Dynamic Symmetry and Stability: Invariance
Principles and Edge-of-Chaos Theorems

Abstract: This paper develops a theorem-driven account of the relation between the Dynamic Symmetry Index
and stability in broad classes of dynamical systems. The aim is to show that DSI can be tied to responsiveness,
persistence, and controllable instability by results stated with mathematical precision rather than by
suggestive analogy. Three strands are pursued. First, invariance principles are established for DSI under
symmetry-preserving transformations, including topological conjugacies, affine rescalings of observables, and
the addition of neutral subsystems. These results identify the class of transformations under which DSI is an
intrinsic property of the organised dynamics rather than an artefact of representation. Secondly, edge-of-chaos
theorems are formulated for stylised families of systems, including coupled map lattices, random neural
networks, and open reaction-network ensembles. In these families, intermediate DSI values are shown to
correspond to regimes in which linear response is large but finite, predictive information transfer is extremal
or near-extremal, and perturbations neither decay too rapidly nor grow without bound. Thirdly, non-monotone
complexity-stability relations are proved in DSI space for classes of network models. These results show that
stability is generally poor both when DSI is too low and when it is too high, while intermediate DSI values
support the most favourable balance between resilience and adaptability. The paper therefore argues that DSI
can acquire genuine theoretical force once it is connected systematically to invariance, response, and stability

theory.

1. Introduction

Dynamic Symmetry Theory proposes that many adaptive systems operate best neither in a rigidly ordered
regime nor in a fully chaotic one, but in an intermediate zone where organisation and variability remain
jointly active. This proposal has intuitive appeal and, in several applied settings, numerical plausibility. Yet
for the theory to mature, one must move beyond descriptive claims and formulate theorems connecting the
Dynamic Symmetry Index to quantities already recognised in stability theory, ergodic theory, network

dynamics, and information theory.

The present paper addresses that task. It asks what kinds of results would justify speaking of DSI as more
than a diagnostic curve fitted to examples. A scientifically durable index must satisfy at least three
requirements. It must remain invariant, or transform in a controlled manner, under natural changes of
representation. It must identify a regime with mathematically characterisable responsiveness properties

rather than merely occupying a pleasing midpoint on a graph. And it must improve the classical complexity-



stability discussion by showing how excessive rigidity and excessive instability can both undermine viable

system behaviour.

These requirements lead to three central theorems of the present paper. The first concerns invariance. If
DSI is meant to track organised dynamical balance, then it should not depend arbitrarily on coordinate
changes, rescalings of observables, or the attachment of dynamically neutral factors. The second concerns
edge-of-chaos behaviour. In stylised model classes, the intermediate-D Sl regime should coincide with
maximal useful responsiveness, not with maximal instability. The third concerns complexity and stability
in large networks. Classical random-matrix and ecological reasoning beginning with Robert May showed
that increasing complexity often reduces local stability in generic systems. More recent work has refined
that conclusion without removing the central difficulty. Dynamic Symmetry Theory should therefore not
claim that more complexity always helps. Rather, it should show that the relation is non-monotone and that

DSI supplies the right bounded coordinate in which to state this fact.

2. The general setting

Let a dynamical model be given either by a measurable map, a smooth flow, a Markov process, or a network
dynamical system equipped with an invariant or asymptotic statistical state. Suppose that two bounded
observables are available. The first, denoted D, records variability, diversity, or occupancy spread. The
second, denoted O, records organised asymmetry, sustained directional structure, or another order-bearing

feature. These are then combined by a continuous bounded coupling
DSI = ®(D, 0),(1)

with ®:[0,1]? — [0,1] monotone in each coordinate away from degeneracies and chosen so that high values
require both substantial variability and substantial organisation. The canonical example used in several

DST constructions is
®(D,0) =4D0O(1 - |D - 0]).(2)

The theorems developed below do not rely on this specific form alone. They require only that the coupling
be continuous, bounded, and sensitive to imbalance. In consequence, the argument applies to a family of

DSI constructions rather than to one isolated formula.

The meaning of stability is likewise kept broad but not vague. Three forms are relevant. The first is
asymptotic stability in the classical local sense, whether for equilibria, invariant sets, or statistical states.
The second is response stability, meaning that perturbations elicit a finite and measurable response rather
than being either extinguished immediately or amplified destructively. The third is informational stability,

meaning that the system transmits and retains useful predictive structure across time without freezing into



triviality. The central thesis of this paper is that intermediate values of DSI become mathematically

significant precisely where these three notions remain jointly favourable.

3. Invariance principles

Any serious dynamical index should exhibit a principled form of invariance. If two systems differ only by a
conjugacy preserving their statistical and dynamical organisation, then the index should assign them the
same value. If observables are affinely rescaled before normalisation, the index should remain unchanged.
If a neutral subsystem is adjoined that neither adds organised asymmetry nor alters the active system’s
internal structure at the chosen observational scale, the index should remain fixed or change only by a

controlled factor.

The first theorem concerns conjugacy. Let (X, T, 1) and (Y, S, v) be measure-preserving dynamical systems
that are measurably conjugate under a bijection h satisfying h o T = S o h and . Suppose that the diversity
functional D and the order functional O are both conjugacy-invariant, in the sense that their values depend

only on the induced invariant statistics and not on coordinate labels. Then
DSI(X,T,u) = DSI(Y,S,v).(3)

The proof is immediate from invariance of the components and continuity of ®. Yet the theorem has real

force. It ensures that DSI is attached to the organised dynamics rather than to a particular representation.

The second theorem concerns affine rescaling. Suppose that raw observables D, and O, are normalised by
strictly monotone affine maps into the unit interval. Then any DSI built only from the normalised quantities
is invariant under replacement of (D, O,) by equivalent affine parametrisations. This prevents the index
from changing merely because one chooses a different physical unit, sampling interval, or linear calibration

constant before normalisation.

The third theorem concerns neutral extension. Let a dynamical system § be enlarged to § X V', where IV is
a neutral subsystem contributing no additional organised asymmetry and no active coupling at the
observational scale under study. If the diversity functional is additive or quasi-additive over independent
factors and the order functional ignores neutral factors, then DSI is either exactly invariant or transforms
by a controlled renormalisation law that tends to identity when the neutral factor carries zero asymmetry
and bounded entropy. This theorem is especially useful in network science and biology, where one routinely

augments a model with bookkeeping variables, uncoupled reservoirs, or observationally silent sectors.

Taken together, these results establish that DSI can be treated as an intrinsic observable on equivalence

classes of organised dynamics, provided its ingredients are chosen correctly. This is a precondition for any



theorem linking DSI to stability, because one cannot meaningfully state such a theorem if the index shifts

under trivial representational changes.

4. Response and the intermediate regime

The central stability claim of Dynamic Symmetry Theory is not that high DSI is always best. It is that
intermediate DSI identifies a regime in which responsiveness is strong but controlled. This claim must be
sharpened. Let R denote a response functional, such as linear susceptibility, gain, or finite-horizon response
amplitude to a small perturbation. The relevant theorem schema is that, under broad structural
assumptions, R is low when DSI is very small, low again when DSI is extremely high, and maximal or near-

maximal on an interior interval of DSI values.

The logic is straightforward. If DSI is very small because organised structure is absent and fluctuations are
effectively unbounded, then perturbations do not produce coherent amplification; they are dispersed,
swamped, or misaligned with the system’s active modes. If DSI is extremely high because the system is over-
constrained and route plurality has collapsed, perturbations are either damped too rapidly or blocked by
rigidity. Between these limits lies the regime in which perturbations encounter enough structure to

propagate and enough freedom to modify behaviour. Response is then large but finite.

This generic theorem can be made precise in stylised classes. In coupled map lattices near the onset of
spatiotemporal chaos, mutual-information studies and Lyapunov analysis already indicate a regime where
coherence length is large, positive Lyapunov growth is present but not overwhelming, and perturbations
spread without immediate divergence. In such systems one may define the order-bearing component of DSI
from bounded instability and the diversity component from occupancy or symbolic spread. Under these
definitions, the response functional has an interior maximum on the same parameter interval where DSI is
intermediate. The theorem then states that edge-of-chaos response and intermediate DSI coincide up to a

bounded calibration error.

An analogous argument applies to random neural networks at initialisation. Work on edge-of-chaos
initialisation has shown that information propagation improves when signal amplification is neither
extinguished nor made unstable, and that mutual information at deep layers can increase in that regime. If
DSI is defined so that low values correspond to either signal death or uncontrolled explosion, while
intermediate values correspond to controlled propagation, then predictive transfer and finite-depth
responsiveness become extremal on an interior DSI interval. The index does not replace the underlying

random-matrix calculations; it organises them into a bounded stability-responsiveness coordinate.

Open reaction-network ensembles provide a third class. In them, weakly driven systems respond poorly

because organised current structure is underdeveloped, whereas strongly driven systems can become



canalised, reducing adaptive route diversity. Intermediate DSI values therefore coincide with maximal
useful response to changes in forcing, concentration, or boundary condition. The theorem here states that
the derivative of suitable macroscopic observables with respect to forcing attains its largest finite value on

a compact DSI interval bounded away from both zero and one.

5. Edge-of-chaos theorems

The phrase “edge of chaos” has often been used too freely. For the present purpose it should have a narrow
meaning. A system is in an edge-of-chaos regime when perturbations are neither annihilated on short
timescales nor allowed to explode in a way that destroys coherent organisation, and when information

transfer remains non-trivial. The aim is to show that DSI can be made to identify precisely such regimes.

The first theorem may be stated in an abstract form. Let 5 be a smooth one-parameter family of dynamical
systems, with parameter 6 controlling forcing, coupling, gain, or interaction density. Suppose that a
response functional R(6) and a bounded DSI functional DSI(8) are defined, and assume: first, that R
vanishes or remains small in the rigidly ordered limit; secondly, that R again falls or becomes pathological
in the fully chaotic limit; and thirdly, that DSI varies continuously and takes interior values where both
variability and organisation are appreciable. Then there exists at least one compact subinterval I c (0,1)
such that all global maxima of R occur at DSI € I. In other words, maximal useful response is necessarily an

intermediate-DSI phenomenon.

A stronger theorem is available when the ingredients are monotone in the appropriate directions. Suppose
that increasing 6 raises the order-bearing component O at low 6 and lowers the diversity component D at
high 6, so that DSI has a single interior maximum. Suppose also that R is unimodal in 8 and that its peak lies
where perturbation growth rates are positive but bounded. Then the peak of R lies within a bounded
neighbourhood of the DSI maximiser. This is the mathematical statement of an edge-of-chaos theorem in

DSI form.

The importance of these theorems is not that they reduce all critical behaviour to one index. It is that they
convert a qualitative slogan into a statement with clear hypotheses and conclusions. An intermediate DSI
value is not merely aesthetically appealing. In appropriate families, it marks the regime in which the system

is most responsive without forfeiting coherence.

6. Information transfer and predictive structure

A second route to edge-of-chaos theorems comes from information theory. In many adaptive systems one
is interested not only in local stability but in the capacity to transmit predictive structure through time or

across components. Predictive mutual information, transfer entropy, and related measures have often been



observed to peak near critical or near-critical regimes in stylised models. The challenge is to state the

corresponding DSI result without making it trivial.

Let I,,r¢q denote a predictive information functional measuring dependence between present and future
observables after appropriate conditioning. Assume that in a highly ordered regime, predictive information
is limited because the system'’s future is too nearly fixed or degenerate to support rich structured variation.
Assume also that in a strongly chaotic regime predictive information falls because trajectories decorrelate
too rapidly or become too noisy to retain medium-range dependence. Under these assumptions, .4
attains an interior maximum. If DSI is defined from observables that track the same balance between
structured propagation and excessive instability, then the maximisers of L,,.4 must lie on an intermediate

DSI set.

This theorem is particularly compelling in neural-network and coupled-map settings. Edge-of-chaos studies
in both domains indicate that signal propagation and mutual information are best sustained when
amplification is balanced rather than suppressed or explosive. The DSI theorem states that these

informational optima correspond to a bounded interval of intermediate DSI values, not to either extreme.

The theorem can also be read in reverse. If one empirically finds that predictive mutual information peaks
at a parameter value where DSI is near zero or near one, then the DSI construction is likely to be mis-

specified for that system class. This gives the theory a useful falsifiability criterion.

7. Perturbation growth, Lyapunov control, and bounded instability

The most common misunderstanding of edge-of-chaos reasoning is that useful responsiveness requires
maximal instability. That is false. What is needed is bounded instability: perturbations should grow enough
to propagate information and response, but not enough to destroy long-time structure. Lyapunov theory

makes this point with precision.

Suppose the largest Lyapunov exponent 4,,,, depends continuously on a control parameter. If 4,,,,, < 0,
perturbations decay exponentially and long-range responsiveness is weak. If A,,,,, is very large and positive,
perturbations amplify too quickly for coherent control or prediction. The useful regime lies where 4,4, is
positive but modest. If the order-bearing part of DSI is a bounded increasing function of controlled
instability, while the diversity component decreases once amplification destroys stable route plurality, then

DSI attains intermediate values in precisely the regime where 4,,,, is positive but moderate.

One may therefore prove a bounded-instability theorem: for classes of systems in which perturbation
growth, symbolic diversity, and coherence satisfy the monotonicity assumptions just described, the set of

parameters producing finite non-trivial Lyapunov response is mapped by DSI into a compact interval



bounded away from both zero and one. Such a theorem ties the index directly to a classical criterion of

stability without reducing it to that criterion.

This result is especially useful in continuous flows and coupled-mabp lattices, where one can estimate both
Lyapunov exponents and information propagation. The intermediate DSI regime can then be characterised
as the region in which perturbations neither die out too quickly nor explode. That phrase, often used loosely,

becomes a theorem about the image of a parameter set under DSI.

8. Complexity-stability relations and the May-type paradox

The classical complexity-stability problem remains one of the clearest tests for any general theory of
adaptive organisation. Robert May’s random-matrix analysis showed that increasing size, connectance, and
interaction strength can drive large systems towards instability. Later work refined and sometimes
qualified the result, especially in ecological settings where feasibility and structured interactions matter,

but the main lesson remained: one cannot assume that more complexity produces more stability.

Dynamic Symmetry Theory should preserve this caution. The right theorem is therefore non-monotone. Let
a family of large network systems be parametrised by complexity variables such as number of nodes,
connectance, coupling variance, or heterogeneity. Suppose local stability is measured by the dominant real
part of the Jacobian spectrum or by an equivalent resilience functional. Then one may define DSI so that low
values capture disorganised or weakly coordinated complexity, while high values capture over-constrained
canalisation with reduced adaptive plurality. Under broad assumptions, the stability functional is low in

both tails of the DSI axis and higher on an interior interval.

This may be called a May-type paradox in DSI space. The paradox is that both insufficiently organised
complexity and excessively rigid organisation degrade stability, though for different reasons. When DSI is
too low, interactions are effectively noisy, incoherent, or poorly integrated, and small perturbations may
spread destructively. When DSI is too high, the system has lost adaptive slack; perturbations can no longer
be absorbed by route plurality or distributed reorganisation. Between these extremes lies a plateau or

optimum of resilience.

In random network ensembles one can often state the theorem through spectral radii. Low-DSI systems are
unstable because effective coupling is too unstructured, pushing eigenvalues across stability boundaries.
High-DSI systems are unstable for a different reason: the active modes become so concentrated that
resilience to exogenous shocks falls, even if local asymptotic stability appears strong. Intermediate DSI
values support both bounded amplification and distributed absorption of perturbation. Thus the relation
between complexity and stability becomes non-monotone when plotted against DSI rather than against raw

connectance alone.



This theorem does not refute May. It extends the discussion by introducing a bounded organisational

coordinate that distinguishes bad complexity from useful complexity and bad order from useful order.

9. Controlled transformations and universality classes

The invariance theorems above have a further consequence. They allow one to speak of DSI universality
classes. If two models are conjugate, differ only by neutral extensions, or are related by observationally
equivalent rescalings, then they belong to the same DSI class at the chosen scale. Stability and response

theorems may then be stated on the equivalence class rather than on one explicit model.

This matters for scientific generality. One does not want a theorem that applies only to one coupled map or
one neural architecture. One wants theorems that survive passage to a whole representation class. By
combining conjugacy invariance with controlled coarse-graining and neutral-extension results, DSI

becomes sufficiently robust to support such statements.

A natural consequence is that edge-of-chaos theorems should be formulated class by class. One theorem
governs symbolic or piecewise-smooth maps with bounded instability. Another governs random neural
networks with controlled gain. A third governs open reaction-network ensembles with bounded dissipation
and route diversity. The index is common, but the universality class specifies the hypotheses under which

the stability theorem holds.

10. Discussion

The argument developed here gives DSI a clearer mathematical role than it has often been granted. It is not
a replacement for Lyapunov exponents, spectral radii, entropy rates, mutual information, or response
theory. Nor is it a decorative average of such quantities. Its proper role is to act as a bounded organisational

coordinate on which the most useful region of responsiveness can be located and compared across families.

This role becomes viable only when two conditions are met. The first is invariance under the right
transformations. Without that, DSI would be too representation-dependent to support any real theorem.
The second is a class-by-class connection to recognised measures of stability and information propagation.

Without that, the index would remain interpretively thin.

The paper has also shown that the slogan “edge of chaos” needs discipline. It should denote a regime with
finite but large response, bounded instability, and non-trivial predictive structure. Intermediate DSI values

become meaningful precisely when they are shown to track that regime in theorem form.

There is a further methodological benefit. A theorem linking DSI to responsiveness can fail, and when it fails

the failure is informative. It may reveal that the chosen diversity observable is inappropriate, that the order-



bearing quantity is badly normalised, or that the system class does not fit the hypotheses. This makes DSI

scientifically useful even in negative cases, because it sharpens what one is actually claiming.

11. Conclusion

This paper has proposed a route by which Dynamic Symmetry Theory can acquire a firmer stability theory.
The first step is invariance: DSI remains fixed under conjugacies and proper normalisations, and it changes
only in controlled ways under neutral extensions and equivalent reductions. The second step is
responsiveness: in broad model classes, the most useful response to perturbation occurs not at the
extremes of the DSI axis but on an interior interval where organisation and variability remain jointly active.
The third step is complexity-stability: network systems are often least resilient when DSI is either too low
or too high, while intermediate DSI values support a superior balance between robustness and adaptive

flexibility.

These conclusions do not establish one universal formula for all systems. They do something more realistic
and more valuable. They show how to formulate theorem classes in which DSI can be tied to conjugacy,
bounded instability, information transfer, and resilience. Once those ties are made explicit, DSI ceases to be
merely a narrative summary of order and chaos. It becomes a mathematically tractable coordinate for

stating where viable responsiveness lives.



