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Note

[ wrote this paper in my 2nd year of grad school. It was not intended for publication but to help give
me a better grasp of what was happening in the system I was studying (NO2). AS I was working on
my thesis it became clear to me that vibrational energy transfer was a key ingredient of what [ was
observing in my experimentation. Also, it helped give me a basis to discuss vibrational energy
transfer in the short course on Chemical Lasers and Kinetics that I taught in my 3rd year.

Introduction

Consider a system consisting of an oscillator AB and a collision partner C. The oscillator may in
general be diatomic or polyatomic, and the collision partner may be monatomic, diatomic, or
polyatomic. At infinite separation between AB and C the interparticle forces are assumed to go to
zero, and the Hamiltonian for the system can be expressed as

H® = Typ + Tc + Vit + V™

where
2 : L
. Tap = — T V4p is the kinetic energy operator for AB,
2 : L
. Tc = — e VZ is the kinetic energy operator for C,

e ViBis the internal potential energy operator for AB, and

. V[Pt s the internal potential energy operator for C.

Suppose that we allow AB and C to approach each other to a point where the intermolecular forces
are no longer negligible. We represent this interaction energy operator by H', which must be
included in the Hamiltonian. The collision occurs, and as the particles recede H' — 0, leaving us
with the pre-collision form of the Hamiltonian. This problem is ideally suited to treatment by time-
dependent perturbation methods, which we now develop.

Time-Dependent Equations
The time dependence of the Schrédinger equation is expressed by
ihY = HY

where ¥ is the total, time-dependent wave function and H is the total, time-dependent Hamiltonian.
We can write H as the sum of a time-independent and a time-dependent term,



H=H’+H

where H' will be called the time-dependent perturbation. The Schrédinger equation can now be
written as

ih¥ = (H° + H)W.

We expand the wave function ¥ in the time-independent wave functions ¢,,, which are solutions of
Ho¢y = Enthn:

VY= z Cn (t) bn e tEnt/h
n

so that the time dependence is carried in the expansion coefficients C, (t). Furthermore,

. i . . ,

Y= %Z Co () Ep ¢ @7 Ent/M z Cn () P €™ Ent/R,

n n
Substituting into the time-dependent Schrodinger equation gives
> o OFdue B i ) Gy e F = 3 Gy OFnne™E + ) € (OH e Bt/
n n n n

or

ihz C, () b, e~ iEnt/h — z C, (t) H'¢p, e~ iEnt/h.
n n

Define the angular frequency wy, as

Ek,_En

wk,n - h

The complete set of ¢,, is orthonormal, so multiplying both sides of the equation by ¢}, and
integrating gives

ih Ce(©) e Bt/ = " G, (O] ' by dr)eEnt/"
n

Ce(0) = %Z [Ca ([ BicH'pn dr)eirnt].

Note that the expansion is over a complete set of eigenfunctions: where they are discrete they are
summed, and where they are continuous they must be integrated. Integration over any continuum
eigenfunctions needed to ensure completeness of the set has been implicitly assumed above.

Returning to the problem, replace the perturbation H' by AH" and express the coefficients as a
power series in A:

C,(0) =Y Y (o) M.
2



This series is assumed to be a continuous and analytic function of A for A € (0,1). Substituting this
expression, equating like powers of 4, and then setting A = 1 gives

¢ =0
@ = @ Y (] bl g, dr)CP @ etomnt],

In principle, then, successive integrations give approximate solutions to any desired order in the
perturbation. By not carrying this out indefinitely we introduce the first approximation of the
treatment.

That C ,EO) is zero implies that the C ,EO) are constant in time. We assume the system to be in a

precisely defined state initially, so thatall C ,EO) are zero except the one describing that state.
Integrating the first-order equation then gives

t
P = (ih)—lf ([ ppH'(t") ¢y d) ei@kmt’ dt!

where the wave function ¢,, describes the initial state and ¢, the final one. The constant of
integration and the limits have been chosen so that

¢ (=e0) = 0.

The probability of the system being in state m is | C;, C,,, |, which is initially equal to 1. The
probability of the system being in state k after a time t under the influence of the perturbation H' is

|G (8) Cie (DI
Since the colliding particle starts at t = —oo and we follow it to ¢ = +oo, the probability of going
from an initial state i to a final state f is

2

400
f [ ¢;H'$; dr]e'®rt’ dt’

1
pis = |Cr(0)|” = 7z

This is the first-order perturbation result, provided we can find an expression for H' as a function of
time.

Semi-Classical Approach

We set up the model as follows:
1.  ABis the oscillator and has its center of mass at a fixed position.

2.  Capproaches AB along the vibration coordinate with a relative kinetic energy of approach
(at infinite separation)

2
HVq
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Figure 1. Collinear collision geometry. C approaches the oscillator AB with velocity v, y is the A-B separation, r the B-
C separation, x the distance from the center of mass of AB to C, and rg. the distance of closest approach.

The potential energy of the system is assumed to have the form V = Ve™*"

parameter and r is the distance between AB and C. This distance is

()
r=x—|—
M, + Mg)”

, where « is a range

for C colliding with B, and

=<~ (57r3m)
=T\, )Y

for C colliding with A. Letting V, = 1, we can write

o= {ele— ) )

At the distance of closest approach (rg.) we therefore have

V(xo,y0) = & = exp{—aryc}

(i)
Tec = Xo M, + Mj Yo

where y, is the equilibrium value of the harmonic oscillator coordinate y.

The potential energy can be rewritten as

) =esomfoali— ()]

= gexp {—0{ [(x —x0) — (¥ = ¥o) (ﬁ)]}

or

V(X, Y) = & e_aX anMA/(MA"'MB)

where X = x — xg and Y = y — y,. Therefore



VX, Y) =V(X) V().
To assign a collision trajectory, suppose that V(Y) = 1:
VX, Y) =V(X) = g e,

The total energy of the system (discounting internal energy) is

v(X)?
g =V + 222 ; )
where v(X) = dX/dt. Rearranging gives [Note 1]
Xt 12e -1/2 t
f [—"(1 — e‘“X)] X = f dt.
Xo 0
The solution for position as a function of time is implicit in the relation

avyt
e X = sechz( 0 )

2

which results from integrating the equation above. Since the potential does not depend strongly on
Y (thatis, aY « 1), we can write

M
V(YY) = aYMA/(MA+MB) ~ {1 + (—A) Y}.
) =e M, + M) ©

The potential V(X,Y) can now be written in the form V (Y, t):

_ My ) avot)
V(Y,t) =& {1 + aY(MA n MB)}sech ( > )

This expression gives the perturbation energy as a function of time t and of the displacement Y
from the oscillator’s equilibrium position. If the total wave function is separable into a product of
electronic, vibrational, rotational, and translational wave functions,

¥ = delect Pvib Prot Ptrans

then (assuming they are properly normalized) all of them factor out and integrate to unity except
the vibrational wave function, which can be expressed as a function of Y. The matrix element
factors into a time-dependent and a time-independent part [Note 2]:

H'(0) = F(D f ¢ (V)Y (V) dY

where

av, t)

_ 0 _ M,
F(t) = W{V(Y' t)}=aeg (—MA " MB) sech? ( 5

From the perturbation theory result, the transition probability is

+o0
avpt\ .
j sech? (TO) et@rit dt

2
a’el

Pif = The (MA+M

j ¢; Y ¢ dY



The squared time integral has the value [Note 3]

16m2w?, TWy;
T osech? (—ﬂ)

4,4
atvg avy

so that

Al w?,u? M 2 Ty
- . ( - ) 2( "

PF = cosech
pl'f a’zhz MA + MB av

2
)|Yif|

2
where |Yi f| is the square of the matrix element inducing the harmonic oscillator transitions. These
are well known and have the following properties [Note 4]:

2 n+1 2 n mw
|Yn,n+1| = Zﬁ ’ |Yn,n—1| Zﬁ' ﬁzT

Y|"=0 ifan = +1.
These equations define the transition probability per collision for a given &, = 1/2 uvg.

Here u = Mo(My + Mg)/(M, + Mg + M) is the reduced mass of the AB-C collision pair, which
appears in & and in the thermal average below, and m = My;Mg/(M, + M) is the reduced mass of
the oscillator, which appears in § [Note 8].

Thermal Averaging

The observed probability is the one integrated over a Maxwell-Boltzmann distribution of energies.
Since the mechanics were solved in one dimension, the one-dimensional distribution should be
used for consistency:

1/2 ,
) e "HV0/2KT gy,

dnzn(

In the transition probability we used v, but this should properly be v,, the velocity corresponding
to the average of the kinetic energies of approach and recession. This introduces into the trajectory
calculation the collisional symmetrization that was previously ignored. The velocities vy and v, are
related by

uvs = uv? — hw for deactivation
uvi = uv? + ho  for activation.
We make the further simplification that, since Tw > av, for an adiabatic collision,
cosech(x) = 2exp(—x).

The velocity distribution is integrated from 0 to oo, since we are interested only in velocities
directed toward the target. If we define

_len*w’u? (M, 2|Y |2( u )1/2
T a?h? (MA+MB) IV \2mkT



then the averaged transition probability is
[e0)
2
ﬁif — Af e—an/ava e—,qu/ZkT dvo.
0

Using the relations between v, and v, this becomes

o)

ﬁif = Aei—hw/Zka exp
0

2w uv?
av, 2kT

dv,

where the + sign refers to deactivation and the - sign to activation. The integrand is a sharply
peaked function of v, and contributes significantly to the transition probability only near a critical
velocity v, found by setting the derivative of the exponent to zero:

i 2nwkT
Va =( au )

1/3

Expanding the exponent about v, gives the approximation [Note 5]

1/3
_h_w_#_%~_3<ﬂ2w2ﬂ> L3, ey
B 2kT ¢ Y

202kT

With the definition

mlw?u 173
— 4 pthw/2KT _
B = Aethe/ exp[ 3<2a2kT>

we can write

_ ® 3 p .
Dif = BJ; exp {_Eﬁ(va - Ua)z} dv,

which is readily evaluated to give [Note 6]

_ B (anT)
po - 3#

1/2

If we label the initial and final states by the vibrational quantum number n and restrict ourselves to
transitions with An = 41, it follows immediately that
ﬁn,n—l = ﬁn—l,n ghw/kT

and that

Pnn-1 = NpPio-

Modifications to the Treatment

Several modifications can be made to this treatment that give some interesting results.

Multiquantum transitions can be treated readily by keeping higher-order terms in the expansion



(cr)?

cYy —
er" =1+CY + 2

For the first term the matrix element vanishes by orthogonality of the vibrational wave functions.
The second term gives a non-vanishing matrix element for states whose vibrational quantum
numbers differ by 1, the third term for those with An = +2, and so on. As expected, the
probabilities fall off rapidly with increasing An. Alternatively, one can use anharmonic wave
functions and compute the matrix element of the Y term; this gives non-vanishing probabilities for
An = 12 and higher, depending on how far the anharmonicity is carried.

For complex vibrational energy transfer such as
AB(v;=n,v,=k)+C->AB(v;=n—-1,v,=k+1)+C

the process can be regarded as a simultaneous deactivation of mode 1 and activation of mode 2.
Since the probability of two events occurring simultaneously may be approximated by the product
of the individual probabilities,

_kk+l _ = _
pn,n—l = Pnn-1 " Prk+1

which will be proportional to [Note 9]

eh(wl—wz)/sz

An identical result is obtained for V — V transfer, as in
AB(v; =n)+ CD(v, =k) > AB(v;=n—1)+CD(v, = k + 1).

Complex V — T transfer, as well as V — V transfer, can thus be expressed in terms of the
probabilities of individual simple V — T transfers.

If there is an attractive force with a potential well of depth ¢, a factor e®a/¥T is added to the velocity

distribution function. This is a constant and integrates out; it merely multiplies the probability
given earlier.

To take collisional symmetry into account (C colliding with A as well as with B, whereas the
trajectory calculation assumed collision with B only), note that for a collision at the A end the
coupling factor M,/ (M, + Mg) becomes Mg /(M, + Mg). The transition probability depends on the
square of this factor, so averaging over the two ends of the molecule replaces (MA/(MA + MB))2
wherever it appears (in p; r, A and B) by [Note 7]

¢ _1( M, )2+( Mg )2_ M + M3
4B 7 2|\M, + My My +Mg) |~ 2(My + Mp)?
For a homonuclear oscillator S, = 1/4, the same as the unsymmetrized value. For a light-heavy

molecule such as HCl, Sy = 0.47, compared with 7.7 X 10~* for collisions at the Cl end alone:
collisions at the light end dominate the energy transfer.

Collecting the results, the symmetrized, thermally averaged probability of deactivating the first
vibrational level is



P10 =

8mlwu?S,p 3 mlw?u 2 hw
V3azhm exp 2a2kT 2kT

with pp_q = NP1 and Pp_1 . = Py € /KT, multiplied by e®e/T if there is an attractive well.
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  A B  (   v 1 = n ) + C D  (   v 2 = k ) → A B  (   v 1 = n − 1 ) + C D  (   v 2 = k + 1 ) .


    𝜀  a


    e    𝜀  a / k T


    M  A /  (   M  A +   M  B )


    M  B /  (   M  A +   M  B )


     (   M  A /  (   M  A +   M  B ) ) 2


    p  i , f


  A


  B


    S  A B =  1 2  [    (     M  A    M  A +   M  B ) 2 +    (     M  B    M  A +   M  B ) 2 ] =     M  A 2 +   M  B 2  2    (   M  A +   M  B ) 2 .


    S  A B = 1 / 4


    S  A B ≈ 0 . 47


  7 . 7 ×  10  − 4


      p ‾  1 , 0 =   8   𝜋 2 𝜔   𝜇 2   S  A B   3     𝛼 2 ℏ   m exp  [ − 3    (     𝜋 2   𝜔 2 𝜇  2   𝛼 2 k T )  1 / 3 +   ℏ 𝜔  2 k T ]


      p ‾  n , n − 1 = n       p ‾  1 , 0


      p ‾  n − 1 , n =     p ‾  n , n − 1     e  − ℏ 𝜔 / k T


    e    𝜀  a / k T

