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ABSTRACT. We prove a Sum-of-Squares (SoS) degree lower bound for the
planted clique problem on Erdds-Rényi random graphs G(n,1/2). This prob-
lem is known to have a strong and a weak version, where the former allows SoS
algorithms to use the clique-size constraint z1+...4+z, = w (and all polynomial
identities generated by it). Our degree lower bound is for the strong version, in
the form d = Q(e? logn/ loglogn) as long as w = O(n'/2~¢). Improving upon
[FK03, MPW15, DM15, HKP*18, BHK*19], this settles the strong planted
clique problem almost optimally in both d and w.

For techniques, we design pseudo-expectations in a way that is different
from the popular pseudo-calibration. The analysis proceeds with a combina-
tion of the Johnson schemes-based method [MPW15] and recursive approxi-
mate factorizations [BHK119], utilizing special combinatorial transforms and
Hankel matrices. As a technical by-product, we also get a new perspective on
the pseudo-expectation design in the non-exact case.
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1. INTRODUCTION

Can one efficiently find a max-size clique in a random graph G ~ G(n,1/2)?
This has been a long-standing open problem since its introduction in [Kar76]. A
variant was proposed in [Jer92, Kuc95|, known as the planted clique problem: if
additionally plant a random clique of size w > logn to G, can it be efficiently re-
covered? Information-theoretically this is solvable, since w.h.p. the largest clique in
G has size (2 + o(1)) logn. Computationally, the planted clique problem is widely
believed to be hard on average, and it has been intensively studied, inspiring a
broad range of research directions (cryptography [ABW10], learning [BR13], math-
ematical finance [ABBG11], computational biology [PST00], etc.). So far, the best
known polynomial-time algorithm works only when w = Q(y/n) [AKS98], which is
a so-called spectral algorithm (see e.g. [HKP*17]).

The sum-of-squares hierarchy (SoS) [Sho87, Par00, Las01] is a stronger family
of semidefinite programming (SDP) algorithms which, roughly speaking, is SDP on
the extended set of variables {x;(1)...z;(q) | i1,...,4q € [n]} according to the degree
parameter d, and it can be significantly more powerful than spectral algorithms and
traditional SDPs (see e.g. [BBHT12, HKPT17]). Recent years have witnessed rapid
development on SoS-based algorithms, which turns out to provide a characterization
of a large class of algorithmic techniques ([BS14, HKP*17]). The SoS proof sys-
tem is the natural proof-theoretic counterpart of SoS algorithms, also known as the
Positivstellensatz system [GVO01]: it works with polynomials over R, and given poly-
nomial equalities (axioms) f1(z) =0,..., fx(z) = 0on z = (21, ..., 2, ), a proof (that

k

is, a refutation of the existence of a solution) is —1 = 3~ fiq; + >, ¥ in Rlz, ..., 2]
i=1

where ¢, ..., gk, 71, ... are arbitrary polynomials on x1, ..., x, over R. Under certain
conditions, in particular when all variables are boolean (z? = x;), such an refuta-
tion exists if the axioms have no solution. The degree-d SoS proof system carries
the obvious additional degree restriction, max; j{deg(f;) +deg(g;), 2deg(r;)} < d.
See [0’D17, RW17] for more on the relation between SoS proofs and algorithms.

The average-case hardness of the planted clique problem has a very simple form
in proof complexity: for G ~ G(n,1/2), can the proof system efficiently refute the
existence of a size-w (> logn) clique w.h.p.? A lower bound would automatically
give the hardness on any class of algorithms based on the proof system. Given that
the decision version of the spectral algorithm of [AKS98] corresponds to a degree-
2 SoS proof, a SoS degree lower bound potentially can bring us a much better
understanding of algorithmic hardness. The standard problem formulation is the
following.

Definition 1.1. Given an n-vertex simple graph G and a number w, the Clique
Problem for degree-d SoS proof system has the following axioms.
(Boolean) v} =x; Vi€ |[n]
(1.1) (Clique) zx; =0 V{i,j} non-edge
(Size) 1+t =w
SoS system has a duality, i.e. to show degree lower bound, it suffices to find
a pseudo-expectation whose moment matriz® is positive semi-definite (PSD). With

boolean variables (which is our case), this can be demonstrated on multi-linear
polynomials as below. Let X<¢ = {z5 | S C [n], |S| < d} for any d € N.

Definition 1.2. A degree-d pseudo-expectation for the Clique Problem on G
is a map E : X — R satisfying the following four constraints when extended by

IThe name is simplified; more cautiously, it should be called the pseudo-moment matriz.
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R-linearity.

(1.2) (Default) Exg =1
(1.3) (Clique) Exg =0, VS:|S|<d, G|g non-clique
(1.4) (Size) E((wl +.. 4 xn)xs) —w-FExg VYS: |S|<d-1

where in (1.4), xa-xp := xaup. To define the last constraint, define the moment
matrix M to be the (<[g}2) X (<[g}2) matriz® with M (A, B) = Exaup, then:
(1.5) (PSDness) M is positive semi-definite.

It is not hard to see that if a degree-d pseudo-expectation exists then there is no
degree-d SoS refutation. N

A relaxation of the problem was studied in [BHK*19], asking if an E as above
exits except with one change: replace Size Constraints by a single inequality E (z1+
...+xy) > w. Henceforth, we call the Clique Problem (Definition 1.1) Exact Clique
and this relaxation Non-Exact Clique.?

How to deal with the exact problem is a subtle but important open problem.
On the problem itself, lower bounds on the non-exact (weak) formulation indeed
gave the important algorithmic message, but they do not rule out the possibility
that SoS with additional constraint z; + ... + z,, = w can output “infeasible” (cf.
the similar situation for random CSP [KOS18]). The distinction between “weak”
and “strong” formulations also involves how one thinks the SoS SDP optimization
problem should be formulated.

Perhaps more importantly, it is about the techniques of proving average-case SoS
lower bounds. Current techniques from the so-called pseudo-calibration heuristic
[BHK'19] tend to deal successfully with “soft” constraints (inequalities, or usually
just one bound on some pseudo-expectation value) while being poor at handling
“hard” constraints (equalities). Finding techniques to deal with the latter is in
need. Progress toward this goal is made in [KOS18] for random CSPs, where the
idea is that the hard constraint is a sum of local constraints, each can be satisfied
by a real distribution on local variables; the locality is formed by a notion of graph
closure which in turn is based on expanders (cf. [Gri01, Sch08, BGMT12, BCK15,
KMOWT17]). For Exact Clique whose constraints do not have a similarly clear
global-local structure, it seems unlikely a similar strategy could work.

Lastly, there are concrete applications of a lower bound on Exact Clique to other
problems, e.g. the approximated Nash-Welfare [KM18]|. Techniques for proving
such a bound might also help deal with closely related problems like the coloring
problem and stochastic block models [KOS18, KM21, JPR*21].

1.1. Previous work. For lower bounds, on Exact Clique, [FK03] showed that
the (weaker) d-round Lovasz-Schrijver system cannot refute it for w = O(y/n/24),
[MPW15] proved degree-d lower bound on SoS for w = O(n'/%) which was later
improved to O(n'/3) for d = 4 [DM15] and further to 6(nm) for general d
[HKP*18]. For Non-Exact Clique, [BHK™19] proved the almost tight lower bound
d = Q(?logn) for w =n'/?27¢ ¢ > 0 arbitrary.

2d is always assumed to be even.
3There is no “planted clique” in the problem formulation now, but traditionally this is still called
the planted clique problems due to the algorithmic motivation.
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For upper bounds, if w = Q(y/n) then degree-2 SoS can refute Exact Clique
with high probability [FK00]. On the other hand, if w > d > 2.1logn, a degree-
d SoS refutation for Exact Clique is not hard to see, which we include below for
completeness.

Observation 1.1. (Upper bound for Exact Clique if w > d = 2.1logn) Note that
(r1 + .. + 2,)% = w? modulo the Size Aziom. The LHS can be multi-linearly
homogenized to degree-d by rg = w%wziés rsugiy by this axiom again, after
which w.h.p. all terms are 0 by Cliqgue Axioms since there is no size-2.11logn clique
in G ~ G(n,1/2) w.h.p.. This gives the contradiction 0 = 1. Note the proof is
actually in the weaker system Nullstellensatz (see e.g. [BIK196]).

1.2. Results of the paper. Our main result is the following.

Theorem 1. Let € > 0 be any parameter, w = n'/?=¢. W.p. > 1 — n-4lgn
over G ~ G(n,%), any SoS refutation of Ezxact Clique requires degree at least
¢'logn/loglogn, where € = min{e®, 345 }/2000.

We also have the following result. It does not allow to improve the lower bound
but provides a new, hopefully simplifying, perspective on certain techniques that
were used for the non-exact problem.

Theorem 2. (Informal) For the Non-Ezact Clique problem,

(1). There is a way to define the correct pseudo-expectation from simple inci-
dence algebra on the vertez-set;

(2). For the resulting moment matriz M, there is a weakened version of the
quadratic equation M = NN T whose solvability is given by, and actually equivalent
to, a general graph-decomposition fact from which a “first-approximate” diagonal-
ization of M can be deduced.

2. KEY TECHNICAL IDEAS
This section is an overview of the proofs. The two results use almost completely
different ideas, so we treat them separately in the proof overview:

e Theorem 1: section 2.1 to 2.4.
e Theorem 2: section 2.5.

More precisely, (where “—” points to the sections in the actual proof)
Pseudo-expectation design: e A common idea (the paragraph below)
e Non-exact case (sec. 2.5 first half — sec. 3.1)
e Exact case (sec.2.1 — sec. 3.2)
Proving PSDness: e Recursive factorization (— sec. 6.3)
e Lower bound proof (sec. 2.1 to 2.4 — sec. 5 to 8)
We also give a conceptual simplification of the analysis in [BHK™19], which can be
read independently:
o Deduction of the coarse diagonalization (sec. 2.5 second half — sec. 6.2).

Let us start with the pseudo-expectation design. Suppose we deal with degree-d
SoS i.e. deal with size < d-subsets of [n], then as the common idea in complexity
theory, we take a parameter 7 > d (think of d < 7 <« logn) and make our
construction on all size < 7-subsets, in hope to later have a good control on its
behavior on all size < d subsets. This idea is most clearly demonstrated in the
non-exact case (section 3.1.2), and is also the reason for the 7-parameter for the
exact case (in (2.1) below).
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2.1. The exact pseudo-expectation. The constraints force us to design the

pseudo-expectations in a top-down manner, as follows. Fix Exg for all |S| = d

first, then recursively set Exg < w%‘Sl %Emsu{i} if |S| < d. The Clique Con-
K3

straints (1.3) will be satisfied if E,zs factors through 1¢ is clique on 5 as functions
on G. Inspired by (almost all) previous work in the literature, we use Fourier
characters and consider

(2.1) Bzs= >  F(V(D)US))-xr ¥SC[n], |S|=d
T:|V(T)US|<T

for some function F : N — R. We call F a d-generating function.* Thus

Brs = oy 3 [y (WIS =y (n =V sy

u ) Tv(nus|<r Le=0
CF(V(T)U S| +u — c)}

where u := d — | 5], for all S with |S| < d. One key novelty we bring is the choice

(x+87%)! w
2.2 F = (D)
22) =
The moment matrix M will be M(A7 B) = > M(A, B;T)xr for A, B C

N T:|V(T)UAUB|<T
[n], |A|,|B| < d/2, where M (A, B;T) =
(2.3)
1 (IV(T)UAUB| - (d—u)\ (n—|V(T)UAU B|
512 I )

W c u—c

u c=0

(|V(T) U A U B| +u—c+ 87’2)! ) (E)KV(T)UAUB)I"F’CL—C
(872)! n 7

F(|V(T)UAUB|+u—c)
where u =d — |AU B].

__This seemingly mysterious choice of F' is ultimately for proving the PSDness of
M, but it seems can be seen only after a series of technical transformations (Remark
2.1, 3.3). It will be very interesting to know if there is a priori an explanation of
it. See Remark 3.2, 7.1 for why some traditional choices from the literature that
simulate some planted distributions seem cannot work here.

2.2. Hadamard decomposition and Euler transform. For the exact problem,
using a standard SoS homogeneity reduction (Lemma 4.1), it suffices to prove PS-
Dness of the (1£7]2) X ((E'/L]Q) principal minor of M. Denote this minor by M. One
unpleasant feature of M is that in its expression (2.3) the parameter u = |A N B|
appears in a deeply nested way. To analyze M (in particular, get a clue of how to

diagonalize it), we resolve this intricacy in two steps.

d
First, M = > 2_,m. o M, where “o” is the Hadamard product, and m., M, are
matrices as follows. For all |I],|J| = d/2,

1

(2.4) me(I,J) = @w“_c where u denotes |1 N J|;

u

4To be distinguished from the usual generating functions for sequences.
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(2.5)
xr - MA(INJL|V(T)UTUJ)), if|[InJ|>¢
MC(I7 J) = T:|V(T)UIUJ|<T
0, 0.W.

whose coeflicients are

M, (u,a) = (a —(d— u)) (n - a) —(ume) (a+u—c+872)] (“)e

c u—c (872)! n

where u = |[INJ|,a=|V(T)UIUJ|.

The intuition is to let m. carry (as much as possible) the “purely” vertex-set-
based information, |I N J|, so that the second factor M, will be left with (mainly)
edge-set-based information. As can be expected, in the analysis we will also treat
me, M.’s separately.

The more difficult part is M. In fact, we will further remove the dependence on
|INJ|in M.(I,J) by one more step: a decomposition M. = 5. MZ where each

re(1))

MZ is supported on rows and columns whose index contains R, and the expression
of M®’s can be derived from M, by Euler transform. In summary, we will prove:

Lemma 2.1. (XII-decomposition of M, Lemma 5.2)

5 |R|
20 M- Yomo| X wF|- ¥ (Smeous

0 Re(Jj)2) Re(Ji)) N
where each m, is by (2.4) and ME has the following expression. First, M =0 if
|R| < c. Alsoif RZ INJ then ME(I,J) =0. Finally, if |R| >cand RCINJ,

then ME(1,J) = 3 ME(I,J;T)xr where, denoting a = |V (T)UIU.J|,
T:|\V(T)UIUJ|<T

MA(ILJ:T) = (2)° - Yo(|R]. ) and
" r—l(r\ (a+l—d\ (n—a\  —(l1—c) (a+l—c+873)! . .
@7 Yi(ra) = E(—l) ‘O Dn (t=a) 872)] Eoifr>o
0, 0.wW.

Moreover, for all0 < c<r <d/2 and0<a <7, |Yo(r,a)| <7°7.

Intuition for analysis. To analyze (2.6), the intuition is that the first factor
m. “decreases” in ¢ and myg is “very positive”; while for fixed R, M{ is positive
and other M®’s (¢ > 0) are “not too large”. This is expounded by the following
two lemmas.

Lemma 2.2. For each c=0,...,d/2, mg =wmi = ... = w%m% - %Id,

Lemma 2.3. (Main Lemma) In (2.6), w.p. > 1 —n=2°8" the following hold.
Forall Re (1), let PR={I¢ (")) | RC I},

<d/2 d/2
(2.8) (1). ME = n~%iag(Cl)pry pr;
(2.9) (2). +w °MF < n=¢C. M VYO<c<|R|

These two lemmas directly imply M (G) > n‘d_ldiag(@vl(G))(d[y]z)X(d[,;]z) w.h.p.,

and Theorem 1 is an easy corollary of this (Cor. 5.1, 5.2).

The proof of Lemma 2.2 is relatively easier using Johnson schemes (similar to
[MPW15], see Lemma 5.1). Below we demonstrate the idea for proving the Main
Lemma.
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2.3. Recursive factorization: an extension. To prove the Main Lemma, an
important step is to derive an approximate diagonalization of M, for which we
use the recursive factorization technique of [BHK'19]. In section 7 we will derive

— ~\T
an approximate PSD factorization M ~ L% () (LR) . This we roughly describe

as below.

Lemma 2.4. (Recursive factorization, Lemma 7.2) For any R € (<[Z}2) and 0 <

¢ < |R|, we have the following decomposition.
—~ ~\T
ey wf =0 [or (@ - QR i) o] (£7) e

where LE is some matriz of dimension ([z}) X (( [n]) x (14 1)) , D7 is the diagonal

<4
matriz diag ((%)%> Idgo,....71x{0,....7}, and the “middle matrices”

ACIn],|A|<d/2 @
ka s are (T + 1) x (7 + 1)-blocked, each block of dimension ([n]) X ([n;) The

<2 <
“error” EX(Q) is supported within rows and columns that contains R and is clique
(given G), and w.p. > 1 —n~91en, H8§|| <neT/2,
For the reason of the “larger” dimension of matrices, see Remark 7.1.

2.4. Proving PSDness: encounter with Hankel matrices. With Lemma 2.2
and 2.4 at hand, the following is the key step towards the Main Lemma.

Lemma 2.5. W.p. > 1 —n"81°8" over G, the following holds: for all R € (J;}z),

(1). Qfy —Qf +... £ Q(Ii'% = 777 . diag (6>stsR’ where S® = {(A,i) €

(J5,) x{0,... T} [AD R, |A| +i > 4}

(2). VO<c§|R\,iw‘c( &0 — 21+...iQfﬁ) = n_c/4-diag<a)
2

SExSE
To prove this lemma, modulo somewhat standard steps (three Lemmas 8.2, 8.3,
8.4) the final technical challenge is: show the positiveness of E[Q{] (Corollary 8.1).
We describe below how this is done. After simplification, the real task is to
analyze the positiveness of the following matrix®:

(2.11) Z(—l)r—l(;—!) H, 482 forany 0<r<d/2
1=0
where {H,,} is the family of (m + 1) x (m + 1)-matrices
Hy(i,j)=(i+j+t)! Y0<i,j<m.

This is a special family of the so-called Hankel matrices whose (i,7)th element
depends only on i 4 j. General Hankel matrices seem to arise naturally in moment
problems but are notoriously wild-behaving in many aspects (see e.g. [Tyr94]).
Fortunately enough, for the special family here we can manage to get a relatively
fine understanding; we term this family factorial Hankel matrices. The key
observation is that they have a concrete recursive diagonalization (Proposition 8.2),
resulting in the following.

Proposition 2.1. If parameters m,t,r satisfy

(2.12) t+1> 8 max{r?,m},

then Hy, 441 = 27“2Hm7t.

Remark 2.1. Condition (2.12) is why ‘8727 is used in the numerator of F, (2.2).

5The subscripts are not exactly as in the problem but suffice to demonstrate the spirit.
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With this proposition, it is relatively easy to complete the proof of the Lemma
2.5, hence the Main Lemma. This completes the proof overview of Theorem 1.

2.5. Ideas for Theorem 2. We now explain the idea behind Theorem 2, that is,
a different perspective on the techniques used in the non-exact problem.

On defining the pseudo-expectation. Previously, the pseudo-expectation is
obtained via the so-called pseudo-calibration method. We define the same E but
from a different perspective, the incidence algebra on the vertex-set, which is also
a simple refinement of the construction in [FKO03].

The ¢-matriz on [n] is the 2" x 2["] 0-1 matrix with ¢(A4, B) = 1 iff A C B. We
observe that ( reveals the basic linear structure of the true expectation on cliques if
G is a single planted clique. So we use ¢ to define E. That is, we define a degree-T
approximate-distribution vector p,(G) first—it approximates the distribution of 7
cliques inside a planted clique, with a standard twist so that it is only supported
on cliques of the given G (3.5)—then take the vector (g, - p(G) as Ex (Def. 3.3).
Here, (-); means to truncate the matrix or vector to indices whose size < 7. In this

way, F inherits the linear structure posed by ( too.

On deducing the first-approximate diagonalization. The goal is to come
up with a coarse, “first-approximate” diagonalization of the moment matrix. We
deduce its form in two steps: 1. Analyze the expectation of the matrix; 2. Ob-
serve that the (imaginary) diagonalization of the matrix is in essence a quadratic
equation, which we weaken to a proper “modular” version to solve.

We call step 2 the mod-order analysis (section 6.2), whose underlying idea is
inspired by and similar to the more broad dimension-analysis in physical sciences:
weaken the equation to its most significant part in a well-defined way (Def. 6.1).
One ingredient towards defining the weakening is the norm information on certain
pseudo-random matrices (the graph matrices).

The resulting weakened equation has a nice structure to work with (Lem. 6.2,
Cor. A.1). Using standard techniques for studying algebraic equations—actually a
simple polarization (Appendix A.2)—we can deduce a solvability condition for the
polarized equation, which translates to the existence of a general graph-theoretic
structure (equation (A.19) and Fact A.1). The “coarse” diagonalization is then
formulated based on this structure.

To demonstrate in more detail, it suffices to concentrate on the (UE’/L}Q) X (g/b]z)—

minor of the moment matrix, denoted by M':
M'(I,J) = S (VORI LT I = ) = dj2.
T:|V(T)UIUJ | <7
Step 1: expectation. By using Johnson schemes as in [MPW15], we get an
explicit decomposition E[M’'] = CCT where C is (g/l]z) x ( <[;’}2), and actually with
a fine understanding of the spectrum of E[M’].

Step 2: mod-order analysis. Given E[M'] = CCT from Step 1, ideally we
hope to solve the quadratic matrix equation
(2.13) M' =NNT
in N with E[N] = C, and N extending C' by non-trivial Fourier characters. Two

observations about (2.13) follow.

(1) Order in “. Entries of M’ all have a clear order in #. Like in fixed-
parameter problems, we treat * as a distinguished structural parameter and try to
solve the correct power of ¥ in N first.
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(2) Norm-match. A closer look into CC'" shows

(2.14) |CCl | ~ <d:2> .(ss)d—rn@/Q—T, r=0,..4d/2,

where C' = (Cy, ...,Cq2), each C, having column dimension ([Z]). Assume N =
(No, ...; Ngs2). Then we expect N,-N,! to concentrate around C,.C, for each r, and
so expect the norm of the non-constant part of N,.N,’ to be bounded by (2.14).
Under this condition, the known tight norm bounds on related matrices would tell
us, for each possible appearing term in N, the least order of ¥ in its coefficient.

With these observations, we can weaken equation (2.13) to a simple “modu-
lar version” that is more informative about the (imaginary) solution N. Namely,
abstract () as a fresh variable a and work in ring R[e, {x7}], consider

(2.15) (M’ mod high order) = (N mod high order) - (N" mod high order)

where “order” means power of a (think of « as an “infinitesimal”). We call (2.15)
the mod-order equation and its analysis the mod-order analysis. For details see
Definition 6.1.

We feel that this approach leads us more naturally to the realization of using
the graph-theoretic structure beyond guesses, and the simple general idea behind
the mod-order analysis might hopefully find other applications.

2.6. Structure of the paper. In section 3 we define the pseudo-expectations and
show Theorem 2(1). In section 4 we recall some fundamental tools for analysis. The
proof of the main theorem consists of three steps: section 5 is the first step (com-
binatorial transforms), section 6 and 7 is the second step (recursive factorization,
where in 6 we will refresh the technique of recursive factorization and show Theo-
rem 2(2)), and section 8 is the last step (structural and pseudo-random matrices).
The paper is concluded in section 9 with open problems.

Notation. I,J, A, B, S will be used to denote vertex-sets, and T' for edge-sets.
E(S) = (g) G denotes a simple graph on the vertex-set [n]. “T" C E([n])” will
be omitted in summation when there is no confusion. “LI” means disjoint union.
Finally, we use y(n) = O(z(n)) to mean that there is some absolute constant c s.t.
y(n) < cx(n) for all n.

Parameter regime. Throughout the paper,

1
€ = any positive parameter (wlog e < —);

40
w = /24,
T= ﬁlogn/loglogn;
€
d=—T7.
100"

3. PSEUDO-EXPECTATIONS

As a warm-up, in section 3.1 we construct the non-exact pseudo-expectation. In
section 3.2 we give the construction for the exact case.

3.1. Non-exact case: a new perspective. Given a graph GG we can think of a
degree-d pseudo-expectation as assigning a number Exzg to each subseteq S C [n] of
size < d, so that the resulting vector Ez looks indistinguishable to the expectation
resulted from the case when a random-w clique is planted, from the view of degree-d
SoS. As explained at the beginning of section 2, to make such an assignment we
first go beyond to slightly larger subsets of size 7. We define an “approximate
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distribution” on size < 7-cliques in G then use it to generate pseudo-expectation
on all size < d-subsets.

3.1.1. ¢(-function and Mébius inversion. Given n-vertex graph G, let p(G) € R2"
be the max-clique-indicator vector. Then ¢(G) := ¢ - p(G) is a vector supported
exactly on all cliques in G, where ¢ is the 2" x 2[" matrix

(3.1) C(A,B)=1if ACB, VA,BC [n.

In particular, if G is a single clique then ¢(G) is the clique-indicator. We will use
Ca,b to denote the submatrix of ¢ on rows (L"i) and columns ([gl])), and use similar

notation on all related vectors. Consider when G is just a randomly planted clique.
Its distribution can represented by a plant-distribution vector pplant € [R2[n]7 and

let the output-expectation qout be the vector of cliques in G in expectation. Then
Qout = C - Pplant- We call such a pair (Pplant, fout) & plant-setting,.

Definition 3.1. (Two plant-settings) The exact plant-setting (po, qo) is
—|s
1 )
() ()
for all S C [n]. Le., a random size-w subset is chosen to be the planted clique.
The independent plant-setting (p1,¢1) is

(3.3) pr(S) = (IS = 2181 g1(8) = (¢pr)(S) = ()19

n n n

(3.2)  po(S) = if |S] = w and 0 otherwise, qo(S) = ({po)(S) =

w w

w

= indepen-

for all S C [n]. Le., each vertex is included in the planted clique w.p.
dently.

Thus the matrix ¢ reveals the basic linear relations between (ppiant, gout)- It is
upper-triangular (with row- and column-indices ordered in a size-ascending way),
invertible, and with the inverse being the Mébius inversion matrix: (~1(A4, B) =
(—1)IPMIif A C B, and 0 otherwise. Note that ((ua)™ = (("Y)aa, Ya < n.
Moreover, if let the pseudo-expectation be defined as Ex = p E R2"™ for some
vector p, then the “full” 2" x 2[" moment matrix is

(3.4) Msos = (diag(p)¢ "

In particular, if p is a nonnegative vector then Mg,g is immediately PSD.

3.1.2. Non-ezact pseudo-expectation for (p1,q1). Given G, we first construct a degree-
7 “approximate plant-distribution”, p,(G), that simulates the plant-distribution
and that p,(G) is supported on size < 7-cliques in G. Then we can take Ex =
Ca,r - P (G) so that the result inherits the linear structure posed by (.

What is this p,(G)? From the view of approximation it seems taking ¢~ Haq)-
would suffice, while to make it supported on cliques, same as in [FK03] we add a
clique-indicator factor, thus

(35 p(G)(8) = (2G)CIs(6) - @) ) (8) VS Cln] of size < 7
where Clg(-) is the clique indicator function and 2l(3)! is for re-normalization.
Definition 3.2. For any S C [n], the scaled clique-indicator is aS(G) =

2‘(3)‘015(6’), which is a function on G. /Cﬁ(G) is the (column) vector of them over
a family of S’s, which will always be clear from the context.
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Definition 3.3. The non-exact pseudo-expectation is

(36) Enonexact = Cd,‘r ' PT(G) = Cd,T ' (/C/I(G) © C-r_,ql-) : ((I1)r S [R([Sn(]i)

[Tt

where “o” is the Hadamard product®.

In short, Enonexact refined the construction in [FK03] by one step: factor through
size-T subsets (in the only non-trivial way) so that the size-d output inherits linear
relations posed by (. Similarly to (3.4), the resulting moment matrix is

(37) MnonexaCt(G) = Cd/2,7’ : dlag (pT(G)) : (Cd/Q,T)T'

Remark 3.1. Enonexact looks like a true expectation on cliques in G, namely, if
pr(G) were nonnegative then the PSDness of Myonexact(G) would be immediate.
Alas, this is not true by computation’. That the PSDness could still possibly hold
is because Cq/o,- in (3.7) is degenerate.

Lemma 3.1. (Theorem 2(1)) For all S C [n] s.t. |S| <d,

~ w
(38) Enoncxactxs = Z (*)IV(T)USIXT~
T:|\V(T)uS|<T

Proof. Note that ﬁs = ZTCE(S) xr for all S. Now for S, S’ with appropriate size
bound, -

)
, 0.W.

Cl (=SSl s C
(Clog;;) (8,8 = {ZTEE(S) xr - (—1) . fSCS

(Gar- Clogh) (5,80 = > S xre (-

§7:8C8"CS \TCE(S")

Z Y1 - Z (=1)I5\S”]

T:V(T)USCS' S/:V(T)USC S C s
= Y. XxXrds—vamus= Y., X1
T:V(T)USCS’ T:V(T)US=S"

Therefore, ElonexactTs =

(Cd,r : (50651)(%)7) S)= > S xe- (9

n
S8 |<T \T:V(T)uS=S’

w
= Y xr (Bvmosi
n

T:|\V(T)US|<T

for all S with |S| < d. O

61p general (M7 o Ma) - M3 # Mj o (Ma - M3), but they are equal if M is a column vector.

"One intuition, suggested by a referee, is that any true expectation on cliques has objective value
¥ 1 x; = O(logn) w.h.p., now if p-(G) were nonnegative then it would be almost a distribution

since Enonexaet(x¢) ~ 1 (can be checked by (3.8)) with a problematically big objective value

1
n2"¢.
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3.2. Exact case pseudo-expectation. Now we construct a pseudo-expectation
for the exact problem.

First, there is a generic way to generate possible candidates. That is, the Size
Constraints (1.4) suggests to define Eazs in a top-down fashion: fix Ems for all
|S| = d first, then recursively set

~ 1 ~

for smaller-sized S’s. If denote by Eqx the vector of the assignments for S’s s.t.
|S| = d, then this amounts to multiplying Fqz by the following matrix.

Definition 3.4. The d-filtration matrix Fil; —4, of dimension ([2(]1) X ([Z]), 18

(G2l AC B (where |B) = d);

0, otherwise.

(3.10) Fily_a(A, B) = {

Definition 3.5. Given vector Eqz which assigns a value to each d-subseteq S C [n],
the exact pseudo-expectation generated by FE,x is

(3.11) Ea? = Fﬂd7:d . Edl‘.

Lemma 3.2. The pseudo-ezpectation in Definition 3.5 satisfies Size Constraints
(1.4), regardless of the choice of Eqx.

w—|S], if s =S5;
Proof. For |S| < d, take vector vg by vg(S") = ¢ —1, it "2 8, [S"\S|=1;
0, otherwise

which is in [R([Sn(]i) Then it suffices to show v;—Fild;d = 0, which is a direct check. [

The E generated like so should further satisfy:

(1) Clique Constraints (1.3);
(2) PSDness Constraint (1.5);

(3) Default Constraint (1.2) (so far we only have w - Exg = Exq + ... + Ex,).

Item (3) is not a problem as long as Ex@ > (, since we can always rescale everything
by (Exg)~! without affecting other constraints.

Remark 3.2. (Example) The following construction seems natural. Combining
Def. 8.5 with the perspective from section 3.1.2, we can take (3.6) with the exact
plant-setting (po, qo), followed by multiplying Filg —q:

EexamplexS - Fﬂd,:d : (Cd,T : (CI(G) o C—r_,‘ll') : (q0>7’) .

As can be checked, this satisfies the Clique Constraints. It also has a nice Fourier
expression: by some computation which we omit here, modulo provably negligible er-
n—|V(T)OIUJ]|

( )XT The

w—|V(T)UIUJ|

ror the resulting matric is Mexample(I, J) = >
VENIODISr—d

only problem, however, is that we don’t know how to prove the PSDness. Despite a

transparent similarity to the previous expression (3.8), a similar proof breaks down

seriously here due to the loss of nice arithmetic structure when changing from func-
tion (£)* (in (3.8)) to (?;5”) See also Remark 7.1.

Now we construct an Ed in Definition 3.5. With the idea stated in section 2.1,
we give the construction matter-of-factly here. First, take the pseudo-expectation
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for |S| = d in the form Exg = > xt - F([V(T) U S|) for some function F.
T:|\V(T)US|<T

We call F' a d-generating function, to be chosen shortly after. For now, for any

|S] < d, by (3.10) the pseudo-expectation has form: denote u =d — |5,

B = M Y {z“: (V(T) us| - d+u> (n - |ng) U 5|)

T:|V(T)US|<t c=0
CF([V(T)US| +u— C)} .

Lemma 3.3. (3.12) always satisfy Clique and Size Constraints (1.3),(1.4).

Proof. 1t satisfies Size Constraints by Lemma 3.2. For Clique Constraints, fix-

ing S, the “[...]”-part in (3.12) only depends on |[V(T) U S|, so Exg has the
form ZT:\V(T)US\gr ayv(T)uS|IXT = D g ZT:W(T)US|:k apXT, the inner sum factors
through Clg = > 7 p(s) xr- Thus, M (I, J)(G) = 0 if Cljus(G) = 0. O

Definition 3.6. (Ezact d-generating function) We choose

(x+8m)! w
F(z):=——5-=-(—)".
(z) (872)! (n)
Remark 3.3. As already mentioned in section 2.1, the design of F, especially
its first factor, is technical; the goal is to make the resulting M positive. The
numerator (z + 872)! will be used in Prop. 8.3, where the 872 can be replaced by

larger polynomials in 7. The (87%)! in denominator is added for convenience (see
Remark 3.4).

Definition 3.7. The exact moment matrix M is defined as M(A B) = >
T:|V(T)UAUB|<T
for all A, B C [n], |Al|,|B| < d/2, where M (A, B;T) =
(3.13)
1 {i(W(T) UAUB| - (d—u)) <n— |V(T) UAUB)
)

W c u—c

u c=0

(IV(T)U AU B| 4+ u— c+ 872)! (2 V(TIUAUB) [ uc
(872)! n ’

F(IV(T)UAUB|+u—c)
Here we denoted d — |AU B| by u.

Remark 3.4. In (3.13), the “most significant” factor is (£)V(IVAVBL. = 4f
n—|V(T)UAUB|

notice Ww“n_(“_c) < w,n. One thing to keep in mind is that factors

like (IV(T)UAL(Jg‘;g;kCJFSTQ)I are qualitatively smaller than w in our parameter regime.

4. SOME PREPARATION

In this section, we prepare some basic tools for analysis.

4.1. Homogenization for Exact Clique. With the Size Constraints (1.4) sat-

isfied, any moment matrix can be reduced to its ((£7/L]2)—principa1 minor, which is

slightly more convenient to work with. The following homogeneity trick is stan-
dard in the SoS literature.

M(A7 BvT)XT
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Given any degree-d moment matrix Mygs,s(G) that satisfies the Size Constraints

(1.4), let M(G) be its principal minor on (g/ﬂz) X (5;]2)

Lemma 4.1. MdSoS(G) is PSD < M(G) is PSD.

Proof. The = part is trivial. Now suppose Mys,s is not PSD, then Ja € [R(S[:}Q) s.t.
a' Mys.sa = —1. With the presence of boolean constraints (i.e. we can additionally
define E(xf “p) = E(xl - p) for all ¢ and all polynomial p of degree < d — 2),
this is equivalent to E (%) = —1 for some multi-linear polynomial g = a'z =
>_|s|<a/2 @sTs. Now substitute every g (|S| < d/2) in g by the corresponding
linear combination of {zg | |S'| = d/2} from (3.9), we get a multi-linear, degree-
d/2 homogeneous g;. Since g — g; thus g — g2 is a multiple of the constraints,

(4.1) E(¢}) = E(¢°) = —1.
Assume g1 = b"x where z denotes (g)|s)=4/2- Then (4.1) says b' Mb = —1, so M
is not PSD. (|

4.2. Concentration bound on polynomials. The following bound on random
polynomials is standard.

Lemma 4.2. Suppose a < logn, and p is a polynomial

p= Y  D)xr creR
T: |V(T)|=a
and C > 0 is a number s.t. |c(T)| < C for all T. Then W.p. 1 —n=1018" oyer G,
(4.2) Ip(G)| < C - n/22%" ptlosloan
Proof. For all k € N,
(4.3) p*F = Z e(T1)ee.c(Tog ) XTy - XTop

Ty, Tap: |V(Th)|=a

and we take the expectation of this. Each E[xr,...x1,, (G)] # 0 (i.e. equals 1) iff
every edge appears even times in 71, ..., To,, which implies |V(T7 U ... U Tog)| <

% - 2ka = ka. There are at most ka(k’;) < n*® many choices of V (T} U ... U Tyy).

For each choice, there are at most (“*) - 2(3) < (ka)® - 2°°/2 many ways to choose
each T;. Therefore,

2k
E[p**] < C?F . nke ((ka)a2a2/2) = N?* where N =Cn?. (ka)®- 20%/2,

By Markov inequality, Pr [p% > (2N)2k] < 272k Take k := 10log® n, we get that
w.p. > 1—n~10len |)(Q)| < 2N < C-ne/220" ptloslosn for all large enough n. [

4.3. Norm concentration of pseudo-random matrices. Like in almost all pre-
vious work on the subject, the norm bound on certain pseudo-random matrices
called graph matrices ([AMP16]) will be a fundamental tool for us. Intuitively,
such a matrix collects all possible Fourier characters from embeddings of a fixed
small graph.

Definition 4.1. (¢f. [AMP16, MPW15, HKP15, JPR*21]) A ribbon R is a triple
(A, B;T) where A, B are vertez-sets and T is an edge set. A, B are called the side
sets, or indwidually the left and right set of R, respectively. The size of R is
[V(R)|=|V(T)UAUB|.

By definition, a ribbon as a graph always has no isolated vertex outside of AU B.
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Definition 4.2. We say R = (A, B;T) is left-generated if every vertez in V(R)
is either in B or can be reached by paths® from A without touching B. Being
right-generated is symmetrically defined.

Definition 4.3. A shape is a equivalent class of ribbons, where two ribbons
(A, B;T), (A", B;T") are equivalent or “of the same shape” if there is an isomor-
phism o between the corresponding graphs s.t. o(A) = A’ and o(B) = B’. Denote
a shape by U, represented by a ribbon (A, B;T). V(U) := AUBUV(T) and its
size is |V (U)].

Thus we may speak of the shape of a ribbon R. We say a function f defined

on a set of ribbons is symmetric w.r.t. shapes if, whenever R and R’ are of the
same shape and f is defined on them, f(R) = f(R').

Definition 4.4. ([AMP16]) Fiz n and shape U = (A, B;T). The graph matrix
of shape U is the following 2" x 2" -matriz My :

VI,JC[n], Mu(I,J)= > Xt
Ty:

Jinjective ¢ : \}'(U) — [n] s.t.

#(A)=I, ¢(B)=J, ¢(T)=T1
(= 0 if no such ¢ exists). Here, ¢ on T means the natural induced map on edges.

In [AMP16], the matrices have columns and rows indexed by tuples with elements

in [n], instead of subsets (which is our case), but our matrix is always a sub-matrix
of it, e.g. ours can be viewed as supported on strictly increasing tuples.

Theorem 3. (Norm bounds on My, [AMP16]) For any shape U = (A, B;T) of
size t < logn, w.p. > 1 —n"1018" gyer G,

(4.4) My (G)|| < n'2" - 200 . (log n)Ot+p=2r)
where r = |AN B| and p is the max number of vertez-disjoint paths between (A, B)
in W. Moreover, under the same notation, if further denote s = L‘;rlB‘ then

Theorem 3 is proved by a careful estimation of the trace-power E[tr(MZ2F)] (for
some k > 0) which we omit here. Its “moreover” part follows from (4.4) since
t>|AUB|=2s—r,p<s,sot+p—2r<t+s—2(2s—1t)=3(t—s).

4.4. Some notions on graphs.

Definition 4.5. (Vertez-separator) For a graph H and A,B C V(H), we say
S CV(H) is an (A, B)-vertex-separator, or S separates A, B in H, if any path
from A to B in H must pass through S. Let

sa,p(H) :=min{|S| | S is an (A, B)-vertez-separator}.

A vertex-separator achieving this minimum is a min-separator. Let mSepy p(H)
denote the set of all min-separators.

The definition naturally applies to a ribbon R = (A, B;T), with A, B being the
two vertex-sets. In that case, we can write the corresponding min-separator size as
sa,B(T) and set of the min-separators as mSep 4 p(T') or mSep(R).

Theorem 4. (Menger’s theorem) For any finite graph H, sa,p(H) equals to the
mazimum number of verter-disjoint paths from A to B in H.

Definition 4.6. For ribbon R = (A, B;T), define its reduced size to be
(4.6) eas(T) =|V(T)UAUB| —s4,5(T).

8We always stick to the convention of including degenerate paths (one-point path).
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The reduced size is double of the exponent in n in the bound of Theorem 3,
hence is the controlling parameter of the norm of the graph matrix.

A fundamental fact is that the set of all min-separators form a lattice.

Theorem 5. ([Esc72]) For a ribbon (A, B;T), mSepy p(T) has a natural poset
structure: min-separators Ay < As iff Ay separates (A, As;T), or equivalently as it
can be checked, iff Ay separates (A1, B;T). The set is actually a lattice under this
partial-ordering: VA1, Ay € mSep,y p(T) their join and meet exist. In particular,
there exist unique minimum and maximum.

We denote the minimum in the above theorem by S;(A, B;T) and the maxi-
mum by S,.(A, B;T), meant to be the leftmost and rightmost min-separator,
respectively.

4.5. Johnson schemes. We only need a minimal amount of knowledge here.
Definition 4.7. ([Del73]) Fiz natural numbersn >k, n > 0. A Johnson scheme
Jisan ([Z]) X ([Z])—matm'x that satisfies (I, J) = J(I', J") whenever |[INJ| = |I'NJ’|.

It can be checked that (fix n, k) all Johnson schemes are symmetric matrices and
form a commutative R-algebra, so they are simultaneously diagonalizable. In below
we fix n and k = d/2. An obvious R-basis for Johnson schemes is D, ..., Dg/2 where

1, if|InJl=r
| | VI,JE(S).

(47) Dr(1,J) = {0, 0.W. d/2

Another basis which we denote by Jo, ..., Jq/2 is

(4.8) 3.1, J) = ('ICJ) VI, J € ([7;).

Jo, s Jay2 are PSD matrices since

(4.9) Jr = Z uAuX where wuy € [R([z]), ua(B) = lacs.
ACIn],|Al=r

Also, clearly, J4/2 = Id. A basis-change from D to J is given by the following.

d/2

Lemma 4.3. D, = Y. (—1)T'7T(7;/) “Jrr

/2 ’ '\ ([ INJ| Sl ¢ [INJ|\ ([(INJ|—7
Proof. The RHS(I,J) = 3 (=1)"~" (1) (")) = & (=) (") (") =
(IHZJl) “Lrngi=r = Ling=r- U

5. PSDNESS ANALYSIS, I: HADAMARD PRODUCT AND EULER TRANSFORM

Notation. Henceforth throughout the paper, M exclusively refers to the d/2-
homogeneous minor of the moment matrix M in Definition 3.7.

Our main theorem is the following.

Theorem 6. W.p. >1—n=28" M (G) = n~ 9 diag (Eﬁ(G))(H)X(H)
as2)* a2

Corollary 5.1. W.p. > 1 —n~2lsn, Ex@ > 0.

" w—d/2 » w—d/2
Proof. By construction (3.9), Exy = ((5)’(7‘1/;2)) ||Z / Ezg = ((él)’(i‘;/;iz))Tr(M), and
S:|S|=d/2

by Theorem 6 this is positive with high probability. U
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Proof. (of Theorem 1 from Theorem 6) Lemma 4.1 and Theorem 6 proves the
PSDness of the moment matrix from Definition 3.7, which also satisfies the Default
Constraint (Corollary 5.1 and the discussion above Remark 3.2) and the Clique and
Size Constraints (Lemma 3.2). The degree-d lower bound follows. (]

The rest of the paper is for proving Theorem 6. We will use three steps to achieve
so, and this section makes the first step.

To begin with, by definition of M (I, J) (Def. 3.7, (3.13)),
(5.1)

u 1 .
M(I,J;T) = Z[ qu .

c=0 u

. <<a - (Ccl - u)) <Z - z) (e (e U(;TCQ)T 8r2)! (Z)a)]

=M. (u,a)

where u = [INJ|,a = |V(T)UIUJ|. In this expression the parameter u appears
nestedly and makes it difficulty to analyze. (It doesn’t appear in the non-exact
case (3.8) at all.) To resolve the issue, we express M in a XII-form, i.e. a sum of
Hadamard products, so that in each leaf matrix the dependence on u is removed
to some degree:

d
5
(5.2) M = ch oM,
c=0
where m., M. are matrices as follows. For all |I|,|J| = d/2,

1 .
(5.3) me(I,J) = @w“% where u = |I N J|
; ‘V(T)ZI e M(INJ,|V(TY)UIUJ|)xr ,if|[INJ|>c¢
(5.4) M(I,J)=<T: vluJjsr
0 , O.W.

Remark 5.1. [t is important to note that m. is supported on all (I,J) while
M.(I,J)=04f|INJ| <c, so that (5.2) holds.

To analyze (5.2), we would hope that the second factor M. is “close” to each
other for varying ¢, while the first factor m, is qualitatively decreasing in c¢. This,
if true, would make it possible for us to concentrate on showing the PSDness in the
main case ¢ = 0. The next Lemma 5.1 proves the second half of the above intuition;
the other half will be stated more precisely in the Main Lemma 5.3.

/2
Lemma 5.1. For eachec=0,...,d/2, mc =w™° Y by - Jr where Ji’s are the John-

k=0
son basis (4.8), by/k! € [2£,1+ 29%]. In particular,

1

(5.5) me=wm =..=w?mg = —Id.

2 w

/2

Proof. By definition, m, = w™ ¢ (
1=0
simple basis of Johnson schemes (4.7). By basis-change (Lem. 4.3),

widzdl“)Dl’ where D; (I = 0,...,d/2) are the

d/2 k 1
_ . ,—c ~ k—1 w w
e =% kzzo"’f'k! leo(*l) 'L—(d—l)""@—(d—l)'(k—l)!

:=fr (1), which is 1/k! if =0
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k

For fixed k, fi(l) is increasing in I so > (=1 1fe(l) > fu(k) — fu(k — 1) >
1=0

% (1+ dT/Q)k_l > %. Note that for k = d/2, J4/2 = Id, so we get (5.5). O

Euler transform. Fixing ¢, now we look into the second factor M, in (5.2).
For fixed (I,J;T) denote u = |[I N J|, a = |[V(T)UIUJ|, then by (5.1) we have
that

(5.6) M.(u,a) = (a —(d— U)> (” - a> () (a4 u—c+872)! (“)e

c u—-c (872)! n

is the coefficient of x7 in M.(1,J) for ¢ < w.

Definition 5.1. (Extended M. (u,a)) For fized ¢ > 0, the function M.(u,a) in
(5.6) is partial, defined for (u,a) € N? s.t. u>c, u+a > d+c. It can be naturally
extended to N2 by letting

(5.7) (”_“> =0 ifu<e

u-—-c
and using the convention on binomial coefficients: (7") = (=1)% - (mﬁf*l) for all
m >0, k>0; (%T) =1 forallmeZ; and

(5.8) (7:) =0 forall0 <m < k.

In the rest of the paper, we will use M.(u,a) to mean this extended function.

In particular, if 0 < a — (d — u) < ¢ then M.(u,a) = 0 since (af(ifu)) =0.
One trouble with M., is that, still, w = |I N J| appears in it in an unpleasant way.
To further remove the dependence on u, we consider a decomposition

(5.9) M= Y MF

re(%))

)

where for each R € (L 2

index contains R. M rze explicitly, for any (I, J;T) let a = |V(T) U1 U J|, suppose
(2)* > Y.(|R|,a) - xr ,if RCINJ;

(5.10) ME(1,7) = T:|V(T)UIUJ | <7
0 , O.W.

) the matrix MZ% is supported on rows and columns whose

for some function Y.(u,a) to be chosen, then comparing for every tuple (I, J;T) we
see that equation (5.9) is equivalent to the following: for any fixed ¢, a,
u
u w

5.11 Yo(r,a) () = M.(u,a).

(.11) > (1) rina) = Mo
This suggests to take Y.(u,a) - (£)* to be the inverse Euler transform (w.r.t.
variable u) of the extended function M.(u, a).

Fact 1. ° If z(m),y(m) are two sequences defined on N s.t. for all m, x(m) =
St (T)y(l), then z(m) is called the Euler transform of y(m). The inverse

transform is given by that for all m, y(m) =32 (=)™~ () x(1).

Definition 5.2. (Coefficients in M) For every fized ¢ > 0, define

" r—1(m\ (a+l—d\ (m—a\  —(I—c) (a+l—c+872)! . 3

612 Yera)=4= " HOLGr (s L e L A
0

, 0.W.

9Coinciden‘cally7 this fact can be seen as an application of (-matrix and its inverse.
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Then as a clear-up summary, we prove the following the main result of this
section.

Lemma 5.2. (The Hadamard-product decomposition of M)

%
(5.13) M=) mo > o Mf
c=0 R:Re(7),)
IR
(5.14) = > D meoMf
Re(i)s) N0
=MR

where each m, is as in Lemma 5.1 and each ME has the following expression.
(1) ME =0 if || < c;
(2) FRZINJ, MXI,J)=0;
(3) If|R| >cand RCINJ, ME(I,J) = > ME(I, J; T)xr where
T:|V(T)UTUJ|<T
if denote a = |V(T)UT U J|, then ME(I,J;T) =

|R|

o rEorm (5)( 1)t

l=c

Y.(|R|,a) (5.12)
(4) For all0<c<r<d/2and0<a<T,|Y.(r,a) <7°".

Proof. (1), (2), (3) is by definition. To check (5.13) i.e. M. =Y MZE, we check

for every (I,J;T) where |I| = |J| = d/2, [V(T)UTUJ| < 7. Let u = |INJ|,
a=|V(T)UIUJ|, then note a — (d — u) > 0, and

w2 rn g
R . _ R . _ (Xha
E MMI,J;T) = g M, (I,J,T)f(n) E < , )YC(T,a).
R: R:RCINJ =0

By the Euler transform and (5.11), the RHS equals the extended M.(u,a). Thus,
we only need to see M, (u,a) = 0 if further u < ¢ or a — (d — u) < ¢ (in particular,
in such cases ¢ > 0), and this is by (5.7), (5.8).

For (4),
S () (N

l=c

IYC(u7a’)| =

<r-20-(27)" 1. (977 < 777
where note r < d/2 < 7 in our parameter regime. O

Lemma 5.3. (Main Lemma) In the decomposition (5.14), w.p. > 1 —n=51087

the following hold. For all R € (<[ZZL}2)’ denote PR ={I ¢ ((y;g) | R C I},
(1). M = n~diag(Cl) prypn;

(2). +w ME < n=¢/6. ME VY0<c<|R|
Corollary 5.2. (Theorem 6) W.p. > 1 —n"°198" gper G,

M(G) = n™* " diag(CUG)) (1)) (1n1)-

d/2 d/2



20 SOS LOWER BOUND FOR EXACT PLANTED CLIQUE

i

Proof. Fix an R, M® = Y~ m.oMZE. Suppose Lemma 5.3 (1), (2) hold (w.p. prob-
c=0

ability > 1 —n"51°8"). Since Hadamard product with a PSD matrix presevres PS-

|B| |R|
Dness (Schur product theorem), we have > m.o M < Y m.o <wcnc/6 : M(fi)

c=1 c=1

c=1

i
by Lemma 5.3(2). The latter equals (Z n=c/6 ~mo> o M{* by Lemma 5.1 which

|R|
then < n~Y%mg o M{¥. Similarly, 3~ m.o MF = —n=%5mgo ME. Thus

c=1
ME = (1—=n"Y%mgo M = n_d_ldiag(a)prpR (Lem. 5.1 and 5.3(2)).
Soin (5.14), M = M" + > ME = MO - nidildiag(a/l)([n])x([n]). O
0#£Re(L1),) R

The rest of the paper is devoted to proving the Main Lemma 5.3.

6. RECURSIVE FACTORIZATION: A PREPARATION

In this section, we give a systematic treatment of the recursive approximate
factorization technique of [BHK'19]. In section 6.3 we will formalize this technique
in a convenient language, and extend this technique properly for later use in Section
7. Section 6.1 and 6.2 together is an independent part only for showing Theorem
2(2) via the so-called mod-order analysis; the reader can safely skip them and
proceed directly to section 6.3 to continue the proof of the Main Lemma 5.3.

Notation. Thoughout section 6, for simplicity we discuss the non-exact moment
matrix (which suffices to lay the ground for the technique). Denote by M’ the

([Z]) X ([Z])—minorlo of the non-exact moment matrix.
2 2

/ _ Wlv(rurug| [n]
(6.1) M'(I,J) = > (=) xr VI,Je <d/2 .
T:|V(T)UIUJ|<T

The goal of section 6 is to diagonalize M’ approximately in the “LQLT” form
s.t. the difference matrix is negligible (w.h.p. when plugging in G).

6.1. Step 1: Diagonalization of E[M’].

Proposition 6.1. E[M’'| = CCT, where C is the (g/ﬂz) X (<[;’}2) -matrix

=T - dia,
(62) 0= s daa(VTD)
and t(r) = (1 — O(%")) (2)*" for all 7 =0, ...,d/2.

This can be shown by a similar calculation as in [MPW15], as below. Recall the
Johnson schemes 4.7.

Fact 2. (See e.g. (4.29) in [Del73]) The Johnson schemes (for (n,d/2)) have
[n]
shared eigenspace-decomposition [R(d/2) =W&..0 Vyps, and

d
Jr = @/\T(i) 11, forr=0,...,d/2
i=0

10Strictly speaking, PSDness of this minor is not sufficient as we do not have a homogeneity
reduction in non-exact case. Nevertheless, it suffices to demonstrate the idea.
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where 11; 1s the orthogonal projection to V; w.r.t. the Euclidean inner product, and

the eigenvalues are
d . d ;
i n—2%_y d
(7)) = 2 2 0<< —.
T(Z) (T—i)( %—T >’ 77]72

Lemma 6.1. E[M'] = Effo t(r)J, where each t(r) = (1 — O(4%)). (£)d-".

Proof. By definition, E[M'] = foo(%)d_rDr. By Lemma 4.3,
/2

’ ’I"/
6.3 D, =S (=) e
(63) PIE ()
So
d/2 d/2 ,
)= Y [ e (7
r=0 r'=r
4/ - w r’
6.4 — N, WNd—r( _q\r'—r
(6.4) > | Sy (7)
r’'=0 r=0
d/2 w w
_ ~ (X d—r' hadl 7’
Z St ( ) (1 Tl)
r’'=0
which proves the lemma. U

By Lemma 6.1 and (4.9), if let ¢(r) = (%)d’rl [1-— %]Tl then

E[M'] = Z t(|ADuaupr=(C")aj2,<as2 - diag (t(|A)) C<ajzae = CCT,
AiA<d/2

where used that the matrix (¢')4/2,<4/2 has columns {u4 | |[A| < d/2}. This proves
Proposition 6.1.

6.2. Step 2: Mod-order analysis toward “coarse” diagonalization.

This subsection is only for the simplification result, Theorem 2(2).
The reader can safely safely skip it and proceed to section 6.3 for the
proof of Theorem 1.

Given E[M’] = CCT in Step 1, ideally we hope to continue to solve for
(6.5) M' =NNT

with E[N] = C, and N extending C' by non-trivial Fourier characters. Also, we
restrict ourselves to symmetric solutions w.r.t. shapes.

Toward this goal, we start with a relaxed equation as Definition 6.1, with the
following motivation.

(1) Order in #. Entries of M’ all have a clear order in #. Like in fixed-
parameter problems, we treat * as a distinguished structural parameter and try to
solve the correct power of % in terms in V.

(2) Norm-match. Let’s have a closer look into

d/2 d
EM]=CCT =3 (1-0(57) - ()73
r=0

By fact 2, each J, b has norm (dq/?) /277" g0

T n

(6.6) [feXeAR|ES (d/2> (Eydrnd2r o) d).
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We expect N,.(N,) to concentrate around C,.(C,)", so the norm of the “ran-
dom” part, i.e. matrix of nontrivial Fourier characters in N,.(N,.) T, is expected to
be bounded by (6.6). The essentially tight bound from Theorem 3 (cf. [AMP16])
tells how this may happen, which we review below.

It will be convenient to use a scaling of variables: let

W, =lal

L = (Lo, ...,L%) = (N, - (E)T)ogré

)

Wl

then
. w . W, _,
(6.7) M =L-diag ((5)4) LT with E[L]=(Cr-(2)7/)c0, .

Now suppose

LT(I7A) = Z BI7A(T)XT7 A € <[n])

small T r
where assume as in (1), an order of £ can be separated:
n w
(6.8) Br.a(T) = (=)* - ( factor < » and > - ).

n
——

main-order term
Fix I, A, T, we are looking for the condition on z in order to have the expected
norm control on L,(£)"(L,)". Ignore for a moment the cross-terms, such a single
graph matrix square in L, (£)"L, is

w 2x w T T
VPR A - (=) - R/, 4.
(n) (I,A;T) (n) (1,A;T)
with norm!!
< (ﬂ>2x+r .pera(T)  9O(IV(T)UIVAY) (logn)>0
~'n

by Theorem 3. Here recall ey 4(T) = |[V(T)UITUA| — s a(T)(> |I|—|Al = & —r).
Compare this with (6.6), we need (%)aneI=A(T) < (dfz) (ﬁ)dﬂ_r. If think of 2¢ as
qualitatively smaller than any positive constant power of w,n, the natural bound

to put is > ey a(T) which actually is the limit requirement when igg © 1
Suggested by this, we will set the restriction z > e; 4(T) right from the start in

the relaxed equation.

The above motivation leads to the following definition. Take a ring A by adding
fresh variables a and x7’s to R, where T ranges over subsets of ([Z]) and they only
satisfy relations {x1/ - x7» =xr:T'®T" =T}

Definition 6.1. The mod-order equation is
(6.9) Le - diag (alAl) (Lo)T =M,  mod (%)
on the (5}12) X (<[g}2) matriz variable Ly, in ring A, where

MQ(I, J) = Z alV(T)UIUJ‘XT
T:|V(TUIUJ|<T

)

and mod (%) is the modularity, which means position-wise mod the ideal

({alV @RI}, i V(T)UTU | > 7}).

HHere the matrix is truncated from size 2[" x 2[7] which doesn’t change anything since the
original matrix is always O elsewhere.
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Moreover, if denote Lo (I, A) =7 Br.a(T)xr where B1,4(T) € R[a], then'?
(6.10) acta )| B A(T) VI, A,T.

We are interested in solutions that are symmetric, i.e. Bra(T") = By p(T")
whenever (I, A;T"), (J,B;T") are of the same shape.

The following is the key observation. Its proof demonstrates how to make de-
ductions from the mod-order equations efficiently, and is presented in Appendix
Al

Lemma 6.2. (Order match) If a product al4l - Br,a(T’) - Bsa(T") from the LHS
of (6.9) is nonzero mod (x), then both of the following hold:

(6.11) A is a min-separator for both (I, A;T"), (J, A;T");
(6.12) (V(T"YUITUA) n (V(T")uJuUA) = A.

Moreover, (6.11), (6.12) imply that

(6.13) A is a min-separator of (I, J;T) (where T =T & T");
(6.14) V(T'YUTUA|, [V(T")UJUA| < .

By this lemma, in an imagined solution we should assume Sr 4(T") # 0 only
when it satisfies its part in conditions (6.11), (6.14).

Using this information, plus a further technique of polarization, we can deduce
the following Proposition 6.2 which is the main takeaway of the analysis here. In
the deduction, the graph-theoretic fact—the “in particular” of Theorem 5—appears
exactly as the solvability condition. We leave the detail of intermediate deductions
to Appendix A.2.

Proposition 6.2. (Mod-order diagonalization) Let

T/
LallA) = ) e
T |V(T")UIUA|<T
A=S8(1,A;T")
T'NE(A)=0
(I,A;T") left-generated (Def. 4.2)

— T
Qo,a(A, B) == > acasTm)yp
Tm: |TUAUB|<T
A,BemSep 4 g(Tm)

(T, to indicate “middle”). Then
(6.15) Lo - [diag (a%)  Qo.q - diag @%)] LT =M, mod (¥)

where recall (x) means ideal ({a!VTMVIVIIHIN A g - [V(T)UT U J| > 7))

position-wise on each (I,J).

Equation (6.15) is slightly weaker than a solution to (6.9) but is sufficient for
all use since we are only concerned with PSDness. In particular, it gives the first-
approximate diagonalization of the matrix M’, recast as Definition 6.2 below. This
shows Theorem 2(2).

12Recall ey 4(T") is the reduced size |V(T') UTU A| — s1,a(T’) (Def. 4.6).
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6.3. Recursive factorization. This subsection gives a systematic treatment of
the recursive factorization technique, which we will use in the proof of Theorem 1.
We formulate it on matrix-products (Def. 6.4, 6.5) with a simplification (Lem. 6.4)
and extension (Prop. 6.4) that will be finally used in Section 7 in the exact case.

As in other parts of the section, we state everything in the non-exact case to
avoid unnecessary complication. The goal is to refine the coarse diagonalization
(6.15), recast below.
Definition 6.2. Let L be the ([Z]) X (L"i)—matrix

2 —2

(6.16) L(I,A) = 3 (IVETHIVAI= 1AL o,

T': |V(T')UIUA|<T
A=S(I,A;T")
T'NE(A)=0
(I,A;T") left-generated

and Qo be the (["i) X (["])—matrizzz

d
<3

w
(6.17) Qo(A7B) = Z (E)lv(TnL)UAUBIXTnl.
T | T VAUB|LZT
A,BEmSepA,B(Tm)

Finally, let
. W, 14l
(6.18) D := diag <(E) )AE( .

<iy2)

We call L(DQo)L" the first-approximate diagonalization of M'.
Despite of its name (“approximate”), the difference
(6.19) M’ — L(DQoyD)L"

is, however, far from negligible. This is where the recursive factorization will be
applied, and in the end it will give

(6.20) M =L-[D-(Qo—Q1+Q2... £Qqy2) D]-L" + &
for some negligible error-matrix €.

Remark 6.1. The use of D in the above is superficial. We only keep it to make
the middle matrices Q; have slightly more convenient expressions.

Let us start with some necessary notions.

6.3.1. More notion on graphs.

Definition 6.3. ([BHK'19] Def. 6.5) For ribbon R = (I,J;T), the canonical
decomposition is a ribbon triple (R;, Ry, R,) = (I, 4; 1)), (A, B; Ty, (B, J; 1))
as follows. A = S;(I,J;T), B = S,(I,J;T). V(R;) is A unioned with the set of
vertices reachable by paths from I in T without touching A, and Ty = T'|y )\ E(A).
Symmetricallywe define V(R;) and T,.. Finally, T,, = T\(T"UT"). R, R, R, are
called the left, middle, right ribbon of R, respectively.

Remark 6.2. For better clarity, we list a few properties that follow from the defi-
nition of the canonical decomposition.

1. A= 8(,AT), B=S5.B,J;T.) (so they are unique min-separators of
Ry, R, respectively);

2. TNE(A)=0=T,nE[A];

3. Ry is left-generated, R, is right-generated;

4. A, B € mSepy p(Tm) (in particular, |A| = |B|).
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The above are properties about Ry, R, Ry, individually (“inner” properties).
There is also an intersection property on pairs of them (“outer” properties):

5 V(R)NV(R,) CA V(Rp)NV(R,) C B, V(R)NV(R,) C AN B. This
implies e(Ry) + [V (Rm)| + e(R,) = |V(R)].

The canonical decomposition can be reversely described, as follows.
Definition 6.4. (Inner-, outer-canonicality) For a ribbon triple (R, R, R,.) =
((I, ATy, (A, B;T,), (B, J; Tr)>, their ribbon-sum is ribbon (I, J; T) where T =

T, &1, ®T, (i.e. each edge mod 2 sum). The triple is called inner-canonical, if
they satisfy the “inner” conditions:

(6.21) Items 1—4 in Remark 6.2.
The triple is outer-canonical if they satisfy the “outer” condition:
(6.22) Item 5 in Remark 6.2.

The triple is canonical if it is both inner- and outer-canonical.

Proposition 6.3. Canonical triples are 1-1 correspondent to their ribbon-sum, via
ribbon sum and canonical decomposition.

Proof. This follows directly by checking the definition. O

The above notions can be extended to related matrix products. Denote by
R[{xr}] the ring by adding fresh variables (“characters”) xr’s into R for every

TC ([Z]) (fixing an n), with relations {x1' - x7» = xr | T'®T" =T}.

Definition 6.5. (Approzimate form) Suppose matrices X, Y have their rows and
columns indezed by subsets of [n] and entries in R[{x1}]. A character in an entry
of such matriz can be regarded as a ribbon on the side sets row and column. Assume

all ribbons have size < T and X,Y have dimensions s.t. XY X" is defined.
Then every triple product (without collecting like-terms) in XY X T has form

(6.23) X(I, A T)Y (A, By Tin) X (J, B; T}) X1y e, »

nonzero in R

and can be identified with a ribbon triple (Ry, Ry, R;) in the natural way. We
say (6.23) is the resulting term of the ribbon triple; it is an outer-canonical
product if the ribbon triple is outer-canonical. The approximation form of
XYXT is:

(6.24) XYXT =(XYX Dean + (XY X N ion-can

where (XYXT)OM_Can collects all terms of outer-canonical products, (XYXT)HOH_Can
collects all terms of non-outer-canonical products.

6.3.2. Machinery of recursive factorization. In our just established language,
the first-approximate factorization (Def. 6.2) can be recast as
(6.25)

MI = [L(DQ(]D)LT]can - 8deg - L(DQOD)LT - [L(DQOD)LT]non—can - 8deg
where &g consists of all terms in [L(DQoD)L ]can with [V(T)UTUJ| > 7. Edeg

is actually negligible in matrix norm'3, and the main task is to analyze the “main
error”, [L(DQoD)L " |yon-can- The key insight is:

(6.26)  [L(DQoD)L " |non-can itself factors through L, LT approximately, too.

13They are supported on rows and columns where G is a clique.
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That iS, HQI s.t. [L<DQ0D)LT}non-can - [L(DQID)LT]can + 81;neg1 for some E:lgnegl
where [L(DQ1D)L " ]can = L(DQ1D)LT — [L(DQ1D)L " ]on-can by (6.23); then we
recurse on [L(DQ1 D)L | on-can]. We need the following notations to describe this.

Definition 6.6. ([BHK"19]) An improper ribbon is a ribbon plus with a new
set of isolated vertices. In symbol, denote it as R* = (A, B;T*) with T* =T UJ, T
an edge-set and J a vertex set disjoint from V(T)U AU B. J is called the isolated
vertex-set of R*, denoted by J(R*). V(R*) :=V(T)UAUBUI. (A, B;T) is called
the (unique) largest ribbon in R*. Note that a ribbon is also an improper ribbon
with J = (.

Note that J(R*) could be different from the set of isolated vertices of the under-
lying graph, since there can be isolated vertices in A U B.

Definition 6.7. The triple (le,iR,,L,iRr) = ((I,A;Tl),(A,B;Tm),(B,J;T,a)) 18
called side-inner-canonical if the left and right ribbons, R;, R, satisfy the inner-
canonical conditions on their part (the first three of (6.21)), and R,, is just a
ribbon.

The following operation is the technical core of recursive factorization.

Definition 6.8. (Separating factorization, [BHK19]) Suppose a triple (R;, Ry, R;)
(I, A; 1), (A, B;Ty), (B, J;Ty)) is side-inner-canonical and non-outer-canonical.
LetT :=T,® T, ®T, and Z be the multi-set of “unexpected” intersections, i.e. the
multi-set of vertices from (RiNRy,) — A, (R NR,) — B, (RiNR,.)— (AN B). Call
|Z| the intersection size of the triple, denoted as z(R;, R, R,). Note that

(6.27) [V(R) UV (Rm) UV (Ry)| = [V(R)[ + [V (Rin)| + [V (Ry)| = [A] = [B] — 2.

We further separate this triple into an “outer-canonical” one, as follows.

Let S] be the leftmost min-separator of (I, AU(ZNV(Ry));Ty), similarly S). the
right-most min-separator of (BU(ZNV(R;)), J;T,). Note that S}, S, C V(T)UIUJ.
Define R := (I, 5];T]), whose vertex set V(R}) is S] unioned with the set of ver-
tices in R; reachable from I by paths in T; without touching S|, and T} is T)\E(S))
restricted on V(R]). Ribbon R.. is symmetrically defined. In particular, T/ T = 0.
Then let Ry, be the improper ribbon (S],S.;Ty), Tr, = (T\(T] UT.)) UI(R:,)

where I(R%,) collects all the rest isolated vertices:
(6.28) IR =V(R)UV(Rp) UV(R,) — V(T)UTUJ
(R}, R, RL) is called the separating factorization of (R;, R,,,R,), denoted as

(6.29) (Ris Ry Ryr) = (R}, Ry, R

™m)

Remark 6.3. Let (R;, Ry, Ry) = (R}, R:,,RL) be as above. We list some basic
properties of this operation that are direct from the definition.

(1). (R}, RE,RL) is side-inner- and outer-canonical. The latter means their
pair-wise vertex intersections are in S, S, and S; N S, respectively. So if replace
Ry, by its largest ribbon, the triple would be canonical.

(2). R} C Ry, S| separates (V(R]), V(R;) — V(R])) in R;. So we can talk about
the part of R; that is strictly to the right of S|, which is disjoint from R and is
further contained in R, . The similar fact holds for R,.

(8). In Ry, since S| separates (I, A) and A is the unique min-separator of Ry,
there are |A| many vertez-disjoint paths between A and S;. Similarly for R,.

Lemma 6.3. Under the notation of Def. 6.8,
(1). [Si1+ 150 = |Al + Bl + 1;
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(2).1* Let s = leB‘, p’ be the max number of vertex-disjoint paths from S| to
S!in RE,, and p be the max number of vertex-disjoint paths from A to B in Ry,
then

2(s" =) + (p— 1) + IR < 2(Re, R, Re).

Proof. (1): by definition, there must be some unexpected pair-wise intersection
between the triple (R;, R, R,). In either of the three cases of breaking (6.22),
there exists some v € Z that is in V(R;) — A or V(R,) — B. W.lo.g., suppose the
first case happens. Then S # A since v can be reached from I without passing A
by the left-generated condition on ®;. Similarly, if |S]| = |A| then it is A as A is
the unique min-separator separating (I, A), so this is impossible. Thus S} > A.
(2). This is Lemma 7.14 of [BHK"19]. We omit the proof here. O

6.3.3. Apply the machinery to M’. Now we analyze [L(DQoD)L |uon-can in
(6.25). Conceptually, separating factorization allows us to “fix” [L(DQoD)L " |non-can
using L, L". Namely, a term (R;, R,,,,R,.) in [L(DQoD)L " |non-can at the (I, J)-th
position can be “countered” by the term —(R;, R* ,R.) in a new matrix product
[L(DQ1D)L"]can: R, at entry (I,S]) in L, R. at entry (S.,J) in LT, and the
largest ribbon of R, at (57, S.) in a new middle matrix DQ;D.

Of course, there are other triples whose separating factorization is the same,
and each entry of L is a sum of many different R}s, so we need to insure that this
cancellation works for them simultaneously in multiplication.

The following proposition is what insures the simultaneous cancellation can work.
We state a refined version (distinguishing the (7, j) parameters) that is more than
needed here but will be fully need in the exact case (in Lem. 7.3).

Proposition 6.4. (Solvability condition, cf. Claim 6.12in [BHK'19]) Fiz (I, J, S}, S..)
and a improper ribbon R with side sets (S],S}). Let (R}, R..) be inner-canonical
left and right ribbons with side sets (I,S5]), (S.,J) respectively, as in Def. 6.4. Let
(R}, R) be another such ribbon pair, with the same reduced size e(R)) = e(R}),
e(R]) = e(RY) (the same size, equivalently). Then for every fized tuple (i, j, z) the
following holds: there is an 1-1 matching between ribbon triples

(6 30) (R R R ) " (R17Rm7:R7‘) - (:R;’:R:zvm/r)y
. y Somy S ) S.T. L.
! (e(R1), e(Ry), 2(Ri, R, Rp)) = (4,5, 2).
and
(6.31) (R, Ron, Ry) (Ri, R, Ry) = (RY, R, Ry,
. , R, Ry) 8.1 .
: (e(R), e(Ry), 2(Riy Ry Ry)) = (i, 4, 2)-

Moreover, this matching fizes every middle R,,.

Proof. We give a reversible map from (6.30) onto (6.31). Take a (R;, Ry, R;) from
(6.30). By Remark 6.3 (2), the part of R; to the right of 5] is in R, hence is disjoint
from both Rj and R;. Similarly for R/., R,. Now take a map

(:Rl; 3Qm; 3Qr) — (¢(~(Rl)7iRm7 (b(:Rr))

where ¢(R;) replace R] by R} in R;, and ¢(R,.) replaces R,. by R/ in R,.

Clearly, R?, (thus R,,) is unchanged. Since Rj, R}’ have the same size by as-
sumption, by the disjointness property in Remark 6.3 (2), the replacement opera-
tion keeps the size of R;. Moreover, R;, ¢(R;) have the same right set which is the
unique min-separator of both, so e(R;) = e(¢(Ry)). Similarly for R, ¢(R;), so the
parameter (i, j) is unchanged by ¢. The intersection parameter z is unchanged too,

14Recall in our setting Ry, is always a ribbon, without any isolated vertex.
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since the changed part is disjoint from Z(R;, R,,, R;). Finally, the inverse map is
given the same way by changing the role of (R}, R.) and (R}, R}). d

We now describe one round of factorization. Let L be as Def. (6.2), @ be any
(5[3}2) X (§[3}2)—matrix with Q(A, B) = S0 | 1vizmyoavs<r (DY Elq(Ren) - vz,
where R,,, denotes (A, B; T,,,) and ¢(+) is a function symmetric w.r.t. shapes. Below
we define matrices Q’, Eneg as follows so that
(632) (LQLT)non—can = (LQ/LT)can + 8negl~

First let Q'(A, B) := > (%)‘V(Rm”q’(iRm)XTm, ¢ (R,,) as below.

Tt V(T )UAUB|<T
Fix any R, = (4, B;Tw), let t = [V(Rp)|(L 1), s = leBh then for every
improper ribbon R}, which contains R, as its largest ribbon and |V (R%,)| < 7, fix
any pair (R}, R.) s.t. (R}, R%,,R.) is the separating factorization for some ribbon
triple with |V/(R})],|V(R])| < 7 (if there is none, exclude R, in the summation
below), let

w "
/ _ I(R}, 1 p*
4 (Rm) = E (ﬁ)‘ Rl g"(R* ) where
Ry : improper ribbon on (A,B)
[V(RT)IST
largest ribbon is R,

w
SRy = Y > ) - a@).
1<z<d/2 P=(R;,R,R,.): side-inn. can.
P— (R}, RE R for the fixed R],R..
z(P)==2
Note that ¢'(R,,) doesn’t depend on the choice (R}, R.) by Prop. 6.4, so ¢'(-) is
also symmetric w.r.t. shapes. Now define €peq such that (6.32) holds.

Lemma 6.4. (One round) In the above notation,

(1). Wp. >1—n=218" oper G, ||Epegl|| < max{q(A, B;T)} - n=;

(2). Given an R,,, let p be the max number of vertez-disjoint paths between in
it between the two side sets. If there is a number C' s.t.

(6.34) YR, |q(Ron)| < C - (—2

nl—e )S_p

then |¢'(Ry,)| < C - (%)57P+1/3 for all R,.

nl-
Proof. We compare [LQ'L"]can, [LQL " non-can as step (0), then prove (1), (2).
(0). For any fixed (I, J), recall [LQL " non-can(I,J) is

w e —
(6.35) E (E)\V(Rz)lﬂ‘/(ﬁm)|+|V(91r)| |Al ‘B‘Q(:Rm)XTl@Tm@TT
(R, R, Ry): side. inn. can.
non-outer-can.
all three have size <7

where we denote the side sets of R,,, by (4, B). For each (R, R, R;) in the sum,
there is a unique (R}, R}, R.) that is its separating factorization: (R;, Ry, R,) —
(R}, R, RL). There are two cases of a term in (6.35).

First case: |V(R},)| < 7. In this case, there is the corresponding term

(6.36)  (2)VERDHVER+VERDI-ISI=ISi]  (Ly=+a(R;)]
n n
in (LQ'LT)can (I, J), where R, denotes the largest ribbon of R , T)* means the
edges of R, and z > 1 is the intersection size of (R, Ry, R,). In the separating
factorization, recall T} @ T}, @ T, = T1 & T, & T, V(R) UV(Rp) UV(R,)| =
[V R)I+ V(R HIV (R =[S = 150 = V(RO + |V (Ren) |+ [V (R )| - |A] = | B - 2
and |V(RE)| = [V(R),)] + |T(R:,)], so the coefficient in (6.36) equals the one in
(6.35) for (R}, Rz, R.). Conversely, at a position (R}, R.), [LQ'L"]can by (6.33)

: (J(RIWL)XT;@T;@@T;
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and Prop. 6.4 collects exactly all terms from a triple (R;, Ry, R;) in [LQL T non-can
whose separating factors have (R}, R]) as the left, right part and whose R}, has size
<.

Therefore, €yeg1 Will collect exactly all terms in the next case.

Second case: |V(R},)| > 7. By the above explanation, Enegi(l,J) =

w _ _
(6:37) Y (VORI OBl ) o,
(R, R ,R,): side. inn. can.

non-outer-can.
all three has size <7

resulting |V (R}))|>7

where we omit writing the sum condition “®R; (R,.) has left (right) vertex-set as I
().

(1). Fix any (R, Ry, R,) in (6.37). Note that [J(R%,)| < z + d/2 as a quick
corollary of Lemma 6.3. Fix T =T, 8T, ®T, and a > 7— |V (T)UIUJ|, we upper
bound the number of triples in (6.37) resulting in (£)IV(TVIV/I+e . ./ (ignoring
q(Ry,) for the moment): to create such a triple, we can choose a set as IJ(R%,) of
size < a/2 + d/4 where a is intended to be |J(R%,)| + z so a > 2I(R*) — d/2 by the
above; then decide the triple over the vertex set, where there are < 337 - 93(%) many
ways.

So if let By = max{q(-)}, then |coefficient of x7 in (6.37)| is no more than

BO(%)\V(T)UIUJH%(“;@ 9272 _ Bo(—5)IV(Mu10] (n—ze)lV(T)UIUJ\ (ﬁ)ang?#

n1—2e
< BO(n71/2)|V(T)UIUJ\n*Ze(\V(T)UIUJ|+a)nd/22272 < BO(n71/2)|V(T)UIUJ\nfl.SeT,

where the last two steps use w < n!/274 |V(T)U I U J|+a > 7 (case condition)
and d < e7/10, 227 < n/10. Also, all xr appearing in (6.37) has |V(T)| < 37. By
Lemma 4.2, for any (I,.J), w.p.> 1 — n~10len

3
|8negl(la J)| < i Bonfa/anl.E)E'rna/Znélloglogn2a2 <n71.457'.
a=0
By union bound on (I, J), w.p.> 1 —n=18n ||& || < nd . p=14T < p=er,
(2). Fix an R,,,. By (6.33),

¢ (R) = S (YIR)I+= > q(R).

n
z,Ry P=(R;,R,R;): side-inn. can.
largest ribbon = R, P— (R}, RE R for the fixed R}, R
z(P)==

For a fixed R},, there are < 8*7 < n® many triples in the inner sum (recall R}, R,
are fixed). This is because, after fixing how each vertex appears in all three rib-
bons and fixing A, B C R, as side sets, we only need to assign possible edges
that appear in more than once in the original triple; such an edge must has at
least one end in the already fixed (multi-set) Z. Then by Lem. 6.3(2) and (6.34),
’ inner sum ]S nez(%)zﬂﬂ(ﬁfn)\ g(R)| < (#)2(s’—s)+(p—p’)+2\ﬂ(9%,*n)| O ()P
<C- (%)QIJ(RLN . (#)5’—17’4‘1/2, where (s,p) denote the corresponding parame-
ters for R and (s, p’) for R,,, and the last step uses 8" —s > 1/2 from Lem. 6.3(1).

Finally, in the outer sum, for fixed i there are < n‘® many ways to choose R,
s.t. |I(RE,)| =do, 1 < z < 37. Together,

/2
io(Wy2i Ry = Wy
ld' (R)| < 37 Z C-n o(g)2 0. (F) P12 < (nké) p'+1/3
10=0
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Apply Lem. 6.4 to [L(DQoD)L |non-can With Q ¢+ (DQoD) then repeat as
described under (6.26), we get the recursive approximate factorization of M':

(638) M = L(D(QO—Ql—I—QQ—...iQd)D) LT—Edeg-i- (_Sl;negl+-~-i81+d;negl)-
Here it implicitly used:
Proposition 6.5. ([BHK"19] Claim 6.15) Q441 = 0.

Proof. First we use induction to show that for all £, in @ every appearing ribbon
R, = (A,B;T,,) has |A| + |B| > k. The base case k = 0 is trivial. For k + 1,
by Lemma 6.4 every R, = (A, B’;T),) in Qg1 is the largest ribbon of some R¥,
in the separating factorization of some non-outer-canonical triple in L(DQyD)LT.
Suppose that triple has the middle part R,, = (A, B;Ty,), then by inductive hy-
pothesis |A| + |[B| > k. By Lemma 6.3(1), |A’| + |B'| > |A| + |B|+1 > k + 1,
completing induction. For k = 1 + d, no ribbon with both side sets in (g;]Q) can
satisfy this. O

We have completed the preparation of the recursive factorization technique.

Remark 6.4. PSDness of M' would follow from (6.38) by some last steps'®. Sim-
ilar arguments will be given in section 8 so we omit them here.

7. PSDNESS ANALYSIS, II: RECURSIVE FACTORIZATION

Now we apply the recursive approximate factorization to the target matrices in
the exact setting, i.e. M in (5.14).

The high-level steps are the same as in section 6: we will first define the first-
approximate factorization (Def. 7.1, 7.3 and Lem. 7.1), then refine it recursively
to get the eventual factorization, Lem. 7.2), which is the main result of this section.

Definition 7.1. Fiz R € ([n]) For every i =0, ..., define matriz L™ as

0 JIfRZINA;
(9)ixr . o.w.
Ryi _ ) T |vora<r
(7.1) LRI A) = ll:(sl)(I,A;Tl)_
TNE(A)=0
(I,A;T) left-generated
er,a(T)=i
of dimension ([Z]) X (L"r],) Let LR := (LSO .. L7) the left factor, (IA/}/?')—r the
2

4( 77

right factor. Note that these matrices do not depend on

141
Definition 7.2. D™ := di ( ) g - .
efinition iag ( (%) AC \A|<d/2® {0,..., 7} x{0,...,7}

<3
st ME~ (LR, LR7) (D7 -QF-D7) - (L™°,...,L®7)", achived as Lemma 7.2.
N——— —/_/

2 ()

Our goal is to find a middle, <(Ll) (tr+1) ) (( ["] (t+ 1)>—matrix QF

Remark 7.1. Here the middle matriz has “larger” dimension (x{0,...,7}). The
reason is that in (5.12), or more broadly in any exact pseudo-expectation generated
by the method in section 3.2, the parameter a = |V(T)U I U J| appears nestedly
in an essential way. That is, fix (I, J;T), the non-exact coefficient (3.8) factors as

15As noted previously, this is not yet the PSDness of the moment matrix as we do not have the
homogeneous reduction in non-exact case. A full proof is just similar, though.
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(2)2 = (2)e@RIHVRn)l+e(Re) (Remark 6.2) as the left, middle, right terms, but
now terms like (a+i_d) -(1=%) are not log-additive in a. We deal with this by further
specifying parameters (e(R;), e(R;)) € {0,...7} x {0,...7}.

The main factor of the coefficients in M (5.15) can be separated into left, right,
middle factors as before, (£)® = (£)(R1).(£)[V(Rm)l. (2)e(Rr) - We leave the “hard”
factor Y,(r,a) to the middle matrix Q% ((, e1), (-, er) |, e, e, “intended” as reduced

sizes, as below.

Definition 7.3. (First-approzimate factorization, middle Qfo) Define Qfo to be
the {0, ..., 7} x {0, ..., 7 }-block matriz, each block of dimension (<[g}2) X (<[;’}2), that
is 0 outside of the principal minor ST x ST where

(7.2) SR = {(A,i) e (S[Z]m) % {0,..,7} | AD R,|A| +i> g},

and on this principal minor, Qfo ((A,i), (B,j)) =

(7.3)

w _ lAI+IB] . .
> (—)VETUAUBI=Z5 Y (IR, [V(T) UAU Bl + (i + §)) X,

n
Ton:|V (T )UAUB|<T
A,BemSep 4 5(Tm)

defined by (5.12)

— —\T
LE. (D7 - QE, - D7) - (LR> is called the first approximate factorization of
ME.

C

Remark 7.2. (Intended meaning of parameters in QF.)

(1). The set S® (7.2) is defined independently of c, where the condition |A|+1i >
d/2 is by the intended meaning of i as |V(T")\A| > |I| — |A| for some ribbon
(I,A;T") in LE. If |A| 4+ 4 < d/2 the corresponding column in L% is always 0.
Similarly for j.

(2). QE, is supported only on those ((A,i),(B,j)) € S® x S with |A| = |B.

(3). (cf. Remark 6.2) Regarding (7.3), in “canonical” situations (i.e. for outer-

Z T
canonical products in LT - (D™ - QE, - D7) - (LR> ) it holds that
V(T) UAUB|+ (i +j) = |[V(T)UTU J|

for any ribbon R = (I, J;T) that has (A, B;Ty,) as the middle part of its canonical
decomposition and e(R;) =1, e(R,) = j.

Lemma 7.1. (Qfo gives the first-approximation) Fiz R, ¢ < |R|. For every
(I, J;T) s.t. [V(TYUIUJ| <7 and RC INJ, there is exactly one outer-canonical
product in the XY X T -type matriz product

—~ ~\ T
(7.4) LR -(D7-QF, - D7) (L*)
as “X7 T

It is from the canomnical decomposition of (I,J;T), and results in term ME(I, J; T)xr.
Proof. Suppose R C I NJ. First, note every triple in (7.4) is inner-canonical by

definition of L%, QEO, so all outer-canonical triples there 1-1 correspond to their
triple-product (I, J;T) via the canonical decomposition.

Fix an (I,J;T) and its canonical decomposition, where |V(T) U I U J| < 7.
(I, A;T') appears exactly once in LE(I, A) in block L, where ¢; = ey 4(T");
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similarly for (J, B;T") and e, = ey p(T"). Further, there is exactly one outer-
canonical product in (7.4) corresponding to this triple, with coefficient

[ Al g)

(7.5) LRI, AT - (92 QR (A, B Ty) - (2)'5 - LR (J, B; T").
n ) n

By definition (7.1), (7.3), if let a := |V/(T') U I U J| then the above coefficient is
£)0. Y, (|R|,a) = ME(I, J;T). Compare (5.12), (5.15), where note a = |V (T)UIU
Jl=e + |V(Tm) U AU B| + e, by canonicality, we see that the lemma holds. O

Definition 7.4. Let &E

cideg b€ the matriz that collects all products in [ﬁ~(D7QEODT)~

T — —
L) Jean with [V(T)UTUT| > 7 (cf. (6.25)), and [LR-(D™QE,D7)-(LF) Juon-can
collects all terms from triples that are non-outer-canonical.

Summarizing, we have the first-approximate factorization:

c;deg*

(7.6) M = LE.(D"QF,D"). (ﬁ%) (. (D7QeDT)- (LA‘/%) R

— —\T
The crucial fact is that again matrix [LT - (DTQEODT) . (LR> |non-can factorizes
through Ijé, (Ijl'/"f)T approximately, allowing us to factorize recursively (cf. (6.38)).

Definition 7.5. For a fized R C [n], we say a function f defined on ribbons on
the ground set [n] is R-symmetric w.r.t. shapes, if f takes the same values on
isomorphic ribbons whose side sets both contain R.

Lemma 7.2. (Recursive factorization, exact case) VR € (<[5}2), 0 <c<|R|,

—~ —~\ T
(7.7  ME=1LR. [DT< A —QF + ... iQfd> DT} : (LR) + &R where

(1). All ka s are supported on the principal minor ST x S® ((7.2));
(2). QE, is by Definition 7.3;
(8). V1< k <d/2, ka is a (T4 1) x (1 +1)-block-matriz supported on ST x ST,

(7.8) 7, ((A, i), (B,j)> - Y B Reid) v,

T |V (T )UAUB|<T

where we denote R,,, = (A, B;Ty,), qfk(', 1,7)’s are R-symmetric w.r.t. shapes, and

.. .. w _
(7.9) (i,3) 10l Ry 6 DI < 77 ()T
where s = 7"4';‘3', p is the max number of vertex-disjoint paths between A, B in
R

m-
(4). For any G, EE(Q) is supported within rows and columns that is clique in G
and contains R. Moreover, w.p. > 1 —n~=2l8n, Hc‘f” <n~e/2,

To prove this lemma, we use a counterpart of Lemma 6.4 in the exact case, stated

below. Fix an R C (g/’]Q) and for convenience denote n; := (CE%) x (14 1).
Lemma 7.3. (One round of factorization, exact case)

Let LR be from Def. 7.1, QF be any n1 x ni-matriz supported on ST x S® and

(7.10)  Q((A,0),(B,j)) = 3 “

n)IV(%)'q(Rm,M) “XTp,
Trm: |V (Tm)UAUB|<T

where R, denotes (A, B;T,,), and q(-,i,7) is R-symmetric w.r.t. shapes for any
fized (i,7). Now we define matriz Q’, Eneg1 s0 that

(7'11) [Eé Q- (Eé)—r]non—can = [i/\[2 : Ql : (ﬁ%)—r}can + Snegl-



SOS LOWER BOUND FOR EXACT PLANTED CLIQUE 33

Namely, let Q' be only supported on ST x ST, with expression Q'((A,1i),(B,j))
= > (%)'V(R’")‘q’(me,i,j)XTm, where ¢' (R, 1, 7) is as follows. For
T |V (T )UAUB|<T
a fized Ry, = (A, B; Th) and (4,7), let t = |[V(Rp)| < 7, s = %, and for every
improper ribbon R, that contains R, as its largest ribbon and |V (R:)| < 7, fix any
a ribbon pair (R}, R..) so that (R}, R%,,R.) is the separating factorization of some
ribbon triple, |V (R})], |V (R.)| < 7 and

(7.12) (e(Ry), e(R})) = (i, 5)-
1If there is no such choice, exclude this R}, in the summation below. Define
w *
/ Rm ;g — - ‘J(me)l . 1 jz* .. h
¢ (R, i, 5) > () q"(R},,1,5) where

R : improper ribbon on (A,B)
[V(R7)IST

m

largest ribbon is R,,

1 * SN 8 z | . .
q (:Rm77’ j) - Z Z (TL) q(fRazlv.]l)-
(2,41,41): P=(R;,R,R;.): side-inn. can.
1<2<d/2 P—(R;,RE,,RL) for the fixed R}, R
2(P)=z, e(Ri)=i1,e(Ry)=51
Here, ¢ (R, 1,7) doesn’t depend on the choice (R}, R.) by (the full of) Prop. 6.4,
50 ¢'(+,4,7) is also R-symmetric w.r.t. shapes. Finally, Eneg is defined s.t. (7.11)
holds. Then the conclusions are:
(1). Wp. >1—n=18" gper G, ||€peql|| < max{q(-)} - n=;
(2). If there is a number C for which

(7.14) YRonyisj (g Ry )| < O - (—

nl—e )S_p
where p is the max number of vertex-disjoint paths between A, B in R,,, then
.. w _
VRin, i d (Ren)] < O () P2,
Proof. (of Lemma 7.3) The proof is almost the same as that of Lemma 6.4; we
point out and explain the differences below.

The support condition (i.e. supported on ST x Sf) doesn’t affect anything since
LE itself is automatically 0 on columns and rows that are not in SE. s

In step (0), we expand [LE-Q’- (LR) "]can to compare with [LE-Q-(L®) ] on-can
term-wise, using Prop. 6.4. Here, notice that when (7,7) and R}, are fixed, the
size of any choice of (R}, R]) satisfying (7.12) are also fixed, so the proposition is
applicable.

The comparison of orders on (%) between the two is the same as in step (0) in the
proof of Lem. 6.4, and we get that &,eg collects all products in [LE-Q-(L%) T|pon-can
whose R, in separating factorization exceeds size 7. Le. Epegl (£, J)) =

(%)IV(RL)\HV(RM)H\V(RT)\—IAI—Iqu(gqm7 i, 3)XTs

3,5  (R;,Rpm,Ry): side inn. can.
non-outer-can.
all three has size <7

[V(RE)I>T, (e(Ri)e(Rr))=(1,)
where T = T; & T, ® T, and we omitted writing the default condition in the
summation that ®; (R;) has the left (right) side vertex set I (J).

Conclusions (1), (2) follow from the same estimates as in Lem. 6.4 (after (6.37)).
Note that the norm bound from Theorem 3 is still applicable to our case where a
graph matrix can be nonzero only on (A, B) s.t. R C AN B; this is because we can
process the original graph matrix by diag(1lg) - (=) - diag(1gr) where 1z(A) = 1 iff
R C A, which does not increase norm. Finally, for (1) we have an extra (1 + 7)2-
factor compared with before (occurring from a union bound on blocks), but the
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estimate in Lem. 6.4 is loose enough that when multiplied by this additional factor
it is still < n™°. O

N T
Proof. (of Lemma 7.2) We apply Lem. 7.3 to [Lf - (DTQEODT) . (LR) |non-can

repeatedly; as the result we can express MF as:
(7.15)

— —~\ T
LR<DT( o — Qe+ £ Q) DT) (LR> &gt (€l negt - Edat 1ineg)

where again it uses that Qde = 0, by the same Prop. 6.5.
(1). All ka is supported within S x S by definition of a round (Lem. 7.3).
(2). This is by definition.
(3). The coefficients {g/4(-,4,4)} of each QF, (k = 0,1,...,d) are always R-
symmetric w.r.t. shapes by Lem. 7.3. By definition (7.3) and Lem. 5.2(4),

VRinsis g [ao(Ron)| = [Ye(|RI, [Ren])] - () VORAVE] < 757,
’ n

Notice QF, is special in that for all R,,, = (A, B;T},) in it, there are |[A| = |B]
many vertex-disjoint paths between A, B in R,,, i.e. s = p (as usual s := leB‘
and p denotes the max number of vertex-disjoint paths between A, B). So the

above can be equivalently written as |¢(Rm)| < (5#)*7P7°7. Now we use Lem.

7.3(2), whose “q(-)” is qfk here, the “Q” matrix is DTQf:kD, the “(£)IVRmlg(.)?
is (%)'V(Rm)"S (9) - qfk. As the result, |qfk(9€m,i,j)| < 757 (#)S*”H“/S.
— ~\T
(4). When plug in G, both MR LE [DT< B QR 4.+ ngd) DT} (LR)
are supported on clique rows and columns that contain R by definition. So it is the
case for the difference, ¥, too. Thus we only need to show the norm bound on
e im €y + (€M e+ £ EB 1)+ By Lem. 7.3(2) and induction on

c;deg
k=0,...,d, it always holds that |¢f,| < 7°7. Also for each & by Lem. 7.3(1)

k;negl’
ER

k;negl

w.p. >1—n-9len

As for B

c;deg?
— N\ T

canonical products in L% - (D"QE,D7) - (LR> at (I,J) where |[V(T)UIUJ| > 7.

Thus

‘ < T5Tn—67' < n—O.QET.

recall that by Def. 6.5, its (I, J)-th entry is the sum of outer-

Elaee L= GO gl R eRi). (R
1,Rm ,R;): side-inn.can.
outer.can.

all three has size <7
|\V(T)uluJ|>T

where T' = T)®T,,, ®T, and each R; (R,) in the summation is assumed to have I (J)
as the left (right) set. We remark that the validity of this identity relies on the condi-
tion |V(T)UIUJ| = e;+e,+|V(R,)], which follows from the outer- and side-inner-
canonicality. By the canonicality again, in this sum, at most 337 triples contribute
to any fixed (I, J;T). Since 37 > [V(T)UIUJ| > 7 and |¢f,(-)| < 7°7, we have by

37
Lem. 4.2 that ‘eR (I, J)’ < 707§ (@)max{ricl (ne/29e paloglogny < p=2er y b

c;deg “
c=
> 1 —n~10¢"  So by union bound over (I,.J), ’Egdeg < n~WApT2em <oper
w.p. >1—n=95len,
Together, summing the bounds on ‘ Ef’k;ncgl ‘ and ’ Efdcg , by union bound over

k=1,..,d, we get that w.p. > 1— n—910gn’ Hgé%“ < pet/2, 0
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8. PSDNESS ANALYSIS, III: STRUCTURAL AND PSEUDORANDOM MATRICES

In this section, we prove the Main Lemma 5.3. Recall by Lemma 7.2, for each
R and ¢, ¢ < |R|, we have:

—~ —~\ T
MFE = LE. DT< 20— §1+...iQ§d)DT -(LR) + &R

=QR
The key is the following lemma.

Lemma 8.1. W.p. > 1 —n=8198" oyer G, the following holds.
(). VR € (L)), Qffg - Qfy + . £ QF, = 77 - diag (Cl)sRXsR, where

recall ST = {(A,q) € (S[:i%) X {0, .., T} | AD R, A +i > 4}

(2). VR, 0 < ¢ < |R|, +w™° ( R—QF + ..+ QRd) =< n~*diag (ﬁ) .
: : &5 SRxSR

Proof plan for Lemma 8.1. Fix an R € (<[3}2). We will prove the lemma by
three ingredients: Corollary 8.3, Lemma 8.3, and Lemma 8.4.

Corollary 8.3 is about the positive-definiteness of Q(Ifo. This is our last technical
piece, where the proof strategy is to use a natural “structural part + pseudo-random
part” decomposition of Q(}fo, and we show the structural part is positive enough
while the pseudo-random part has small norm. The technical part lies in analyzing
[E[ngo], whose properties are sensitive to the choice of the generating function F
(Definition 3.6).

Lemma 8.3 and 8.4 are about other ka matrices where k + ¢ > 0, saying
that such matrices multiplied with w™° have small norms and are appropriately
supported. These are proved by standard norm analysis.

In the upcoming subsections 8.1 and 8.2, we carry out this plan.

Definition 8.1. Define the root diagonal-clique matrix as

0 L if A+ B;

8.1 Dci(A, B) = ol
(8.1) a4, B) {2(‘3)/2.(31,4—2(‘3)/QZT§E[A]XT s 0w,

of dimension (<[3}2) X (<[;’}2), so that D%,(A, A) = CI(A) for all A € @7]2) Also

let DG, := Dc1®1dyo,... 7yx{o,...,ry which is again diagonal.
Definition 8.2. The structural-pseudorandom decomposition of Q(}fo 18
(8.2) ng = D¢, - [E[Q(Ifo] “Dgy + (Q(I)%,o — D¢ - [E[Q(I)%,o] : 61)7

where the summand DY, - [E[foo] - DZ,; is called the structural part, and the
summand (Q(Ifo - Dg, - [E[ngo] . Dgl) the pseudo-random part.

8.1. Positiveness of the structural part, E[Qf].

Proposition 8.1. Fiz R € (<[:1L}2) and 0 < ¢ < |R|, let r := |R)|.

(1). E[QE,] is supported on the blockwise partial-diagonals {((A,z'), (A,j)) €
SE x SEY . where ST is by (7.2) (i.e. requires R C A and |A| +min{i,j} > d/2).
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(2). For al ((A,i), (A,j)> € S7 x SR fo]<(A,i), (A,j)> _

s g(_l)r_z$(|A|+i+cj+l_d> (|A|+8T2 +(;ZTZ)!C)+(H]-)>!
to(TY,

In particular, for ¢ =0, ( n )

(8.4)

E[QL,] ((AJ), (4, j)) _ i(_l)r_l % | (|A| + 872( ; j; (i+ j>>! » (Tf) |

1=0
(3). For every A € (<[§}2) let 14 4 be the (<[§}2) X (<[g}2) -matriz with a single 1
on position (A, A). Then

(8.5) E[Qf] = Z laa®

AC(J3)2)
ADR

<Z(—1)T_l(;) : P|A|+l> + E%

=0

where for every fized A, Plaj1i, EX are (1 +1) x (7 4 1)-matrices both supported
on the principal minor {i | d/2 — |A| <i <7} x {i|d/2 —|A| < i< 7T}, satisfying
HE}EH < % and

(|A|+l+87’2+(i+j)>!

(872)! ’

Proof. For (1), the constant terms in (7.3) correspond to T, = (}, which is nonzero
only when A = B for A, B in S%.
For (2), by definition (7.3) notice again Tr, = § and A = B. E[QF((4, 1), (4, )))]
=Y.(|R|,|A| +i+j), which expands to:
— —

. _ +1—d\ (n—a\ __.(a+1—c+871?)!
8.7 Y (¢ (I—0) )
an () (1) ottt
=c N—————’
Def. 5.1
Now use (;~)n~ ") = (l—lc)! (n_a)'”(nn_lfc'_(l_c)ﬂ) = (zfc)!(l — O(d?/n)) and

< (4d)? - (94 < 77

e e

to (8.7), we get (8.3). Further, in (8.7) when ¢ = 0 we have (“*/~%) = 0 regardless
of a + 1 — d (any value of it, positive, negative or 0). And the same analysis gives
(8.4).

For (3), each EX has dimension (7 + 1) x (7 + 1) and each entry is absolutely
< 7157 /n from part (2). The expression of P44, is directly from (8.4). O

Remark 8.1. (Specialty of ¢ = 0). Comparing E[Qf] and E[QF] (8.3), (8.4),

(45

the specialty of the case ¢ = 0 is that the factor 1s always 1, which is

important for [E[ngo] to be positive. In cases ¢ > 0, (lAltlfd) might be 0 or negative

depending on the order between 0,c, |A| + 1 — d, making E[QE,] possibly not PSD.
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Definition 8.3. For every m,t € N, define the factorial Hankel matrix to be
(8.8) Hp4(i,5)=@G+75+1)! Y0<i,j<m.
The following is our key observation on the structure of these matrices.
Proposition 8.2. (Almost common decomposition of {H,+})
(1). Hpt = Ly - (Nm’t Dyt - (Nmyt)T) (L)) where L,,, Dy, are diagona and
Np.t is lower-triangular, with expressions
t

Lin(ini) =i Donelivi) = [T G+1) Nm,t@',j)(m)-

i
=1
In particular, Ly, is independent of t, and Hy, ; is positive.
(2). Let Jp, be the usual (1 +m) x (14 m) lower-triangular Jordan block
1 ,ifi=jori=j+1;

Intiei) = {

Then the “left factors” Ny, . satisfy the recursive relation Ny, 41 = Nyt - I

, 0.W.
Proof. The two items follow from a direct inspection of the definition. O
Proposition 8.3. If parameters m,t,r satisfy
(8.9) t+1> 8 -max{r’, m}
then it holds that Hp, 141 = 2T2Hm$t.
Proof. By Proposition 8.2 it suffices to show that under (8.9),

Jm D1 J) = 202Dy .

Equivalently, we need to compare the quadratic forms for fixed m:

(8.10) Gr1(x) == (" Tp) D1 (Jhx) wes. qi(z) :=2r% 2" Dy sa
where 27 = (20, ..., 7,,) is the formal variable row-vector. Define two polynomials
t t+1
a(y) =2 [[y+¢) and B(y) :== [ (w+1),
=1 tr=1

then we can write gr1(x) = Y B(i)(z; + 2it1)? (Xm41 := 0) and ¢:(z) = > ali)z?.
i=0 ‘

To compare the two, note that

S 0 1
(8.11) gir(x) =Y ali)a? + Y Bi)bi(zi + E“H)Q
i=0 i=0 ¢
qt ()
where we have let b; := 1 — % - %ﬁ (1<i<m)andby:=1— %.

Claim 8.1. For alli <m, b; > 1/2.

Proof. (of the claim) By definition on i. For i =0, by = 1 — % > 1/2 by (8.9).
For i > 1, recall from the definition of a(—), 8(—) that

2r? i 1
8.12 b;=1-— ~ — — - .
(8.12) (t+1+19) (t+14+17) b
2 . 2 . .
So b; = 1f%fﬁ~b%1 > 7%7%2 > 1/2 by (8.9) and the inductive
hypothesis. O

By (8.11) and positiveness of each b; (Claim 8.1), ¢;11(x) > g¢(z). This proves
(8.10) and thus the proposition. O
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Now we apply Proposition 8.3 to matrices P44 (8.6). First, note that

1
P = WHrf(d/QﬂA\), d—|Al+872+1
where A is fixed and [ varies. We have the following corollary:

Corollary 8.1. (Positiveness of E[Q{,]) In the decomposition (8.5) of E[Q{,], for
each A D R it holds that

(8.13) (Z(l)”(ﬁ)‘f’mw) +Ef - diag (T*GT)OSiST_(d/Q_‘AD
=0

where for convenience we have viewed the row- and column-indices {i | d/2 —|A| <
i < 7)} naturally with {0, ...,7 — (d/2 — |A|)}. In particular,

[E[ngo] - Z 14,4 ® diag (TiﬁT)d/2—|A|§z‘gr = diag (T*GT)SRXsR

AC(Jy))

ADR
where recall S® = {(A,i) | RC A, |A| +i>d/2}.

(8.14)

Proof. The “in particular” part is a straightforward consequence of (8.13) and (8.5)
(using the fact that tensoring by a nonzero PSD matrix preserves the relation >).
Below, we prove (8.13).

Fix A, let 79 = 7 — (d/2 — |A]), to = d — |A| + 872. Then

T r 1
8.15 -1 ) Pay = o (X + Xoo + ...
(8.15) DU Bt = (g (6 X )
" r—2v)?
Where, U <wv< \_T/QJ, XT—2’U = ((Tr:ssgl (Hro,t0+r—2v - ((21]_’_1)) HT07t0+7‘—21)—1>
<r2

and H,, _1 := 0. Since to > 8 max{r?, 1}, by Proposition 8.3

)

(r —2v)!
So in (8.15), in particular,

d 0 1 Prop. 8.2 D
(816) § (_1) l(l|) 'P|A|+l = 2 “Hro 1 = L\ Ny, - t20 '(Nto)T L
! (872)! (872)!
1=0

1 2
Xr—2v = . ma’X{iHTo,to-‘rT—Q’Ua r HTo,tg+r—2U—1} V0 <v< T/Q

where we temporarily abuse the notation by omitting the index 7y in the RHS.
Using the following claim, we can finish the proof of (8.13):

RHS of (8.16) = L -diag (77°7) -L  (by Claim 8.2)

0<i<7o
> diag (17°7)

0<i<7y’
while by Proposition 8.1 (3), ||[Ef|| < % < 7797 (using the parameter regime).
So LHS of (8.13) = diag (77 —7767) _.__ > RHS of (8.13). O

Claim 8.2. Under the notation of Cor. 8.1, the following holds:

it
(8.17) N2V, g) = (—1)i <z2+_ Jg) 0<i,j<m
(which is defined as 0 if i < j);
D . —5r
(8.18) Ny 3 (V) T - diag (77° )ogigm'

o (872)!
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Proof. For (8.17), multiply this matrix with N;, then the (i, j)th entry is

iwfi+t) (k+to a v (VG +t0 (K +7+t

DN C i O )=t ,
) . i—k k—3j v —k k
71<k<i k’=0
where i =14 — j, k' = k — j. To see it is the identity matrix, we use a generating
function. Let D,,[(1 + z)° } denote the coefficient of ™ in (14 z)%, m > 0,a €
Z, the above RHS = (=1)" 330, Dyr_ o [(1 + 2)7++t0] . Dy [(1 4 )~ (to+i+1)] =
(—1) Dy [(1 + ) +i+to=(oti+D] = (Z1)' Dy [(1 4+ 2)7 1] = Ly

As for (8.18), note it is equivalent to:

Dy,

(8.19) I

= Nt (NG T

to

To upper bound the RHS, let ag = 7757, consider the quadratic form

(8.20) a:Tthl ~ag - (N, to Tz =a Zyj,
where by (8.17), y; = (CETthl). = ZZEj(—l) (tho)w . By Cauchy-Schwartz,

2 <10y (H't“) a7, thus RHS of (8.20) = ag .72 y7 < ao >_;% =3 (To Z;:O (iittj‘?)g)
<y 0<T : (97'2)2”2)33?. Now (8.19) follows since, for each i, in the LHS

of (8.19) = [2'8077(;)1) > (872)~(@/2=14D) by definition, and the latter > 772¢ >

57 . (972)%*2 using i < 79 < 7, d < 7. Combining these two conclusions,
we get (8.19). O

We arrive at the main conclusion of this subsection.

Corollary 8.2. (Positiveness of the structural part of foo (Def. 8.2))

D¢, - [E[Qol%] -DEy = 7% - diag (a)

stractural part of QF,

SRx SR’

Proof. 1t follows from Corollary 8.1 and the fact that DZ (A, A) = E]VI(A) in Defi-
nition 8.1. O

8.2. Rest bounds: kas. In this subsection, we bound the rest matrices:

Q(l)%,o — D¢y - [E[Q(I)?,o] D& Q&k (k>0), w“ ffk (c>0,k>0)

pseudo—random part of Q&U (Def. 8.2)

by three Lemmas 8.2, 8.3, 8.4, respectively, which would prove Lemma 8.1.

The arguments are standard but somewhat lengthy, as we need to be careful on
the block structure and the support of matrices. Like in the proof of Lem. 7.3,
when fixing an R C [n] we only consider ribbons whose both side sets contain R,
so the corresponding graph matrices will be multiplied by diag(1lg) from left and
right, where 1z(A) = 1 iff R C A; this does not affect the norm bound in Thm 3.

Definition 8.4. Recall the (blocked) root diagonal-clique matriz D, Def. 8.1.
Denote by D' its 0-1 valued version. Ie., D' is diagonal and D'((A,1i), (A,i)) = Cly

for all A € (<d/2) and 0 <1< T.
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Lemma 8.2. W.p. > 1 —n=2198" the following holds: VR € (<[;L}2),

(8.21) i(ng — D¢, - [E[ng] D) (G) 2 n7° - diag (Eﬂ(G))Sast

pseudo—random part of Qf,
Proof. Fix R. In this proof abbreviate Qs := Q' — D, - E[Q{] - D&, (“ps”
for pseudo-random). It is (7 + 1) x (7 4 1)-blocked with blocks (st7(i7j))0<i j<r

In block (4, j), by Def. 7.3 and Prop. 8.1, Qps (i 5) is supported within S; ; x S; ;,
where S;; := {A | |A| + min{i,j} > d/2}. For each A # B, by Prop. 8.1 (1),
Qps (i) (A, B) = Qfo((A,9), (B, j)) =

w _1Al+1Bl
(8.22) > (=)IVImUAGBI=Z5 (A, B T) - X,

T V(T )UAUB|<T
A,BemSep 4 g(Tm)

and
(8.23)

st,(i,j) (A7 A) =

w _
(E)'V(T’”)U"" AL (A, ATy - Xz, -
T 1<|V(Ti)\A|<T—|A]

Here we have abbreviated ¢(4, B; Ty,) :== Yy <|R|7 |[V(T,,)UAUB|+ (i—i—j)) ((7.3))

and have omitted the indices |R|,i + j when they are fixed. Two properties we
need:

(8.24) q(A, B; Ty,) depends only on |V (T,,) U AU B| when fixing (A, B);
(8.25) ‘q(A, B;Tm)‘ <77 (by Lemma 5.2 (4)).

By (8.24), Qps,(i,5) (A, B) always factors through Clayp thus Cl4Clp. In particular,

(8.26) Qps =D - Qps- D' (D' from Def. 8.4).

1 - ogmn —1.1e 3 1Al
Claim 8.3. W.p. > 1 —n=95len, +Qps,(ij) X 1 1lediag (2( 2 )>Sleis for all
(i,7), where | := min{i, j} and Sf* :={A € (S[g%) | ADR, |Al+1>d/2}.

The lemma follows from this claim and (8.26), as follows. We consider a different
decomposition of Qs for every b € [0,4], let I, := {i | d/2— b < i < 7}, and let
Qps;p be the principal minor on W := (PbR X Ib) X (PbR X Ib) of Qps (0 elsewhere),
where Pf' = {A C [n] | R C A, |A| = b}. Then

/2
{((A,i),(B,j) € SEx St |0<|A|=|B| <d/2} = bIZIOWb (disjoint union).

Note that Qf is supported only on those ((4, 1), (B,j)) € S x S% with |A| = |B]
/2

(Remark 7.2(2)); in particular for ¢ = 0, we have a decomposition Qps = Y Qps:p-
b=0

Now inside block Iy X Ip, Qps;p is further block-wise, each block a principal
minor of Qg ;7). By Claim 8.3, (£) all such blocks < n~15¢ . diag (2(3))131% .
b X%

together w.p. > 1 —n=9-51°8" which implies £Qpsp < 72 - n~5diag (2(3)) =

Wy

n~‘diag (2(2))1/1/ . So, summing over b, £Q,s < n~*diag (2(‘3‘)) w.p. 1—
b

SRxSkE
n~21°8™ Insert this to the middle of (8.26), where Cly = 2('2). Clya, Cluy = CI3,
we get (8.21). O
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Proof. (of Claim 8.3) We use the norm bounds from section 4. Fix (i, ), consider

dia, dia,
Qoet ) and QF = Qpe (i) — Qpety ) Separately.

Diagonal part. For any (A, A) in the support (i.e. |A|+i > d/2,|A|+5 > d/2),

ia 2 w
Qpire ) (A, 4) = Cl 2. (NN g(A, AT, | by (823).
T 1<|V(T)\A|<T—|A|
T NE[A]=0
=g(A4)

This g(A) can be bounded by norms of diagonal graph matrices as follows. First,

q(A, A;T,,) depends only on |V (T;,,)\A| (we have fixed R,i,j, A), so temporarily
denote it as ¢(|V(Tin)\A[). For any 1 <v <7 —|A[ let U, ..., Uj ) be all different
shapes (A, A;T) (Def. 4.4) s.t. TN E[A] =0, |[V(T)\A| = v. Note

(8.27) h(v) < 2l4lv+*  gince we required T N E[A] = 0.
T—|A| h(v)

RCIRTON oD SIS )\

v=1 z=1 Tm:(A,A;Ty,) has
shape U}

So wp. > 1 —np 96len |g(A) =

—Myy (A,A) by Def. 4.4
T—|A]
< Z (£)orsT Z || My || by (8.25) and that each

IN

T—|A]
3 @) 3 M

My is diagonal; this is further < Y (£)°757 2lAlv+v® L 390(IAI+Y) by (8.27) and

v=1

~|

Theorem 3, which is < Z n =3 . n® < n~12€ in our parameter regime.
v=1

Off-diagonal part. By R-symmetry of coefficients (8.24), Qgg,(i,j) is a sum of
graph matrices. Let U*, ... UZ(t ) be all shapes (A,B;T) s.t. |Al = |B| =s, A#
B, A, B € mSep, p(T) and |V(T) U AU B| = t, then by (8.22), Qgg(i,j) is a block-
diagonal matrix, with blocks s = d/2 —1, ...,d/2 according to s = |A| = | B|, the sth
block being Qgg(i7j)( 8) = Dot sct<r (2 )t SZ h(s8) g us: *)Mys.c. Here naturally, we

= 1

denote q(A, B; T,,,) = q(U%?) if (A, B; T},) has shape US*. By Theorem 3,

Wit s tos —s
(3.28) || £ X ()7 hlts) - 05200 (logn) O
s<t<T
w.p. > 1—n=98len Also clearly, h(t, < 2(2)+0M® So With the same probability,

5) <
the RHS of (8.28) < ) (2)t=520)
d/2—max{i,j}<s<d/2

> (logn)©*=#) where note

s<t<t
( )t .52( )-‘rO(t)n 5 (logn)O(t s) <n—26(t 5)20(1&)2( )(2t+s logn)O(t—s) < 2(§)n—1.95e

Taking the blocks together, we get :I:Q s (i) < 1T ~19.diag (2(‘3‘))5 n
X

min{,5} X min{i,j}
By union bound on the two parts, we get that w.p. > 1 —n=9-5logn,
_ diag ft —1.5 Al
:l:stv(i7j) = i(st,(i,j) + (};S,(i,j)) <n € dlag ( ( ) or sR
min{,5} X Pmin{i,;}
(]
Corollary 8.3. (Positiveness of QO o) For any R € (<[d}2) w.p. >1—n—8len

Q&O(G) = 77617 . diag (ﬁ(G))

SEx SR
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Proof. This is by Lem. 8.2, Cor. 8.2, and the fact that 7=617 > n—¢/10, O

Lemma 8.3. (Bounds on ng) W.p. >1—n"2198" the following holds. For all

Re (<[3}2) and all 1 <k <d/2, £QF,(G) < n~F/10 . diag (a(G))SR .
> ’ X

Proof. We will use union bound over (R, k), so fix one first. For the fixed R,
k(> 0), we abbreviate ng as () in this proof.
Recall the definition of Q(Ifk (Lem. 7.2 (3)): Q is supported within ST x S%,

820 Q(ANEBD)= X i)

T |V (T )UAUB|<T

where t = |[AUB|, s = MJB‘. Abbreviate q(lfk as qi. By Lemma 7.2(3), g (-,4,7) is

R-symmetric w.r.t. shapes for all fixed (7, 7) (the R-symmetry condition), and also
|Gk (Rin, 3, §)| < 7°7(422)57PHE/3 (the coefficient-size condition) where t = [AU B,

s = lA‘;lB‘ and p is the max number of vertex-disjoint paths from A to B in T,,.

By symmetry of gi’s, Q((4,1), (B, J)) factors through CI(A)Cl(B), so
(8.30) Q=D -Q-D
where D’ is by Definition 8.4. It suffices to show that

__—9.5logn —k/10 3 ('ah
(8.31) wp. >1—-n +Q < n diag (2 2 )SRst'

This is because, like in the proof of Lemma 8.2, we can insert (8.31) to the middle
of (8.30) which proves the lemma for the fixed R, k. Below, we prove (8.31).

As a blocked matrix @ = (Qi j))o<i,j<r» @, supported on A’s s.t. |A| +i >
d/2. For any fixed (i,7), any (s1, s2) € {0,...,d/2}? s.t. s1+i > d/2, sa+j > d/2,
and any t > max{si, s2}, let U2, u;(i;j?é be all different shapes (A, B;T)
where |A| = s1, |B| = s2, [V(T) U AU B\ =t. Then by (8.29) and R-symmetry,

h(t;s1,s2)

Qi) = Z Z g (U152 i, ) - M isr50) -

(t 81,82)
s1+1i,80+j>d/2
T2t2>51,82

This can be alternatively expressed as Q; ;) = > Q(s1,i),(ss,j) Where
81+i7‘:;’j§2d/2
(t 91792

(8.32) Q(s1,i),(s2,) 7= Z Z gk (U2 0, ) - My ooy oo -

51,52<t<7'
Q(s1,i),(s2,5) 15 @ (["]) ([:;])—matrix on the (4, j)th block, and w.p. > 1 —n~10lgn
(8. 33)
Qi sai | € D2 hltisrs2) - (5)7* () 74/ 05200 log m) =)

nlfe
t: t<7
t>s1,52

by Thm. 3 and coefficient-size condition, where s = m and p is the max number

of vertex-disjoint paths between the two side sets. Slnce h(t;s1,s2) < 2(2)+0®
2()+OM+(t+9)-(t=s) (8.33) implies (note k > 0, 20 < /10 757 < 51/30)

(834) HQ(Sl,i),(SQ,j)H < 2(;) ,7.5Tn—k/6n—e(t—s) < 2(;)n—k/8_
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Finally, we sum over all double-blocks and use Cauchy-Schwartz. Namely, regard
each Q(s, 4),(s5.) as on ST x S% (extended by 0%s), Q = > Q(s1,1),(s2,5)

(81,9),(82,5)
s1+1,52+75>d/2

where £Q(s, i), (s2.5) ”7’“/8'(2(5"’1)Id<s1,i>,<s1,z‘> + 2(522)Id(s2,j>,<s2,j>) /2 by (8.34)
and Cauchy-Schwartz. Summing over (sy,1), (s2,7), w.p. > 1 —n~92len
+Q < TQn*k/gdiag (2(‘2‘)) =< n*k/lodiag (2(‘2‘)) .
SExSE SRx SR

O

Lemma 8.4. (Bounds on ka, c>0) Wp. >1—n"%8" the following holds:
for all R,c,k s.t. R€ (<[g}2), 0<c<|R| and0<k<d/2,

C, —

8.35 £ QFy < 0 diag (C1) .
(8.35) w & n iag .

Proof. The proof is almost the same as the previous one (Lemma 8.3). First, by a
union bound over all such (R, ¢, k), it suffices to show that w.p. > 1 —n=9-5len
the inequality holds for a fixed (R, ¢, k), which we prove below.

Fix (R,c, k) as in the lemma. If k& > 0 then the proof is identical to that of
Lemma 8.3 (¢ = 0), as the same R-symmetry and coefficient-size conditions hold
(by Lem. 7.2), and moreover, the matrix ka is supported within S% x ST too.

So we only need to deal with the case ¢ > 0, k =0, i.e. Qfo. By Definition 7.3,
it is supported on ST x ST with expression ng <(A,i)7 (B,j)) =

(8.36)

3 (%)\V(Tnl)UAUB\—ilAlJE‘B‘ Yo(IR, |V(Tm) UAUB| + (i +5)) - X1,
T |V (T ) UAUB|<T
A,BemSep 4 5(Tm)
where |Y,(|R|, |V(T:n) UAUB|+ (i +j))| < 7°" by Lemma 5.2 (4). For a fixed
(A, B;T,,) denote t = |V (T,,) UAUB|, s = m(: |A| = |B| in this case), then
the coefficient in (8.36) is bounded by (£)'~* . 757 in absolute value. So we have
the support condition, the R-symmetry and coefficient-size conditions as in Lemma

8.3; we proceed exactly the same as there till equation (8.32), where a single term
on the RHS now is

h(t; s1,s2) - (g)t*ST& ~nt_Tp2O(t)(logn)O(t*5).
n
Note in (8.36) that any appearing ribbon R,,, = (A, B;T;,) has A, B € mSep 4 p(Tin)

so p = s (the specialty of k = 0). So we can replace the bound on the RHS of
(8.34) by 732(2) . p=3e(t=9)75790() < 9(3)767 and then proceed to get £QF, <

777 . diag (2(‘2‘))51? o Now ¢ > 1, w = n2 % (e < 1/40), 777 < n!/13 so
<SR
TweQF, < n~¢/3diag (2(‘3‘))SRxSR' Once again by Q% = D'QE,D’, we have
—cHR —¢/3 33 rail
Tw QL 2 n” Y diag (Cl) P d

Lemma 8.1 follows immediately from Corollary 8.3, Lemma 8.3, 8.4.

8.3. Last step. Now we prove the Main Lemma 5.3 and thus Theorem 6. For any

fixed R, recall the set P® = {I € ([7})) | R C I}, the matrix D™ (Definition 7.2),

and the set of matrix entry positions S* (7.2).
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Lemma 5.3 recast: W.p. 1 —n=°1°8" it holds that for all R C (C£7]2)

(8.37) M = n~? . diag(Cl) pry pr;
(8.38) +w ME < nS ME, V0 <c<|R|
The following lemma will be handy.

Lemma 8.5. LPD" - ding (C1) - D/(L0) = (2)%2diag (C1)  for

any R € (3[3}2)’ when evaluated on any G.

Proof. Fix any R € ( ] ) Without confusion, we omit subscript S x S® by re-

<d/2
garding the supports as the vertex-set [n'] = [n]— R and regarding the corresponding
matrix indices as (57/]2) or (<[3,}2), where d’'/2 = d/2 — |R|. T is unchanged. We

will still use ﬁ(X) to mean avl(X U R) for X C [n/].
Since D7diag(Cl)D7 is nonnegative and diagonal for any G, we have

(8.39) LR (DT - diag (6) -DT) (LR)T »= LRO (DT . diag (’cvl) .Dr) (LRO)T,

where recall LE = (LBO ..., L®T). Further, L70 = (Lé%’o, ...7L5,7/02), where Lf’o is

the matrix on column set ("t/) This means
LR —|o0,..,0, diag (ﬁ) o
A/ IR ( (ar2) % (472)
since in L0 (Def. 7.1) only ribbons R = (I, A; T") with O-reduced size can occur,
forcing A =1 and T C E(I). In particular, this implies

w d/2 . e
RHS of (8.39) = (~)¥*-diag (01)@7/% )

Translated back to [n] and d/2, this is exactly the bound in the lemma. O

Proof. (for Lemma 5.3) Fix R € (<[,T;}2)~ By Lemma 7.2, for all ¢ < |R|

—~ —~\ T
(8.40) ME=LR. [DT< Bo—Qh +.. & Qfd) DT} . (LR) + &R,

The following bounds all hold w.p. > 1 —n~8198" from the corresponding lemmas,
and we take union bound so the overall probability is > 1 —n=518",
For (8.37). Fix R, we have:

—~ ~\ T
ME=1LE. {DT (Q{j{o —Qf + ..+ ngd)z)f} . (LR) +&F

—— [gfz,DTdiag (@), .o (fﬁ:)T] + &8 (Lem. 8.1(1))

Ry SR
= 7'_77(%)d/2 - diag (6>P on T el (Lemma 8.5)
- —7r(WNd/2 _ —er/2 REE ~ )

= (T ) diag (1) (Lemma 7.2(4))

= nd. diag(a\i)pl?xpl? (parameter regime)
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For (8.38). Fix R, 1 < ¢ < |R|, we have:

—~ —~\ T
M =LE. {DT (Q?O —Q + .t Q§d>DT} : (LR) +&f

5

< wen e/ [ZT%DT . diag (6“1) D" (ﬁ%)q + &R (Lem. 8.1(2))
SRxSR
< W [T (ME -] + ER (Lem. 8.1(1) and (8.40))
=< WP ME + (wcn_c/4 + 1) n=/2diag (C1) pr, pr (Lem. 7.2(4))
So
wME < n=¢/SME 4 2n~/2 . diag (C1) pr, pr
< (n~5 4 2ntn 2 M E ((8.37) and C1 > CI)
< n¢/5. ME (¢ <|R| < d/2 and parameter regime)
The same analysis holds for —w *ME. O

9. CONCLUSION

We proved the average-case Q(e?logn/loglogn) SoS degree lower bound for
Exact Clique with clique-size w = n'/?~¢, which is nearly optimal in both w, d;
we also gave a new perspective on previous techniques in the non-exact case. Two
related open problems are as follows.

1. Can we remove the loglogn factor in d? Perhaps it helps to first find a
conceptual explanation of Definition 3.6.

2. Lower bounds of graph coloring and sparse independent set were recently
proved for the soft case [KM21, JPR*21]. Does our technique help solving the
exact version of these problems?
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APPENDIX A. DEDUCTIONS IN MOD-ORDER ANALYSIS (SECTION 6.2)

A.1. Set-up recap. Ring A is got by adding fresh variables a and x7’s to R, where
T ranges over edge sets on [n], and they only satisfy the relations {xr - x7 =
X7 whenever T" @ T"” = T'}. The mod-order equation is

(A1) Lq - diag (a\A\) (La)T =M,  mod ()

on the (C[l7]2) x ( <[g}2)—matrix variable L, in ring A, where

My(I,J) = > VDIVl T g I = || = d/2,
T:|V(T)UTUJ|<T
and mod (*) means to mod the ideal ({a!V(TVIWII+1y 21 Ly r o |[V(T)UTUJ| > 7))
position-wise on each (I, J). We call (%) the modularity. Moreover, if denote

LI, A) =Y Bra(T)xr, Bra(T') € Rla]
Tl

then we require
(A-2) acta ™) | By A(T') VI, AT

where ey 4(T") is the reduced size |V(T") UI U A| — s5,4(T") (Def. 4.6).
Expressed in terms, equations (A.1), (A.2) become the following.
(A3

)
Z Z O[‘Al . 6[,A(T,) X B.],A(Tﬁ) _ a|V(T)UIUJ\ mod a|V(T)UIUJH—1

[n] T
Ae(Sd/2) T/GB&—W:T

for every (I,J;T) with [V(T)UIUJ| <7, and
(A.4) AT | Br 4(T)

for every (I, A;T").
The main observation (Lemma 6.2) is the following.
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Lemma A.l. (Order match) In the LHS of equation (A.3), only products o!4! -
Br,a(T") - Bsa(T") that satisfies the following are non-zero modulo (x).

(A.5) A is a min-separator for both (I, A;T"), (J, A;T");
(A.6) (V(T"YUITUA) n (V(T")uJuUA) = A.

Moreover, (A.5), (A.6) imply that

(A7) A is a min-separator of (I, J;T) (where T =T &T");
(A.8) V(T YUTUA|, [V(T")UJUA| <.

Proof. Pick a term a4l - 87 4(T") - B;.4(T") form the LHS of (A.3). By (A.4),
its order in a > [A| + |V(T")UTUA| = spa(T") + |[V(T")UAUJ| — s54(T").
By modularity on the RHS of (A.3), the term is non-zero only if
itsorderin a < |V(T)UIUJ| and |[V(T)UIUJ| <7
where T =T’ @ T". This implies

(A.9)
V(T UTUA|+|V(T"YUJUA| < |[V(T)UTUJ|+ (s5,a(T") + s54(T") — |4])

@ &)
Note that (2) < |A| and “=” holds iff s; 4(T") = s;4(T") = |A|. While the LHS
above

=[(V(T"YUITUA)U V(T UJUA|+|(V(THYUTUA)N((V(T")UJUA).

>|v(ryurug|=D )
Therefore, (A.9) could hold only when all “="’s hold, which means: (1). A is a min-
separator of (I, A; T"), (J, A;T"); (2). (V(THUIUA)U(V (T")UJUA) = V(T)UIUJ,
3). (V(THUTUAN VT UJUA) =A.
Next, we show (1),(3) imply A € mSep; ;(T') (and also (2), actually). By (3),
T, T" could overlap only in E(A). Now T =T' ¢ T", so

(A.10) T=TUT" modulo E(A)

(also = V(IT")UuV(T") C V(T)U A). By (1) there are |A| many vertex-disjoint
paths p1,,,.pj4) from I to A in 7", and similarly qi,...,q 4| from J to A in T".
These paths are also present in T' by (A.10)—where it naturally assumes every
path touches A only once at its endpoint. By (3) again, any p;, ¢; do not intersect
beside endpoint in A so they are paired to |A| many vertex-disjoint paths from I
to J in T, all passing A (this also implies A C V(T)UTUJ). On the other hand, if
p is a path in T from I not passing A, then it is a path on I U V(T”) by induction
using (3). Now by (3) again we have (V(T")UI)NJ C A, so p can’t reach J. So
A € mSep; ;(T).

Finally, under the above implications, V(T")UITUA C V(T)UIUJ and similarly
for V(T")U J U A, so both have size < 7. O

By this lemma, we can assume that in an imagined solution, 8 4(T") # 0
only when it satisfies the conditions (A.5), (A.8) on its part. If assume further
that the solution is symmetric (which looks plausible), i.e. B; a(T") = By (T")
whenever (I, A;T"), (J, B; T") are of the same shape, then this lemma is particularly
informative about some special (I, J;T)’s.

Corollary A.1. If (I,J;T) has a unique min-separator A, then
(A.11) > Br.a(T') - Bya(T") = acrs @

7" T'&T" =T
(A.5), (A.6) hold
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where ey j(T) = |V(T)JUIUJ| — s 4(T). In particular, in symmetric solution,

(A.12) S BraM e T)? = a¥era
Ty CE(A)
for all (I, A;T") such that
(A.13) A is the unique min-separator of (I, A;T').

Proof. The first part is directly from Lemma 6.2. For the “in particular” part, let
(I, A;T") satisty (A.13). By mirroring (I, A;T") through A, we get a (J, A;T")
that satisfies the same condition and they together satisfy (A.5), (A.6). There
are always enough vertices in [n] to carry out this mirroring operation. By the
symmetry assumption, S a(T') = B8;4(T"). From mirroring it is not hard to see
that A is the unique min-separator of (I, J;T =T’ &T"), so for this triple (I, J;T)
equation (A.11) holds, giving that 37 g4y Br,a(1” @ T1)? = olVMUIVII-1A] —
a2(IV(T)UIUA|-|A]) O

We can summarize what we got as follows. If let all 81 4 (T’ & T1)’s in equation
(A.12) be equal (which is a plausible assumption), then Bra(T') = o=(12)/2..
aera(T) (take all + signs). Collecting these terms, we get the following matrix

L. LiI,A) = Z 9=(131)/2 . gIvaurval-lal G,
T': |V(T")UIUA|<T
(A.13) holds
T'NE(A)=0
— 2
where Cly = ZTQE(A) xT- To see how far this is from a solution, notice Cl, =
2(‘3‘)/014 and consider
(A.14) L, - diag (alA‘) ()T = Ly - diag (alAl -GA) L]

where L; is the matrix in A as below (which is cleaner than L} to use).

Definition A.1. VI € ("), A e (7)),

d/2 <d/2
(A.15) Li(I,A) = Z QlVTHuIVAI-lAL
T': |V(T')UTUA|<T
(A.13) holds
T'NE(A)=0

Surely L] is not a solution to the mod-order equation, since (A.14) equals (mod
(*)) only the part of M, consisting of the special (I,J;T)’s from Corollary A.1.
For a general (I, J;T), Lemma A.1 only says:

(A.16) Z BI,A(T/)BJ,A(TH) — 017 od qfro T+

AT\ T": T'"®T"=T
AemSep; ;(T)
(A.5),(A.6) hold

To see how to proceed further, we inspect a further weakening: polarization.
A.2. Polarized solution. Roughly speaking, polarization weakens linear equa-

tions about “x?’s” by replacing these terms with multi-linear “x;y;’s”, where ¥ are
fresh variables. Then we can plug in any “tentative” solution Zy to solve for ¢/ more

easily (as the equations are linear in %), and see how to modify 2 further.
Definition A.2. The polarized mod-order equation w.r.t. Ly is:

(A.17) Ly - diag (alAl -CTA) L] =M,  mod (x)
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where (x) is the modularity in (A.1), Ly is by (A.15), Lo is the variable matriz
(A.18) LA)= > AT

)

T': |V (T")UITUA|<T
satisfying AT | B}?L(T’) for all (I,A,T").
In this polarized form, the essential condition (A.16) becomes

(A.19) Z acr AT g2 () = 10T mod gers (ML

AT T": T'OT" =T ,

(I,A;T') appears in L

(A.5),(A.6) hold

By (A.19), existence of a solution Lo at least requires the following condition: for
general (I,J;T), there always exist “(I,A;T’) appearing in L;” and T” which
satisfy the condition in the LHS of (A.19). By a direct (but careful) check, this
condition is actually equivalent to the “In particular” part of the graph-theoretic
fact 5 due to Escalante, restated below.

Fact A.1. For any ribbon (I,J;T), the set of all min-separators, mSep; ;(T'),
has a natural poset structure: min-separators Ay < Ag iff Ay separates (I, As;T),
or equivalently as can be checked, iff As separates (J, A1;T). The set is further
a lattice under this partial-ordering: YAy, Az € mSep; ;(T) their join and meet
exist. In particular, there exist a unique minimum and maximum.

Denote the minimum by Si(I,J;T) and the mazimum by S.(I,J;T), which is
the “leftmost” and “rightmost” min-separator, respectively.

By this fact, some (I, A;7T") indeed appears in (A.19) with A = S;(I,J;T).
Moreover, (A.19) is naturally satisfied if take

(A.20) Ly(J, A) = > a® AT )y,

T": |V(T")UJUA|<LT

A€mSep; 4 (')
T"NE(A)=0

(J,A;T") left-generated
Here, recall being left-generated means every vertex is either in A or can be con-
nected from J without touching A. Also, with this Ly only one product in the LHS
of (A.19) contributes to the right modulo a7/ (M+1 We get:

Proposition A.1. The pair (L1, Ls) is a solution to the polarized mod-order equa-
tion (A.17), (A.18).

Remove the polarization. One more use of fact A.1 actually shows that, if
move the “left-generated” condition from Ly to Ly, then Lo itself effectively factors
through Ly, i.e. we can replace diag(Cl)- LJ by some X - L{ in (A.17). This is the
idea behind the following proposition (Prop. 6.2 recast).

Proposition A.2. (Mod-order diagonalization) Let

- § AT
La(Iv A) T QEI'A( )XT’a
T |V(T')UIUA|<T
A=58,(1,A;T")

T'NE(A)=0
(I,A;T") left-generated

— Tm
Qo,0(4A, B) := > aanTnlyr,
T |TUAUB|<T
A,BemSep 4 (Tm)
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(where Ty, indicates “middle”). Then

: 141 : 141 T
(A.21) L, - [diag (a 2 ) - Qo,q - diag (a 2 )] -L, =M, mod (%)
where (x) is the modularity in (A.1).

Proof. Given Fact A.1, we immediately have the canonical decomposition of graphs
as in Definition 6.3 and Remark 6.2. This implies that in the LHS of (A.21) only
the products from canonical triples are non-zero modulo (), and they give M,. O

Thus we get a “L(—)L"”-shape decomposition of M,, meaning that we do not
lose much from the polarization step since our goal is only to prove the PSDness of
the matrix. Indeed, (A.21) gives the “first-approximate” decomposition in Defini-
tion 6.2.
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