DST-I: A Dynamic Symmetry Algebra for Adaptive
Systems

Abstract: Dynamic Symmetry Theory proposes that adaptive systems persist by maintaining a moving balance
between stabilising order and exploratory variability. Existing formulations have defined this balance
operationally through the Dynamic Symmetry Index and related stochastic constructions, but the underlying
symmetry concept has remained heuristic. This note supplies a first mathematical scaffold for that concept. It
introduces a dynamic symmetry algebra for adaptive systems, defined as a time-parametrised family of Lie
subalgebras inside a fixed ambient algebra of vector fields, together with a connection governing admissible
evolution of the symmetry structure. The aim is not yet a full theorem of adaptive Noether correspondence, but
a precise language for describing how a system’s symmetry repertoire narrows, widens, or changes stratum as
the system moves between ordered, dynamically symmetric, and chaotic regimes. The note also formulates
symmetry-breaking events as stratified jumps in the algebra bundle and identifies the conditions under which
a non-stationary symmetry family may still support Noether-like balance laws. The result is a foundational step

toward a mathematically rigorous Dynamic Symmetry Theory.

1. Introduction

Dynamic Symmetry Theory has so far advanced along two parallel tracks. The first is conceptual: the claim
that living, cognitive, ecological, and institutional systems function best not at static equilibrium, nor at
maximal disorder, but within a regime where order and variability remain mutually constraining. The
second is quantitative: the construction of the Dynamic Symmetry Index as a scalar intended to diagnose
where a system lies within that regime structure. What remains underdeveloped is the symmetry concept

that is meant to justify the theory’s name.

Classical symmetry theory offers a natural starting point but not a complete solution. In standard Lie theory,
the symmetry group of a dynamical system is fixed relative to the system under analysis. One studies
transformations preserving equations, actions, or geometric structures, and the theory’s power comes from
the fact that these transformations generate conserved quantities, reduction procedures, and structural
classifications. Yet adaptive systems are precisely those in which the repertoire of admissible
transformations is itself state-sensitive. Near one regime, a system may tolerate a wide family of
perturbations while preserving function; near another, the same system may become rigid, canalised, or
fragile. Dynamic Symmetry Theory therefore requires a framework in which the symmetry structure

evolves with the system rather than remaining externally fixed.



2. Conceptual setting

The central intuition of Dynamic Symmetry Theory is that adaptive viability depends neither on maximal
invariance nor on unrestricted freedom. Perfect static symmetry is typically associated with over-
constraint, rigidity, or triviality; maximal symmetry breaking, by contrast, corresponds to loss of coherence
and unstructured fluctuation. The dynamically symmetric regime lies between these limits. In that regime,
the system preserves enough structure to remain intelligible, persistent, and functionally organised, while

retaining enough variability to reconfigure, explore, and respond.

A mathematical formulation of this claim should therefore track not only whether symmetries exist, but
how the space of symmetries changes along a trajectory. This suggests three requirements. First, the
symmetry object must be local in state or time rather than globally fixed. Second, it must be algebraic, so
that notions such as closure, deformation, and reduction remain meaningful. Third, it must be compatible
with later scalarisation, since the Dynamic Symmetry Index is intended to compress aspects of this

structure into a computable summary statistic.

For these reasons the appropriate foundational object is not initially a scalar but a varying algebraic family.
The scalar index should be treated as a downstream observable derived from that family. In this note, the

emphasis remains on the algebraic layer itself.

3. Ambient symmetry structure

Let M be a smooth state manifold for an adaptive dynamical system, and let ¢ € X(M) be a fixed ambient
Lie algebra of admissible infinitesimal generators, where X(M) denotes the Lie algebra of smooth vector
fields on M. The ambient algebra may be chosen in different ways depending on the modelling context. In a
mechanical setting it may consist of point symmetries of a configuration manifold; in a stochastic or coarse-
grained setting it may consist of effective generators preserving a designated observation class; in a

network model it may correspond to admissible rewirings or flow-preserving deformations.

The role of g is not to represent the system'’s actual symmetry algebra at all states, but rather to provide the
universe of candidate infinitesimal transformations from which local symmetry repertoires can be selected.
In this sense, g is an envelope algebra. Dynamic symmetry does not change the ambient algebra itself at first

instance; it changes the subalgebra that is dynamically available within that envelope.

Let the system dynamics be represented by a time-dependent vector field F; € X(M), or equivalently by

trajectories x(t) satisfying

x(t) = Fe(x(t)). (1)



The key object will be a map assigning to each time ¢, or more generally to each state x € M, a Lie subalgebra
g () € g, 0or gP" € g.(2)

This subalgebra is interpreted as the currently available symmetry structure of the adaptive system.

4. Definition of dynamic symmetry algebra

A dynamic symmetry algebra on (M, F;) is a time-parametrised family of Lie subalgebras
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inside a fixed ambient Lie algebra g, together with a rule of transport that describes how elements of g™ (t)
are related to elements of g™ (¢ + dt). This rule is encoded by a connection V¥ on the corresponding

subalgebra bundle over the time interval I, or more generally over a trajectory bundle in state space.
The family must satisfy two basic conditions:

1. Subalgebra condition. For each t € I, g (t) is a Lie subalgebra of g, so for all £, € g¥"(t), one has
[£,1] € gV (0.

2. Compatibility condition. The connection V™ preserves the subalgebra structure along regular
segments of the trajectory, in the sense that parallel transport maps generators to generators and

respects the Lie bracket up to controlled deformation terms.

The first condition ensures that the local symmetry repertoire is algebraically meaningful. The second
distinguishes genuine structural evolution from arbitrary reassignment. Together they make it possible to

speak of continuity, curvature, and singularity in the evolution of symmetry itself.

A dynamic symmetry algebra is therefore not merely a family of dimensions dim g®™(t), although
dimension will later play an important diagnostic role. It is a bundle of algebraic structures whose fibres
may vary in rank, bracket complexity, centre, solvable length, or other invariants relevant to the system

class.

5. Connections and adaptive transport

The introduction of a connection is essential. Without it, one could compare the symmetry algebra at two
times only by dimension or isomorphism type, which is too coarse for adaptive systems. A connection
provides a notion of covariant differentiation of symmetry generators along the system trajectory. If (t) €

g™ (t) is a time-dependent family of admissible infinitesimal symmetries, then
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V.0 (3)
measures how that generator deforms as the system moves.

A regular adaptive evolution is one in which the connection preserves the fibrewise algebraic structure
smoothly. In heuristic terms, the system changes its symmetry repertoire without undergoing a qualitative
rupture. Curvature of the connection then measures obstruction to globally trivialising the symmetry
evolution. In applications, large curvature may indicate that the system is approaching a regime where the
local symmetry structure cannot be transported consistently without distortion. This gives a mathematical

foothold for the intuitive notion that adaptive systems accumulate structural strain before transition.

The connection also makes possible a notion of symmetry inertia. Some systems may alter their symmetry
algebra only slowly under perturbation; others may reconfigure rapidly. The covariant derivative provides

one way to quantify that responsiveness at the algebraic level.

6. Dynamic invariance and quasi-symmetry

In classical Lie symmetry analysis, a generator ¢ is a symmetry of the dynamics when the Lie derivative

condition closes appropriately, typically in the form
L¢F = 0 or more generally [¢, F] € span(F). (4)

For adaptive systems, this condition should be relaxed. A generator may cease to be an exact symmetry

while remaining a controlled deformation of one. Accordingly, it is useful to distinguish three levels:

e Exact dynamic symmetry, where a generator in g¥V"(t) satisfies a fibrewise invariance condition

exactly at time t.

¢ Quasi-symmetry, where the deviation L;F; remains bounded within an admissible tolerance

subspace tied to the system’s current regime.

e Broken symmetry, where the deviation exits that admissible sector and the generator no longer

belongs to the available fibre.

This trichotomy allows the theory to describe progressive narrowing of the admissible transformation
repertoire. In highly ordered regimes, the allowed fibre may be small but exact; in dynamically symmetric
regimes, the fibre may be broader and populated by quasi-symmetries that preserve function while
permitting adaptive deformation; in chaotic regimes, the algebra may fragment or lose interpretability

altogether.



7. Stratified subalgebra bundle
Formally, let the state manifold be decomposed into strata

M= |_| S, (5)
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where on each stratum S,, the fibre type of g™ is locally constant. A trajectory crossing from S, to Sp then
undergoes a change in symmetry regime. Such a crossing may involve:

e adrop in fibre dimension;

e achange in bracket relations without change of dimension;

e collapse of central or commuting directions;

e splitting of a previously unified algebra into weakly coupled sectors.

This stratified view gives a natural language for symmetry-breaking events. Rather than treating symmetry

breaking as a single binary loss, the theory can classify it by the type of algebraic jump that occurs.

8. Order, chaos, and algebraic regimes

The dynamic symmetry algebra permits a first formal distinction between order, dynamic symmetry, and

chaos. These terms should not initially be identified with scalar values but with algebraic configurations.

An ordered regime is one in which the system’s available symmetry algebra is narrow, stable, and highly
constrained. Such a regime may display persistence, but at the cost of reduced adaptive latitude. In algebraic
terms, one expects small fibre dimension, low deformation under the connection, and strong regularity of

admissible generators.

A chaotic regime is one in which the symmetry structure is maximally fragmented or unstable. Here the
issue is not simply that the fibre is small, but that the bundle may cease to admit coherent transport, or that
local generators fail to preserve any useful class of system behaviour. A large ambient algebra may still exist,

but the system loses a stable local relation to it.

9, Toward Noether-like balance laws

A major question for DST-I is whether a non-stationary symmetry algebra can still support conservation
principles analogous to those of Noether theory. In classical settings, continuous symmetries of an action

yield conserved currents. In the adaptive setting, exact conservation is generally too strong to expect,



because the symmetry family itself evolves. What one can seek instead are balance laws or adiabatic

invariants associated with slowly varying or covariantly transported symmetry generators.

Suppose a Lagrangian or effective action L(x, x, t) exists for the system, possibly in almost-regular form. Let

E(t) € g¥"(t) be a generator whose action on L satisfies a controlled non-invariance relation of the form
d
['f(t)L = EBf + RE! (6)

where B; is a boundary term and R; is a remainder produced by the time-dependence of the symmetry

family. Then one expects a corresponding balance law

d
i Qs =& (7)

where Qg is the candidate adaptive Noether quantity and € records the rate at which symmetry evolution

injects or dissipates that quantity.

The exact form of & will depend on the geometric and variational setting, but the principle is clear: in

adaptive systems, conserved quantities should be replaced by symmetry-governed exchange laws. This
replacement fits naturally with DST’s broader emphasis on nonequilibrium organisation rather than static

preservation.

10. Counting degrees of symmetry

One important payoff of the algebraic formulation is that it enables counting arguments. Generalised
symmetry theory for almost-regular systems suggests that each admissible generalised symmetry may
contribute an independent functional degree of freedom to the evolution. In DST language, this motivates
defining a local degree of symmetry not merely by the dimension of g®¥™(t), but by a weighted structural

count incorporating:

e fibre dimension;

e number of independent commuting generators;
e persistence under transport;

e tolerance to symmetry departure;

o multiscale liftability to coarser or finer observation algebras.



Such counts will matter later because any scalar index intended to summarise dynamic symmetry should
be interpretable as a compression of these deeper algebraic features. DST-I does not attempt that

compression in full. It establishes the structure from which such compressions may later be justified.

11. Interface with later DST papers

In this sense, DST-I should be read as the precondition for a full mathematical architecture, not as its
completion. It answers the question: what must the underlying symmetry object be if dynamic symmetry is

to mean more than a suggestive phrase?

12. Conjectures and research directions

Several conjectures emerge naturally from the present formulation.

Conjecture 1

For broad classes of adaptive systems, dynamically symmetric operating regimes correspond to intervals
along trajectories where the subalgebra bundle remains in a high-coherence stratum while symmetry

departure remains bounded away from both zero-rigidity and full fragmentation.

Conjecture 2

Critical transitions in adaptive systems are preceded by detectable geometric strain in the dynamic
symmetry bundle, visible either as increased connection curvature, fibre instability, or imminent stratum

crossing.

Conjecture 3

In systems admitting variational or quasi-variational description, covariantly transported generators in

g®™ induce balance laws whose defect terms quantify adaptive reorganisation.

These conjectures are intentionally programmatic. They identify theorems the next stage of the DST

programme should attempt to prove, falsify, or sharpen.

13. Conclusion

Dynamic Symmetry Theory requires a symmetry concept adequate to systems whose permissible
transformations evolve with their own state. Classical fixed-group symmetry is too rigid for that purpose,
while a purely metaphorical use of “symmetry” is too weak. The dynamic symmetry algebra introduced

here occupies the necessary middle ground. By defining a time-parametrised family of Lie subalgebras



inside a fixed ambient algebra, equipping that family with a connection, and treating regime changes as
stratified jumps of the resulting bundle, the note provides a first rigorous language for adaptive symmetry

itself.

Its main achievement is architectural. It replaces an intuitive picture with a precise object that can be
analysed geometrically, algebraically, and eventually computationally. The next tasks are clear: formulate
adaptive group theory on this basis, define symmetry departure operators and scale-indexed indices from
it, and connect the resulting objects to stochastic thermodynamics, Markov representations, and empirical
early-warning studies. If those steps succeed, Dynamic Symmetry Theory will no longer rest on analogy

alone. It will possess a mathematical core commensurate with its ambitions.



