Asymptotic Behaviour of DSI in High-Dimensional
and Multiscale Systems

Abstract: This paper develops an asymptotic theory for the Dynamic Symmetry Index in large and multiscale
dynamical systems. The principal aim is to show that DSI can be analysed within the ordinary mathematics of
limits, concentration, coarse-graining, and scaling, rather than being confined to finite illustrative models. The
argument proceeds in three stages. First, sequences of systems with increasing dimension, species count, or
network size are studied under natural normalisations of diversity and order observables, yielding limiting
laws for DSI in broad families of Markov models, reaction-network ensembles, and random graph dynamical
systems. Secondly, concentration and large-deviation results are formulated for random ensembles, showing
that DSI can cluster near predictable values in large systems and that fluctuations away from those values
admit explicit tail asymptotics under standard assumptions of weak dependence or ergodic mixing. Thirdly,
scale-indexed towers of DSI values are analysed under repeated coarse-graining, and criteria are given for
convergence, oscillation, and scale-driven phase transition. The paper argues that these results are necessary
if Dynamic Symmetry Theory is to become relevant to genuinely large systems rather than remaining tied to
small examples. The broader claim is that DSI can be placed within asymptotic and probabilistic theory
provided its ingredients are defined with sufficient care and its normalisations respect system size and

observational scale.

1. Introduction

Any scalar index proposed as a descriptor of complex adaptive organisation faces a familiar difficulty when
one moves from small examples to large systems. The meaning of the index may drift with system size, the
normalisation may become arbitrary, and the interaction between local variability and global organisation
may alter qualitatively across scales. The Dynamic Symmetry Index is no exception. If it is to become more

than a finite-model diagnostic, it must admit an asymptotic theory.

The task is therefore to ask how DSI behaves along sequences of systems whose dimension, node count,
species count, or observational depth increases. One wants to know whether the index converges,
concentrates, fluctuates, or bifurcates under natural scaling laws. One also wants to know whether a scale-
indexed family of DSI values stabilises under successive coarse-graining, or whether changing observation
scale reveals genuine phase structure. These questions belong not to rhetoric but to the familiar

mathematics of ergodic limits, large deviations, random matrices, and model reduction.

The present paper proposes a general route to such a theory. The setting is intentionally broad. The systems

under study may be discrete or continuous, stochastic or deterministic, finite-state or high-dimensional,



provided they admit three ingredients: an asymptotic statistical description, a size-aware diversity
observable, and a size-aware order or asymmetry observable. Once those are available, DSI may be treated
as a random or deterministic functional defined on a sequence of models. The central aim is to derive laws

for that functional as the sequence grows.

This programme matters for at least three reasons. First, many candidate applications of Dynamic
Symmetry Theory concern systems that are intrinsically large, such as biochemical reaction networks,
ecological networks, financial graphs, and layered information-processing systems. Secondly, asymptotic
results discipline normalisation. They force one to specify how entropy-like and order-like quantities scale
with dimension. Thirdly, probabilistic limit theorems allow one to distinguish real structural variation from
finite-size noise. Without such results, one could mistake sampling fluctuation for genuine dynamical

balance.

The paper is organised as a continuous mathematical essay. Its emphasis falls on asymptotic ideas rather
than on exhaustive technical detail, but all central claims are stated in a form intended to support later
theorem proofs. The argument begins by fixing the class of DSI constructions to be studied, then moves to
large-system limits, concentration and large deviations, scale towers, and phase behaviour under coarse-

graining.

2. Size-aware DSI and the problem of scaling

Let S, be a sequence of dynamical systems indexed by size n, where size may mean number of states,
number of nodes, number of chemical species, or effective dimension of an observation algebra. Suppose
that each system carries a diversity term D,, € [0,1], an order or asymmetry term O, € [0,1], and a bounded

coupling
DSI, = ®(D,, 0,), (1)

with @ continuous and monotone in each coordinate away from the edges. The asymptotic question is
meaningful only if D,, and O, are normalised in a size-aware way. Otherwise the limit behaviour of DSI will

be contaminated by arbitrary dimensional effects.

The diversity term should therefore be defined from a quantity that grows naturally with size and then
scaled by an equally natural reference value. Shannon entropy, for example, may grow like log|S,| on a
state space S,,, so the correct normalisation is by a size-dependent entropy envelope rather than by a fixed
constant. Likewise, an order term derived from entropy production, spectral asymmetry, or instability must
be divided by a reference quantity reflecting the physically or mathematically relevant scale of organised

activity in the system of size n.



This observation leads to a first asymptotic principle. DSI has a non-trivial large-system limit only when
both components are renormalised so that neither degenerates systematically to zero or one as size grows.
A successful asymptotic theory therefore begins not with the final scalar but with the scaling laws of its

ingredients.

3. Large-system limits in Markov and network sequences

The most direct asymptotic setting is a sequence of ergodic Markov systems §,, with growing state spaces.
Let m,, be the unique stationary distribution of the n-th model. If the entropy-like component of DSI is
defined by a normalised Shannon entropy
H(my)
D, = a = ,(2)

n

where a,, is a size-dependent envelope such as log | S, |, and if the order-bearing component takes the form

An

0, = —2—
"o A,+b,’

(3)
for an asymmetry observable 4,, and a scaling sequence b,,, then the existence of a limit for DSI,, reduces to

the joint convergence of D,, and O,,. Whenever D,, = D, and 0, = O, continuity of ® gives
DSI, » ®(Dy, 0x)- (4)

This trivial implication is mathematically important because it localises the asymptotic problem. One need
not attack DSI directly at first. One studies the separate asymptotics of diversity and order under the natural

normalisations of the model class.

For random graph dynamical systems, a similar principle applies. Suppose that a sequence of directed
random graphs carries node-wise or edge-wise dynamics whose stationary or asymptotic description
induces a probability distribution over graph-level observables. If a diversity term is normalised by graph
size and an order term by a spectral or current-based scaling, then graph-limit methods and random-matrix
asymptotics can generate deterministic or probabilistic limits for the two components. In favourable cases,
DSI then converges in probability to a non-random value determined by the limiting graphon, limiting

spectral distribution, or another asymptotic descriptor.

This is precisely where DSI begins to escape the charge of being tied to toy models. If its value converges
under graph growth or state-space growth, then it can be discussed at the level of model classes rather than

just individual systems.



4. Chemical reaction network ensembles

Open chemical reaction networks provide a particularly important test case because they combine
increasing dimensionality with thermodynamic structure. Let C,, be a sequence of open reaction networks
with increasing numbers of species, reactions, or stoichiometric cycles. Assume that each network admits
a stochastic or mesoscopic description with an invariant or stationary measure, together with an entropy-

like spread functional and an entropy-production-like order functional.

The asymptotic challenge in this setting is not simply that the state space grows. It is that growth can occur
through different mechanisms: addition of loosely coupled species, replication of motifs, increase of cycle
count, or refinement of occupancy truncation. A meaningful DSI limit therefore requires a scaling law
matched to the mode of growth. If the network is built by motif replication under weak coupling, one
expects law-of-large-numbers behaviour for suitably averaged observables. If, by contrast, growth
increases the density of cycle interaction, one may encounter non-trivial collective limits or asymptotic

phase transitions.

This leads to a second asymptotic principle. The limit of DSI depends not only on size but on the architecture
of growth. Two networks of the same dimension may have different asymptotic DSI behaviour if one grows
by independent aggregation and the other by increasing interaction density. A rigorous asymptotic theory

must therefore be sequence-sensitive.

Recent work on large-scale thermodynamics of chemical reaction networks and on reduced models
preserving thermodynamic structure suggests a route through this difficulty. If model reduction preserves
the essential entropy-production structure, then the order-bearing component of DSI may be tracked
consistently across scales. In such cases one may hope to prove that reduced and unreduced DSI values
differ by an error tending to zero under controlled coarse-graining. This would make asymptotic statements

about realistic biochemical families mathematically plausible rather than merely aspirational.

5. Random ensembles and concentration of DSI

Once DSl is defined on a random ensemble of systems, the next question is whether it concentrates. Let P,
be a probability law on a class of size-n dynamical models, such as random graphs, random interaction

matrices, or random CRN ensembles. Then DS, is itself a random variable. One wants to know whether
DSI, — m, — 0 in probability or almost surely, (5)

for some deterministic centring sequence m,, and, if so, how rapidly this convergence occurs.



The guiding theorem here is a concentration principle. If the diversity and order observables are Lipschitz
or weakly sensitive to local changes in the random structure, and if the underlying ensemble has sufficient
independence or weak dependence, then concentration inequalities may be transferred from the basic
random inputs to the DSI functional. In practical terms, this means that large random systems of the same

class will typically display very similar DSI values once properly normalised.

This result would be significant for the interpretation of empirical data. It would imply that large
fluctuations in observed DSI are unlikely to arise from finite-size randomness alone and are more plausibly
evidence of real structural deviation or regime change. Conversely, if DSI fails to concentrate in a class
where one expects concentration, that failure would indicate either a poor normalisation or a genuinely

broad universality class.

A particularly fruitful context is the random-matrix setting familiar from complexity-stability theory. If the
order-bearing part of DSI is defined through spectral asymmetry, instability, or entropy production proxies
and the diversity part through normalised occupancy or structural spread, then large random matrices with
standard scaling may produce DSI values that cluster near a deterministic limit. The precise form of that
limit will depend on the ensemble, but the theorem schema remains the same: DSI behaves as a self-

averaging observable in high dimension under suitable hypotheses.

6. Large deviations and tail asymptotics

Concentration alone is not enough. One also wants to know how rare significant departures from the typical
DSI value are. This is the domain of large-deviation theory. Let DSI,, be defined on a sequence of random or
trajectory-based systems satisfying an appropriate large-deviation principle for the underlying empirical
observables. If the map from empirical observables to DSI is continuous, then the contraction principle

yields a large-deviation principle for DSI itself.
Informally, this means that for suitable sets B c [0,1],

P(DSI, € B) = exp(—n}icreleI(x)), (6)

where [ is the induced rate function. The exact speed may be n, a volume parameter, or another natural size

scale depending on the model class.

This theorem has two major consequences. First, it supplies explicit asymptotic tail bounds for rare high-
or low-DSI events in large ensembles. Secondly, it shows that DSI can be embedded in the same probabilistic

machinery that already governs entropy production fluctuations, empirical occupations of Markov chains,



and Birkhoff sums in smooth systems. The index then becomes a legitimate asymptotic random observable

rather than a post hoc descriptive statistic.

In finite-state or strongly ergodic Markov chains, large-deviation principles for empirical occupation
measures and empirical flows are already standard, and graph-combinatorial approaches provide exact
expressions for generating functions in some classes. Since many DSI constructions depend continuously
on precisely those empirical objects, the induced large-deviation principle follows naturally. The challenge
is not conceptual but technical: one must verify continuity of the chosen DSI map and identify the relevant

speed and rate function.

A useful refinement is the possibility of strong large-deviation asymptotics. In certain weakly dependent
settings, higher-order expansions are available beyond the exponential scale. Should DSI inherit those
expansions, one would obtain not only leading-order rarity estimates but sub-leading corrections. This

would be valuable in moderate-size systems where purely asymptotic bounds can be too crude.

7. Multiscale towers and repeated coarse-graining

The asymptotic theory becomes richer when one studies DSI across observational scales rather than merely
across system sizes. Let a single large system carry a nested family of observation algebras or coarse-
grained partitions A, 2 A, 2 -, from fine to coarse. At each level k, define a DSI value DSI;. The resulting

sequence

{DSli}ie=1 (7)

may be called a DSI tower.

The first question is convergence. Under what circumstances does DSI;, — DSI,, as the observational scale
becomes progressively coarser? A sufficient condition is that both the diversity and order observables
converge under the coarse-graining maps and that the approximation error introduced at each step is
summable. Quantitative coarse-graining theory for Markov chains suggests precisely this sort of statement
when effective reduced dynamics remain close to the original process without requiring strict scale

separation. Under such conditions, the DSI tower stabilises.

The second question is oscillation. A tower may fail to converge if alternate scales reveal fundamentally
different balances between organisation and variability. This can happen in hierarchical or modular
systems where one scale hides route diversity that reappears at the next, or where coarse-graining
suppresses one current structure only for another to dominate later. Oscillation of DSI,, is therefore not

necessarily a defect. It may be a signature of genuine multiscale organisation.



The third question is phase transition in scale. A DSI tower may remain stable over a range of scales and
then undergo an abrupt shift when coarse-graining crosses a modularity threshold, destroys a family of
cycles, or collapses a long-memory structure into a finite-state summary. In such cases, scale is not merely
a measurement choice; it acts as a control parameter. One then speaks naturally of a scale-driven phase

transition in DSL.

These three possibilities—convergence, oscillation, and scale transition—show why a single DSI value is
often insufficient in large systems. The asymptotic theory should therefore attach equal importance to the

tower as to any one level.

8. Phase transitions under size growth and scale change

Large-system asymptotics and multiscale asymptotics meet most interestingly at phase transitions. A
sequence S, may display one DSI regime for small and moderate sizes and another for large sizes, even
under fixed parameter scaling. Alternatively, the same system may appear dynamically symmetric at one

observational scale and strongly unbalanced at another.

A useful theorem schema can now be stated. Suppose a family of systems depends on size n and control
parameter 6, with a corresponding DSI functional DSI,,(8). If the rescaled diversity and order observables
converge pointwise away from critical values but exhibit non-uniform convergence near a threshold 6.,
then the limiting DSI may display one of three behaviours: smooth convergence, discontinuous jump, or

critical crossover. The type realised depends on the joint asymptotics of the components.

This theorem matters because it prevents misuse of finite-size evidence. A DSI curve obtained from
moderate systems may suggest a stable intermediate optimum, yet in the large-system limit that optimum
may sharpen, flatten, bifurcate, or disappear. Conversely, a weak finite-size pattern may become strong

asymptotically if fluctuations shrink. Only an asymptotic treatment can tell the difference.

There is also a conceptual consequence for Dynamic Symmetry Theory. The phrase “edge of chaos” is
sometimes used as though it referred to one fixed point on one universal scale. In large multiscale systems
that is implausible. What is more realistic is a family of asymptotic edges, depending on size regime,
observational depth, and universality class. DSI is useful precisely because it provides a bounded coordinate

on which such distinctions can be stated clearly.

9. Stability of DSI under model reduction

No asymptotic theory for large systems is complete without reduction principles. Realistic high-

dimensional systems are rarely analysed in full. They are reduced by lumping, averaging, quasi-steady-state



approximation, projection to low-rank observables, or graph compression. If DSI is to survive this reality, it

must be stable under mathematically controlled reduction.

The relevant theorem is a reduction-stability principle. Let R,, be a reduction map sending a large system
to an effective smaller model while preserving the dominant statistics of the observables entering DSI. If
the reduced dynamics approximate the original dynamics with error €, — 0 in a sense strong enough to

control both diversity and order observables, then
|DSI, — DSI¢%| — 0.(8)

This result is indispensable in applications to biochemical and network systems. It implies that DSI
asymptotics can be studied on effective models when full models are intractable, provided the reduction
respects the relevant probability and asymmetry structure. The challenge is to identify the reductions for
which this is true. Existing quantitative coarse-graining theory for Markov chains and thermodynamic

fidelity results for reaction-network reduction suggest that this programme is mathematically realistic.

10. Discussion

The asymptotic viewpoint changes the status of DSI in three ways. First, it compels proper scaling. One can
no longer assign entropy-like and order-like quantities by intuition alone; one must specify how they
behave as system size grows. Secondly, it places DSI in a probabilistic setting where concentration and
rarity can be studied quantitatively. Thirdly, it makes clear that observational scale is not an inconvenience

to be ignored but a constitutive part of the theory.

These points bear directly on the scientific ambitions of Dynamic Symmetry Theory. Many systems of
interest are large enough that finite-model arguments are inadequate. In biochemical networks, node
counts, species counts, and timescale separations can all alter the meaning of balance between organisation
and variability. In financial and ecological networks, graph size and modularity affect both stability and
observability. In symbolic or information-processing systems, predictive structure may survive some
coarse-grainings and vanish under others. A DSI theory that cannot speak coherently about these

asymptotic issues would remain narrow in scope.

At the same time, asymptotic theory introduces a welcome discipline. It reveals when a DSI definition is
badly scaled, when finite-size behaviour is misleading, and when a proposed universality claim is too broad.
A good asymptotic theorem is therefore not merely an embellishment. It is a test of whether the underlying

index has been defined responsibly.



11. Conclusion

This paper has outlined a route for placing the Dynamic Symmetry Index within asymptotic and
probabilistic theory. The key claim is that DSI can be treated as a size-aware functional on sequences of
high-dimensional systems and on towers of observational scales. Under natural renormalisations of
diversity and order observables, large-system limits exist whenever the components converge;
concentration results show that DSI can become self-averaging in random ensembles; large-deviation
principles yield explicit asymptotic control of rare DSI fluctuations; and multiscale towers reveal when

dynamic symmetry stabilises, oscillates, or changes phase across scales.

These results do not imply that every system has one universal asymptotic DSI law. They imply something
more useful. The behaviour of DSI in large systems can be studied with ordinary mathematical tools,
provided the system class, scaling law, and reduction scheme are stated clearly. That is the threshold
required if Dynamic Symmetry Theory is to speak meaningfully about real complex systems rather than

only about finite examples.



