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CONDITIONAL REFORMULATION — NOT A CLAIMED PROOF

This document presents the Craig Spectral Criterion as a conditional reformulation that
isolates the precise point at which RH resides. The contribution is (i) proved analytic
infrastructure, (ii) closure of all flow components, and (iii) isolation of the terminal static barrier
(RH-strength). We do not claim to prove RH; we locate where it lives.



Abstract

This paper presents a conditional reformulation of the Riemann Hypothesis that separates proved
analytic infrastructure from explicit hypotheses. The main theorem is:

(H1–H3) + H6b-ii ⇒ RH

H1–H3 are structural hypotheses. H6 (limit identification) decomposes into H6a (compactness) and
H6b (identification). H6b further decomposes into H6b-i (structural inheritance) and H6b-ii (rigidity). All
components except H6b-ii are proved or close from standard analysis.

H6b-ii is the terminal static barrier — a rigidity principle asserting that prime encoding uniquely
determines the completed zeta function. This principle appears RH-strength (possibly equivalent to RH
itself).

Scope of claims: We do not claim H6b-ii is provable by known methods. The contribution is
classification: all analytic ("flow") difficulty collapses; the static core H6b-ii remains. This framework
locates where RH lives, not a path to proving it.



Part I: Structural Hypotheses

These hypotheses concern the analytic setting. They are assumed for the regularised family Gη = Q −
Hη where Hη is the pure-shift regularisation.

H1 (Boundary Control)

For each fixed η > 0, the regularised field Hη admits non-tangential boundary values on ∂S with locally
finite L2-energy.

Note: Uniform boundary control as η → 0 is addressed in H6a.

H2 (Carleson Geometry)

The tent geometry T(I) satisfies standard Carleson packing properties.

H3 (No Singular Inner Factor)

For each η > 0, Gη = Bη · Oη (Blaschke × outer) with no singular inner component.

Part II: Proved Analytic Infrastructure

The following are PROVED THEOREMS.

Theorem 2.1 (PTLS)

For finitely supported coefficients:
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Status: PROVED.

Corollary 2.2 (Derivative PTLS)
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Status: PROVED.

Proposition 2.3 (Automatic Uniformity)

Under pure-shift regularisation Hη(z) = Σ Λ(n) n−1/2−η+2iz:
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Consequence: Uniform η-PTLS with constant (1/4)C
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.



Status: PROVED.



Part III: The H6 Decomposition

H6 (Limit Identification) decomposes into flow components that close and a static barrier that does not.
This decomposition is the core contribution of the framework.

H6a: Compactness (Flow)

Claim: {Gη}η>0
 is a normal family on the strip S. Hence there exists η

k
 → 0 with Gη

k
 → G

0
 locally

uniformly.

Proof sketch: The PTLS infrastructure provides uniform L2 bounds on tent regions. For holomorphic
functions, L2 control on a region implies pointwise bounds on interior compacta via Cauchy estimates.
Uniform bounds on compacta plus Montel's theorem yields subsequential convergence.

Status: ✓ Closes (with explicit bridge lemma for L2 → L∞ on compacta).

H6b-i: Structural Inheritance (Flow)

Assuming H6a, the limit G
0
 inherits:

(A) Schwarz/reflection symmetry: From real Dirichlet coefficients, Hη(z■) = H■η(z). Locally
uniform limits preserve this. G

0
 inherits the same involution.

(B) Analytic class membership: If uniform boundary controls (Carleson, outer factor bounds)
hold for {Gη}, and if these controls are stable under locally uniform limits, then G

0
 belongs to the

same class.

Remark: These inherited properties constrain the candidate limit but do not identify it. Schwarz
symmetry ≠ ξ functional equation.

Status: ✓ Closes (with stated conditions).

H6b-ii: Rigidity / Identification (Static) — THE BARRIER

Goal: Show G
0
 = Φ · ξ for some zero-free entire Φ, where ξ is the completed Riemann zeta function.

This requires a rigidity principle: Any entire function in the candidate class (Schwarz symmetry +
growth bounds + boundary regularity) whose "prime encoding" matches the von Mangoldt data must
equal Φ · ξ.

Why this does not close:

(a) Encoding → zeros is the explicit formula. The explicit formula relates prime sums to zero
sums. Using it to conclude zero locations requires knowing the encoding uniquely determines
the zeros.

(b) That uniqueness is RH-strength. To say "primes determine zeros" (in the sense of forcing
all zeros onto the critical line) is not a step toward RH — it is RH, or equivalent to it.

(c) No known method escapes this. Hadamard factorisation, distributional limits, functional
equation constraints — none close the gap without importing RH-strength arithmetic information.



Status: TERMINAL STATIC BARRIER — RH-strength (possibly equivalent).



Part IV: Terminal Obstruction Statement

All analytic/flow components reduce to:

• H6a: Compactness (normal family) — ✓ Closes

• H6b-i: Structural inheritance (symmetry, class membership) — ✓ Closes

The remaining obstruction is:

• H6b-ii: A rigidity principle equating 'prime encoding' with 'zero data' at the level of entire
functions

This rigidity principle appears RH-strength. Further subdivision (local → global, encoding →
uniqueness, symmetry → functional equation) relocates the same wall without changing its nature.

The framework does not prove RH. It locates where RH lives: H6b-ii.

Part V: Main Theorem

Theorem A. Under hypotheses H1–H3 and H6b-ii, the Riemann Hypothesis holds.

(H1–H3) + H6b-ii ⇒ RH

Proof

1. By Part II: Uniform BMOA bounds hold for log Oη. (PROVED)

2. By H6a: {Gη} is a normal family; extract Gη
k
 → G

0
. (CLOSES)

3. By H6b-i: G
0
 inherits Schwarz symmetry and class membership. (CLOSES)

4. By H6b-ii: G
0
 = Φ · ξ for zero-free Φ. (HYPOTHESIS — the barrier)

5. Since Φ is zero-free, zeros of G
0
 are exactly zeros of ξ. H6b-ii asserts this identification holds

with the prime encoding matching — which is equivalent to asserting ξ has zeros only on Re(s) =
1/2.

Note: Step 5 is why H6b-ii is RH-strength: the identification hypothesis already contains RH.

Therefore RH holds. ■



Part VI: Programme Status

Component Type Status

PTLS + Derivatives + Uniformity Infrastructure ✓ PROVED

H1–H3 Structural Framework assumptions

H6a (compactness) Flow ✓ Closes

H6b-i (inheritance) Flow ✓ Closes

H6b-ii (rigidity) Static BARRIER — RH-strength

Part VII: The Classification Result

The Craig Spectral Criterion achieves a classification of the RH obstruction:

• Flow components collapse. All analytic machinery (PTLS, derivative bounds, uniformity,
compactness, inheritance) either proves outright or closes from standard analysis.

• Static core remains. The irreducible obstruction is H6b-ii: the rigidity principle that prime
encoding determines zero locations.

• The barrier is canonical. Further subdivision of H6b-ii relocates the same wall. It does not
decompose into something easier.

This is the expected outcome of a successful reformulation: it does not prove RH, but it locates RH with
precision. The question "does prime encoding uniquely determine ξ?" is RH itself, not a path to proving
it.

Part VIII: The Energy Balance Interpretation

The framework reveals RH as an exact energy balance:

Energy of prime oscillations = Energy of zeta zeros

The proved bounds (Parts I–II) show this balance is consistent with zeros on the line. The flow
components (H6a, H6b-i) show the limit exists and inherits structure. The static barrier (H6b-ii) asserts
the balance actually holds — that the encoding uniquely determines ξ.

The framework cannot prove energy balance holds. It can only show that if it holds, RH follows.



Part IX: Relation to Other RH Equivalences

The Craig Spectral Criterion joins a family of RH reformulations:

• Pólya-Hilbert: RH ⇔ spectral interpretation (zeros as eigenvalues)

• Montgomery-Odlyzko: RH ⇔ random matrix statistics

• de Branges: RH ⇔ positivity in RKHS

• Craig: RH ⇔ static rigidity (prime encoding determines zeros)

The distinctive contribution of the Craig criterion is the explicit separation of proved infrastructure from
the coupled barriers, making the obstruction structure transparent. It answers not "what else would
imply RH?" but "why does RH resist proof?"
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"All flow collapses. The static core remains. That's where RH lives."


