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1. Logic puzzles, including the use of Venn Diagrams 
 
Problem 1. 

At Jefferson Summer Camp, 60% of the children play soccer, 30% of the children swim, and 

40% of the soccer players swim.  To the nearest whole percent, what percent of the non-

swimmers play soccer?  (Source: AMC 10A, 2009, Problem 18) 

Solution 

Let’s introduce the symbols 

𝑆: all children 𝐴: children who play soccer 𝐵: children who swim 

𝐶: children who play soccer and swim   𝐷: children who play soccer but do not swim. 

The key to this problem is pay close attention to the phrase following the word “of”.  Consider 

the difference in 60% of all children play soccer versus 40% of all soccer players swim.  In the 

Venn diagrams below this translates to 60% of the brown region versus 40% of the light red 

region. 

  
 

We can express 𝐶: children who play soccer and swim in the notation 𝐶 = 𝐴 ∩ 𝐵.   

What percentage of all children are 𝐶 = 𝐴 ∩ 𝐵?  We are given that it is 40% of the light red.  

That is 𝐶 is 60% of 40% or 24%.  This immediately tells us that the percentage of all children 

that play soccer but do not swim is 36% = 60% − 24%. 
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Remember that we are also told the 30% of all children are swimmers and hence 𝐵′: children 

who do not swim makes up 70% of all children.  

 

The original question was, to the nearest whole percent, what percent of the non-swimmers 

play soccer?  This is asking for what percent of 𝐵′: non-swimmers (the above grey region) is 𝐷: 

non-swimmers who play soccer (the above gold region).  That is, find 𝑥 such that 𝑥% of 70% =

36%. 

𝑥 =
36

70
≈ 0.5142. 

So, to the nearest whole percent, 51% of all non-swimmers play soccer. 

∎ 

 

In the Venn diagram of Problems 2-4, if a region is shaded, then it is empty.  If a region is not 
shaded then it contains at least one element. (Source: 
http://www.math.wsu.edu/mathlessons/html/ 
venndiagrams/Logic/Examples/welcome.html) 
 

 

http://www.math.wsu.edu/mathlessons/html/
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Problem 2. 

Consider the information contained in the following Venn diagram about 𝑃: People, 𝑉: 
Vampires and 𝐶: Cheese-eaters all contained in a universal set 𝑆.  

 
 
Based on this information determine if the following conclusions are True, False or Impossible 
to tell. 
 (a) All people are vampires or eat cheese. 
 (b) All people are also vampires. 
 (c) Some cheese-eaters are not people. 
 (d) Some people are cheese-eating vampires. 
 (e) No vampire eats cheese. 
 

Solution 

(a)  True (b)  False (c)  True (d)  False (e)  True 
∎ 

 

Problem 3. 

Consider the information contained in the following Venn diagram about 𝐴: Absent-minded 

people, 𝑀: Mathematicians and 𝐵: Bungee jumpers all contained in a universal set 𝑆. 
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Based on this information determine if the following conclusions are True, False or Impossible 
to tell. 
 (a) All absent-minded mathematicians are bungee jumpers. 
 (b) Some bungee jumpers are not absent-minded. 
 (c) Some absent-minded people do not bungee jump. 
 (d) No bungee jumpers are mathematicians. 
 (e) All absent-minded bungee jumpers are mathematicians. 
 
Solution 

(a)  True (b)  True (c)  False (d)  False (e)  False 
∎ 

 

Problem 4. 

Consider the information contained in the following Venn diagram about 𝐶: Contestants on 
“Survivors”, 𝐵: Bug-eaters, 𝐼: Immunity winners  and 𝐽: joe all contained in a universal set 𝑆. 
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Based on this information determine if the following conclusions are True, False or Impossible 
to tell. 
 (a) Some immunity winners do not eat bugs. 
 (b) All bug-eating “Survivor” contestants win immunity. 
 (c) Some bug-eaters are not “Survivor” contestants. 
 (d) Joe is a survivor contestant. 
 (e) Joe eats bugs. 
 
Solution 

(a)  False (b)  False (c)  True (d)  False (e)  True 
∎ 

 

Problem 5. 

Fill in the Venn Diagram that would represent this data. 
 
100 people seated at different tables in a Mexican restaurant were asked if their party had 
ordered any of the following items: margaritas, chili con queso, or quesadillas. 
 23 people had ordered none of these items 
 11 people had ordered all three of these items 
 29 people had ordered chili con queso or quesadillas but did not order margaritas 
 41 people had ordered quesadillas 
 46 people had ordered at least two of these items 
 13 people had ordered margaritas and quesadillas but had not ordered chili con queso 
 26 people had ordered margaritas and chili con queso 
 



mathcloset.com   7 

Define events 𝐴, 𝐵 and 𝐶 as 
 𝐴: ordered margaritas 
 𝐵: ordered quesadillas 
 𝐶: ordered chili con queso 
 

 
 
Source: http://www.math.tamu.edu/~kahlig/venn/toons/toons.html 
 
Solution 
 

 
 

∎ 

 

http://www.math.tamu.edu/~kahlig/venn/toons/toons.html
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2. Problems found in "brain-teaser" type books 
 

Problem 6. 

Solve the following cryptarithm.  The rules for cryptarithms are: 
  Each letter or symbol represents only one digit throughout the problem;  
  When letters are replaced by their digits, the resultant arithmetical operation must be 
  correct;  
  The numerical base, unless specifically stated, is 10;  
  Numbers must not begin with a zero;  
  There must be only one solution to the problem.  
 

   
 
Solution 
 
D=7,  O=9,  U=8,  B=0,  L=6,  E=4,  T=1,  I=3,  R=5  

∎ 

 
 
Problems 7-8. 

In Problems 7-8, Tweedledum and Tweedledee look alike, but 
Tweedledum lies on Monday, Tuesday, and Wednesday, 
whereas Tweedledee lies on Thursday, Friday, and Saturday. 
They both tell the truth on Sunday. You come upon the two of 
them, and they make the following statements. In each case, 
determine who is who, and what day it is.  Source: 
http://www2.stetson.edu/~efriedma/ 
puzzle/logic/ 
 
 
 

 

(7) A: I am Tweedledum. 
 B: I am Tweedledee. 
 
A  is                                                   B is                                                  It is  
 

http://www2.stetson.edu/~efriedma/
http://www2.stetson.edu/~efriedma/puzzle/
http://www2.stetson.edu/~efriedma/puzzle/logic/~efriedma/puzzle/logic/
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Solution 
 
A and B claim to be different people, so they are either both lying or both telling the truth.  
Therefore it is Sunday, A is Tweedledum, and B is Tweedledee.  
 

∎ 

 
 
(8) A: I will lie tomorrow. 
 B: I lied yesterday, and I will lie tomorrow. 
 
A  is                                                   B is                                                  It is  
 
 
Solution 
 
If it were Sunday, A would not make the statement he did.  Therefore it is not Sunday, and A is 
telling the truth. One of them is lying since it isn't Sunday, so B is lying, and it is Monday.  That 
means A is Tweedledee and B is Tweedledum. 

∎ 

 
Problems 9. 
 
There are three boxes.  One is made of gold, one of silver and one of lead.  There is a prize in 
one of the boxes.  Each box has an inscription but only one of the inscriptions is true. 
 Gold Box Inscription: The prize is in this box. 
 Silver Box Inscription: The prize is not in this box. 
 Lead Box Inscription: The prize is not in the gold box. 
Which box contains the prize?  Source: What is the Name of this Book? By Raymond Smullyan 
 
Solution 
 
The inscriptions on the gold and lead boxes contract each other so one of them is true.  But 

only one of the inscriptions is true, therefore the inscription on the silver box must be false.  So 

the prize must be in the silver box. 

∎ 
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3. Word problems, one or more variables 
 
Problem 10. 
 
Find  𝐴, 𝐵, 𝐶, 𝐷 and 𝐸 if each letter takes on a different value in {1,2,3,4,5} and if 
 (i) 𝐷 − 2 = 𝐶 
 (ii) 𝐸 + 𝐶 = 𝐷 
 (iii) 𝐴 + 𝐸 = 𝐶. 
 
Solution 
 
𝐷 − 2 = 𝐶 ⟹ 𝐷 ≥ 3  (otherwise 𝐶 < 1).  So cross out 𝐷 = 1 and 𝐷 = 2 in the grid below 
because these are impossible values for 𝐷.  Similarly, we can rule out 𝐶 = 4 and 𝐶 = 5 
(otherwise 𝐷 > 5). 

 

 

Then 𝐴 + 𝐸 = 𝐶 ⟹ 𝐶 ≥ 3 because 𝐴 and 𝐸 are distinct integers each ≥ 1.  So 𝐶 ≠ 1 and 𝐶 ≠

2.  Therefore, 𝐶 = 3 because that is the only possible value for 𝐶 left. 

 
 



mathcloset.com   11 

 

Because only one letter can equal 3 we can rule out 𝐴 = 3, 𝐵 = 3, 𝐷 = 3 and 𝐸 = 3. 

 

But 𝐷 − 2 = 𝐶 ⟹ 𝐷 − 2 = 3 ⟹ 𝐷 = 5.  But then 𝐸 + 𝐶 = 𝐷 ⟹ 𝐸 + 3 = 5 ⟹ 𝐸 = 2.  So we 
can cross out 𝐷 = 4, 𝐸 = 1, 𝐸 = 4, and  𝐸 = 5 because each letter takes on a single value.  But 
we can also cross out 𝐴 = 2, 𝐵 = 2, 𝐴 = 5 and 𝐵 = 5 because no two letters can take on the 
same value. 
 

 

Now we can solve for 𝐴 because we can see that 



mathcloset.com   12 

𝐴 + 𝐸 = 𝐶 ⟹ 𝐴 + 2 = 3 ⟹ 𝐴 = 1. 
 
But that forces 𝐵 = 4 because it is the only possible value left for 𝐵.  So our final answer is 
 

𝐴 = 1, 𝐵 = 4, 𝐶 = 3, 𝐷 = 5, 𝐸 = 2. 
 
Note: While this problem is small enough that it really is not necessary to resort to filling in the 
grid as a aid in keeping track of what values we can rule out at a given point in the process.  But 
I’ve done other problems just like this one that without filling in the grid as I go along it was 
very easy to get lost. 

∎ 

 
 
Problem 11. 
 
Five women including a geologist and one man named Peter, were recently invited as experts 
to an international conference held at the United Nations on the state of the environment.  
Based on the following information can you determine who is engaged in each profession? 
 1. Karen debated Lori and the meteorologist at the beginning of the conference. 
 2. Peter is not the physicist. 
 3. Mary is not the urban planner. 
 4. Joan is neither the meteorologist nor the biologist. 
 5. At the end of the conference, the six experts had a general discussion around a table.  The 
   debaters were: the physicist, Karen, Joan, the zoologist, the female urban planner, and  
  Paula. 
 
Solution 

I think you will find it goes faster with less chance of making a mistake if you fill out a grid to 
keep track of what is and is not possible after reading each piece of information. 
 
The first sentence, “five women including a geologist”, and the information that Peter is the 
only man, allows us to rule out Peter as the geologist. 
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Karen debated Lori and the meteorologist, therefore Karen and Lori are not the meteorologist.  
Statements 2,3 and 4 tell us that Peter is not the physicist, Mary is not the urban planner, Joan 
is neither the meteorologist nor the biologist.  Updating our grid we have 

 
 
Statement 5 tells us that Karen, Joan and Paula are not the physicist, zoologist or urban 
planner.  Statement 5 also tells us that the urban planner is female and hence Peter is not the 
urban planner.  Updating our grid again we have 
 

 
 
At this point we can see that Lori must be the urban planner (because we have ruled out 
everybody else for that job and we know somebody has that job) and Joan must be the 
geologist.  Therefore, we can rule out Lori as the geologist, physicist and biologist because Lori 
can only have one job and we can rule out Karen, Lori, Mary and Paula as the geologist because 
there is only one geologist. 
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At this point we can see that Mary must be the physicist and Karen must be the biologist. 
 

 
 
And finally this means that Peter is the zoologist and Paula is the meteorologist. 
 

 
 
Karen (geologist), Lori (urban planner), Mary (physicist), Joan (geologist), Paula 
(meteorologist) and Peter (zoologist). 

∎ 
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4. Max-min problems not requiring calculus 
 

(Author’s Note: As far as I can tell there has never been a “max-min problem without 

calculus” question on any past MSHSML test. Nonetheless, I have included this section 

because the topic is specifically listed in the official MSHSML Meet 5 Test A syllabus so it is 

possible this type of question might show up in the future.  Additionally, “max-min problems 

without calculus” have shown up on AMC 10/12 exams and so this material will hopefully be 

useful to those students planning on taking the AMC 10/12 exam.) 

 

4.1 Discriminant Approach 
 

Problem 12. 

Find the maximum value of 3𝑥 − 𝑦 if (𝑥, 𝑦) are real number pairs on the ellipse 
𝑥2

4
+ 𝑦2 = 1.  

For what (𝑥, 𝑦) pair(s) does 3𝑥 − 𝑦 achieve its maximum value? 

 

Solution 

 

Let 𝑧 = 3𝑥 − 𝑦 so that 𝑦 = 3𝑥 − 𝑧.  The pair (𝑥, 𝑧) is real for all real (𝑥, 𝑦). 

Make the substitution 𝑦 = 3𝑥 − 𝑧 in the equation for the ellipse to get 
𝑥2

4
+ (3𝑥 − 𝑧)2 = 1. 

We can rewrite this equation as 

𝑥2 + 4(3𝑥 − 𝑧)2 = 4 

⟺ 𝑥2 + 4(9𝑥2 − 6𝑥𝑧 + 𝑧2) = 4 

⟺ 𝑥2 + 36𝑥2 − 24𝑥𝑧 + 4𝑧2 − 4 = 0 

⟺ (37)𝑥2 + (−24𝑧)𝑥 + (4𝑧2 − 4) = 0. 

 

In this form we can see that 𝑥 is a root of a quadratic equation for each fixed real value of 𝑧.   

But the roots of a quadratic equation are real numbers if and only the discriminant of that 

quadratic is greater than or equal to 0. 

That is, Δ = (−24𝑧)2 − 4(37)(4𝑧2 − 4) = 592 − 16𝑧2 ≥ 0.  Simplifying we have 
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 592 − 16𝑧2 ≥ 0 

 ⟺ 37 − 𝑧2 ≥ 0 

 ⟺ 𝑧2 ≤ 37 

 ⟺ −√37 ≤ 𝑧 ≤ √37. 

 

So, the maximum value of 𝑧 = 3𝑥 − 𝑦 = √37 ≈ 6.083. 

 

Solving the quadratic (37)𝑥2 + (−24𝑧)𝑥 + (4𝑧2 − 4) = 0 and substituting this value for 𝑧 we 

find that 

𝑥 =
−(−24𝑧) ± √(−24𝑧)2 − 4(37)(4𝑧2 − 4)

2(37)
 

=
−(−24𝑧) ± √592 − 16𝑧2

2(37)
 

=
24(√37) ± √0

2(37)
 

=
12

√37
≈ 1.973 

and then 

𝑦 = 3𝑥 − 𝑧 = 3 (
12

√37
) − (√37) =

36 − 37

√37
=

−1

√37
≈ −0.164. 

 

So, of all points (𝑥, 𝑦) on the ellipse 
𝑥2

4
+ 𝑦2 = 1, the point (

12
√37

,
−1

√37
) will maximize the value 

of 𝑧 = 3𝑥 − 𝑦 and the maximum value of 𝑧 equals √37. 
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∎ 
 

Problem 13. 

Find the relationship between the radius 𝑥 and slant height 𝑦 which maximize the volume of a 

right circular cone with a fixed total surface area 𝑠. 

 

 
 

Solution 
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The total surface area 𝑠 of the cone above equals the lateral surface area plus the base area 

and is given by 

𝑠 = 𝜋𝑥𝑦 + 𝜋𝑥2. 

Solving for 𝑦 we have  

𝑦 =
𝑠

𝜋𝑥
− 𝑥. 

The altitude of this cone equals 

Altitude = √𝑦2 − 𝑥2 = √(
𝑠

𝜋𝑥
− 𝑥)

2

− 𝑥2. 

 

The volume 𝑉 of this cone is given by 

𝑉 =
1

3
(𝜋𝑥2) (√

𝑠2

𝜋2𝑥2
−

2𝑠

𝜋
). 

 

We can take advantage of the fact that 𝑉 and 𝑉2 are necessarily maximized at the same 

value(s) of 𝑥.  Working with 𝑉2 is computationally easier because it will not have the square 

root operation in the formula. 

 

𝑉2 =
1

9
(

𝜋2𝑥4𝑠2

𝜋2𝑥2
−

2𝜋2𝑥4𝑠

𝜋
) =

2𝜋𝑠

9
(

𝑠

2𝜋
𝑥2 − 𝑥4). 

 

Let 𝑟 =
𝑠

2𝜋
𝑥2 − 𝑥4.  Then the value of 𝑥 where 𝑉2 = (

2𝜋𝑠
9

) ⋅ 𝑟 is maximized is the same value 

of 𝑥 where 𝑟 =
𝑠

2𝜋
𝑥2 − 𝑥4 is maximized. 

 

Let 𝑟max equal the maximum value of 𝑟.  So, our goal now is to find the real value of 𝑥 such that 
𝑠

2𝜋
𝑥2 − 𝑥4 = 𝑟max.   

 

(To be clear, we do not know the value of 𝑟max at this point.  We have just given the label 𝑟max to 

whatever the maximum value of 
𝑠

2𝜋
𝑥2 − 𝑥4 turns out to equal.) 

 

We note that  
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𝑠

2𝜋
𝑥2 − 𝑥4 = 𝑟max ⟺ 𝑥4 −

𝑠

2𝜋
𝑥2 − 𝑟max = 0 

 

which we recognize as a quadratic equation in the variable 𝑥2.  The real value(s) of 𝑥 where  

𝑥4 −
𝑠

2𝜋
𝑥2 − 𝑟max = 0 

are the real roots of this quadratic equation.  Because we are looking for real roots, the 

discriminant Δ of this quadratic equation (in the variable 𝑥2) must be nonnegative. 

 

That is, 

Δ = (
−𝑠

2𝜋
)

2

− 4(1)(𝑟max) ≥ 0. 

 

Simplifying and solving for 𝑟max we have 

𝑟max ≤
𝑠2

16𝜋
. 

 

So 𝑟max, the largest possible value of 𝑟 =
𝑠

2𝜋
𝑥2 − 𝑥4, equals 

𝑠2

16𝜋
. 

 

Now we can work backwards to find the value(s) of 𝑥 such that  

𝑥4 −
𝑠

2𝜋
𝑥2 − 𝑟max = 𝑥4 −

𝑠

2𝜋
𝑥2 − (

𝑠2

16𝜋
) = 0. 

 

By the quadratic formula we find that  

 

𝑥2 =
− (

−𝑠
2𝜋) ± √(

−𝑠
2𝜋)

2

− 4(1) (
𝑠2

16𝜋)

2(1)
=

𝑠

4𝜋
 

and 

𝑥 = √
𝑠

4𝜋
=

√𝑠

2√𝜋
 . 

 

From here we can solve for 𝑦 to get  
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𝑦 =
𝑠

𝜋𝑥
− 𝑥 =

𝑠

𝜋 (√
𝑠

4𝜋)

− √
𝑠

4𝜋
=

3√𝑠

2√𝜋
 . 

 

Thus, the maximum volume is achieved when 

𝑦

𝑥
=

3√𝑠

2√𝜋

√𝑠

2√𝜋

=
3

1
. 

 

That is, for any fixed total surface area 𝑠, the slant height will be three times longer than the 

radius of the cone with maximum volume. 

∎ 

Problem 14. 

Find the dimensions of the rectangle 𝐸𝐹𝐻𝐼 with maximum area that can be inscribed in the 

triangle 𝐴𝐵𝐶 with fixed base length 𝐴𝐶 = 𝑏 and fixed altitude length 𝐵𝐷 = 𝑘.  (Triangle 𝐴𝐵𝐶 is 

not necessarily equilateral or isosceles.) 

 

 

Source: A Treatise on Problems of Maxima and Minima Solved by Algebra by Ramchundra, page 

13. 
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Solution 

𝐹𝐻 ∥ 𝐴𝐶  (recall the symbol ∥ means “parallel to”).  Therefore Δ𝐹𝐵𝐻 and Δ𝐴𝐵𝐶 are similar 

triangles. 

Hence,  

𝐹𝐻

𝐴𝐶
=

𝐵𝐺

𝐵𝐷
. 

Let 𝐷𝐺 = 𝑥.  Then we can express the above relation as 

𝐹𝐻

𝑏
=

𝑘 − 𝑥

𝑘
 

or 

𝐹𝐻 =
𝑏(𝑘 − 𝑥)

𝑘
. 

 

Hence the area of the blue rectangle equals  

𝐷𝐺 ⋅ 𝐹𝐻 = 𝑥 (
𝑏(𝑘 − 𝑥)

𝑘
). 

 

Let 𝑦 represent the maximum area of rectangle 𝐸𝐹𝐻𝐼.  Then our goal comes down to finding 

the value of 𝑥 such that 

𝑥 (
𝑏(𝑘 − 𝑥)

𝑘
) = 𝑦. 

We can rewrite this as the quadratic equation  

(−𝑏)𝑥2 + (𝑏𝑘)𝑥 − 𝑘𝑦 = 0. 

Let ℎ equal the value of 𝑥 that satisfies this quadratic equation.  Then ℎ is a real root of this 

quadratic equation.  But the discriminant Δ must be nonnegative in order for this quadratic 

equation to have a real root. 

That is, 

Δ = (𝑏𝑘)2 − 4(−𝑏)(−𝑘𝑦) ≥ 0. 

Simplifying we find 

𝑦 ≤
𝑏2𝑘2

4𝑏𝑘
=

𝑏𝑘

4
. 
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This proves that 𝑏𝑘/4 is an upper bound on the area of the inscribed rectangle but we still need 

to demonstrate that there exists an 𝑥 = ℎ where the area equals 𝑏𝑘/4. 

Going back to the quadratic equation and substituting 𝑥 = ℎ and 𝑦 = 𝑏𝑘/4 we have 

(−𝑏)ℎ2 + (𝑏𝑘)ℎ − 𝑘 (
𝑏𝑘

4
) = 0. 

Now we can solve for ℎ to find  

ℎ =
−(𝑏𝑘) ± √Δ

2(−𝑏)
. 

 

But we have already seen that 𝑦 = 𝑏𝑘/4 makes the discriminant Δ = 0.  So, when 𝑦 = 𝑏𝑘/4 

we find 

ℎ =
−𝑏𝑘

−2𝑏
=

𝑘

2
=

altitude of ΔABC

2
. 

That is, to maximize the area of the inscribed rectangle we set the height of the rectangle 𝐷𝐺 to 

equal one-half the height of the triangle 𝐵𝐷. 

Of course, this also requires that  

𝐵𝐺 = 𝐵𝐷 − 𝐷𝐺 = 𝐵𝐷 −
1

2
𝐵𝐷 =

1

2
𝐵𝐷. 

Now recall from our similar triangles that 

𝐹𝐻

𝐴𝐶
=

𝐵𝐺

𝐵𝐷
=

1
2 𝐵𝐷

𝐵𝐷
=

1

2
. 

Thus, the width of the rectangle 𝐹𝐻 must be one-half the base width of the triangle 𝐴𝐵𝐶 in 

order to maximize the area of the inscribed rectangle. 

It follows that the 

maximum area of the rectangle 

= (
1

2
𝑘) (

1

2
𝑏) =

1

2
(

1

2
𝑏𝑘) 

=
1

2
(area of Δ𝐴𝐵𝐶). 
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In summary, the inscribed rectangle with the maximum area will have a  

• height equal to one half the height (altitude) of the triangle 

• width equal to one half the base of the triangle 

• area equal to one half the area of the triangle. 

 

∎ 

 

4.2 AM GM Approach 
 

This approach uses the AM GM inequality which states that the arithmetic mean (AM) is greater 

than or equal to the geometric mean (GM). 

 

AM GM Inequality 
 
For all nonnegative real numbers 𝑥1, 𝑥2, … , 𝑥𝑛 
 

AM =
𝑥1 + 𝑥2 + ⋯ + 𝑥𝑛

𝑛
≥ √𝑥1 ⋅ 𝑥2 ⋯ 𝑥𝑛

𝑛 = GM 

 
with equality if and only if 𝑥1 = 𝑥2 = ⋯ = 𝑥𝑛 .  

 

Problem 15. 

Find the maximum value of 𝑎𝑏2𝑐3 among all positive numbers 𝑎, 𝑏, 𝑐 such that 𝑎 + 𝑏 + 𝑐 = 30.  

For what value(s) of (𝑎, 𝑏, 𝑐) is the maximum of 𝑎𝑏2𝑐3 attained? 

Solution 

If we apply the AM GM inequality to (𝑎 + 𝑏 + 𝑐)/3 we get 

10 =
𝑎 + 𝑏 + 𝑐

3
≥ √𝑎𝑏𝑐

3
 . 

But we need the right-hand side to involve 𝑎𝑏2𝑐3 instead of 𝑎𝑏𝑐. 
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However, suppose we rewrite 𝑎 + 𝑏 + 𝑐 in the form 

𝑎 + 𝑏 + 𝑐 = 𝑎 +
𝑏

2
+

𝑏

2
+

𝑐

3
+

𝑐

3
+

𝑐

3
. 

Then when we apply the AM GM inequality we get 

30

6
=

𝑎 +
𝑏
2 +

𝑏
2 +

𝑐
3 +

𝑐
3 +

𝑐
3

6
≥ (𝑎 ⋅

𝑏

2
⋅

𝑏

2
⋅

𝑐

3
⋅

𝑐

3
⋅

𝑐

3
)

1/6

= (
𝑎𝑏2𝑐3

36
)

1/6

. 

So now we know that 

(
𝑎𝑏2𝑐3

36
)

1/6

≤ 5 

or 

𝑎𝑏2𝑐3 ≤ 36 ⋅ 56 

 

with equality if and only if  

𝑎 =
𝑏

2
=

𝑏

2
=

𝑐

3
=

𝑐

3
=

𝑐

3
. 

 

That is, the maximum value of 𝑎𝑏2𝑐3 is 36 ⋅ 56 and this is achieved when 

𝑏 = 2𝑎 and 𝑐 = 3𝑎. 

Thus, 

30 = 𝑎 + 𝑏 + 𝑐 = 𝑎 + 2𝑎 + 3𝑎 = 6𝑎 ⟹ 𝑎 = 5, 𝑏 = 10, 𝑐 = 15. 

 

That is, the maximum value of 𝑎𝑏2𝑐3 is attained for (𝑎, 𝑏, 𝑐) = (5,10,15).  As a check we see 

that 

𝑎𝑏2𝑐3 = (5)(10)2(15)3 = (5)(2252)(3353) = 36 ⋅ 56 

as it should. 

∎ 

 

Problem 16. 

Find the maximum value of 𝑥3(4𝑎 − 𝑥)5 if 𝑥 and 𝑎 are positive numbers such that 𝑥 ≤ 4𝑎.  
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(Higher Algebra, Hall and Knight, Chapter XIX Inequalities, Problem 10, page 219.) 

Solution 

To end up with an 𝑥3(4𝑎 − 𝑥)5 factor in the GM side of and AM GM inequality we would need  

(𝑥 + 𝑥 + 𝑥) + ((4𝑎 − 𝑥) + (4𝑎 − 𝑥) + (4𝑎 − 𝑥) + (4𝑎 − 𝑥) + (4𝑎 − 𝑥)) 

on the AM side.  But if we apply the AM GM inequality with this expression on the AM side we 

end up with 

(𝑥 + 𝑥 + 𝑥) + ((4𝑎 − 𝑥) + (4𝑎 − 𝑥) + (4𝑎 − 𝑥) + (4𝑎 − 𝑥) + (4𝑎 − 𝑥))

8
≥ √𝑥3(4𝑎 − 𝑥)58

. 

 

We would like the left hand-side to be a constant but unfortunately 

AM side =
3𝑥 + 5(4𝑎 − 𝑥)

8
=

10𝑎 − 𝑥

4
 

contains the variable 𝑥.  But notice that if we could manage to remove both the 3 and 5 in the 

numerator of the AM side we would get  

𝑥 + (4𝑎 − 𝑥)

8
=

𝑎

2
 

which is a constant.  But how can we accomplish this?  Suppose we make the AM side 

 

(
𝑥
3 +

𝑥
3 +

𝑥
3 ) + (

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 )

8
 

 

Now when we apply the AM GM inequality we have 

 

(
𝑥
3 +

𝑥
3 +

𝑥
3 ) + (

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 +

4𝑎 − 𝑥
5 )

8
≥ √

𝑥3(4𝑎 − 𝑥)5

3355

8

. 

 

The GM side now includes the constant factor 
1

335
5 which we don’t want but the AM side  

 

3 (
𝑥
3) + 5 (

4𝑎 − 𝑥
5 )

8
=

4𝑎

8
=

𝑎

2
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is a constant like we need it to be.  Can we manipulate this to isolate the 𝑥3(4𝑎 − 𝑥)5?  At this 

point we have 

 

√
𝑥3(4𝑎 − 𝑥)5

3355

8

≤
𝑎

2
 

⟺  
𝑥3(4𝑎 − 𝑥)5

3355
≤ (

𝑎

2
)

8

 

⟺  𝑥3(4𝑎 − 𝑥)5 ≤ (3355) (
𝑎

2
)

8

= (
3355

28
) 𝑎8. 

So (
335

5

28 ) 𝑎8 is an upper bound for 𝑥3(4𝑎 − 𝑥)5.  But before we can declare this is the 

maximum value of 𝑥3(4𝑎 − 𝑥)5 we have to find a value of 𝑥 where 𝑥3(4𝑎 − 𝑥)5 actually 

achieves this upper bound. 

But recall that the AM GM inequality gives us the additional information that this upper bound 

is achieved if and only if  

𝑥

3
=

𝑥

3
=

𝑥

3
=

4𝑎 − 𝑥

5
=

4𝑎 − 𝑥

5
=

4𝑎 − 𝑥

5
=

4𝑎 − 𝑥

5
=

4𝑎 − 𝑥

5
 

or more simply 

𝑥

3
=

4𝑎 − 𝑥

5
. 

Solving this equation for 𝑥 we have 

5𝑥 = 12𝑎 − 3𝑥 

8𝑥 = 12𝑎 

𝑥 = (
3

2
) 𝑎. 

If we want to check we could note that 

(
3

2
𝑎)

3

(4𝑎 −
3𝑎

2
)

5

=
33𝑎3

23
⋅

55𝑎5

25
= (

3355

28
) 𝑎8 

as required.   
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In summary, for all positive 𝑎 and 𝑥 with 𝑥 ≤ 4𝑎, we have that the maximum value of  

𝑥3(4𝑎 − 𝑥)5 equals (
3

3
5

5

2
8 ) 𝑎8 and 𝑥3(4𝑎 − 𝑥)5 actually achieves this maximum value when 

𝑥 = (
3
2

) 𝑎. 

 

Note: The restriction 𝑥 ≤ 4𝑎 was necessary to ensure that all eight terms on the AM side of this 

application were positive (a requirement of the AM GM inequality). 

∎ 

 

4.3 Using Both the Discriminant and the AM GM Approach 

 

Problem 17. 

I. Use the discriminant approach to find the minimum value of 
1
𝑎

+
1
𝑏

 over all positive real 

𝑎 and 𝑏 numbers such that 𝑎 + 2𝑏 = 3. 

II. Use the AM GM approach to find the minimum value of 
1
𝑎

+
1
𝑏

 over all positive real 𝑎 and 

𝑏 numbers such that 𝑎 + 2𝑏 = 3. 
 

Solutions 

I.  The Discriminant Approach 

Let 𝑣 equal the minimum value of 
1
𝑎

+
1
𝑏

 over all positive real 𝑎 and 𝑏 such that 𝑎 + 2𝑏 = 3. 

Suppose (𝑎, 𝑏) is a pair of positive real numbers such that 𝑎 + 2𝑏 = 3 and 
1
𝑎

+
1
𝑏

= 𝑣.   It 

follows that 

𝑣 =
1

𝑎
+

1

𝑏
=

𝑎 + 𝑏

𝑎𝑏
 

⟺ 𝑣𝑎𝑏 = 𝑎 + 𝑏 

⟺ 𝑣𝑎𝑏 − 𝑎 − 𝑏 = 0. 

 

Now we can substitute 𝑎 = 3 − 2𝑏 to get 

0 = 𝑣(3 − 2𝑏)𝑏 − (3 − 2𝑏) − 𝑏 = (−2𝑣)𝑏2 + (3𝑣 + 1)𝑏 + (−3). 
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That is, 𝑥 = 𝑏 is a positive real root of the quadratic equation 

(−2𝑣)𝑥2 + (3𝑣 + 1)𝑥 + (−3) = 0. 

This means that the discriminant of this quadratic is nonnegative.  Thus, 

Δ = (3𝑣 + 1)2 − 4(−2𝑣)(−3) ≥ 0 

or 

9𝑣2 − 18𝑣 + 1 ≥ 0. 

 

By the quadratic formula we can determine that Δ = 0 at 

𝑣 =
−(−18) ± √(−18)2 − 4(9)(1)

2(9)
=

18 ± √288

18
=

3 ± 2√2

3
 

 

and Δ ≥ 0 if and only if 𝑣 ∈ (0,
3−2√2

3
) ∪ (

3+2√2
3

, ∞). 

 

But 𝑎 and 𝑏 are positive real numbers that satisfy 𝑎 + 2𝑏 = 3.  Hence 0 ≤ 𝑎 ≤ 3 and 0 ≤ 𝑏 ≤

3/2.  It follows that  

𝑣 =
1

𝑎
+

1

𝑏
≥

1

3
+

1

(3/2)
=

1

3
+

2

3
= 1. 

So  

𝑣 ∉ (0,
3 − 2√2

3
) ≈ (0,0.057) 

Hence the minimum value of 
1
𝑎

+
1
𝑏

 over all positive real 𝑎 and 𝑏 numbers such that 𝑎 + 2𝑏 = 3 

equals 

𝑣 =
3 + 2√2

3
≈ 1.943. 

 

Now we can work backwards to find the value(s) of 𝑎 and 𝑏 such that lead to this minimum 

value. 
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We have already established that 𝑥 = 𝑏 is a positive root of  

(−2𝑣)𝑥2 + (3𝑣 + 1)𝑥 + (−3) = 0. 

By the quadratic formula 

𝑏 =
−(3𝑣 + 1) ± √Δ

2(−2𝑣)
 

 

But we have already established that Δ = 0 at 𝑣 =
3+2√2

3
.  Therefore, 

𝑏 =
3𝑣 + 1

4𝑣
=

3

4
+

1

4𝑣
=

3

4
+

3

4(3 + 2√2)
 

=
3

4
+

3(3 − 2√2)

4(3 + 2√2)(3 − 2√2)
 

=
6 − 3√2

2
≈ 0.879. 

 

Solving for 𝑎 we have 

 

𝑎 = 3 − 2𝑏 = 3 − 2 (
6 − 3√2

2
) = −3 + 3√2 ≈ 1.243. 

 

∎ 

 

II. The AM GM Approach 

If we apply the AM GM inequality to 
1
𝑎

+
1
𝑏

 directly we find 

1

𝑎
+

1

𝑏
≥ 2√

1

𝑎
⋅

1

𝑏
 

with no clear path towards further simplification.   
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As is often the case, having success with the AM GM approach requires finding a clever way to 

rewrite the functions involved. 

It sometimes helps to take the product of the constraint and the objective function and then 

simplify. 

1

𝑎
+

1

𝑏
= 1 ⋅ (

1

𝑎
+

1

𝑏
) = (

𝑎 + 2𝑏

3
) (

1

𝑎
+

1

𝑏
) 

= (
𝑎 + 2𝑏

3𝑎
) + (

𝑎 + 2𝑏

3𝑏
) 

=
1

3
+ (

2𝑏

3𝑎
) + (

𝑎

3𝑏
) +

2

3
= 1 + (

2𝑏

3𝑎
) + (

𝑎

3𝑏
). 

Now look at what happens when we apply the AM GM inequality to the last two terms in this 

new expression. 

(
2𝑏

3𝑎
) + (

𝑎

3𝑏
) ≥ √(

2𝑏

3𝑎
) (

𝑎

3𝑏
) =

√2

3
 

with equality if and only if 

2𝑏

3𝑎
=

𝑎

3𝑏
. 

 

The right-hand side of the AM GM inequality is now a constant!  So, we have established that 

1

𝑎
+

1

𝑏
≥ 1 +

√2

3
=

3 + 2√2

3
 

which agrees with our answer from the using the discriminant method. 

 

But we still need to find a pair (𝑎, 𝑏) where 
1
𝑎

+
1
𝑏

 actually equals this lower bound.  Fortunately, 

the AM GM inequality also tells us that   

1

𝑎
+

1

𝑏
= 1 +

√2

3
=

3 + 2√2

3
 

if and only if  

2𝑏

3𝑎
=

𝑎

3𝑏
  or  2𝑏2 = 𝑎2. 
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Combining this with the constraint 𝑎 + 2𝑏 = 3 we have a system of two equations in two 

unknowns:  2𝑏2 = 𝑎2  and  𝑎 = 3 − 2𝑏. 

 

Substituting the second equation into the first we have 

2𝑏2 = (3 − 2𝑏)2 = 9 − 12𝑏 + 4𝑏2 

or 

2𝑏2 − 12𝑏 + 9 = 0. 

 

Solving this quadratic equation we have 

 

𝑏 =
−(−12) ± √(−12)2 − 4(2)(9)

2(2)
=

12 ± √144 − 72

4
 

=
12 ± 6√2

4
=

6 ± 3√2

2
. 

But  

𝑏 =
6 + 3√2

2
≈ 5.121 

 

is not possible if 𝑎 + 2𝑏 = 3 and 𝑎 ≥ 0.  So 

𝑏 =
6 − 3√2

2
≈ 0.879. 

 

We have already seen that 𝑎2 = 2𝑏2.  Therefore 

𝑎 = √2𝑏 =
6√2 − 3(2)

2
= 3√2 − 3 ≈ 1.243. 

 

As a check, we note that for this (𝑎, 𝑏) pair 

𝑎 + 𝑏 = (3√2 − 3) + (
6 − 3√2

2
) = 3 
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and 

1

𝑎
+

1

𝑏
=

1

3√2 − 3
+

2

6 − 3√2
 

=
−3√2 − 3

(3√2 − 3)(−3√2 − 3)
+

2(6 + 3√2)

(6 − 3√2)(6 + 3√2)
 

=
3 + 3√2

9
+

6 + 3√2

9
=

9 + 6√2

9
=

3 + 2√2

3
 

as required. 

∎ 

 

5. Extra Problems 
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Al: Bob was born first 
Bob: I am not the oldest 
Carl: Al is the oldest 
 

Al Truth Teller Bob oldest 
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Bob Truth Teller Bob not oldest Contradiction.  Bob 
cannot be the oldest and 
not the oldest at the same 
time. 

Carl Liar Al is not oldest 

 

So (Al, Bob, Carl) = (Truth Teller, Truth Teller, Liar) is not the true state of affairs. 

Al: Bob was born first 
Bob: I am not the oldest 
Carl: Al is the oldest 
 

Al Truth Teller Bob oldest 
Contradiction.  Bob and Al 
cannot both be the oldest. 

Bob Liar Bob oldest 

Carl Truth Teller Al is oldest 

 
So (Al, Bob, Carl) = (Truth Teller, Liar, Truth Teller) is not the true state of affairs. 
 
Therefore (Al, Bob, Carl) = (Liar, Truth Teller, Truth Teller) must be the true state of affairs.  So 
Carl is telling the truth when he says Al is the oldest. 
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