Fuel-Efficient Jet Flights by Minimization of Thrust-to-Velocity Ratio
by
Peter Wenhan Hsu®

NQstar.com, Seattle, WA 98101

ABSTRACT

A. Climb and Descent

This paper presents a mathematical analysis for jet airplanes based on a flight mechanics approach to
thrust required, range, and endurance in a level, un-accelerated flight [1]. We aim to develop explicit
expressions for climbing and descending actions. The objective of this work is to analytically explore how
the most fuel-efficient actions can be achieved. For math simplicity, we are now making an idealizing
assumption that there are neither sudden gusts nor inclement weather change, i.e., environmental
conditions remain unchanged except for temperature and air density. The first step now is to develop
useful mathematical expressions for the maximum range and endurance: the basic equations of motion
with the inclusion of the flight path angle. The important thrust required term is now practically
recognized as a function of four variables: the climbing angle, the changing velocity, the elevating
altitude, and the changing weight of the airplane. By assuming the weight remains essentially constant
and the climb or descending angle stay unchanged, the thrust-to-velocity ratio Tz/ V= is an equation
shown below, and the relation between the velocity and the altitude can be derived as follows.

Applicable equilibrium equations developed by the author in 2022 can be summarized below: First, we
have the ambient density p expressed in terms of the gravity coefficient g, temperature gradient 1, gas
constant R, sea level temperature To, and the altitude h.

¢ = {1 R +1}

0=po(1+A h/To) A

Onthe ascent, the thrust required can be expressed as follows [1]:

Te= (1) (pV?=) SCb,0 + W2c0s28/(VspV*= SeAR)+W sinf

On the descent, it is

Te= (1) (pV?=) SCp,0 + W2c0s?8/(VpV*« SreAR) - W sind

Since Tris a function of speed V«, and the altitude h, the maximum range can be derived by minimizing
Tr/ Ve (which implies using the least amount of jet fuel to reach the expected altitude during the climb).
So, we have {0 (Tr/V)/0 V=} (d Vo /dh) + d(Tr/V«)/ d h = 0. This equation, an ordinary differential



equation of (d Ve/dh), is now solved by the 4"-order Runge-Kutta method and the results have been
generated.

B. Cruising Action

To do a detailed theoretical analysis of the cruising action, we start by assuming that the airplane is
finishing its climb action at an altitude of c where the fuel content is Wc and the velocity of the airplane
is V¢, and the airplane is at a ground distance Xc from the starting point of take-off. Before descending,
the airplane is now carrying a fuel weight Wd and located at ground distance Xd.

A detailed derivation process gives the following meticulous steps:

By assuming weight W varies as a linear function of distance x, W=Ax+B, where A and B are expressed in
terms of a, B, Wk xc, and x4, an approximate relation between V. and V4 can be derived by minimizing
Tr/V, followed by a simplifying step (to be detailed), to arrive at

Vd:Vc[(Vd+B/A)/(VC+B/A)]2/3

The maximum range can be derived by the following equation:
[-dW= |Ct (Tr/V<0) dx
where the integration limits are Wc and Wd, Ct is the fuel consumption rate.

After a set of meticulous steps of simplification and solution, a number of figures have been generated
for the dynamic equilibrium relations between the airplane velocity and the altitude.

References
1.Anderson, J. D., Introduction to Flight, 4th ed., McGraw-Hill, 2000, pp.355-358.
2.Anderson, J. D., Introduction to Flight, 4th ed., McGraw-Hill, 2000, pp.408-411.
3.Stewart, J., Calculus, 3rd ed., Books/Cole Publishing Co.,1995, p.767.
4.Anderson, J. D, Introduction to Flight, 4th ed., McGraw-Hill, 2000, p.350.

5.Baumeister, T., et al, Marks’ Standard Handbook for Mechanical Engineers, 8th ed., McGraw-Hill,
1978, pp.11-62 - 11-66.

6.Anderson, J.D., Introduction to Flight, 4th ed., McGraw-Hill, 2000, pp.95-98.
7.Stewart, J., Calculus, 3rd ed., Books/Cole Publishing Co., 1995, pp.812-814.
8.Anderson, J. D., Introduction to Flight, 4th ed., McGraw-Hill, 2000, pp.362-363.

9.Anderson, J. D., Introduction to Flight, 4" ed., McGraw-Hill, 2000.



*Founder & CEO



	Fuel-Efficient Jet Flights by Minimization of Thrust-to-Velocity Ratio by

