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Linear Programming

A Both objective function and constraints are linear.

A Solutions are highly structured and can be rapidly obtained.
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Example

A Production limitatione.g. equipment limitations,
storage limits, market constraints.

A Raw material limitation

A Safety restrictionse.g. allowable operating ranges
for temperature and pressures

A Physical property specificatiomsg. product quality
constraints when a blend property can be calculated
as an average of pure component properties:

A Material and Energy Balances

I Tend to yield equality constraints.
I Constraints can change frequently, e.g. daily or hourly




Table 19.3 Data for the Refinery Feeds and Products

Maximum
Volume percent yield allowat?le
production
Crude #1 Crude #2 (bbl/day)
Gasoline 80 44 24,000
Kerosene 5 10 2,000
Fuel o1l 10 36 6,000

Processing cost ($/bbl) 0.50 1.00

Let X, = crude #1 (bbl/day)
X, = crude #2 (bbl/day)

Maximize profit (minimize cost):

y = income; raw Y |- (c@3tc
proc.cost



Calculate amounts of each Income

product
Produced (yield matrix): gasoline (36)(0.80 x+
0.44 x%)

gasoline x;=0.80 x+ kerosene (24)(0.05 x+
0.44 % 0.10 %)

kerosene x, = 0.05 x + fuel oil  (21)(0.10 x+
0.10 % 0.36 %)

fuel oil x;=0.10 x+ 0.36 residual (10)(0.05 x+
Xy 0.10 %)

residual Xs = 0.05 x+
0.10 %



So, Constraints

Income = 32.6 x, + 26.8 X, Maximum allowable production:

0.80 X, + 0.44 X, < 24,000

RaW ma tC(ﬁ’St — 24 Xl + 15 X2 (gasoline)
Processing cost = 0.5 X; + X, 0.05 %, +0.10 x, 2,000
(kerosene)

Then, the objective function is 0.10x, +0.36 x, < 6,000 (fuel oil
PI’OfIt - f - 81 Xl + 108 X2 and’ of course, Xl > O’ X2
>0



Graphical Solution

1. Plot constraint lines on,¢ x, plane.

2. Determine feasible region (those values
of x; and % that satisfy maximum allowable
production constraints.

3. Find point or points Iin feasible region that
maximize f = 8.1 10.8 x; this can be
found by plotting the line 8.1¢ 10.8 x= P,
where P can vary, showing different profit
levels.
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Figure 14

Feasible Region With Parameterization of Objective Function in
Linear Programming



From the graph,

X10Pt ~ 26,000
X,0Pt ~ 7,000

More precisely, this is the intersection of
the first two constraints, so x1°Pt and x,°Pt
can be solved for simultaneously:

- 0.80 x1 + 0.44 x2 = 34,000
0.50 x1 + 0.10 x2 = 2,000

= X1°Pt = 26,200 and X»0Pt = 6,900

with P = § 286,740/day



As expected, optimum is at a corner of
the feasible region.

Investigate the profit at the other corners:

(X1.X2) ' Profit
(0,16667) 180,000
(15000,12500) 256,500

(30000,0) 243,000



2. An unbounded optimum

1. A nonunique solution
Maximize f(x)=2 x; + 0.5 x5
subject to 6 x; + 5 x2 <30

Minimize f(x) =- X1 - X3

subjectto 3x;-%20  (A)
X2 <3 (B)

X1, X220

4x1+x=512

X1, X220




3. No feasible region

Minimize f(x) = -x1 - X2
subject to X; + X £ -2 (A)
x1+2x<0 (B)

X1.X2 20




Simplex Method

A The simplex linear programming
algorithm systematically searches the
corners of the feasible region in order to
locate the optimum.



Simplex Method

e Convert all constraints to the form in which
the RHS's are positive

1. Introduce slack/surplus variables and convert
the inequality constraints to equality constraints

2. Define a basic solution corresponding to a ver-
tex or corner of the feasible region

3. Selection of new basic and nonbasic variables
4, Transformation of the equations

5. Iterative impmvemenf of the objective func-
tion



convert inequalities to equalities
using slack variables

2(:_..\' = b,
then define a slack variable x,_ ., = 0 such that
))_a_..t. + X,..; = b,
and the inequality becomes an equality. Similarly, if the inequality is
2”r="-‘ = b,
j=1 '
we write
'I'\
Z QuX; — Xp4; = b,
|

Note that the slacks must be nonnegative to guarantee that the inequalities are sat-
1sfied.
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DEFINITION: 1Afeasible solutiorto the linear programming
problem is a vectox = (x, %2 ¥X)dhat satisfies alll
constraints and bounds (7.8).

DEFINITION. 2Abasis matrixs anm x m nonsingular matrix
formed from soman columns of the constraint matri.

DEFINITION.3Abasic solutiorto a linear program is the
unique vector determined by choosing a basis matrix, and
solving the resulting system of equations for the remaining
m variables.

DEFINITION.4Abasic feasible solutiols a basic solution
iIn which all variables satisfy their bounds (7.8).

DEFINITION.6Anoptimal solutionis a feasible solution
that also minimize$§in Equation (7.6).



Slack variables
aaxeh
j=1

Yaax+s P s €
j=1

refinery example: 2 variables r=2
3 constraints p = 3 (3 slacks)
n=r+p=5 total variables

m=q+p=3 total constraints (q = O = no. equality constraints)
3 egns /5 unknowns Y set 2 variables =0

602dzf R KI @S AYFAYAGS |
If variables can assume any value)
olaArAO FSIFraaoftsS aztQy
set (n¢ m) variables =0  non-basic
m variables n  basic
. n! possible solutions
= mi(n- m! with 2 variables = (constraint intersections)
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Subject to 2x, — X2 —2

—x; +3x,> =2

_x1 - xzk "-4

X, =20,x,20



—2x1+ x2+x3=2

X; —3x, 4+ x,=2
Xy T x2+x5=4

Therefore

n =2 + 3 = 5 for this exampie

Let m = total number of equations. Then

3.

m

X3_2x1+ x2=2
X4+ X;—3%x,=2 x3=2,3’é;_'=2,x5=2,andf=0.
x5+ x1+ x2=4

f+ xl— x2=0
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