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2 Polygons 
 

Polygon – a closed two-dimensional figure whose sides are line segments 
 

 
 
 
Quadrilateral – a four-sided polygon 
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Special Quadrilaterals 
 

Parallelogram 

Opposite sides are parallel. 
 
Opposite sides are equal in 
length. 
 
Opposite angles are equal in 
size. 

 

Rectangle 

Opposite sides are parallel. 
 
Opposite sides are equal in 
length. 
 
All angles all equal 90°.  

Square 

Opposite sides are parallel. 
 
All sides are equal in length. 
 
All angles all equal 90°. 
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Rhombus 

Opposite sides are parallel. 
 
All sides are equal in length. 
 
Opposite angles are equal in 
size. 

 

Trapezoid 

One pair of opposite sides are 
parallel, the other pair of 
opposite sides are not 
parallel.  

Kite 
A quadrilateral with two pairs 
of equal adjacent sides. 
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Kite 
 

Two pairs of adjacent sides are equal in 
length. 
 
One pair of opposite angles (the ones that are 
between the sides of unequal length) are 
equal in size. 
 
One diagonal bisects the other. 
 
Diagonals intersect at right angles. 
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Rhombus 
 
Recalling the properties of a rhombus, we have the following diagram. 
 

 
 
 

Perimeter = 4𝑠 = 4√(𝑑1/2)2 + (𝑑2/2)2 = 𝟐√(𝒅𝟏)𝟐 + (𝒅𝟐)𝟐  
 

Area = 4(Area small Δ) = 4 (
1

2
⋅ (

𝑑1

2
) (

𝑑2

2
)) =

𝒅𝟏𝒅𝟐

𝟐
 

 

sin(𝛼/2) =
𝑑1/2

𝑠
⟹ 𝒅𝟏 = 𝟐𝒔 ⋅ 𝐬𝐢𝐧(𝜶/𝟐) 

cos(𝛼/2) =
𝑑2/2

𝑠
⟹ 𝒅𝟐 = 𝟐𝒔 ⋅ 𝐜𝐨𝐬(𝜶/𝟐) 

 

Area =
𝑑1𝑑2

2
= 4𝑠2 sin(𝛼/2) cos(𝛼/2) = 2𝑠2(2 sin(𝛼/2) cos(𝛼/2) ) = 𝟐𝒔𝟐 𝐬𝐢𝐧(𝜶) 

 
 

Parallelogram 
 
(a) The area of a parallelogram with adjacent side lengths of 𝑎 and 𝑏 and a distance of ℎ 
 between the two sides of length 𝑏 is 𝒃 ⋅ 𝒉. 
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(b) The area of a parallelogram with adjacent side lengths of 𝑎 and 𝑏 if it is known that one of 
 the angles has measure 𝜙 degrees is 𝒂𝒃 𝐬𝐢𝐧(𝝓). 
 

 

 
(c) The area of a parallelogram whose diagonals have lengths 𝑑1 and 𝑑2 if the lesser of  the 
 two angles between the diagonals has measure 𝜓 = min(𝛼, 𝛽) degrees is 𝒅𝟏𝒅𝟐 𝐬𝐢𝐧(𝝍) /𝟐. 
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Trapezoid 
 
 

(1)  Area of a Trapezoid 

Area = (
𝒂 + 𝒃

𝟐
) 𝒉 

 
Of course this formula is only useful if we know ℎ, the height.  In (5), see below, we show how 
to find ℎ knowing the length of all four sides. 
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(2)  Midline of a Trapezoid 
 
The midline is the line segment connecting the midpoints of the two nonparallel sides in a 
trapezoid.  (Note: some textbooks refer to the midline of a trapezoid as the median of the 
trapezoid.) 

(𝒊) 𝒒 =
𝒂 + 𝒃

𝟐
 

 

(𝒊𝒊) 𝒒 ∥ 𝒂 

(𝒊𝒊𝒊) 𝒒 ∥ 𝒃 

(𝒊𝒗) 

∴ 

Area = (
𝒂 + 𝒃

𝟐
) 𝒉 

= 𝒒𝒉. 

 

(3)  Weighted Average Line of a Trapezoid 
 
Suppose the line segment of labeled 𝑣 in the diagram below is parallel to the two parallel 
sides of lengths 𝑎 and 𝑏 shown in the trapezoid below.  Then the length of 𝑣 is a weighted 
average of 𝑏 and 𝑎 with weights 𝑟/(𝑟 + 𝑠) and 𝑠/(𝑟 + 𝑠). 

𝒗 =
𝒓𝒃 + 𝒔𝒂

𝒓 + 𝒔
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(4)  Side Splitter Type Results 

(a)   
𝐴𝐶

𝐶𝐸
=

𝐵𝐷

𝐷𝐹
⟹ 𝐴𝐵 ∥ 𝐶𝐷  and  𝐶𝐷 ∥ 𝐸𝐹 

 
(b)   𝐴𝐵 ∥ 𝐶𝐷  and  𝐶𝐷 ∥ 𝐸𝐹 ⟹

𝐴𝐶

𝐶𝐸
=

𝐵𝐷

𝐷𝐹
 

 

(5)  Supplementary Angles within Trapezoids 
 
Each lower base angle is supplemental to the upper base angle on the same side. 

𝛼 + 𝛾 = 180° 

 

𝛽 + 𝛿 = 180° 

 

(6)  Height of a Trapezoid Knowing all Four Sides 

𝒉 = √𝒄𝟐 − (
𝒄𝟐 − 𝒅𝟐 + (𝒃 − 𝒂)𝟐

𝟐(𝒃 − 𝒂)
)

𝟐
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This formula looks like it would give different answers if you flipped the role of 𝑐 and 𝑑.   
However, flipping the role of 𝑐 and 𝑑 will not change the value of ℎ in the case where 𝑐 and 𝑑 
are the lengths of the nonparallel sides of a trapezoid with bases 𝑎 and 𝑏, 
 
Bottom Line – It does not matter which nonparallel side you label 𝑐 and which side you label 
𝑑 when using this formula. 

 
 
This formula for the height ℎ is not intuitive and not easy to remember.  I suggest you focus on 
remembering how to derive ℎ instead of memorizing the above formula. 
 
  Derivation for the height 𝒉 of a trapezoid   
 

 
 
 
By the Pythagorean Theorem we have 

𝑥2 + ℎ2 = 𝑐2 
and also 

(𝑏 − 𝑎 − 𝑥)2 + ℎ2 = 𝑑2. 
 
We can eliminate ℎ2 from this pair of equations by subtracting. 
 

(𝑏 − 𝑎 − 𝑥)2 − 𝑥2 = 𝑑2 − 𝑐2. 
 
This allows us to simplify and solve for 𝑥.  Note the 𝑥2 terms cancel out in above equation 
which makes solving for 𝑥 much easier. 
 

𝑥 =
𝑐2 − 𝑑2 + (𝑏 − 𝑎)2

2(𝑏 − 𝑎)
. 
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Knowing 𝑥 we can find the height ℎ because we know 𝑥2 + ℎ2 = 𝑐2. 
 

ℎ = √𝑐2 − (
𝑐2 − 𝑑2 + (𝑏 − 𝑎)2

2(𝑏 − 𝑎)
)

2

. 

 
 

(7)  Area of a Trapezoid Knowing all Four Sides 

Area = (
𝒂 + 𝒃

𝟐
) 𝒉 

where 
 

𝒉 = √𝒄𝟐 − (
𝒄𝟐 − 𝒅𝟐 + (𝒃 − 𝒂)𝟐

𝟐(𝒃 − 𝒂)
)

𝟐

 

 

This is just the formula for area given in (1) with the value of ℎ given in (6). 

 
 

 Isosceles Trapezoid  
 

  

(Regular) Trapezoid Isosceles Trapezoid 

𝑪𝑫 ∥ 𝑨𝑩 𝑪𝑫 ∥ 𝑨𝑩 and 𝜶 = 𝜷 

This is a trapezoid but not an isosceles 
trapezoid because 𝜶 ≠ 𝜷. 
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  Properties of Isosceles Trapezoids   

(1-7)  
 
All properties of a (regular) trapezoid carry over because an isosceles trapezoid is still a 
trapezoid.  So results (1) – (7) given above for a (regular) trapezoid apply to an isosceles 
trapezoid as well. 

 

(8)  
 
The pair of non-parallel sides are equal in length (𝐴𝐶 = 𝐵𝐷). 

 

(9)  
 
The pair of top angles are equal in measure (𝛾 = 𝛿). 

 

(10) 
 
The diagonals are equal in length (𝐴𝐷 = 𝐵𝐷). 

 
 

(11) 
 
Every isosceles trapezoid is cyclic (i.e. there exists a circle that contains all four vertices). 
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(12) 
 
Ptolemy’s Theorem (which applies to any cyclic quadrilateral) states that the product of the 
lengths of the two diagonals equals the sum of the products of opposite sides. 

 
(𝐴𝐷 ⋅ 𝐵𝐶) = (𝐴𝐵 ⋅ 𝐶𝐷) + (𝐴𝐶 ⋅ 𝐵𝐷) 

 

(13)  Ptolemy’s Theorem for Isosceles Trapezoids 
 
In an isosceles trapezoid the diagonals are equal in length and the pair of nonparallel sides 
are equal in length.  Hence for an isosceles trapezoid (as labeled in the figure below) what 
Ptolemy’s Theorem tells us is 
 

(𝒅 ⋅ 𝒅) = (𝒂 ⋅ 𝒃) + (𝒄 ⋅ 𝒄) 
or 

𝒅𝟐 = 𝒂𝒃 + 𝒄𝟐. 
 

 
 
So for an isosceles trapezoid the formula for the length of a diagonal is 
 

𝒅 = √𝒂𝒃 + 𝒄𝟐. 
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(14) 

In an isosceles trapezoid there are two formulas for the height ℎ. 

ℎ = √𝑑2 − (
𝑎 + 𝑏

2
)

2

 and ℎ = √𝑐2 − (
𝑎 − 𝑏

2
)

2

 

  
Both of these formulas are derived as direct consequences of the Pythagorean Theorem. 

 

(15) 
 
We can combine the either formula for ℎ from (13) with the formula in (1) for the area of 
any (not necessarily isosceles) trapezoid to find that for an isosceles trapezoid 
 

Area = (
𝑎 + 𝑏

2
) ⋅ ℎ. 

 

(16) 
 
Brahmagupta’s Formula (which applies to any cyclic quadrilateral) gives another way to find 
the area of an isosceles trapezoid: 

Area = √(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)(𝑠 − 𝑐) 

where 𝑠 = (𝑎 + 𝑏 + 𝑐 + 𝑐)/2. 
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(17) 
 
Suppose 𝑊𝑋𝑌𝑍 is a trapezoid with 𝑋𝑌 ∥ 𝑊𝑍.  Let 𝑚1 and 𝑚2 are the midpoints of 𝑋𝑌 and 
𝑊𝑍 respectively. 

 
(a)  If the line 𝑙 that passes through the midpoints 𝑚1 and 𝑚2 is perpendicular to both 𝑋𝑌 
and 𝑊𝑍 then trapezoid 𝑊𝑋𝑌𝑍 is isosceles. 
 
(b) If 𝑊𝑋𝑌𝑍 is isosceles then the line 𝑙 that passes through the midpoints 𝑚1 and 𝑚2, then 𝑙 
is perpendicular to both 𝑋𝑌 and 𝑊𝑍. 

 
 

Area of General Convex Quadrilateral 
 

The area of the general quadrilateral  
 

 
 

as shown in the figure above can be expressed by 
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𝒅𝟏𝒅𝟐 𝐬𝐢𝐧(𝝋)

𝟐
. 

Recommendation - this result is also useful enough to commit it to memory. 

 

Regular Polygons 
 

Regular Polygon – a polygon which is equiangular (all angles are the same) and equilateral (all 
sides have the same length). 
 
 

 Equilateral Triangle 

 
Square 

 
Regular Pentagon 

 
Regular Hexagon 

 
Regular Heptagon 

 
Regular Octagon 

 
 
We will denote by 𝒔 the common length of each side of a regular polygon and we will denote by 
𝜽 the common measure of all interior angles of a regular polygon. 
 
Every regular polygon can be circumscribed by a circle.  The center of the circle that 
circumscribes a regular polygon is defined as the center point 𝑪 of that regular polygon. 
 
The radius 𝒓 is the distance from the center point to a vertex of a regular polygon. 
 
The apothem 𝒂 is the perpendicular distance from the center point to a side regular polygon. 
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Angles in a Regular 𝒏 -  gon 

The measure of each angle in a regular 𝑛-sided polygon equals 
 

𝜽 = (
𝒏 − 𝟐

𝒏
) 𝟏𝟖𝟎°. 

 
This result follows directly from the study notes for Test 1B where we noted that the degree 
sum of the 𝑛 angles in any 𝑛-sided polygon equals (𝑛 − 2)180°.  So, in a regular 𝑛-sided 

polygon each angle equals (
𝑛−2

𝑛
) 180°. 

 

Area of a Regular 𝒏 -  gon 
 

The area of a regular polygon with 𝑛 sides, each of length 𝑠, with an apothem of length 𝑎 can 
be expressed by 

Area =
𝟏

𝟐
(𝒔𝒏)𝒂 =

𝟏

𝟐
𝑷𝒂 

 
where 𝑃 = 𝑠𝑛  is the perimeter of the 𝑛 -  gon 
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3 Cyclic Quadrilaterals and Ptolemy’s Theorem 
 

Cyclic Quadrilateral 

A convex quadrilateral is cyclic when its four vertices lie on a circle. 

 
 
Properties 

A necessary and sufficient condition for a convex quadrilateral to be cyclic, is that the sum of a 
pair of opposite angles be equal to 180° (i.e. either 𝑚∠𝐴 + 𝑚∠𝐶 = 180° or 𝑚∠𝐵 + 𝑚∠𝐷 =
180°.) 

An immediately corollary is that a convex quadrilateral is cyclic if and only if an exterior angle 
(for example ∠𝐵𝐶𝐸) equal to the interior opposite angle (for example ∠𝐷𝐴𝐵). 

 

 

Ptolemy’s Theorem 



mathcloset.com   19 

Let 𝑥 and 𝑦 be the lengths of the diagonals in a cyclic quadrilateral with sides 𝑎, 𝑏, 𝑐 and 𝑑.   

 
 
Then Ptolemy’s Theorem states that 
 

𝑥𝑦 = 𝑎𝑐 + 𝑏𝑑. 
 
It is also true that 
 
 

𝑥2 =
(𝑎𝑐 + 𝑏𝑑)(𝑎𝑑 + 𝑏𝑐)

𝑎𝑏 + 𝑐𝑑
  and  𝑦2 =

(𝑎𝑐 + 𝑏𝑑)(𝑎𝑏 + 𝑐𝑑)

𝑎𝑑 + 𝑏𝑐
 

 
 

𝑥

𝑦
=

𝑎𝑑 + 𝑏𝑐

𝑎𝑏 + 𝑐𝑑
 

and 
 

cos(∠𝐴𝐵𝐶) =
𝑎2 + 𝑏2 − 𝑐2 − 𝑑2

2(𝑎𝑏 + 𝑐𝑑)
. 

 

Brahamagupta’s Formula (Area of a Cyclic Quadrilateral) 
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The area 𝐾 of a cyclic convex quadrilateral with sides 𝑎, 𝑏, 𝑐 and 𝑑 equals 
 

𝐾 = √(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)(𝑠 − 𝑑) 
 
where 𝑠 is the semiperimeter (half the perimeter) of the quadrilateral.  That is, 
 

𝑠 =
𝑎 + 𝑏 + 𝑐 + 𝑑

2
. 

 
 

Problems 
 
2016-17, Meet 3B, Problem 3. 
 
Points 𝐴, 𝐵, 𝐶 and 𝐷 are located on circle 𝑂 as shown in the figure below.  If chords 𝐴𝐵 = 𝐵𝐶 =
3𝐶𝐷 = 3𝐴𝐷, determine exactly the ratio 𝐴𝐶: 𝐵𝐷. 
 

 
 
Solution 
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First notice that 𝐴𝐷𝐶𝐵 is a cyclic quadrilateral (all four vertices are on a circle), which implies 
that 𝑚∠𝐵𝐴𝐶 + 𝑚∠𝐵𝐶𝐷 = 180°. 
 
Next notice that Δ𝐵𝐴𝐷 and Δ𝐵𝐶𝐷 are congruent triangles by SSS.  Therefore 𝑚∠𝐵𝐴𝐶 =
𝑚∠𝐵𝐶𝐷 and hence both are right angles and Δ𝐵𝐴𝐷 and Δ𝐵𝐶𝐷 are right triangles.  Hence we 
can solve for 𝐵𝐷. 
 

𝐵𝐷 = √𝑥2 + (3𝑥)2 = 𝑥√10. 
 
Let 𝑦 be the length of the diagonal 𝐴𝐶.  We can apply Ptolemy’s Theorem because this is a 
cyclic quadrilateral.  So we have that 
 

𝐴𝐶 ⋅ 𝐵𝐷 = 𝐴𝐷 ⋅ 𝐵𝐶 + 𝐷𝐶 ⋅ 𝐴𝐵. 
 
That is, 
 

𝑦 ⋅ 𝑥√10 = 𝑥 ⋅ 3𝑥 + 𝑥 ⋅ 3𝑥 = 6𝑥2. 
or 

𝑦 =
6𝑥

√10
. 

 
The problem asks for  

𝐴𝐶

𝐵𝐷
=

𝑦

𝑥√10
=

(
6𝑥

√10
)

𝑥√10
=

6𝑥

10𝑥
=

3

5
. 

 
So, 

𝐴𝐶: 𝐵𝐷 = 3: 5. 
∎ 

 
 
2015-16 Meet 3B, Problem 3 
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Cyclic quadrilateral 𝐴𝐵𝐶𝐷 is shown in the figure below.  If 𝐴𝐶 = 6.25 and 𝐵𝐷 = 6.4, determine 
exactly the perimeter of quadrilateral 𝐴𝐵𝐶𝐷. 
 
 

 
Solution 
 

 
 
 
By Ptolemy’s Theorem, 
 

6.25(6.4) = 𝐴𝐶 ⋅ 𝐵𝐷 = 𝑥(2𝑥 − 4) + 4(𝑥 + 2) 
or 

40 = 2𝑥2 + 8. 
 
Therefore, 𝑥2 = 16 and hence 𝑥 = −4 or 4.  But 𝑥 = −4 is not possible so 𝑥 = 4.  Therefore, 
the perimeter must be 4 + 4 + 6 + 4 = 18. 

∎ 
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4 Prisms and Pyramids 
 

A polyhedron is a closed solid whose faces are polygons. 
 

 
  

 
In these notes we will consider two classes of polyhedron – prisms and pyramids. 
 

Prisms 
 
A prism is a polyhedron with two congruent faces in parallel planes which are connected with 
parallelograms. 
 
The top and bottom shaded faces of a prism are called its bases.  Bases of a prism lie in parallel 
planes and are congruent polygons. 
 
The faces of a prism that are not bases are called lateral faces.   
 
The line segments where the lateral faces intersect each other are called lateral edges.  Notice 
that lateral edges are necessarily parallel to each other. 
 
 

 
 



mathcloset.com   24 

A line segment joining the two base planes of a prism that is perpendicular to both bases is 
called an altitude of that prism. 
 
In a right prism, each lateral edge is an altitude. 
 
The length of an altitude is the height, ℎ, of a prism. 
 
The lateral area (L.A.) of a prism is the sum of the areas of its lateral faces. 
 
The total area (T.A.) of a prism is the sum of its lateral area and the area of its two bases. 
 
 

 
 

 
 
The lateral faces of a prism are parallelograms.  If they are rectangles (a parallelogram where all 
four angles are right angles), the prism is a right prism.  Otherwise the prism is an oblique 
prism.  In a right prism, the lateral edges are also altitudes. 
 
The diagrams below show that a prism is also classified by the shape of its bases. 
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Lateral Surface Area of a Right Prism 

 
The lateral area of a right prism (all lateral edges are perpendicular to top and bottom base of 
the prism) equals the perimeter of a base 𝑝 times the height of the prism (length of a lateral 
edge) ℎ. 
 

Lateral Area = 𝑝ℎ. 
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Take caution in using this result.  It is only true when the prism is a right prism.  We take up the 

case of the lateral surface area of an oblique prism as a “Challenge” at the end of these notes. 

 

Pyramids 
 

A pyramid is a polyhedron with a polygonal base and triangular faces that meet at a common 
point (called the vertex) not in the plane containing the base. 
 
The diagram below shows pyramid  𝑉 – 𝐴𝐵𝐶𝐷𝐸.  Point 𝑉 is the vertex of the pyramid and base 
𝐴𝐵𝐶𝐷𝐸.  The segment from the vertex perpendicular to the plane containing the base is the 
altitude and its length is the height, ℎ, of the pyramid. 

 
 
The five triangular faces with 𝑉 in common, such as Δ𝑉𝐴𝐵, are lateral faces.  These faces 

intersect in segments called lateral edges.  In the above figure, 𝑉𝐴, 𝑉𝐵, … , 𝑉𝐸 are lateral 
edges.   
 

The sides of the base of a pyramid are called base edges.  In the above figure, 𝐴𝐵, 𝐵𝐶, … , 𝐸𝐴 
are base edges. 
 
The slant height of a given lateral face is the (perpendicular) distance from the vertex to the 
base edge of that lateral face. 
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So, for example, in the above figure, the slant height of lateral face Δ𝑉𝐸𝐷 is 𝑉𝐼, the distance 

from 𝑉 to the base edge 𝐸𝐷 and the slant height of lateral face Δ𝑉𝐶𝐷 is 𝑉𝐽, the distance from 

𝑉 to the base edge 𝐶𝐷. 
 
 

Regular Pyramid 

 
 

A regular pyramid is a pyramid with the following properties: 
 
 (1) The base is a regular polygon. 
 
 (2) All lateral edges are congruent. 
 
 (3) All lateral faces are congruent isosceles triangles and the slant height 𝑙 of each lateral 

face is the same.  (So it makes sense to talk about the slant height of a regular pyramid.) 
 
 (4) The altitude ℎ extends from the vertex to the base and is perpendicular to the base.  
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The altitude of a regular pyramid meets the base at its center, 𝑂. 
 
 

Lateral Surface Area of a Regular Pyramid 

Suppose we have a regular 𝑛-sided pyramid with slant height 𝑙 and base perimeter 𝑝.  Show 

that the lateral (just the sides, not the base) surface area equals 

𝒑𝒍

𝟐
. 

 

Solution 

Each of the 𝑛 lateral faces is an isosceles triangle with height 𝑙 and because this is a regular 

pyramid all lateral faces are congruent.  If we denote the common base edge length of each of 

these 𝑛 triangles by 𝑏 then the area of each of these triangles is just (1/2)𝑏𝑙.  Therefore 

pyramid lateral surface area = 𝑛 ⋅ (
1

2
𝑏𝑙) =

(𝑛𝑏)𝑙

2
=

𝑝𝑙

2
 

because the perimeter 𝑝 equals 𝑛𝑏. 

 

Classifying Pyramids 
 
Like prisms, pyramids are classified according to the shape of their base. 
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Volume of Prisms and Pyramids 
 

There is an interesting connection between the volume of a prism and a pyramid with the same 
height and congruent bases. 
 

 
 
and 
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In particular, we have the two formulas 
 

VolumePyramid =
1

3
(Base Area)(Height) 

 
VolumePrism = (Base Area)(Height). 

 

 
 
 

Cavalieri’s Principle 
 
Two solids with the same height and equal cross-sectional area at all values of that height will 
have equal volumes. 
 
It follows from Cavalieri’s Principle the following right prism and oblique prism will have equal 
volumes  because they have the same cross sections at each value of their common height. 
 

 
 

 
 
Other examples of the same principle are 
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The objects on the left and right have the same volume in each of these cases because they 
have the same height and the same cross-sectional area at each value of that height. 
 
 
Cross Sections 

Cross sections of prisms are identical (congruent).   
 
However, cross sections of pyramids get smaller and smaller but remain similar (corresponding 
angles are equal and the ratio of corresponding sides are equal.) 
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Cross sections 𝐴 and 𝐵 of a pyramid are similar objects (all corresponding angles are equal and 
the ratios of corresponding sides are equal). 
 
 

Frustums 

If you remove the top of a pyramid (which is itself a smaller pyramid) the part that remains is 

called a frustum of that pyramid.   

We define the height of a frustum as the difference between the height of the full pyramid and 

the height of the smaller top pyramid that we have removed. 

Similarly, we define the slant height of a lateral face of a frustum as the difference between 

the slant height of that lateral face of the full pyramid and the slant height of that same lateral 

face of just the top pyramid. 

 

 

Exercise 

Show that the formula for the volume of a frustum of a pyramid if the bottom base of that 

frustum has area 𝐴, the top base has area 𝐵 and if the frustum has height ℎ can be expressed in 

the form 

Volume of Frustum =
𝟏

𝟑
𝒉 (𝑨 + 𝑩 + √𝑨𝑩). 

 

 



mathcloset.com   33 

 

 

Solution 

If we let 𝑦 be the height of the original pyramid (before the top is removed), then this original 

pyramid has volume (1/3)𝐴𝑦.  In this case the pyramid that is removed has volume 

(1/3)𝐵(𝑦 − ℎ).  Therefore,  

Volume of Frustum =
1

3
𝐴𝑦 −

1

3
𝐵(𝑦 − ℎ). 

The original pyramid and the top pyramid are similar solids.  (Note: Similarity is covered in 

depth in Test 5B.)  We know from the properties of similar objects that the ratio of two- 

dimensional measures (in particular base area) is the square of the ratio of one-dimensional 

measures (in particular height).  So, we can say, just based on similarity of the two pyramids, 

that 

  base area of top pyramid  

base area of full pyramid
= (

  height of top pyramid  

height of full pyramid
)

2

. 

That is, 

𝐵

𝐴
= (

𝑦 − ℎ

𝑦
)

2

. 

Solving for 𝑦 we find, after simplification, that 

𝑦 = ℎ (
𝐴 + √𝐴𝐵

𝐴 − 𝐵
). 

Substituting this value of 𝑦 into our initial result for the area of a frustum we have 

Area Frustum =
1

3
𝐴 (ℎ (

𝐴 + √𝐴𝐵

𝐴 − 𝐵
)) −

1

3
𝐵 ((ℎ (

𝐴 + √𝐴𝐵

𝐴 − 𝐵
)) − ℎ). 

After several steps of simplification this reduces to  
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Area Frustum =
1

3
ℎ (𝐴 + 𝐵 + √𝐴𝐵). 

∎ 

 
Lateral Surface Area of a Frustum of a Regular Pyramid 

Show that the formula for the lateral surface area (just the sides, not the base) of a frustum of a 

regular 𝑛-sided pyramid where each face of the frustum has slant height ℎ, with base perimeter 

𝑝1 and top perimeter 𝑝2 can be expressed in the form 

(
𝒑𝟏 + 𝒑𝟐

𝟐
) 𝒉. 

 

 

 

Solution 

Each of the 𝑛 congruent faces of this frustum is a trapezoid with height ℎ.  Suppose we denote 

the common base side width of each trapezoid by 𝑏 and the common top side width by 𝑎.  

 

We know from earlier in these same study notes that the area of such a trapezoid equals 
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(
𝑎 + 𝑏

2
) ℎ. 

Therefore, 

frustum lateral surface area = 𝑛 ⋅ (
𝑎 + 𝑏

2
) ℎ = (

𝑛𝑎 + 𝑛𝑏

2
) ℎ = (

𝑝1 + 𝑝2

2
) ℎ. 

∎ 
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Extra Solved Problems 
 

1.  The sides of a rhombus have length 6, and one of the diagonals has length 8.  Give the 
length of the other diagonal in exact terms (not a decimal representation).  (Source: MSHSML 
3B011) 

 

Solution 

 

 

∎ 

 

2.  Using the short side of a parallelogram as its base, its height is 4 (Figure 2).  If the long side 
of the parallelogram has length 5 and its long diagonal has length 8, express in exact terms 
the length of the short side.  (Source: MSHSML 3B012) 
 

 
 

Solution 
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∎ 

 

3.  Two 3-4-5 triangles, Δ𝐴𝐵𝐶 and Δ𝐴𝐵𝐷 are inscribed in a semi-circle of diameter 5  

(Figure 3).  What is the length of 𝐶𝐷.  (Source: MSHSML 3B013) 
 

 
 

Solution 

 

If we draw in 𝐶𝐷 and the lower semicircle we can see that quadrilateral 𝐴𝐵𝐶𝐷 is cyclic (it’s 4 

vertices are points on a circle). 
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Therefore, we can apply Ptolemy’s Theorem to this quadrilateral.  Ptolemy’s Theorem tells us 

that 

𝐴𝐶 ⋅ 𝐵𝐷 = 𝐴𝐵 ⋅ 𝐷𝐶 + 𝐴𝐷 ⋅ 𝐵𝐶. 

In addition to the lengths already labeled in the above diagram we also know that 𝐵𝐷 = 4 and 

𝐴𝐶 = 4.  Filling in all the known values, we are left with 

4 ⋅ 4 = 5 ⋅ 𝐷𝐶 + 3 ⋅ 3 

from which we can solve for 𝐷𝐶. 

5 ⋅ 𝐷𝐶 = 16 − 9 = 7 

𝐷𝐶 = 7/5.  

∎ 

 

4.  What is the largest angle possible in a quadrilateral if its smallest angle is 20°?   
(Source: MSHSML 3B001) 

 

Solution 

 

 

∎ 

 

5.  The diagonals of a quadrilateral 𝐴𝐵𝐶𝐷 bisect each other at 𝑄, and have lengths of 𝐴𝐶 = 4 

and 𝐵𝐷 = 10.  If Δ𝐴𝐵𝑄 has an area of 3.5, what is the area of quadrilateral 𝐴𝐵𝐶𝐷?   

(Source: MSHSML 3B004) 

 

Solution 
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The diagonals of a quadrilateral bisect each other if and only if the quadrilateral is a 

parallelogram.  Furthermore, the diagonals of a parallelogram partition the parallelogram into 

four triangles of equal area. 

Therefore, Area(𝐴𝐵𝐶𝐷) = 4(3.5) = 14. 

∎ 

 

6.  A regular hexagon 𝐴𝐵𝐶𝐷𝐸𝐹 (Figure 3) has sides of length 2.  Through its center 𝐾, a line 

segment 𝐽𝐾 of length 1 is drawn parallel to 𝐴𝐵 so that 𝐽𝐾 = 𝐾𝐿.  How long is 𝐷𝐿?  (Source: 

MSHSML 3B053) 

 
 

Solution 

We are given that 𝐷𝐶 = 2.  But in a regular hexagon, the six triangles, of which Δ𝐶𝐷𝐾 is one, 

are all equilateral.  Hence 𝐾𝐶 = 𝐾𝐷 = 2. 

Now drop an altitude from 𝐷 to 𝐾𝐶 and let 𝑀 be the point of intersection. 
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We note that 𝑚∠𝐷𝐶𝑀 = 𝑚∠𝐷𝐶𝐾 = 60°.  Therefore Δ𝐷𝑀𝐶 is a 30-60-90 triangle with 

hypotenuse length 𝐷𝐶 = 2.  It follows that 𝑀𝐶 = 1 and 𝐷𝑀 = √3. 

 

Therefore 𝐾𝑀 = 𝐾𝐶 − 𝑀𝐶 = 2 − 1 = 1.  Furthermore we are given that 𝐾𝐿 = 1/2.  This 

implies that 𝐿𝑀 = 1/2. 

 

Thus Δ𝐷𝐿𝑀 is a right triangle where 𝐿𝑀 = 1/2 and 𝐷𝑀 = √3.  By the Pythagorean Theorem, 

𝐷𝐿2 = 𝐿𝑀2 + 𝐷𝑀2 =
1

4
+ 3 =

13

4
. 

Hence 

𝐷𝐿 =
√13

2
. 

∎ 
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7.  The bases of an isosceles trapezoid are 18 and 30.  Its height is 8.  Using each leg as a 

diameter, semi-circles are drawn exterior to the trapezoid, and the midpoints of the arcs of 

the semicircles are designated 𝑃 and 𝑄.  Find the length of 𝑃𝑄.  (Source: MSHSML 3B054) 

 

Solution 

 

 

 

 

∎ 

 

8.  The isosceles trapezoid 𝐴𝐵𝐶𝐷 inscribed in a semicircle (Figure 4) has sides of length 6 and 

𝐵𝐶 = 14.  How long is the diameter of the semicircle?  (Source: MSHSML 3B044) 
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Solution 

 

 

∎ 

 

9.  The kite shaped quadrilateral 𝐴𝐵𝐶𝐷 (Figure 1) has ∠𝐶𝐴𝐷 = ∠𝐴𝐶𝐷 = 30°,  

∠𝐶𝐴𝐵 = ∠𝐴𝐶𝐵 = 60°, and 𝐴𝐶 = 16.  Express the length of 𝐵𝐷 as a single fraction in 

rationalized form.  (Source: MSHSML 3B021) 

 

 

Solution 
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Kite 

Two pairs of adjacent sides are equal in 
length. 
 
One pair of opposite angles (the ones that 
are between the sides of unequal length) 
are equal in size. 
 
The longer diagonal bisects the shorter 
diagonal. 
 
Diagonals intersect at right angles. 

 
 

 

Let 𝐸 be the point of intersection of the two diagonals. 

 

 

Then by the properties of a kite stated above we know the following facts: 

𝐴𝐷 = 𝐶𝐷,   𝐴𝐵 = 𝐶𝐵,   𝐴𝐸 = 𝐶𝐸,   𝐴𝐶 ⊥ 𝐵𝐷,   ∠𝐷𝐴𝐵 = ∠𝐷𝐶𝐵. 

 

From these properties we have that Δ𝐴𝐸𝐷 ≅ Δ𝐶𝐸𝐷 (these two triangles are congruent) by the 

SSS (side-side-side) criteria.  In the same criteria, Δ𝐴𝐸𝐵 ≅ Δ𝐶𝐸𝐵. 

We are also given the information that ∠𝐶𝐴𝐷 = ∠𝐴𝐶𝐷 = 30°, ∠𝐶𝐴𝐵 = ∠𝐴𝐶𝐵 = 60°, and 

𝐴𝐶 = 16. 

Hence, 𝐴𝐸 = 16/2 = 8, Δ𝐴𝐷𝐸 and Δ𝐵𝐴𝐸 are 30-60-90 triangles.  By the properties of a 30-

60-90 triangle, we can determine that 𝐷𝐸 = 𝐴𝐸/√3 = 8/√3 and 𝐵𝐸 = 𝐴𝐸√3 = 8√3. 

Therefore, 
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𝐵𝐷 = 𝐷𝐸 + 𝐵𝐸 

=
8

√3
+ 8√3 

=
8√3 + 24√3

3
 

=
32√3

3
. 

∎ 

 


