DST-II: Adaptive Group Theory and the Dynamic
Symmetry Index

Abstract: This paper develops the second formal layer of Dynamic Symmetry Theory by introducing an adaptive
group-theoretic account of how symmetry varies in complex systems and by defining the Dynamic Symmetry
Index as a computable scalar derived from symmetry departure. Where DST-1 established the underlying notion
of a dynamic symmetry algebra as a time-dependent family of Lie subalgebras, the present paper addresses the
next question: how can that evolving symmetry structure be measured in a way that is coordinate-free,
computable, and suitable for cross-domain application? The answer proposed here is adaptive group theory.
In this framework, the admissible symmetry generators of a system are allowed to depend on state, scale, and
regime, and the departure of the system’s dynamics from its candidate adaptive symmetry family is encoded by
a symmetry departure operator built from the Lie derivative. The nuclear norm of that operator yields a scalar
measure of symmetry loss, from which the Dynamic Symmetry Index is defined after normalization. This paper
develops the formal construction, states the group-theoretic conditions for the ordered, chaotic, and
dynamically symmetric limits, and extends the framework to multi-scale settings through a scale-indexed DSI
tower. The aim is to provide the first coordinate-free and operational definition of DSI grounded directly in

adaptive symmetry structure.

1. Introduction

Dynamic Symmetry Theory seeks a unified description of how adaptive systems maintain organisation
without collapsing into rigidity on the one hand or incoherence on the other. Earlier work formulated this
intuition conceptually, then introduced preliminary quantitative constructions based on entropy,
dissipation, and stochastic balance. DST-I supplied the missing algebraic foundation by defining a dynamic
symmetry algebra: a time-dependent family of Lie subalgebras that evolves along trajectories of an adaptive
system. Yet a decisive gap remained. An evolving symmetry structure is mathematically meaningful, but

unless it can be turned into a stable observable it cannot serve as a practical index.

The present paper addresses that gap. Its central proposal is that Dynamic Symmetry should be measured
not directly by the dimension of a symmetry algebra, nor by any single invariant of that algebra, but by the
extent to which the system’s actual dynamics depart from the adaptive symmetry family available to them.
This shift is essential. In real adaptive systems, the practically important question is not whether symmetry
is present in an exact classical sense, but whether the system continues to evolve in a manner sufficiently

aligned with the symmetry structure that would sustain flexible organisation.



The correct mathematical language for this task is adaptive group theory. Standard group theory treats
symmetry groups as fixed objects attached to equations, actions, or geometric spaces. Adaptive group
theory generalises this by allowing the relevant symmetry generators to depend on state and regime. Once
that move is made, symmetry measurement becomes a question of comparing the system'’s vector field to
the action of these state-dependent generators. The comparison naturally produces an operator whose size
measures the degree of symmetry departure. This paper proposes that the Dynamic Symmetry Index should

be defined from that operator.

The resulting construction serves three purposes. First, it grounds DSI in the symmetry concept itself rather
than treating it only as an entropy-based surrogate. Second, it gives a coordinate-free way of comparing
systems whose local state spaces or parameterisations differ. Third, it provides the bridge between the
abstract algebra of DST-I and the computational and empirical work envisaged in later stages of the

programme.

2. From dynamic symmetry algebra to adaptive group theory

DST-I defined a dynamic symmetry algebra as a time-parametrised family of Lie subalgebras inside a fixed
ambient algebra of candidate generators. That construction captured the idea that a system’s admissible
symmetry repertoire can widen, narrow, or jump between strata as the system evolves. The present paper

takes the next step by asking how these moving fibres act on the dynamics themselves.

Let M be a smooth state manifold and let F € X(M) be the vector field governing system evolution at a

chosen time scale. Let ggyn C g € X(M) denote the local symmetry fibre available at state x € M. The
adaptive group-theoretic perspective is that the relevant symmetry object is not a single global group but a

state-indexed family of infinitesimal generators acting locally on the dynamics.

The problem is therefore no longer binary. Classical symmetry theory asks whether F is invariant under a
generator ¢. Adaptive group theory asks how far F departs from invariance under the admissible set of local
generators currently available. This reframing turns symmetry from a yes-or-no property into a measurable

geometric relation.

In practical terms, the theory studies how the Lie derivative of the vector field behaves under local
generators. If the action of the fibre on F is small in a structured sense, the system remains close to its
adaptive symmetry manifold. If the action becomes large, unstable, or fragmented, the system is departing

from the dynamically symmetric regime.



3. The symmetry departure operator

Let #, denote a finite-dimensional observation space associated with the local state x, and let

{&1(%), ..., & (x)} be a local frame of admissible generators spanning the fibre ggyn. For each generator, the

Lie derivative of the system vector field is

This quantity measures the failure of F to remain invariant under the infinitesimal transformation

generated by &;. In the adaptive setting, it is natural to gather these departures into a single linear operator
d
Cx(F): gxyn - H,é o LeF. (2)

This operator is the symmetry departure operator. It quantifies, at state x, the extent to which the actual

dynamics depart from the candidate local symmetry family.

Several remarks are important. First, C,,(F) = 0 does not mean that the system is maximally adaptive. It
means only that the dynamics are perfectly compatible with the current fibre. That may correspond either
to exact dynamic symmetry or to trivial rigidity, depending on the size and richness of the fibre itself.
Second, large operator norm indicates substantial symmetry departure, but the interpretation of that
departure depends on the geometry of the fibre and on scale. Third, the operator is local and may be tracked

along trajectories, making it suitable for time-local diagnostics.

The advantage of this formulation is that it captures symmetry loss structurally rather than rhetorically.
Once the operator is defined, the problem becomes one of choosing a principled scalar functional on

operators that respects basis changes and can be compared across systems.

4. Nuclear norm and scalarisation

The scalar proposed here is based on the nuclear norm. For a finite-rank operator C, (F), let

ICx ()l (3)

be the sum of its singular values. The nuclear norm is appropriate for three reasons. First, it is basis-
independent once the relevant inner-product structures are chosen on domain and codomain. Second, it
aggregates departure across all symmetry directions rather than privileging only the maximal singular
mode. Third, it remains convex, making it computationally tractable and analytically stable under

approximation.



Define the local Dynamic Symmetry Index by

L.

DSI X) = 1 ]
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where ||C||max 1S @ normalization constant representing a domain-specific reference level of maximal

symmetry departure. By construction,
0 <DSI(x) <1.(5

High values indicate low symmetry departure relative to the chosen reference class; low values indicate
strong departure and loss of adaptive coherence. Crucially, however, this scalar should not be interpreted
in isolation from the structure of the local fibre. The same scalar value may arise from very different
algebraic circumstances if one ignores the geometry of the adaptive symmetry family. For this reason, the

DSl is best understood as a compressed observable derived from a richer group-theoretic substrate.

5. Ordered, chaotic, and dynamically symmetric limits

The scalar construction becomes meaningful only if its limiting interpretations are clarified. Adaptive group

theory distinguishes three idealised regimes.

5.1 Ordered limit

A perfectly ordered regime is one in which the system’s local symmetry fibre is narrow, persistent, and
strongly constraining. The dynamics conform closely to that small fibre, so the symmetry departure
operator may be small. Yet this is not the full DST optimum, because the system’s adaptive repertoire is
restricted. In extreme form, the system may be so canalised that only a few admissible deformations remain

available.

Group-theoretically, the ordered limit is characterised by low fibre complexity, weak deformation under
transport, and minimal symmetry departure from a highly constrained local family. Such a regime may

correspond to stability, but it is not automatically dynamically symmetric in the richer DST sense.

5.2 Chaotic limit

A chaotic regime is one in which the available symmetry structure either fragments or ceases to constrain
the dynamics meaningfully. The symmetry departure operator becomes large because the dynamics no
longer remain close to any coherent adaptive fibre. Equivalently, one may say that the system has lost track

of its admissible transformation geometry.



In this limit, DSI(x) approaches zero under the normalization in equation (4). The low value reflects not
the absence of all transformation structure in the ambient space, but the failure of the actual system

dynamics to remain aligned with any workable adaptive symmetry family.

5.3 Dynamically symmetric limit

The dynamically symmetric regime lies between these extremes. Here the local fibre is neither trivial nor
unmanageably fragmented. It is rich enough to support alternative pathways of evolution, yet structured
enough that the system’s actual dynamics remain close to it. The symmetry departure operator is therefore

moderate to low, but in the presence of a fibre whose algebraic richness remains substantial.

This is the crucial point. Dynamic symmetry is not equivalent to maximal invariance. It is the joint condition
that the system maintains a sufficiently rich adaptive symmetry family and that its dynamics do not depart

excessively from that family. The DSI is intended to register this joint condition in compressed form.

6. Normalization and reference classes

No scalar index is meaningful without a reference class. The normalization constant ||C||,ax Cannot be
chosen arbitrarily if DSI is to support cross-system comparison. In adaptive group theory, two reference

strategies are natural.

The first is theoretical normalization. One specifies a family of admissible systems and derives,
analytically or numerically, an upper envelope for symmetry departure within that class. The second is
ensemble normalization. One computes the empirical distribution of ||C, (F)||. across a domain-specific

ensemble and uses an extreme or quantile-based calibration to set the effective maximum.

The theoretical strategy is preferable when the model class is tight, as in controlled dynamical systems or
reduced biochemical networks. The ensemble strategy is often more realistic in heterogeneous empirical
domains such as finance or ecology. In either case, normalization must preserve the interpretation of low
values as severe symmetry departure and high values as strong adaptive symmetry relative to the relevant

domain.

A further subtlety is that the DST optimum need not occur at DSI = 1. Depending on the richness of the
local fibre and the system class, the operational edge-of-chaos optimum may correspond to an interior value
DSI* € (0,1]. The scalar index therefore measures placement in a bounded symmetry-departure scale,

while the system’s adaptive optimum is a domain-specific feature of the full theory.



7. A scale-indexed DSI tower

Adaptive systems are multiscale. A symmetry family visible at one observation level may collapse, split, or
merge when the system is coarse-grained or refined. For this reason, a single-scale DSI is insufficient in

general. Adaptive group theory therefore extends naturally to a scale-indexed DSI tower.

Let {4, }X_, be a hierarchy of observation algebras or coarse-grained state descriptions, ordered from fine
to coarse. At each level k, one defines a local adaptive symmetry fibre ggs;(n‘ a symmetry departure operator

Cy k(F), and a corresponding scalar

NG
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The resulting tower

DSLY=y (1)

encodes how dynamic symmetry appears across scales. In some systems, the dynamically symmetric
regime may be narrow at micro-scale but broad at meso-scale; in others, the reverse may hold. A major
advantage of the tower formulation is that it allows one to distinguish systems that are genuinely

multiscale-adaptive from those that merely appear balanced under a single chosen resolution.

This multiscale extension also aligns with the broader DST ambition of tracking order and variability from
quantum and biochemical systems through physiology, institutions, and ecosystems. A common scalar at

one scale is useful; a coherent tower across scales is more faithful to the phenomena.

8. Relation to entropy-based DSI formulations

The nuclear-norm construction proposed here does not replace entropy-based DSI formulations. It clarifies
and generalises them. In open chemical reaction networks and stochastic thermodynamic systems, order-
disorder balance has already been represented through combinations of entropy, entropy production, and
related stochastic observables. Those constructions remain valuable because they are physically

interpretable and computationally concrete.

Adaptive group theory supplies the missing structural layer beneath them. An entropy-based DSI may be
understood as one physically motivated realisation of a more general principle: the system is dynamically
symmetric when its actual evolution remains sufficiently aligned with a rich, state-dependent symmetry
family. In some classes of systems, symmetry departure may be most naturally measured through Lie-
derivative operators; in others, through thermodynamic surrogates or information-theoretic proxies. The

theories are therefore complementary rather than competitive.



This matters strategically. If DST is to become a genuine framework rather than a collection of domain-
specific formulas, its indices must admit both structural and operational definitions. The adaptive group-
theoretic DSI provides the structural definition. Entropy- and information-based versions provide

operational instantiations in domains where data and thermodynamic interpretation are available.

9. Time-local adaptive symmetry

The operator formulation also supports a time-local version of DSI. Along a trajectory x(t), the symmetry

departure operator becomes time-dependent:
Cxty(F)- (8)
Accordingly,
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This quantity may be estimated directly in model-based contexts or approximated in data-driven settings
through local generators inferred from observed dynamics. Time-local DSI is especially important because
it transforms Dynamic Symmetry Theory from a stationary classification scheme into a possible early-

warning framework.

The intuition is straightforward. Before a system undergoes a critical transition, its local symmetry
structure often becomes strained: generators that previously transported coherently cease to do so,
deformation increases, and symmetry departure grows. In the operator language, this appears as a rise in
the nuclear norm of the departure operator and thus as a decline in time-local DSI. Rolling variance,

autocorrelation, and spectral diagnostics may then be attached to the DSI series itself.

This does not yet prove predictive universality. It does, however, give a clear directional claim: dynamic
symmetry becomes measurable as a temporal object, and its deterioration should often precede full regime

transition.

10. Examples and modelling classes

Although the present paper is formal, the construction is intended for application. Several modelling classes

are especially natural.



10.1 Deterministic adaptive dynamical systems

For ordinary differential equation models with identifiable local generator families, the symmetry
departure operator can be computed directly through Lie brackets. This makes the framework natural for

controlled nonlinear systems, developmental models, and stylised ecological dynamics.

10.2 Open chemical reaction networks

In open CRNs, the adaptive group-theoretic formulation should interface with stochastic thermodynamic
DSI constructions. The local fibre may be tied to admissible stoichiometric or current-preserving
deformations, while symmetry departure can be related to entropy-producing deviations from structured

nonequilibrium circulation.

10.3 Markov and network systems

In discrete-state systems represented by Markov chains, adaptive symmetry can be encoded through
generators acting on transition structures, observation algebras, or coarse-grained probability flows. This
makes the framework promising for financial networks, interbank systems, and other settings where

symmetry-breaking in probability flow is more accessible than exact geometric symmetry.

10.4 Multiscale observational systems

In physiological or institutional systems, one may not observe the full state manifold directly. Here the
scale-indexed tower becomes especially important. The relevant symmetry object may live at the level of

inferred observables rather than microscopic dynamics, but the same adaptive group logic applies.

11. Theoretical propositions

The following propositions summarise the intended mathematical programme.

Proposition 1

Given a smooth adaptive dynamical system with local symmetry fibres ggyn, the assignment x = C, (F)
defines a fibrewise linear symmetry departure operator whose vanishing characterises exact compatibility

of the dynamics with the local adaptive symmetry family.



Proposition 2

If the adaptive symmetry fibres and observation spaces are equipped with compatible Hilbert structures,
the local DSI defined by equation (4) is basis-independent and stable under bounded perturbations of the

departure operator.

Proposition 3

For a scale-indexed tower of observation algebras, the associated family {DSI;} distinguishes systems that
are balanced only at a single observation level from systems whose adaptive symmetry persists across

scales.

Proposition 4

If a trajectory approaches a stratum boundary at which the adaptive symmetry fibre changes rank or
bracket type, then the time-local symmetry departure operator generically exhibits increased instability,

making local DSI a candidate precursor signal of the transition.

These propositions are stated programmatically rather than proved in full here. Their role is to define the

mathematical agenda opened by the adaptive group-theoretic formulation.

12. Discussion

The significance of this paper lies less in producing an immediate final formula than in specifying what a
legitimate DSI must be. A scalar symmetry index cannot merely be a number assigned by intuition. It must
arise from a structural comparison between system dynamics and a clearly defined symmetry object.

Adaptive group theory supplies that object.

The nuclear-norm DSI has several advantages. It is coordinate-free in the appropriate sense, compatible
with operator-theoretic analysis, computable from local linear-algebraic data, and naturally extensible to
multiscale and time-local settings. It also respects the distinctive claim of Dynamic Symmetry Theory: the

relevant symmetry family is not static but adaptive.

Some cautions are necessary. The choice of observation space matters; the normalization problem is real;
and the distinction between ordered stability and dynamically symmetric flexibility must be preserved. A
high DSI alone does not prove that a system is healthy or adaptive. It indicates strong compatibility between
dynamics and a chosen adaptive symmetry family. Whether that family is functionally rich enough remains
a separate question, which is why the scalar index must always be interpreted alongside the algebraic

structure from which it is derived.



These cautions are not weaknesses. They are signs that the theory is becoming mathematically honest.
Instead of claiming a universal formula prematurely, the present framework identifies the exact places

where theoretical discipline is required.

13. Conclusion

This paper has advanced Dynamic Symmetry Theory by supplying its first formal adaptive group-theoretic
definition of the Dynamic Symmetry Index. Building on the dynamic symmetry algebra introduced in DST-
I, it has shown that the relevant measurable object is a symmetry departure operator defined through the
Lie derivative of the dynamics along the state-dependent symmetry fibre. Its nuclear norm provides a
natural scalarisation, and the resulting DSI offers a bounded, coordinate-aware, and operational index of

how far a system has departed from its adaptive symmetry family.

The deeper contribution is conceptual. Dynamic symmetry is not maximal symmetry, nor minimal disorder,
nor a vague midpoint between order and chaos. It is the condition in which a system retains a sufficiently
rich repertoire of admissible transformations while continuing to evolve in a manner that remains
structurally close to that repertoire. Adaptive group theory gives that condition a precise mathematical

form.

The road ahead is clear. The operator formulation should be linked more tightly to entropy production in
open chemical reaction networks, to Markov representations in discrete systems, and to protocol-level
normalization for empirical work. It should also be tested against multiscale data and critical transitions.
But the essential step has now been taken. Dynamic Symmetry Theory possesses not only an algebraic
substrate but a principled scalar built from it. That is the foundation on which a mature DST measurement

science can be built.



