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              Fig.1 Symmetric, Laminated Composite Plate Geometry and Loading Model 

 

 

 

 

 

 

Abstract  

This work is a rigorous treatment of a previous analysis by Peter Wenhan Hsu [1] to determine the solution to an 
anisotropic problem in   the interlaminar stress problem has been a topic of enormous interest due to its 
significant in the so-called delamination failure in composite laminate s under in-plane tensile loadings. 

  

Introduction 

Anisotropic elasticity theory dealing with stress-strain relations in materials has been applied to solve 
interlaminar stress problems in the area of composite materials and mechanics.   
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Fig.2 Detailed insight into stress distribution in one-eighth part of section 

 

 

Geometric Parameters and Equations 

geometric half-width b  

geometric half-thickness h 

dimensionless coordinate Y=y/b 

dimensionless coordinate Z=z/h 

thickness-to-width ratio 𝞮𝞮=h/b       boundary layer coordinate    𝞰𝞰=(b-y)/h=(1-Y)/𝞮𝞮   relation between 
coordinates y=b-h𝞰𝞰   partial derivative relation 𝟃𝟃/𝟃𝟃y= -(1/h) 𝟃𝟃/𝟃𝟃𝞰𝞰applied uniaxial strain 𝜺𝜺x        superscript 1 denotes 

outer layers (h/2<z<h and -h<z<-h/2); superscript 2 denotes inner layers  (-h/2<z<0 and 0<z<h/2)   lamination coefficient   D(1) = D(2) = [-
(C12(1) +C12(2)) +C23(1) C13(1)/C33(1) +C23(2) C13(2) /C33(2))] (b 𝜺𝜺x)/ [C22(1) +C22 (2) -C23(1) C23(1)/C33(1)-
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C23(2) C23 (2)/C33(2)]  lamination coefficient E(1) = -C13(1)h 𝜺𝜺x / C33(1)– [C23(1) 𝞮𝞮 C33(1)] D(1)  lamination 
coefficient E (2) =-C13(2)h 𝜺𝜺x / C33(2) –[C23(2) 𝞮𝞮 C33(2)] D(2) 

Layer-wise reduced equilibrium differential equations with negligible body forces (plane strain):   𝟃𝟃𝛔𝛔y/𝟃𝟃y+ 
𝟃𝟃𝝉𝝉yz/𝟃𝟃z=0, 𝟃𝟃𝝉𝝉yz/𝟃𝟃y+ 𝟃𝟃𝛔𝛔z/𝟃𝟃z=0    

Boundary conditions:  𝛔𝛔y=𝝉𝝉yz=0    on free edges y=+b and y=-b for all z   𝝉𝝉yz=𝛔𝛔z=0    on top and bottom 
surfaces z=+h and z=-h for all y 

Essential Stress Components for the uniaxially loaded symmetric bidirectional laminate that are 
closely related to interlaminar interactions. 

𝝉𝝉yz (k) =  {∑ [2(𝑘𝑘1𝑏𝑏 − 𝑘𝑘1𝑎𝑎) sin (𝑛𝑛∞{
1 𝞹𝞹/𝟐𝟐)(𝒆𝒆𝝀𝝀𝝀𝝀η -𝒆𝒆𝝀𝝀𝝀𝝀η )] / (n (1-β1/β2) sin (n𝞹𝞹Z)}(k) 

σy  (k) = [  { ∑ −2(𝑘𝑘1𝑏𝑏 − 𝑘𝑘1𝑎𝑎) sin (𝑛𝑛∞
1 𝞹𝞹/𝟐𝟐) (𝒆𝒆𝝀𝝀𝝀𝝀η - (β1/β2) 𝒆𝒆𝝀𝝀𝝀𝝀η ) / (n𝞹𝞹(1-β1/β2)] + 

                 2(k1b-k1a) sin (𝑛𝑛𝞹𝞹/𝟐𝟐)/ (n𝞹𝞹)} cos (n𝞹𝞹Z)] (k) 

σz (k) =  { ∑ [ 2(𝑘𝑘1𝑏𝑏 − 𝑘𝑘1𝑎𝑎) sin (𝑛𝑛∞ 
1 𝞹𝞹/𝟐𝟐) (β1 𝒆𝒆𝝀𝝀𝝀𝝀η −β2 𝒆𝒆𝝀𝝀𝝀𝝀η ) / (n𝞹𝞹 (1-β1/β2)] cos(n𝞹𝞹Z)}(k)+G(𝞰𝞰)(k)     where 

k=1,2         
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Fig.3 Right-half of central plane (x=0) cross sectional view of 4-layer Laminate  

-2.50E+02

-1.50E+02

-5.00E+01

5.00E+01

1.50E+02

2.50E+02

3.50E+02

4.50E+02

St
re

ss
 In

te
ns

ity
, p

si

Distance from central plane Y=0 to Right Free-edge Y=1

Typical 4-Layer (0/90)s Gr/Ep Laminate under Uni-axial Strain of 
0.001:  At the Exact Interface Z=0.5,  Interlamina Normal Stress 𝛔𝛔z 

peaks ( 390 psi) at the Free-Edge, Interlaminar Shear Stress 𝝉𝝉yz peaks 
(-245 psi) at Y=0.985, just inwards, and Transver

𝛔𝛔z

𝝉𝝉yz

𝛔𝛔y



                                                                                       7 
 

 

-2.00E+02

-1.00E+02

0.00E+00

1.00E+02

2.00E+02

3.00E+02

4.00E+02

5.00E+02

st
re

ss
 in

te
ns

iti
es

, p
si

distance from central plane Y=0 to right-free edge Y=1

(0/90)s  interlaminar Stresses at the midplane level  Z=0, max 𝛔𝛔z aof 432 
psi at free edge

Y

𝛔𝛔z

𝝉𝝉yz

𝛔𝛔y



                                                                                       8 
 

 

 

 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26
Y 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.8 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 0.9 1 1 1 1 1 1
z=0.5 -5 -5 -4 -4 -4 -4 -3 -3 -3 -3 -3 -3 8.4 24 42 62 85 111138169202236273311351390
z=0.4999 -5 -5 -4 -4 -4 -4 -3 -3 -3 -3 -2. -3 8.4 24 42 62 85 111138169202236273311351394
z=0.4 -5 -5 -5 -4 -4 -4 -4 -4 -3 -3 -3 -3 9.1 25 43 64 87 114142174208245285329378433
z=0.3 -5 -5 -5 -5 -4 -4 -4 -4 -4 -3 -3 -3 10 27 45 66 90 117146179214252294338385433
z=0.2 -6 -5 -5 -5 -4 -4 -4 -4 -4 -3 -3 -3 11 28 47 68 92 119149182218257298342387433
z=0.1 -6 -5 -5 -5 -4 -4 -4 -4 -4 -3 -3 -3 12 28 47 69 93 121151184220259300343388433
z=0.0 -6 -5 -5 -5 -4 -4 -4 -4 -4 -3 -3 -3 12 29 48 69 94 121151185221260301344388433

-64
142434445464748494104114124134144154164174184194204214224234244254264274284294304314324334344354364374384394404414424434

𝛔𝛔z from Y=0.75 to Right-Free Edge Y=1.0, peaking at Midplane Z=0.0

z=0.5

z=0.4

z=0.0
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