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THE CONVERGENCE OF AN ALTERNATING SERIES OF ERDOS,
ASSUMING THE HARDY-LITTLEWOOD PRIME TUPLES CONJECTURE

TERENCE TAO

ABSTRACT. It is an open question of Erdds as to whether the alternating series

Zj 1 ( ;) is (conditionally) convergent, where p,, denotes the nth prime. By us-

ing a random sifted model of the primes recently introduced by Banks, Ford, and the
author, as well as variants of a well known calculation of Gallagher, we show that the
answer to this question is affirmative assuming a suitably strong version of the Hardy-
Littlewood prime tuples conjecture.

1. INTRODUCTION

Let p,, denote the nth prime. This paper concerns the following question of Erd6s
[13, p. 203, E7] (see also [B, p. 961, [6], [7]):
(=D"n

Dn

Question 1.1. Does the series Zr: converge?

Numerically, the series appears to converge (rather slowly) to about —0.052161; we
do not expect the exact value of this sum to have any additional notable properties.
As recorded in [I3, p. 203, E7], Erdds noted that the variant series Z:::l (_Dr;ﬂ is
divergent (the summands fail to converge to zero). !

The difference between consecutive magnitudes — o p— of this alternating series is
largely controlled by the prime gap p, ;1 — Pn, SO the answer to Question [L.T revolves
around how this prime gap correlates with the parity of n. If such a correlation existed,
it would create a bias in the parity of the prime counting function? 7(x) := Zp <« L

Indeed, it is an unpublished observation of Said® that Question [[] is equivalent to the
following.

(=™

Question 1.2. Does the series Zn 2 nlogn

converge?

For the convenience of the reader, we establish the equivalence of Question [[.T and
Question [[.7 in Section .

In this paper we show that the answer to both of these questions is affirmative as-
suming a suitably strong version of the Hardy-Littlewood prime tuples conjecture [14].
We use a (very slightly strengthened) formulation from the recent paper [15]:
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Conjecture 1.3 (Quantitative Hardy-Littlewood prime tuples conjecture [[L5, Conjec-
ture 1.3]). There exist two absolute constants ¢ > 0 and C > 0 such that for all x > 10,
all k < (loglogx)®, and all tuples 3 = {hy,...,h} C [0, log2 x] of distinct integers
hy, ..., hy, one has

< Cx1-e,

(1.1) S 1p(n+ by p(n + hy) — @(}()f d{
n<x 2 log'y

Here 1, is the indicator function of the primes P, &(J() is the singular series

11 1=vx(p)p
S(H) := 1;[ A1k Tk

and v, (p) denotes the number of distinct residue classes modulo p occupied by (. It
is common to restrict ([L.T) to the admissible case &(H) > 0, but this is not necessary
since ([[.1)) is very easy to establish in the non-admissible case &(#() = 0. In [13], k was
restricted to the slightly smaller range k < (loglog x)3, but we will need to increase the
exponent 3 to 5 for technical reasons (actually any exponent larger than 4 would suffice
for our arguments). On the other hand, the power savings x!~¢ in ([L.1) is significantly
stronger than is needed for our arguments; a weaker bound such as x exp(—clog® x),
or even x exp(—c(loglog x)°), for some constant ¢ > 0, would in fact suffice for us.
We remark that Conjecture [[.3 has been verified almost surely (even with the enlarged
range of parameters, and with power savings in the bound) for a certain random model
of the primes; see [, Theorem 1.3]. A version of this random model will also play a
key role in the arguments of this paper.
Our main result is then

Theorem 1.4. Assume Conjecture[l.3. Then the answer to Question[[.2 (and hence Ques-
tion [L.1)) is affirmative.

We prove this theorem in Section f§. After an application of the van der Corput
A-process, the problem reduces to showing that the parity (—1)7(*+4108X)-7(x) of the
number of primes in intervals of the form (x, x + A log x] is fairly well equidistributed,
for moderately large A; a typical choice of parameters is 1 < (loglog x)**. Using Con-
jecture [[.3, this then reduces to controlling a certain alternating sum involving the sin-
gular series &€(H) over various k-tuples K = {hy,..., h;}. Itis tempting to then control
the contribution of each k separately and treat the error terms by the triangle inequal-
ity, in the spirit of a well known calculation of Gallagher [9] which predicts Poissonian
statistics for the number of primes in (x, x + A1og x] (which implies in particular that
the mean value of (—1)7(x+4logx)-7(x) converges to e~2* in the limit x — oo for A
fixed). Unfortunately, the range of k needed is a little bit too large to use the strongest
available estimates (due to V. Kuperberg [[13]) for mean values of the singular series in
this fashion; we need k to be as large as (loglog x)*> or so, but quantitative estimates
only currently have good error terms in the regime k < (loglog x)%>. However, we can
proceed instead by expressing these sums (up to acceptable errors) using the random
sieve model §, introduced in [2], effectively replacing the primes by this model. One
then performs some probabilistic calculations on that model to ensure the required
equidistribution, taking advantage of cancellations between the contributions of dif-
ferent values of k. The key point is that many of the sifting steps used to build the
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random sieve model act to reduce any irregularities of distribution in the parity of the
number of sifted elements, rather than to increase it.

We emphasize that the random sieve model is not used merely to give heuristic sup-
port to various statements about the primes, but to actually prove rigorous (albeit con-
ditional) results about the primes themselves. With this perspective, one can interpret
the prime tuples conjecture as an assertion that various statistics concerning the primes
are very well approximated by the corresponding statistics of the random sieve model,
so that calculations involving the latter can be used to also control the former.

We use the usual asymptotic notation X = O(Y), X < Y, or Y > X to denote
the estimate |X| < CY for an absolute constant C, and X < Y to denote the estimate
XY <X

2. EQUIVALENCE OF QUESTION [[.]] AND QUESTION [.2

We now show the equivalence of Question [.1 and Question [.J. We will in fact
show the more precise relation

(2.1) szl Z M+C+o(1)

n<x Pn 2 2<m<xlogx m log m

for some absolute constant C, where o(1) denotes a quantity that goes to zero as x — oo,
from which the equivalence of the two questions clearly follows.
Firstly, by shifting the summation variable n by 1, we have

Z:( Dn _ Z:( 1)”;:5:1+1)

+0(1).

Averaging the left- and right-hand sides, we conclude that

(-1)"n 1 1 -D"*n  (-D)"(n+1)
Z _Z * 5 Z ( Pn * Pn+1 ) - 0(1)'

n<x n<x

One could also obtain this identity by writing (—1)" = %((—1)” — (=1)" 1) and then
summing by parts. We may rewrite the summand on the right-hand side using the
identity

=D D™ n+1) _ D" — Pn) ="

(2.2)
bn Pn+1 DnPn+1 Pn+1
By the alternating series test we have
—-1)"
( ) = CO + 0(1)
n<x Pn+1

for some absolute constant Cy. Also, from the prime number theorem and subdivision
of the m variable we have

(=1 (=1
Z ‘mlogm Z Z mlogm +o(l).
2<m<xlogx Nn<X pp<M<pp+1
Thus it will suffice to show that the series

S =)™ (=1)"n(Pp41 — Pr)
Z( Z mlogm B : )

n=1 \pp<m<pp41 PnDPn+1
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is absolutely convergent. Since (—1)"") = (—1)" for p,, < m < py, 1, this is equivalent
to showing that®

S 1 N(Pns+1 = Pn)
(2.3) _ < oo
n:zm pnsrnz<pn+1 mlogm PnDn+1

By the intermediate value theorem we have

Z 1 _ Pny1— Dn
mlogm  x,logx
Pn=m<ppn41 & n 108 Xn
for some p, < x, < p,41- From the prime number theorem we have p,, p,4; =

nlogn (1 + O(%)) for n > 10, and thus after some calculation
log1
1 __n ., ( og 03g n)
Xn log Xn PnPn+1 nlog n

for n > 10. On the other hand, from summation by parts and the prime number theo-
rem we have

> loglogn ol
g—g,g(pn+1 - pn) <1+ Z 3
n=10 hlog' n n=10 h?log’ n

loglogn

Pn < 00,

and the claim follows.

Remark 2.1. A more careful analysis of the above argument shows that the o(1) error
. loglog x
in (2.1)) can be taken to be O(W) for x > 10.

3. PROOF OF MAIN THEOREM

We now establish Theorem [[.4. By summation by parts, it will suffice to establish
the bound

(3.1) D= <

n<x

_*
(loglog x)1-1

for all sufficiently large x, basically because the series ), 3T i (barely)

[ 1
n=10 nlogn(loglog n)I-1
convergent. It is convenient to work with slightly shorter intervals than [1, x]. By sub-

division, it will suffice to show that

> (=)W«

x<n<x+xl-e/2

x1-€/2
(loglog x)11

for all sufficiently large x, where ¢ is the constant in Conjecture [[.3 (which we can
assume to be small).

Fix a sufficiently large x. We express the above estimate probabilistically. Let n bef
an integer drawn uniformly at random from the interval [x, x + xi=el 2], then the above
estimate is equivalent to the assertion that

1
E(-1)™ (@) L 7—F,
D (loglog x)1-1
where E denotes expectation.
4We choose the initial index n = 10 of this sum rather arbitrarily; any index for which loglog n is well-

defined and positive would suffice here.
5We will denote random variables in boldface.
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The next step is to apply the van der Corput A-process (or Weyl differencing), so
that we work with the parity of the number of primes in short intervals rather than
long intervals. We introduce the length scale

(3.2) H := |(loglog x)**log x|,
then for any 1 < h < H we have the approximate shift invariance
PG AT S CE VGO o1ie)
x<n<x+x1-¢/2 x<n<x+x1-¢/2

1-¢/2

which on dividing through by x soon gives

H
—1)™@™) = E(—=1)T+h)
E(-1® = B-1"+0) + 0 (=7

hence on averaging in h

1 < H
— h
E(-1)"™ = E— hz_l(—1)ﬂ<“+ )+ 0 (xl_E /2>.

Applying Cauchy-Schwarz, it thus suffices to show that
2
1

E (loglog x)2-2°

1 H
ITIZ(_l)ﬂ(n+h) <
h=1

Expanding the square and using the triangle inequality we have

2

1 /
< = Z |E(_1)7r(n+h) _ (_1)7r(n+h )|‘
1<h,h'<H

H
(_1)7r(n+h)
h=1

1
Elg

By symmetry we may restrict the supremum to the regime h > h', and then by approx-
imate shift invariance we have

!’ !
_ h) _ (—1)yrn+h’) = g(_qyrath=h') _ (_1yr(n) A
E(—1)*@+h) _ (—1)rn+h’) = g(—1)o+ (-1 +o(x1_8/2).

The claim would therefore follow from the estimate

H
E(_l)ﬂ(n+h)—rr(n) < )
0 sé I | | (loglog x)2-2
To show this, it suffices from the choice (B.2) of H to establish the estimate
(3.3) E(—1)7"m+Alogx)-7(n) 1

Va

for any 1 < 1 < (loglog x)** (using the trivial bound [E(—1)"®+")-7®)| < 1 to treat
the cases where h < logx). The %1 bound here is probably not optimal (heuristically

7

this expression should be more like e=24, as predicted both by the Cramér random
model and the calculations of Gallagher [9]), but is what arises from our (slightly crude)
methods, and suffices for our purposes (at least with the strength of Hardy-Littlewood
conjecture assumed in Conjecture [[.3). Informally, the estimate (B.3) asserts that the
parity of the prime counting function in an interval (n,n + Alog x] is approximately
equidistributed for A moderately large (but not too large).

Fix 4 in the indicated range. By rounding if necessary, we may take 1logx to be
an integer. We now invoke a Bonferroni type inequality (in the spirit of the Brun pure
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sieve) to provide tractable upper and lower bounds on the random variable
(_1)71(n+/110gx)—ﬂ(n):

Lemma 3.1 (Bonferroni type inequality). For any nonnegative integers N, r, we have

4 N
_1\V _7)k
(DN < kz_)( 2) ( k)
=0
when r is even and
¢ N
_1\V _7k
SAEPCE ( k)
=0
when r is odd, using the convention that (Il\c] ) vanishes for k > N (or k < 0).

For instance, we have
N N N
— <(—=1)VN <1-—
1 2(1)_( V<1 2(1)+4(2>

Proof. The bounds are obvious when N = 0 or r = 0. In the case N,r > 0, one can
proceed inductively, noting that

(DN = (DN + (=2) x (=DN !
and (by the Pascal identity (V) = (V") + (}-))

r r r—1
Z(—z>’<(],f) = 2(—2)k(N N 1) +(-2)x 2(—2)k<N N 1).
k=0 k=0 k=0

forall N > 0.

In view of this lemma and linearity of expectation, it suffices to show that

14 4 5 kE(n(n+/110gx)—7r(n)) 1
(3.4) l;)( ) b < 7

whenever r = (loglog x)*> 4+ 0(1) (the significance of this choice being that r is slightly
larger than A, while still within the range for which Conjecture [[.3 can be applied). It
will be necessary to exploit the oscillation in k, and so we will largely refrain from using
the triangle inequality in k when proving (B.4), except with regards to error terms that
enjoy a power savings in x, which will always be negligible in practice.
Fix r in the indicated range. Observe from the combinatorial interpretation of the
binomial coefficient that
<7r(n + Alog x) — m(n)

k ) = 1n+h1,. ..,n+heP
0<hy<---<hp<Alogx

and thus by linearity of expectation

P(n+hy,...,n+ hy € P).

E(n(n + Alog x) — m(n)
k

) 0<h;<--<hp<Alogx
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For k < r < (loglog x)*3, we see from Conjecture [[.3 and routine manipulations that

@(}( )

log x

P+ hy,...,n+h, € P) = + O(x~/%)

and thus the left-hand side of (B.4) can be written as

r

>y @wmo(z (og 0" —efz)

k=0 log X 0<hj<---<hp<ilogx

where # := {hy, ..., hi}. The error term can be crudely bounded by O(r(24 log x)" x~%/2)
= O(x~¢/*), which is acceptable. Thus it will suffice to show that

r

(3.5) Z D' s gun<« L
Va

k=0 10g X 0<hj<---<hp<dlogx

It is tempting to use Gallagher type estimates [J] on the mean value of singular series
to control the left-hand side (which would morally obtain the sharper bound O(e=24)),
but unfortunately the best known estimates of this type, see [[15, Theorem 1.1], are only
available for k a little bit smaller than (loglog x)°-*, which is not quite good enoughf in
our situation. To get around this, we will reformulate the above estimate using a ver-
sion of the random sieve model from [2], allowing one to exploit cancellations between
the different values of k. As in [2, §1.3] (see also [21]), we define the sieve cutoff z to
be the largest prime number for which

< 1) :
| | 1--— S )
p log x

p<z

then from Mertens’ theorem we have z < x/¢ and

(3.6) 11 (1 - l) LI O(x~1/e"
iz p logx

where y = 0.5772... is the Euler-Mascheroni constant. We select a residue class a,
(mod p) for each prime p < z uniformly at random, independently in p, and then
define the random sifted sets &, for every w < z by removing these residue classes for
p < w from the interval (0, 11og x|, thus

w={0<h<Aalogx : h#a, (mod p)forall p<uw}.

As in [2], one should think of &, as a simplified model for the random set {0 < h <
Alogx :n+he P}

6More specifically, we were only able to use the estimates in [[3] to prove a weaker version of (B) in
which the exponent 1.1 is replaced by any exponent less than 1/4. On the other hand, the upper bound
estimates in [T3] are valid for all k, and will be useful to us to control an error term later in the argument. It
may also be possible to use the random sieve model to strengthen some of the estimates in [[[5], but we have
not pursued this question further.
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For any tuple 0 < h; < --- < b < Alogx and any 1logx < w < z, we have from
construction that

P(hy,....h € 8,) = [[ P(hy,....h #a, (mod p))

p<w

s

“Il-)
(-

p<w p>w 11— 5

= @({hl,...,hk})(

since »,({hy, ..., i }) = k for p > w. If we restrict to the regime k < r, then we can

write
k k k2>>
l1-—=exp|——=+0| =
p p( p <p2

een(rol3)
11 - os(of)

I (-3))(+o(%)

and

for p > w, and hence

and thus

p
(3.8) P(hy,....h € 8,) = @({hl,...,hk})(
p<w

In particular, from (B.6) we have

e({hy,.... i}

logk X

(3.9) P(hy,....h € 8,) = +0(x)

for any 0 < k < r (shrinking ¢ if necessary). We can then rewrite (B.3) as

r

> (-2)k > P(hy,....,h € 8,) < %

k=0 O0<hy<---<hg<dlogx

since the contribution of the O(x~¢) error is negligible as before. We can simplify the

left-hand side to
: S
(—2)kE( )
AN

where S, := |8 | denotes the size of the sifted set at level w. From Lemma B.T we have

. _ ksz — (—1)\Sz rSZ
S ()= o(>(7)

so it will suffice to establish the bounds

(3.10) E(-1)% « %
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and
(3.11) er(SZ) < i.
r] N

We begin with (B.11]). We can expand the left-hand side as
2" > P(hy,...,h, € 8)).

0<hy<---<h,<Alogx
Using (B.9) and discarding the error term using crude estimates, it suffices to show that
2}"

1
G(H) <« —.
logr X 0<hy<---<h,<Alogx \/z
Using [I5, Theorem 1.2], we may bound the left-hand side by

rar
<

o (3logr)”

which by Stirling’s formula can be estimated by
O r
<<< (/Ilogr)) ‘
r

Since A < (loglog x)** and r = (loglog x)*3+0(1), one easily verifies that this quantity
is O(l/ﬁ) as required.

It remains to establish (B.10), which is an analogue of (B.3) for the random sieve
model §, of the primes. We first control the first two moments of S,:

Lemma 3.2 (Mean and variance). For Alogx < w < z, we have

~ 1\  Alogx 1
(3.12) ES, —Mngpl;[U<1_5) ~ e’logw <1+O(1ogw>)
and

Alogx
(3.13) Var(Sw) < 1575

Proof. From linearity of expectation we have

ES,= Y, PheS,)
0<h<adlogx

and similarly
E(S}, —Syu) = 2E<Sz‘“) =2 > P(h,hy € 8).
0<hj<hy<Alogx
From (B.7) and Mertens’ theorem we have

Phe §,) = H(l_ %) - el’l(l)gw (1+O<lo;w)>

p<w

for all 0 < h < w, which gives (B.12). To establish (B.13), we see from (B.§) that

P(hy,hy € 84) = &({h, ) [ | <1 - %)2 <1 M O(%))

psw
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for 0 < hy < hy, < 1logx < w. On the other hand, the bound

(3.14) 2 3 &) <H
O<h;<hy<H

is known for H large enough. In fact there is a long history? of results of this type:

(i) The left-hand side of (B.14) was shown to be H? + O(H log H) in [[18, Lemma
2].

(ii) This was improved to H?> — Hlog H + O(H) in unpublished work of Mont-
gomery, with a full proof appearing in [5]. Note that this is already enough to
establish (B.14).

(ili) The sharper asymptotic H?> — Hlog H + (1 — y — log 27r)H + O.(H'/?*¢) for any
¢ > 0 was stated without proof in [I0], but a proof can be found in [20, (16),
(17)] or [19].

(iv) Assuming the Riemann hypothesis, an even sharper asymptotic of H2—H log H
+ (1 — y — log 2m)H + O.(H>12*¢) was established in [23], who also obtained
a more modest sharpening (of Vinogradov-Korobov type) to (iii) without as-
suming the Riemann hypothesis.

(v) In [[2], it is shown the error term in (iii) or (iv) is of magnitude > HY* (with
either choice of sign) for infinitely many H.

We also remark that the fact that the left-hand side of (B.14) is somewhat less than H?
is closely related to the pair correlation conjecture, as well as the expected belief that
the error term in the prime number theorem in medium length intervals is somewhat
smaller than what is predicted from the Cramér random model. See [11], [20], [19], [B]
for further discussion. These asymptotics are also related to unexpected biases in the
distribution of consecutive primes [1L€].

From (B:14) we have
2 Z &({hy, hy}) < (Alogx)*.

0<hj<h;<Alogx

‘We conclude that

2 2 2
B(s3, - 8.) < og? [T (1- 2) +O(MH<1_1) )
psw p w psw p
Combining this with (B.12) and rearranging, we conclude that

(Alog x)? 1\°
var(S,) < ES,, + — > pgu (1 - E)

and the claim now follows from (B.12), Mertens’ theorem, and the hypothesis w >
Alog x. ]

To establish (B.10), we will obtain a recursive inequality for the bias E(—1)%n. If
Alogx < p, < ppy1 < z are consecutive primes, we observe that §, | is obtained
from &, by removing one residue class modulo py,, chosen uniformly and indepen-
dently of 8, . Since p,,, > 1log x exceeds the diameter of §;, , we conclude that after
conditioning on S, , we have S, == S, with conditional probability 1 — S, /P41,

7We are indebted to Ofir Gorodetsky and Dan Goldston for these references.
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and S, ., =S, — 1 with conditional probability S, /p,;. From the law of total ex-

pectation, we conclude the identity

S S
E(—1)%n1 = E (1 - ﬁ) (=1)8pn + —Pn(—1)%n~1
Pn+1 n+1

28

=E (1 - ﬂ) (=1)%n.
Pn+1

We now exploit the concentration of S, around the mean ES, provided by Lemma

B.2. By the triangle inequality, we have

2ES E|S, —ES
|[B(=1)%n+1| < (1 - —p) [E(—1)%n| + 0 (M)
pn+1 pn+1

The crucial point here is that the factor 1 — 255"1” , while positive, is slightly less than
one, indicating a tendency of the sieving plrocesnsJr to reduce the bias as n increases. This
bias reduction effect is difficult to discern directly from the alternating series appearing
in (B.3), and is the main advantage of working with the random sieve model in this
problem.

By Cauchy-Schwarz and (B.13), we have

/1logx)1/2

E|S, —ES <<(
| Dn pnl logpn

while from (B.12) we have

Alogx 1
Fn = log p, (1 i O<log pn>>'

. _ 2ESp, _ 2ESp, oo .
Bounding 1 et by exp( ot ) we conclude the recursive inequality
221 Al Alogx\'?
IE(_l)SPn+1| < exp(—ﬂ +0 (if)) |E(—1)SPn |+0 i ( ng) .
e’ p, log p, pnlog’ p, Pn \10g py

Iterating® this inequality starting from the trivial bound [E(—1)?| < 1 for p the first
prime greater than 4log x, we conclude that
1/2

ap (Alogx
E(—l)sz <K )y + £ < > ,
e Mogspg p \ logp

where a,, is a weight of the form

ay, = exp| — Z (2}//1110gx +O(/110g2x )) .
w<p<z e’plogp plog'p

From the prime number theorem and summation by parts, we have

1 1 1 1
2 Togp " Togw I +O( 2 )
w5p<zp ogPp ogw 08z log w

and
1 1
<

2 2
ws<p<z plog” p log” w

8Here we are basically using the discrete version of Gronwall’s inequality.
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for any 1logx < w < z, thus

211 21 1
(315) a, = exp(— Alogx  2Alogx (/1 ogx))‘

e’logw  e’logz 10g2 w

In particular we have

< ( log x >
O‘Mogx - eXp cloglogx

for some absolute constant ¢ > 0, which is certainly 0(1/\/1). It thus remains to estab-
lish the bound

ap (/110gx>1/2 < 1
log p Vi
1
We first dispose of the contribution of the small primes p < x100loglogx ywhich will turn
out to be quite negligible. From (B.13) we have

Alog x<p<z p

a, < exp(—10loglogx) = log "% x

(say), while we may crudely bound
</1 log x
logp

in this case. From Mertens’ theorem, the contribution of this case is thus O(log_8 X),
which is certainly O(1 /ﬁ). Thus it remains to show that

1/2
) < logx

ap (Alogx\'"?
(3.16) 3 rd ( ng) <L
i p \ logp Vi
x 100loglogx <p<z
For each prime p in this range we have
11
(3.17) m < ogX <m+1
logp

for some natural number m with

Alogx 0
1< @,
Togz 1 < m < (loglogx)
For p in such a range, the /11102gx term in (B.13) is bounded, hence
og"p

E—
A A logz

and so the contribution of a given m to (B.1€) is

Al
< exp(—g (m— ng>)m1/2 > 1
er logz e ) p
pim<ToEE<m

The restriction (B.17) restricts log log p to an interval of size O(1/m), but also (due to the
upper bound on m) encompasses at least one dyadic range [X, 2X] of p. By Mertens’
theorem (or the Brun-Titchmarsh inequality), we thus have

11
- <=,
m

p,m</110gx

‘M= Togp <m+1
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and so the total contribution of (B.16) is

1 2 Alogx
< ¥ smeel-z(n-TF))
>/1llogx_1
= logz

This is an exponentially decaying sum in m, and so can be controlled by its first term

< </110gx>_1/2 _ 1
logz A

giving the desired claim.

Remark 3.3. The above analysis in fact shows that the convergence rates for the par-

. (=D"n (=17 1 . .
tial sums 3 _. — Yio<n<x Sogn &re O (W)’ assuming Conjecture [[.3.

Probabilistic heuristics suggest that the true rate of convergence is O(1/logx) and
0(1/x"2=°M) respectively for the above two partial sums, though conjecturally the
convergence of the first partial sum should also become O(1/x'/2~°()) when one aver-
ages together consecutive partial sums to reduce oscillation.

Remark 3.4. Without the prime tuples conjecture, considerably less is known about the
cancellation of (—1)™™. In [f], [4] it is shown that | Znsx(—l)”(")l < (1 - % + 0(1)) x
unconditionally, which is a slight improvement over the trivial bound | 3, _ x(—l)”(”)|
<X

4. A GENERALIZATION

The questions and arguments in this section arose from several conversations with
William Banks.

In this section we record a generalization of the above results, in which the base (—1)
is replaced by other non-trivial unit phases. More precisely, we consider the following
two questions:

Question 4.1. Let z € C with |z| = 1 and z # 1. Does the series Z:o_l Z:—" converge?
- n

. . _ . 0 z7 ()
Question 4.2. Letz € Cwith |z| = 1and z # 1. Does the series }; _, wlogn converge?

We first observe that these questions continue to be equivalent for any fixed z. In-
deed one has a generalization

z"n z z7(m)
> == D —mlogm+CZ+O(1)

n<x bn 1 2<m<xlogx

of (B.1]) as x — oo, where C, is a constant depending on z and the rates of decay in
asymptotic notation such as o(1) is permitted to depend non-uniformly on z. We sketch
the argument as follows. Writing z" = %(z" —z"~1) and summing by parts, we have

z"n z z nfn n+l
Z—=‘2<z_1)+mzz< B )+0(1)'

n=x Pn nex Pn  Pn+1

As before we split

Zn(”_“_£>=znw_i
Dn+1 Dn PnDn+1 Pn
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A further summation by parts reveals that Z:’_l ;—n converges, while from (£.3) we see
- n
that

i D z2"™  Z"(Pp41 — Dn)
w21 \pp<imzpn,, M10gM PnPn+1
is absolutely convergent. The claim then follows along similar lines to the remaining
arguments in Section [

Theorem [[.4 can also be extended to general z by adapting the arguments in Section
B. The Bonferroni-type inequality in Lemma B.T can be replaced with the weaker bound

zN = é}o(z - 1)"(1;’) +0 (Nzr@]))

for any r > 1, which can be established by combining the unimodal nature of the func-
tionk — |z — 1|k(1]\€’) (or more precisely, that this function increases, then decreases),

combined with the binomial formula zV = lej:o(z - 1)(1;{’ ). The rest of the argument
proceeds with minor modifications; for instance, several factors of 2 appearing in ex-
pressions such as 2ES,, will need to be replaced by 1 — z (or Re(1 — z) after an applica-
tion of the triangle inequality). We leave the details of these changes to the interested
reader.

To summarize the above discussion, we have shown that assuming Conjecture [[.3,
the power series Z:::l Z:—n" converges everywhere on the boundary of the disk {z :
|z| < 1} of convergence, except at z = 1 where of course it diverges, thanks to the
prime number theorem. Based on analogy with random power series, it seems natural
to conjecturef that the unit circle is in fact the natural boundary of this series.

5. FURTHER QUESTIONS
In [[7], the divergence and convergence of various other series relating to the primes

is considered. In particular, the paper demonstrates the convergence of

[Se]

(5.1) > 1

n=10 n(log IOg ”)C(Pn+1 - pn)

whenever ¢ > 2, and conjectures divergence for ¢ = 2; the paper also mentions Ques-
tion [L.1], as well as the question of determining the convergence of the series

- ()"
(52) n=1 Pn+1— Pn
and
(5.3) s D"

n=1 n(Pp+1 = Pn)

The divergence of (5.2) can now be established unconditionally, since Zhang’s theo-
rem [24] on bounded gaps between primes implies that the summand fails to converge
to zero. The divergence of (B.1]) when ¢ = 2 can be deduced from Conjecture .3 by an

9We thank an anonymous commenter on the author’s blog for this question.
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argument that we sketchll as follows. By dyadic decomposition and the prime number
theorem, it suffices to establish the lower bound
XloglogX
1 > oglog

X<pn<2x Pnt+1 7~ Pn long

1 - log X 1
n(loglogn)2 — X(loglog X)?2 log X loglog X
diverges when summed over powers of two. By further dyadic decomposition in the
gap P41 — Dn- it suffices to obtain the bound

for all large X, since for all n in this range, and

(54) #{X < p,<2X : ppy1— pn < AlogX}> %
for any @ < A < 1. It suffices to treat the case where A is small. The left-hand side
can be written as
Z Li(pn,pn+Alog XInp+0-
X<pp<2X
Using the Bonferroni inequalities

m
m— ) Slpgo <m

for any m > 0, and rearranging, we can write this expression as

Z 1n,n+heﬂ> -0 ( Z Z 1n,n+h,n+h'e?) s

2<h<dlog X X<n<2X 2<h<h’'<Alog X X<n<2X

so by Conjecture [L.3 it suffices to establish the bounds

> ©({0,h}) < AlogX
2<h<AlogX
and
> &0, k') = Plog’X
2<h<h’<AlogX
since the contribution of the error terms are easily treated. But this follows from Gal-
lagher’s estimate [J, (3)] (or from the more refined estimates in [20], [L5]). We remark
that in the absence of the prime tuples conjecture, it should be possible to obtain the

weaker version
49

X
#{XS Pn <2X © Ppy1— Dn S/“OgX} > @

of (5.4) for % < A4 £ 1 by combining the method of Maynard [17] with the calcula-
tions in [22]. This is however insufficient to settle the divergence of (5.2) in the ¢ = 2
case. We also remark that a matching upper bound to (5.4) can be established from
standard upper bound sieves.

The convergence of the sum (5.3) remains a challenging open problem, even with
the assumption of Conjecture [[.3; a significant portion of this sum arises from the small
prime gaps in which p,,,; — p,, is much smaller than log n, but these are a sparse set of n
and so the van der Corput type methods used in this paper do not appear to be effective

to induce cancellation from the (—1)" terms on this sparse set. However, standard

10We thank Kevin Ford for supplying a version of this argument.
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probabilistic heuristics (for instance, replacing (—1)" by independent random signs
and invoking Khintchine’s inequality) suggest rather strongly that this series should
be convergent. Indeed this heuristic suggests the stronger assertion that the series

o _1n
3 (-1

n=1 ne(pn+1 - pn)

should converge for 6 > 1/2 and diverge for 6 < 1/2.
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