Cross-Scale Invariance: Applying the Dynamic
Symmetry Index to Multi-Scale Complex Systems

Abstract: Dynamic Symmetry acquires full theoretical significance only if its principal quantities remain
meaningful across changes of scale. This paper develops a renormalisation framework for that purpose. A
coarse-graining transformation acts on information-theoretic network descriptions and induces a flow on
the effective parameters governing structure and fluctuation. Within this framework, scale-dependent
entropy and constraint functionals are defined, and the Dynamic Symmetry Index is extended from the time
domain to a multiscale setting. The resulting formulation identifies dynamically symmetric behaviour with
critical regimes in which the balance between fluctuation and organisation persists under coarse-graining. It
also provides a route from the abstract renormalisation picture to empirical analysis by showing how time-
series data may be converted into scale-dependent network descriptions and Dynamic Symmetry trajectories

capable of signalling structural degradation before collapse becomes macroscopically visible.

A theory of adaptive organisation that cannot address scale remains incomplete. If Dynamic Symmetry is
to describe a structural principle rather than a local feature of one chosen model, its defining quantities
must be tracked when microscopic degrees of freedom are grouped, averaged or integrated out. The
passage from fine-grained description to coarse-grained description is therefore not an optional extension

of the theory. It is the setting in which the claim of generality must be tested.

The first paper in this series formulated Dynamic Symmetry through a variational graphon model in
which structure and fluctuation compete on a common state space. The second extended that competition
to non-equilibrium dynamics by introducing a time-dependent Dynamic Symmetry Index expressed
through microscopic entropy and macroscopic constraint cost. The present paper carries the same
quantities into a multiscale setting. Its task is to determine how the balance between fluctuation and

organisation behaves when the system is described at progressively coarser resolutions.

The appropriate mathematical language is provided by renormalisation-group theory. Let the system at
its finest level of description be represented by an adjacency structure or graphon-type object at scale s =
0. A coarse-graining transformation R, acts on this description to produce an effective configuration at
scale s. Under repeated coarse-graining, the effective coupling parameters of the model evolve. In
particular, the structural constraint parameter £ is taken to follow a renormalisation-group flow of the

form
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This equation describes how the balance between entropy and structural constraint changes as local
degrees of freedom are integrated out. Small effective values of 8 correspond to weakly constrained
regimes in which coarse-graining washes away local structure and the system approaches a random state.
Very large effective values correspond to over-organised regimes in which the coarse-grained description
becomes increasingly rigid. Between these two tendencies lies the critical possibility that the flow
approaches a non-trivial fixed point or a narrow critical manifold. It is in that region that Dynamic

Symmetry acquires cross-scale significance.

The multiscale interpretation of the theory follows directly from this structure. If a system approaches a
regime in which the renormalisation flow neither collapses into disorder nor hardens into rigidity, then
the relation between microscopic fluctuation and macroscopic organisation is preserved across levels of
description. Dynamic Symmetry is identified with that preserved relation. The relevant invariant is not
literal similarity of appearance from scale to scale, but persistence of the balance between entropy and

constraint under coarse-graining.

To make that balance explicit, scale-dependent versions of the entropy and constraint functionals are

introduced. Let )

micro denote the effective microscopic entropy after coarse-graining to scale s, and let

C’r(rf;cro denote the corresponding effective macroscopic constraint cost. The Dynamic Symmetry Index at

scale s is then defined by
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This expression extends the time-domain index of the second paper to a multiscale context. It retains the
same mathematical logic. Entropy records the effective freedom of the microscopic degrees of freedom
remaining at the chosen scale, while the constraint term measures the cost of maintaining macroscopic
coherence. As before, the index is small when effective randomness overwhelms large-scale organisation
and also small when coarse-grained rigidity extinguishes the remaining variability. Elevated values arise

where both terms remain present in meaningful proportion.

Near a critical regime, the entropy and constraint terms may acquire matched scaling behaviour. If their
renormalised forms decay under coarse-graining with compatible exponents, then an appropriately
normalised DSI can remain approximately constant across scale transformations. In such a regime,
Dynamic Symmetry becomes a scale-invariant informational property. The system changes in resolution

without losing the defining relation between fluctuation and organisation. A micro-level physiological



network and a macro-level ecological or institutional network need not share the same constituents, but

they may be described by structurally homologous balances of entropy and constraint.

This renormalisation framework also sharpens the meaning of criticality. In the static network setting, the
edge of chaos appeared as a boundary between entropy-dominated and strongly structured phases. In the
stochastic setting, it appeared as the balance between diffusion and feedback. In the multiscale setting, it
appears as the region in which the effective flow of the theory stabilises rather than running to trivial
extremes. The three descriptions are consistent with one another. Each identifies Dynamic Symmetry with

aregime in which opposing tendencies coexist without mutual annihilation.

The transition from formal RG structure to empirical analysis is a central feature of this paper. If Dynamic
Symmetry is genuinely cross-scale, then it should be possible to estimate its principal quantities from
time-series data and to track their behaviour as a system approaches instability. The empirical procedure
begins with state-space reconstruction by time-delay embedding in the spirit of Takens. A scalar
observational series is thereby converted into a trajectory in an effective phase space. Information-
theoretic relations such as mutual information or transfer entropy can then be used to construct a time-

dependent network representation of the observed system.

Once this evolving network has been obtained, the scale-dependent entropy and constraint terms can be
estimated over sliding windows. The microscopic term records the variability of local transitions within
the reconstructed dynamics. The macroscopic term records deviation from a chosen long-term or
homeostatic baseline. The empirical Dynamic Symmetry Index is then computed as the same entropy-cost
combination used in the theoretical construction. This produces a DSI trajectory that can be followed

through time and, in principle, across levels of resolution.

The predictive value of the method lies in how this trajectory behaves as a system moves away from a
dynamically symmetric regime. When structural resilience begins to weaken, the system’s capacity to
retain organised fluctuation declines. In empirical terms this may appear as a sustained drop in the DSI or
as a contraction in its internal variance. Such behaviour is consistent with the broader statistical-
mechanical picture of critical slowing down, in which recovery from perturbation becomes slower as a
system approaches a transition. A shrinking DSI variance can therefore serve as an early indication that

the balance between fluctuation and organisation is failing before large-scale collapse is directly visible.

This approach gives the theory operational reach. The renormalisation picture no longer remains
confined to abstract parameter flow. It yields a concrete pathway from theoretical quantities to
measurable indicators. Cardiac interval series, local climate records, neural activity traces or financial

transaction streams can all be treated as data from which effective network descriptions are



reconstructed, scale-dependent entropy and constraint terms are estimated, and Dynamic Symmetry
trajectories are obtained. The same mathematical architecture therefore connects multiscale theory to

predictive analysis.

The broader conceptual implication concerns the meaning of invariance in open systems. Dynamic
Symmetry does not imply literal identity across scales. Systems at different resolutions are not copies of
one another. What remains invariant is the structured relation between local fluctuation and global
organisation. A renormalisation flow provides the natural language for that idea because it allows the

theory to express persistence of functional balance without requiring sameness of microscopic detail.

Several extensions arise naturally from this formulation. The effective beta function and the location of
any fixed points depend on the microscopic model class and therefore require detailed derivation or
numerical study in specific cases. The scaling behaviour of the entropy and constraint terms must be
investigated within explicit coarse-graining schemes. The empirical pipeline requires calibration choices
concerning embedding dimension, estimator design, baseline construction and warning thresholds. These
questions define the next stage of multiscale analysis rather than diminishing the coherence of the present

framework.

This paper establishes a cross-scale formulation of Dynamic Symmetry by placing the entropy-constraint
balance inside the language of renormalisation. It defines how the Dynamic Symmetry Index may be
transported across levels of description, identifies critical flow regimes in which that balance is preserved,
and links the resulting multiscale theory to an empirical procedure for forecasting degradation in complex
systems. The theory thus moves from static structure, to adaptive dynamics, and then to scale-dependent

persistence, producing a unified account of organised fluctuation in open systems.



