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Messy Math

• To *solve* EM problems, math can be 

messy

• To *understand* EM math is not too bad!

• We’ll minimize the math here

– Derivatives

– Integration

– Maxwell’s Equations

– Faraday’s Law  Inductance
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Derivative

• How fast is something

changing?

[ ]something
dt

d
Changing with 
respect to time

[ ]something
dx

d Changing with respect 
to position (x)
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Partial Derivative

• How fast is something changing for 
one variable?

[ ]),( xtsomething
t∂

∂
Changing with respect 
to time (as ‘x’ is 
constant)

Changing with respect 
to position (x) (as time 
is constant)

[ ]),( xtsomething
x∂

∂
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Vector Notation
Dot, Gradient

• Dot Product

– How much of 

something is going in 

a specified direction?

k̂

x

z

y ĵ

î

Direction only

Size = 1
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Vector Notation – Dot Product

• Suppose we have an 
electric field that 
varies in x, y, z

zyx EEEE ++=

xEiE =⋅ ˆ
�

yEjE =⋅ ˆ
�

zEkE =⋅ ˆ
�
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Vector Notation -- Gradient

• How fast is something 
changing, and in what 
direction is this 
change?

E
z

k
y

j
x

iE
��










∂

∂
+

∂

∂
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∂

∂
=∇ ˆˆˆ
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Gradient -- Example

• Voltage Distribution 
between power/gnd 
planes on printed 
circuit board

– Standing wave due to 

resonance at 800 MHz

• Voltage Gradient

– How fast is the voltage 

between plates 

changing?
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Integration

• Simply the sum of parts (when the parts 

are very small)

– Line Integral --- sum of small line segments

– Surface Integral -- sum of small surface 
patches

– Volume Integral -- sum of small volume blocks
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Line Integral 
(find the length of the path)

)( dlEV

stop

start

•−=
→



dl

‘piece’ of E field
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Line Integral

[ ])()( dyEdxEV y

stop

start

x ∗+∗−= 

dl

‘piece’ of E field
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Line Integral -- Closed
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Line Integral -- Closed

• Closed line integrals 
find the path length

• And/or the amount of 
some quantity along 
that closed path length
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Surface Integral
(find the area of the surface)





∗=

∗=

=

dydxArea

dydxda

daArea

As dx and dy become 

smaller and smaller, the 

area is better calculated
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Closed Surface Integral

• Find the surface area 
of a closed shape

 dashape
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Volume Integral

(find the volume of an object)





∗∗=

∗∗=

=

][ dzdydxVolume

dzdydxdv

dvVolume
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From Math to 

Electromagnetics
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What is Electromagnetic 

Waves?
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Electromagnetics
In the Beginning

• Electric and Magnetic effects not 

connected

• Electric and magnetic effects were due to 

‘action from a distance’

• Faraday was the 1st to propose a 

relationship between electric lines of force 

and time-changing magnetic fields

– Faraday was very good at experiments and 
‘figuring out’ how things work
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Maxwell

• Discovered the link 

between the “electro” 

and the “magnetic”

• Scotland’s greatest 

contribution to the 

world next to Scotch

• Maxwell, Heaviside 

and Hertz
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Maxwell’s Equations 

are NOT Hard!

t

B
E

t

D
JH

∂

∂

∂

∂

−=×∇

+=×∇
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Maxwell’s Equations –

Differential Form

t

B
E

t

D
JH

∂

∂

∂

∂

−=×∇

+=×∇

A difference in Magnetic Field

across a small piece of space

A difference in Electric Field

across a small piece of space

A change in 

Electric Flux

Density with 

respect to time

A change in 

Magnetic Flux

Density with 

respect to time
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Maxwell’s Equations are not Hard!

• Change in H-field across space ~ Change 

in E-field (at that point) with time

• Change in E-field across space ~ Change 

in H-field (at that point) with time

• (Roughly speaking, and ignoring 

constants)
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Other Famous Equations

• Faraday’s Law

• Gauss’ Law

• Ampere’s Law

• Stokes Theorem

• Many others
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In the Far Field

• Electric field source (dipole, etc) has high 
impedance near to the source

• Magnetic field source (loop, etc) has low 
impedance near to the source

ohms
H

E
Z 377== �

�



Bruce Archambeault, PhD 26

EM Wave Impedance
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Near Field vs. Far Field

• Distance / Frequency

• Source Size

• Transition Distance Depends On Magnitude Of Error 

Allowed

• If Truly  Far-Field Then Source Can Usually Be Modeled 

Simply

• Equations and Graphs Assume Far-Field Simplified Case

• Real Life Problems Are Seldom Simple Due to Multiple 

Effects



Bruce Archambeault, PhD 28

There is No Such Thing as 

VOLTAGE!
• Initially shocking!

• Maxwell’s equation include Electric Fields, 

Magnetic Fields and current!

• ‘Voltage’ defined as

• CURRENT MUST ALWAYS RETURN TO ITS 

SOURCE

 ⋅−=
Stop

Start

dlEV
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Consider a Battery and Light Bulb

Direct Current (DC)

Battery

Light 

Bulb
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Alternating Current (AC)

• Sine wave

• Current flows in one direction for first 

half cycle

• Current reverses and flows in the 

opposite direction for 2nd half cycle
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Printed Circuit Board Trace

• Assume 500 ps rise time

– CMOS devices mean current only flows from 
driver during logic transition (500 ps pulse of 
current)

• Speed of light = 3 e8 m/s

– For FR4 eps=~4.2  propagation velocity 
slower

• 1.46 e8 m/s = 14.6 cm/ns

– 500 ps current pulse is 7.3 cm (2.87 in) long
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Pulse of Current

• When Current pulse is shorter than trace

• Current 
only exists 
for a limited 
distance

• But still 
maintains a 
loop

Direction of Travel
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Surface Current

Excitation Signal
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Side View PCB Trace with 

Current Pulse

Trace

Ground-Reference Plane
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Transmission-Line Geometry

Shorted at the far end
Discrete edge port of 50 Ω

Cross sectional view

time delay (td = 0.85 ns )
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Pulse Width

time delay (td = 0.85 ns )

5p dt t=

Electrically Short Twin Lead

4.25 ns
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Transmission Line Behavior

time delay (td = 0.85 ns )

Pulse Width

0.15 ns

1

5
p dt t=
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Pulse Propagation           
TL - 38

Pulse Widthp d
t t=

time delay (td = 0.85 ns )

0.85 ns
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Skin Depth

• Current flows only near surface at high 

frequencies

Frequency Skin Depth Skin Depth 

60 Hz 260 mils 8.5 mm 

1 KHz 82 mils 2.09 mm 

10 KHz 26 mils 0.66 mm 

100 KHz 8.2 mils 0.21 mm 

1 MHz 2.6 mils 0.066 mm 

10 MHz 0.82 mils 0.021 mm 

100 MHz 0.26 mils 0.0066 mm 

1 GHz 0.0823 mils 0.0021 mm 
 

µσπ
δ

f

1
=
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Current Migrates to Outer Portions of 

the Conductor at High Frequencies

Resistance is determined by the area of the copper conductor 

actually used at each frequency!
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At High Frequencies

• Resistive loss and dielectric loss are 

present

• Inductance will usually dominate 
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Inductance

• Current flow through metal = 

inductance!

• Fundamental element in EVERYTHING

• Loop area first order concern

• Inductive impedance increases with 

frequency and is MAJOR concern at 

high frequencies

fLX L π2=
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Inductance Definition

• Faraday’s Law
  ⋅

∂

∂
−=⋅ Sd

t

B
dlE

t

B
AV

∂

∂
−=

V
B

Area = A

• For a simple rectangular loop
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Given the Definition of Inductance

• Do these have inductance?

“Ground Strap” SMT Capacitor PCB Via

Not until return path for current is identified!
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Current Loop = Inductance

Courtesy of Elya Joffe
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Self (Loop) Inductance 

• Isolated circular loop








−≈ 2

8
ln

0

0
r

a
aL µ














+−+−+

+

++
= 2

2

0 1
1

21
1

21

1
ln

2
p

pp

ppa
L

π

µ

• Isolated rectangular loop

Note that inductance is directly influenced 

by loop AREA and less influenced by 

conductor size!

radiuswire

sideoflength
p =



Bruce Archambeault, PhD 47

Mutual Inductance

1

2
21

1212

I
M

IM

Φ
=

=Φ

Loop #1
Loop #2

( ) ⋅=Φ
2

212 dSˆrB
S

n
�

How much magnetic flux is 

induced in loop #2 from a 

current in loop #1?
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Flux from Current in Loop #1

Loop #1
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Flux from Current in Loop #1
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Flux from Current in Loop #1
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Change in mutual inductance with spacing
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Y: 0.7312

X: 500

Y: 0.02507
X: 1000

Y: 0.01955

The magnetic field drops 

off rapidly, so then does 

the mutual inductance



Bruce Archambeault, PhD 52

Mutual Inductance

Loop #1
Loop #2 Less loop area in loop #2 

means less magnetic flux in 

loop #2 and less mutual 

inductance

Loop #1
Loop #2 Less loop area perpendicular to 

the magnetic field in loop #2 

means less magnetic flux in loop 

#2 and less mutual inductance
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Partial Inductance

• We now know that a loop of current has 

inductance

• We now know that there must be a 

complete loop to have inductance

• But where do we place this inductance in a 

circuit?
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Zero-to-One Transition

Where’s the Inductance Go??

Power 

Supply

And how could you possibly calculate it?
Courtesy of Dr. Clayton Paul
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Lp4

Lp1
Lp3

Lp2

Mp1-3

Mp2-4

Total Loop Inductance from Partial Inductance
L total=Lp1+ Lp2 + Lp3 + Lp4 – 2Mp1-3 – 2Mp2-4

Courtesy of Dr. Clayton Paul
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Partial Inductance

• Simply a way to break the overall loop
into pieces in order to find total 
inductance

L3

L4

L2

L1

L total=Lp11+ Lp22 + Lp33 + Lp44 - 2Lp13 - 2Lp24
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Important Points About 

Inductance

• Inductance is everywhere

• Loop area most important

• Inductance is everywhere
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Example
Decoupling Capacitor Mounting

• Keep vias as close to capacitor pads as 
possible!

Height above Planes

Via Separation

Inductance Depends 

on Loop AREA



Bruce Archambeault, PhD 59

Via Configuration Can Change 

Inductance

Via

Capacitor Pads

SMT Capacitor

The “Good”

The “Bad”

The “Ugly”

Really  “Ugly”

Better

Best
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What is Capacitance?

• Capacitance is the 
ability of a structure to 
hold charge 
(electrons) for a given 
voltage

V

Q
C =

CVQ =

• Amount of charge 
stored is dependant 
on the size of the 
capacitance (and 
voltage)
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High Frequency Capacitors

• Myth or Fact?
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Comparison of Decoupling Capacitor Impedance

100 mil Between Vias & 10 mil to Planes
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1
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1.0uF
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0603 Size Cap Typical Mounting

Via Barrel 10 mils

60 mils

20 mils

10 mils*

9 mils9 mils

10 mils*

108 mils minimum

128 mils typical
*Note: Minimum 

distance is 10 mils but 

more typical distance is 

20 mils
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0402 Size Cap Typical Mounting

Via Barrel 10 mils

40 mils

20 mils

10 mils*

8 mils8 mils

10 mils*

86 mils minimum

106 mils typical
*Note: Minimum 

distance is 10 mils but 

more typical distance is 

20 mils
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0402 
typical/minimum

(106 mils 
between via 

barrels)

0603 
typical/minimu

m
(128 mils 

between via 
barrels)

0805 
typical/minimum 

(148 mils 
between via 

barrels)

Distance into 
board 

to planes (mils)

0.9 nH1.1 nH1.2 nH10

1.3 nH1.6 nH1.8 nH20

1.6 nH1.9 nH2.2 nH30

1.9 nH2.2 nH2.5 nH40

2.1 nH2.5 nH2.8 nH50

2.3 nH2.7 nH3.1 nH60

2.6 nH3.0 nH3.4 nH70

2.8 nH3.2 nH3.6 nH80

3.0 nH3.5 nH3.9 nH90

3.2 nH3.7 nH4.2 nH100

Connection Inductance for Typical Capacitor Configurations
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Connection Inductance for Typical Capacitor 

Configurations with 50 mils from Capacitor Pad to Via Pad

0402 
(166 mils 

between via 
barrels)

0603 
(188 mils 

between via 
barrels)

0805 
(208 mils 

between via 
barrels)

Distance into 
board 

to planes (mils)

1.4 nH1.6 nH1.7 nH10

2.0 nH2.3 nH2.5 nH20

2.5 nH2.8 nH3.0 nH30

2.8 nH3.2 nH3.5 nH40

3.1 nH3.5 nH3.9 nH50

3.5 nH3.9 nH4.2 nH60

3.7 nH4.2 nH4.5 nH70

4.0 nH4.5 nH4.9 nH80

4.3 nH4.7 nH5.2 nH90

4.6 nH5.0 nH5.5 nH100
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Current Path

• Current will ALWAYS follow the path of 

least impedance

– Low frequencies  lowest resistance

– High frequencies  lowest inductance

– Change over ~ 100 KHz
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Schematic with return current 

shown

IC1 IC2 IC3

Return currents on ground

Signal trace currents
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Actual Current Return is 3-Dimensional

Ground Layer

Signal Trace

IC

Ground Vias

Ground Layer

Signal TraceICGround Via

BOARD STACK UP:

Ground Layer

Signal Trace

CURRENT LOCATION:
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Low Frequency Return Currents Take 

Path of Least Resistance

Ground Plane

Driver

Receiver
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High Frequency Return Currents Take 

Path of Least Inductance

Ground Plane

Driver

Receiver
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PCB Example for Return Current 

Impedance

Trace

GND Plane

22” trace

10 mils wide, 1 mil thick, 10 mils above GND plane
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PCB Example for Return Current 

Impedance

Trace

GND Plane

Shortest DC path

For longest DC path, current returns under trace
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MoM Results for Current Density

Frequency = 1 KHz
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MoM Results for Current Density

Frequency = 1 MHz
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U-shaped Trace Inductance

PowerPEEC Results
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EM Summary

• Electromagnetics is not hard

– Must get past the messy math

• Understanding what the basic equations mean is 
important

• CURRENT is important

• “Ground” is a place for potatoes and carrots!

• Where does the return current flow?

– #1 cause of EMC related problems

– Use “ground-return” when current flows


