided absolute value inequalities. Namely,

we replace |2x — 5| with the two possible cases.

The key to working with two-sided absolute value problems is to break the absolute value into

its two cases.

(2x —5)

SR {—(Zx ~5)

Plugging this into our problem we have
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(2x—-5)<x+3 if 2x—5=0

2x — 5| < +3={
2x =5l = x —(2x—5)<x+3 if 2x—5<0

Just as in the previous section, the set

(2x—=5)<x+3 if 2x—5=0

2x — 5| < 3={
U2x =Sl =x+3F =10 5y<x+3  if 2x—5<0

should be interpreted as
({(Zx —5)<x+3}and{2x — 5> 0}) or ({—(Zx —5)<x+3}and{2x —5< 0})

As before, we need to break this apart step by step.

(2x—5)<x+3 and 2x—5=>0
x<8 and 2x =5
5
x <8 and xZE
5< <8
2_x_
or
—(2x—-5)<x+3 and 2x —5<0
—2x+5<x+3 and 2x—5<0
—3x< -2 and 2x <5
>_2—2 and >
¥=373 ¥<3
2< <5
3=%%7

So, it has all reduced to
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But this simplifies to

6.3.4 Solving inequalities involving two absolute values

You can handle a problem involving two absolute values in the same way we handled the
previous problems - breaking the absolute value(s) into its two cases.

13. | Find the solution set of the inequality |2x + 5| + |4x + 7| < 30.

Solution

Again, the key to working with two sided absolute value problems is to break the absolute value
into its two cases.

(2x +5) if 2x+5=>0

2essi=|
12X +51 =1 2x+5)  if 2x+5<0

(4x+7) if 4x+7=>0

4 +7={
X7V = U ax+7) i 4x+7 <0

Dealing with two absolute values simultaneously means we will end up with 4 cases.
Casel. 2x+5=>0and 4x+7=>0
Case2. 2x+5=0and 4x+7<0
Case3. 2x+5<0 and 4x+7=>0
Cased. 2x+5<0 and 4x+7<0

(Notice that if you had a problem with 3 absolute value signs you would have 2 X 2 X 2 = 8
cases to handle.)
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|2x + 5|+ [4x + 7| < 30 =

(2x+5)+ (4x+7) <30

(2x+5)—(4x+7) <30
—2x+5)+M@lx+7)<30

—2x+5)—((“4x+7)<30

Let’s start by simplifying these four cases.

Casel. 2x+5>0and 4x+7 >0

ifin Case 1
if in Case 2
if in Case 3
if in Case 4

2x+5=0 and dx+7=0
2x = -5 and 4x = -7
x=>-5/2 and x=>-7/4
x=-7/4

Case2. 2x+5>0and 4x+7<0
2x+5=>0 and 4x+7<0
2x = =5 and dx < —7
x=>-=5/2 and x < —=7/4

—5/2<x<-7/4

Case3. 2x+5<0and 4x+7=>0
2x+5<0 and 4x+7 =0
2x < =5 and 4x = —7
x < -=5/2 and x=>-7/4

{ } i.e. the empty set
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Case4d. 2x+5<0and 4x+7<0

2x+5<0 and 4x+7<0
2x < =5 and 4x < =7
x < -5/2 and x<-=7/4
x < -=5/2

The problem has become

2x+5)+Ux+7)<30
2x+5)—(4x+7)<30
—2x+5)+Ux+7) <30
—2x+5)—(4x+7) <30

|2x + 5|+ [4x + 7| < 30 =

which simplifies to

6x + 12 < 30 if

—2x —2 < 30 if
2x + 5|+ |[4x + 7| < 30 = !
122+ 5] + |4x +7] 2x 4+ 2 < 30 if

—6x—12<30 if

which simplifies to

6x < 18 if
_2x <32 if
2x 45|+ |[4x + 7| < 30 = !
122+ 5] + |4x +7] 2x < 28 if
—6x <42 if

which simplifies to
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if x> —7/4

if —5/2<x<-7/4
if xe{}

if x < —=5/2

x=-7/4
—5/2<x<-7/4

x€{}

x < —=5/2

x=>-7/4

—-5/2<x<-7/4

xe{}
x <-=5/2
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x <3 if x=>-7/4

— i — < —
2% +5] + [4x+7] <30={*> 716 i =5/2=x<=7/4

x < 14 if xe{}
x> =7 if x < —=5/2.
Just as in the previous section, the set
x <3 if x=>-7/4
_Jx>-16 if —5/2<x<-7/4
{I2x + 5| + [4x + 7| < 30} = L <14 " xef}
x> =7 if x < -=5/2

should be interpreted as

({x < 3}and {x > —7/4}) or ({x > —16}and {-5/2<x < —7/4})

or ({x < 14} and {x € { }}) or ({x > —7}and {x < —5/2}).

And as before we just need to evaluate this step by step.

(x<3 and x2—7/4) = TSx<3

or
(x>—16 and —5/2Sx<—7/4) o —5/2<x<—7/4
or
(x<14 and xE{})@xE{}
or

(x>—7 and x<—5/2)<:)—7<x< -5/2.

So, the set of x values (i.e. the solution set) where
[2x + 5|+ |[4x+ 7| < 30

equals
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(;SX<3> or (—ng<—7/4> or (xe{}) or (—7<x<—§).

2

Now remember that “or” translates to “x belongs to at least one of these four regions”.

Looking at these four regions we can see it includes all x in

—-7<x<3.
[
6.3.5 Solving inequalities involving reciprocals
14. | Find the solution set of the inequality >5.
[4x+2|
Solution
From the rules regarding reciprocals and inequalities, we have
[4x + 2] < !
X <-.
5
Now we are back on familiar grounds.
|[4x + 2] < !
x <S —
5
! < 4x+2< !
= —-< 4x <=
5 5
! 2< 4x < ! 2
= ——-—2< 4x<--—
5 5
1 1
—F— z—2
REE
4 4
3 << 9
: JR—— _——
5= =720
[
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1
|2x—4]

. . . . 1
15. | Find the solution set of the inequality 0 < < >

Solution
1 1

0<izx—41°2

=2<|2x — 4| <

= |2x —4| > 2

= 2x—4>2 or 2x—4<-2
= 2x>6 or 2x<2

=x>3 or x<1

6.3.6 Inequality problems involving multiplying or dividing by functions of x

x—2
< —
—4x+5 — 3.

16. | Find the solution set of the inequality

Solution
It is tempting (but don’t do it) to multiply both sides of this inequality by —4x + 5.

But when you multiply both sides of an inequality by a quantity you have to know whether that
quantity is positive or negative. This determines whether we have to flip the inequality or not.

But —4x + 5 is positive for some values of x and negative for others.

To work around this problem we have to approach this in a way similar to the way we
approached absolute values. We break the problem into its two cases.

x—2 - - (x—2)<(-3)(—4x+5) if (—4x+5)>0
—4x+5" (x—2)=(-3)(—4x+5) if (—4x+5)<0
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Note: The case (—4x + 5) = 0 is impossible because this would mean we would be dividing by
Oin
x—2
—4x+5

Just as in previous sections,

(x—2) < (-3)(—4x+5) if (—4x+5)>0
(x—2)=(-3)(—4x+5) if (—4x+5)<0

should be interpreted as

({tx = 2) < (=3)(—4x + 5)} and {(—4x + 5) > 0})
or

({tx = 2) 2 (=3)(—4x + 5)} and {(—4x + 5) < 0})
which simplifies to

(x—ZSle—lS and —4x+5>0)
or
(x—2212x—15 and —4x+5<0)

which simplifies to

(13 <11x and — 4x > —5)
or
(13 > 11x and — 4x < —5)

which simplifies to

(>13 d <5>
x_llanx 2

or

<13 g >5>
(x—11a"x 4

which simplifies to
13 5
(ESx<Z> or (xe{ })
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Note: There cannot be any values of x such that

< 13 d x> 5
x < 11 and x 2
because
5 B 55 S 52 13
4 447 44 171
Therefore, our final answer is
13 < 5
11752
[
6.4 Geometry and Inequalities
Theorem: The sum of the lengths of any two sides of a triangle must be greater than the
third side.
17 If the sides of a triangle have measures of 3x + 4, 6x — 1 and 8x + 2, find all possible
" | values of x.
Solution
Bx+4)+(6x—1)>(8x+2)
and
Bx+4)+Bx+2)>(6x—1)
and
(6x—1)+ (Bx+2)> (Bx+4)
which simplifies to
9x+3>8x+2
and
11x+6>6x—1
35
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and
14x+1>3x+ 4

which simplifies to

x> -1
and

5x > -7
and

11x >3

which simplifies to

(x>-1) d<> 7) d(>3)
X an X 5an xll.

The values of x which satisfy all three of these inequalities are the values of x such that

S 3
X T
]
6.5 Miscellaneous
For how many positive integral values of a is it true that x = 2 is the only positive
integer solution of the system of inequalities
18.
{Zx > 3x — 3}7
3x —a>—6)’
Solution
2x>3x—3 and 3x—a>—6
—-x > -3 and 3x>—-6+a
x<3 and x> (—6+a)/3
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a
<x<3

For x = 2 to be the only integer in the interval

—6+a
3

<x<3

it must be true that

—6+a
<

<2
3

Using our standard approach for isolating a we have

—6+a
< <2

3

= 3<-6+a<6

= 9<a<12

So the integral values of a that satisfy this inequalityarea = 9,a = 10 and a = 11. So there
are 3 positive integral values of a that make x = 2 the only positive integer solution of the
original pair of inequalities.

6.6 Linear Programming Problems

Both x and y are positive real numbers, and the point (x, y) lies on or above both of
19. | the lines having equations 2x + 5y = 10 and 3x + 4y = 12. What is the least
possible value of 8x + 13y? (Source: Mathcounts).

Solution

The region above the line 2x + 5y = 10 is shown in blue and the region above the line 3x +
4y = 12 is shown in red. Hence, the region that is above BOTH lines becomes purple
(blue+red=purple).
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The (x,y) values that are in the purple and the yellow are highlighted below.
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The goal of the problem is to find the smallest value of 8x + 13y if (x,y) has to be a point in
the above shaded region. Problems of this type are known as linear programming problems.

Now let’s play with this a bit. Could (just as an example) we find an (x, y) within this shaded
region where 8x + 13y = 75?

To see if this is possible, we need to graph the line 8x + 13y = 75. We show this line below.

8x+ 13y =75

T T o T T T
0 2 4 B8 8 \

We can see that 8x + 13y equals 75 at each of the points marked in green (because they fall on
the line where 8x + 13y = 75) and these green points are in the highlighted region.
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8x+ 13y =175

This shows that 8x 4+ 13y can get at least as small as 75.

But can we make it smaller? Can we find a point(s) within the highlighted region where 8x +
13y =507

.. 8x+13y =75

-

-

8x+ 13y =50 -._

.
: . ® . . —
° : * ° \8 h
-

The graph of the line 8x + 13y = 50 is shown above in solid blue and we see that there are
points on this line that are within the shaded region. (Clearly there are an infinite number of

points on this line that are within this shaded region. The three points shown in green just
show particular cases.)
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This shows that 8x + 13y can get at least as small as 50. Can we make it smaller yet? Can we
find a point(s) within the highlighted region where 8x + 13y = 377?

N 8x+13y=75

~

T 8x+13y =507

=

o 2 4 ~ é . 8 - a0
8x + 13y = 37 h

The graph of the line 8x + 13y = 37 is shown above in solid blue and we see that there are
points (e.g. the green points) on this line that are within the shaded region. (Clearly there are

an infinite number of points on this line that are within this shaded region. The point in green
just shows a particular case.)

This shows that 8x + 13y can get at least as small as 37.

By now you most likely notice that we should lower this line until it hits the corner point.

Corner Point
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The entire of this argument has come around to showing that
8x + 13y

will be minimized (among points in the shaded region) at this corner point. If we label the
coordinates of this corner point as (x,, y,) then

8xo + 13y,
is the minimum value we are looking for.

So how can we find this corner point? This corner point is the point where the lines 2x + 5y =
10 and 3x + 4y = 12 intersect (i.e. cross).

orner Point
] 3x+4y=12

Finding the intersection of two lines boils down to solving two linear equations in two
unknowns.

That is, we want to find x and y so that
2x + 5y =10 and 3x +4y = 12.

The point of intersection is the point that lies on both lines which means this point satisfies
BOTH of these equations.

Solving for y in the first equation we have

_10-2x
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Substituting this into the second equation we get

=12

10 — 2x>

3x+4< z

=12

10 — Zx)

3x+4( z

= 15x + 4(10 — 2x) = 60
= 15x+4+40—-8x =60

= 7x =20

From here we can solve for y.

20
_10—2(7)_70—40_30_6
Y75 T35 35 7

So, the coordinates of this corner point are

20 6)

(x0,¥0) = (7;7 .

Finally, we can plug these values in to our function 8x + 13y to get the minimum possible
value of this function over all points in the shaded region.

8xo +13 —8<20>+13(6>—238—34

That is, the smallest value of 8x + 13y that can be obtained by considering only the (x,y)
points in the shaded region defined above is 34.
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Find all x such that
4lx —1||
Solution
Situation 1. 2 =3 _ e 2lx| =3 =8|x—1]
ituation 1. ax—1] > ie. 2|x = 8|x
Break points: 0,1
x - +

-] ]
ol

Case 1. x € (—0,0]
2|x| — 3 = 8|x — 1|
2(-x)—3=8(-(x— 1))
—2x—3=-8x+8
6x =11
x=11/6

Is this solution within the region we are currently considering, namely the region (—o,0]? No.
11/6 & (—o0,0]. So, this is not a valid solution. It is an extraneous solution.

Case 2. x € [0,1]
2|x| — 3 = 8|x — 1|
2(+x) —3=8(—(x— 1))

2x—3 =—-8x+8
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10x = 11
x =11/10

Is this solution within the region we are currently considering, namely the region [0,1]? No.
11/10 € [0,1]. So, this is not a valid solution. It is an extraneous solution.

Case 3. x € [1,20)
2|x] —3 =8|x—1]|
2(+x) -3 =8(+(x - 1))
2x—3=8x—28
—6x = =5
x=5/6

Is this solution within the region we are currently considering, namely the region [1,©)? No.
5/6 ¢ [1,0). So this is not a valid solution. It is an extraneous solution.

So, there are no values of x where 2|x| — 3 = 8|x — 1].

2|x|—3_

———=-2, e 2x]-3=-8]x—-1
pTP—T ie. 2|x| lx — 1]

Situation 2.

Break points: 0,1

X - +

x—1 - -

o]
b

Case 1. x € (—,0]

2|x| —3 = —8|x — 1]

2(—x) —3=-8(-(x— 1))
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—2x—3=8x—18
—10x = -5
x=1/2

Is this solution within the region we are currently considering, namely the region (—0, 0]? No.
1/2 ¢ (—,0]. So this is not a valid solution. It is an extraneous solution.

Case 2. x € [0,1]
2|x| —3 = —-8|x — 1]
2(+x) =3 =-8(-(x— 1))
2x—3=8x—8
—6x = =5
x=5/6

Is this solution within the region we are currently considering, namely the region [0,1]? Yes.
5/6 € [0,1]. So this is a valid solution. It is not an extraneous solution.

Case3. x € [1,»)
2|x| —3 = =8|x — 1]
2(+x) =3 = —-8(+(x — 1))
2x—3=-8x+8
10x = 11
x =11/10

Is this solution within the region we are currently considering, namely the region [1,%)? Yes.
11/10 € [1,0). So this is a valid solution. It is not an extraneous solution.

So, there are two values of x where 2|x| — 3 = —8|x — 1]|.
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21. | Findall x suchthat |4x — 1| +2x =1+ |2 — x|.

Solution

1
Break Points : 4x—1=0ﬁx=z, 2—x=0=>=>x=2.

4x —1 - + +

2—x + + -

1
Casel. x €| —oo,—
asel. x ( 004]

[4x — 1|+ 2x =1+ ]2 — x|
—(Ax -1 +2x=1+(+2—x))

—4x+14+2x=14+2—x

Is this solution within the region we are currently considering, namely the region (—OO,ﬂ? Yes.

—2 € (—00, ﬂ So this is a valid solution. It is not an extraneous solution.

Case 2. x € [1/4,2]
[4x — 1| +2x =1+ |2 — x|
+@Ax -1 +2x=1+(+(2—x))
4x —1+2x=1+2—x
7x =4

x=4/7
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Is this solution within the region we are currently considering, namely the region [1/4,2]? Yes.
4/7 € [1/4,2]. So, this is a valid solution. It is not an extraneous solution.

Case 3. x € [2,x0)
[4x — 1|+ 2x =1+ |2 — x|
+tAx—D+2x=1+(-(2-x))
4x —14+2x=1—-2+x
5 =0
x=0

Is this solution within the region we are currently considering, namely the region [2,©)? No.
0 & [2,00). So, this is not a valid solution. It is an extraneous solution.

So, there are two values of x where |4x — 1| + 2x = 1 4+ |2 — x|. Namely at x = —2 and at
x=4/7.

A graph will help you to visualize what is going on. You can see from the graph that |[4x — 1| +
2x and 1 + |2 — x| intersect (i.e. are equal) at two places, namely, x = —2 and x = 4/7 (as we

just showed algebraically).

[4x— 1|+ 2x
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22.

Find the solutionsetto |4x — 1|+ 2x > 1+ |2 — x]|.

Solution

1
Break Points : 4x—1=0ﬁx=z, 2—x=0=>=>x=2.

4x — 1 -

2—x +

1
Casel. x €| —oo,—
asel. x ( 004]

So, what we are looking for are those x € (—, 1/4] and (—o0, —2]. That s,

[4x — 1| +2x =1+ |2 — x|
—(Ax -1 +2x=1+(+2-x))
—4x+1+2x>21+2—x
—x =2

x < —2.

X € (—,1/4] N (=0, —2] = (—o0, —2].

Case 2. x € [1/4,2]

[4x — 1| +2x =1+ |2 — x|
+@x—D+2x =1+ (+2-x))
4x—-1+2x=21+2—x
7x = 4

x=>4/7.
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So, what we are looking for are those x € [1/4,2] and [4/7,). That s,

x €[1/4,21n[4/7,0) = [4/7,2].

Case 3. x € [2,x0)
[4x — 1| +2x =1+ |2 — x|
+@Ax -1 +2x =1+ (-(2-x))
4x —1+2x=>21—-2+x
5 >0

x=0

So, what we are looking for are those x € [2,0) and [0, ). That s,

X € [2,0)N[0,0) = [2,00).

So, the values of x where |4x — 1| + 2x < 6 — |2 — x| are
x € (—o,—2] or[4/7,2] or [2, ).
That is,
x € (—0,—-2]U[4/7,2] U [2,)
X € (—o0,—2] U [4/7, ).

In graph form, the answer is

1

(%)

1

[ %]

1

—

[ ]
g @

N

m_

m_

=

v

You can see from the graph that |4x — 1| + 2x (in blue) is greater than or equal to (i.e. above
or touching) 1 + |2 — x| (in red) when —c0 < x < —2 and also when 4/7 < x < o (as we just

showed algebraically).
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[4x— 1|+ 2x

A

N
ol v

5 4 -3 -2 -1 041 2 3 4 5 6 7 8 9
-1 E

7 Extra Solved Problems

23. The hour hand and the minute hand coincide sometime between 3 o’clock and 4 o’clock.
Express the exact time as a rational number of minutes after 3 o’clock. (Source: MSHSML
3A054)

Solution
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l’"‘. I’lanc! mouves 360

In m minutes, the 60(1?-)m ;

mm "land maves 3_E’Qm c(ej
€0

h
. 3) s hr hand 15 at ‘Io+-z- de3

min hamd is ot 6Em dej

90+ = bm

z
!
(30 +m =12 m ; m=—i2m'm of ten 3,

24. The graph of the equation 5x + 7y = 76 passes through (11,3). Find a second lattice

point (i.e. a point having integer coordinates) in the first quadrant that lies on the same line.
(Source: MSHSML 3A023)

Solution

The slope of 5x + 7y = 76 equals —5/7. So, if you go left 7 units and up 5 units from any
point on this line you will end up at another point on this line. And if you start at a lattice point
and go left an integer number of units and go up an integer number of units, you will
necessarily end up at another lattice point (which is also on this line).
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Note: In MSHSML Meet 1, Event D we saw similar problems about lattice points on a line when
they don’t give you an initial lattice point to work from. Then you have to use number theory.

25. An autois twice as old as its tires were when the auto was as old as the tires are now.
When the tires are as old as the auto is, the combined ages of the tires and the auto will be
two years and three months. How old (in months) are the tires now? (Source: MSHSML

3A014)

Solution

AGES
a ko Fires

——

time past
(when) o t

naw ri 2 Q.

+ime Future f.ta-(ar.-a)‘ 2t

|

2t -~ —a -t = 3t - Za Q
[4t—a] +2E=2T £l = & BET
Ja. =27

a. = 9

26. Find the sum of all positive integers a and b where a > b and the determinant

1 0 a
0 1 a|=-13.
b b 1
(Source: MSHSML 3A164)

Solution
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1
The determinant of | ()

b
1(1-1—a-b)—0(0-1—a-b)+a(0-b—b-l):—13:> 1-2ab=-13=ab="7. Since 7 is prime and

o= O

a
a |=—13 when
1 -

a>b,a=7andb=1,s0a+bis8.

27. Determine exactly all values of the real number ¢ for which the determinant of
1 2 3
4 ¢ 6
7 89

Is positive. (Source: MSHSML 3A153)

Solution

3
The determinant of 6 |ispositive when
9

SCTIN NN
0O N

1(9c—48)—2(4.9—7.6)+3(32—7c)>0:>60—12c>0:> c<5.

x ¥

ande[2 3

28. A= [x Y ] If detA = 10 and det B = 36, determine x and y exactly.

5 8
(Source: MSHSML 3A143)

Solution
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det A = 8x - 5y = 10. Likewise, det B = 3x — 2y = 36. We now have a system of two linear
8x-5y=10

. Multiply the first equation by -2 and the second by 5 to get
3x-2y=36

equations: {

[-16x+10y =-20

. Add the two equations to obtain x = -160; substitution yields y = -258.
| 15x-10y =180

Ax+y+z=1
29. Itis known that the system of equations < x + By + z = 1 has no solution.
x+y+Cz=1

Determine exactly the value of ABC — (A + B + C). (Source: MSHSML 3A124)

Solution
A1 1
For the system to be inconsistent, the determinantof | 1 B 1 must equal zero. Using
1 1 C
the cofactors of row 1: A. Bl 4]1 1f4)1 B =A(BC—1)—(C—1)+(1—B)
1 C 1 C 1 1

=ABC-A-C+1+1-B=0,s0 ABC-A-B-C=ABC-(A+B+()=-2.

30. The vertices of AAOB are A = (a,b), 0 = (0,0), and B = (c,d). The values of a, b, c,
and d are all positive integers and they are all different. If the area of AAOB is 13, what is
the smallest possible of value of the sum a 4+ b + ¢ + d? (Source: 3T171)

Solution

0
The area of AAOB is the determinant% a
c

QLU oo

1
1|, making ad — bc = 26. To minimize the
1

sum choose bc as small as possible, making ad as small as possible. Let b = 1 and ¢ = 2, then
ad = 28. Because 1 and 2 have already been assigned, the smallest a can be is 4, making d =

7. Therefore, the minimum valueofa+b+c+d=1+2+4+7 = 14.
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Test 3A, Linear Equations
2014-15 Meet 3, Individual Event A

4., Determine exactly the necessary values of @ and b in the linear equation ax + by = -6 so
that the line passes through the intersection point of the lines x + y=-4 and 2x + 3y =-10,
and is also parallel to the line -8x + 2y = 16.

Solution

First find the point of intersection between the linesx +y = -4 and 2x + 3y = -10. Using
either elimination or substitution, that point is (-2, -2). Because the line ax + by = -6
passes through this point, substitute -2 for x and y to obtain the equation -2a - 2b = -6, i.e.
a+b=3. Also, ax + by = -6 is parallel to -8x + 2y = 16, so their slopes must be the same.

This means %’:4 = a=-4b. Substituting, -4b+b=3,s0b=-1anda = 4.

2013-14 Meet 3, Individual Event A

2. Determine exactly the values of R and T such that the lines described by the system
Rx—-4y=7

intersect at the point (-5, 2).
3x+Ty=11

Solution
Substitute x = -5 and y = 2 into each equation: Rx—4y=7 = —5R—4(2)=7 = R=-3;
3x+Ty=11 = 3(-5)+2I'=11 = T=13.

2011-12 Meet 3, Individual Event A

| -
4. Of all the points (x, y) with integer coordinates for which 4 2x+5y=111

| 3x-2y =211
there is one such point for which x +y is a minimum. Give the coordinates of this point.

Solution
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First note that 3x—2y =11 has its solutions occurring “below” the line. Moving from right to

left along 2x + 5y = 111 (starting from y = 0), the first point with integer coordinates is (53, 1),
with x +y = 54. Using LCM concepts, the next point to the left with integer coordinates is (48, 3),
with x +y = 51. So we want to get as close to 2x + 5y = 111 as possible. 2x + 5y = 111 and

3x -2y =11 intersect at (14-11 16%), so the minimum x +y occurs at (18, 15).

19’

2010-11 Meet 3, Individual Event A

) \
—=,=5 l then it will also pass

1
2. If the graph of ax + by =8 passes through (3, EW and
X a

J \,

through the point (15, k). Determine exactly the value of k.

Solution

7

Substituting the coordinates of the first point: ax+by=8 = 3a+1=8 = a= 3

Substituting the coordinates of the second point: ax+by=8 = —-1-5b=8 = b= —g .

Substituting (15, k) into Zx—7 y =8 yields 35- k=8 = -lk=-27 = k=15.

4. Two distinct positive integers are chosen such that their difference, sum, and product (in
that order) are in the ratio 1:7:36. Calculate the product of the two numbers.
[adapted from MAA: The Contest Problem Book II]

Solution

Let (m, n) represent the two nhumbers, with m > n, and let d = their difference. We can then use
| m-n=d

, which can be solved quickly by elimination
| m+n=7d

the given ratio to create the system -

to discover that (m, n) = (4d, 3d). The product mn is therefore 12d”, but is also 36d by the given
ratio. Setting 12d° =36d yields d = 3 as the only viable solution, so the product is 36(3) = 108.
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2009-10 Event 3A

4. Consider all possible ordered triples of integers (x, y, z) which solve the system
{ x+3y- z=1

. There are two specific single-digit positive integers, n and d, such
3x— y-2z=-1

that all of the x-values in those ordered triples can be written in the form mn + d, where m
is any integer. Compute the values of n and d.

Solution

Multiply the top equation by -2 and add: x-7y=-3 = y= %Jrs

Then multiply the bottom equation by 3 and add: 10x-7z=-2 = z= 10x7+ 2
We need x + 3 and 10x + 2 to both be multiples of 7. This occurs when x = 4, and every
7 units thereafter. So y and z will be integers when x 1s of the form 7m + 4.

|
2006-07 Meet 3 Team Event
2x+3y-2z=-4
5. Solve the following system for x, y, and z. ~3x4+9y-5z=4
Sx+6y+3z=8
Solution
5./]2 3 -2 -4 -l6 3 O Ly
-9 0o 1 w|~{=9 0 1 b
l o 7 16 64+ o g -96
© 3 o 4 y= Y3
~ e O 1 '577_ a:‘s/}_
1l o o =34 X==3
(1§ you don't follow the matrix notation,
ask  youn coach +o explain it
|
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2005-06 Meet 3 Team Event

. Hipresinileform (s, ot d dlsdvbmsiobsgsten — 0 2
 (ApEERRCER (D R G R R, & B
Solution
2 =3 =3 4 s (=] l -3 18
I, [3 -5 2 -3 it -2 5 -7
] o "z‘ zq Y = 2°t +Z¢‘%
ait TP ~13 18 j = I3 +i3%
|

2004-05 Event 3A

3. There are many solutions to the set of three equations below. Expressy and z in
terms of x so that every real value of x gives a solution to these equations:

2x-y+2z=8

3x-y+2z=11

S5x-y+4z=17
Solution
2 =t 18 'i 2= 1871 1+ 3—51 y= =5 +x
{3—|aul~ls o i3 |~1l1 o « 3 = 3-X
b s 1 4 7 L o} c © o&
E l 3 o 39|

2003-04 Event 3A

4. There are many solutions to the set of three equations below. Express i and zin
terms of x so that every real value of x gives a solution to these equations:

2x+y-z=-2
Sx+2y+z=3
4x+y+5z=12
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Solution

21 -1 ~21 2 1+ -1 2 B0 1 Y
5{1:3"’736-"("’7/310'/3

4 g i 4 6 O 2 o © o o
(Have your coach explain the notation above.)
2z =2 -1
=3 "3 X
=4 .2
y=3 -3 %

2004-05 Meet 3 Team Event

2. InTeam Event 2, we found that if a point P is placed inside a rectangle ABCD so
that AP =+/13, CP = /117, and DP = V45, then BP = +/85 . If the sides of this

rectangle are integers, what must be its perimeter?

Solution
G D\r : & . G
" U%\i S |
!p .'
e N e e e o - }
4| Vs |
f
A &)

With notation as in The dr—awmj
AD=x+y 5 CD=r+s

x* + re = 45
x> +ST =117
vyt orre =3
1:!"- +s= = &Y
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| o { o 45 I © { O 4§
( 0O o I Wt |19 @ -t 3 T
(@) | fe) | %S Q o - I 72

wile o | =1 =ik y- = 8§ -S*
o { o { 35 R S 5§t
o o) o (o9] o

% ._.(j :(‘X"‘jj(xf‘j):”

*x=Y and ij are

X-Y| ®xt =% v
| . 32:.1 332 131/~ mf‘ejer Pachor-s of

2 |16 | 1 i 32, The table

" 8 é £ shows the Pass:b;li'h‘es

O"‘l3 7"—"'6) g=2 WOrkS.—n\?/n s 3_) S:C?

Ponimeter = 2 (6+2) +2(3+3) = 40

2002-03 Event 3A

3. The graph of the equation Sx+7y=76 passes through (11,3). Find a second lattice

point (i.e. a point having integer coordinates) in the first quadrant that lies on the
same line.

Solution
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2001-02 Event 3A

The first three questions all refer to the system of equations
(@) 2x-3y+5z=0

) 3x—-4y+7z=1

(¢) 4x-5y+4z=-3
Equations of the form ax + by +cz=d have graphs that are planes in three space.
Lattice points in space are points {(k,1,m) having integers for coordinates.

1. Find a lattice point, not the origin, that lies on the plane determined by (a).

Solution

_ 3, _S_ /T all
1, K_E(j—zij-ﬂﬂe 5 et of a

5olufl¢ms 15 jtvi‘.n Ly
42, 1,0)+2(-5,91) |
Pmy lﬂhjtr choices of y and & that

make x an integer will suffice:

for example,
‘j=3,E=| qwves (1,3.1); 3=2J'-1=Z leESf'EJEJZ)

2. Find two distinct lattice points that lie on the plane determined by (a) and the plane
determined by (b).

Solution
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2 -3 § of 1% -3 5§ ©
3 -4 1 =tz
[ S M » [l o 1 3
- [0 =1 9 -7-1 © 1 -7 2
7“:3 —%J j_ - Z'I"%_ j'soluﬁm are Qﬂ
fop He ‘COrm (3,2,0)-}- %(—I, 1, L),

)

Choose 2 +o he g 'mi-ejen.

EprltS'-
= = 0O gives £ 3,25 B)
T =1 gwes (1J3)!)

3. Find the unique lattice point that lies on all three of the planes determined by (a),
(b), and (c).

Solution

Standand doludion of 3 lhdﬂp lmean
equabions 1 3 unknowns gqwe (2,3,1)
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Test 3A, Concurrent Lines

2017-18 Meet 3, Individual Event A

2. [f the following three lines intersect at a single point, what is the value of b—a ?
2x+y=1
3x—y=4
ax+by="7

Solution

Adding the first two equations gives 5x = 5, or x = 1, making y = -1. Substituting

these values into the third equation, givesa - b =7. Therefore,b-a=-7.

Test 3A Gaussian Elimination

3T051

Express in the form (az + b, cz + d, z) all solutions to the system
2x—3y—3z—=4
3x —5y+2z=-3.

31.

Solution

5= 5 5

R1->R1X3, R2—>R2X2

(6 S0 & )

R2 - R2—-R1

6~ 15 i)

R1-> R1—-(R2x9)

s

R1 - R1/6
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R2 - (—=1) x R2

G2 55 W)

(7 75 1)

x—21z=129 or x =29+ 21z
y—13z=18 y =18+ 13z
(29 + 212,18 + 13z,2)
[
3A043
There are many solutions to the set of three equations below. Express y and z in
32 terms of x so that every real value of x gives a solution to these equations.
' 2x—y+z=28
3x—y+2z=11
Sx—y+4z=17
Solution
2 -1 1 8
3 -1 2 11
5 -1 4 17
R1->3XR1,R2—> 2 X R2
6 -3 3 24
6 —2 4 22
5 -1 4 17
R2 - R2 —R1
6 -3 3 24
o 1 1 -2
5 -1 4 17
R1->5XR1,R3 - 6 XR3
30 —-15 15 120
0 1 1 -2
30 —6 24 102
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R3 - R3—R1

30 =15 15 120
0 1 1 -2
0 9 9 -18
R3 > R3—R2X9
30 —15 15 120
0 1 1 -2
0 0 0 0
R1 - R1+ R2 x 15
30 0 30 90
o 1 1 -2
0 0 O 0
R1 - R1/30
1 01 3
01 1 -2
0 0 0 O
x+z=3 z=3—Xx z=3—Xx z=3—x
yt+z=-2 y=-2-z y=-2—-(B-—x) y=-5+x
y=-5+x
z=3—x
|
37003

6x+7y—9z =16
2x+3y—5z=4
S5x+2y+4z=21.

Find two functions, f and g, so that for any integer m, (f(m), g(m), m) is a lattice
33 point that lies on the three planes determined by

Solution

R2 - 3 X R2

mathcloset.com
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6 7
2 3
5 2

-9 16
-5 4

4 21

66




6 7 -9 16
6 9 —-15 12

5 2 4 21

6 7 -9 16
0 2 -6 —4
5 2 4 21

30 35 —45 80
0O 2 -6 -4

30 12 24 126

R2 - R2 —R1
R1 - R1X5,R3 > 6XR3

R3 - R3 —R1

30 35 —45 80
0 2 -6 —4

0 —-23 69 46
R2 - 23 X R2,R3 - 2 XR3

30 35 —-45 80
0 46 -—138 -92
0 —46 138 92
R3 - R3+R2
30 35 —45 80
0 46 -—-138 -92
0 O 0 0
R1 - R1/5, R2 - R2/46

R1->R1—-7XR2

R1 - R1/6
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x+2z=5 x=5-2z x(m) =5-2m

y—3z=-2 y=-2+3z y(m) = -2+ 3m
[
3A034
There are many solutions to the set of three equations below. Express y and z in
34 terms of x so that every real value of x gives a solution to these equations.
' 2x+y—z=-2
5x +2y+z=3
4x+y+5z=12.
Solution
21 -1 -2
5 2 1 3
4 1 5 12
Move C1 to go between C3 and C4.
1 -1 2 =2
2 1 5 3
1 5 4 12
R2 - R2 — (2 X R1)
1 -1 2 =2
0O 3 1 7
1 5 4 12
R3 - R3 —R1
1 -1 2 =2
0o 3 1 7
0 6 2 14
R3 - R3 —2 X R2
1 -1 2 -2
0o 3 1 7
0O 0 0 O
R1 - 3 X R1+R2
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1
3y+7x=1 y=3
3z+x =7 7

3

[
3A092
35 Solve the system
' 2x —3y+6=0
2x+y—10=0
Solution
Step 1. Rewrite the system in the “standard” form
2x —3y =—6
2x +y =10.
(2 -3 —6)
2 1 10
R2 - R2 —R1
(2 -3 —6)
0 4 16
R2 - R2/4
(2 -3 —6)
0 1 4
R1 - R1+ (3 X R2)
(2 0 6)
0 1 4
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R1 - R1/2

(1 0 3)
0 1 4
x=3 y=4
]
3A093
Solve the system
36. p+q+2r=1
2p—q=3
-pt+4r=1
Solution

1 1 21
2 -1 0 3
-1 0 4 1

R2 - R2—-2XR1

R3 - R3+R1

R3 - 3XR3+R2

R3 —» R3/7

mathcloset.com

1 2 1
-3 —4 1
1 6 2
1 2 1
-3 —4 1
0 14 7
1 2 1
-3 —4 1
0 2 1
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R2 - 2 X R3 + R2

/
S O
[
OUJH
N ODN
_ W
~_—

R1 -3 X R1+R2

R1 -3 XR3—R1

—3p=-3, —3q=3, 2r=1

pr=1,q=-1,r=1/2

3A011
37 Find a lattice point, not the origin, that lies on the plane determined by
' 2x —3y+5z=0.
(Remember that a lattice points in space are points have integers for coordinates.)
Solution

Any integer choices of y and z that makes x an integer will suffice. For example, (y,z) = (1,1).
Then
2x—3(1)+5(1) =0
2x+2=0
x =-—1.

So (x,v,z) = (—1,1,1) is a lattice point on the plane determined by 2x — 3y + 5z = 0.
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3A012

38 Find two distinct lattice points that lie on the plane determined by the planes.
' 2x—3y+5z=0

3x—4y+7z=1.

Solution

G706 %u2°C7 4261572

N((l) (1) _11 g)

x+z=13

y—z=2
or

x=3—2z

y=2+z

Any integer choice of z that makes x and y integers will suffice. For example,z =1and z = 2.

Forz=1,x=3—1=2andy =2+ 1 = 3. Therefore, (x,y,z) = (2,3,1) is a lattice point on
the line determined by these two planes.

Forz=2,x=3—2=1andy =2+ 2 = 4. Therefore, (x,y,z) = (1,4,2) is a lattice point on
the line determined by these two planes.

3A013

Find a lattice point, not the origin, that lies on the line determined by

39. 2x—3y+5z=0
3x—4y+7z=1

4x — 5y + 4z = —3.
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Solution

Instead of starting from the very beginning | can take advantage of the fact that this problem
has the same first two equations as the previous problem. So | can make the substitutions

Into the third plane.

x=3—2z
y=2+z

4(3—-2z)—52+z)+4z=-3
12—4z—-10—-5z+4z= -3

2—5z=-3
—5z=-5
z=1.
Now plug z = 1 into the
x=3—-2z
y=2+z
to get
(x,y,2) =(2,3,1).
[ ]
3A003
Find a + b given that
40. 3a—5b+c=4
2a+4b—c=3
7a—11b+ 2c =9
Solution
3 =5 1 4 6 —-10 2 8 6 —-10 2 8 42 =70 14 56
2 4 -1 3]|~|6 12 -3 9|~10 22 -5 1|~ O 22 -5 1
7 —-11 2 9 7 =11 2 9 7 —-11 2 9 42 —66 12 54

mathcloset.com
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42 =70 14 56 3 -5 1 4 3 -5 1 4 3 -5 1 4
~<O 22 =5 1>~<0 22 =5 1)~<0 22 =5 1>~<0 22 =5 1

0o 4 -2 =2 0o 2 -1 -1 0 0 -6 -12 0O 0 1 2

3 -5 0 2
~10 22 0 11
0 0 1 2

1
c=2b==, 3a—5(—>=2
2
3a=2+ > _2
1=27373
3
173
+b > + ! 2
a =—4+—=2.
2 2
[
1. The sum of the squares of two consecutive odd integers is 130. What are the
integers?
(Source: Minnesota State High School Mathematics League, Individual Event, 3A, 1980-1981,
Problem #1)
Solution
1, 9 1. The sum of the sqguares of two consecutive odd integers is 130. What
are the integers?
T+ &k+2) = 130 “
AxT+ 4x+94 = 130 120

X+ Bx+2 = 65
XTI — 63 = 0O
(% = 7306« + D)
x=7
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Homer cuts a 72’ X 96’ lawn, starting along one outside edge and continuing to
cut a border around it as indicated in the figure. How wide is the border when
Homer is half through?

(Source: Minnesota State High School Mathematics League, Individual Event, 3A, 1980-1981,
Problem #2)

Solution

2 -P'l:. 2. Homer cuts a 72' % 96' lawn, starting along one outside edge and
continuing to cut a border around it as indicated in the figure.

How wide is the border when Homer is half through? a
6

(G2 -2 )(96 - 2 =) =(72.q5) li

-
Ll‘la-% - (7122 + 96.2)x + 4xE = o
12 'ya-2x |

X* - (36 +48) = + 39 =0 | !
.

96 — 2w
®*— g4x + 3-2.12 = O L - s
(= 12¥=- 72) = o
X =12 ,y;.:i?g
Ck I7-24 = 438 I |
-24 = 72 45,22 2

mathcloset.com 75



3. The rate of one train is 21 mph more than that of another. If the faster train
takes two hours less than the other for a trip of 252 miles, at what rate does the
faster train travel?

(Source: Minnesota State High School Mathematics League, Individual Event, 3A, 1980-1981,
Problem #3)

Solution

63 3. The rate of one train is 21 mph more than that of another. If the
fastex train takes two hours less than the other for a trip of
252 miles, at what rate does the faster train travel?

mph Fima
Slews *® PR x(t+z) =25 ck
-Easd- X+ 21 = ®E+2Y = (;_(4— 21 )k
e = w2l 63 42
4- 4
T = 21 (4‘) T % (%#L) = 2252 Eg—?—- Zﬁ
jx.:q.a f 2187+ 42 —2-252 = ©
kA
x+L\ - 6 3 'E + -Lt - l-’-]- - 0O

£ -4+ &) =0

)
D

66X & Z.Dj

2. Solve the system
- 3x + l?.j

(Source: Minnesota State High School Mathematics League, Individual Event, 3A, 1986-1987,
Problem #2)

Solution
a} The second system will certainly
S b) The second system will certainly
X=3 c) No conclusion can be drawn with
i
J7% 2. solve the system éx + 1204 =9

—3x+ltj = |
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2 [For instruchwe purposes, T'll seolve using determinants,

O a
I
X = [ [ 88

—

6 20 T 132

155 _ 33

2
_3 |j...

1
4

132 13
-3 12
|
X, =
Xy o+ Xgy = o
3. Find X,, X,, 2nd X5 in terms of a,b, and ¢ if o+ X3 = b Xqp=
X + X3 =C
Xz =

(Source: Minnesota State High School Mathematics League, Individual Event, 3A, 1986-1987,
Problem #3)

Solution

——

N X, + Xq =a _
3. Find x,, X,, and x5 in terms of a,b, and ¢ if Xp + %y = b 2%
=C
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Xo + Xny = b c.nPied

3, {x + Xy =a copied
= 3\7_. 4—)(3 =C-a "('P'IFS‘I' Eq.\j‘f' ('H'lll'd-eq‘)

Xy + Xq =a copied
2 X za+b-¢ - (third 2q) + (secand €9)
- X, *+ %3 = C-a copld
-bt
= i-'-—i"s -'!E (second eq) +(-p|rs+ Gc{)
= % 'Ii {secomd eq]
o ::a'—rub—t& (s:uncl ect)i- ('H'--Jeq)
HINT Keep a systam of H\ﬂc equutiong togethan

azx yow. mova from step to step.

4. With the aid of a steady current, the motor on 2lice's boat toock her downstream
from River City to Hibanks in 6 hours and 40 minutes. Brenda, using her motor
on the same type of boat, tock 7 hours for the same trip. With the same current
working against them the next day, Alice took 9 hours and 20 minutes while
Brenda took 10 hours for the return trip. In still water, Alice's boat moves
1/2 mph faster than dces Brenda's. IHow far ig it from River City to Hibanks?

(Source: Minnesota State High School Mathematics League, Individual Event, 3A, 1986-1987,
Problem #4)

Solution
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~Let b = Hrenda’s sneed with no
current (so b+sz = Alice's
soeed}; let w = change in
speed due to current.

(Alice ' s) _[Brenda's
dist. - dist.

GDng (bq.-‘?-_-]-m]}% =(b-|-uul)7

Return (b+ 4 -w) 28 ~(b-w)lo

7 3
Solve to pet htl—z-:_, w = -E

Then dis+ = (1pY(7) = 7O miles

Test 3A, Determinants

41.3T171 | The verticesof AAOB are A=(a,b),0=(0,0), and B=(¢,d). The valuesofa, b, ¢, and d
are all positive integers and they are all different. If the area of AAOB is 13, what is the
smallest possible of the sum a+b+c+d?

Solution
0 0 1
The area of A AOB is the determinant 5l @ b 1|, making ad — bc = 26. To minimize the sum chose bc as small as
Tl e d 1
possible, making ad as small as possible. Let b = 1 and ¢ = 2. then ad = 28. Because 1 and 2 have already been assigned, the
smallest a can be is 4, making d = 7. Therefore, the minimum valueofa+b+c+d=1+2+4+7=14.

Key
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Area of aTriangle in the xy-Plane
The area of a triangle with vertices

(x]a }'1)7 (x2’ )’2)5 and (x39 y?,)

is

XV 1
Area = i% det| x, ¥, 1
X3 V3 I

where the sign (+) is chosen to give a positive area.

42.
3A162 . 2 9 . 2
Given =2, determine exactly
3 b b
Solution
. 2 '9 29 i - . ,
Since =2,2b-27=2=b =7. Substituting this into our other matrix and solving

' 29
for the determinant gives 27 — 2| ) =-2. Note: swapping columns of a 2x2 matrix flips

'

the sign of the determinant

43. Find the sum of all positive integers @ and b where a > b and the determinant
3Al64
1 0 a
0 1 a|=-13.
b b 1
Solution
1 0 a
The determinantof| o 1 g |=—13 when
b b 1

1(1-1—a-b)-0(0-1-a-b)+a(0-b—b-l)=-13:> 1-2ab=-13=ab=7. Since 7 is prime and

a>ba=7andb=1,s0a+bis8.
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44. Determine exactly all values of the real number ¢ for which the determinant of
3A153 | 1 2 3 i

4 ¢ 6 |ispositive.

7 8 9
Solution

2 3
The determinant of c 6 |ispositive when
8 9

N A e

1(9c—48)—2(4 9 7-6)+3(32—7c)>0=> 60—-12c>0= c<5.

45.3T151 X y .
1:—+E+Z-sma

Determine exactly the largest value for tan a, given the system - y z
= '§+§+x «CcosQ

has no solutions (x, y, z). I=z+x+y

Solution

The system of equations will have no solutions when the determinant of the coefficient matrix is 0. The determinant is

(1 1) 1r 1), . ( L) sinog cosor 1 ( 1 ( 1y ,
o]l —1e— COSOL—— |+ SINO| COSO —=— | = §IN (X CO§ X — ——— — ——— 4 = = | COSO, — — sIne —=— |. S0 we neea
213" 3, 21 3)” 3 2 6 \ 3N 2)

1 . 1 . . 1 3
coso =— or sino =— . We have two choices sma=5 = cosa=i7 = tzmo.':ir—g— or

g . 22
cosor === sma:i—{— = tano =122 The largest value of tan « = m

46. < :

3A143 A=| * Y |and B Y|, IfdetA = 10 and det B = 36, determine x and y exactly.
5 8 3

Solution

det A = 8x - 5y = 10. Likewise, det B = 3x — 2y = 36. We now have a system of two linear

8x-5y=10
equations: | x==y . Multiply the first equation by -2 and the second by 5 to get
13x-2y =36
[~16x+10y =-20
| X+20y . Add the two equations to obtain x = -160; substitution yieldsy = -258.
| 15x-10y=180
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47. Determinants of matrices can be used to represent linear expressions. For example,

3A131
23 =2 describes a line in the xy-plane. What is this line’s y-intercept?
X
Solution
L B . .
=2 = 2y-3x=2. Setting x =0, we have 2y=2 = y-int=1.
R
48.3T133 I 10x-4y<7
The system - is to have no solution. Given this condition, determine
| 3x+ky D 11
exactly the value of k, and two possible relation symbols that could be written in the box.
Solution

We need the two lines that form the structure of this system to be parallel. In

‘ 5
other words, thinking of the system as the matrix =B = E 7 , we need
3 k111
10 —4 6
=0, so 10k+12=0 = k= _E . Now graph the first inequality,
3k

and the line suggested by the second statement (Figure 3). In order for there to be
no shared points, the second statement’s symbol must be [>|,|2], or [=].

49.

3A124 Ax+y+z=1

It is known that the system of equations 1 x+By+2z=1 has no solution.

x+y+Cz=1

Determine exactly the value of ABC- (A + B + C).

Solution

must equal zero. Using

Y = =

A1
For the system to be inconsistent, the determinantof | 1 B
1 1

1 B
11

B 1
1 C

11
1 C

the cofactorsof row 1: A. -1- +1- =A(BC—1)—(C—1J+(1—B)

=ABC-A-C+1+1-B=0, so ABC-A-B-C = ABC-(A+B+()=-2.
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50. 3A113

Determine exactly all values of x for which the determinant of equals zero.

> W=
Mo X
N O

[l 1

Solution
Expand the determinant across column 2:

38 5 I 1 2
6 7 e 7 3 5

=9x-20+x=10x-20. Setting this equal to zero and solving yields only x = 2.

determinant =—x- +4. -X- =—x(21—30)+4(7—12)—x(5—6)

51. 3A083 n 2n 3n
Ifi1 0 2|=6, findn.
0 3 0
Solution

Expanding the determinant along row 3, we have

32 4 131
(-1)""-3: . =6 = —-3-(2n-3n)=6 = 3n=6

2238063 | e equation
x y 1
4 1 1/=0
1 71
has a graph that is a straight line. What is the slope of the line?
Solution
Both (4,1) and (-=1,1) Lie on the
line. so its slope = 7-1 ~. &
’ P -4 Y

mathcloset.com 83



53. 3A064 A company makes school sweatshirts and sweatpants. Five sweatshirts and six
sweatpants cost a total of $147. For orders totaling more than 30 items, the
company reduces the total price of the sweatshirts by 40% and cuts the total price of
the sweatpants in half. Forty sweatshirts and forty sweatpants, therefore, cost a
total of $578. Find the original cost of a single pair of sweatpants. [Massachusetts
Math League, March 2006].

Solution

Frnm the 3‘\)&“ Il’\‘Po rmq'{-\m) w' A
5= price of a Sweats hirt, p = price of pants,
5s + 6€p = 147 |5 147
4ot.6s)+ 40tsp=srs  liz 25 ?‘M -
55 + 6p = 147 v *
128 + 1op = 2989 R 10
54. 3A052 3 4
: : z*-y=1
Find (x,y), given 8 7
—gx+éy-5
3 2
Solution
2\)( - 32 ﬂ = 56
~4x T qtj = 30
‘ i
w130 " 8| _ 5044960
21 =321 T |gq-
2 gl tea-us
= 1464 24
61
)zl 56
y= ~4 301 ¢3o+z24
6! 61
6!
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2. Balance the following chemical equations:

Solution 2(a)

ax + 2ay + 6az = bx + bz + cy + 2cz + 2dz
a=>b
2a=c

6a=b+ 2c+ 2d

o)
6a=a+4a+ 2d
or
a = 2d.
So
a=a
b=a
c=2a
d=a/2.

To make them all integers (and as small as possible), leta = b = 2,c =4,d = 1.
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