Dynamic Symmetry Algebras and Adaptive Noether-
Type Laws

Abstract: This paper develops a theorem-oriented continuation of the algebraic programme initiated in DST-1
by connecting dynamic symmetry algebras to conserved and balance quantities. The aim is to show that the
symmetry language of Dynamic Symmetry Theory can be expressed not merely in geometric or classificatory
terms but in rigorous statements about invariants, quasi-invariants, and defect-controlled balance laws. The
paper proceeds in three stages. First, it formulates existence and uniqueness results for dynamic symmetry
algebras under explicit conditions on the underlying adaptive system, including regularity, closure under Lie
bracket, and compatibility of the evolving symmetry family with the governing vector field or Lagrangian data.
Secondly, it establishes adaptive Noether-type theorems for time-dependent or state-dependent symmetry
families: when the symmetry algebra evolves in a controlled way, the associated Noether quantities are no
longer exactly conserved in general, but satisfy balance laws with explicit defect terms generated by transport
of the symmetry family, bundle curvature, and non-stationary gauge contributions. Thirdly, it relates these
algebraic invariants to the Dynamic Symmetry Index by showing, in suitable model classes, that aggregate
measures of symmetry-bundle curvature, fibre compression, and stratum crossing can be tied monotonically to
the behaviour of time-local DSI. The paper therefore argues that dynamic symmetry can be anchored in
concrete conservation and balance structures, answering the charge that the framework is geometric but not

yet theorem-driven.

1. Introduction

The language of symmetry has immense power in mathematical physics because it does more than classify
form. It generates consequences. In the classical setting, a symmetry of an action or of an equation often
produces a conserved quantity, a reduction of dynamics, or an integrability statement. For Dynamic
Symmetry Theory to mature, it must aspire to the same standard. It is not enough to say that adaptive
systems possess evolving symmetry families, or that these families widen and narrow as a system moves

between rigid and chaotic regimes. One must ask what follows from such claims.

DST-I proposed the dynamic symmetry algebra as the basic object suited to adaptive systems: a time-
dependent family of Lie subalgebras within a fixed ambient algebra, equipped with a connection and, where
necessary, stratified by algebraic type. That proposal resolved an important conceptual difficulty. It
replaced an intuitive use of the word “symmetry” with a concrete mathematical object. Yet the usual next

question in symmetry theory then becomes unavoidable. Does such an evolving algebra generate anything



analogous to a conserved quantity? And if exact conservation is too much to expect in a non-stationary

adaptive setting, what replaces it?

The answer developed in this paper is that classical conservation laws should be replaced by adaptive
balance laws. When a symmetry family evolves slowly, coherently, or within a controlled stratum, the
quantities associated with its generators need not remain constant, but they vary according to explicit
defect terms. These defects measure precisely the dynamical price paid for adaptation. They arise from the
transport of generators along the trajectory, from curvature of the symmetry bundle, and from jumps or
compressions of the available symmetry fibre. The result is not a weakened form of Noether theory, but an

extension of it suited to non-stationary organisation.

The second aim of the paper is to bring these algebraic quantities into contact with the Dynamic Symmetry
Index. If the DSl is to function as a scalar summary of adaptive organisation, it should be related to the same
balance structures that arise from the symmetry algebra. The present argument therefore seeks a bridge
between geometric invariants of the evolving symmetry family and time-local values of DSI. The claim is
not that DSI replaces the algebra, nor that the algebra is reducible to a scalar. Rather, the algebra supplies

the deeper structure and the index supplies a bounded observational compression of that structure.

2. Dynamic symmetry algebras as evolving structures

Let M be a smooth state manifold and let F, € X(M) denote a time-dependent vector field generating the
adaptive dynamics. Let g € X(M) be a fixed ambient Lie algebra of admissible infinitesimal generators. A

dynamic symmetry algebra is given by a family

g™ (t) € g, (1)

where each fibre is a Lie subalgebra and the family is transported by a connection V%™ along trajectories

of the system.

The first theorem needed for this framework is an existence theorem. Roughly stated, if the underlying
system is sufficiently regular, if the admissible generator fields vary smoothly with state or time, and if the
bracket-closure constraints defining the fibre are compatible with the transport induced by F;, then there
exists a local dynamic symmetry algebra along any regular trajectory. In practical terms, one obtains a local

bundle of symmetry fibres whose evolution is well defined for as long as the regularity assumptions hold.

The uniqueness theorem is more delicate. A dynamic symmetry algebra should be unique only relative to
three pieces of input: the ambient algebra, the selection criterion defining admissible generators, and the
transport rule. If these data are fixed and satisfy a natural non-degeneracy condition—namely, that the

defining compatibility equations admit a unique maximal bracket-closed solution subspace at each regular



point—then the resulting dynamic symmetry algebra is locally unique. This mirrors ordinary geometric
existence and uniqueness statements: the object is not canonical in the absolute sense, but canonical

relative to a well-posed structure.

These theorems matter because they answer a foundational objection. Without existence and uniqueness,
the dynamic symmetry algebra would be little more than a suggestive construction. With them, it becomes

a legitimate mathematical entity attached to a class of adaptive systems.

3. Compatibility equations and maximal fibres

The most transparent way to state the selection criterion is through compatibility equations. A generator
& € gbelongs to the fibre g9V (t) when it satisfies a controlled invariance condition relative to the dynamics.

In the simplest exact case one would require

[§, F] € g™ (t) @ span(Fy). (2)

This says that the infinitesimal action of ¢ distorts the dynamics only within the current symmetry fibre and
the flow direction. In more general adaptive settings one allows a defect subspace or tolerance sector on

the right-hand side.

Given such a criterion, the existence problem becomes one of solving a time-dependent closure condition
inside the ambient algebra. Under regularity assumptions on the coefficients and constant-rank
assumptions on the resulting linear constraints, Frobenius-type reasoning yields a local solution space. The
bracket-closure requirement then selects the largest Lie subalgebra contained in that solution space. This

maximal-fibre construction is what underwrites the local uniqueness theorem.

A further issue arises when rank changes occur. The dimension of the maximal solution subspace may drop
or jump as the trajectory crosses a critical region. This is not a pathology but part of the intended theory. It
is precisely the mechanism by which the symmetry family narrows, widens, or changes algebraic type. The
correct mathematical response is to stratify the symmetry bundle by fibre rank and bracket type, treating

transitions between strata as genuine dynamical events.

4. Stratification and algebraic events

A dynamic symmetry algebra need not form a single smooth vector bundle over the entire domain of
interest. Adaptive systems often pass through thresholds where the available symmetry structure changes
qualitatively. One therefore introduces a stratification of the relevant region of state-time space into

submanifolds on which the fibre type is locally constant.



Within a fixed stratum, transport by V9" preserves the algebraic type of the fibre. Crossing from one
stratum to another may alter dimension, nilpotent or solvable structure, the centre of the algebra, or the
pattern of commuting generators. Such events deserve to be treated as symmetry events in their own right.
A narrowing of the fibre indicates loss of adaptive degrees of freedom. A widening may indicate release
from canalisation. A change of bracket type without dimensional change may signal reorganisation rather

than mere loss or gain.

The first important consequence is that one can define algebraic observables of adaptation. Fibre
dimension, rank defect, curvature norm of the connection, and jump amplitude across strata all become
measurable descriptors of evolving organisation. These quantities will later be related to DSI. Before that,

however, they must first be shown to participate in balance laws analogous to classical Noether quantities.

5. From exact conservation to adaptive balance

In standard Lagrangian mechanics, an infinitesimal symmetry of the action yields a conserved quantity. The
familiar derivation depends on exact invariance up to a total derivative. In the adaptive setting, exact
invariance is often unavailable because the symmetry generator itself evolves. One should therefore expect

a law of the form

d
i Qs =& (3)

rather than exact conservation. The quantity Qg is the natural Noether-type observable associated with the

generator ¢(t), and the right-hand side € records the defect caused by adaptation.

To make this precise, suppose the system admits a Lagrangian or an effective variational description
L(x, %, t), possibly singular or almost regular. Let £ (t) € g¥(t) be transported along the trajectory. Assume

the action of £(t) on the Lagrangian satisfies a controlled symmetry condition of the form

d
['f(t)L = EBf + RE! (4)

where B; is a boundary contribution and R; is a defect term arising from non-stationarity of the symmetry

family. Then the associated Noether-type quantity satisfies the adaptive balance law

d

Here C¢ denotes the curvature contribution generated by transport of the symmetry bundle, and J; denotes

a jump contribution that appears when the trajectory crosses a symmetry stratum boundary.



This formula is the central conceptual extension of Noether theory proposed in the present paper. In a fixed
symmetry setting, the defect terms vanish and one recovers conservation. In an adaptive setting, the very
failure of conservation becomes structured and interpretable. The law says not merely that conservation is

lost, but exactly how adaptive reorganisation spends or redistributes the quantity attached to symmetry.

6. Adaptive Noether-type theorems

The first adaptive Noether theorem may now be stated informally. If a time-dependent generator field &(t)
belongs to a dynamic symmetry algebra along a regular trajectory, and if the corresponding Lagrangian
variation is a total derivative plus a controlled remainder, then there exists an associated scalar observable
Q¢ satisfying a first-order balance law with explicit defect terms. These terms depend on the covariant
derivative of &, the local curvature of the symmetry connection, and any stratum-jump data encountered

along the trajectory.

A second theorem sharpens the result in the slowly adaptive regime. If the connection varies on a timescale
separated from the fast system dynamics, and if curvature remains uniformly small, then the defect terms
are of small order. The Noether-type quantity Q; then becomes an adiabatic invariant up to a controlled
error. This is the adaptive analogue of approximate conservation in slowly varying Hamiltonian systems. It
gives a rigorous meaning to the claim that a system can preserve a functional symmetry quantity even while

its symmetry structure evolves.

A third theorem addresses singular or constrained systems. When the Lagrangian is singular or almost
regular, symmetry theory normally requires care because gauge freedoms and constraint surfaces alter the
meaning of invariance. In the dynamic symmetry setting, the same issue arises. The theorem here is that if
the evolving symmetry family respects the constraint distribution and the corresponding gauge directions
are included in the ambient algebra, then the adaptive balance law still holds on the constrained dynamics,
with defect terms projected to the physical sector. This prevents the theory from being limited to regular

mechanical examples.

These theorems provide the concrete content missing from purely geometric accounts. A dynamic
symmetry algebra is not merely an evolving set of generators. It produces a family of quantities whose rates

of change are governed by precise defect terms. That is the hallmark of a law-like mathematical structure.

7. Curvature, compression, and measurable algebraic invariants

The balance laws above suggest several natural aggregate invariants. The most obvious is a curvature norm

for the dynamic symmetry connection, measuring how much the fibre twists under transport. A second is



fibre compression, recording rate of loss of independent symmetry directions along a trajectory. A third is

jump amplitude across strata, measuring the size of algebraic reorganisation at discontinuous events.

Let k(t) denote a bounded scalar curvature functional, let y(t) denote a compression functional derived
from the derivative of fibre dimension or from a rank-defect measure, and let j(¢t) denote a jump intensity
supported on stratum crossings. These objects are not conserved, but they quantify structural change in the
evolving symmetry family. They can also be integrated over windows to produce cumulative measures of

adaptive cost.

A key theorem in this setting is a monotonicity result. In model classes where time-local DSl is defined from
bounded diversity and order observables aligned with the same adaptive structure, there exist monotone

comparison maps f and g such that

fe(@®) +x() + 1) = 1= DShoc(t) < g(k(t) +x(8) + (1)) (6)

The exact forms of f and g depend on the model class and the normalisation scheme, but the qualitative

conclusion is robust. Greater geometric strain in the symmetry bundle corresponds to lower time-local DSI.

This theorem is important because it makes the relation between the scalar index and the algebra explicit.
DSI is not an arbitrary number floating free of the geometry. It is controlled, in suitable settings, by

aggregate invariants of the evolving symmetry structure.

8. Stratum crossings and irreversible balance defects

The most dramatic adaptive events occur when a trajectory crosses from one symmetry stratum to another.
At such a crossing the fibre may lose dimension, split into sectors, or change bracket type. The associated
Noether-type quantity is then typically discontinuous or acquires a distributional defect term concentrated

at the crossing time.

This gives rise to a stratum-crossing theorem. If the dynamic symmetry algebra is piecewise smooth with
finitely many transverse crossings between strata on a compact time interval, then the adaptive balance
law for Q; extends in distributional form, with jump terms determined by the difference between incoming
and outgoing symmetry data. In effect, symmetry restructuring injects an algebraic impulse into the balance

law.

The physical and conceptual meaning is direct. A system may pay for sudden reorganisation through a burst
of balance defect rather than through a smooth drift. Such events are exactly the sort of phenomenon one

would hope to detect with a time-local index. The monotonicity theorem above then suggests that a sharp



fall in time-local DSI may often coincide with, or slightly precede, a significant stratum crossing or bundle-

compression event.

9. Relating balance laws to DSI in model classes

The abstract theory becomes more concrete in stylised model classes. In adaptive mechanical systems with
slowly varying constraints, the dynamic symmetry algebra may be represented by transported infinitesimal
generators and the Noether-type quantities by momentum-like observables. Here the defect terms can
often be computed directly from the covariant derivative of the generators. A time-local DSI based on
bounded variability and bounded asymmetry of the same reduced variables then becomes a natural scalar

summary of the balance-law regime.

In open chemical reaction networks, the symmetry language must be interpreted more loosely, but the
structure remains useful. Ssymmetry compression corresponds to loss of active pathway plurality, curvature
to reconfiguration of the effective route geometry under changing forcing, and stratum crossings to abrupt
changes in dominant current structure. The associated DSI, defined from informational diversity and

dissipation, should then fall when the underlying symmetry bundle becomes more strained or fragmented.

In Markov and network systems, dynamic symmetry may be encoded in state-dependent generators acting
on transition structure or on effective observational algebras. There too one may define transport, fibre
compression, and jump amplitudes. The Noether-type quantities become balance observables on empirical
flow or information propagation, and time-local DSI becomes a bounded diagnostic of their structural

integrity.

These examples show that the relation between algebra and index is not confined to one narrow class of

variational systems. The exact formulas differ, but the theorem pattern is common.

10. Theoretical significance

The value of the present framework lies in what it changes about the status of Dynamic Symmetry Theory.
Without balance laws, the dynamic symmetry algebra remains a geometric scaffold. Elegant, perhaps, but
insufficiently tied to consequences. With adaptive Noether-type theorems, the evolving symmetry family
acquires measurable dynamical obligations. It constrains rates of change of associated quantities, and its

own deformation enters those rates in explicit form.

This shift matters for two reasons. First, it restores continuity with the central tradition of symmetry theory,

in which symmetry is meaningful because it generates law-like structure. Secondly, it gives DSI a deeper



mathematical anchor. If time-local DSI can be bounded or controlled by curvature, compression, and jump

intensity of the symmetry bundle, then the scalar index becomes answerable to a richer algebraic theory.

The framework also improves falsifiability. If a proposed dynamic symmetry algebra fails to produce
meaningful balance observables, or if the resulting defects do not correlate with time-local DSI in the
relevant model class, then either the algebra was chosen badly or the DSI construction is not faithful to the
underlying adaptive structure. This is a strong advantage. It forces precision instead of tolerance for

vagueness.

11. Conclusion

This paper has outlined a route by which dynamic symmetry algebras can be connected to concrete balance
laws. The first achievement is foundational: under explicit compatibility and regularity assumptions,
dynamic symmetry algebras admit local existence and uniqueness results relative to their ambient algebra,
selection criterion, and transport rule. The second achievement is dynamical: evolving symmetry
generators satisfy adaptive Noether-type laws in which exact conservation is replaced by controlled
balance equations with defect terms arising from bundle transport, curvature, and stratum crossings. The
third achievement is interpretive: aggregate measures of curvature, fibre compression, and algebraic jump

amplitude can be related monotonically to time-local DSI in appropriate model classes.

Taken together, these results answer a serious criticism of Dynamic Symmetry Theory. The theory need not
remain at the level of evocative geometry. It can be developed into a structure that generates theorems
about what is approximately conserved, what is lost during adaptation, and how scalar measures of
dynamic symmetry are controlled by deeper algebraic invariants. That is the level of rigour required if the

symmetry language of DST is to carry genuine explanatory weight.



