Generic Properties of Dynamic Symmetry Indices in
Markov and Flow Systems

Abstract: This paper develops a theorem-oriented programme for the Dynamic Symmetry Index in two broad
and familiar classes of dynamical models: ergodic Markov systems and continuous flows. The principal aim is
to show that the Dynamic Symmetry Index, if properly defined from stationary probability structure and time-
asymmetry, is not merely a suggestive descriptive quantity but a mathematically well-posed object with stable
behaviour under natural operations. A general definition is proposed for finite and countable ergodic Markov
chains and for smooth flows carrying physical or Sinai-Ruelle-Bowen type invariant measures. On that basis,
the paper establishes four types of result. First, it gives existence and uniqueness statements for the long-time
or stationary value of the index under standard ergodicity assumptions. Secondly, it studies invariance and
quasi-invariance under coarse-graining procedures, especially exact lumpings and observational partitions
that preserve the relevant probability current structure. Thirdly, it proves continuity and perturbative stability
under small changes of transition kernels, generators, or vector fields, drawing on established perturbation
theory for stationary distributions and on structural stability ideas from smooth dynamics. Fourthly, it
formulates generic-interior-extremum results for parameterised families and relates the position of such
extrema to spectral gap, mixing time, entropy rate, correlation decay, and Lyapunov exponents where these
quantities are available. The broader claim is modest but important. Under explicit assumptions, the Dynamic
Symmetry Index can be treated as a structural observable of dynamical systems rather than as a purely

rhetorical midpoint between order and disorder.

1. Introduction

The Dynamic Symmetry Index, or DSI, has so far been presented primarily as a bounded scalar intended to
capture a balance between organising structure and exploratory variability in adaptive systems. Earlier
formulations within the Dynamic Symmetry programme treated this balance in algebraic terms, in
stochastic terms, and in open-thermodynamic examples. What remains to be shown is that the index
possesses generic mathematical properties expected of a serious scientific object: existence, uniqueness of
its stationary value where appropriate, continuity under perturbation, and controlled behaviour under
natural changes of description. Without such results, DSI would remain vulnerable to the objection that it

is a convenient heuristic with no stable analytical status.

This paper addresses that objection in a direct way. The argument proceeds in two parallel settings. The
first is the theory of ergodic Markov chains and continuous-time Markov processes, where stationary

measures, entropy rates, current structure, lumpability, and perturbation bounds are already well



developed. The second is the theory of smooth flows with invariant measures, where Lyapunov exponents,
decay of correlations, and structural stability give a natural language for long-time organisation and
sensitivity. These frameworks are not chosen for convenience alone. They are the natural testing ground

for any index that seeks to connect time-asymmetry, variability, and organised evolution.

The paper does not claim a universal theorem for every possible formulation of DSI. That would be
premature. Instead, it isolates a broad class of definitions that all share the same architecture. One begins
with a stationary or asymptotic measure recording the spread of the system over states or phase-space
regions. One then introduces a second observable that registers organised time-asymmetry, for instance
entropy production in a Markov setting or a flow-based surrogate linked to instability and information
production in a smooth setting. These two observables are normalised and combined into a bounded index.

Once this structure is fixed, it becomes possible to prove general results about the resulting object.

The guiding proposal is therefore simple. A mathematically credible DSI should be defined on a dynamical
system only when three ingredients are available: an invariant probabilistic description, a dynamical
asymmetry or dissipation observable, and a bounded rule for combining them. Under those conditions, DSI
becomes amenable to theorem-driven analysis. The main task of this paper is to establish what that analysis

can reasonably show at the present stage.

2. A general definition of DSI

Let (X, B, u, T) denote either a discrete-time system with measurable map T, a continuous flow ¢, or a
Markov process with transition structure preserving an invariant probability measure u. The relevant
probabilistic observable is a normalised spread functional D, interpreted as a diversity term. In the simplest
settings this may be based on Shannon entropy of a stationary distribution or on an entropy rate associated
with a stationary process. The companion observable is an order-bearing or asymmetry-bearing functional
O, interpreted as a measure of sustained directional organisation. In Markov systems this role is naturally
played by stationary entropy production or a current-based asymmetry functional; in smooth flows it may
be represented by a normalised instability or information-production surrogate built from invariant data

such as Lyapunov exponents or decay rates.

The abstract assumptions required in what follows are mild. The quantity D must be measurable on the
invariant class under study, bounded between zero and one after normalisation, and continuous under
weak perturbations of the underlying invariant measure whenever the latter notion is available. The
quantity O must enjoy the same boundedness, and it must vanish in a dynamically reversible or fully
quiescent limit while becoming positive when the system sustains directed nonequilibrium behaviour or

persistent instability. The index itself is then defined by a bounded coupling



DSI = &(D, 0), (1)

where ®:[0,1]2 - [0,1] is continuous, symmetric when the application demands symmetry between the
two components, and strictly increasing in each coordinate away from degenerate boundaries. A standard

example, already used in several DST constructions, is
®(D,0) =4D0(1—|D —0)).(2)

The point of keeping the definition slightly abstract is strategic. The theorems sought here do not depend
on one special formula so much as on the continuity, boundedness, and invariance properties of the
ingredients. The formula in equation (2) is useful because it makes balance explicit, but most results below

extend to any @ satisfying the structural assumptions just stated.

3. Ergodic Markov chains and the stationary limit

The most direct existence and uniqueness results arise for ergodic Markov chains. Let P be the transition
matrix of a discrete-time Markov chain on a finite or countable state space S. If the chain is ergodic, in the
usual sense of irreducibility and aperiodicity, then it possesses a unique stationary distribution 7, and
nP' = 7 for all t, while distributions started from arbitrary initial data converge to 7 under standard
hypotheses. This uniqueness statement is the first pillar needed for a stationary DSI. It guarantees that any
DSI functional depending only on the stationary distribution and stationary transition structure is itself

uniquely defined for the chain.

Let the stationary diversity functional be D (1), for instance a normalised Shannon entropy, and let the order
or asymmetry functional be O(r, P), for instance a bounded normalisation of entropy production rate or

another current-based quantity. Then the stationary Markov-chain DSI is
DSI(P) = ®(D(m), 0(m, P)).(3)

Because  is unique for ergodic chains, equation (3) defines a unique stationary index. Moreover, the long-
time empirical DSI obtained from trajectory averages converges to the same value whenever the underlying
observables satisfy the usual integrability requirements and the ergodic theorem applies. Thus the index is

not merely formally stationary; it is an asymptotic observable of long trajectories.

This existence statement is more significant than it may first appear. A chief objection to broad scalar
indices is often that they depend on arbitrary initial conditions or on transient conventions. Ergodicity
removes that objection in the Markov setting. Once the chain is ergodic and the observables are integrable,
the large-time DSI exists and is independent of the initial distribution. The index then becomes a property

of the chain itself, not of a particular simulation protocol.



The same conclusion extends, with appropriate technical modifications, to continuous-time Markov chains
whose generators satisfy the standard recurrence or uniform ergodicity conditions required for a unique
stationary law and for perturbation bounds on that law. In both discrete and continuous time, the
conclusion is the same: under classical ergodicity assumptions, stationary DSI is a well-defined and unique

object.

4. Coarse-graining, lumpability, and invariance

A second requirement for scientific usefulness is controlled behaviour under natural reductions of
description. In practice, one rarely observes the full microscopic state space of a complex system. Instead,
states are grouped into observational classes, mesoscopic bins, or physically meaningful partitions. If DSI
changes erratically under such operations, it would be difficult to interpret. The appropriate goal is
therefore not absolute invariance under every coarse-graining, which would be too strong to expect, but
exact invariance under well-structured coarse-grainings and quantitative stability under broader

observational reductions.

For Markov chains, the relevant exact notion is lumpability. If a partition of the state space defines a lumped
process that is itself Markov and preserves transition probabilities between blocks in the standard sense,
then the coarse-grained process carries a reduced transition structure faithfully representing the original
one at the chosen resolution. When the diversity and order functionals are defined in a partition-compatible
way, the DSI of the lumped chain agrees with the DSI of the original chain computed at that same

observational scale. This gives an exact invariance theorem for DSI under exact lumpings.

The theorem may be stated informally as follows. If a Markov chain is lumpable with respect to a partition
P, and if the DSl ingredients are defined from the induced stationary distribution on blocks and the induced
coarse-grained current or asymmetry structure, then DSI commutes with the lumping operation. In other
words, one obtains the same value whether one first coarse-grains the chain and then computes DS], or first
computes the relevant coarse observables from the original chain and then applies the DSI formula. This is

the correct invariance notion for observationally meaningful reductions.

Outside exact lumpability, one should expect quasi-invariance rather than equality. Information-theoretic
reduction theory for Markov chains shows that approximate coarse-graining may preserve substantial
dynamical structure when the partition is nearly lumpable or when reduction is optimised against a suitable
information criterion. In such settings, continuity of the DSI ingredients implies that the coarse-grained DSI
differs from the fine-grained one by a controlled error proportional to the reduction defect. This is
especially important for empirical work, where exact lumpability is unusual but structured observational

partitioning is unavoidable.



An analogous idea applies to smooth flows. A generating partition or a finite observational partition of
phase space yields a symbolic or coarse observational process. If the induced process preserves the
invariant measure in an appropriate symbolic sense and if the asymmetry observable factors through the
partition, then the partition-level DSI is an invariant of the observational system rather than an artefact of
coordinate labelling. One should therefore treat DSI as an index attached to a dynamical model at a stated
observational scale, with exact invariance under admissible coarse-grainings and stability under controlled

approximations.

5. Continuity and perturbative stability

A third fundamental property is stability under small perturbations. A useful dynamical index should not
jump discontinuously when transition probabilities or vector fields are altered by a small amount, unless
the system itself crosses a genuine structural threshold. Perturbation theory for Markov chains gives the
necessary starting point. For broad classes of discrete-time and continuous-time chains, perturbation
bounds are available for stationary distributions under small changes in the transition matrix or generator.
Under uniform ergodicity or suitable drift conditions, the stationary distribution depends continuously, and

often Lipschitz-continuously in appropriate norms, on the chain parameters.

Suppose then that P, is a small perturbation of an ergodic transition matrix P, and that the associated
stationary laws satisfy m, = 7 in total variation or a stronger norm. If the diversity functional D is
continuous in the stationary law and the asymmetry functional O is continuous in both = and P, then the
DSl inherits continuity from its ingredients and from the continuity of ®. If, in addition, D, 0, and & satisfy

local Lipschitz bounds, then DSI satisfies a perturbation estimate of the form
|DSI(P;) — DSI(P)| < C ||P: = P|| + o([|F. = PII), (4)

for a constant C depending on the ergodicity class and on the chosen norms. This is precisely the kind of

statement needed to defend DSI against the charge of arbitrariness.

The situation for continuous flows is subtler but conceptually similar. For structurally stable classes of
smooth systems, invariant measures, Lyapunov spectra, and correlation data vary continuously under small
perturbations of the vector field, at least within classes excluding bifurcation points. Where the chosen
order-bearing observable is built from such invariant data, DSI inherits continuity away from critical
transitions. Near a bifurcation or loss of hyperbolicity, discontinuity or sharp variation is not a defect of the
index but a reflection of genuine dynamical change. One should therefore formulate stability theorems with

the standard proviso that parameters remain inside a structurally stable regime.



This distinction is crucial. Scientific credibility requires both robustness and sensitivity: robustness to
harmless modelling noise, and sensitivity to genuine regime change. A well-posed DSI should display
precisely that pattern. Perturbation theory and structural stability provide the appropriate mathematical

setting in which to prove it.

6. Continuous flows and asymptotic DSI

For deterministic or random smooth flows, the role played by the stationary distribution of a Markov chain
is taken by an invariant measure, often an equilibrium state or a Sinai-Ruelle-Bowen type measure in
chaotic settings. Let ¢*: M — M be a smooth flow on a compact manifold or on an invariant compact set,
and let u be an invariant probability measure capturing long-time statistics. A DSI for the flow requires two
ingredients analogous to the Markov case: a diversity term attached to the invariant measure and an order-

bearing asymmetry term attached to the dynamics.

The diversity term may be defined from coarse-grained Shannon entropy of the invariant measure with
respect to a finite generating partition, or from a normalised metric entropy when a suitable finite reference
scale is fixed. The second term is more delicate. In deterministic flows there is no entropy production in the
same literal sense as in an open Markov process. One therefore uses a surrogate built from invariant
instability data, such as a bounded function of positive Lyapunov exponents, entropy flow, or decay of
correlations, depending on the model class. The exact choice matters less than the structural conditions
already identified: boundedness, continuity within stable classes, and vanishing or degeneration in fully

static or reversible limits.

Under ergodicity of u, time averages of integrable observables converge almost surely to their space
averages. Hence a trajectory-defined local DSI converges in the large-time limit to a unique invariant value
determined by p and the chosen dynamical asymmetry observable. This yields the flow analogue of the
Markov stationary theorem. Existence and uniqueness now depend on the uniqueness of the relevant
invariant statistical state rather than on a unique stationary distribution, but the conceptual structure is

identical.

There is a further reason to analyse flows separately. In smooth dynamics, one can relate DSI to classical
invariants such as Lyapunov exponents and correlation decay, thereby embedding the index in a much older

theoretical tradition. That connection is developed in the next sections.

7. Generic interior extrema in parameter families

One of the characteristic claims made for DSI is that it should often attain an interior maximum or extremum

as a control parameter varies. This is the formal expression of the idea that neither weak organisation nor



over-canalised organisation is optimal from the standpoint of dynamic symmetry. To move this claim

beyond intuition, one needs a generic argument.

Let 8 = Sy be a smooth or continuous one-parameter family of ergodic dynamical systems, each carrying a
DSI value DSI(8). Assume that the diversity term D(6) is high near a weak-driving or high-noise limit and
falls at sufficiently strong forcing because the invariant state concentrates or route-plurality collapses.
Assume also that the order term 0(8) is low near weak driving and rises with forcing, at least initially.
Under these assumptions, continuity of both components and of @ implies that the DSI function typically
rises from a low value, attains at least one interior extremum, and then falls once imbalance or collapse

dominates. This is an immediate topological consequence of the competing monotonic trends.

The theorem is modest, yet valuable. It does not specify uniqueness of the interior extremum, nor does it
identify its precise location without further structure. What it does show is that an interior extremum is not
an ad hoc feature of a single example. It is the generic outcome whenever one observable decreases across
the parameter range and the other increases, with both remaining bounded and continuous. In families of
Markov chains controlled by forcing, coupling strength, or external bias, such conditions are natural. In
flows they arise when increasing instability first creates dynamical richness and later destroys coherent

structure.

Stronger results are possible in special classes. If one can show that D (8) is strictly decreasing, O () strictly
increasing, and that the coupling function @ is strictly quasi-concave on the image curve (D(6), 0(6)), then
uniqueness of the interior extremum follows. This line of reasoning suggests a significant future theorem

programme: identify broad model classes in which DSI is not only interior-extremised but single-peaked.

8. Spectral gap, mixing time, and the location of the extremum

The next question is whether the interior extremum can be related to standard dynamical quantities. For
ergodic Markov chains, the most immediate candidates are spectral gap and mixing time. A large spectral
gap typically implies rapid convergence to stationarity, while a small gap is associated with slow mixing
and metastability. These quantities already organise the familiar distinction between rigidly convergent

and sluggishly unstable dynamics. It is therefore natural to ask where DSI should peak relative to them.

A plausible theorem schema is the following. In reversible or near-reversible parameterised families, if the
order term O grows with departure from equilibrium while the diversity term D falls as the spectral
structure becomes increasingly concentrated, then the DSI extremum occurs in a regime where the spectral
gap is neither maximal nor minimal. Equivalently, the mixing time at the DSI optimum is intermediate: fast

enough to sustain coherence, not so fast as to suppress multiplicity of effective routes. This does not imply



a universal numerical law, but it does locate DSI within the same mathematical territory as classical mixing

theory.

One can sharpen the claim in families where entropy rate and spectral gap are jointly controlled. Markov
coarse-graining theory and perturbative spectral analysis suggest that reduction in route-plurality and
increased canalisation often manifest as concentration in a few dominant modes, whereas weakly driven
systems exhibit small asymmetry despite broad occupancy. The DSI extremum should therefore be
expected near the crossover where current structure is already pronounced but the spectral picture has not

yet collapsed onto a narrow dominant mode.

This is exactly the sort of statement that can be tested numerically and, in some model classes, proved
analytically. It also helps explain why DSI should not be confused with any one standard invariant. It is not
identical to spectral gap, mixing time, or entropy rate; it is a bounded composite whose extremum is

constrained by those quantities.

9. Lyapunov exponents, entropy rate, and decay of correlations

For smooth chaotic systems, Lyapunov exponents, entropy production surrogates, and decay of correlations
provide the natural comparison class. There is already established work linking Lyapunov exponents to
rates of correlation decay in expanding Markov maps and related classes. There is also work connecting
entropy, Lyapunov exponents, and escape or flow rates in differentiable dynamics. These results do not
mention DSI, but they supply exactly the ingredients needed to place the index within a known analytical

framework.

Suppose a flow or map admits a normalised diversity observable D built from invariant or coarse-grained
entropy and an order-bearing observable O defined as a bounded monotone transform of a quantity such
as the sum of positive Lyapunov exponents, a correlation-decay rate, or an entropy-flow surrogate. Then
DSI becomes a constrained combination of entropy-like and instability-like invariants. In regimes where
the diversity term is itself monotone in entropy rate and the order term is monotone in the instability proxy,

DSI may be read as a monotone transform of a two-variable combination of standard dynamical invariants.

This observation matters because it answers a likely criticism. One might object that DSI merely repackages
known quantities. In one sense that is true, and it is no weakness. The value of DSI lies not in creating new
invariants ex nihilo, but in binding two distinct aspects of dynamics into a single bounded observable that
captures a balance relation not represented by either quantity alone. When the constituent observables are

standard and well understood, the interpretability of DSI improves rather than weakens.



A more precise theorem is available in special expanding or symbolic settings. If the decay rate of
correlations admits explicit bounds in terms of the Lyapunov exponent, as shown in work on interval maps
and piecewise linear expanding Markov systems, then any DSI whose order term is a bounded monotone
function of either quantity inherits corresponding comparison bounds. Thus one can derive inequalities of

the form
Fi(hy, A, p) < DSI < F,(hy, 4, p), (5)

where h, denotes an entropy-like quantity, 4 a Lyapunov quantity, and p a correlation-decay parameter,
with F; and F, determined by the normalisation and coupling scheme. Such bounds would amount to a

rigorous placement of DSI within classical smooth ergodic theory.

10. Uniqueness, non-uniqueness, and the scope of the theorems

No serious theorem programme should conceal the limits of its assumptions. The existence and uniqueness
results proved above depend on ergodicity, or on an equivalent uniqueness of the relevant invariant
statistical state. If the system has several invariant measures, several metastable classes, or several
incompatible coarse-grained descriptions, then one should not expect a unique global DSI value. In such
cases, the appropriate object may be a family of conditional or phase-specific DSI values rather than a single

scalar.

This is not a failure of the theory. It is a faithful reflection of the underlying dynamics. A system with several
invariant statistical regimes does not possess one unique long-time probabilistic description, so no single
index based on such a description could be canonical without further selection criteria. The correct

mathematical response is therefore conditionalisation, not forced uniqueness.

Likewise, invariance under coarse-graining has a natural limit. Exact invariance is available for exact
lumpings or partition-compatible reductions. Beyond that, one obtains error bounds, not identities. This is
entirely standard in reduction theory and should be treated as a strength: DSI behaves as well under

reduction as the underlying dynamical description permits, and no better.

11. Discussion

The analysis developed here alters the status of DSI in a specific way. It does not prove that DSI is the
uniquely correct scalar for all adaptive systems. Nor does it show that every plausible DSI formula will
satisfy elegant theorems in every model class. What it does show is that once DSI is defined by the
architecture of invariant spread plus dynamical asymmetry, combined through a continuous bounded

coupling, the index enters the ordinary mathematics of dynamical systems. It acquires a stationary limit



under ergodicity, exact or approximate invariance under natural reductions, continuity under perturbation,
and a generic tendency towards interior extrema in parameter families where its two constituent

observables move in competing directions.

This is enough to answer an important methodological concern. DSI need not remain an impressionistic
midpoint between order and disorder. It can be treated as a structurally stable observable in familiar
frameworks, with the same kind of analytical discipline applied to entropy rates, spectral gaps, and
Lyapunov quantities. The programme remains incomplete, of course. Stronger uniqueness theorems for
interior optima, sharper asymptotic bounds in high-dimensional families, and explicit comparison

principles for multiscale reductions are still needed. Yet the path to such results is now visible.

There is also a broader scientific consequence. If an index is well posed across Markov and flow systems,
then comparisons across application domains cease to be merely metaphorical. One may begin to ask
whether the same bounded object captures analogous regime structure in biochemical, ecological, financial,
or cognitive models, provided the underlying assumptions are honestly stated. That possibility is what gives

the theorem programme its wider importance.

12. Conclusion

The central claim of this paper is that the Dynamic Symmetry Index can be placed on a mathematically
respectable footing across broad classes of Markov and flow systems. In ergodic Markov models, stationary
DSI exists and is unique because the stationary measure is unique and the relevant observables are
stationary functionals of that measure and the transition structure. Under exact lumpability and partition-
compatible observational reduction, DSI is invariant in the proper coarse-grained sense; under
approximate reductions it is stable up to a controlled error. Under perturbations of kernels, generators, or
vector fields within structurally stable classes, DSI varies continuously and often satisfies quantitative

bounds inherited from perturbation theory.

For parameterised families, DSI generically acquires interior extrema whenever diversity and order move
in competing directions, and the location of these extrema is constrained by quantities such as spectral gap,
mixing time, entropy rate, decay of correlations, and Lyapunov exponents. DSI should therefore be treated
neither as a mystical optimum nor as a mere repackaging of known invariants. It is a bounded composite
observable whose mathematical behaviour can be studied with ordinary tools of ergodic theory, stochastic

processes, and smooth dynamics.

The most important result is methodological. DSI is not confined to definitions and illustrative examples.

Under explicit assumptions, it admits well-posedness, invariance, and structural-stability theorems across



familiar dynamical frameworks. That is the threshold that must be crossed if Dynamic Symmetry Theory is

to develop from an exploratory framework into a more established science.



