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Linear Programming 

ÅBoth objective function and constraints are linear. 

ÅSolutions are highly structured and can be rapidly obtained. 

Åsubject to: 
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Example 

ÅProduction limitation e.g. equipment limitations, 
storage limits, market constraints. 

ÅRaw material limitation 

ÅSafety restrictions, e.g. allowable operating ranges 
for temperature and pressures. 

ÅPhysical property specifications e.g. product quality 
constraints when a blend property can be calculated 
as an average of pure component properties: 

ÅMaterial and Energy Balances 

ïTend to yield equality constraints.  

ïConstraints can change frequently, e.g. daily or hourly.   



Let  x1 = crude #1  (bbl/day) 
  x2 = crude #2  (bbl/day) 
 
Maximize profit (minimize cost): 
 
 y = income ς raw ƳŀǘΩƭ cost ς 
proc.cost 



 

Calculate amounts of each 
product 
Produced (yield matrix): 
 
 gasoline  x3 = 0.80 x1 + 
0.44 x2 

 kerosene x4 = 0.05 x1 + 
0.10 x2 

 fuel oil  x5 = 0.10 x1 + 0.36 
x2 

 residual   x6 = 0.05 x1 + 
0.10 x2 

 

         

  Income 
 
 gasoline   (36)(0.80 x1 + 
0.44 x2) 
 kerosene  (24)(0.05 x1 + 
0.10 x2) 
 fuel oil   (21)(0.10 x1 + 
0.36 x2) 
 residual   (10)(0.05 x1 + 
0.10 x2) 
 
     



So, 

 

Income = 32.6 x1 + 26.8 x2 

 

Raw matôl cost = 24 x1 + 15 x2 

 

Processing cost = 0.5 x1 + x2 

 

Then, the objective function is 

 

Profit = f = 8.1 x1 + 10.8 x2 

 

 

Constraints 

 

Maximum allowable production: 

 

0.80 x1 + 0.44 x2 < 24,000   

(gasoline) 

 

0.05 x1 + 0.10 x2 < 2,000      

(kerosene) 

 

0.10 x1 + 0.36 x2 < 6,000      (fuel oil) 

 

 and, of course, x1 > 0,   x2 

> 0 



Graphical Solution 

1.Plot constraint lines on x1 ς x2 plane. 
 
2.Determine feasible region (those values 
 of x1 and x2 that satisfy maximum allowable 
 production constraints. 
 
3.Find point or points in feasible region that 
 maximize f = 8.1 x1 + 10.8 x2; this can be 
 found by plotting the line 8.1 x1 + 10.8 x2 = P, 
 where P can vary, showing different profit 
 levels. 















Simplex Method 

ÅThe simplex linear programming 

algorithm systematically searches the 

corners of the feasible region in order to 
locate the optimum.  



Simplex Method 



Convert inequalities to equalities 
using slack variables 

 



Å  DEFINITION 1:  A feasible solution to the linear programming 

Å problem is a vector x = (x1, x2Σ ΧΦΣ xn) that satisfies all  

Å constraints and bounds (7.8). 

 

Å  DEFINITION 2.  A basis matrix is an m x m nonsingular matrix 

Å formed from some m columns of the constraint matrix A. 

 

Å  DEFINITION 3.  A basic solution to a linear program is the 

Å unique vector determined by choosing a basis matrix, and 

Å solving the resulting system of equations for the remaining 

Å m variables. 

 

Å  DEFINITION 4.  A basic feasible solution is a basic solution 

Å in which all variables satisfy their bounds (7.8). 

 

Å  DEFINITION 6.  An optimal solution is a feasible solution 

Å that also minimizes f in Equation (7.6). 
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Slack variables 
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refinery example: 2 variables r = 2 
  3 constraints p = 3 (3 slacks) 

n = r + p = 5 total variables 
m = q + p = 3 total constraints  (q = 0 = no. equality constraints) 
3 eqns / 5 unknowns      set 2 variables = 0 Ý

ōŀǎƛŎ ŦŜŀǎƛōƭŜ ǎƻƭΩƴ 
 set (n ς m) variables = 0 non-basic 
              m variables ґ л basic 
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If variables can assume any value) 

possible solutions!
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(constraint intersections) 
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